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Abstract

Let G be a connected reductive group over an algebraically closed field k. Under
mild restrictions on the characteristic of k, we show that any G-module with a good
filtration also has a good filtration as a module for the reductive part of the centralizer
of a nilpotent element x in its Lie algebra.

1 Introduction

Let G be a connected reductive group over an algebraically closed field k of char-
acteristic p > 0, and let H be a connected reductive subgroup. Recall that (G, H)
is said to be a Donkin pair or a good filtration pair if every G-module with a good
filtration still has a good filtration when regarded as an H-module.

Now let x be a nilpotent element in the Lie algebra of G, and let G* C G be its
stabilizer. If p is good for G, then the theory of associated cocharacters is available,
and this gives rise to a decomposition

where Gﬁnip is a connected unipotent group, and G;_, is a (possibly disconnected)
group whose identity component (Gfed)O is reductive (cf. [11, 5.10]). The main result

of this paper is the following.

Theorem 1.1 Let G be a connected reductive group over an algebraically closed
field k of good characteristic. For any nilpotent element x in its Lie algebra,
(G, (G,)°) is a Donkin pair.
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Now suppose that H C G is a possibly disconnected reductive subgroup, i.e., a
group whose identity component H° is reductive. If the characteristic of k does not
divide the order of the finite group H/H?°, then the category of finite-dimensional H -
modules is a highest-weight category, as shown in [2]. In particular, it makes sense
to speak of good filtrations for H-modules, and so the definition of “Donkin pair”
makes sense for (G, H).

In order to apply this notion in the case where H = G, we must impose
a slightly stronger condition on p: we require it to be pretty good in the sense
of [9, Definition 2.11]. (In general, this condition is intermediate between “good”
and “very good.” It coincides with “very good” for semisimple simply connected
groups, whereas for GL,,, all primes are pretty good.) This is equivalent to requir-
ing G to be standard in the sense of [14, §4]. It follows from [8, Theorem 1.8]
and [3, Lemma 2.1] that when p is pretty good for G, it does not divide the
order of G*/(G*)° = Gy,,/(Gr.y)° for any nilpotent element x. As an immediate

red
consequence of Theorem 1.1 and Lemma 2.2 below, we have the following result.

Corollary 1.2 Let G be a connected reductive group over an algebraically closed
field k of pretty good characteristic. For any nilpotent element x in its Lie algebra,
(G, Gy,,) is a Donkin pair.

This corollary plays a key role in the proof of the Humphreys conjecture [1].

The paper is organized as follows: Section 2 contains some general lemmas on
Donkin pairs, along with a lengthly list of examples (some previously known, and
some new). Section 3 gives the proof of Theorem 1.1. The proof consists of a
reduction to the quasi-simple case, followed by case-by-case arguments.

Remark 1.3 Tt would, of course, be desirable to have a uniform proof of Theorem 1.1
that avoids case-by-case arguments, perhaps using the method of Frobenius splittings.
Thanks to a fundamental result of Mathieu [13], Theorem 1.1 would come down to
showing that the flag variety of G admits a (G;_,)°-canonical splitting. According
to a result of van der Kallen [16], this geometric condition is equivalent to a certain
linear-algebraic condition (called the “pairing condition”) on the Steinberg modules
for G and (G2 ,)°. Unfortunately, for the moment, the pairing condition for these

red
groups seems to be out of reach.

2 Preliminaries

2.1 General Lemmas on Donkin Pairs

We begin with three easy statements about good filtrations.

Lemma 2.1 Let H be a possibly disconnected reductive group over an algebraically

closed field k. Assume that the characteristic of k does not divide |H/H®|. An H-
module M has a good filtration if and only if it has a good filtration as an H°-module.
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Proof According to [2, Eq. (3.3)], any costandard H-module regarded as an H°-
module is a direct sum of costandard H°-modules. Hence, any H-module with a
good filtration has a good filtration as an H°-module.

For the opposite implication, suppose M is an H-module that has a good filtration
as an H°-module. To show that it has a good filtration as an H-module, we must
show that Ext}q(—, M) vanishes on standard H-modules. As explained in the proof
of [2, Lemma 2.18], we have

Exty (=, M) = (Extyyo(—, M)/,

and the right-hand side clearly vanishes on standard H-modules (using [2, Eq. (3.3)]
again). O

Lemma 2.2 Let G be a connected, reductive group, and let H C G be a possibly
disconnected reductive subgroup. Assume that the characteristic of k does not divide
|H/H®|. Then, (G, H) is a Donkin pair if and only if (G, H®) is a Donkin pair.

Proof This is an immediate consequence of Lemma 2.1. O

Lemma 2.3 Let G be a connected, reductive group, and let G’ be its derived sub-
group. Let H C G be a connected, reductive subgroup. Then, (G, H) is a Donkin
pair if and only if (G', (G' N H)®) is a Donkin pair.

Proof Let T C B C G denote a maximal torus and Borel subgroup, respectively,
and suppose that G” is any closed connected subgroup satisfying G’ € G” C G.
Now let 7”7 = G”" NT, B” = G” N B, and observe that by [10, 1.6.14(1)], we have

ResS, Ind§ M = Ind§, ResE, M @.1)

for any B-module M. Thus, for any dominant weight A € X(7)* where we set A" =
Res?, (1) € X(T")*, it follows that Res&,Ind§ (A) = Ind$, (1"). Thus, (G, G”) is
always a Donkin pair. Furthermore, if we let H' C H be the derived subgroup and
H” = (G’ N H)°, then H € H” C H. We can therefore apply [10, 1.6.14(1)] again
to show that (H, H") is a Donkin pair.

Now suppose (G, H) is a Donkin pair. In this case, it immediately follows from
above that (G, H") is a Donkin pair. Moreover, if we let 7" = G' N T and B’ =
G'NB, then Eq. 2.1 actually implies that for any A" € X(T’)*, there exists A € X(T)*
with A/ = Resg,()») such that

Resg,Ind§ (1) = Ind§, (1).
In particular,
Res, Ind§, (1) = ResG, Ind§ ()

has a good filtration as an H”-module, and hence, (G’, H") is also a Donkin pair.
Conversely, suppose that (G’, H”) is a Donkin pair. We can first deduce that
(G, H") is a Donkin pair from the fact that (G, G’) is a Donkin pair. Also, by similar
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arguments as above we can see that for any u” € X(H” N T)™, there exists some

w € X(HNT)" with " = ResH\ (1), such that

"

Res?, ndf () = ndk, L (u").

This implies that an H-module M has a good filtration if and only if the H”-module
ResZ,,M has a good filtration. Therefore, (G, H) is also a Donkin pair. O

2.2 Examples of Donkin Pairs

The following proposition collects a number of known examples of Donkin pairs.
The last five parts of the proposition deal with various examples where G is quasi-
simple and simply connected. For pairs of the form (Spin,, H), it is usually more
convenient to describe the image H' of H under the map 7 : Spin, — SO,. Of
course, H can be recovered from H’, as the identity component of a1 (H). We use
the notation that

(SO,, H')™ = (Spin,,, H).

It should be noted that the following proposition does not exhaust the known exam-
ples in the literature: for instance, according to [5], there is a Donkin pair of type
(B3, Gy), but this example is not needed in the present paper.

Proposition 2.4 Let G be a connected, reductive group, and let H C G be a closed,
connected, reductive subgroup. If the pair (G, H) satisfies one of the following
conditions, then it is a Donkin pair.

(1) G=HXx---x H,and H — G is the diagonal embedding.
(2) H isa Levi subgroup of G.

For the remaining parts, assume that G is quasi-simple and simply connected.

(3) G is of simply laced type, and H is the fixed-point set of a diagram automor-

phism of G:
(A2n—1, Cy) = (SLau, Spyy,) (D4, G2) = (Sping, G2)
(Dn, Bn—l) = (SOZn’ SOZn—l)N (Eéa F4)

(4) Certain embeddings of classical groups:

(/(x/;fleﬂ)p} Ot e

(A2n-1,Cn) = (SL2u, Spy,)

(Bn—i-m s Ban)
(Dntm: DuDm) ¢ = (SOr4y, S0, x SO5)™  (p > 2)
(Dn+m+1, B,B)

(Cn+ma CnCm) = (SP2n+zma Sp2n X Sp2m)
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(5) Certain maximal-rank subgroups of exceptional groups:

(Es, A2Eg) (p >5)

(Es,Dg) (p >2) (Es, A1A2A5) (p>5)

(Es, AiE7) (p>2) (Es, A3Ds) (p >5)

(E7, A1Dg) (p > 2) (Es, A4Ay) (p>5)

(F4,By) (p>2) (F4, AzA)  (p>3)
(G2, A1AY)

(6) Certain restricted irreducible representations:

(An, A1) (p>n)
(A7,A2) (p>3)
(A6, G2) (p>3)

(7) Tensor product embeddings of classical groups (p > 2):

(Bn+m+2nm s Bn)

C B -
Comenm Byt _ (s, 50,) (Dantym: Bn) ¢ = (SO, SO;)
(Canm» Dn)
(Dym> Dy)
(D23, Cn) = (SOum» SPyy) ™ (Com> Cn) = (SPaym> SPan)

The details of the embeddings in parts (6) and (7) will be described below.

Proofs for parts (2)—(5) Parts (1) and (2) are due to Mathieu [13] (following earlier
work of Donkin [6] that covered most cases). Parts (3) and (4), with the exception
of the pair (Eg, F4), are due to Brundan [5]. The pair (G2, AjA1) in part (5) is also
due to Brundan [5]. The pair (Eg, F4) and the pairs in the first column of part (5)
are due to van der Kallen [16]. The pairs in the second column of part (5) are due to
Hague—McNinch [7]. O]

Proof of part (6) Each pair (A,, H) = (SL,+1, H) in this statement arises from
some (n + 1)-dimensional representation of H. Call that representation V. The
representations V are as follows:

® (A, Aj): the dual Weyl module for SL; of highest weight n

® (A7, Ay): the adjoint representation of PGL3

® (Ag, Gy): the 7-dimensional dual Weyl module whose highest weight is the short
dominant root

According to [5, Lemma 3.2(iv)] or [7, §3.2.6], to prove the claim, we must show
that each exterior algebra /\* V has a good filtration as an H-module. For (A,, A}),
this is shown in [7, §3.4.3]. For (A7, A3) and (Ag, G2), explicit calculations using the
LiE software package [17] show that the character of A® V is the sum of characters
of dual Weyl modules whose highest weights are restricted weights when p > 3. [

Proof of part (7) To define the group embeddings in this statement, we will assume

that G is either Sp,, or SO,,. However, in the latter case, the proof that (G, H) is a
Donkin pair will also imply the corresponding statement for G = Spin,,.
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Let Vi be a vector space equipped with a nondegenerate bilinear form B satisfy-
ing By (v, w) = €1 B1(w, v), where ¢; = %1, and let Aut(Vy, B1)° be the connected
group of linear automorphisms of V) that preserve Bj. This group is either SOgim v
or Spgim v» depending on €1. Let V2, B, and & be another collection of similar data.
Then, B; ® B, is a nondegenerate pairing on V| ® V,, with sign £1&>. We obtain an
embedding

Aut(Vy, B1)° x Aut(V,, Bp)° — Aut(V]; ® Vo, B1 ® By)°.
Now restrict to just one factor:
Aut(Vq, B1)® = Aut(V; ® Vo, B ® B,)°. 2.2)

The four kinds of pairs listed in the statement are all instances of this embedding,
depending on the signs €1 and &>. We will now prove that

(G, H) = (Aut(Vi ® V2, B1 ® B2)°, Aut(V1, B1)®)

is a Donkin pair. Let r = dim V| and s = dim V5.

Suppose first that &, = 1. Then, the embedding (2.2) corresponds to either
(SO, SO;) or (Sp,s, Sp,). In this case, V, admits an orthonormal basis x1, ..., xs,
where

By (xi, xj) = 6.
Then, the group Aut(Vy, B1)° preserves each V1 ® x; C Vi ® Va. In this case, the
embedding (2.2) can be factored as

1 4
Aut(Vq, B1)® = Aut(Vi, B1)° x --- x Aut(Vy, B1)° — Aut(V; ® Va2, B ® By)°.

s copies

The first map is a diagonal embedding; it results in a Donkin pair by part (1) of the
proposition. The second embedding gives a Donkin pair by part (4).

Next, suppose that &, = —1, and assume for now that dim V, = 2. Choose a basis
{x, y} for V5 such that By(x, y) = 1. Then, V; ® x and V] ® y are both maximal
isotropic subspaces of V| ® V,. Define an action of GL(V}) on V| ® V as follows:

g-W®x)=(gv) Vx,
gy =>gH vy

where g! denotes the adjoint operator to g with respect to the nondegenerate form on
V1. This action defines an embedding of GL(V}) in Aut(V; ® V», B1 ® B>)°. In fact,
it identifies GL(V7) with a Levi subgroup of Aut(V; ® V2, By ® B»)°. (This is the
usual embedding of GL, as a Levi subgroup in either SO, or Sp,,..) The embedding
(2.2) then factors as

for g € GL(V1),

4 2
Aut(Vy, B1)° — GL(V}) — Aut(V; ® V2, B] ® By)°.

The first embedding gives a Donkin pair by part (4) of the proposition, and the second
by part (2).

Finally, suppose ¢, = —1 and s = dim V;, > 2. This dimension must still be even,
say s = 2m. Choose a basis x1, ..., Xp, V1, - - ., Y for V3 such that

Ba(xi, xj) = Ba(yi, yj) = 0, By (xi, yj) = dij.
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Let Vz(i) be the 2-dimensional subspace spanned by x; and y;. Then, B; restricts to a

nondegenerate symplectic form Béi) on Vz(i). We factor the map (2.2) as follows:

1
Aut(Vy, B1)° — Aut(Vy, B1)° x --- x Aut(Vq, By)°

m copies

— Aut(V] ® Vz(l), B ® Bél))o X x Aut(Vp ® Vz(m)’ B ® Bém))o
4
< Aut(V] ® Vo, B| ® B»)°.

Here, the first arrow is a diagonal embedding (part (1) of the proposition); the sec-
ond arrow is several instances of the embedding from the previous paragraph (since
dim V2(l) = 2); and the last arrow comes from part (4) of the proposition. We thus
again obtain a Donkin pair. O

3 Proof of Theorem 1.1
3.1 Reduction to the Quasi-Simple Case

Let G be an arbitrary connected reductive group in good characteristic. For any nilpo-
tent element x € Lie(G), there exists a cocharacter t : G, — G and a Levi subgroup
L. C G suchthat L is the centralizer of the subgroup 7(G,,), where G4 = L:NG*
(cf. [11, 5.10]).

If we let G’ be the derived subgroup of G, then any nilpotent element x for G also
satisfies x € Lie(G’), and by [11, 5.9], t(G,;) C G’ € G. In particular, (G')* =
G'NG* and L’ = G’ N L, is the centralizer of t(Gy,) in G'. Thus,

(G/)fed = G/ n Gfed'
It now follows from Lemma 2.3 that (G, (G;.4)°) is a Donkin pair if and only
if (G, ((G/)fed)o) is a Donkin pair. So we can reduce to the case where G is
semisimple.

Suppose now that 7 : G — G is an isogeny (i.e., surjective with finite central ker-
nel), where G is an arbitrary connected reductive group in good characteristic. Then,
by [11, Proposition 2.7(a)], = induces a bijection between the nilpotent elements in
Lie(G) and those in Lie(G), and for any nilpotent element x € Lie(G), we have
n(GY) = G™™  Moreover, by similar arguments as above, we can also deduce that

7(G~,) = G" (cf. [11, 5.9]). In particular,

red red

7(GLY°) = 7(GLy)° = (GT)°,

red red red

since any surjective morphism of algebraic groups takes the identity component to
the identity component.

Let H = (Gfed)O and H = (Cﬁix))o, and note that for any G-module M, there is
a natural isomorphism

Rengeng = ResZ_Reng.
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From this, we can see that if (G, H) is a Donkin pair, then (G, H) must also be a
Donkin pair, since it is straightforward to check that a G-module M (resp. an H-
module N) has a good filtration if and only if Res M (resp. Res N) has a good
filtration. This allows us to reduce to the case where G is semisimple and simply
connected.

Finally, suppose that that G = G| x G, where G, G, are connected reductive
groups in good characteristic. Let x = (x1, x2) € Lie(G1) é Lie(G>) be an arbitrary
nilpotent element. We can immediately see that

(Grea)® = ((G1)pa)® X ((G2)2g)°

It now follows from the general properties of induction for direct products (see
[10, 1.3.8]) that (G, (G;,4)°) is a Donkin pair if and only if (G, ((G])red) ) and
(G3, ((GZ)red) ) are Donkin pairs. Therefore, by the well-known fact that any sim-
ply connected semisimple group is a direct product of quasi-simple simply connected
groups, we can reduce the proof of Theorem 1.1 to the case where G is quasi-simple.

3.2 Proof for Classical Groups

We now prove the theorem for the groups GL;, Sp,,, and Spin,,. For the last case, we
will actually describe the group (G7,4)° and its embedding in G for SO, instead, but
the proof of the Donkin pair property will also apply to Spin,,.

Let x be a nilpotent element in the Lie algebra of one of GL,, Sp,,, or SO,,. Let
s=[s" 1 s2 e s,:"] be the partition of n that records the sizes of the Jordan blocks
of x. (This means that x has r{ Jordan blocks of size 51, and r, Jordan blocks of size
52, etc.) The vector space V = k" can be decomposed as

v=vDevPg..evh

where each V@ is preserved by x, and x acts on V) by Jordan blocks of size s;.
(Thus, dim V@ = r;s;.) When G is Sp,, or SO, the nondegenerate bilinear form on
V restricts to a nondegenerate form of the same type on each V).

The description of (Gj.;)° in [12, Chapter 3] shows that it factors through the
appropriate embedding below

GL(VD) x ... x GL(V®) < GL(V)
Sp(V ) x ... x Sp(V®) < Sp(V)
SO(VD) x - x SO(VW) — SO(V)
All three of these embeddings give Donkin pairs: in the case of GL,,, it is an inclusion
of a Levi subgroup (Proposition 2.4(2)); and in the case of Sp, or SO, it falls under
Proposition 2.4(4).
We can therefore reduce to the case where x has Jordan blocks of a single size.
Suppose from now on that s = [s”]. Then, there exists a vector space isomorphism

VzVvieWw

where dim V| = r and dim V, = s, and such that x corresponds to idy, ® N, where
N : V, — V3 is anilpotent operator with a single Jordan block (of size s).
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Suppose now that G = GL(V). Then, according to [12, Proposition 3.8], we have
(Gfed)O = GL(V}). Choose a basis {vy, . .., vy} for V. The embedding of (G;‘ed)O in
G factors as

GL(V1) = GL(V; ® v1) x --- x GL(V] ® v5) — GL(V).

The first map above is a diagonal embedding (Proposition 2.4(1)), and the second is
the inclusion of a Levi subgroup (Proposition 2.4(2)), so (G, (Gy4)°) is a Donkin
pair in this case.

Next, suppose G = Sp(V) or SO(V). According to [12, Proposition 3.10], both
V1 and V> can be equipped with nondegenerate bilinear forms By and B, such that
B1® B, agrees with the given bilinear form on V. Moreover, (Gfed)O = Aut(Vq, By)°.
We are thus in the setting of Proposition 2.4(7).

3.3 Proof for Eg

When x is distinguished, (Gfe(l)0 is the trivial group; and when x = 0, (Gfed)O =G.
For all remaining nilpotent orbits, we rely on the very detailed case-by-case descrip-
tions of (Gy,y)° given in [12, Chapter 15]. In each case, that description shows
that the embedding (G;,;)° < G factors as a composition of various cases from
Proposition 2.4.

These factorizations are shown in Tables 1 and 2. Here is a brief explanation of
the notation used in these tables. Nearly all groups mentioned are semisimple, and
they are recorded in the tables by their root systems. However, the notation “T{”
indicates a 1-dimensional torus; this is used to indicate a reductive group with a 1-
dimensional center. In a few cases, nonstandard names for root systems—such as B
or Cy, in place of Aj—are used when it is convenient to emphasize the role of a
certain classical group. The notation D (meant to evoke SO;) is occasionally used
as a synonym for Tj.

Finally, we remark that there are two orbits—labeled by Ag and by AgA|—where
the information given in [12] is insufficient to finish the argument. In each of these
cases, (G}.4)° contains a copy of A; that is the centralizer of a certain copy of Gz
inside E7, and [12] does not give further details on this embedding A; < E7. How-
ever, according to [15, §3.12], this A is in fact (the derived subgroup of) a Levi
subgroup of E;.

3.4 Proof for E; and Eg

Recall that if H C G is a closed subgroup, then there is a natural embedding Ny —
NG of nilpotent cones. We also recall that a subgroup L € G is a Levi subgroup if
and only if it is the centralizer of a torus S C G.

Lemma 3.1 Let G be a reductive group, S € G a torus with L = Cg(S) a Levi
subgroup, and suppose x € N € N is such that S € (G%,))°. Then, (Ly,,)° is a
X

Levi subgroup of (G,,)°.
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Table 1 Nilpotent centralizers in Eg

Orbit (Grg)®

Al E; < Eg

A? Bo <> BiBg <> Dg <> Eg

As Eg <> AsEg <> Eg

A AlFs <> AjEg <> Eg

AsA, As <> AjAsAs > By

As Bs <> ByBs <> Dg <> Eg

A Cy <> Dg & Eg

ArA? A1B3 = B1B3 <> B{B;BBs <> Dy <> Eg

A2 GGy <> DyDy <5 Dy <> Eg

AsA AiB; = C;B3 <> DyB3 <> BDyBs b Dy <> Eg
™ Ay > Eg

Ds Fy <> Eg <> Eg

Dy(ar) Dy <> Eg

ArA} A1Gy <> AjAg <> ALE; <> Eg

A2A A1Gy <> G2Gy <> DyDy <5 Dy <> Eg

AsA2 AiBs = B|Cs <> BiDs <> B DyB <> Dy <> Eg
AsAs BoTi = BoD; <> BoDj <> BaD3Bs <> Dg <> Eg
AsA; AsT) <> AsAg <> Eg

DiA Cs <> Fy <> Eg <> Eg

Dy(aA; A} 2 Eg

As A1Gy <> A1Dy <> Eg

Ds B; <> B3Bs <> Dg <> Eg

Ds(ar) As &> A3Ds <> Eg

A3A2 B, <> By <> Dg <> Eg

AszAr Ay AjAy < Aj(A1AY) S A1(AgAz) 3 AE7 3 Eg
A2 C, &> Dg <> Eg

A4A2 ATy <> AJAIT) <> Ay <> Eg

AsAs A1AL <> AIATAIAD <> A1(A1A2A3) <> A(E; < Ey
DyAr Ay S Fy < Eg <> Eg

Proof We clearly have Cgx(S) = G* N L = L*. Moreover, the identity component
(L*)° must be contained in (G*)° N L = C(gx)°(S). But since the centralizer of a
torus in a connected group is connected, we actually have

@ Springer
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Table 2 Nilpotent centralizers
in Eg, continued Orbit (Grea)’

6 2
D4(a1)Az Ay — A7 — Eg

AsA, A1A; S A1Gy <> ADs <> AE7 <> Eg
DsA, AiA; = BiC; <> B|D; <> B4BD; <> Dg <> Eg
Ds(a1)Aq AjA i)AlA2‘£>A1F4i>A|E6£>A|E7‘i>E8
A A? 3 ALE; < By

Ds B, <> ByBs <> Ds <> Eg

De(ar) AiA| = Ds <> DyDg <> Dg <> Eg
De(a2) AiA| = Dy &> DyDg <> Dg <> Eg

Es Gy <> Dy <> Eg

Eeg(ar) Ay 3 AzEsg S Eg

Eo(a3) Gy <> Dy <> Eg

AsAsA Al <5 AjAIA] <> AjA2A; <> E7 <> Eg
AsAs Al =B, <> By <5 Dy < Eg

DsA; T,

Ds(@)As Ay = Bj <> By <> B4B; <> Dg <> Eg
AsA A1 S Eg

EeAi A <> Gy <> Dy <> Eg

Es(a1)Ai T

Eo(@)A1  Aj <> Gy <> Dy <> Eg

Ay A1:C1i>Dg£>Eg

D, Ai = B; <> BBg <> Dg <> Eg

D7(a1) Ty

D7(a2) T

E; A1 > ALE; < Eg

Er(a1) A1 S AE; <> Eg

Er(a2) A1 & AE; <> Eg

E7(a3) Al > ALE; > By

Er(as) A1 & AE; <> Eg

Er(as) Ar <> AE; <> Eg

Next, consider the semidirect product decomposition (G*)° = (G7,4)° X Gﬁnip' Let

g € G*, and write it as g = (g, gu), With g, € (G}y)°, gu € Gﬁnip. If g centralizes

S, then g, and g, must individually centralize S as well. In other words,
Ci69=(8) = CiGr o (8) % Cax, (). (3.1)
Here, C(G.rxed)o (S) is a connected reductive group, and C(;ﬁmp(S) is a normal unipo-

tent group (which must be connected, because C(gx)e (S) is connected). We conclude
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that Eq. 3.1 is a Levi decomposition of (L*)°. In particular, we see that (Lfed)° =
CGrp°(S)-

We now let G denote the simple, simply connected group of type Eg. If G
is the simple, simply connected group of type E; or Eg, then as explained in
[12, Lemma 11.14], there is a simple subgroup H of type A; or Ay, respectively,
such that Go = Cg(H). Moreover, by [12, 16.1.2], there existsatorus S C H C G
such that Gy is the derived subgroup of the Levi subgroup L = Cg(S). Explicitly,
let a1, ..., ag be the simple roots for G, labelled as in [4], and let g be the highest
root. The groups H and G can be described as follows.

|simple roots for H |simple roots for L or G
Go=E; —ag of,...,Q7
Go=Eg ag, —oQ ay, ..., 0 (3.2)

Now it is explained in [12, 16.1.1], that if x € Ng, = N C Ng, then the

subgroup (G;,4)° must contain a conjugate of H. Without loss of generality we can

assume that x is chosen so that H C (Gfed)". Hence, we can also assume that S C

(G1q)°- Thus, by Lemma 3.1, (L;_,)° is a Levi subgroup of (G;_,)° and we also have
(Lig)® S (Gred)® S (L)

By Lemma 2.3, Proposition 2.4(2) and Section 3.3 we deduce that (G, (Gé)red))") is

a Donkin pair.

Finally, to show that (G, ((G{))red)°) is a Donkin pair, it will be sufficient to show
that every fundamental tilting module for G is a summand of the restriction of a
tilting module for G. In more detail, let 7 : Xg — X, be the map on weight lattices.
It is well known that if A is a dominant weight for G, then the Gy-tilting module
TG, (m (1)) occurs as a direct summand of Reng(TG (X)). So it is enough to show
that every fundamental weight for G occurs as (1) for some dominant G-weight
A. Let @y, ..., @y be the fundamental weights for G. A short calculation with the
table (3.2) shows that (), ..., m(@7) are precisely the fundamental weights for
E7, and that n (), . . ., m(we) are the fundamental weights for Eg.

Remark 3.2 One can also prove the theorem for E7 and Eg directly by writing down
the embedding of each centralizer, as we did for Eg. Here is a brief summary of
how to carry out this approach. Let G be of type Eg, and let Gog and H be as in the
discussion above. As explained in [12, §16.1], we have

((GPrea)® = C(Gx o (H).

The computation of C(Gfed)°(H ) is explained in [12, §16.1.4], and the results are
recorded in Tables 3, 4, and 5, following the same notational conventions as in the Eg
case.
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Table 3 Nilpotent centralizers in E7

Orbit (Grg)®

Ay Ds 4 E7

A2 A1By = BiBy <> Dy <> E;

A As & E

ArA AsT) S E;

(A3 Fy <> Be <> Ey

(A" ALCs > AjAs 3 E

As AiB; = B{B; <> D5 <> E;

Al Cs <5 Dg = E

AsA2 A1A|A| = BiA|B| <> B4A(B; <> ADg <> E;
A2 A1Gs <> A\Ds <> AjA|A Dy = A;DsDy <> A Dg <> Ey
As AsT) > E;

Dy Ci > As S Er

Da(ar) AIAIA; S B

ArA3 Gy <> Ag > By

A2A, A1A] <> (AjA1A])G: <> A;DsDy <> A Dg <> Ey
(AsA1) B; <5 Dy > E

(A3A)) A1A1A] = C1AB; <5 D2A B <> DyA|Ds <5 AjDs <> E;
AsA? AIAL > ALAIAD) S AjAs S B

AsAs AiT; = BiD; <> B{Ds <> B D3B; <5 Dg <> E;
AsA; T,

DiA; Cr > A3 > Er

Dy(a1)Aq A1A 2 E;

(As) G2 A Dy N E7

(As)” AlA] <> AI(AIAIA]) S B

Ds AIAL <> Aj(ATA) <> By

Ds(ar) AT S Er

AzArA A < A1A & AsAy 3 E;

we Al S5 ALAAs <5 AjA2A; S By

AsA A1 S Gy <> Dy > Er

3.5 ProofforF4
Let G be the simple, simply connected group of type Eg. Then, [12, Lemma 11.7]

implies that G contains a simple subgroup H of type G», and that its centralizer
Go = Cg(H) is a simple group of type F4. The embeddings of centralizers of
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Table 4 Nilpotent centralizers

in E7, continued Orbit (G’
DsA| A1 <> AJA; S E;
Ds(a)Aj Ay S As 3 F4 3 Es 3 E;
Ag A 3 E;
Ds A1 <> AjA] > E;
De(a1) A S E
Dy (a2) A > E;
Es A1 <> AJAIA; S Er
Eeg(ar) T
Eg(a3) A1 <> AjAIA; S E;

nilpotent elements for Go = F4 can then be computed using the method explained
in Remark 3.2. One caveat is that the name (i.e., the Bala—Carter label) of a nilpo-
tent orbit usually changes when passing from F4 to Eg. The correspondence between
these names is given in [12, Proposition 16.10].

Table 5 Nilpotent centralizers

in Eg Orbit (Gr)°
Ay As 2 Ee
A? BiT) <> DyT; <> Eg
A ArAy > Eq
Al AAL < (AA)A; > Eg
AA AITy < Eq
As B,T) <5 DaT; <> Eg
ArA? AIT) = BT| <> ByT) <> DsTy <> Eg
A2 Gy <> Dy > Eq
AsA AT, = CiT) <> DTy <> Eq
Ay AIT) > Eg
Dy Ay <> AgAy > Eq
Dy(ar) T,
A2A Al <> AlALA] > Eg
AsA T
As Ay N Ee
Ds Ty
Ds(a1) T
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Table 6 Nilpotent centralizers

inFy Orbit (Grea)’
2
A| C3 — F4
~ 2 ~ 5
Ay Az —> A3A| — Fy
~ ~ 6 ~ 2
A1A1 A1A1 — A1A2 —> F4
~ 2
A2 A2 — F4
~ 3 4 5
A2 Gz‘—>D4‘—>B4L>F4
2 5
B> AjA] — By — F4
~ ~ 2
ArAq Al —> Fy
~ 2 3 4 5
AzA] A]%GZQD4%B4%F4
6 ~ 2
B3 A] “— Az “— F4
2
Cs A — Fy4
2
Cs(ay) Al — Fy

We remark that in some cases, the book [12] does not quite give enough details
about embeddings of subgroups to establish our result, but in these cases, the relevant
details can be found in [15, §3.16]. Here is an example illustrating this. The F4-orbit
labelled A 1 corresponds (by [12, Proposition 16.10]) to the Eg-orbit labelled A%. Let
x be an element of this orbit. We have see that in Eg, (G;‘ed)O = Bg, which embeds in
the Levi subgroup D7 C Es. The group (G, ,)° has a subgroup of type D3B3, which
embeds in D3D4 C D7 C Dg. The explicit construction of H = G in [15, §3.16]
shows that it is contained in the second factor in each of D3B3 C D3Dy. It follows that
D3 = Aj is contained in ((Gy)red)® = C(Gfed)c’ (H), and then a dimension calculation
shows that in fact ((G{)red)® = As.

The results of these calculations are recorded in Table 6.

3.6 Proof for G,

In this case, there are only two nilpotent orbits that are neither distinguished nor triv-
ial. From the classification, both of these orbits meet the maximal reductive subgroup
AlAl C Gy, and an argument explained in [12, §16.1.4] shows that if x belongs to
either of these orbits, then the reductive part of its centralizer in A1/~\1 is equal to the
reductive part of its centralizer in G;. See Table 7.

Table 7 Nilpotent centralizers

in Gy Orbit (Grg)®
-2 -5
A] A1 — A]A] — G2
A Al S AR S Gy
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