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ABSTRACT

Recently, acoustic/elastic metasurfaces have gained increasing research interests due to their ability to control
waves with compact and lightweight structures. A metasurface is a thin layer in the host medium composed
of an array of subwavelength-scaled patterns, which introduces an abrupt phase shift in the wave propagation
path and tailors wavefront based on generalized Snell’s law. The existing metasurfaces mainly depend on the
linear dynamic behavior of the structures, while their nonlinear features have not been studied extensively. A
couple recent attempts have shown means of introducing nonlinearity in acoustic metasurface designs, resulting
in nonlinear effects such as second-harmonic generation (SHG). However, these studies mainly focus on generat-
ing and maximizing the higher-order harmonics, while the phase modulation and wavefront tailoring capability
are less explored. Our study advances the state of the art and proposes a novel acoustic metasurface design
with locally resonant nonlinear elements in the form of curved beams. We explore the nonlinear phenomenon,
specifically SHG, of the proposed system using both analytical and numerical frameworks. Our results show that
the proposed nonlinear metasurface can achieve SHG in the transmitted acoustic wavefield, and simultaneously
demultiplex for different frequency components (i.e., split the second-harmonic component from the fundamental
frequency component) by steering them into different directions. This study presents new theoretical and numer-
ical platforms to explore the amplitude-dependent behavior of acoustic metasurfaces, expands their wavefront
tailoring capabilities and functionalities, and develops new potentials towards efficient technologies to manipulate
acoustic waves.
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1. INTRODUCTION

Acoustic/elastic metamaterials (MMs) and phononic crystals (PCs), consisting of periodically arranged modules,
have gained increasing research interests due to their unique properties such as engineered bandgap and effective
negative parameters.1,2 These engineered structural and material systems exhibit intriguing system dynamic
properties due to the Bragg scattering and locally resonant effects, leading to diverse applications including energy
harvesting systems,3,4 vibration suppression devices,5,6 and mechanical topological insulators.7 Moreover, their
nonlinear behaviors have been explored, offering diverse nonlinear phenomena such as supratransmission,8,9

non-reciprocal wave propagation,10,11 and solitons.12

In recent years, in an effort to control low-frequency acoustic/elastic waves with compact and lightweight
structures, researchers have explored a new kind of phase-modulated design known as metasurfaces.13 A meta-
surface is a thin layer in the host medium composed of an array of subwavelength-scaled patterns, which can
introduce an abrupt phase shift in the wave propagation path and tailor wavefront based on generalized Snell’s
law. By exploiting the phase modulation ability, researchers have proposed various metasurface designs to control
the acoustic/elastic waves.14–16 For example, the coiling-up space structure14 and the Helmholtz-resonator17 have
been employed to control the acoustic wavefront of reflected and transmitted wave and realize various functions,
e.g., wave deflecting and wave focusing. However, the existing metasurfaces mainly depend on linear behavior of
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the structures. Recently, nonlinearity has been introduced in acoustic metasurface designs. For instance, Chen
et.al.18 presented a magnetic-control acoustic metasurface harnessing the nonlinearity of membrane structures to
achieve tunable wavefront control through external magnetic stimulus. Later, Guo et.al.19,20 explored nonlinear
second-harmonic generation (SHG) in the spring-mass and rotating-square structures, and pointed out that SHG
can be maximized when a larger non-zero resonance frequency doubles the lower one. Yet, they mainly focus on
generating and maximizing the higher-order harmonics, while the phase modulation capability of the nonlinear
structure are less explored. In addition, the resulting scattered wavefields often comprise a mixture of different
harmonic components, which may weaken the efficiency to control them individually.

In this study, we propose a novel acoustic metasurface design with locally resonant nonlinear elements based
on the curved beams. By tuning the masses of unit cells, different phase gradients are achieved to control the
wavefront of the transmitted waves. The Harmonic Balance Method (HBM) is adopted to study the trans-
mission characteristics of the acoustic waveguide along with numerical validation. With both analytical and
numerical studies, we investigate its phase modulation and wavefront tailoring capability exploiting nonlinear
effects. Accordingly, we design a nonlinear acoustic metasurface to control the wavefront of the transmitted wave
under normally incident acoustic wave at a designed operating frequency of 1 kHz. We verify that the proposed
nonlinear metasurface can generate significant second-harmonic component in the transmitted region. Simulta-
neously, we split the second-harmonic component from the fundamental frequency component by steering them
into different directions. In addition, we propose a physical realization of the nonlinear acoustic metasurface
with the nonlinear spring and lumped mass realized by spring steels and 3D-printed blocks, respectively.

The outline of this paper is as follows. In section 2, an analytical model of the acoustic waveguide is developed
based on HBM to study its nonlinear transmission characteristics, along with numerical validation. In section 3, a
nonlinear acoustic metasurface is introduced to realize simultaneous SHG and demultiplexing. Then, in section 4,
we present a physical realization of the proposed concept. Section 5 summarizes the key points in this study.

2. MODELLING OF THE NONLINEAR ACOUSTIC WAVEGUIDE

2.1 Analytical formulation

The nonlinear metasurface proposed in this study is composed of an array of sub-wavelength unit cells, which
consist of three lumped masses coupled via two curved beams, as shown in Fig. 1(a). Here, we consider the
problem of acoustic wave transmission with normal incidence on the flat surface of the left lumped mass, m1.
To analytically characterize the wave propagation through the metasurface unit, we establish a simplified mass-
spring-damper system, where we assume that the mass of the metasurface unit is all concentrated at the three
lumped masses m1,m2, and m3, and each curved beam is modelled as an ideal nonlinear spring with damping,
as shown in Fig. 1(b).

Without loss of generality, the restoring forces of the nonlinear springs are assumed of the form, FNL
i (∆l) =

ki∆l + αiki∆l2 + βiki∆l3, i = 1, 2, where ki, αi,and βi are the stiffness coefficients of the nonlinear springs and
∆l is the deformation of the nonlinear springs. Note that this cubic nonlinearity is often used for modelling the
force-displacement relationships of curved beams.8 We consider the acoustic propagation media to be air with
mass density ρ = 1.29 kg/m3 and sound speed c = 340 m/s, and assume longitudinal wave with plane stress-wave
field σinc(x, t) = σ0 sin(2πf(t − x

c )) normally incident from the left hand side of the acoustic waveguide along
positive x direction, where f and σ0 are the frequency and amplitude of the incident wave, respectively. Assume
that the resulting displacement field in the air is u(x, t). Accordingly, the reflected and transmitted stress-wave
fields can be given as follows.

σref = σinc + ρc
∂u

∂t
, σtr = −ρc

∂u

∂t
, (1)

where σref and σtr represent the resulting reflected and transmitted stress-wave fields, respectively. Assume that
the metasurface is located at x = 0 and its length is much less than the considered wave length. Then, the acoustic
wave field should satisfy the boundary conditions on the metasurface at x = 0, i.e., σref |x=0 = σinc|x=0 + ρc∂u1

∂t ,

and σtr|x=0 = −ρc∂u3

∂t , where u1 and u3 are the displacements of the lumped masses m1 and m3, respectively.
Accordingly, the effective forces applied at m1 and m3 are: F1 = −(σinc|x=0 + σref |x=0)S = −

(
2σ0 sin(2πft) +

Proc. of SPIE Vol. 12043  1204315-2
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 27 Aug 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



(c)

Metasurface

Transmitted wave

Air
Air

Incident wave

Reflected wave

x

yz

(a) (b)

Simplified model

m2 m3

knl1 knl2

m1

x

y

F1 F3

AirAir

(d) (e)

Mode shape
f1 =1 kHz

=2 kHzf2

m2 m2

1

|T1| Analytical

|T2| Analytical

|T1| FEA

|T2| FEA

|T1| Analytical

|T2| Analytical

2

Figure 1. Schematic of the (a) nonlinear acoustic metasurface and (b) the one-dimensional waveguide. The inset in (b)
demonstrates the mode shapes of the unit cell. (c) The transmission ratios of both fundamental component (|T1|) and
SHG (|T2|) under different amplitudes of the incident wave. (d) The transmission ratios and (e) phase modulation curve
of fundamental wave component (φ1) and SHG (φ2) under different m2 value.

ρcdu1

dt

)
S, and F3 = −ρcdu3

dt , where S is the area of the flat surfaces contacting air. As such, the governing
equations of the metasurface unit can be expressed as:

m1
d2u1

dt2
= −

(
2σ0 sin(2πft) + ρc

du1

dt

)
S − FNL

1 (u1 − u2)− η1
d(u1 − u2)

dt
, (2a)

m2
d2u2

dt2
= FNL

1 (u1 − u2) + η1
d(u1 − u2)

dt
− FNL

2 (u2 − u3)− η2
d(u2 − u3)

dt
, (2b)

m3
d2u3

dt2
= − ρcS

du3

dt
+ FNL

2 (u2 − u3) + η2
d(u2 − u3)

dt
, (2c)

where u2 is the displacement of m2, and η1, η2 are the damping coefficients of the two nonlinear springs.

In the case of a harmonic incident wave, the equations of motion depicted in Eq. 2 can be analytically solved
by using the HBM, where the solutions ui, i = 1, 2, 3 are assumed in the form of a sum of all harmonics. That
is, we have the following solution forms.

ui(t) = u0
i +

N∑
n=1

[
Cn

i cos (2πnft) + Sn
i sin (2πnft)

]
, i = 1, 2, 3, (3)

where u0
i represents the constant terms, Cn

i and Sn
i are the magnitudes of the sinusoidal terms cos and sin,

respectively, and N is the number of harmonics being considered. Substituting Eq. 3 into Eq. 2 and by matching
the coefficients for different harmonics, we obtain a set of nonlinear equations about the unknowns u0

i , C
n
i and

Sn
i , which can be numerically solved by Newton-Raphson Method.21 With these solutions, we can obtain the

complex transmission coefficients of each harmonic component by substituting Eq. 3 into Eq. 1, yielding:

Tn =
2πnfρc

σ0
(Cn

i − jSn
i ), n = 1, 2, ..., N, (4)

where n indicates the n − th order harmonics and j is the imaginary unit. Then, the transmission ratio, |Tn|,
of the n − th order harmonics and its corresponding phase shift, φn, caused by the metasurface unit can be
calculated by taking the magnitude and angle of Tn.

2.2 Results and validation

In the simplified unit cell model, we choose the parameters of the nonlinear springs, i.e., ki, αi, and βi, based
on the force-displacement relationships of the curved beams obtained via quasi-static analysis in COMSOL
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Multiphysics. The values of the rigid masses m1, m2 and m3 are selected such that the resulting system will
possess two linear resonance frequencies f1 and f2 with a relationship of f2 = 2f1. A more detailed description
of structural parameters are shown in Table 1. Under such arrangement, the resonance frequencies of the unit
cell are f2 = 2f1 = 2 kHz. The incident frequency is set to be f = f1 = 1 kHz. It is recognized that with these
two requirements satisfied, i.e., f = f1 and f2 = 2f1, the SHG will be amplified by the resonance effects.19,20

Table 1. Parameters of the nonlinear metasurface unit cell with f2 = 2f1 = 2 kHz .

Parameter m1 m2 m3 k1 k2 α1 α2 β1 β2

Value 9.4 g 20 g 6 g 3.0× 105 N/m 7.0× 105 N/m −1823 505.3 1.2× 106 9.7× 105

To characterize the effect of nonlinearity in the proposed metasurface unit, we first exam the influence of
incident amplitude, σ0, on the transmission coefficient, Tn. Figure 1(c) presents the analytical transmission ratios
for the fundamental wave component, i.e., with frequency f , and the generated second-harmonic wave, i.e., with
frequency 2f , under different incident amplitudes, where the red dashed line represents the fundamental wave
and the black solid line presents the SHG. We find that when the incident amplitude is nearly zero, there is only
fundamental wave component in the transmitted wavefield, indicating nearly linear response. As the incident
amplitude increases, the nonlinear effect occurs, leading to significant SHG. For large incident amplitude, e.g.,
above 150 Pa, the second-harmonic component even becomes stronger than the fundamental wave component,
which demonstrates that the proposed metasurface provides a great platform for SHG. Note that, here, we do
not plot all the other higher harmonic components (n ≥ 3) since they are negligible compared with fundamental
and second-harmonic components.

In addition, we also investigate how the transmitted wavefield can be tailored by tuning the structural design.
Specifically, we change the value of m2 by tuning the mass added to rigid block in the middle and obtain the
transmission ratios and phase shifts of the fundamental and the second-harmonic components under different
m2, as shown in Fig. 1(d) and (e). We find that the tailoring of structural parameters such as m2 will lead
to dramatic change in the transmission ratio of both fundamental and second-harmonic components due to the
change of local resonance. When m2 = 0.02 kg, f2 = 2f1 = 2 kHz, and the SHG can be maximized as expected.
Further, we observe different phase shifts for both fundamental and second-harmonic components by tailoring
m2, as shown in Fig. 1(e), which indicates the feasibility to achieve diverse phase gradient profiles for the
metasurface design. It is important to note that the phase shift curve of the second-harmonic component covers
the entire [−π, π] phase range with different m2, indicating that any type of anomalous wavefront control over
the generated second-harmonic wave is achievable, while the phase shifts of the fundamental wave component
remain almost unchanged within the region of interest. This interesting phenomenon offers us the possibility to
control different harmonic components independently, and is used in our following metasurface design to split
different frequency components.

To validate the simplified analytical model, we conduct the Finite Element Analysis (FEA) in COMSOL
Multiphysics. Eigenfrequency analysis results show that the second non-zero resonance frequency doubles the
first one as expected, f2 = 2f1. Also, we further explore the mode shape of two resonance frequencies of the unit
cell as depicted in the inset of Fig. 1(b), which contains the information of the vibrating pattern at the resonance
frequencies of the unit cell. Note that a large motion of m3 can be identified in the second mode shape, indicating
a significant SHG in the transmitted wavefield. Furthermore, we conduct time-domain numerical simulation of
the acoustic waveguide with different m2 value. The scattered acoustic pressure in the transmitted region is
recorded, and then processed by the Fast Fourier transformation technique to obtain the transmission ratios of
fundamental and the second-harmonic components and compared with analytical solutions as plotted in Fig. 1(d).
The numerical transmission ratios agree well with the analytical results. Hence, the established simplified model
can well characterize the scattered acoustic wavefield of the waveguide, which can be used to guide the following
metasurface design.
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3. METASURFACE DESIGN

3.1 Phase-modulated metasurface

The fundamental concept of the phase-modulated metasurface is to control the wavefront based on the generalized
Snell’s law by introducing an abrupt phase shift into the wave propagating path. Here, we design an acoustic
metasurface to control the wavefront of the transmitted wave. Accordingly, the generalized Snell’s law can be
given as:

1

2π

dφ(y)

dy
=

1

λt
sin θt −

1

λi
sin θi, (5)

where φ(y) represents the abrupt phase shift introduced at location y. θt (θi) and λt (λi) are the angle and
wavenumber of the transmitted (incident) wave, respectively. By tailoring the phase profile along the metasurface,
we can control the wavefront and achieve desired wave functions.

3.2 Metasurface design for simultaneous SHG and demultiplexing

In this section, we present a nonlinear acoustic metasurface design for simultaneous higher-harmonic generation
and demultiplexing. Specifically, we design a nonlinear acoustic metasurface composed of an array of 25 units
with a unit gap of 2 mm to control the normally incident acoustic wave at 1 kHz. The finite element model of
the entire nonlinear acoustic metasurface is established in COMSOL multiphysics as depicted in Fig. 2(a), where
the propagating medium is air and the perfectly matched layers (PMLs) surrounding the system are established
to avoid the reflection from the boundary and simulate the infinite acoustic domain. Due to the nonlinearity and
the linearized resonance of the system (f2 = 2f1), significant SHG can be identified in the transmitted wavefield.
By tailoring the mass value m2 along the metasurface, the metasurface can guide the generated second-harmonic
wave in any desired angle, while the propagating direction of the fundamental wave remains unchanged according
to the phase modulation feature discussed in Section 2.2.

To guide the f2 component propagate at an angle θ2 in the transmitted region under normal incidence, the
phase gradient profile of f2 component φ2(y) should satisfy Eq. 6 according to the generalized Snell’s law.

φ2(y) =
2πy

λ2
sin θ2, (6)

where λ2 is the wavelength of the second-harmonic component.

To this end, we design a metasurface with a theoretical deflecting angle of θ2 = 60◦ for the second-harmonic
wave, while the fundamental wave component will remain in the same propagating direction, i.e., θ1 = 0◦, based
on the phase gradient profile depicted in Fig. 2(b) and (c). The phase gradient profile of the SHG shows a linear
pattern for desired transmitted angle θ2 = 60◦. On the other hand, most of the units introduce an constant phase
shift φ1(y) ≈ π to the fundamental wave, indicating the same transmitted angle as the incident wave θ1 = 0◦.
Accordingly, the required m2 profile are obtained as plotted in Fig. 2(d). Note that we can easily change the m2

value through adding/subtracting additional mass unit in the engineering practice, which enables an adaptive
nonlinear metasurface design for broadband frequency wave control.

Accordingly, the frequency domain simulation is conducted in COMSOL Multiphysics to test the performance
of the nonlinear metasurface. Figure 2(e) shows the shows the resulting scattered acoustic pressure field. It can
be identified that the nonlinear acoustic metasurface can realize significant SHG in the transmitted wavefield.
Also, the incident wave is split into two beams after being scattered by the nonlinear metasurface, one in the
original propagating direction with the same wavelength as the incident wave θ1 = 0◦ (i.e., the fundamental wave
component) and the other one being deflected by 60 degrees with half of the original wavelength θ2 = 60◦ (i.e.,
the second-harmonic component). Hence, the numerical results validate that the proposed nonlinear acoustic
metasurface can achieve simultaneous SHG and demultiplexing.
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Figure 2. (a) Schematic of the nonlinear acoustic metasurface. The surrounded PMLs are established to mimic infinite
acoustic domain. (b,c) The phase gradient profiles of the (b) fundamental and (c) SHG. (d) The corresponding m2

profile with the coordinate origin (y=0) locating at the midpoint of the metasurface. b=52.8 mm represents the distance
between adjacent units. (e) The scattered acoustic wavefields verifying simultaneous higher-harmonic generation and
demultiplexing.

4. EXPERIMENTAL CONFIGURATION

The prime focus of this section is to physically realize the proposed nonlinear metasurface design. The curved
beams made of 1095 spring steel (McMaster-Carr) is used to achieve the nonlinear effect. The mass units m1, m2

and m3 are obtained through Form 3 SLA 3D Printer. The nonlinear stiffness of the spring steel is tested through
Instron Tensile Testing Machines as pictured in Fig. 3(a). Figure 3(b) shows the measured nonlinear stiffness
of a curved spring steel which performs as expected. The desired nonlinearity of the nonlinear spring, knl1 and
knl2 can be achieved by tailoring the length, thickness and bending angle of the spring steels. Next, 3D-printed
mass blocks are connected through the spring steels creating the unit cells that are hung with twine as shown
in Fig. 3(c). Accordingly, the entire nonlinear acoustic metasurface can be constructed by periodically placing
the units. By adding additional mass on m2 blocks and tailoring the phase gradient, the entire metasurface is
promising to achieve simultaneous SHG and demultiplexing as demonstrated in the analytical and numerical
studies.
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Figure 3. (a) Tensile testing of spring steel. (b) Force-displacement curve of the spring steel. (c) Schematic of the
nonlinear acoustic metasurface and its unit cell.

5. CONCLUSION

In this paper, we explore a novel acoustic metasurface design with locally resonant nonlinear elements based on
curved beams. By exploiting the nonlinearity in the curved structure, we investigate the nonlinear phenomenon,
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specifically SHG, of the proposed system using both analytical and numerical methods. The SHG is amplified
by setting the second non-zero resonance frequency to be twice of the first one. Also, an analytical formulation
of the acoustic waveguide is developed and validated through numerical results, verifying a significant SHG in
the transmitted wavefield. By tailoring the structural parameters of the unit cell, specifically mass m2, different
phase gradients are achieved in the transmitted fundamental and second-harmonic components. Our results
show that the phase modulation curve of the SHG covers the entire 2π phase range while the phase shift of the
fundamental wave is limited in a small range, which is further exploited for demultiplexing metasurface design.
To this end, we propose a nonlinear metasurface design which is capable of generating higher-order harmonic
in the transmitted wavefield and simultaneously splitting different frequency components by steering them into
different directions, i.e., realizing frequency demultiplexing. Finally, we present an actual physical realization
of the nonlinear acoustic metasurface, and its experimental validations are currently underway. Overall, the
nonlinear acoustic metasurface offers a novel avenue to harness nonlinear effects for acoustic wavefront tailoring
and develops new potentials towards more efficient technologies for wave-based engineering applications such as
acoustic/elastic lenses, acoustic diodes, and signal processing and identification systems.
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