COMPOSITIO MATHEMATICA

On the construction of tame supercuspidal
representations

Jessica Fintzen

Compositio Math. 157 (2021), 2733-2746.

doi:10.1112/50010437X21007636

Q. |LONDON
FOUNDATION V}\\\@ MATHEMATICAL
COMPOSITIO Q/\ //A SOCIETY
MATHEMATICA L\\/T/ EST. 1865

https://doi.org/10.1112/50010437X21007636 Published online by Cambridge University Press



{& Compositio Math. 157 (2021) 27332746
\Y}/l doi:10.1112/S0010437X 21007636

On the construction of tame supercuspidal
representations

Jessica Fintzen

ABSTRACT

Let F' be a non-archimedean local field of residual characteristic p # 2. Let G be a
(connected) reductive group over F' that splits over a tamely ramified field extension
of F. We revisit Yu’s construction of smooth complex representations of G(F') from
a slightly different perspective and provide a proof that the resulting representations
are supercuspidal. We also provide a counterexample to Proposition 14.1 and Theorem
14.2 in Yu [Construction of tame supercuspidal representations, J. Amer. Math. Soc.
14 (2001), 579-622], whose proofs relied on a typo in a reference.

1. Introduction

In 2001, Yu [YuO1] proposed a construction of smooth complex supercuspidal representations of p-
adic groups that since then has been widely used, for example to study the Howe correspondence,
to understand distinction of representations of p-adic groups, to obtain character formulas and
to construct an explicit local Langlands correspondence. However, Loren Spice noticed recently
that Yu'’s proof relies on a misprinted! (and therefore false) statement in [Gér77] and therefore it
became uncertain whether the representations constructed by Yu are irreducible and supercusp-
idal. In the present paper we illustrate the significance of this false statement on Yu’s proof by
providing a counterexample to Proposition 14.1 and Theorem 14.2 of [Yu01]. Proposition 14.1
and Theorem 14.2 are the main intertwining results in [YuO1] that form the heart of the proof.
We also offer a different argument to show that nevertheless Yu’s construction yields irreducible
supercuspidal representations.

Let F be a non-archimedean local field of residual characteristic p # 2. Let G be a (connected)
reductive group that splits over a tamely ramified field extension of F. In this paper we first
describe the construction of Yu’s representations in a way that we find more convenient for our
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! As Loren Spice pointed out, the statement of [Gér77, Theorem 2.4(b)] contains a typo. From the proof pro-
vided by [Gér77] one can deduce that the stated representation of P(FE.y,j)H(E%,j) (i.e. the pull-back to
P(E+,7)H(EL,j) of a representation of SH(Eo,jo) as in part (a’)) should be tensored with x®+ x 1 before
inducing it to P(E4,j)H(E,7) in order to define w4 (using the notation of [Gér77]).
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J. FINTZEN

purpose and then provide a proof that these representations are supercuspidal. All representa-
tions arise via compact induction from an irreducible representation p of a compact-mod-center
open subgroup K of G(F). Our proof only relies on the first part of Yu’s proof and provides
a shorter, alternative second part that does not rely on [YuOl, Proposition 14.1 and Theorem
14.2] and the misprinted version of [Gér77, Theorem 2.4(b)]. Yu’s approach consists of follow-
ing a strategy already employed by Bushnell and Kutzko that required to show that a certain
space of intertwining operators has dimension precisely one, that is, in particular, is non-trivial.
Our approach does not require such a result. Instead we use the structure of the constructed
representation including the structure of Weil-Heisenberg representations, and the Bruhat—Tits
building to show more directly that every element that intertwines p is contained in K, which
implies the desired result. Our proof relies also less heavily on tameness assumptions, and our
aim is to use a modification of it for the construction of supercuspidal representations beyond
the tame setting when Yu’s construction is not exhaustive.

Note that Yu’s construction yields all supercuspidal representations if p does not divide the
order of the Weyl group of G [Fin21, Kim07], a condition that guarantees that all tori of G split
over a tamely ramified field extension of F'.

In the last section we provide a counterexample to [YuOl, Proposition 14.1 and Theorem
14.2] by considering the group G = Spy, together with a twisted Levi subgroup G’ of shape
U(1) x Spg and a well chosen point in the Bruhat-Tits building of G’.

Conventions and notation

Let F be a non-archimedean local field of residual characteristic p # 2. We denote by O the ring
of integers of F', and by P the maximal ideal of O. The residue field O/P is denoted by F,,
where ¢ denotes the number of elements in F;,. When considering field extensions of F' in this
paper, we mean algebraic field extensions of F' and view them as contained in a fixed algebraic
closure F of F. We write F*P for the separable closure of F.

All reductive groups in this paper are required to be connected.

For a reductive group G defined over F' we denote by #(G, F) the (enlarged) Bruhat-Tits
building [BT72, BT84] of G over F, by Z(G) the center of G' and by G the derived subgroup
of G. If T is a maximal, maximally split torus of Gg := G xp E for some field extension F
over F', then o/ (T, E) denotes the apartment of 7" inside the Bruhat-Tits building Z(Gg, F)
of G over E. Moreover, we write ®(Gg,T) for the roots of Gg x g F with respect to Tz. We
let R =RU {r+|r € R} with its usual order, that is, for » and s in R with 7 < s, we have
r<r+<s<s+.Forre Rzo, we write G, for the Moy—Prasad filtration subgroup of G(F') of
depth r at a point z € (G, F). Forr € R, we write gz, for the Moy—Prasad filtration submodule
of g = LieG(F) of depth r at z, and g; , for the Moy—Prasad filtration submodule of depth r
at = of the linear dual g* of g. If x € Z(G, F'), then we denote by [z] its image in the reduced
Bruhat-Tits building and we write G|, for the stabilizer of [z] in G(F).

We call a subgroup G’ of G (defined over F) a twisted Levi subgroup of G if (G')g is
a Levi subgroup of G for some (finite) field extension E of F. If G’ splits over a tamely
ramified field extension of F', then, using (tame) Galois descent, we obtain an embedding
of the corresponding Bruhat-Tits buildings #B(G’, F) — Z(G, F). This embedding is only
unique up to some translation, but its image is unique, and we will identify Z(G’, F) with
its image in Z(G, F). All constructions in this paper are independent of the choice of such an
identification.

Let H be a group and x a character of H. Then we denote by C,, the one-dimensional complex
representation space on which H acts via y. We also write 1 to denote the one-dimensional
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trivial complex representation. If K is a subgroup of H, h € H, and p a representation of K,
then we write "K to denote hiKh~! and define "p(x) = p(h~'zh) for x € K N"K. We say that
h intertwines p if the space of intertwiners Hom s i (p, " p) is non-zero.

Throughout the paper we fix an additive character ¢ : F' — C* of F' of conductor P and a
reductive group G that is defined over our non-archimedean local field F' and that splits over
a tamely ramified field extension of F. All representations of G(F') in this paper have complex
coefficients and are required to be smooth.

2. Construction of representations a la Yu

In this section we recall Yu’s construction of representations but formulated in a way that is
better adapted to our proof of supercuspidality.

2.1 The input

The input for Yu’s construction of supercuspidal representations of G(F') (using the conven-
tions from [Fin21]; see Remark 2.4 for a comparison of Yu’s notation with ours) is a tuple
((Gi)1<i<n+1, T, (Ti)1<i<n, p, (¢i)1<i<n) for some non-negative integer n where

(a) G=G12G22 G322 ... 2 Gphy are twisted Levi subgroups of G that split over a tamely
ramified extension of F',

(b) LS %( n+1aF) - %(GaF)a

(c) r1 >ry>...>r, >0 are real numbers,

(d) pisan 1rredu01ble representation of (Gny1)[y) that is trivial on (Gri1)z0+,

(e) ¢, for 1 <1i < n, is a character of G;+1(F) of depth r; that is trivial on (Git+1)zr+,

satisfying the following conditions:

(i) Z(Gn+1)/Z(G) is anisotropic;
(ii) the image of the point = in B(GI%,, F) is a vertex;
(iil) pl(Gps1)eo 18 @ cuspidal representation of (Gri1)x,0/(Gn1)z,0+;
(iv) ¢; is Gi-generic of depth r; relative to = (in the sense of [Yu01, §9, p. 599]) forall 1 < i <n

with G,L 75 Gi+1 .

Remark 2.2. Note that for each apartment o/ of #(G, 1, F), there exists a maximal torus 7'
of G4+1 that splits over a tamely ramified extension F of F' such that o C &7 (T, E) (see, for
example, [Yu01, §2, pp. 585-586], which is based on [BT84, Rou77]). In particular, there exists
a maximal torus T of Gpy1 that splits over a tamely ramified extension F of F' such that
xe d(T,E).

Remark 2.3. By (the proof of ) [MP96, Proposition 6.8] requiring that the image of the point z in
PG, F) is a vertex and that Pl(Gry1)so 18 @ cuspidal representation of (Gpn+1)x,0/(Grt1)w,0+

is equivalent to requiring that c—ind%*jf? p is an irreducible supercuspidal representation.

When n = 0, then the tuple ((Gi)i<i<n+1,, (ri)i<i<n, p, (¢i)1<i<n) consists only of the group
G =Gy = Gpy1, a point x € B(G, F) whose image in B(G F) is a vertex, and an irre-
ducible representation p of G, that is trivial on G4 and such that its restriction plq,
is a cuspidal representation of G 0/Gy0+. This case recovers the depth-zero supercuspidal
representations.
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Remark 2.4. We use the conventions for notation from [Fin21] instead of from [YuOl]. The
notation in [YuO1] (left-hand side) can be recovered from ours (right-hand side) as follows:

. . s Ga,G1=G) ifGa#£Grorn=0
G = GO,GI,...,G {( +17 n , 02,1 :
( ) ( n+17 ,...,G3,G2:G) lfGQIGl,
(Pmy Tn—1y...y72,71,77) i Goa#Grorn=0
(Pry Ti—1y .- sT2,71) if Go = G4,
(

5 {¢n;¢n 17"'7¢27¢171) ing;éGlorn:()
(

Gny On—1, - -+, 02, 01) if Gy = G,

where r; =71 if n > 1 and r; = 0 if n = 0. Yu’s convention has the advantage that it is adapted
to associating a whole sequence of supercuspidal representations to a given datum (by only
considering the groups G;, Giy1, . .., Gp+1), while our convention is more natural when recovering
the input from a given representation as can be seen in [Fin21]. We have chosen our convention
for this paper as it has the advantage that our induction steps below start with G; and move
from G; to G;11. Moreover, using our notation, we do not have to impose a condition on ¢q4
depending on whether r4_; < r4 or r4_1 =7y in Yu’s notation; see [YuOl, p. 590 D5]. Hence
the input looks more uniform. (Note that our condition G; # Gj41 in (iv) could be removed by
extending the notion of ‘Gj-generic’ to the case G; = Gj11.)

2.5 The construction
The (smooth complex) representation = of G(F) that Yu constructs from the given input
((Gi)1<i<n+1, %, (1i)1<i<n, P, (¢i)1<i<n) is the compact induction C—ind?((F)
p of a compact-mod-center, open subgroup K cC G(F).

In order to define K and j we introduce the following notation. For # > # > 7 /2>0 (7,7 €
R) and 1 <4 <n, we choose a maximal torus T of G;;; that splits over a tamely ramified
extension E of F' and such that z € &/ (T, E). Then we define

p of a representation

(Gi)z = G(F)N
(T(E)7, Us(E)i, Ug(E)pir |0 € ®(G;, T) € ®(G, T), B € ®(G;, T) — ®(Giy1,T) ),

where Uy (E)z,» denotes the Moy—Prasad filtration subgroup of depth r (at x) of the root group
Un(E) C G(E) corresponding to the root a. We define (g;), 77 analogously for g; = Lie(G;)(F).
The group (G;), 7 is denoted by (Git1,Gi)(F)g, 7 in [YuOl], and Yu [YuOl, pp. 585-586]
shows that this definition is independent of the choice of T" and F.

We set

= (Gl)x,rl/Z(GQ)z,rg/Z s (Gn)w,rn/Z(Gn+1)[a¢]
= (Gl)1‘,7“1,T1/2(G2)1‘,T2,7‘2/2 cee (Gn)x,rn,rn/2(Gn+1)[x]'

Note that since we assume that Z(G,11)/Z(G) is anisotropic (see condition (i)), the subgroup
K of G(F) is compact mod center. Now the representation p of K is given by p ® k, where p also
denotes the extension of p from (G+1)[) to K that is trivial on (G1)a1/2(G2)z o2 - - (Gr) gy /2-
In order to define k we need some additional notation.

Following [YuOl, §4], we denote by ¢; for 1<i<n the unique character of
(Gn+1)[ ](Gi—&—l)x,OGax,(ri/Q)-i- that satisfies

i (bz‘ Gnt1)2)(Git1)z,0 = (bZ‘ Gnt1)[2) (G z+1)x,07and
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° qu’Gx (ri/ 2+ factors through

G:p,(ri/Z)Jr/Ga:,ri—i— =~ gm,(r¢/2)+/gx,7‘i+ = (gi—i—l 2] tll)x,(ri/2)+/(gi+1 2] tll)a:,ri—&—
= (Gi+1)z,(ri/2)+/ Bit Dzt = (Git1)z,(ri/2)+/ (Git 1) w4

on which it is induced by ¢;. Here t” is defined to be gn Doca(G m)-0(Grir 1) (9E)a for
some maximal torus T' of G;41 that splits over a tame extension E of F' with xz € &/(T, E),
and the surjection g;11 @ t” — g,41 sends t” to zero. (Recall that g = Lie(G)(F), and (gg)a
denotes the E-subspace of Lie(G)(E) on which the torus acts via a.)

Note that (G’,-)JU,NW/Q/((Cr‘i)wmh(m/g)Jr N ker ng) is a Heisenberg p-group with center
(Gi)$7ri7(ri/2)+/((Gi)xyri,(Ti/2)+ N ker éz) [YuO1, Proposition 11.4]. More precisely, set

‘/:i = (Gz)xﬂ““’r‘z/g/(Gz)xvrw(rl/z)-’_’

and equip it with the pairing < > defined by <a b> d)l (aba='b~1). Then Yu shows in [YuO1,
Proposition 11.4] that there is a canonical special isomorphism

Jit (Gi)x,ri,ri/Q/((Gi)z,ri,(n/2)+ N ker QASZ) - ‘/iﬂ’

where VZ.ti is the group with underlying set V; x F,, and with group law (v, a).(v',a") = (v+v',a +
a' + 3(v,0'),). )

Let (wi, V,,,) denote the Heisenberg representation of (Gi)y.r,r,/2/ ((Gi)ari (rs/2)+ Nker ¢;)
(via the above special isomorphism) with central character q@i\(gi)z vi(ra/2)s - Then we define the
space V;; underlying the representation x to be @;-; Vi,,. If n = 0, then the empty tensor product
should be taken to be a one-dimensional complex vector space and « is the trivial representation.
In order to describe the action of K on each V,,, for n > 1, we describe the action of (G;)yy, 1, /2
for 1 <i <n and of (Gpy1)},) separately.

For 1 <14 <n, the action of (Gi)s, /2 o0 Vi, Should be given by letting (Gi)s.r, r, /2 act
via the Heisenberg representation w; of (Gy)y v, rs/2/ ((Gi)yrs,(rs/2)+ N ker qu) with central char-
acter qgi](gi)z%m/ZH. The action of (G;)yy, /2 00 Vi, for j # i should be via the character
¢j|(Gi)x,ri,ri/2 (times identity).

The action of (Gy11)[g on V,, for 1 < i < n is given by ¢| times the following repres-

(Gnt1)[a]
entation. Let (Gpi1)[2)/(Gnt1)z,0+ act on Vi, by mapping (Gin11)(5)/(Gnt1)z,0+ to the symplec-
tic group Sp(V;) of the corresponding symplectic Fj-vector space V; = (Gi)z.r; v /2/ (Gi)ar, (rs/2)+
with pairing <a b> gbz (aba~'b™1) (after choosing a from now on fixed isomorphism between the
pth roots of unity in C* and F,) and composing this map with the Weil representation (defined
n [Gér77]). Here the map from (Gyi1)[)/(Gnt1)z0+ to Sp(Vi) is induced by the conjugation
action of (Gyni1)jy) on (Gi)g,pr,r,/2, Which (together with the special isomorphism j;) yields a
symplectic action in the sense of [YuOl, § 10] by [YuO1, Proposition 11.4].

Then the resulting actions of (Gi)g ., r,/2 for 1 <i <n and (G11)[,] agree on the intersec-
tions and hence yield a representation x of K on the space V.
The representation m = c-ind ") p @ K is the smooth representation of G(F') that Yu attaches
to the tuple ((G;)i<i<n+1,2, (7i)1<i<n, ps (¢i)1<i<n), and we prove in the next section that 7 is
an irreducible, supercuspidal representation.
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3. Proof that the representations are supercuspidal
We keep the notation from the previous section to prove the following theorem in this section.

G(F)

THEOREM 3.1. The representation c—indf( p is irreducible, hence supercuspidal.

Remark 3.2. This theorem follows from [YuOl, Theorem 15.1]. However, the proof in [YuOl]
relies on [Gér77, Theorem 2.4(b)] and unfortunately the statement of [Gér77, Theorem 2.4(b)]
contains a typo, as Loren Spice pointed out. Therefore Proposition 14.1 and Theorem 14.2 of
[YuO1], on which Yu’s proof relies, are no longer true. We provide a counterexample in § 4.

Here we use an alternative and shorter approach to prove Theorem 3.1 that uses ideas from
the first part of Yu’s paper [YuOl, Theorem 9.4], but that avoids the second part that relies on
the misprinted version of the theorem in [Gér77]. In particular, we do not use [Yu01, Proposition
14.1 and Theorem 14.2].

(F)

In order to show that c—ind?{ p is irreducible, we first observe that p is irreducible.

LEMMA 3.3. The representation p of K is irreducible.

Proof. For 1 <i<mn set K; = (Gl)x,mm/Q(Gg)xmmp i (Gi)gyrsrs 2 and Ko = {1}. We first
prove by induction on ¢ that ®}:1 V., is an irreducible representation of K; via the action
described in §2.5. For ¢ = 0, we take ®;:1 V., to be the trivial one-dimensional representation
and the statement holds. Now assume the induction hypothesis that ®;;11 Vi, 1s an irreducible
representation of K;_1. Suppose V' C (®;;11 ij) ® V,, is a non-trivial subspace that is K-
stable. Since K;_; acts on V,,, via a character (times identity), the subspace V' has to be of the
form (®;;11 ij) ®@ V" for a K;-stable non-trivial subspace V" of V,,,. However, since Heisen-

berg representations are irreducible, V,,, is irreducible as a representation of (G;),, =~ C Kj;, and
Ty

therefore V' = V,,.. Thus ®§-:1 V., is an irreducible representation of K;, and by induction the
representation « is an irreducible representation of K.

Since K, acts trivially on p, every irreducible K-subrepresentation of j = p ® x has to be of
the form p’ ® x for an irreducible subrepresentation p’ of p. As p is irreducible when restricted
to (Gnt1)a) C K, we deduce that p is an irreducible representation of K. 0

The remaining proof of Theorem 3.1 is concerned with showing that if ¢ intertwines p,
then ¢ € K, which then implies that ind?((F) p is irreducible and hence supercuspidal. OQur proof
consists of two parts. The first part is concerned with reducing the problem to considering
g € Gpi1(F) using the characters ¢; and is essentially [YuO1, Corollary 4.5]. The second part
consists of deducing from there the theorem using the depth-zero representation p together
with the action of suitably chosen subgroups of higher depth and employing knowledge about
the structure of Weil-Heisenberg representations. This is where our approach deviates crucially
from Yu’s approach by avoiding the wrong statements [YuOl, Proposition 14.1 and Theorem
14.2] in favor of a much shorter argument. For the first part, we will use the following result of
Yu [YuO1, Theorem 9.4].

LEMMA 3.4 [YuOl]. Let 1 <i<n and g € G;(F). Suppose that g intertwines éi’(ci)
Then g € (Gi)gr, j2Git1(F)(Gi)g,r, /2-
Proof. This is (part of) [YuOl, Theorem 9.4]. O

z,rq,(r; /2)+"
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Proof of Theorem 3.1. Recall that p is irreducible by Lemma 3.3. Thus, in order to show that
c—inde{(F) p is irreducible, hence supercuspidal, we have to show that if g € G(F') such that

Hom ;o (YAl groies Aligroic) # {0}, (1)

then g € K, where 9K denotes gK g~ and 9p5(z) = p(g ' zg).
Fix such a g € G(F) satisfying Homy -,z (Y5, ) # {0}, and define

KZ = (Gl)x,rl/Q(GQ)x,rg/Q cee (Gi)x,ri/Q and KO = {1}

We first prove by induction that g € K,Gpyi(F)K, using Lemma 3.4 (which is (part of)
[YuO1l, Theorem 9.4]). This is essentially [YuOl, Corollary 4.5], but we include a short proof
for the convenience of the reader. Let 1 <7 <n and assume the induction hypothesis that g €
K;_1G; ( VK 1, which is obviously satisfied for : = 1. We need to show that g € K; iGit1(F )f(
Since K;_; C K; C K, we may assume without loss of generality that g € G;(F). Recall
that by construction p| ey e/t =1Id and Ii‘(Gi)%”’(”/Q)_F = H?Zl gZA)j -Id. Thus by restric-
tion of the action in (1) to (Gi)a . (r./2)+ ﬂg(G )ari (ri/2)+ We conclude that g intertwines

(IT=s ¢>J)| Vams (24 - BY the definition of (;5] in §2.5, we have that ¢]|(G Yours (re 24 18 trivial

for j > i. Moreover if j <'i, then for y € (Gi)gr,(ri/2)+ NI (Gi)a i (ri/2)+ We have

96;(y) = 059 "wg) = di(9 vg) = d5(9~ )b (Wi (9) = 65(y) = &5(y). (2)
Therefore we obtain that g also intertwines éi](gi)zﬂ, (/204" By Lemma 3.4 (which is (part
of) [Yu0l, Theorem 9.4]) we conclude that g € (G;)sr,/2Git1(F)(Gi)g,r, /2, and hence g €
I:(iGiH(F )f(l“ This finishes the induction step and therefore we have shown that g €
KpGoi1 (F) K. )

In order to prove that g € K, we may therefore assume without loss of generality that g €
Gn+1(F), and it suffices to prove that then g € (Gy41)[,)- Let us assume the contrary, that g €
Gnt1(F) — (Gny1)pa), or, equivalently, that the images of g.x and z in PB(Gr, k) are distinct.
Let f be an element of Hom g,z (g o ~) {0}. We denote its image in the space V; of the
representation of p by Vy. We write H,, 1 for the derived subgroup Gderl of G411 and denote by
(Hp+1)e,r the Moy—Prasad filtration subgroup of depth r € R>¢ at the image of  in B(H, 11, F).
Then 9(Hp11)z,0 = (Hp+1)g.2,0, and we have

f e Homf(ﬂgf( ( ’ ) {O} C Hom( n+1)z,Om(Hn+l)g.z,0 (957 ﬁ) - {0} (3)

By construction p| Id = ¢|(u -1d, where

n+l x,0+

~

Hn+1)z 0+ = ¢‘ H’n+1)z 0+

¢ H ¢l’(Gn+1 [z G (T1/2)+ and ¢ H ¢Z|Gn+1

=1 =1

In addition, for all y € (Hy41)g.2,0+ We have 95(y) = gb(g_lyg) = H?Zl ¢i(g—1yg) — H?:l bi(y) =
o(y), because g € G,+1(F). Hence, by (3), the action of

U:= ((Hn+1):p,0 N (HnJrl)g.z,OJr)(HnJrl)z,OJr

on the image Vy of f via p is given by ¢ - Id.
Recall that the image of = in ZB(H,41,k) is a vertex by condition (ii) of the input in

§2.1. Hence the group (((Hn+1)z,0 N (Hnt1)g.2,0+) (Hnt1)z,0+)/ (Hnt1)z,0+ is the (Fg-points of)
a unipotent radical of a (proper) parabolic subgroup of (Hp41)z,0/(Hn+1)z,0+. We denote this
subgroup by U.
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In the remainder of the proof we exhibit a subspace V,, C Vj; such that Vy C V, ® V. and
prove that the action of U on V) via k is given by ¢ -Id. Hence, since U also acts via ¢ - Id
on Vy C V, ® V., we deduce that (p|g7,V,) contains the trivial representation, which contradicts
that p|(q,. )., 18 cuspidal (see condition (iii) of the input in §2.1).

Let T be a maximal torus of G that splits over a tamely ramified extension E of F' such that
x and g.z are contained in &7 (T, F). (Such a torus exists by Remark 2.2.) Let A € X, (T) ®z R =
Hom (G, Tr) ®7 R such that g.z = z + A, and observe that U is the image of

Unt1:= Hps1(F) N (Ua(E)go | € ®(Gpy1,T), M) > 0) (4)
in (Hp41)2,0/(Hn+1)z,0+. We define, for 1 <i <n,
U, .= G(F) N <Ua(E)x,ri/2 ‘ [AS ‘I)(Gi,T) - (I)(GZ'_H,T), A(OJ) > 0>.

Note that (Gi)ar, (r,/2+ = (Gilgarri/2+ 0d Ui € (Gi)arory2 N (Gi)gar, ri/2+ C K NIK.
More precisely, U; C (Gi)g.z,r:+,(r:/2)+> hence 9'U; © (Gi)zrit(rij2)+ and @] -1, s trivial for
j > 1. Thus, by (2), we obtain that 9p|y, = H;_:ll qgj-Id. Hence U; acts on Vy via the char-
acter H;;ll ¢3j|Uz- = Hl?;%n ng‘Ui- Since U; acts trivially via p on the space V, underlying the

representation of p and U; acts via [[1<j<n @], on @1<j<n Vi, we obtain
i i#i

i—1 n n
VicV, 0@V, 0V Q) Vi, V@@V, =V, Vs
j=1 j=i+1 i=1

for 1 <i < n. Hence we deduce that V; C V, ® @7, V.". We will see that @; , V{7 is the
subspace V! C V,; that we are looking for.

In order to study the subspace Vw({i for 1 <i<n, we recall that we write V; =
(Gi)ayrsrs 2/ (Gi)z s (rs /2)+ and equip V; with the pairing <‘, >Z defined by <a, b>i = QAﬁi(aba_lb_l)
(using the above fixed identification of the pth roots of unity in C* with F,,). We define the space
V" to be the image of U; = G(F) N (Ua(E)yp 2| a € ®(Gi, T) — ®(Giy1,T), M) > 0) in V;,
the space V; to be the image of G(F) N (Ua(E)y 2| € ®(Gi, T) — ®(Gig1,T), M) = 0) in
Vi, and V;~ to be the image of G(F) N (Ua(E)y 2| o € ®(Gi, T) — ®(Gig1, T), M) < 0) in V.
Then V; = V;“ 3] VZ-O ® V,” and the F)-vector subspaces VZ-Jr and V;~ are both totally isotropic.
Since ¢; is G;-generic of depth r; relative to x the orthogonal complement of Vf is Vf ® VY,
the orthogonal complement of V™ is Vio @® V", and VZ»O is a non-degenerate subspace of V;. We
denote by P; C Sp(V;) the (maximal) parabolic subgroup of Sp(V;) that preserves the subspace
V.t and that therefore also preserves V,© @ V. We obtain a surjection prio: P —> Sp(V;?) by
composing restriction to V.0 with projection from V;* @ V2 to V! with kernel V;. Note that the
image Usp,(v;) of U in Sp(V;) is contained in P; and that pr; o(Usp(v;)) = Idyo.

Recall that V;ﬁ is the Heisenberg group with underlying set V; x I, that is attached to the
symplectic Fj-vector space V; with pairing <-, ->i, and note that the subset Vio xF,CcV,xF,
forms a subgroup, which is the Heisenberg group (VZ-O)ﬁ attached to the symplectic vector space V;O
with the (restriction of the) pairing <~, >l We denote by V‘Si a Weil-Heisenberg representation of

Sp(VY) x (V9)? corresponding to the same central character as the central character of VZ-ﬁ acting

on V,,, (which in turn corresponds to the character $i|(Gi) via the special isomorphism

x,r;,(r;/2)+

ji)- By [Gér77, Theorem 2.4(b)] the restriction of the Weil-Heisenberg representation V,,, from
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Sp(V;) x Viti to P; X Viti is given by

PxV} 0
IndPix(Vf'X(ViO)u) sz‘ & (vai+ X 1),

where the group P; x (V;* x (V;?)#) acts on V), by composing the projection
PT; 0 D<(pr+070) : Byx (Vi+ X (V;O)ﬁ) — Sp(Vio) X (Vio)ﬂ

(where pr oo : (V" x (V2)#) — (V2)# denotes the projection with kernel V;*) with the
Weil-Heisenberg representation of Sp(V.’) x (V.?)%, and C ,+ is a one-dimensional space on
X K2

which the action of P; is given by a quadratic character? va that factors through the projection
pr; B — GL(V;") obtained by restricting elements in P; to V;'.

Let U; be the image of U; in the Heisenberg group (Gi)zM’m/Q/((Gi)xm,(”/gH ﬂker(d;i)).
Then by Yu’s construction of the special isomorphism j; : (Gi)x,”7ri/2/((Gi)L”’(Ti/Q)_’_ N
ker(gzgi)) — Vijj in [YuO1, Proposition 11.4], we have j;(U;) = V;* x 0 C V; x F,,. Since the ortho-
gonal complement of V™ is Vi0 @ V.~ , and hence for every element v_ € V;~ there exists v4. € ViJr
such that <U,, U+>i # 0, we have

)1I><(Vi+><0)

) #
PixV; Vo ® (C ,+x1)

(IndPZ-K(Vl-JrX(ViO)ﬁ) Wi X

~ VY ®(C vt ® 1) (5)

i X
as a representation of P;.

Note that the image of Usyy,) in GL(V;") under the projection pr; P — GL(V1) is
unipotent since U is unipotent. Hence pr; +(USp(V¢)) is contained in the commutator subgroup of
GL(V;—’__)’ and XVi+ ’pri,Jr(USp(Vi))
Thus Ugp(y;) acts trivially on V2® (vai+ x 1).

Recall that the action of U on (V,,,)Vi is given by the product of ¢;|;y with the above Weil
representation construction; see §2.5. Hence U acts on (Vwi)Ui via the character ¢;|y. Since
we proved above that U acts via ¢ = [[I"; ¢; on V; C V, @ @1 (V,,,)Vi, we deduce that there
exists a non-trivial subspace V,, y of V), on which U acts trivially. Hence p|5 contains the trivial
representation, which contradicts that p[,,.,),, i cuspidal. 0

is trivial. Moreover, we observed above that pr; o(Usp(v;)) = Idyo.

z,0

4. A counterexample

In this section we provide a counterexample to [YuO1l, Proposition 14.1 and Theorem 14.2], whose
proof relied on the misprinted version of [Gér77, Theorem 2.4(b)]. To state the content of the
section more precisely, let G’ be a tamely ramified twisted Levi subgroup of G, let x € B(G', F),
and let ¢ be a character of G'(F) that is G-generic relative to = of depth r for some r € R,
that is to say, we are in the setting of [Yu01, §14]. Following [YuO1], we set

J = (Gl,G)(F):c,(T,r/Q)v J+:(G/aG)(F)x,(r,(r/2)+)7
K =G(F)NGy, Ki=G'(F)NGyor, N =kerg,

2 The definition of va is det(plrlﬁ_(-))(”_l)m7 but we will not need the precise definition for our proof. Note that

the statement of [Gér77, Theorem 2.4(b)] omits the factor va x 1 (denoted by x®+ in [Gér77, Theorem 2.4(b)]),
which is a typo that was pointed out by Loren Spice.
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where <Z> is defined as in [Yu01, §§4 and 9], see also p. 2736 of this paper, and we denote by 6 the
representation of K x J which is the pull back of the Weil representation of Sp(J/J) x (J/N)
via the symplectic action given by [YuOl, Proposition 11.4], see also p. 2737 of this paper.

In this section, we provide an example for G’ C G, x and ¢ as above and g € G'(F') such that

dim Hom (g iy (Jrogy (Y0, &) = 0. (6)

Following [Yu01, §14], we denote by ¢’ the representation of K.J whose inflation inf ¢’ to K x .J
yields inf(¢|x) ® ¢. By the discussion in [YuOl] immediately following Theorem 14.2 (see also
Corollary 4.3 below), (6) implies that

dim HOmKJﬁg(KJ) (g(b/’ ¢/) =0

and therefore provides a counterexample to the claim that Homg jre () (9¢',¢') always has
dimension one that was made in [Yu01, Proposition 14.1] and in its more general version [Yu01,
Theorem 14.2].

Consider the case G = Spy over F' corresponding to the symplectic pairing given by ( _?]5 ‘{)5 )
where
0o 0 0 0 1
0 0 0 -1 0
Js=10 0 1 0 O
0 -1 0 0 O
1 0 0 0 O

We assume that the residue field of F' is F), for some prime number p > 10.

Let T C Spyg be the diagonal maximal torus using the standard coordinates, and write
t = Lie(T')(F). We identify the apartment o7 (T, F) with X.(7T) ® R (X, being, as above, the
cocharacters over F, or, equivalently, the cocharacters over F) using the standard parametriza-
tion of the root groups as base point, that is, the point for which the attached parahoric
subgroup is Sp;o(O) in the standard coordinates. Identifying X,.(7T)®z R with R> where
the first standard basis vector corresponds to t — diag(t,1,1,1,1,1,1,1,1,¢ 1), the second to
t — diag(1,£,1,1,1,1,1,1,t7% 1), and so on, we let = be the point of .7 (T, F) corresponding to
(—1,0,0,%, 1.

Let 7 be a uniformizer of F, and let w in F*P such that w? = 7. Let X € 9::,—1/2 be the
element given by

sp1g D (A;;) = 7 Ay 10 + Aiog.

We set G’ to be the centralizer Centg(X) of X in G. Note that

0 01><8 1
G' = Centg <<OS><1 Ogx8 08><1>> ~ U(1) x Spyg

a1 O1xs8 0

is a twisted Levi subgroup of G = Sp,, (with anisotropic center).

LEMMA 4.1. The (restriction to g’ of the) element X is G-generic of depth r = % (for the pair
G' C G), and the point v = (—1,0,0,1, 1) € &/ (T, F) C (G, F) is contained in B(G', F).
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. . . . . . 2
Proof. First note that X is G'-invariant by construction. Let v/2w in F*°P such that v/2w = 2w.
We consider the maximal torus

w 01 8 —w 1 01 8 w
, V2w X V2w V2w X V2w
T = | Osx1 1lsxs Osx1 | T | Osx1 1lsxs Osx1
1 0 1 —1 0 w
V2w 1x8 V2w V2w 1x8 V2w

of G'. Then the set {H, = da(1) |a € (G, T") \ ®(G',T")}, where & denotes the dual root of «,
is given by
0 01x8 w

£ | Osx1 Osxs Ogx1

w1 O1xs8 0

and sums of the former with a diagonal matrix of the form
+ diag(0,1,0,0,0,0,0,0, —1,0), = diag(0,0,1,0,0,0,0,—1,0,0),
+ diag(0,0,0,1,0,0,-1,0,0,0), =+ diag(0,0,0,0,1,—-1,0,0,0,0).
Hence val(X (H,)) = val(£2w~!) = —1 for all a € ®(G,T") \ ®(G',T"), where val denotes the

valuation of F' with image Z U {oco}. Moreover, X is contained in (g )27_1 /o for any point y €
AB(G', F) and its restriction to the Lie algebra of the identity component Z(G’)° of the center
of G’ is contained in Lie*(Z(G")®)_1/2. Since p > 10, that is, p does not divide the order of the
Weyl group of Sp;,, we conclude that X is G-generic of depth %

Let E be a finite, tamely ramified extension of F' that contains v/2w. Then z is a vertex in

P(G, E) and it is an easy calculation to check that

w —w 1 w
\/% O1><8 \/% ﬁ O1><8 E
Gzo(E) = 081><1 Igxs 081><1 Gyo(E) 08x11 Igxg  Ogx1
\/% O1><8 \/% \/% O1><8 \/%
for the point y = (0,0,0, %, 1) € & (T, F) C &/ (T, E). Hence
7\/% 01x8 7&%
x=|08x1 lgxs Osx1 |-y,
1 0 1
\/% 1x8 \/%

which implies x € 7 (T", E) C B(G', E), and therefore z € Z(G', E)N A(G,F) = A(G',F). O

The element X yields a linear map from g/, /o tO O that sends g/, (1/2)+ tO wO and defines
a character of G;,l/z that is trivial on G;7%+ and trivial on G;,l/Q N Spg C G’x’l/2 N(U(1) x
p ~ . dlnce is abelian, we can extend this character to a character o
Sps) (F) = G, | 5. Since U(1) is abeli d this ch h fG(F
(trivial on Spg(F) C G'(F)), which we denote by ¢. Since X is G-generic of depth r = 3 (for the
pair G’ C G), the character ¢ is G-generic relative to = of depth r in the sense of Yu [Yu01, §9].

PROPOSITION 4.2. Let G' C G, ¢, x,r as above and

1 0 0 0 000 1
o g 0 o0 ) . 00 10
9=1o o _JF 0 € G'(F), where J] = 01 0 0

0o 0 0 1 1 00 0

Then dim Hom(ngK)[x(ngJ) (Yo, ¢~>) = 0.
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Proof. Using the standard coordinates we define the groups

1 0 0 0 0
0 GLy(O) 0 0 0
H23 = 0 0 14><4 0 0 N SplO(F) C GQE,(]?
0 0 0 GLo(0) 0
0 0 0 0 1
13x3 0 0 0
I e ) I 0 ,
H45 = 0 0 GLQ(O) 0 N SplO(F) C G:L“,O'
0 0 0 Isxs

Note that Hog ~ GLQ(O) ~ Hys, and gHggg_l = Hys and gH45g_1 = Ho3, hence Ho3 € K NIK.
Moreover, the image of Hog and the image of Hys in G;7O/G;70+ are both isomorphic to GLa(F)).
We will show that dim Hom p,,(9¢, ¢) = 0, which implies that dim Homgre i) (7197 (99, )
= 0.
We write V = J/J, where we recall that

J=(G,G)(F)y /212y and  Jy=(G',G)(F)gq/2,1/4)+)

Let g(O) be the O-points of the Lie algebra of the reductive parahoric group scheme over O
corresponding to the base point (0,0,0,0,0), that is, the Lie algebra of Sp;, defined over O in
the standard basis. We denote by g(0),, i the submodule of g(O) corresponding to the root
diag(t1, to, t3, ta, ts, tgl, t;l, tgl, t;l, tfl) — tltgl, and analogously for all other indices. Then the
four-dimensional Fj,-vector space V' is spanned by the images of

Q(O)tl—th, g(O)tl—ltS, g(o)tl—lt;h Q(O)tl—lt;l'

Each of these images is a one-dimensional [Fj-vector subspace of V', which we denote by V;,,
Vis, ‘/;;1 and V;gl, respectively. The pairing on V = J/J defined by <a, b> = qg(aba_lb_l) for
a,b € J,turns V into a symplectic Fy-vector space, and V™ :=V,, ®V,, and V™~ := Vtgl ® ‘/;;1
are both maximal isotropic subspaces. Recall that & is defined to be the pullback to K x J
of the Weil-Heisenberg representation of Sp(V) x (J/N) via the symplectic action defined in
[YuO1, Proposition 11.4]. Hence the actions of Hss and Hys on ¢ factor through Sp(V), and
therefore Hys acts trivially on ¢. Thus 9q5| Hog =9 45| gHsg—1 18 trivial, and in order to prove that
dim Homjy,, (9, ¢) = 0 it suffices to show that the representation ¢|7,, has no non-zero Hys-fixed
vector.

We denote by P the parabolic subgroup of Sp(V') that preserves V. Then the image of Ha3
in Sp(V) is the Levi subgroup M ~ GL(V ™) ~ GL(V ™) of P that stabilizes V* and V. Recall
that we denote by V¥ the group with underlying set V' x F, and with group law (v, a).(v',a’) =
(v+v,a+a + 1(v,0v")). By [Gér77, Theorem 2.4(b)] the restriction of the Weil-Heisenberg
representation from Sp(V) x V¥ to P x V¥ is given by

L PxVt vt
mi= IndP[x(V+xIFp) X' X o,
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where V" is the character® of P given by P 3 p+— det(ply+)?~D/2 € {+1} ¢ C* and by an
abuse of notation we denote by ¢ the (restriction to V™ x F, of the) character ¢ o =1, where
j: J/N = V! denotes the special isomorphism from [Yu01, Proposition 11.4].

Let f: P x Vf — C be an element of the representation space of m and suppose that f is
non-zero and M-invariant. Hence there exists v € V'~ such that f(1 x v) #0. Let v' € V™~ so
that v and v form a basis of V= and let m = ({9) € GL(V ™) using the basis (v,v’) where
a € F, such that a?~1/2 = —1. Identifying GL(V ™) with M (via the action of M on V), we
obtain that

FAxv)=m.f(1xov)=f((1xv)(mx1))=f((mx1)(1xm " o))
=" (m)f(1 x m~ ) = det(m|y+)P"V2f(1 x v) = det(m|y-)PV/2f(1 x v)
=—f(1xv).

This contradicts that f(1 x v) # 0, hence the representation 7 does not contain any non-zero
element fixed under the action of M. Therefore ¢ does not contain any non-zero element fixed
under the action of Has. Thus dim Homp,, (9¢, ¢) = 0. O

COROLLARY 4.3. In the setting of Proposition 4.2, we have

dim HOHIKng(KJ) (g¢/> ¢/) =0.

Proof. This follows from the fact that KJ N9(KJ) = (K NIK)(JNIJ) [YuOl, Lemma 13.7] as
discussed in [YuO1] in the lines immediately following Theorem 14.2. O
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