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Abstract 

 

 Finding the lowest energy configuration of N unit charges on a sphere, known as 

Thomson’s problem, is a long-standing query which has only been studied via numerical 

simulations. We present its physical realization using multiply charged He nanodroplets. The 

charge positions are determined by x-ray coherent diffractive imaging with Xe as a contrast agent. 

In neutral droplets, filaments resulting from Xe atoms condensing on quantum vortices are 

observed. Unique to charged droplets, however, Xe clusters that condense on charges are 

distributed on the surface in lattice-like structures, introducing He droplets as experimental model 

systems for the study of Thomson’s problem. 
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 In 1904, J.J. Thomson sought to find the configuration of N unit charges on a sphere that 

minimizes the overall Coulombic energy (1). A related problem of packing particles on a sphere 

has since appeared in the research of highly ordered finite systems such as viral morphology, 

crystallography, and molecular structure (2-5). Generally, Thomson’s problem remains unsolved, 

though numerical simulations have yielded a variety of configurations depending on the number 

of charges. Locally, calculations yield charge distributions characterized by triangular lattice 

configurations with ~6 nearest neighbors per charge (6-12). Surprisingly, it has been shown that 

the minimum energy configuration isn’t always the one that places the charges at furthest distance 

from each other, nor the configuration with greatest symmetry.  

 It isn’t immediately clear if an idealized Thomson problem that ignores the roles of thermal 

or quantum mechanical kinetic energies has any practical significance. However, charged sub-

micrometer helium droplets present an extraordinary experimental realization (10) because they 

remain liquid down to absolute zero temperature and can hold hundreds of charges, which are 

effectively confined and pushed to the droplet’s surface due to their mutual Coulomb repulsion.  

Surface liquid helium acts as a suitable support to study the structure and collective properties of 

two-dimensional Coulomb systems, i.e., those made of electrons or cations (13-16). Closely related 

to the Thomson problem are electrons inside multielectron bubbles in liquid helium which were 

discussed as model systems to study the electronic structure of two-dimensional gases of electrons 

on a sphere with substantial ripplon coupling (17). A very recent study reports stable bubbles 

containing 6 and 8 electrons (18). However, the study of multielectron bubbles is hindered by 

dynamic instability and their irregular shape (19, 20).  

It is inevitable that a physical realization of the Thomson problem differs from its purely 

mathematical cousin in some important respects. Exact localization of charges on a sphere is 

physically untenable because it requires infinite potentials. Pursuant to a helium droplet, the 

charges are held within the droplet by some finite solvation potential. Therefore, their radial 

positions can vary to some extent. The surface tension of liquid helium is rather small, which may 

result in some local surface deformation. Some departure from a spherical shape may also be 

caused by droplet's rotation. It would therefore be very interesting see the effect of the physical 

modalities on the configuration, which has so far been only studied in terms of an abstract 

mathematical model.       
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 Recently, Laimer et al. demonstrated that multiply charged 4He droplets can be produced 

via electron impact (21). The cations in He droplets likely exist in the form of a covalently bound 

He3
+ units, which are formed within less than 10 ps from He+ ions that initially produced upon the 

electron impact (22). Here, the arrangement of charges in helium droplets is studied via scattering 

of radiation from an x-ray free electron laser (XFEL). Visualization of charges is achieved by 

doping the droplets with xenon (Xe) atoms, which cluster around the charges and serve as contrast 

agents. The cluster positions are obtained from diffraction images using an iterative phase retrieval 

algorithm (23). Distinctly different from neutral helium droplets, aggregation within charged 

helium droplets leads to fractured dot-like patterns with compact spots of Xe clusters throughout 

the droplets. We assign the compact dots to charged Xe clusters near the droplet surface. 

 

 

Fig. 1. Schematic of the experiment. Helium droplets are ionized via electron impact and pass through plane capacitor 

electrostatic deflectors. Ionized helium droplets are doped with Xe atoms which cluster around the positions of the 

charges and serve as markers. The droplets are interrogated with the XFEL. Diffraction patterns are recorded on a 

pnCCD detector and processed using a phase retrieval algorithm to obtain the density profile and charge distributions. 

The predicted configuration for 18 charges is used as an example to simulate the displayed diffraction pattern. 

 

 The experiments are performed at the Small Quantum Systems (SQS) instrument of the 

European XFEL (24, 25) using the Nano-sized Quantum Systems (NQS) end station. A schematic 

is shown in Fig. 1. Neutral helium droplets are produced via cryogenic nozzle beam expansion of 
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pressurized helium gas through a 5 μm nozzle into vacuum (26). The droplets are ionized by an 

electron gun operating at 40 – 100 eV acceleration voltage and ionization currents between 5 μA 

and 1.3 mA (21). Charged droplets pass through two parallel plate capacitors (each containing 2×2 

cm2 plates placed 2 cm apart from each other), used to verify the charging through electrostatic 

beam deflection. The ionized droplets are doped with Xe atoms (see Fig. 1) in a pickup cell. The 

focused XFEL beam (3.5 µm full-width-at-half-maximum, FWHM focal diameter) intersects the 

Xe doped helium droplets ~950 mm downstream from the droplet source. The XFEL is operated 

at 10 Hz with 1 FEL pulse per bunch train, a photon energy of 1.5 keV, a mean pulse energy of 3 

mJ, and a nominal pulse duration of 25 fs. Diffraction images are recorded with a 1-Mpixel 

pnCCD detector (1024×1024 pixels, 75×75 μm2 each) (27), centered along the XFEL beam axis 

542 mm behind the interaction point. The detector consists of two separate panels (1024×512 

pixels each), located above and below the x-ray beam with a central, rectangular cutout to 

accommodate the primary beam [19]. Each diffraction pattern is used to reconstruct the density 

distribution of Xe clusters within a single, isolated doped droplet (see Fig. 1) by applying an 

iterative phase retrieval algorithm termed Droplet Coherent Diffractive Imaging (DCDI) (23). 

 Diffraction images of neutral droplets are recorded for the initial droplet beam 

characterization and confirm that the droplets have an average radius of 250 nm (roughly 109 

atoms) and an average aspect ratio (AR, major diffraction axis/minor diffraction axis) of 1.04, 

similar to previous conditions (28). The non-sphericity can be assigned to centrifugal deformation 

of rotating droplets (26, 28, 29). At low angular momenta and aspect ratios of 1< AR < 1.1, these 

can be described as spheroids. The flux of atoms carried by the droplets is monitored by the 

pressure rise in the beam dump chamber (26). Ionization of the droplets did not lead to any 

measurable decrease (<10%) in flux. However, the application ~100 V/cm to the parallel plate 

capacitors downstream from the ionizer completely extinguishes the droplet flux, demonstrating 

effective charging.  
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Fig. 2. Results for uncharged, Xe doped 4He droplets. (1a), (2a): Diffraction patterns showing the central 600 x 600 

detector pixels. The vertical streak in the upper half of the patterns is caused by stray light. (1b), (2b): Density 

reconstructions obtained with the DCDI algorithm. 

 

 Initial measurements are performed on neutral Xe doped droplets, see Fig. 2. The 

diffraction images, Fig. 2(1a) and Fig. 2(2a), exhibit rings close to the center and speckles in the 

outer region due to scattering off Xe clusters. Fig. 2(1b) and Fig. 2(2b) show the corresponding 

density reconstructions (helium is depicted in blue and Xe clusters in red/yellow) as obtained via 

DCDI.  The Xe clusters form filaments aligned along a common direction. They are the result of 

Xe atoms condensing on the cores of quantum vortices, as documented in our previous works (23, 

26, 29, 30).  
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Fig. 3. Same as in Fig. 2, but for charged, Xe-doped 4He droplets. For droplets 1 – 3, the electron energy was 40 eV 

and emission current 30 μA, while for droplet 4, the ionizer was set to 200 eV and 1.3 mA emission current. 

 

 Figure 3 shows diffraction patterns and density reconstructions from charged, Xe doped 

4He nanodroplets. The diffraction images Fig. 3(1a) – Fig. 3(3a) resemble those for uncharged 

droplets. Figure 3(4a) is noteworthy as it contains six Bragg spots, arranged hexagonally, which 

have been marked by white rings. Density reconstructions are shown in Fig. 3(1b) – Fig. 3(4b). In 

distinction to neutral droplets, aggregation within charged helium droplets appears unique in that 

it leads to fractured dot-like patterns with compact spots of Xe clusters.  

 The comparison of Xe densities in charged droplets (Fig. 3) with neutral droplets (Fig. 2), 

obtained in this work as well as in previous (23, 26, 29, 30) indicates important differences. Xe 

clusters in neutral droplets are seen as filaments. However, it’s possible that a droplet’s direction 

of angular momentum can be aligned with the x-ray beam such that the cylindrical vortices appear 

as dots on the detector plane. The coexistence, however, of dot-like features and filaments has 

never been observed in neutral doped droplets (23, 26, 29, 30), indicating that the dots aren’t the 

result of a particular viewing angle. Thus, we assign the dots to the location of charged Xe clusters 

near the droplets’ surface.  

 Figure 3(1b) showcases a droplet (AR = 1.02, a = 199 nm, N = ~7×108 helium atoms) 

containing two filaments and at least 16 dot-shaped clusters. The filaments primarily occupy the 

central volume of the droplet whereas the dots are scattered throughout the image. Figure 3(2b) 

shows a droplet (AR = 1.04 and a = 201 nm, N = ~7×108 helium atoms) with a pattern of small 

irregularly shaped dots. Twelve approximately equidistant Xe clusters are arranged into an 

ordered, oval-shaped structure. Figure 3(3b) shows a much larger droplet (AR = 1.01, a = 550 nm, 

N = ~1010 helium atoms) with several small clusters arranged in the center. During the 

experiments, droplets 1, 2, and 3 from Fig. 3 had a constant doping level, set by evaporation of 

~20% of the constituent helium atoms. Considering that the pickup of one Xe atom leads to 

evaporation of ~250 helium atoms (26), the number of doped Xe atoms are estimated to be ~7×105 

Xe atoms for the droplets in Fig. 3(1b) and Fig. 3(2b), and ~107 Xe atoms for Fig. 3(3b) (or about 

10-3 per helium atom).  

 Figure 3(4b) exemplifies aggressive doping and charging conditions in larger droplets. 

Here, droplets were produced at nozzle settings of 60 bar, 4 K and with the ionizer set to 200 eV 
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and 1.3 mA emission current. The droplet (AR = 1.01, a = 337 nm, N = ~4×109 He atoms) in Fig. 

3(4b) was doped with ~1.6×107 Xe atoms, leading to evaporation of ~50% of helium atoms. The 

reconstruction shows a very dense pattern of small clusters. The details cannot be fully resolved. 

Note that the resolution limit of the experiment is ~20 nm (23) or three pixels in Fig. 3(4b), whereas 

the average distance between the Xe clusters is estimated to be ~40 nm.  

 Significant differences in the Xe density distributions upon doping neutral versus charged 

droplets are readily apparent. While neutrals exhibit exclusively filament-shaped Xe structures, 

charged droplets contain compact, dot-shaped Xe clusters often in greater numbers than the 

filaments. Evidently, the presence of charges influences the formation of Xe clusters. Charges in 

He droplets were previously proposed to serve as nucleation centers for embedded atoms (21), 

catalyzing the formation of clusters such as in Fig. 3(1b). The charge acquired by the droplet is 

estimated from the current density in the experiment (~1 A/m2), time of flight of the droplet 

through the ionizer (~25 μs), and assuming the ionization cross section of the droplet corresponds 

to its geometric cross section. The estimated number of ~30 charges can be compared with the 

observed 16 dot-shaped clusters in Fig.3(1b). The agreement is reasonable considering the coarse 

estimate and the fact that upon creation, some charges leave the droplet in the form of Hen
+ clusters 

(31).   

 Calculations (10) show that charges in helium droplets reside close to the surface. For 20 

charges, they’re submerged by about 3% of the droplet radius, and move closer to the surface with 

increasing charge (10). Xe clusters forming around the charges increases the solvation energy, 

pulling the charged clusters deeper inside. Calculations (32) show that the potential energy of Xe 

clusters is flat in the droplet's interior but increases significantly ~10 nm from the surface. Thus, 

we expect charges encapsulated in Xe clusters will reside close to the surface. The distance will 

likely be comparable to the resolution of the present experiments of ~20 nm.       

 Upon doping helium droplets, vortices and surface charges compete to attract the dopants. 

Like other particles, some charges will be captured by vortices, while others will remain free (31, 

33, 34). The partitioning depends on the droplet size, number of vortices, and the binding energy 

of He+ to vortices. The capture impact parameter for Xe atoms by a vortex has been estimated to 

be ~0.5 nm (35), and the capture cross section of a 200 nm long filament is ~200 nm2. This can be 

compared to the cross section for the capture of a Xe atom by a charge of ~ 1 nm2 . This estimate 

assumes that He3+ and Xe particles move thermally inside the He droplet and combine if their 
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induction interaction energy exceeds 0.38 K. Therefore, Xe atoms are mostly attracted to vortices. 

The situation in Fig. 3(1b) appears fortunate as only two vortices are present. However, the 

interpretation of Fig. 3(1b) is not straightforward, as the filaments likely contain multiple charges, 

the locations of which cannot be determined. 

 Figure 3(2b) shows an elliptic constellation of Xe clusters around the droplet center. No 

such structure has previously been observed in neutral droplets. The corresponding 3D structure 

is not obvious. For example, the figure may correspond to charged clusters attached to vortices 

arranged in a circle and viewed sideways, as was observed previously (30). The other Xe clusters 

may correspond to charges on the droplet's surface that are not attached to vortices.   

  Most images obtained in this work resemble that of Fig. 3(3b), exhibiting a constellation 

of clusters in the middle that lacks recognizable symmetry, and a small density on the periphery. 

Figure 3(4b) represents the extreme case of intensive charge exposure (200 eV at 1.3 mA emission 

current) coupled with heavy Xe doping. Although cluster configurations in Fig. 3(4b) cannot be 

resolved, some conclusions can be drawn from the observation of hexagonal Bragg spot 

arrangements in Fig. 3(4a). This pattern may originate from a system having short-range order, but 

lacking long-range order, such as a 2D liquid. From the spot scattering angle of about 0.021 rad, 

the average distance between the scattering centers is estimated to be ~40 nm. The distribution of 

Xe clusters at a comparable level of doping in neutral droplets (~40% of helium atoms evaporated) 

was previously obtained (36) and displays different features such as a network of interconnected 

filaments. Therefore, we assign the presence of excess Xe clusters in Fig. 3(4b) to droplet charging.  

 Previously observed Bragg spots in neutral droplets were assigned to lattices of quantum 

vortices. However, the smallest observed distance between vortices was about ~150 nm, (26) much 

larger than the estimated distance between scattering centers in Fig. 3(4b). A droplet having such 

a tight distance between vortices will rotate at an angular velocity about two times higher than the 

stability threshold for droplet fission (26, 28). Assuming the scattering centers are distributed 

evenly (with an average distance of 40 nm) on the surface of an R = 340 nm droplet, then the 

number of charges is estimated to ~1000. In comparison, the Rayleigh criterion (10) predicts a 

maximum charge of 1800. It’s likely that the diffraction in Fig. 3(4a) corresponds to a droplet 

containing a few vortices, but the formation of filaments is suppressed by aggressive charging and 

doping.  
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 Small angle diffraction from a 3D object is well described by the 2D Fourier transform of 

the column density along the light propagation direction. For a lattice on a sphere, the projection 

will accurately reflect the distances between the clusters near the droplet center, but peripheral 

distances will appear smaller. The combined effect will be a rapid decrease in the intensity of the 

Bragg spots in the radial direction. This agrees with the observation of the first order Bragg spots 

in Fig. 3(4a). Therefore, the results in Fig. 3(4a) and Fig. 3(4b) are consistent with the Xe clusters 

evenly filling the surface of the droplet.   

 The location of charges in a spherical helium droplet was studied via Monte Carlo 

calculations (10), where at low T similar configurations were found as in previous calculations 

minimizing the potential energy (6-8, 11, 12). Melting of the charge lattice at higher temperature 

is characterized by a sharp increase in the number of dislocations, which in the limit of large N can 

be associated with the Kosterlitz–Thouless transition. The melting point corresponds to 

temperatures T* = 0.025 and 0.01 for N = 32 and 92 charges, respectively. Here, the dimensionless 

temperature, T*, is defined as the ratio of the absolute temperature to the Coulomb energy of two 

elementary charges at a distance equal to the radius of the droplet. In 4He droplets T* ≈ 5×10-3 at 

R = 200 nm, suggesting that a lattice could be observed in helium droplets relevant to this work.  

  Reconstructions from small angle scattering diffraction patterns provide coordinates of 

charges in the X-Y plane of the detector.  The values of the Z-coordinates along the direction of 

the x-ray beam, Z =  ±√S2 − (X2 + Y2) , can be obtained by assuming that all charges have the 

same distance S from the droplet center. The sign of Z determines if the charge resides on the front 

or far side of the droplet. Distinguishing charge locations on the front and far side could be 

achieved by finding a configuration of minimum potential energy. Currently, this approach is 

hindered by the presence of vortex filaments, which may also contain some charges with unknown 

locations. If vortices could be eliminated, the droplets will presumably only contain point-like 

clusters, which will contain larger numbers of xenon atoms than in the current experiment and 

produce correspondingly brighter diffraction signals. Our previous work (23) shows that a shift 

along the Z-coordinate results in a phase shift of the complex density of xenon atoms, which could 

be used to distinguish the locations at the two surfaces. This will provide accurate (+/-10 nm) 

positions of charges on the front and far sides of the droplet and close to the center. However, the 

reconstructed Z values for points on the peripheries of the droplet will have large uncertainties. To 

achieve a full 3D reconstruction, large angle scattering experiments will be needed. 
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 In summary, charged helium droplets are a promising experimental realization of 

Thomson's problem for determining the minimum energy configuration of charges on a sphere. 

This work shows that droplets of a few hundreds of nm in radius and containing up to several 

hundreds of charges can be utilized as Thomson systems. While Thomson-type surface lattices of 

charge sites were observed, it was also discovered that quantum vortices can coexist with the 

charge lattice and act as dominant scavengers of Xe atoms. Nevertheless, our results indicate that 

quasi-free charges occupy positions near the droplet surface, forming lattice structures consistent 

with numerical solutions of Thomson’s problem. Future experiments with 3He droplets could 

provide opportunities to advance these studies as they are devoid of quantum vortices above ~0.15 

K. 

 

Data Availability Statement 

 The data that support the findings of this study are stored under a proper DOI available 

from the corresponding authors upon reasonable request at Ref. (37).  
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