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A GENERALIZED POINCARE-BIRKHOFF THEOREM

AGUSTIN MORENO, OTTO VAN KOERT

To H. Poincaré, who taught us much;
To A. Floer, who followed suit;
To C. Viterbo, now on his 60th birthday, who took the cue;
and to all those who stand on the Shoulders of Giants.

ABSTRACT. We prove a generalization of the classical Poincaré-Birkhoff theorem for Liouville do-
mains, in arbitrary even dimensions. This is inspired by the existence of global hypersurfaces of section
for the spatial case of the restricted three-body problem [MvK].
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1. INTRODUCTION

Poincaré-Birkhoff theorem, and the planar restricted three-body problem. The problem of
finding closed orbits in the planar case of the restricted three-body problem goes back to ground-
breaking work in celestial mechanics of Poincaré [P12, P87], building on work of G.W. Hill on the
lunar problem [H78]. The basic scheme for his approach may be reduced to:

(1) Finding a global surface of section for the dynamics;

(2) Proving a fixed point theorem for the resulting first return map.
This is the setting for the celebrated Poincaré-Birkhoff theorem, proposed and confirmed in special
cases by Poincaré and later proved in full generality by Birkhoff in [Bil3]. The statement can be

summarized as: if 7 : A — A is an area-preserving homeomorphism of the annulus A = [-1,1] x S*
that satisfies a twist condition at the boundary, then it admits infinitely many periodic points of
arbitrary large period.

In [MvK], the authors proved the existence of S!-families of global hypersurfaces of section for
the spatial restricted three-body problem (in the low-energy range, i.e. below and slightly above the
1
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first critical value, and independent of mass ratio), fully and non-perturbatively generalizing step
(1) in the above approach to the spatial situation. The relevant return map 7 is a Hamiltonian diffeo-
morphism defined on the interior of the global hypersurface of section, which is symplectomorphic
to the interior of a Liouville domain (D*S?, w), where w is deformation equivalent to the standard
symplectic form. Furthermore 7 extends smoothly to the boundary of the global hypersurface of
section, and gives rise to a homeomorphism of (D*S?, w) that is a Hamiltonian diffeomorphism on
the interior. Drawing inspiration from this situation, in this paper, we propose a general fixed-point
theorem for Liouville domains, as an attempt to address step (2) for the spatial case.

Fixed-point theory of Hamiltonian twist maps. The periodic points of 7 are either boundary pe-
riodic points, which give planar orbits, or interior periodic points which are in 1:1 correspondence
with spatial orbits. We are interested in finding interior periodic points.

The Hamiltonian twist condition. We propose a generalization of the twist condition intro-
duced by Poincaré, for the Hamiltonian case and for arbitrary Liouville domains. Let (W, w = d\)
be a 2n-dimensional Liouville domain, and consider a Hamiltonian symplectomorphism 7 of W.
Let (B, ) = (OW, ker ) be the contact manifold at the boundary where o = A5, and R, the Reeb
vector field of a (uniquely determined via the equations da(R,, ) = 0, a(Rs) = 1). Recall that 7 is
Hamiltonian if 7 = ¢};, where ¢!, is the isotopy of W defined by ¢%; = id, % ¢%; = Xp, o ¢%;, where
we write H; = H(t,-), and Xy, is the Hamiltonian vector field of H; defined via ix, w = —dH;.
The Liouville vector field V), is defined via iy, w = A.

Definition 1.1. (Hamiltonian twist map) We say that 7 is a Hamiltonian twist map (with respect to
), if 7 is generated by a smooth Hamiltonian H : W x R — R which satisfies X#,|p = hiR, for
some positive and smooth function h : B x R — R*.

Remark 1.2. For the purposes of this article, one may relax the smoothness assumption on H to C?
regularity.

In particular, H;|p = const on B, and 7(B) C B. We have h; = dH;(V,)|p is the derivative of
H, in the Liouville direction V) along B, which we assume strictly positive. Also, 7|z is the time-1
map of a positive reparametrization of the Reeb flow on B. But note that, while the latter condition
is only localized at B, the twist condition is of a global nature, as it requires global smoothness of
the generating Hamiltonian (cf. [MvK, Rk. 1.4]).

Here is a simple example illustrating why the smoothness of the Hamiltonian is relevant for the
purposes of fixed points:

Example 1.3 (Integrable twist maps). Consider M = S", n > 1 with its round metric and its
cotangent bundle T*M = {(q,p) € R*"*2 : (¢,p) = 0, |q| = 1}. Let H : T*M — R, H(q,p) =
2m|p| (not smooth at the zero section); ¢k, extends to all of D*M as the identity. It is a positive
reparametrization of the Reeb flow at S*M, generating a full turn of the geodesic flow, and all
orbits are fixed points with fixed period. If we smoothen H near |p| = 0 to K (g, p) = 2mg(|p|), with
g(0) =¢'(0) =0, then 7 = ¢L. : D*M — D*M, 7(q,p) = ¢?}T9,(‘p‘)(q,p), is now a Hamiltonian twist
map. If ¢'(|p|) = I/k € Q with [, k coprime, then 7 has a simple k-periodic orbit; therefore 7 has
simple interior orbits of arbitrary large period (cf. [KH95, p. 350], [M86], for the case M = S').

The Hamiltonian twist condition will be used to extend the Hamiltonian to a Hamiltonian that
is admissible for computing symplectic homology. The extended Hamiltonian can have additional
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1-periodic orbits and these, as well as 1-periodic orbits on the boundary, need be distinguished
from the interior periodic points of 7. We impose the following conditions to do so.

Index growth. We consider a suitable index growth condition on the dynamics on the boundary,
which is satisfied in the restricted three-body problem whenever the planar dynamics is strictly
convex (see Thm. D.1). This assumption will allow us to separate boundary and extension orbits
from interior ones via the index.

We call a strict contact manifold (Y, £ = ker «) strongly index-definite if the contact structure (£, de)
admits a symplectic trivialization e with the property that

e There are constants ¢ > 0 and d € R such that for every Reeb arc! v : [0,7] — Y of Reeb
action T = fOT ~v*o we have

lrs(v;€)] > T +d,

where s is the Robbin—Salamon index [RS93].

Index-positivity is defined similarly, where we drop the absolute value. A variation of this no-
tion was explored in Ustilovsky’s thesis [U99]. He imposed the additional condition 71 (Y) = 0.
With this extra assumption, the concept of index positivity becomes independent of the choice of
trivialization, although the exact constants ¢ and d still depend on the trivialization €. The global
trivialization will be important when considering extensions of our Hamiltonians, as it will allow
us to measure the index growth of potential new orbits.

Fixed-point theorems. We propose the following generalization of the Poincaré-Birkhoff theo-
rem:

Theorem A (Generalized Poincaré-Birkhoff theorem). Suppose that T is an exact symplectomorphism
of a connected Liouville domain (W, \), and let o« = | . Assume the following:

o (Hamiltonian twist map) 7 is a Hamiltonian twist map, where the generating Hamiltonian is at
least C2. In addition, assume all fixed points of T are isolated;

o (Index-definiteness) If dim W > 4, then assume c1(W)|r,cwy = 0, and (0W, a) is strongly
index-definite;

o (Symplectic homology) SH.(W) is infinite dimensional.

Then T has simple interior periodic points of arbitrarily large (integer) period.

Remark 1.4. Let us discuss some aspects of the theorem:

(1) (Grading) We impose the assumptions c;(W)|~,w) = 0 (i.e. W is symplectic Calabi-Yau)
to have a well-defined integer grading on symplectic homology.

(2) (Surfaces) If dim W = 2, then the condition that SH, (W) is infinite dimensional just means
that W is not D? (see App. B); for D? we have SH,(D?) = 0, and a rotation on D? gives an
obvious counterexample to the conclusion. In the surface case, the argument simplifies, and
one can simply work with homotopy classes of loops rather than the grading on symplectic
homology. The Hamiltonian twist condition implies the classical twist condition for W =
D*S?, due to orientations.

IWe will refer to the restriction of a Reeb orbit or Hamiltonian orbit to a finite interval as a Reeb arc or Hamiltonian arc.
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(3) (Cotangent bundles) The symplectic homology of the cotangent bundle of a closed mani-
fold with finite fundamental group is well-known to be infinite dimensional, due to a re-
sult of Viterbo [V18, V99] (see also [AS06, SW06]), combined e.g. with a theorem of Gro-
mov [G78, Sec. 1.4]. We have ¢ (T*M) = 0 whenever M is orientable. As for the existence
of a global trivialization of the contact structure (£, dAcq.n ), we note the following:

e if ¥ is an oriented surface, then S*¥ admits such a global symplectic trivialization;

e if M3 is an orientable 3-manifold, then S*M? also admits such a global symplectic
trivialization;

e Inaddition, we know that symplectic trivializations of the contact structure on (S*52, Acar)
are unique up to homotopy, since [S*S?, Sp(2)] = H'(S*S?;Z) = 0.

(4) (Fixed points) If fixed points are non-isolated, then we vacuously obtain infinitely many of
them, although we cannot conclude that their periods are unbounded; “generically”, one
expects finitely many fixed points.

(5) (Long orbits) If W is a global hypersurface of section for some Reeb dynamics, with return
map T, interior periodic points with long (integer) period for 7 translate into spatial Reeb
orbits with long (real) period; see Lemma C.1.

(6) (Katok examples) There are well-known examples due to Katok [K73] of Finsler metrics
on spheres with only finitely many simple geodesics, which are arbitrarily close to the
round metric (we review them in App. A.2); they admit global hypersurfaces of section
with Hamiltonian return maps, for which the index-definiteness and the condition on sym-
plectic homology hold. It follows that the return map does not satisfy the twist condition
for any choice of Hamiltonians.

(7) (Spatial restricted three-body problem) From the above discussion and [MvK], we gather:
the only standing obstruction for applying the above result to the spatial restricted three-
body problem, in case where the planar problem is strictly convex, is the Hamiltonian twist
condition. Here, note that symplectic homology is invariant under deformations of Liou-
ville domains; see e.g. [BR] for a paper with detailed proofs. This would give a proof of
existence of spatial long orbits in the spirit of Conley [C63], which could in principle be col-
lision orbits. Since the geodesic flow on S? arises as a limit case (i.e. the Kepler problem),
it should be clear from the discussion on Katok examples that this is a subtle condition.
In [MvK], we have computed a generating Hamiltonian for the integrable case of the rotat-
ing Kepler problem; it does not satisfy the twist condition in the spatial case (in the planar
case, a Hamiltonian twist map was essentially found by Poincaré). This does not mean a
priori that there is not another generating Hamiltonian which does, but this seems rather
unlikely.

As a particular case of Thm. A, we state the above result for star-shaped domains in cotangent
bundles, as of independent interest (cf. [H11]):

Theorem B. Suppose that W is a fiber-wise star-shaped domain in the Liouville manifold (T M, Acan),
where M is simply connected, orientable and closed, and assume that T : W — W is a Hamiltonian twist
map. If the Reeb flow on OW is strongly index-positive, and if all fixed points of T are isolated, then T has
simple interior periodic points of arbitrarily large period.

The above holds in particular for M = 52, as explained in Remark 1.4 (3). One difference with
[H11] is that we work with compact domains in cotangent bundles and conclude that periodic
points are interior, at the expense of imposing index-positivity.
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Sketch of the proof. The proof is fairly simple: due to the twist condition we can extend the
map 7 to a Hamiltonian diffeomorphism 7 that is generated by a weakly admissible Hamiltonian
(defined in Section 4). This allows us to appeal to symplectic homology. In particular, we will show
lim, H Fy(7%) = SH.(W) (Lemma 4.1). Using an index filtration (via index-definiteness and the
twist condition), we can show that all generators contributing to homology are actually fixed points
of some 7%, rather than fixed points of the extension. The crucial technical input is Lemma 4.5. If the
minimal periods of periodic points of 7 are bounded, then we can show using a spectral sequence,
involving local Floer homology groups, that the rank of the resulting symplectic homology should
also be bounded, leading to a contradiction. Alternatively, one could use the methods used for the
proof of the Conley conjecture [G10,H11] to finish the proof.

Remarks on the twist condition and generalizations. If the Liouville domain is a surface, this
definition of the Hamiltonian twist condition is not restrictive, and implements the idea sketched
above in a simple way. In higher dimensions, the Hamiltonian twist condition is much more re-
strictive. Some examples illustrating the nature of the twist condition and applications of the above
theorem will be presented in Appendix A. Given the above sketch of the proof, there is obviously
some freedom in Def. 1.1 that allows the same methods to work. For example, if the vector field X,
is sufficiently C''-close to a positive reparametrization of the Reeb vector field, then the methods
will still go through. However, we will not pursue this generalization because its depends on de-
tails that make the formulation awkward and difficult to check. We list some other generalizations,
whose proofs will not be worked out in detail:

o (Action positivity) One can impose constraints on the functions /; in the Hamiltonian twist
condition that force the periodic orbits in the extension to have large action under iterates.
In the setting of cotangent bundles, one can then use a theorem of Gromov [G78, Sec. 1.4]
cited below, to construct infinitely many interior periodic points.

o (Isolated sets) The assumption that the fixed points are isolated can be replaced by the
weaker assumption that the fixed point set consists of a finite union of submanifolds. This
is based on a slight generalization of local Floer homology, and is useful when studying
integrable systems and their perturbations.

¢ (Non-vanishing symplectic homology) The condition dim SH,(W) = oo can be replaced
by the condition SH.(W) # 0. The key point here is that non-vanishing symplectic ho-
mology implies its unit is non-trivial. Then the methods of the proof of the Conley conjec-
ture [G10, H11] can be applied to conclude the existence of infinitely many simple periodic
points. Strong index-definiteness is needed to show that these periodic points do not corre-
spond to boundary and extension orbits, and so are interior.

Remark 1.5. Concerning the last generalization, we remark that we don’t know a single example
of a Liouville domain (W, \) with ¢1 (W) = 0, SHe(W) # 0, and dim SH (W) < o0.
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2. MOTIVATION AND BACKGROUND
Hypersurfaces of section, return maps, and open books.

Definition 2.1. Suppose that Y is a compact, oriented, smooth manifold with a non-singular au-
tonomous flow ¢;. We call an oriented, compact hypersurface ¥ in Y a global hypersurface of section
for gbt if

o the set X is an invariant set for the flow ¢; (if non-empty);

o the flow ¢, is positively transverse to the interior of 3;

e forallz € Y\ 0¥ therearet, > 0and ¢_ < 0such that ¢;, (v) € ¥ and ¢,_(x) € 3.

Given a global hypersurface of section we can define a return map 7 as follows: for each = €
int(¥) we choose a minimal ¢, (x) > 0 as in the definition above. Then we put 7(x) = ¢;, (4)(%).
Periodic points of 7 then correspond to closed orbits of ¢;. In general, there is no continuous
extension to the boundary, although it is unique whenever exists. Although global hypersurfaces
of section do not have good stability properties in higher dimensions, we found that they can be
constructed in certain classes of Hamiltonian dynamical systems that admit an involution. This
class includes the restricted three-body problem and several variations (e.g. suitable Stark-Zeeman
systems [MvK]).

This notion is also closely related to the notion of an open book decomposition. This consists of
a fiber bundle 7 : Y\B — S!, where B C Y is a codimension 2 submanifold with trivial normal
bundle (called the binding), such that 7 coincides with the angular coordinate along some choice of
collar neighbourhood B x D? of B. The pages of the open book are the closure of the fibers of , all
having B as boundary. Whenever ¢, is a Reeb dynamics of a contact form « on Y which is adapted
to the open book (i.e. &|p is also contact, and da is symplectic on the pages), each page is a global
hypersurface of section, and the return map preserves the symplectic form da. This is precisely the
situation in [MvK].

In App. C, we will collect some standard facts which apply for return maps arising from Reeb
dynamics, as described here, for which Thm. A may be applied.

3. PRELIMINARIES ON SYMPLECTIC HOMOLOGY

3.1. Liouville domains and Hamiltonian dynamics. There are various forms of Hamiltonian Floer
homology for Liouville domains: these are all referred to as symplectic homology. The first version
was due to Floer-Hofer, [FH]. See also section 5 of [H89] for an even earlier version, called sym-
plectology. However, we will review the version due to Viterbo, [V18,V99]. Roughly speaking, this
is a ring with unit that encodes both topological and dynamical data; it is the homology of a chain
complex that is freely generated by 1-periodic Hamiltonian orbits.

We now fix conventions. Consider a Liouville domain (W, ), i.e. (W, d)\) is a compact symplectic
manifold with boundary, and the vector field X defined by the equation txd\ = A is outward
pointing along each boundary component of W. This vector field is the Liouville vector field. The
1-form A is the Liouville form, and its restriction to OW, which we denote by «, is a contact form.
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Given a Liouville domain (W, \) we build its completion to a Liouville manifold by attaching a

cylindrical end:
(W, N) = (W, \) Ug ([1,00) x OW, rav).
Throughout the paper we will consider smooth functions of the form H : W x S! — R, a (time-
dependent) Hamiltonian on W. Given such a Hamiltonian, we define its Hamiltonian vector field
X H via
txyd\ = —dH.

We denote the set of 1-periodic orbits of Xy by P(H). For the purpose of Floer theory on non-
compact manifolds we will need a suitable class of Hamiltonians to work with. First, we recall the
spectrum of a contact form «. If P(«) denotes the set of all periodic Reeb orbits (including covers
and without period bound), then

spec(a) = {a € R | there is v € P(«) such that a = A(7)},
where the action is defined as A(7) = [ .

Definition 3.1. We recall some standard terminology.
e A 1-periodic orbit v € P(H) is non-degenerate if dFI;*" (v(0)) — id invertible.

e The Hamiltonian H is non-degenerate if all v € P(H) are non-degenerate.

e A Hamiltonian H on W is linear at infinity if at the cylindrical end H has the form H(r,b,t) =
cr + d for some constants ¢ > 0 and d. In this case we write slope(H) := c.

e A Hamiltonian H that is non-degenerate and linear at infinity with slope(H) ¢ spec(«) will
be called admissible.

We call an S*-family of almost complex structures J = .J; on a Liouville manifold (W, ) SFT-like if
e it is compatible with (T/V[7, d)\); and
e on the cylindrical end it satisfies L,5,J = 0, J§ =&, and Jr0, = R,.

We denote by J the space of such families of almost complex structures.

3.2. Conley-Zehnder index, Robbin-Salamon index and mean index. We will also need invari-
ants of Hamiltonian orbits, i.e. the Conley-Zehnder index, or more generally, the Robbin-Salamon
index, and the mean index. Assume that 2 : R — W is an orbit of Xp. Take a symplectic trivial-
ization € : R x R2" — 2*TW, (t,v) — €(v) € TMW Then we get a path of symplectic matrices
associated with z, namely ¢, = ¢, Lo dFltX H o €5. We can then define the Robbin-Salamon index of
x as pirs(z)j,17, €) := prs(Yljo,1))- If r — id is invertible, then the Robbin-Salamon index reduces
to the Conley-Zehnder index. The case of Reeb flows is done similarly; we simply restrict the lin-
earized Reeb flow to the symplectic vector bundle (£, da). Similarly, we define the mean index of a
1-periodic orbit z as A(z, €) := A(¢)), where A(¢)) is the mean index of the symplectic path .? We
have the following properties (see e.g. section 3.1.1 of [GG15]):

(1) |/J,R5($|[07T],6) — A(.’L‘,e)| < w, forall T

(2) lim7 4 o0 ZEICIR T Az, €);

T
(3) A(z® ) = kA(x,€),

2A description of the mean index can be found on page 1318 of of [SZ].
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where we interpret the k-fold catenation x®  a k-periodic orbit of H, as a 1-periodic orbit of the
iterated Hamiltonian H#*.

Definition 3.2. We will call a Hamiltonian flow on W strongly index-definite if there is a symplectic
trivialization ey : W x R?" — TW, and constants ¢ > 0, d and such that for every orbit of X, we
have

|NRS(I|[O,T]56)| > cl' +d.

The notion of strong index-positivity is obtained by dropping the absolute value in the above
definition, and similarly for strong index-negativity. As in the Introduction, we can also define it for
Reeb flows. Here are some examples:

Lemma 3.3. Suppose that (M, g) is a closed Riemannian manifold with positive sectional curvature. As-
sume in addition that the contact structure (S*M, (€, do)) admits a global symplectic trivialization. Then
(S*M, da) is strongly index-positive.

Other examples are complements of Donaldson hypersurfaces in monotone symplectic mani-
folds provided the degree is sufficiently high and symplectically trivial: these manifolds are index
negative.

3.3. Hamiltonian Floer homology and symplectic homology. Given Floer data (J, H) of an SFT-
like J and an admissible H, we note the following:
o There are no 1-periodic orbits of Xg on the cylindrical end, because of the spectrum as-
sumption.
e Non-degenerate 1-periodic orbits of X are isolated.
Then P(H) consists of finitely many 1-periodic orbits. Informally speaking, we think of Floer ho-
mology as “Morse homology” of the following action functional:

1
Ag : WH2(S* =R/Z, W) — R, y+—— [ A - / H(v(t),t)dt.
St 0

This functional has the property Ag#x(z(¥)) = kAp(z) for iterates. A computation shows that
crit Ay = P(H), and we define the Floer chain complex as:

CR(WNH.J) = P Za(7).
YEP(H)

We grade this chain complex by the Conley-Zehnder index, so degy := pcz(vy,€). We make a
couple of comments:

e in the standard procedure, we choose a capping disk 4 of a contractible 1-periodic orbit
7, and a symplectic trivialization €5 of 5*T'W. This gives a trivialization e; : (R*",wo) —
T, ()W by restriction. We then define the Conley-Zehnder index of an orbit as in Section 3.2.
Once the capping disk 7 is fixed, this index is independent of the choice of trivialization
on a fixed capping disk. The index does depend on the choice of capping disk but not if
1t (W)lrywy = 0.

o for non-contractible orbits, one needs to choose a reference loop ¢ and a reference symplectic
trivialization e, for each free homotopy [c| € 71 (). Given a 1-periodic orbit z in the same
free homotopy class as ¢ we choose a connecting cylinder S; the trivialization extends over
S, and we can then define the Conley-Zehnder index as before.
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o we choose the simpler, but more restrictive approach to use a global symplectic trivializa-
tion on some subdomain . The existence of such a trivialization implies that ¢; (TW) = 0.
This approach obviously reduces to the previous approach provided that capping disks or
connecting cylinders can be chosen to lie in the domain of definition of the global symplectic
trivialization.

If we define an L2-metric on W2(5%, z*TW) by
1

(1) = [ X0, Hlale)Y (0)d,
0

3

then the Floer equation is the L?-gradient “flow
R x St — W, this is

of the above functional: for a cylinder v : Z =

(du— Xy @dt)" =0, lim u(s,t) = 2+ (t). (3.1)
S§—> 00

Solutions to this equation are called Floer trajectories. Given 1-periodic orbits x4,z € P(H), the
moduli space of Floer trajectories is

M(zy,x_) == {u: Z — W | u satisfies (3.1)}.
In general, this space does not need to have a manifold structure. To obtain this extra structure, we
first interpret Equation (3.1) as a section of a vector bundle, via

O :Plry, v ) — E(xy,x_), ur— (du— Xy ®d)> € LP(Z, Qo’l(u*T/V[\/) ).
Here P(z4,z_) is a Banach manifold of cylinders of class W' that are W' P-pushoffs of smooth
cylinders that exponentially converge to the given asymptotes x4 and z_, and (x4, z_) is a Ba-
nach bundle over P(x,z_) whose fiber over u € P(xy,z_)is LP(Z, Q%! (u*TW) ). For details, see
Ch. 8 in [AD]. We will denote the linearization of O at u € P(z4,z_) by D,0F.
Proposition 3.4. For Floer data (J, H) and u € M(z4,x_), D, F is a Fredholm operator of index
ind D, = poz(zy,€) — poz(e—,e),

where € is a symplectic trivialization of wTW.

In addition, we can always choose suitable Floer data close to initial Floer data such all moduli
space are transversely cut out:

Proposition 3.5. There is a dense set Jreq C J with the property for all J € Jreq, the linearized op-
erator D, Op is surjective for all u € M(xy,x_), and so M(z4,x_) is a smooth manifold of dimension
MCZ($+, 6) - MCZ(:I;—7 6)'

Floer data (J, H) as in Proposition 3.5 will be called regular Floer data. We now have all the basic
ingredients in place: choose regular Floer data (J, H), and define the boundary operator for the
chain complex CF, (W, \, H, J) via

O = > e (M, )/R) -
z_€P(H), deg(z_)=deg(z4+)—1

Here we have modded out M(z,,z_) by the reparametrization action in the domain, and the
resulting quotient spaces can be compactified, so the coefficients in the above sum are actually
finite.

3The flow is strictly speaking not defined, since it leads to an ill-posed initial value problem.
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Lemma 3.6. This linear map is a differential: 0 0 0 = 0.
The Floer homology of (/V[7, X, J, H) is then defined as the homology
HFE (W, X, J,H) = Hy(CF,(W,\, J, H), ).

Remark 3.7. In the case of closed symplectic manifolds, Floer homology is independent of the
choice of Floer data. This is not the case for Liouville domains, and this is the next topic we will
deal with.

3.4. Continuation maps and symplectic homology. Assume that H; and H» are admissible Hamil-
tonians on a Liouville manifold W with slope(H1) < slope(Hz2). We interpolate between them via

K:WxS' xR—R, (wts)— Ki(w,t),
where we impose the monotonicity condition 9, K < 0, * and

Hy(w,t), ifs>0
Hy(w,t), ifs<0.

Ks(w,t) :{

We then consider the parametrized Floer equation for u : Z — w:
(du— Xg ®@d)"' =0, lim u(s,t) =z (t) € P(Hy), lim wu(s,t) =2_(t) € P(Hs).
5—00 s——00

The results of the Fredholm theory mentioned in the previous section also apply in this setup, and
we can define a continuation map as

1ot CFo(W, N, J, Hy) — CF.(W,\, J, Hy),
Ty — Z Hr, M@y, 2 J K) x_,

z_€P(Hz), deg(z_)=deg(z4+)

where M(z4,z_, J, K) is the moduli space of Floer trajectories of the parametrized Hamiltonian
K.

Lemma 3.8. The map c12 is a chain map, and the induced map on homology is independent of J, K.
We also write ¢;5 for the induced map on Floer homology:
1ot HE(W, N, J, Hy) — HFEJ(W,\, J, Hy).

Symplectic homology is then defined as the direct limit over a direct system {H,}; of admissible
Hamiltonians for whose slopes slope(H;) increase to oo,

SH.(W,/\,J7{H1}1) = hﬂ HF’(Wv/XaJaHZ) (32)
Cij, J>1

Remark 3.9. Symplectic homology is independent of J, and the sequence of Hamiltonians {H;};.
We will henceforth write SHe(W, ), or SH,(W) (omitting the dependence on A for notational
simplicity), for symplectic homology. We similarly use the notation CF,(H) when (W, \) is fixed.

“This is the monotonicity condition for the continuation map with our conventions for the Floer equation. Our conven-
tions agree with those in [F].
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3.5. Degenerate Hamiltonians and local Floer homology. In case there is a 1-periodic orbit of H
that is degenerate, we perturb H to a non-degenerate Hamiltonian A with the same slope as H,
choose regular Floer data (J, H), and define

HF (W, N\ H) = HF,(W,\, J, H).
Lemma 3.10. This is well-defined, i.e. it is independent of the choice of perturbation, and of J.

Instead of choosing explicit perturbed Hamiltonians, we package them in local Floer homology,
which we now review. Suppose H is a Hamiltonian and assume that = € P(H) is isolated®. We
need the following lemma, which we adapt from [CFHW]:

Lemma 3.11. Suppose that y is an isolated 1-periodic orbit of X g with an isolating neighborhood U. Then
for every neighborhood V of v with V. C U, there is a C2-small perturbation H of H with the following
properties:

o All 1-periodic orbits of X z contained in U are already contained in V;

e For a compatible almost complex structure .J, all Floer trajectories contained in U are already con-
tained in V.

Take a C2-small perturbation H as in the lemma so that 1-periodic orbits in U are non-degenerate
(via [SZ, Thm. 9.1]). As in [CFHW], we define the local Floer homology H F!°(~y, H) of +y as the ho-

mology of the complex CF!°°(U, H, .J) generated by 1-periodic orbits of H, with differential count-
ing Floer solutions lying in U. This is well-defined and independent of the isolating neighborhood
U, and the perturbed Floer data (.J, H).

We have the following (see e.g. formula (3.1) in [GG15]):

suppH Fy*(y, H) € [A(y) = n, A(y) +n], (3.3)
where suppH Flo°(vy, H) = {i : HF}**(v, H) # 0},and n = 22"}

Remark 3.12. We observe that the perturbation in Lemma 3.11 can chosen such that the 1-periodic
orbits of the perturbed Hamiltonian H have the same free homotopy class as ~.

3.6. Spectral sequence. Suppose now that H is a Hamiltonian that is linear at infinity with slope(H) ¢
spec(a). We assume furthermore that the 1-periodic orbits of H are all isolated. Hence there are
finitely many 1-periodic orbits with finite action spectrum Ay (P (H)). We order the action values
in a strictly increasing sequence {a;}*_,. Choose a strictly increasing function f : Ny — R such that
J(@) <aipr < f(i+1).

Proposition 3.13. There is a spectral sequence converging to the Floer homology HF, (W, X, H), whose
El-page is given by
B, = @ HEL0.H),
YEP(H)
flp—1)<Au(v)<f(p)

We won't give a detailed proof here, but refer to Appendix B of [KvK] for an almost identical
setup. The spectral sequence is the spectral sequence associated with the action filtration given by

f.

5In general, we can define local Floer homology for an isolated invariant set.
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Remark 3.14. This description allows us to define Floer homology for Hamiltonians with isolated
possibly degenerate orbits. In addition, we can directly use the free homotopy class of a degenerate
periodic orbit, since sufficiently small perturbations cannot change this class as we already ob-
served in Remark 3.12. This means that we can decompose Floer homology also in this degenerate
setting into free homotopy classes.

A difficulty of this degenerate setup is that a single degenerate orbit can be responsible for sev-
eral generators in Floer homology. Formula (3.3) can be used to retain some control.

This point of view is not new, and has been used extensively in for instance [G10] and [H11].
The spectral sequence, although not used in [G10] and [H11], just gives a convenient packaging,
and only serves to make some arguments shorter. The idea of perturbation in Floer theory to get
statements of degenerate orbits is even older, and was for example already used in [SZ].

3.7. Index-definiteness and grading. We shall need the following;:

Lemma 3.15. Suppose that SHe(W, \) is infinite dimensional, and assume that X ow is an index-definite
contact form. Then #{i | SH;(W, \) # 0} = oc.

Proof. To prove this, choose a family {Hy}n of admissible Hamiltonians with increasing slopes
such that Hy is independent of N on W, and so that CF, (Hy) injects into CF,(Hs) for M > N. By
non-degeneracy, each CF,(Hy) is finitely generated, so the chain complexes get more generators
with increasing N (since dim SH, (W, \) = o0). By the index-definiteness assumption, these new
generators have a degree whose absolute value is strictly increasing if NV increases sufficiently. This
settles the claim. O

4. PROOF OF THE GENERALIZED POINCARE-BIRKHOFF THEOREM

Let (W, ) be a Liouville domain with completion (/1/17, X), r the coordinate in the cylindrical
end, B = OW, @ = \|p, and 7 a Hamiltonian twist map generated by H = H;. The symplectic
form on the cylindrical end is d(r«), so by the Hamiltonian twist condition, we get b, : B — R*
such that Xg,|p = h4Rs. This means that Hy|,—1 = C; > 0, with 0,H;|,=1 = h;. The family of
Hamiltonians H; is not necessarily linear at infinity, and might hence be unsuitable to compute
symplectic homology. To deal with this we will construct an extension H to the cylindrical end of
W that is linear at infinity. By assumption, we have a time-dependent Hamiltonian H defined on
W. In a collar neighborhood v(B) of the boundary, we will write H : (1 —¢,1] x B x S' — R, where
r is the collar neighborhood parameter. We extend H to HonW using the following procedure.
First of all, define Hy(b,¢) := H(r = 1,b,t) and H;(b,t) := %—f |r=1p,¢. We put the remainder in the

2
function (T;!l) H,, so in short we define

2

(r—1)2
on the collar neighborhood v(B). By construction H; is a smooth function on a halfspace. The
functions Hy and H; are r-independent, so admit obvious extensions to = > 1, but the function H»
is r-dependent, so we will appeal to [S], which is based on reflection, to extend H> to r > 1. We
call this extension Hs. Now choose §; > dy > 0 and choose a decreasing cutoff function p with
plni+s,) = Land p(r) =0 for r > 1+ 6y;

o put Hy(r,b,t) = Ha(r,b, 1) - p(r);

o put Hy(r,b,t) = C > max,(Cy), H1(r,b,t) = A > maxy y(h (b)) for r > 1+ dy;

H2 = (H — (H() + (T - 1)H1))
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e and put H;(r,b,t) = H;(b,t) - p(r) + (1 — p(r) JH; (1 + 81,b,t), for j = 0, 1.
The extension is then defined as

I’_j — ﬁo(?‘,b,t) + (’f‘ _ 1)E[1(T,b,t) + 0‘27')2]{;[2(7”717,15). (44)

By the above, we see that Hy = C; and H; = hy, so with our choices, we conclude that H =
A(r — 1) + C for large r. The extension H is therefore linear at infinity, and by perturbing A we
can assume that A ¢ spec(a). The same can be arranged for all iterates H#* by possibly changing
the slope A. The resulting Hamiltonians are then all linear at infinity, but they may have 1-periodic
orbits that are degenerate. If all the degenerate 1-periodic orbits are isolated, then we can still define
the Floer homology HF,(W,\, H#*) using Remark 3.14. Let us call a Hamiltonian for which all
1-periodic orbits are isolated, and that is linear at infinity with slope not in the spectrum weakly
admissible.

Since we will focus on return maps, it will be convenient to have some shorthand notation.
Define 7% := FI} 7**  and with the above remark in mind we put HF,(7) := HF,(W,X, H#*).
We summarize this discussion in the following lemma:

Lemma 4.1. The extended Hamiltonians H#* are linear at infinity. Furthermore, if there is an increas-
ing sequence {k;}; C N such each Hamiltonian H#ki s weakly admissible, then we have the following
isomorphism
SHe(W, \) = lig HFy(7%),
ki

~ X5
where 7% = Fly 77*. O

For later purposes, we need the explicit form of X . This is given by

~ ~ N N 12
Xg, = (@Ho +H +(r—1)0-H +(r—1)Hy + (r 21) 5TH2) R,

(4.5)
r—1 r—1 ~ r—1 =
(X%l + —X%z —~ (dHl (Ra) + Tng(Ra)) Y) .

* 2

Here, Y = rd, is the Liouville vector field, and X ,f € £ is the £&-component of the contact Hamilton-
ian vector field Xj, = hR, + X fl of a Hamiltonian ~ : B — R, defined implicitly by the equation
da(X fl, -) = —dhl¢. Due to our choice of interpolation, the second term will be smaller in C°-norm
if we choose 01 smaller. We denote the coefficient of R, by

(r—1)>2

F:8Tﬁ0+ﬁ1+(r—1)8rﬁ1+(r—1)ﬁ2+ 8Tﬁ2.

Lemma 4.2. If §, is chosen to be sufficiently small, then F' is positive.

Proof. To see this, we note that the first three terms are non-negative, and the second term is at least
ming j ht(b) > 0. To see that the last two terms can be made sufficiently small, note that H5 has a

bound independent of ¢;, and 8TI?12 is bounded by C2/d1, where C5 is independent of §;. Because
this term is multiplied by a factor (r — 1)?, which is bounded by 6%, the claim follows. O

As a result we see that X 5 is mostly following the positive Reeb direction if we choose d; suffi-
ciently small. In the proof of Lemma 4.5 below we will investigate the linearization of X 5, which
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ideally would require closeness to a reparametrized Reeb flow in C'-norm rather than C°-norm.
However, C*-closeness does not hold, but we will perform a finer analysis with additional assump-
tions, which will allow us to fix 4.

Lemma 4.1 allows us to compute symplectic homology with the extended Hamiltonian, but
it does, by itself, not give any control over periodic orbits in the extension. To prove our main
theorem, we want to show that all generators of SH,(W, A) represent periodic points of 7 (i.e. lie
in ). To do so, we need to show that the additional periodic points of 7 do not contribute to the
symplectic homology. Depending on the situation, we will use a filtration by homotopy classes or

a filtration by index. More specifically, for p € Fix(7*), consider the loop v, (t) = FZ;X He (p). Then:

o If dim W = 2, the free homotopy class of 7, in 71 (W) can be used to see that the additional
periodic orbits do not contribute homologically;

o If dim W > 2, the CZ-index and the index-definiteness assumption will be used to arrive at
the same conclusion.

4.1. Filtration by homotopy class. Assume dim W = 2. Let Fixy(7%) := Fix(7*) N ([1, +00) x B).
Given p € Fixy(7%), let [v,] be the free homotopy class in 71 (9,W) = Z, where 0, W is the connected
component of OW containing p. We denote the absolute value of this integer by |[7,]].

Lemma 4.3. Assume the hypothesis of Thm. A, and that dim W = 2. Then there is A > 0, independent of
k, such that for all p € Fixy(7*), we have |[,]| > Ak.

Proof. On each circle component of B, choose an angular coordinate ¢ such that R, = 9,. From Eq.
(4.5) and Lemma 4.2 we see that the component of X in the Jy-direction is bounded from below
by some constant A > 0, e.g. A = infp F' Iterating, we get a bound of the claimed form Ak. O

Corollary 4.4. Suppose W and T are as in the assumptions of Thm. A, with dim W = 2. Then Thm. A
holds.

Proof. To prove the statement, we will argue by contradiction, so we assume that the periods of 7
are bounded: denote the minimal periods by mo =1 < my < ... < mys; we include my even if 7
has no fixed points.

Fix a positive integer NV and let A be as in Lemma 4.3. Let 6 denote a free homotopy class
in 71, (W) that is represented by a simple Reeb orbit (a boundary parallel simple loop). For i €
{1,..., N} and the iterate i§, from Cor. B.3, we have rk SH® (W) = 2 (here we use the notation

from App. B).
We now use the assumption that all fixed points of 7 are isolated, and choose k£ > mjs such
that k is not divisible by my, ..., mas (for example choose a large prime). This choice of k forces

the 1-periodic orbits of H#¥ to be isolated on the interior of W. By construction, the Hamiltonian
H#¥ is linear at infinity, so we find ro, such that H#¥ is linear on [re,, c0) x B. If there are non-
isolated 1-periodic points of H#¥ on the cylindrical part [1, ro] X B, then we use Lemma 4.6 below
to perturb the Hamiltonian H#¥; this perturbation makes all orbits on [1, r] X B non-degenerate,
and does not affect 1-periodic orbits on the interior of W. Hence we obtain a weakly admissible,
possibly degenerate Hamiltonian, which we continue to denote by H#¥. For this Hamiltonian we
can define Floer homology using Remark 3.14.
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By choosing an increasing sequence {k} of primes, we can then define SH* (W) = lig, H FiO(H#k),
Hence we find a sufficiently large k that
2 <tk HFP(H#*) =" Epe(H#F) <> Ep (H#F) = > 1k HESS (v, H#F).

p+q
p,q p,q p,q
All of these sums are finite by the assumption that the fixed points are isolated. We conclude that
there is a 1-periodic orbit 4 ;5 of H#* whose free homotopy class equals id. From Lemma 4.3, every
p € Fixg(7%) has [v,] = jé with j > Ak. If we choose k > N/A we see that j > N, so the 1-periodic
orbit 4 ;5 is represented by a fixed point of 7%.

This works for all N, so by sending k to infinity we get infinitely many periodic points of 7. To
see that these are geometrically distinct, note that if p € Fix(7*) and a := [v,] = i6 is boundary
parallel, then ~/ has homotopy class £a, so another orbit must represent the free homotopy class a.
Taking the limit in &, we see that new generators in the homotopy class a need to appear in order
to generate SH®(W). This gives infinitely many geometrically distinct interior periodic points (in
different boundary parallel homotopy classes). O

4.2. Filtration by index. We now deal with the second case, so we assume now that dim W > 2,
c1(W)|zywy = 0, and that the Reeb flow is strongly index-definite. To set up the argument, we first
need to establish that index-definiteness of the linearized Reeb flow equation at the boundary (in
the sense of Definition E.1 in Appendix E) implies index-definiteness of the linearized Hamiltonian
equation along the cylindrical end:

Lemma 4.5. Assume that (§| g, da|g) is symplectically trivial, and that the linearized Reeb flow equation
V) = V4R, along B = OW is strongly index-definite. Then, the linearized Hamiltonian flow equation
= VyX i Of the extension H given by Equation (4.4) is also strongly index-definite along the cylindrical
end [1,+00) x B.

Proof. We prove this using a matrix representation. To do this, we need to symplectically trivialize
the full tangent bundle on the cylindrical ends. Given a symplectic trivialization of (¢|z,da|g),
we only need to trivialize the symplectic complement of £&. We do this using the trivialization
L =(Y =r9,,R), where R = R, /r is the Reeb vector field at the r-slice.

We will work with the usual formalism of time-dependent Hamiltonians, and we do not include
this time-dependence in the notation. Exterior and covariant derivatives are computed using the
base manifold only, and do not involve time derivatives. We will also use the following notation:

’f‘—lXé

— x¢
Xg — Xﬁl + 2 H2

~ -1 -
G = dH,(Ra) + erHQ(RQ).
To compute the linearization, we choose a convenient connection V, namely the Levi-Civita con-
nection for the metric 1/r%-dr @ dr + a @ a +da(-, J-). This connection has the following properties:

e VY = 0. Keep in mind that Y is the Liouville vector field r0,;
e Vg Ry=0and Vy R, =0;
e VxR, €forall X €¢.

With respect to this connection we compute the linearization as

1 1
VXjg = FVRq+dF © Ry + —dr © (Xe = GY) + TT(VXg —dG®Y). (4.6)
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Before we continue our analysis of the linearization, we first need to discuss the behaviour of the
Hamiltonians H; and their derivatives under rescaling the interpolation parameter 6;. We will
write the terms in the expression (4.4) as H} if we use 0 as interpolation parameter. For §; < §; we
have the following:

o derivatives in the B-direction (denoted 0;) admit a uniform bound, independent of §;, i.e.

max |8{fﬁj'| < max |0FH;|forall k > 0;
[1,400)x B [1,400)x B
o derivatives in the r-direction scale as follows:
k 71 o \" k7
max |0, H}| < | = max |0 H;| forall k > 0.
[1,400)x B J 01/ [L4oo)xB
Keeping this scaling behaviour in mind, we regroup terms in Equation (4.6) to obtain the following
representation:
VX = Lo+ L,

where

1
Lo = FVR, +dF ® Ry + —dr @ (X¢ — GY) — -
. ,

r

-1
5 dr ® Vy X¢

r

—1
—dG(Y)dr 9 Y +

T
and

r—1 ¢ .

Ly = ” (VEXe+a® Vg, Xe — Ra(G)a®Y —d*GRY).

Here, V¢ = P:V|¢, where P is the orthogonal projection to ¢, and d¢ = d|¢. We will explain
below that the matrices Lo and L; have the following matrix representations, with respect to the

decomposition TW = £ (Y, R):

U o 0 u

43 3
L F-ViRa |y, L=l VXﬁ‘o 1%
7170 0 [a O "7 W ZT0 d
W oZ |b e 0 0l0 o

This is clear for Ly. We further want to show that Ly € sp(2n), which will constrain the entries
more. Since we know that Lo+ L1 € sp(2n), we will show that L, € sp(2n), since the latter contains
fewer terms. For this we note the following:

e the matrix representation for V¢ X is in sp(2n — 2). This is because these entries come from
the ¢-part of a contact Hamiltonian;

o the matrix representation for R,(G)a ® Y is in sp(2): the non-trivial entry corresponds to
the element a’;

e non-trivial entries in the matrix representation of —d*G' ® Y appear only on the first row of
the lower left block. These correspond to the elements W', Z’;

e non-trivial entries in the matrix representation of a ® V g, X¢ appear as the last column. We
will show that these correspond to the elements U’ and V’. We claim that (V g, X¢, Ro) = 0.
Indeed, since the contact structure is orthogonal to the Reeb vector field with our choice of
metric, we have

0= Ro(X¢, Ra) = (VR, X¢, Ra) + (X¢, VR, Ra) = (VR, X¢, Ra).

Similarly, we obtain (VA X¢,Y) = 0. This means that the L-entries in the matrix represen-
tation of a ® Vg, X¢ are zero.
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e wehave (W, Z")T' = J- (U, V)T = (-=V',U’)T. This follows since —d*G is dual to Vg, X¢,
ie. dOé(VRan, ) = _dﬁG.
We conclude that L; € sp(2n), and hence Ly is, too. Observe also that for all e > 0 we can choose
91 > 0 such that || L1 || < € due to the scaling behaviour we discussed earlier: this can be done in a
way that is compatible with Lemma 4.2, i.e. §; getting smaller as ¢ gets smaller.
Since JoLg is symmetric, we can fix the terms of Ly. They must necessarily have the following
form:

Fovér, | U0
Ly = V0 € sp(2n)
=170 [a 0 plan).
V —U |b —a

This matrix has precisely the form that we consider in Appendix E. Moreover, note that strong
index-definiteness is invariant under scaling by a positive (possibly time-dependent) function of
the generating matrix. Indeed, this scaling has the effect of positively reparametrizing the flow,
and so the new flow intersects the Maslov cycle as often as the original one (although the constants

in the definition of strong index-definiteness might change). Therefore, since the ODE ¢) = ViRa
is strongly index-definite by assumption and ' > 0, then so is the ODE ¢) = F - (ViRa). Lemma
E.2 in Appendix E now tells us that the system 1) = Lo is strongly index-definite. By choosing
&1 sufficiently small, we can make the matrix Lo get arbitrarily C%-close to Lo + L1 = VX 7 Since
the system ) = Lo is strongly index-definite, we can adapt Lemma 2.2.9 from [U99] to see that
) =VyuX 7; is strongly index-definite, too. This concludes the proof of Lemma 4.5. O

We need the following lemma to ensure that our Hamiltonians are weakly admissible.

Lemma 4.6. Given an extension 7 : W — W as in the beginning of Section 4, there is a Hamiltonian
perturbation T = (b} o7 : W — W with the following properties:
(1) ¢§(x) = x for all x not in a neighborhood of [1,] x B, for some fixed ro, > 1. In particular, all
interior fixed points of T are unaffected by the perturbation;
(2) all fixed points of T|[1,»__|x B are non-degenerate and hence isolated;
(3) by the standard composition rule for Hamiltonians 7 is the time 1-flow of a Hamiltonian H. This

Hamiltonian H is C2-close to H, and its fixed points have Robbin-Salamon index close to that of the
unperturbed fixed points.

Proof. We adapt the argument from [B03, Lemma 2] to our setting. Set V' := [1,r] x B, where
reo > 1is such that H is linear on [ro, 00) x B. We need to find a C2-small function f vanishing on
the complement of a neighborhood of V' such that all fixed points of ¢} o 7 are non-degenerate on
V. Consider the map
J:V—VxV, x+— (z,7(2)),

and denote its image by I'. Define the diagonal A = {(v,v) € V x V | v € V}. Observe that
v € Fix(T) is a non-degenerate fixed point of 7 if and only if I and A intersect transversely at (v, v).

For all points (v,v) € I'N A choose a Darboux ball B.(v) C W such that v corresponds to 0 in the
Darboux ball. To choose ¢, let Ay, denote the maximal (in absolute value) eigenvalue of d,7 over
all fixed points of 7 in the cylinder. In a formula,

Amagz = max{|A| | A eigenvalue of d, 7,z € Fix(7) N [1,r«] X B}.
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Note that A\, > 1, since d,.7 is symplectic. Choose € so small such that the following two proper-
ties hold:

o ifx € B.)ay,...(v), then T(x) € Bsc4(v).
e for all interior fixed points of 7, i.e. for € Fix(7|;n¢(w)) we have d(z, [1,00] x B) > ¢, where
d is some fixed reference metric (for example, induced by the Riemannian metric @(-, J)).

We give some intuition for these choices, before going into the computation. By the first prop-
erty, we retain some control after applying 7 to a point that is sufficiently close to a fixed point.
Intuitively, if x is close to the fixed point v, then by the definition of Az, the map 7 sends =
approximately away by a factor of at most \.q., and so we ensure that if © € B, ;.. (v), then
T(z) € Bsc/4(v). Below we will define Hamiltonian functions to perturb the map 7, and this prop-
erty will ensure that we have maximal control over the value of the Hamiltonian vector fields. This
point is actually not essential, but it makes the computation below a little more uniform.

We now come to our Hamiltonian perturbation functions. Choose functions f, ; fori =1,...,2n
such that, in Darboux coordinates z = (z1,. .., 22, ), we have f, ;(z) = z; - py(2), and p, is a cutoff
function that equals 1 on Bs./4(v) and vanishes outside B.(v). For the sake of explicitness, note
that the Hamiltonian vector field of f, ; is given by

X0 = po(2)Jo - ei + z; - X

where ¢; is the i-th standard basis vector, and Jj is the standard complex structure on the Darboux
ball B.(v). By construction, this vector field vanishes on the complement of B.(v). Moreover, for
sufficiently small r, the time-1 flow of the Hamiltonian vector field of rf, ; on the smaller ball
Bejax,.. (v)isthemap z — 2z +rJy - e;. If o € Fix(7) N B, /2x,,,. (v) we have

0 0

- 1 . o) = ) = —
or r:O(ijv’i T( ) or lr=0

o), 0 7() = Xy, ,(7(x)).
For completeness, we observe that each of these functions f, ; is a C*° function defined on all of /V[7,
vanishing outside B (v).

Since I' N A is compact, we find a finite cover of its projection to V' of the form (J,.; Be/2x,,... (V)-
We make the following observation. Consider = € Fix(7) N[1, 7] X B. Then there is v € I such that
x € Bejon,,,. (v). On this small ball, the Hamiltonian vector fields associated with f, 1, ..., f, 2, are
linearly independent, and form a basis of sections.

Define the finite-dimensional vector space

R:= (R =RP,

where we have set D := 2n#I. We relabel the functions f, ; using a single index j, and put f =
(f1,---, fp). Define the projectionp : V x V x R — R, (z,y,r) — r, and consider the “universal”
space

=< (z,y,r) eVXVXR|zeV,r=(r1...,7rp) €R, y:(bi,fo?(:zr), 7’~f:Z7’jfj
J

Note that the function r - f is a C*° function defined on all of W: this function vanishes outside a
neighborhood of [1, 7] x B.

Claim: The space I'r intersects the enlarged diagonal Ar = {(v,v,r) € V x V x R} transversely
for r that are sufficiently close to 0. In particular, Vi := I'r N Ag is a submanifold.
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Proof of claim. To verify the claim, we compute the derivatives of the map
jR : (‘Tu ’f‘) = (‘Tu ¢71“f © ?(l’), T)

and the corresponding map for Ag, ja : (z,r) — (z,z,r). For jr we find the derivative

idy 0
d/m,rZOjR = d.T Xf1 (?(‘T))a .- 7XfD(?(x))
0 idp
For ja we find the derivative
idy 0
dz,r:OjA = ldV 0
0 idg
Given a point (z,2,0) € Vg = I'r N Ag (so 7(z) = ), there is v € I such that x € B.)y,,,, (v).
By construction, the vector fields Xy, , o7,..., X, , o7 are linearly independent on B3, (v).

This means that, taken together, the matrix representations of d, ,—ojr and d. »—oja have full rank,
namely 2n + 2n + D. We conclude that jr is transverse to the enlarged diagonal A for r = 0, and
hence, by compactness, also for small r. O

Applying Sard’s theorem to the projection p|y,,, we find a regular value ¢ of p|y, close to 0. We
see that

FTO = {(Ji,y) € V X V | Y= ¢71“0~f O?(‘T)}
intersects A transversely. This means that all fixed points of ¢ o7 in V are non-degenerate, where
fo = 1o - f, so claim (2) holds. Since we can choose the regulai‘ value r( arbitrarily small, and since
the support of the perturbation fj is a small neighborhood of [1, 7] x B, the claim (1) holds. To see
that claim (3) also holds, we note that the free homotopy class of a 1-periodic orbit is not affected by
this perturbation if it is sufficiently small. For the index, we use the same argument as before. The
unperturbed system is strongly index-definite, and the same will be true for small perturbations.
This concludes the proof of the lemma. O

Proof of Thm. A (dim W > 2). Write 7 = ¢}, for H as in Def. 1.1. Assuming its interior fixed points
are isolated, we have finitely many isolated interior 1-periodic orbits of H, say vi,...,7x The
starting points 1 (0), . .., 7% (0) are the fixed points of 7.

Assume by contradiction that the minimal periods of all interior periodic points of 7 are, in in-
creasing order, given by mo = 1,my, ..., my. Take an increasing sequence {p;}3°, going to infinity,
and such that each p; is indivisible by the my, ..., m,. For instance, one can take the sequence {p;}
to be an increasing sequence of primes all of which are larger than max; m,.

As in the proof of Corollary 4.4, we can appeal to Remark 3.14 to define Floer homology for a
possibly degenerate Hamiltonian. Indeed, due to the choice of p;’s, all fixed points of 77 are iso-
lated, and we can apply Lemma 4.6 if necessary to perturb the Hamiltonian H#P on the cylindrical
part [1,7.] x B, for some r. This ensures that the Hamiltonian H#Pi is weakly admissible, so we
can use local Floer homology and the spectral sequence from Proposition 3.13, to define H F'( H#p?),
Hence we can compute symplectic homology as SHe(W) = lim H F,(H#?%). By Lemma 3.15, for
all N > 2nk, where dim(W) = 2n, we find distinct degrees i1,...,iy such that SH;, (W) # 0,
ordered by increasing absolute value. By Lemma 4.5, we can choose p; sufficiently large such that
the following hold:
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(1) Each 1-periodic orbit of H#P: that is contained in W \ int(WW) has RS-index whose absolute
value is larger than |iy| + 2n;

(2) the Floer homology groups H F;, (H#?) are non-trivial for j = 1,..., N.

Now consider the spectral sequence from Proposition 3.13 for H#P'. We deduce from (2) that there
must be non-trivial summands on E;q(ﬁ #Pi) with p + ¢ = i; for j = 1,..., N. Since the terms of
the spectral sequence are made up from local Floer homology groups, and we know from (1) that
no 1-periodic orbit in W \ int(W) can contribute to local Floer homology of degree i;, we conclude
that every term £}, (H#Pi) in the spectral sequence with p + ¢ = i; must come from the local Floer
homology of an orbit v in int(W).

Because we have assumed that the p;’s are indivisible by m1, . .., m¢ we conclude that each such
orbit v must be an iterate of one of the orbits 71, . .., vx. Moreover, by (3.3) and Section 3.2:

suppH FL*(v0", H#7) C [piA(y;) — n, piA(y) + ).

This covers at most 2nk different degrees, leaving some of the degree i; uncovered as we had
chosen N > 2nk. This is a contradiction. O

Proof of Thm B. We only need to show that dim SH(W) = oo. Since W C T M is star-shaped, from
Viterbo’s theorem [V99] we have SH, (W) = Ho(LM;Z2) where LM is the free loop space of M.
The statement is more subtle when using Z or Q-coefficients, see [A15]. Now we can apply the
following theorem due to Gromov:

Theorem. [G78, Sec. 1.4] Let (M, g) be a closed Riemannian manifold with finite fundamental group. For
a > 0, let LM be the free loop space of M, and let L<*M C LM denote the space of free loops with length
less than a. Let 1* : L<*M — LM denote the inclusion, and f : Hy(L<*M;R) — H,(LM;R) be the
map induced in real homology of degree k. Then there exists a positive constant C = C(M, g) such that

Z rank(ty,) > Ca.
k>0

Together with the above, this tells us that SH, (W) is infinite dimensional. O

APPENDIX A. HAMILTONIAN TWIST MAPS: EXAMPLES AND NON-EXAMPLES

We will now discuss some examples that help clarify the nature of the Hamiltonian twist condi-
tion.

A.1l. Examples. The following construction, an adaptation of a standard one, further illustrates
that the Hamiltonian twist condition is not localized at B.

Proposition A.1. For each k,{ € N, there are strict contact manifolds (Y, o ) carrying adapted open
books (B, = B, my,), mi, : Yg\B — S*, with fixed page %, such that the following holds:
o The return maps i, all agree in a collar neighborhood of B = 0%, and are generated by Hamiltonians
Hy;
o Furthermore, there is a symplectomorphism ¢y, from 3, the interior of the page X, to the open subset
Wy of the Liouville completion W of a fixed Liouville domain (W, X) with OW = B, where
Wy =W U ([1,2) x B,d(rag) ),

and ag = \|g is the contact form at B, and r € [1,2).
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o The return map ¢ o Ty © gb,;l extends to a Hamiltonian diffeomorphism 7, on the closure W,
generated by Hamiltonians Hy. B
o The Hamiltonian twist condition holds for Hy, for k < £, but not for k > .

Proof. Consider a Liouville domain (W, \) with a 27-periodic Reeb flow on its boundary (e.g.
D*S?). We identify a collar neighborhood vy (B) of B = OW with (1/2,1] x B, where B = {r = 1},
via a diffeomorphisme : (1/2,1]xB — vy (B) C W. We assume A = rag along vy (B), ag = A|B.
Define the smooth Hamiltonian

o 0, if v ¢ v (B),
= {fm, if = e(r,b) € v (B).

Here f is a smooth, decreasing function with the property
° f(1/2)=0;
o f/(r) > —2mrand f'(r) = —2r nearr = 1.

The Hamiltonian vector field of H is given by

o if v ¢ vw (B),
Xp(z) = {f’(T)Ra ifx =e(r,b) € vy (B).

Define the fibered Dehn twist by 7(z) = FI;*" (), where FI;*" is the Hamiltonian flow of H with
respect to dA\. We have 7%\ = X — dU, where we choose the primitive U to be a negative function:
with a computation we can show that it is possible to choose U(1) = —2, and will do so. The
iterate 7" is generated by Hy = kH, and (7%)*\ = A\ — dUj, with Uy, = Z;:é(U oT1l).

We consider the associated open book

Yy = OB(W,7%) := B x D* Uy W+,

where W« = W x R/(z,t) ~ (7%(x),t + Uy(z)) is the mapping torus. The manifold Y} carries an
adapted contact form «y, , which looks like oy, ¢ = A + df along W, and ay, ¢ = hi(p)ap + ha(p)dé
along B x D?. Here, (p,0) € D?, and hy and hy = ha ¢ are suitable profile functions, which we
will fix now. Choose h; and hs such that:

o they donot depend on k for p < 1/2;

e h} < 0 with equality only at p = 0. We may take hi(p) = 2 — p? near p = 0 (this is not

essential but very convenient);

e near p = 0 we have —Z—,f(p) = { + € > 0 (non-singular) for some small € € (0, 1).

e hg =k, hy = —p+2near p =1 (so he depends on k on the interval (1/2, 1]).
Note that, in the definition of Y%, the binding model is glued to the mapping torus using the gluing
map

Dyiue : BX D2y g — Wik

—Uk(1)9

(b; p,0) — (2 —p,b; o

) = (2= p,b; k0).

This pulls back df + X to kdf + (2 — p)ag. This explains the above choices.
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The global hypersurface of section, i.e. a fixed page, is ¥ = W Uy B x [0, 1], with coordinate
p € [0,1], and we can compute the return map 7, explicitly. We find:

T (x if
m@—{ 5 Lo

where FI[ is the Reeb flow of ap at B. The Hamiltonian generating 7 can be obtained by patching
Hj, on W to a Hamiltonian that generates 75, along B x [0, 1]; we need to match the slopes on the
boundary,_ which can be done by rewriting 7 (b, p) = (FI%, by (o) /1 () +k) (D), p)- Then Iy, extends
to ¥ via Hy(r) = —2m [ (hh(s)/R}(s) + k)R (s)ds + f(1) along B x [0,1]. Note that the form d\
also extends along B x [0,1] via dak¢|ss = hi(p)dp A ap. Therefore H, generates 73, and 7 is
independent of k on the collar neighborhood B x [0,1/2].

To complete the proof, we first note that the 2-form d(h1(p)ag) is degenerate on 0%. However,
the map

dr % — Wy =W Uy ([1,2) x B,d(rag)),

w weWw
—
mem>w=wm63xmw

is a symplectomorphism, and the closure of W is an actual Liouville domain. Furthermore, due to
our explicit choice h1(p) = 2— p? near p = 0, we find p = /2 — r, so we can compute the conjugated
return map ¢ o 7% o ¢;, ' near r = 0 as

¢ © Tk © ¢;§1(7°= b) = (r, Flgr(é-re)(b))'

This map extends to a symplectomorphism 7, : Wo — Ws. Here, note that gb,:l is not smooth at
r = 2, but this is resolved by the explicit form of 7, which does not contain any p dependence in
the B-direction near p = 0. This extended map is still Hamiltonian, and satisfies the twist condition
for k < ¢, but not for k > /.

Therefore it satisfies the claim of the proposition. O

Remark A.2. Given a return map 7 that is Hamiltonian, we point out that the Hamiltonian family
generating 7 is not unique, and more importantly, that various dynamical properties depend on the
choice of Hamiltonian. For example, on the disk (D?,rdr A d), the return map 7 = id is generated
by the autonomous Hamiltonians Hy = knr?. For given k, the Robbin-Salamon index of the 1-
periodic orbit at 9D? is 2k, i.e. k-dependent. The associated paths of symplectic matrices have the
same endpoints, but are not homotopic rel endpoints. This also illustrates the interpretation of the
RS-index as a winding number. Note that D? has a Hamiltonian circle action that extends over
the whole space. We don’t know whether the same type of phenomenon occurs for more general
symplectic manifolds (i.e. without a global Hamiltonian circle action).

A.2. Non-examples: Katok examples. In [K73], Katok constructed examples of non-reversible
Finsler metrics on S™ with only finitely many simple closed geodesics. Here is a description of
such examples using Brieskorn manifolds. We consider

»2l = (20,000, 2,) € CMHE sz =0,N S%nJrl,
J
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equipped with the contact form o = £ 3° ; 2jdz; — zjdz;. These spaces are contactomorphic to 5* 5™
with its canonical contact structure. The given contact form is actually the prequantization form.

We describe the setup in detail when n = 2m + 1 is odd. We group the coordinates in pairs, and
make the following unitary coordinate transformation:

V2 . iv2

7(22]‘ + 22’2]'4_1), w2ji4+1 = T(Zgj — i22j+1) fOI‘j = 1, e,

Because this is a unitary transformation, the form «, expressed in w-coordinates, still has the form

) _ _
= 5 Z wjdwj — wjdwj
J

Wy = 20, W1 = 21, W25 =

For a tuple € = (e1,...,€6m) € (—1,1)™, define the function H, on a neighborhood of ¥?"~! via

He(w) = [w]* +_ € (jwz |* = [wa;a ).
i

For e sufficiently small, this function is positive, so we define a perturbed contact form by

The Reeb vector field of o, is

where
0 0 , 0
X = zwoa —i—zwl——i— E ( 1+¢5) e 2j+z(1_€j)7'>7

— ) o) , 9
XEZ—Z’U}Qa—u)O—Z’LUla—u)l_;( (1+6_]) +l(1—€7)_7>

The Reeb flow is therefore given by
2mit 2mit 2mit(1+€ 2mit(l—e 2mit(14+€m 2mit(l—em
(wo, -« -y wy) — (7™ wp, e w, e (te) gy, 2mit=€) gy . 2l Jwy,_q, 2™ )wn).

This flow has only n + 1 periodic orbits if all ¢; are rationally independent. These are given by

1 1 ;
’YO(t) < 27”t s 277“705"'70> 7t € [051]
\/_ \/_

< 27T’Lt _ Z 27T’Lt O O) ,t c [07 1]

H
s 9=

0,0,...,e2m 1+€J> o,...,o,o) te0,1/(1+¢)]

(o,o I, L,0,0) ¢ € [0,1/(1— ;)
forj=1,...,m

Remark A.3. As stated, we see that there are only finitely many periodic orbits. Furthermore,
since the unperturbed system, i.e. ¢ = 0, describes the geodesic flow on the round sphere, and
the perturbation a. is C?-small for small ¢, it follows that the Reeb flow of the contact form .
corresponds to the geodesic flow of a Finsler metric. In Section A.3 we describe how to obtain an
explicit relation with the famous Katok examples for 5*S2.
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We construct a supporting open book for the contact form . using the map
0: 21— C, (wo, w1, ..., wy) — wp.

The zero set of © defines the binding, the pages are the sets of the form Py = {arg® = 0}, 0 € S,
which are all copies of D*S"~!, and the monodromy is 72 where 7 is the Dehn-Seidel twist. The
(boundary extended) return map for the page Py = ©7'(R5() 2 D*S" ! is

d: P — Po,
2mie —2mie
p:(TO;wlaw%va---;wnflawn) ? (TO,'LUl,e 1'(U2,€ 1w37"'5
eszémwnfl, e*Qﬂ’ZEmwn)'

Here, wg = 19 € R>¢ is a real non-negative number, and note that the first return time is constant
equal to 1 (which follows by looking at the first coordinate). If all ¢; are irrational and rationally
independent, this map has only two periodic points, both actually fixed, given by

1 72
—(=.~o0..0
Po <\/§ V2 )
1
(L. 0. .. 0).
0 (x/i V2 )

Note that po, go are both interior fixed points, and irrationality of the ¢; implies that there are no
boundary fixed points. We will explain now why this map is Hamiltonian with boundary preserv-

ing Hamiltonian flow. The symplectic form on the interior of the page P is the restriction of da..
To manipulate this, let us define

H=|lwl*, Ac=)  e(jwyl* = wzja ),

J

so H. = H + A.. Observe that the return map @ is generated by the 27-flow of the vector field

0 0 0 0
— . . — . — . _— T3 . _— .
X =1 E €5 (’ng fng w2 ’J)Qj w2541 Waj 1 + W25+1 ’J)Qj 1)

Jj=1

This vector field is tangent to the page and preserves H and A, and hence also H.. Plug X in into
do.. We find
ix(dH ' ANa+ H 'da) = —a(X)dH ' + H- \uxda
= —AJdH ' -~ H 'dA. = —d(H'A,).
This means that the Hamiltonian generating the return map is H_ ' A.. Moreover, index-positivity
follows, by observing that it holds for the round metric on S? and the fact that it is an open condi-

tion. It follows from Thm. B that ® does not satisfy the twist condition for any Liouville structure
on D*S2.

Remark A.4. The setup for n even is very similar: we drop the wg-coordinate.
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A.3. Relation with the Katok examples. We explain how to see that the above dynamical systems
indeed correspond to the Katok examples in case of 5*S? (i.e. n = 2). More precisely, we will show
that the geodesic flow of the Katok examples is conjugated to the Reeb flow of o.. We need some
preparation, which applies to all dimensions, before we specialize to dimension 3. First of all, we
fix positive weights (ay, ..., a,) € RZ,. Then we define the 1-forms on the sphere $*"~! given by

> ridy; — yjda; 1 i
B —L*< J >_L* —_— z:dZ; — Z:idzs
0 Zkak(:ﬁi—i—yﬁ) Zkak|zj|22; Y 7
and
. 1 T
Br=u Y —(@jdy; —yjdz;) | =" | 5 > —(zdz - zdz) |
J

- —~ a
J J J

where ¢ is the inclusion map S?"~! — R?". We will show that the first form is a contact form and
that it is strictly contactomorphic to the latter. For this, consider the map

1/) . Sanl N Sanl

aiy Qn,
(zl,...,zn)|—>< [ —————521,. .., —zn>
Dk ak(xi +y1%) Dk ak(xi +y1%)
We find

P a a v — vedas — a
=2 St (st —wan) o o ([t )
= fo.

This also shows that 3y is a contact form, as ¢ is a diffeomorphism. We have shown:

Lemma A.5. The form (3 is a contact form, and it is strictly contactomorphic to 1. The Reeb field for (3,
for k = 0,1 is given by

0 0
R=Y a (%‘—_ - yj—_) :
; 0y; Ox;

We now specialize to the 3-dimensional situation, for which in w-coordinates (cf. Remark A .4)
we have

3= {(wl,wg,wg) eC?: w% — 2fwows = 0} N S3.

Consider the explicit covering map
783 — 33 (20,21) — (wl =V2z021, w9y = zg,wg = —izz) :

We quickly verify that this is a covering map:
e we have w} — 2iwqws = 22327 — 2222 = 0;
o we have [w1[* + |wz|? + Jws|* = 2/20[*|21[* + |20[* + [21|* = (|20]* + [21]?)* = 1;
e the map is two to one, since all entries are quadratic.
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We compute the pullback 7* .,
- 1
" 2Pl + Tzl + [arlF + elzol* — el
2(20 + |1 %) i .
— dz: — Z:dz;
<|20|2+|zl|2><<1+e>|zo|2+<1—e>|z1|2>2;(zﬂ el

2 7 _ _
F P + A=) 3 27945 — 7).

*
T Qe

v _
2Jz0f? + 21 *)5 D (2542 — 2dz)
J

By Lemma A.5, the form m*a. to strictly contactomorphic to the contact form 3; with weights
a1 = 1+eand ag = 1 —¢, which is just the ellipsoid model for the contact 3-sphere. To complete the
argument, we use a result due to Harris and Paternain [HP, Section 5], which relates the ellipsoids
to the Katok examples.

APPENDIX B. SYMPLECTIC HOMOLOGY OF SURFACES
Let us consider connected Liouville domains in dimension 2. The simplest such Liouville do-

main is D?, which has vanishing symplectic homology. For all other surfaces, note:

Lemma B.1. Let (W, \) be a connected Liouville domain of dimension 2. Assume that W is not diffeo-
morphic to D?. Take a periodic Reeb orbit § on one of the boundary components of W. Then [8] € 71 (W)
is non-trivial. Furthermore, if 61 and o are periodic Reeb orbits on different boundary components, then
[01] # [02] as free homotopy classes. O

Assume W # D?, and denote the completion by W. Then the chain complex for an admissible
Hamiltonian H that is both negative and C*-small on W has the form

CR.(H)= P CFH),
dem (W)

where CF3(H) is generated by 1-periodic orbits in the free homotopy class . The direct summand
corresponding to contractible orbits needs as least as many generators as rk Ho (W) by the Morse
inequalities.

Lemma B.2. For each class & the direct summand CF3(H) forms a subcomplex, and so we have a splitting

HF,(H)= @ HF(H).

dem (W)
In addition, as ungraded modules we have
Z? if 0 is a positive boundary class, and slope(ﬁ ) is sufficiently large,
HFJ(H) = { Hy(W) if§ is the trivial class,

0 otherwise.

Here, a positive boundary class just means a homotopy class of a positive multiple of a boundary
component (oriented according the positive boundary orientation).

Proof. The first assertion follows from the fact that Floer cylinders do not change the free homotopy
class. For the second claim we use:
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e The Floer differential of a C?-small Hamiltonian between critical points is the Morse differ-
ential, which implies the second case.

e After a suitable Morse perturbation (a Morse function on S with precisely two critical
points) breaking the S'-symmetry given by time-shifts, each positive boundary class gives
two generators, corresponding to the critical points of the Morse function on S*; as shown in
[CFHW], the differential is the Morse differential, which vanishes. Moreover, this symmetry-
breaking process preserves the homotopy classes of periodic orbits, as observed in Re-
mark 3.12.

O

Corollary B.3. Suppose that W is a connected Liouville domain of dimension 2. Assume that W is not
diffeomorphic to D?. Then as an ungraded module we have

SHy(W) = Hy(W) & T 72

4 positive boundary class

APPENDIX C. ON SYMPLECTIC RETURN MAPS

In this appendix, for convenience of the reader, we collect some standard facts concerning return
maps arising from a given Reeb dynamics on some contact manifold (cf. the construction of the
Calabi homomorphism, e.g. in [MS17, Sec. 10.3], or [ABHS, Sec. 3.3] for the case of the 2-disk). In
particular, we show that long Hamiltonian orbits on a global hypersurface of section correspond to
long Reeb orbits on the ambient contact manifold.

Consider amap 7 : int(X) — int(X) defined on the interior of a 2n-dimensional Liouville domain
Y. We assume that X arises as a (connected) global hypersurface of section for some Reeb dynamics
on a 2n + 1-dimensional contact manifold (M, «), and 7 is the associated return map. Let R, be
the Reeb vector field of . Denote by B = 93, which we assume to be a contact submanifold of
M with induced contact form ap = «|p, so that R,|p is tangent to B. Let A = afx, which is a
Liouville form on int(X) since R, is assumed to be positively transverse to the interior of 3. That
is, the two-form w = dA\ is symplectic on int(3). The 1-form Ag = \|p coincides with the contact
form ap. Note that it is degenerate along B. By Stokes’ theorem, the symplectic volume of ¥ then
coincides with the contact volume of B:

vol(3,w) = / w = / dA AN = / ap Ada’s™t =vol(B, ap).
s s B
Note that 7 is automatically a symplectomorphism with respect to w. Indeed, denote the time-t
Reeb flow by ¢, and let T' : int(X) — R™
T(x) = min{t > 0: ¢, (z) € int(X)}

denote the first return time function. Then 7(z) = ¢7(,)(x), and so, for z € int(X), v € T,%, we
have

dy7(v) = d T (v)Ro(7()) + dutprz)(v).
Using that ¢, satisfies ¢} o = o, we obtain
(T"A)2(v) = ar(a)(daT(v))
=d T(v) (7 (@)@ (v) (C7)
= d.T(v) + As(v).
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Therefore
TN =dT + )\, (C.8)

which in particular implies that 7*w = w.
Moreover, the average of the return time function gives the contact volume of M, i.e. we have
the identity

/ Tw™ = vol(M, ). (C.9)
This may be proved as follows. We haveza smooth embedding
Y: R/Z x int(¥) — M,
given by ¢ (s, ) = @1(5) (), which is a diffeomorphism onto M\ B. It satisfies
(¥ )(0s) = a(TRa) =T,
and, for v € Tint(X),
(P a)(v) = a(sdT(v)Ra + dpsr(v)) = sdT (v) + a(v).
Then
Y'a=Tds+ sdT + X =d(sT) + A,

and so

P (aNda™) = (d(sT) + A) AdA" = Tds Aw™.
Integrating, and using the fact that B is codimension 2 in M, we obtain

vol(M, a) = / aNda" = / P (a A da™)
M\B R/ZxInt(x)

R/ZxInt(s) int(z) b))

where we have used that w”| g = 0, and the claim follows. In case where 7 is Hamiltonian, we want
to relate the Hamiltonian action of a periodic orbit of 7 to the Reeb action of the corresponding
Reeb orbit in the ambient contact manifold.

Let H : S' x ¥ — R* be a Hamiltonian generating 7, i.e. the isotopy ¢; defined by ¢y = id,
%qﬁt = Xn, o ¢, satisfies ¢; = 7. The sign convention for the Hamiltonian vector field is ¢ Xy, W =
—dH,;. We usually view this Hamiltonian isotopy as defining an element ¢ = ¢z = [{¢:}] in the
universal cover Diff(¥, w) of the space of symplectomorphisms Diff(3, w). By Cartan’s formula, we
have

at¢:)‘ = ¢:£XHt A= (b?; (iXHtW + d(iXHt /\)) = ¢:d(iXHt A— Ht)?
and so integrating we obtain

TN — A =dFy, (C.10)

where )
Fy :/ (ixy,A— Ht)o ¢y dt (C.11)

Combining (C.8) and (C.10) we deduce thzgt
T=Fg+C (C.12)

for some constant C' (assuming X is connected).
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We determine the constant C' under a suitable assumption, which we assume holds in all what
follows. Namely, assume that 7 extends to ¥ with the same formula, i.e. via an extension of the
return time function 7" to X. Assume also that H,|g = const := C; > 0 for some H generating 7.
Equivalently, X g, | = hiRp for some (not necessarily positive) smooth function h; on B, satisfying
hy = dH (V)| g where V), is the Liouville vector field associated to A. In this case, denoting v, (t) =
¢¢(x) forz € Band t € [0,1], we get

Fu@) = [ an= [ = [ (o) - e, (C.13)

On the other hand, let 3, (t) = ¢.(z) be the Reeb orbit through = ending at 8,(1) = 7(x), for t €
[0, 1], which we assume parametrized so that 8, = T'(z)Rg(85). Note that 3, is a reparametrization

of 7., and so we obtain
T(.I')Z/ /\B:/ /\B

This means that 7 is the unique primitive of 7"\ — A satisfying T'(z) = f% Ap for € B. Combining
(C.12) and (C.13), we conclude that

1
C:/ Ctdt>07
0

a positive constant.

By the above computation, T"is what is usually called the action of ¢ = ¢y with respect to A, and
is independent of the isotopy class (with fixed endpoints) of the path ¢x. The Calabi invariant is
then by definition the average action CAL(¢y,w) = f Tw", which is independent of A; cf. [MS517,
ABHS]. Combining with (C.9), we obtain

CAL(¢m,w) = vol(M, «).
Letv: S = R/kZ — ¥, defined by () = ¢:(x), be a k-periodic Hamiltonian orbit associated

to the k-periodic point z of 7. That is, we have z = 7(0), v(1) = 7(z),...,v(k) = 7%(z) = z, and
assume that k is the minimal period of . We then get

k
> Fu(r'(x) = Apwr ()
i=1

is precisely the Hamiltonian action of v with respect to the Hamiltonian
k
HI* =Y "Hio¢;"
i=1

generating 7%. If 3 : S' = R/Z — M is the Reeb orbit corresponding to v, (C.12) implies that its
period is
k k
Ba= > T(r(x) =Y Fu(r'(x)) + kC = Az (v) + kC
s i=1 i=1
Since C' > 0, this implies the following: if the Hamiltonian action of every k-periodic orbit v grows
to infinity with %, then the period of the associated Reeb orbits 5 also. In other words, long Hamil-
tonian periodic orbits in the global hypersurface of section give long Reeb orbits in the ambient
contact manifold.
We summarize the above discussion in the following:
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Lemma C.1. Let (M?"*! «) be a contact manifold, (%", w = dals.) a Liouville domain which is a global
hypersurface of section for the Reeb flow, (B*"~! ag) = (0%, a|p), 7 : int(X) — int(X) the Poincaré
return map, and T : int(X) — R the first return time. Then:
(1) vol(3,w) = vol(B, ap).
(2) vol(M,a) = [, Tw".
(3) T is an exact symplectomorphism.
(4) If T is Hamiltonian with generating isotopy ¢ = [{¢+}] € Diff(¥,w), and extends to ¥ as a (not
necessarily positive) reparametrization of the Reeb flow at B, then:
(i) CAL(¢pp,w) = vol(M, ).
(ii) The period of a Reeb orbit 5 on M corresponding to a k-periodic Hamiltonian orbit v on X is

B = Agwe(y) + kC
Sl

for some positive constant C' > 0, where

o) = [ A= [Caf o)

is the Hamiltonian action of ~y with respect to the Hamiltonian
k .
HI* =Y Hio¢,"
i=1

generating TF. In particular, if ~ has large action, then /3 has large period.

APPENDIX D. STRONG CONVEXITY IMPLIES STRONG INDEX-POSITIVITY

In this appendix, we give a general condition for index-positivity to hold, which is also relevant
for the restricted three-body problem. A connected compact hypersurface ¥ C R* is said to bound
a strongly convex domain W C R* whenever there exists a smooth function ¢ : R* — R satisfying:

(i) (Regularity) ¥ = {¢ = 0} is a regular level set;
(ii) (Bounded domain) W = {z € R*: ¢(z) < 0} is bounded and contains the origin; and

(ili) (Positive-definite Hessian) V2¢,(h, h) > 0 for = € W and for each non-zero tangent vector

heTX.

In this case, the radial vector field is transverse to %, and so X is a contact-type 3-sphere, inheriting
a contact form « induced by the standard Liouville form in R*.

Lemma D.1. Suppose that ¥ bounds a strongly convex domain. Then ¥ is strongly index-positive.

Remark D.2. In the planar restricted three-body problem, the values of energy/mass ratio (c, ut) for
which the Levi-Civita regularization bounds a strictly convex domain is called the convexity range,
which in particular implies that the dynamics is dynamically convex (cf. [HWZ98, AFFHvK, AFFvK]).
It follows that index-positivity holds in the convexity range for the quotient RP3, which is part of
the assumptions of Thm. A.

Proof. Write ¥ = ¢~!(0) as in the definition above. Denote the contact form on ¥ by a := A|5. We
will use the standard quaternions I, J, K, where I is chosen to coincide with the standard complex
structure.



A GENERALIZED POINCARE-BIRKHOFF THEOREM 31

The tangent space of X is spanned by the vectors
R=Xy/a(Xy) =IVo/a(Xy) =ITw, U=Jw—a(Jv)R, V= Kw — a(Kv)R.
We note that U and V give a symplectic trivialization € of ({§ = ker a, d). To see this, we compute
da(U,V) = da(Jw, Kw) = w' J'I"Kw = w' K'Kw = w'w = 1.

In order to prove the claim, we investigate the rate of change of a version of the rotation number.
See Ch. 10.6 in [FvK18] for a detailed standard description of the Robbin-Salamon index in terms
of the rotation number. We will detail the version that we will use below.

We look at the linearization of the Hamiltonian flow:

X =VxXy=1IV%p-X. (D.14)
Starting with X (0) € &, we compute how quickly the vector X rotates with respect to the frame.
Define the angular form
udv —vdu  uda(U,-) +vda(V,)  da(uU 4oV, -)
u2 402 u? + v? N u? + v?
where (u,v) are cartesian coordinates on the plane spanned by the frame (U, V'), so we may write
X =uU +vV. We plug in X and find
Cda(X,X)  (uU + V)V (uU +0V)  V2g(uU + oV,ul + V)

O = u? + v? - u? + v? u? + v?

)

Z )\mzn > 07

(D.15)
where )., is the minimal eigenvalue of V2¢ over the compact hypersurface X. After we have set
up some notation, we will see that this is enough to get a lower bound on the growth rate of the
Robbin-Salamon index. With our global trivialization €, we can define the matrix

Y(t) =eodFIFoet

By applying Equation D.14 to the initial vectors e !(1,0) and e '(0, 1), we get a linear evolution
equation for the matrix ¢ (¢),
= A(t)y, (D.16)
where A is a time-dependent matrix. We will view this ODE as a vector field on Sp(2): the lin-
earized Reeb flow along each Reeb orbit will give rise to such a vector field.
To relate the above angle to the Conley-Zehnder index, we also need to recall the Iwasawa de-
composition, also known as KAN decomposition, of Sp(2). Write

KAN = {(( Z?rﬁ)) ;f)lsr(lg;) )( oY )( - )) ‘qSe [O,QF)aa€R>o,teR}

And put

kan: KAN — Sp(2), (¢,a,t) — ( Z?Iféz)) _CZIE%) ) ( g a(‘)l > < é i )

This map has the inverse

kan™ ' : Sp(2) — KAN

a b - 1 a —c , va? +c? (1) : 1 \}1% )
c d ,/a2+02 C a 0 W 0 1
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The KAN angle can locally be determined as
arg(kan ™" (1)) = atan(c/a),
so we see that the change in angle equals
a?+c?’
On the other hand, the rate of change of the KAN angle equals ©(X). Indeed, the first column of
(t) is the vector Z(t) := €(X (t)) = ( Z ) if we put X (0) = ¢~ 1(1,0).

% arg(kan™ ' (¢)) = % atan(c/a) =

By Equation (D.15), this rate of change is at least A,,,i,,, where A,;, is the minimal eigenvalue of
—I A (which we assume to be positive definite). This means that each slice

se=tan ({((5fs) 20 ) (5 2 )-(5 1)) feemnrer))

is a global surface of section for the vector field associated with Equation (D.16): the maximal
return time is +22-. Now take a matrix ¢/(0) in the the slice Sy, and let v(¢) denote the solution to

>\7nin

Equation (D.16).

Claim: Each crossing is regular and contributes positively.

To see this, recall that the crossing form of a path ¢ in Sp(2) at a crossing ¢ is defined as the
bilinear form

WO('? w(t)')lkcr(w(t)fid)'
Since U, V is a symplectic frame, we have with Z = (u,v) (ie. X = uwU + vV), the following
inequality:
wo(Z,02) = da(X, X) > Apin (u® + 0?),

by Equation (D.15). This establishes the claim.

Let ¢, denote the /-th return time to Sy of the path ¢). The symplectic path 1|y ;] is not necessarily
a loop, but we can make it into a loop by connecting ¢ (t¢) to 1(0) while staying in the slice Sy;. We
can and will do this by adding at most one crossing, which we make regular. Call the extension to
aloop ¢. The additional crossing that we may have inserted can contribute negatively.

Now use the loop axiom for the Robbin-Salamon index. This tells us that

trs () = 2pe(y) = 2C.

By the catenation property of the Robbin-Salamon index and positivity of all but the last (potential)
crossing we have

prs(p) > 20 = 2.
Now consider a symplectic path ¢ of length T'. We can bound the winding number as

)\min
> .
=]

With this in mind we obtain for a Hamiltonian arc 7y of length T',

2/\min
frs(vi€) > TT —4.
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When this Hamiltonian arc v is viewed as a Reeb arc vz with Reeb action Ty, we can rewrite this
bound as follows, using

T
Tr = / a(Xy)dt <T-maxa(Xy).
0
We find

/\min
i€) > —————— TR — 4.
1rs(VR; €) 2 mmaxa(Xy) R

O

Remark D.3. Observe that the proof actually shows the stronger claim that index-positivity holds
when the Hessian of ¢ restricted to the contact structure is positive-definite. Note also that the
latter condition is not enough for dynamical convexity.

Finally we note that the bound obtained can be sharpened since the index is necessarily positive
by observing that ¢(0) = id, so it is a crossing and using that each crossing of the path ¢ contributes
positively.

APPENDIX E. STRONGLY INDEX-DEFINITE SYMPLECTIC PATHS

In this appendix, we prove a crucial index growth estimate needed in order to rule out non-
relevant boundary orbits via index considerations (needed in Lemma 4.5 in the main body of the

paper).

Definition E.1. Consider the linear ODE 4)(t) = A(t)y(t), where A : R>q — sp(2n) and A(0) = 0.
Its solution is a path of symplectic matrices with (0) = 1. We say that the ODE is strongly index-
definite if there exist constants ¢ > 0,d € R, such that

\urs (¥lj0.)| > ct +d,
where g is the Robbin—Salamon index [RS93].

Note that we make no non-degeneracy assumptions on the symplectic paths in the above defi-
nition.

We now consider the specific family of linear ODEs 1(t) = A(t)1(t), where the matrix A has the
special form

- X(

(t)
0 0 @

” € sp(2n).
Y(t) —X(t)|bt) —al(t)

0
0
0

Here, we use the notation (X,Y) = (X1,Y1,...,X,_1,Y,_1), and we assume R(t) € sp(2n — 2),
A(0) = 0.

Lemma E.2. Assume that the linear ODE M (t) = R(t)M(t) is strongly index-definite as an ODE in
dimension 2n — 2. Then the same holds for the linear ODE v(t) = A(t)y(t).
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Proof. One may check that

0
0
5 : R € sp(2n —2)

Y -X

—a

is a Lie subalgebra of sp(2n). The corresponding Lie subgroup of Sp(2n) is

where M is a solution to M = RM, and consider the following homotopy of paths:

‘ st 0

- sy 0O

s = 0 0|la O
st sT| B ot

Note that v, is a path in G C Sp(2n) for every s, and 1 has no off-diagonal terms. For any
given ¢, this gives a homotopy in G relative endpoints of 1[(y 4 to a concatenated path of the form
Yoljo,4#Pt, where ¢4(s) = 1)4(t). We therefore have

trs(Vlj0,) = rs(Woljo,) + 1rs(Pr). (E.17)

On the other hand, from the block decomposition of 1)y and the fact that the lower-block can be
homotoped to a symplectic shear by joining «(t) to 1, we have

s (Wolio) = wrs (M) £ gsign(3()) (E18)

where the sign depends on conventions. Moreover, one may easily check that the characteristic
polynomial of an element in G is completely independent of the off-diagonal terms. In particular,
we obtain that

det(ps — 1) = det (g — 1) = det(M — 1)(a — 1)(a"! = 1),
is independent of s. In other words, ¢ (t) is an intersection point with the Maslov cycle if and only
if 9o(t) is, and the eigenvalue 1 has the same algebraic multiplicity for both such intersections.
Moreover, if 1(t) is not an intersection, then ¢, does not intersect the Maslov cycle at all.

One may check that if a(t) # 1, then the geometric multiplicity of 1 as an eigenvalue of ¢, (s)
is independent of s (and therefore prs(¢:) = 0 for such ¢). If a(t) = 1, this may not necessarily
still hold. However, we may appeal to the following general fact, whose proof was provided to the
authors by Alberto Abbondandolo:
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Lemma E.3. There exists a universal bound C = C(n) (depending only on dimension), such that, if ¢ :
[0,1] — Sp(2n) is a continuous path of symplectic matrices for which the algebraic multiplicity of the
eigenvalue 1 of the matrix ¢(t) is independent of t, then

lurs ()] < C.
Proof of Lemma E.3.

Step 1. We first reduce to the case where ¢ has 1 as the only eigenvalue. We have a continuous
symplectic splitting R?" = V(t) & W (t) where V (¢) is the generalized eigenspace of ¢(t) corre-
sponding to 1, and W (¢) is the direct sum of the generalized eigenspaces of ¢(t) corresponding to
the other eigenvalues (here, the dimensions of V' (¢) and W (¢) are t-independent by assumption),
for which ¢(t) = ¢v (t) ® ¢w (t) splits symplectically. Since ¢y does not intersect the Maslov cycle
by construction, we have pirs(¢) = pirs(dv) + prs(¢w) = prs(ov).

Step 2. A loop ¢ of symplectic matrices having 1 as the only eigenvalue is nullhomotopic in
Sp(2n), and hence prs(¢) = 0. This follows for instance by the interpretation of the Robbin-
Salamon index as the total winding number of the Krein-positive eigenvalues on the unit circle (see
e.g. [A01, Lemma 1.3.7]).

Step 3. The identity matrix may be joined to any symplectic matrix A satisfying spec(M) = {1}
via a path M (t) satisfying spec(M (t)) = {1}, and for which |urs(M(t))| < C for some universal
bound C. Indeed, we may write M = e’ where S is a symmetric matrix having 0 as the only
eigenvalue, and consider the path M (t) = e!/“. This satisfies the required properties since M (t)
changes strata of the Maslov cycle only at t = 0, the geometric multiplicity of 1 jumping from 2n
at ¢t = 0 to perhaps a lower one at ¢ > 0, and so the contribution of this wall-crossing to prs(M) is
universally bounded.

The proof finishes by combining the previous steps, where we join the endpoints of a path ¢ as
in Step 1 to the identity as in Step 3, use the concatenation property of prs, and appeal to Step
2. O

Combining Equations (E.17) and (E.18) with Lemma E.3, we conclude that
lurs (Yljo,) — trs (M) < C

for some universal constant C' = C(n), from which the conclusion of Lemma E.2 is immediate. [
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