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Symplectic fillings of asymptotically
dynamically convex manifolds I

Zhengyi Zhou

Dedicated to the memory of Chenxue.

ABSTRACT

We consider exact fillings with vanishing first Chern class of asymptotically dynamically convex
(ADC) manifolds. We construct two structure maps on the positive symplectic cohomology
and prove that they are independent of the filling for ADC manifolds. The invariance of
the structure maps implies that the vanishing of symplectic cohomology and the existence of
symplectic dilations are properties independent of the filling for ADC manifolds. Using them,
various topological applications on symplectic fillings are obtained, including the uniqueness
of diffeomorphism types of fillings for many contact manifolds. We use the structure maps
to define the first symplectic obstructions to Weinstein fillability. In particular, we show that
for all dimension 4k + 3,k > 1, there exist infinitely many contact manifolds that are exactly
fillable, almost Weinstein fillable but not Weinstein fillable. The invariance of the structure
maps generalizes to strong fillings with vanishing first Chern class. We show that any strong
filling with vanishing first Chern class of a class of manifolds, including (S%"~!, £sa), d(T* L x
C") with L simply connected, must be exact and have unique diffeomorphism type. As an
application of the proof, we show that the existence of symplectic dilation implies uniruledness.
In particular, any affine exotic C" with nonnegative log Kodaira dimension is a symplectic
exotic C".
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1. Introduction

One natural question in symplectic topology is understanding symplectic fillings of a contact
manifold. One aspect of the question is understanding the existence of symplectic fillings.
Contact obstructions to the existence of symplectic fillings were first discovered by Eliashberg
[20]. There are various obstructions to fillings of different flavors, cf. [40] and references therein.
There are also topological obstructions to the existence of almost Weinstein fillings [13].
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Another aspect of the question is understanding the uniqueness of symplectic fillings. The
first result along this line is by Gromov [27] that exact fillings of the standard contact 3-sphere
are unique. In [20], Eliashberg proved fillings of (S?,&.q) are diffeomorphic to blow-ups of the
ball. Shortly after, McDuff [41] generalized the result to lens space L(p,1). In dimension 3,
several uniqueness or finiteness results of symplectic fillings were obtained on T [62], lens space
L(p, q) [39] and S*%, [59]. Only the results on S*, L(p, 1), T obtained uniqueness of symplectic
fillings, while other results are about topological types of fillings. The dimension 3 case is special
since we have more tools like intersection theory of holomorphic curves and Seiberg—Witten
theory. In higher dimensions, Eliashberg—Floer-McDuff [21, 42] proved that any exact filling
of (82771 &.q) is diffeomorphic to the ball B2". The Eliashberg—Floer-McDuff method was
generalized by Oancea—Viterbo [49] to obtain homological information for symplectic aspherical
fillings of simply connected subcritically fillable contact manifolds. Barth-Geiges—Zehmisch [7]
extracted refined homological information and showed that symplectic aspherical fillings of
simply connected subcritically fillable contact manifolds have unique diffeomorphism types
via h-cobordism.

The symplectic aspect of the uniqueness in higher dimensions remains largely unknown.
However, there are some evidences. Seidel-Smith [55] showed that any exact filling of
(82771 €.q) has vanishing symplectic cohomology. In [68], we showed that any exact filling
with vanishing first Chern class of a simply connected flexibly fillable contact manifold has
vanishing symplectic cohomology. It turns out that those contact manifolds are asymptotically
dynamically convex (ADC) in the sense of Lazarev [37].T The ADC condition is a generalization
of the index-positive condition introduced in [18, §9.5]. A contact manifold Y?"~! is called
index-positive, if there is a nondegenerate contact form so that every Reeb orbit « has positive
degree, that is, pcz(y) +n—3 > 0. There are many natural ADC contact manifolds, for
example, boundaries of cotangent bundles of manifolds of dimension at least 4, boundaries
of flexible Weinstein domains and links of terminal singularities (Remark 3.11). The ADC
property is a condition on the Conley—Zehnder index, which is suitable for Floer theoretic study.
The importance of index-positive/ADC is that positive symplectic cohomology is independent
of the filling, hence a contact invariant [18, 37] via neck-stretching. Combining invariance of
positive symplectic cohomology and vanishing of symplectic cohomology, the tautological long
exact sequence of symplectic cohomology yields that any exact filling with vanishing first Chern
class of a simply connected flexibly fillable contact manifold has the same cohomology group
as the flexible filling.

The above result serves as a basic prototype of studying symplectic fillings of ADC manifolds:
We first prove some invariance results on the Floer theory of fillings of ADC manifolds,
then we infer invariant symplectic or topological properties from there. The key point in this
paper is that the invariance is not limited to some Floer cohomology like positive symplectic
cohomology, but also structure maps on those Floer cohomology. The substance of this paper is
constructing two structure maps and proving their invariance with respect to fillings for ADC
manifolds. Then we will derive various symplectic and topological applications from them on
both uniqueness and existence aspects of symplectic fillings.

1.1. Invariance of restriction and persistence of vanishing

Let W be an exact filling of Y, the first structure map 6y is the composition of § : SHY (W) —
H*™1 (W) and the restriction H*™' (W) — H*T'(Y), where § is the connecting map in
the tautological long exact sequence ... — SH*(W) — SHY (W) — H*™' (W) — .... In the
following, we will restrict to topologically simple fillings of ADC manifolds, that is, those

TIn fact, all contact manifolds in the first paragraph are ADC, when ¢; = 0.
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fillings W such that ¢;(W) =0 and 71 (Y) — 7 (W) is injective (when Y is strongly ADC
(Definition 3.5), we only require ¢; (W) = 0f). Our first theorem is the following.

THEOREM A. LetY be a (strongly) ADC contact manifold. Then 65 : SH} (W) — H*T1(Y)
is independent of topologically simple exact fillings.

REMARK 1.1. Unless specified, our coefficient can be any ring with a default setting of Z.

Since whether 1 € im{§ is equivalent to whether 1 is mapped to 0 in the unital map
H*(W) — SH*(W), 1 € im dy is equivalent to SH*(W) = 0. This reproves the vanishing result
in [68]. Moreover, unlike the proof based on the formal properties of symplectic cohomology in
[68], the proof here explains the background geometry to some extent by finding a persistent
holomorphic curve. Moreover, we have the following finer invariance result on the topology of
the filling.

COROLLARY B. Let Y be a (strongly) ADC contact manifold, then SH*(W) =0 is a
property independent of topologically simple exact fillings. In that case, H*(W) — H*(Y)
is independent of topologically simple exact fillings, that is, for two topologically simple exact
fillings W, W', we have an isomorphism H*(W) ~ H*(W") such that the following commutes:

H*(W) — H*(Y)

H*(W') —— H*(Y).

The invariance of H*(W) — H*(Y') is a very strong topological constraint, especially when
it is injective. In particular, by the universal coefficient theorem, Corollary B implies [7,
Theorem 1.2(a)] if the exact filling is topologically simple. Combining with Theorem E below
yields a Floer theoretic proof of exact and ¢; = 0 fillings of simply connected subcritically
fillable contact manifolds have unique diffeomorphism type by the h-cobordism argument in
[7, §5]. Moreover, we can extract the topology condition required for the h-cobordism argument
to reach the following uniqueness result for some only Liouville fillable contact manifolds
(Corollary 3.14) and flexible fillable contact manifolds.

THEOREM C. Exact fillings W with vanishing first Chern class of the following contact
manifolds Y with dimY > 5 have unique diffeomorphism types.

(i) Y = 9(V x C) simply connected, where V is a simply connected Liouville domain such
that ¢, (V) =0 and dim V' > 0.
(ii) Y is the boundary of the flexible cotangent bundle Flex(T*Q) for simply connected @

with x(Q) = 0.

REMARK 1.2. The contact boundary Y := 9(V x C) was also considered in [7, §2.6], where
Barth—Geiges—Zehmisch proved that for every symplectic aspherical filling W of Y, we must
have that H.(Y) — H.(W) is surjective. Using Corollary B, if we assume ¢; (V) =0 and W is
topologically simple, then H*(W) — H*(Y) is invariant and injective, see Corollary 6.10.

REMARK 1.3. SH*(W) =0 is a restrictive condition, the major classes of examples are
flexible Weinstein domains [9, 47], V' x C for Liouville domains V' [48]. These two classes

TRoughly speaking, strongly ADC requires that Reeb orbits are contractible in addition to the asymptotically
dynamically convex condition.



SYMPLECTIC FILLINGS OF ADC MANIFOLDS 115

provide many examples with ADC boundaries as long as the first Chern class vanishes. Recall
that if V' C W is an exact subdomain, the Viterbo transfer map SH* (W) — SH*(V) is a unital
ring map. Since the 0 ring is the terminal object in the category of unital rings, a symplectic
manifold W with SH*(W) = 0 should be understood as the simplest symplectic manifold and
the contact boundary has the best chance of having unique exact fillings.

Theorem A also holds for symplectic cohomology with local systems, and Corollary B holds
if the ring structure still exists. In particular, those results can be applied to cotangent bundles
considered in [5], whose symplectic cohomology without local system does not vanish. In
particular, we have the following invariance result for cotangent bundles.

THEOREM D. Let @ be a manifold such that the Hurewicz map 72(Q) — H2(Q) is nonzero
and ST*Q is ADC (for example, dim @) > 4), then we have the following.

(i) H*(W;C) —» H*(ST*Q;C) is independent of the topologically simple exact filling W
as long as H*(W;Z/p) — H*(ST*Q;Z/p) is surjective for every prime p.

(ii) If m(Q) =0, and @ is spin, then the independence of H*(W;C) — H*(ST*Q;C) for
topologically simple W holds as long as H*(W) — H?(ST*Q) is nonzero. If Q) is not spin, we
need to assume im(H?(W;Z/2) — H*(ST*Q;Z/2)) contains m*w2(Q)|s1+q, where w : T*Q —
Q is the projection and wo(Q) € H*(Q;Z/2) is the second Stiefel-Whitney class of Q.

(iii) If, in addition, we have x(Q) = 0, then the rational homotopy type of W with same
conditions above is T* Q.

We also study the symplectic cohomology of covering spaces and prove an analogous
statement to Theorem A, which implies the following theorem. It can be viewed as a
generalization of [7, Theorem 1.2(b)].

THEOREM E. Assume Y is an ADC contact manifold, with a topologically simple exact
filling W such that SH*(W) =0 (integer coefficient without local systems) and m (Y) —
71 (W) is an isomorphism. Then w1 (Y') — 7 (W) is an isomorphism for any other topologically
simple exact filling W'. If Y is strongly ADC with the same property and 71(Y') is abelian,
then 71(Y) — m(W') is an isomorphism for any other topologically simple exact filing W'.T

The results above can be put under one theme: understand whether the symplectic filling
is unique. It is conjectured that exact fillings of flexibly fillable contact manifolds are unique.
Since Theorems A-E can be applied to a larger class of contact manifolds in addition to
flexibly fillable contact manifolds (see §6), they suggest that contact manifolds with unique
exact fillings may go beyond flexibly fillable contact manifolds.

For (S2,&a,), Eliashberg [20] and McDuff [41] showed that symplectic fillings of the
standard contact 3-sphere are symplectic blow-ups of the standard ball. Hence it has a unique
exact filling. However, the procedure of blow-up destroys both exactness and ¢; = 0. Hence
in this special case, one can trade the exactness condition to ¢; = 0 condition and still has
the uniqueness of fillings, in particular exactness is equivalent to ¢; = 0. In higher dimension,
the exactness/symplectic asphericity plays an important role in [7, 49] while ¢; =0 is not
required or used. But if we study it using Floer theory, nonexactness only adds technical
difficulties and can be overcome by a dimension argument [30] when ¢; = 0. However, ¢; =0
plays a fundamental rule, since the ADC property is an index property. Therefore, we can
generalize Eliashberg-McDuff’s result in the ¢; = 0 direction to higher dimensions as follows.

TNote that in the strongly ADC context, topologically simple filling only requires ¢; = 0, hence it is a stronger
conclusion compared to the ADC case above.
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THEOREM F. Let (Y,&) be a tamed asymptotically dynamically convex (TADC) manifold
(Definition 6.2) with one topologically simple exact filling W, such that SH*(W;Q) = 0.
Assume H*(W;Q) — H?(Y;Q) is injective and H*(W;Q) — H'(Y;Q) is surjective. Then
any topologically simple strong filling of Y is exact.

The strategy of proving Theorem F is showing the invariance of H*(W;Q) — H*(Y;Q) like
Corollary B for strong fillings. Then exactness is a consequence of such invariance. TADC
maifolds are more general than index-positive manifolds, but more restricted than ADC
manifolds. Examples of TADC manifolds that Theorem F can be applied are boundaries of
C"(n > 2),T*M x C,W x C, where W is the Milnor fiber of )" 2" = 0,a; € N with > ai >1,
and products among them. In particular, Theorem F implies that any strong ﬁlli}lg of
(82771 &,q) with vanishing first Chern class must be exact!, hence is diffeomorphic to B?".
Theorem F can also be applied to non-Weinstein example, for example, 9(V x C), where V is
the exact but not Weinstein domain in [40], since 9(V x C) is TADC by Theorem 6.3. Another
source of examples are cotangent bundles with local systems, we can get exactness from ¢; = 0
and similar conditions in Theorem D, see Theorem 8.14.

REMARK 1.4. Theorem F is expected to hold for ADC manifolds. In the general ADC
case, we need to stretch along expanding contact hypersurfaces since nonexact filling may not
contain the whole negative end of the symplectization of Y. Then we need more functoriality
than we are able to get. However, the expanding issue indicates using an SFT description may
be a better way to prove the generalization, see Remarks 1.7 and 8.15.

REMARK 1.5. It is worthwhile to compare our method with the method in [7, 42, 49],
where the method can be summarized as finding a ‘homological foliation’ by rational curves
in a partial compactification of the filling. Such method has the benefit of only assuming
exactness/symplectic asphericity. Our method is from a very different perspective, which
essentially only assumes ¢; = 0 as in Theorem F, while the exactness in assumptions of previous
theorems are only for the simplicity of the setup. Therefore we cover different aspects of the
uniqueness of filling, that is, ¢c; = 0 versus symplectic asphericity. Moreover, we are able to
extract some symplectic invariance through the study of symplectic cohomology. By [7], exact
filling W of subcritically fillable contact manifold ¥ must have ¢;(W) = 0 if ¢;(Y) = 0 when
dim W > 6. Combining Theorem F and Remark 1.4, it suggests that for fillings of subcritically
fillable contact manifolds, exactness is equivalent to ¢;(W) = 0. In particular, if there is any
procedure of modifying a filling, exactness and ¢1 (W) = 0 must be destroyed at the same time.
This is the case for blow-up.

REMARK 1.6. The condition of ¢; =0 is necessary for the results above to hold. For
example, the once blow-up of the standard ball B?", that is, the total space O(—1)
of the degree —1 bundle over CP"~!  has nonvanishing symplectic cohomology [53] and
H*(O(-1)) = H*(S*"71) is different from H*(B>") — H*(S?"~!). By the Viterbo transfer
map, such phenomena persist for all exact domains considered above after once blow-up.

1.2. Persistence of dilation

The second structure map is related to the symplectic dilation introduced by Seidel-Solomon
[68]. To explain the structure map, first recall that symplectic cohomology is equipped with
a degree —1 BV operator A. Then a symplectic dilation is an element x € SH*(W) such

T Although in this special case, proving H*(W;Q) = H*(B?";Q) is enough. The general case requires the
invariance of H*(W;Q) — H*(Y;Q).
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that A(z) = 1. The existence of symplectic dilation puts strong restrictions on Lagrangians
that can be embedded exactly [56, 58]. On the cochain level, A also respects the splitting into
positive and zero symplectic cohomology. Therefore we have a well-defined degree —1 map A :
SH* (W) — SH; '(W). Then there is a well-defined degree —1 map A, : ker A — coker 5.
When Y is ADC and W is topologically simple exact, we have that A, is independent of the
filling. Moreover, by Theorem A, §y is independent of the filling. Then our second main result
is the following.

THEOREM G. Let Y be an ADC manifold, then for any two topologically simple exact
fillings W1, Wy, we have an isomorphism I' : SH (W) — SH’ (W>), such that:

(i) dp oI = do;
(ll) A+OF:POA+,’
(iii) Apol = Ay.

The property of whether 1 € im Ay is closely related to the existence of symplectic dilation.
We have the following corollary. A stronger version concerning symplectic dilation on exact
fillings can be found in Corollary 4.17.

COROLLARY H. Let Y be an ADC contact manifold of dimension > 5. Then the existence
of symplectic dilation is independent of Weinstein fillings.

The vanishing of symplectic cohomology and the existence of symplectic dilations can be
understood as the first two levels of indications of the complexity of symplectic manifolds.
In fact, there exists a whole hierarchy of structures after them called higher dilations, all of
them have associated structure maps similar to dg, Ay, which are also independent of the
topologically simple exact filling for ADC manifolds. Details of the construction will appear in
the sequel paper [69].

REMARK 1.7. Following [10], positive symplectic cohomology should be understood as the
nonequivariant linearized contact homology. When Y is ADC, positive symplectic cohomology
can be viewed as nonequivariant cylindrical contact homology, since the augmentation from
filling is trivial by degree reason. dg, Ay should have an equivalent description using SFT on
Y. In particular, when the analytic foundation for the full SFT is completed (in a forthcoming
paper by Fish and Hofer), one should be able to strengthen results in this paper to contact
manifolds admitting a Reeb flow without a degree zero orbit and its asymptotic version based
on the same argument. From SFT point of view, for any linearized nonequivariant contact
homology HC,(Y), one should be able to define a map HC,(Y) — H""1=*(Y) by counting
holomorphic curves (with one positive puncture and multiple negative punctures) with one
marked point mapped to Y x {0} along with the augmentation. When the augmentation is
from a filling, then the map is the composition SH (W) — H*T (W) — H*T1(Y). It will
imply Theorem A, since ADC contact manifolds should have no nontrivial augmentation
by degree reason. Roughly speaking, the set of fillings is closely related to the set of
augmentations. The theme of this paper can be summarized as: if a contact manifold admits
a unique augmentation, then many Floer theoretic properties of the filling are independent
of the filling. It is possible to prove such claim by reformulizing constructions in this paper
using SFT.

1.3. Obstructions to Weinstein fillings and cobordisms

One natural question in the study of symplectic fillings is understanding the difference between
exact fillability and Weinstein fillability. In dimension 3, exact fillable but not Weinstein
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fillable manifold was found by Bowden [12]. In higher dimension, such examples were found by
Bowden—Crowley—Stipsicz [13]. Their obstruction is topological in nature and their examples
are exactly fillable, but not almost Weinstein fillable. Hence the next question we could ask is
whether the topological obstruction is sufficient, or whether there is a contact manifold with
exact filling and almost Weinstein filling, but no Weinstein filling. In § 6, we answer the question
by proving the following.

THEOREM 1. Let k > 1, there exist infinitely many pairwise noncontactomorphic 4k + 3
dimensional contact manifolds, such that they are exactly fillable, almost Weinstein fillable,
but not Weinstein fillable.

To prove Theorem I, we need new obstructions to Weinstein fillability beyond topological
obstructions. Using Theorems A and G, for ADC contact manifolds, im dg,im Ay contain a
nontrivial element of grading higher than %dimW that are symplectic obstructions to the
existence of Weinstein fillings (Corollaries 3.14 and 4.19). Such obstructions, to our best
knowledge, are the first symplectic obstructions to Weinstein fillability. This answers a Wendl’s
question [63, Question 14] on the existence of obstructions to Weinstein fillability of contact
structures in higher dimensions. With such obstructions, in addition to proving Theorem I,
we give simple constructions of many exactly fillable, but not Weinstein fillable manifolds in
dimension > 7. Hence they exist in abundance.

We can also use similar ideas to study symplectic cobordism. Corollary B and Theorem G
show that whether 1 € im dy,im Ay are actually contact invariants for ADC manifolds. Hence
they can be used to develop obstructions to symplectic cobordisms. In particular, we have the
following.

COROLLARY J. Let Y?"~! be an ADC contact manifold with a Weinstein filling W such
that ¢, (W) =0 for n > 3. Let V be a Weinstein domain. If one of the following conditions
holds, then there is no Weinstein cobordism from 0V to Y.

(i) If 1 € im oy for W, and 1 ¢ imdy for V.
(if) If 1 € im Ay for W, and 1 ¢ im Ay for V.
(iil) If W admits a symplectic dilation, and V' does not admit a symplectic dilation.

A stronger version of Corollary J concerning obstructions to exact cobordisms can be
found in Theorem 7.1. Note that usually, an algebraic obstruction to cobordism will come
from SFT type invariants [36], which is difficult to define and compute. However, our
obstruction is based on symplectic cohomology, hence is relatively easy to define and compute
compared to the SFT. As explained in Remark 1.7, it can be understood as an easy
case of some SFT obstructions. In §7, we use Corollary J to give many pairs of contact
manifolds that admit almost Weinstein cobordisms but no Weinstein cobordism in every
dimension > 5.

1.4. Constructions of ADC manifolds

ADC contact manifolds exist in abundance. Moreover, subcritical and flexible surgeries preserve
the ADC property by the work of Lazarev [37]. In order to provide examples to Theorem I,
we prove two more constructions of ADC manifolds, which bear independent interests.

THEOREM K. Let V be an exact domain such that ¢;(V) =0,dimV > 0, then 9(V x C)
is ADC. If V,W are two exact ADC domains (Definition 3.8) of dimension at least 4 with
vanishing first Chern classes, then O(V x W) is ADC.
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When V is a Weinstein domain and V' x C is a subcritical Weinstein domain, then the
theorem above follows from [37, 64]. Repeatedly using subcritical and flexible surgeries and
Theorem K, we have a lot of examples of ADC contact manifolds, and many of them have
either vanishing symplectic cohomology or symplectic dilation, hence Theorems A and G can
be applied.

1.5. Uniruledness

At last, we discuss a byproduct of proofs of Theorems A and G. Uniruledness in the symplectic
setting was studied by McLean [45], an exact domain W is called (k, A)-uniruled if and only
if for every point p in the interior WP, there is a proper holomorphic curve in W° passing
through p with area at most A and the domain Riemann surface S has the property that
rank H;(S;Q) < k — 1. McLean showed that the algebraic uniruledness for affine varieties is
rather a symplectic property. Hence it is reasonable to look for symplectic characterization of
uniruledness.

THEOREM L. Let W be an exact domain and there exists a symplectic dilation, then W is
(1, A)-uniruled, for some A € R,..

The specific value of A is not relevant, as it is not an invariant with respect to the homotopy
of Liouville forms. The key property needed in order to use results from [45] is that we have
such a A that will bound areas of curves from above. The existence of symplectic dilation is
very far from being equivalent to (1, A)-uniruledness. In fact, the existence of k-dilation in [69]
will also imply uniruledness. On the other hand, if W is not l-uniruled, then SH*(W') # 0.
By [45], the algebraic uniruledness is equivalent to symplectic uniruledness. Since the log
Kodaira dimension provides obstruction to algebraic uniruledness for affine varieties, we have
the following corollary, which provides a simple proof of the existence of exotic Stein C™ for
n > 3 by taking complex exotic C" with nonnegative log Kodaira dimension, which exists in
abundance [66].

COROLLARY M. Let V be an affine variety of nonnegative log Kodaira dimension, then
SH*(V) # 0 and there is no symplectic dilation. In particular, any complex exotic C" with
nonnegative log Kodaira dimension is a symplectic exotic C".

In particular, any affine variety admitting a Calabi—-Yau compactification has nonzero
symplectic cohomology and hence is not displaceable by [32]. Similar results are investigated
in [60].

Organization of the paper

In § 2, we review symplectic cohomology and give a different treatment of the cochain complex
on the zero action part. In §3, we construct an alternative description of d5 and prove
Theorems A-E via neck-stretching. Since we will compare cochain complexes on two different
fillings, naturality is very important. We carry out a detailed discussion on naturality in §§2
and 3. In §4, we review the BV operator and symplectic dilation and construct Ay. Then
we prove Theorem G and show that A, , Ay are invariants of exact domains up to exact
symplectomorphisms. In §5, we discuss uniruledness and prove Theorem L and its corollaries.
In §6, we prove Theorem K and use the symplectic obstructions introduced in §§3 and 4 to
prove Theorem I. In § 7, we discuss obstructions to symplectic cobordisms. In § 8, we generalize
the construction to strong fillings with vanishing first Chern class and finish the proof of
Theorem F. We explain our orientation conventions in the Appendix.
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2. Symplectic cohomology

In this section, we review the basics of symplectic cohomology. However, on the zero action
part, we will use a Morse-Bott construction following [19]. Such modification is important
to the proof of our main theorem and applications to uniruledness. We will first focus on the
theory of exact fillings, the situation for nonexact fillings will be discussed in § 8. We assume our
contact manifolds and fillings are connected throughout the paper unless specified otherwise.

2.1. Hamiltonian—Floer cohomology using cascades

Let W be a Liouville domain with a Liouville form A. Then we have the completion W=
W UOW x [1,00) with the completed Liouville form A. Unless specified otherwise, the Reeb
flow on the contact boundary (OW, A|aw ) is nondegenerate throughout this paper. Let S denote
the length spectrum of the Reeb orbits, that is, the set of periods of periodic orbits. Given a
time-dependent Hamiltonian H on W, the symplectic action of a contractible loop x : S — W
is defined by

A () = _/51 w3 [ Hiox(tar (2.1)

Symplectic cohomology is defined as the Floer cohomology of (2.1) for a Hamiltonian H =
72,7 > 0 [55]. Alternatively, symplectic cohomology can be defined as the direct limit of Floer
cohomology of H = Dr,r >0 for D — oo [18, 52]. In this paper, we will fix one special
Hamiltonian, and our convention for Hamiltonian vector field is w(-, Xpy) =dH. First we
consider a Hamiltonian H = h(r) such that H =0 on W and H = h(r) when r > 1 such that
h’(r) > 0 and lim,_,~ h'(r) = co. Then the periodic orbits of Xy are all points in W, and
S1 families of nonconstant periodic orbits corresponding to Reeb orbits v on OW shifted
to the level r, where r is given by h/(r f Mow. The action of such orbit is then given
by —rh/(r) + h(r), which is a strictly decreasmg function since h”(r) > 0. Then following
[11], we can put a small time-dependent perturbation supported near each S' family of
nonconstant periodic orbits, such that the periodic orbits of the perturbed Hamiltonian are
points in W and pairs of nondegenerate nonconstant orbits near each S' family of nonconstant
periodic orbits of H. We will fix one such perturbed Hamiltonian and call it H. Let P*(H)
denote the set of nonconstant contractible periodic orbits of H, then H has the following
properties.

(1) H=0on W.

(2) H = h(r), such that h”(r) > 0 on OW x (1, p] for some p and h'(p) < minS.

(3) There are nonempty disjoint intervals (a;,b;) moving toward infinity with (ag,bo) =
(1,p), such that H|gp (a, s, is a function f(r) with f”(r) > 0 and f'(r) ¢ S.

4) There exists 0 = Dy < Dj ... converging to oo, such that all periodic orbits of action
—D; are contained in W' := {r < a;}.

DEFINITION 2.1. A Morse function f on W is admissible if 0,f > 0 on OW and f has a
unique local minimum. The class of admissible Morse functions is denoted by M(W).

REMARK 2.2. H is not strictly Morse-Bott, since the critical points of Ay are not Morse—
Bott nondegenerate along OW C W. We will see in Proposition 2.6 that such points are invisible
to our moduli spaces, also see [19].

On the symplectization W x (0,00), a compatible almost complex structure is called
cylindrical convex if J preserves £ = ker Algy and J(r9,) = Ry, where R} is the Reeb vector
field on (OW, Alow ).



SYMPLECTIC FILLINGS OF ADC MANIFOLDS 121

DEFINITION 2.3. A time-dependent almost complex structure J:S* — End(TW) is
admissible if and only if the following holds.

(i) J is compatible with dX on W.
(ii) J is cylindrical convex on OW X (a;, b;).
(iii) J is S'-independent on W.

The class of admissible almost complex structure is denoted by J(W).

For the Hamiltonian H, we are almost in a Morse-Bott case. We adopt the cascades
treatment [19] of the Morse—Bott situation, hence we pick any admissible Morse function
f on W. Let C(f) denote the set of critical points of f. Let g be a metric on W. Then we define
the following three moduli spaces.

M, = {u:Ryx S} — W | Osu+ J(Ou — Xg) =0, EIEl U=z, 1Lm u=y}/R; (2.2)

d . .
Mg i={y: R, > W |y +Vyf =0, lim v=p, lim y=g}/R; (2.3)
u:C%W, asu+J(atu_XH):0785'7"‘ng:0»
My = lim 7 = p,u(0) = ~(0), lim u= ; (2.4)
v i (—00,0] = W 1 7 =Dp, 7(0), im Y,

where p,q € C(f),z,y € P*(H). In (2.4), the R action is the dilation preserving 0, which under
the polar coordinate z = e2"(5+®) is the translation in s. Since 9, f >0 on OW, the Floer
equation is well defined on C, because the condition u(0) = ~(0) implies u(0) € W (the interior
of W), where X g = 0 near it. In particular, the Floer equation is the Cauchy—Riemann equation
near 0 € C. There will be no M, 4, for otherwise the Floer part v will have negative energy.

REMARK 2.4. The Morse-Bott situation here is much simpler than [19], since we only
have one nonisolated critical manifold W and its action is the maximum among all critical
points. Therefore only three types of moduli spaces above need to be considered, that is, there
is no cascades with multiple levels. Moreover, when one end is asymptotic to a point in W7°,
that is, in (2.4), the equation degenerates to the Cauchy—Riemann equation, hence there is no
new analysis.

The Gromov-Floer compactification of them is standard and was considered in [19], the
only place that needs attention is (2.4). In particular, the curve u in (2.4) could break at a
point in W. Since we choose J to be convex near OW and u(0) € W9, then the integrated
maximum principle below implies that the component breaking at a point in W is contained
in . But since W is exact, such configuration cannot exist in the compactification. Moreover,
since J is cylindrical on OW x (a;,b;), the integrated maximum principle prevent curves from
escaping to infinity. The following is a special form of the integrated maximum principle of
Abouzaid-Seidel [3], we recall it from [18] and state it for strong fillings, since we will use it
in §8.

LEMMA 2.5 [18, Lemma 2.2]. Let (W, w) be a strong filling of (Y, o) with completion (W, w).
Let H:W — R be a Hamiltonian such that H = h(r) near r = ry. Let J be a W-compatible
almost complex structure that is cylindrical convex on'Y x (rg,ro + €) for some € > 0. If both
ends of a Floer cylinder u (that is, the u component in (2.2) and (2.4)) are contained inside
Y x {ro}, then u is contained inside Y x {ro}. This also holds for Hy depending on s € R if
0sHs <0 onr>ryand Hy = hs(r) on (ro, 7o + €) such that Os(rhl,(r) — hs(r)) <0 and J; is
cylindrical convex on'Y X (rg, 7o + €).
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The original statement of [18, Lemma 2.2] requires that W is exact and the conditions on
H and J hold on a neighborhood of the hypersurface r = ry. However, their proof is based on
integration of the curve outside ry. Moreover precisely, we can choose a sequence of regular
values 1; > 1o of Mg o u such that r; — ro. Then the integration argument in [18, Lemma 2.2]
implies that the curve is inside every r = r; hypersurface as long the symplectic manifold is
exact outside r = ry and the conditions on H and J hold on the (rq,rg + €) for some € > 0.

PROPOSITION 2.6. The Gromov—-Floer compactification of the moduli spaces (2.2)—(2.4)
above are the following.

(i) My :=U,  cepyMayz, X oo X My, ), for z,y € P*(H).
(i) Mpg:=Ur rec(nhMpr, X ... X M, 4, for p,q € C(f).
(iil) Mpy:=U v rectr) Mpry X oo X My, 2y X oo X M, , for y € P*(H) and p €
Z1,..,2,EPT (H)
C(f)-

Proof. The claim for (ii) is the standard result in Morse theory. In (i), there are no other
breakings due to action reasons. Curves in M, , will not escape to infinity, since Lemma 2.5
can be applied to r € (a;, b;) for some i big enough. For (iii), there exists ¢ > 0, such that on
OW x [1 — §,1] we have 9, f > 0. Then the curve u in (2.4) has the property that «(0) € Wy :=
WA\(OW x (1 —4,1]). Then for x € P*(H ), we can consider the following moduli space which
will also be used later:

B, := {u Co W | Ogu+ J(Oyu — Xgr) =0, 1Lm u=z,u(0) € W(;}/R. (2.5)
Then we claim the Gromov—Floer compactification of B, is given by

B, = U By, X My, oy X oo X My, o
z1,...,.c, EP*(H)

This is because if there is a limit curve with a nontrivial component, u breaks in W. Since
Ap is not Morse-Bott along 0W, hence it may not be true that limg_, ., u exists. However, we
still have the limit set of u for s — oo is contained in W. Since we can apply Lemma 2.5 to
r =1, hence u is contained in W and then the equation degenerates to the Cauchy—Riemann
equation and u extends to CP' by removal of singularity for J-curves. Due to the exactness
assumption, there is no such nontrivial curve. It is clear that the compactness of B, implies
the claim on (iii). O

If ¢, (W) = 0, then there is a Z-grading assigned to elements of C(f), P*(H) by
lpl =indp, peC(f);  |zl=n—pcz(x), zeP(H).

The convention here is consistent with the grading rule in [52], that is, the unit will have grading
0. For each component of M, ;, we can assign a well-defined virtual dimension virdim M, ; :=
|a| — |b| — 1. In general, the above assignment defines a Z/2-grading.

REMARK 2.7. Most of the results in this paper except those in § 5 require a Z-grading, hence
we will impose the ¢; (W) = 0 condition in most situations. To get a Z-grading on symplectic
cohomology generated by contractible orbits, one only needs ¢, (W)|,w) = 0. One special
case of such condition is ¢; (W) is torsion. All results in the paper holds for this generalized
condition. However, it seems that such generalization does not add many new examples. Hence
we state all results in the simplified condition ¢; (W) = 0.

The following transversality is standard in symplectic cohomology. If we allow the Morse
function to be generic, then transversality is easy to see. Using generic Morse function is
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enough for this paper, but for simplicity, we show transversality for any admissible Morse
function f, this is made possible by that the evaluation map on the universal moduli spaces is
submersive [43, §3.4].

PRrOPOSITION 2.8. For every admissible Morse function f, let g be a metric on W such
that (f,g) is a Morse-Smale pair. Then there exists a subset J5)(H, f,g) C J (W) of second
category (in particular it is dense), such that for every J € J,f;(H . f,9), My is a compact
manifold of dimension |z| — |y| — 1 with boundary when |x| — |y| < 2 for z,y € C(f) UP*(H)
and OM, , = U.ce(ryup (m)Me,. X M. . Here <1 indicates that transversality holds for
moduli spaces up to dimension 1.

Proof. The situation for M, ,,p,q € C(f) follows from the Morse-Smale assumption, and
the situation for M, ,,z,y € P*(H) is standard on symplectic cohomology. Hence we need
to prove transversality for M,, ,,y € P*(H),p € C(f). We consider the uncompactified moduli
space B, in (2.5). Using the standard argument by universal moduli spaces and u is somewhere
injective [25], the universal moduli space

By gt i={u:C—W,Je T W)|du+JOu— Xp)=0, lim u = y,u(0) € WO}/R. (2.6)

is cut out transversely, where J'(W) is the Banach manifold of C! admissible almost complex
structures. Moreover, by [43, Proposition 3.4.2, Lemma 3.4.3], evg : B, 71 — W% u > u(0) is
transverse to all stable manifolds of V, f. Then by the Sard-Smale theorem, there is a second
category subset of J!(W), such that the uncompactified M, , is cut out transversely. Then
using the argument of Taubes [25, Theorem 5.1], we get a second category subset .Z%é (f,g) of
smooth admissible almost complex structures where transversality holds. Since the breaking
in M, , is either a Morse breaking at a critical point of f or a Floer breaking at a nonconstant
periodic orbit of H, in particular no new gluing analysis is required. This finishes the proof. [

Moreover, M., . can be equipped with orientations following [24]. We use + instead of U
to indicate the relation on orientations in a union. For example, M, . is oriented such that
oMy, => M, . x M., that is, the boundary orientation is the product orientation. We
explain our orientation convention in the Appendix. In the following, we will use the coherent
orientations without proof.

Using the almost complex structure J in Proposition 2.8, we can define the following cochain
complexes by counting M, ..

(1) C(H, J, f) is a free Z-module generated by P*(H) UC(f).
(2) Co(H, J, f) is a free Z-module generated by C(f).
(3) CL(H,J, f) is a free Z-module generated by P*(H ).

The differentials are defined by
dy = Z HM, .

Since each Floer cylinder has nonnegative energy, we have that M, , # 0 implies Ag(z) >
Apr(y). Hence there are finitely many x such that M, , # 0 for a fixed y. In particular, the
differential is well defined. Cyo(H, J, f) is the Morse complex of f on W and a subcomplex of
C(H, J, f), hence we abbreviate it to Co(f). We abbreviate the quotient complex C (H, J, f)

fAn alternative approach to get smooth almost complex structures is by considering smooth complex
structure with derivative controlled by a sequence €q, €1, ..., see [23, §5]. For results in this paper, using C*
almost complex structures is also sufficient.
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to C(H,J) since it does not depend on f (even the regularity requirement for J to define
C(H,J) does not depend on f).

REMARK 2.9. In this paper, the default coefficient is Z, since usually the Z-coefficient theory
carries more information. However, all results in this paper hold for any coefficient except for
the results in § 8, where we need to use the Novikov coefficient over Q.

By construction, there is a tautological short exact sequence,
0_>C()(f)_>C(H7J7f)_>C+(H7J)_>07 (27)

We use dy, d+ to denote the differential on Cy(f) and C(H,J), respectively. Let dy o denote
the map from C(H,J) to Co(f) in the definition of d for C(H,J, f). Then dy is a
cochain map C(H,J) — Co(f)[1], and it induces the connecting map 6 : H*(C(H,J)) —
H*TY(Cy(f)) in the induced long exact sequence. dy ¢ is defined by counting M, , for y €
P*(H) and p € C(f). Moreover, since the differential always increases action, for every i € N;
we can define CPi(H, J, f) and Cfi (H,J) to be the subcomplexes of C(H,J, f),CL(H,J)
generated by orbits with action > —D;, or equivalently those contained in W*. Moreover, by
Lemma 2.5, the curve appears in the differential of C([f) is contained in W*. We will call it the
length filtration, and in the exact case, it coincides the action filtration. Then we have

lim H*(CP(H, J,[)) = H (C(H,J. [)), lmH(CY(H,J))=H(CL(H))

similarly for the tautological long exact sequence.
The next proposition shows that what we defined is a model for the symplectic cohomology.

PROPOSITION 2.10. There are isomorphisms SH*(W) — H*(C(H, J, f)) and SH (W) —
H*(C(H,J)), such that the following long exact sequences commutes

H*(W) SH*(W) SH* (W) H (W) —— ...

| | | |

. ——=H*(Co(f)) —=H*(C(H, J, f)) —= H*(C4(H, J)) —= H**(Co(f)) — ...

Proof. We prove the isomorphism using a continuation argument from a nondegenerate
Hamiltonian. We use another Hamiltonian H, such that H = H on W X [p,00), H = h(r)
with 2”(r) > 0 on OW x [1, p] and h/(p) < min S. Moreover, H < H everywhere and H is a C?
small admissible Morse function on W. Then for a generic choice of Ji, the Floer cohomology
of Ay defines SH*(W) and SH} (W). Then we choose a homotopy H, such that H, = H
when s <0, H; = H when s >1 and H, = H = H when r > p and d;H; < 0. Let Js be a
homotopy of admissible almost complex structures such that J, = J, s < 0 and J, = Jy,s > 1.
Let P(H) denote the set of contractible periodic orbits of H, then we have P*(H) = P*(H)
and P(H) = P*(H)UC(H|w). Then we define the following moduli spaces,

Nay = {u|0su+ Jo(Ou — Xu,) =0, EI}l u=uz, ILm u=1y}, (2.8)

xeP(H),y e P (H).

8Su+ J5<8tU—XHS) = 0,89’7+qu = 07}

N u:C— W,
py = lim v =p,u(0) =~(0), lim u=1y
S0 s—00

v:(—00,0l = W

S

peC(f),y e P(H).
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Since we assume 0;H < 0, N, , # 0 implies that Ag(z) > Ap(y) by energy reasons. Therefore
ifv € P*(H),y € C(H|w), then N, , = 0. By the same reason in Proposition 2.6, we have the
following compactification,

Na,b = U Mu,,u,l X Nal,bl X Mbl,b-
a1€C(f)UP" (H),
b1€P(H)
Similarly, we can find a generic Js such that transversality holds for all moduli spaces of
dimension < 1. This would yield a cochain map ® from C(H,J) to C(H,J, f). Note that
® preserves the length filtration and induces isomorphism on the first page of the spectral
sequence. This is because on the action between —D, 1 and —D, part, ® induces identity on
the first page, since H; = H = H there. This shows ® is a quasi-isomorphism on the positive
symplectic cohomology. On the part with action close to 0, the contribution to ® is from
N, for y € C(H|w), then we can apply Lemma 2.5 to r = p. Hence everything is contained
in WUOW x [1, p]. Then following [25], for H|wuaw x1,, sufficiently C?-small, there exists
regular J, independent of ¢ € S'. Then the moduli space can be identified with the usual
continuation map in Morse theory. This shows ® is a quasi-isomorphism and induces the
commutative diagram of exact sequences. O

REMARK 2.11. If we consider the continuation map from C(H, J, f) to C(H, J;), then we
need to flow in the direction of V,f from p € C(f). Thus the degenerate OW may not be
invisible anymore. This could cause problem in compactness and Fredholm setups. As pointed
out in [19, §5], the difficulty can be overcome by choosing a particular homotopy.

2.2. Naturality of the construction

Since we will need to change almost complex structure in the neck-stretching process and
compare things in two different domains, to keep track of the naturality of maps we write
down, it is important to specify the choice of almost complex structure and the regularity
requirement. To emphasize this aspect, we will always spell out the almost complex structure
when needed.

In order to prove d? =0, we need transversality for moduli spaces up to dimension 1.
However, to define d; or d, we only need transversality for moduli spaces up to dimension
0. Therefore we have another two larger second category subsets of J(W): Jreg,+(H) D
Tres(H, f,g) D TSYH(H, f,g) so that d, and d are defined, respectively. Similarly, we define
J?g}(H), JLi(H, f,g), that is, sets of admissible almost complex structures such that d, d

r
are defined on C’fi (H,J) and CP:(H,J, f), respectively. Due to the a priori energy control,
Zgg are open.

PROPOSITION 2.12. Let J € Jreg 4 (H) or Jreq(H, f,g), then d.,d are differentials, respec-
tively.

Proof. We will show that d% = 0 on C(H, J), the other cases are similar. Since we have
an a priori energy bound, by compactness, there exists an open neighborhood U C J(W) of J,
such that U C Z?g+(H) Since J5, (H, f,g) is dense, we choose J' e U N TS} (H, f,g). Let
dy be the differential defined using J', then d%_;, = 0. We claim dy = d . Let J,,s € [0,1]
be a smooth path connecting J and J’ in U, we can consider the moduli space U; M, , ;. for
|z| — |y| = 1. The regularity of each J, implies that it is a compact manifold with boundary
My .5 and M, ,, j, since other boundary will involve M, ;. with |2’| — |¢/| <0, which is
empty by regularity of Js. This proves the claim. O



126 ZHENGYI ZHOU

REMARK 2.13. Using J,4 instead of .75; is important in the neck-stretching argument.
The index room provided by the ADC condition only allows us to argue that moduli spaces
M, up to dimension zero stays completely in the symplectization of the boundary and are
regular after neck-stretching. This forces us to use J € J,¢4 instead of j,i;, see Remark 3.13
for details.

Next we recall the continuation map when varying J. Given Ji,Jy € Jree(H, f,g) and
homotopy Js € J(W) such that J; = J; for s < 0 and J; = J; for s > 1, then we can define
the following moduli spaces.

(1) For z,y € P*(H), N, , is defined to be the compactification of the following
{u]Osu+ Jo(Ou—Xpg) =0, lim u=uz, lim u=y}.
§——0Q §—00
(2) ForpeC(f),y € P*(H), N, is defined to be the compactification of the following

Osu+ Js(Ou — Xpg) = 0,057+ Vo f = 0,}

u:C— /I/I7,
lim v =p,u(0) =~(0), lim u=y
——00 §—00

v (=00,0] = W

S
Then for generic choice of J,, the moduli space N, ; is a compact manifold with boundary

of dimension |a| — |b| whenever |a| — |b| < 1. The boundary configuration of N, , implies the
following cochain map

yr Y. #Naya, yePH(H),
(pJS :C*(Ha‘]l;f)ﬁc*(HaJQMf)v HE%L?ggi%(f)
q+q, q €C(f).

Similarly for Ji, Jo € Jreg,+ (H ), for generic choice of J,, we defined the following cochain map.

(I)Jb..,-‘r:Ci(H7J17f)_>Oj—(HaJ27f)7 Y= Z #M,yx
2|~ y]=0.
yGP*y(H)

Then we have the following standard result on the naturality of the construction.

PROPOSITION 2.14. Cochain morphisms ®;, and ® ;. up to homotopy are independent
of the choice of Js. Moreover, it is functorial with respect to concatenation of homotopies up
to homotopy.

This proposition follows from a standard homotopy argument, cf. [6]. Since we are not varying
H , the analytic setups are similar to Propositions 2.6 and 2.8. Hence we omit the proof. By
Proposition 2.14, we may suppress .J, in ®, ® ;. Another observation is that ®(CPi(H, J, f)) C
CPi(H, J, f), similarly for C’f (H,J), we use @Di,d)fi to denote the restrictions, they also
satisfy Proposition 2.14. Similar to Proposition 2.12, we only need regularity of J, for moduli
spaces up to dimension 0 to get well-defined <I>D'i,<I>f". The key property we need in the
neck-stretching is the following.

LEMMA 2.15.  Assume that we have a smooth family J,:[0,1] — J2i(H, f,g)
or J2i (H), then & :CPi(H, J, f)—CPi(H,J,f) or @V :CY(H,J,f)—
Cfi(H, Jp, f) are identities (up to homotopy) for any 0 < a,b < 1, respectively.

Proof. We prove the CP¢ case, as the C’f" case is similar. It is sufficient to prove the following:
for any a € [0, 1], there exists a § > 0 such that for every |b — a| < §, we have ®¢ is homotopic
to identity from the chain complex using J,, to the one using Jj,. Let p(s) be a smooth function
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such that p(s) =0 for s <0 and p(s) =1 for s > 1. Then we have a family of homotopies of
almost complex structures Je s = Jy1c,(s) for € in a neighborhood of 0. In the following, by
a regular homotopy of almost complex structures, we mean a homotopy of almost complex
structures such that moduli spaces up to dimension 0 in the definition of continuation map
are cut out transversely. Then Jy ¢ = J, is a regular homotopy of almost complex structures
and the continuous map is identity corresponding to constant cylinders over periodic orbits.
Since there is a universal energy bound when restricted on C”?, by compactness, there exists
0 > 0 such that if |¢| < §, J. s is a regular homotopy. It is clear that the trivial cylinders on
periodic orbits contribute to the continuation map. But there are no other contribution, due
to compactness and that Jy s has no other contributions to the continuation map. [l

REMARK 2.16. From Proposition 2.12, d is constant on each J,. Lemma 2.15 says the
obvious identification is natural, that is, it is the continuation map, which has the functorial
property in Proposition 2.14.

In Proposition 2.12, we know that d; on CT is defined using J € $5g+(H) We still
need to verify that dy o is well defined on Cf ¢ for later application. Following the proof of

Proposition 2.12, let Y C J(W) be an open neighborhood of J that is contained in $?§+(H)
Pick any J' € U N Jreg(H, f,g), then dy ¢ ;- is defined, and by Proposition 2.12 it is a cochain
map using d, defined by J since d is locally constant.

PropPOSITION 2.17. dy o above is well defined on C’f up to homotopy.

Proof. Let J" # J € UN Jreg(H, f,g), then there exists a regular homotopy J; connecting
J"” and J’, and the continuation map gives the following relation

®+700d+’JH +d+’0;‘]// = d+’0“]/ O¢++d00q)+’0.

By Lemma 2.15 and Proposition 2.14, ®, is homotopic to identity. By the argument in
Proposition 2.12, dy j» = d4 j» = d4. This implies that dy ;s and d4 o ;- are homotopic
as cochain maps from C?(H, J) — Co(f)[1]. O

The above discussion shows that, down to an action lower bound, we only need regularity
for moduli spaces up to dimension 0 to define differentials or cochain maps up to homotopy.

3. Invariance of restriction map and persistence of vanishing
In this section, we prove Theorem A, the strategy of the proof is contained in the following
picture, which we will explain in detail.
3.1. Morse description of the restriction H* (W) — H*(OW)

In this section, we assume admissible Morse function f satisfies 9, f > 0 on OW x [1 —¢,1].
Let h be a Morse function on W x {1 — e}. We pick Riemannian metrics g,gs on W and
OW x {1 — €}, respectively. Then we can define the following moduli spaces

7t (—00,0] = W x {1 — €} EN+ Ve h=0,E9+V,f =0,

R, := . .
e Y2 1 [0,00) = W Aim y1 = p,7(0) = 72(0), lim 72 =g

where p € C(h),q € C(f). By adding broken flow lines in W and on 0W x {1 — €}, we have
that R, , admits a compactification R, ;. Then we have the following.
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oW ow ow Y ow
p p
=00 0<l< oo =0 After neck-streching along Y

FIGURE 1. Pictorial proof of Theorem A.

PROPOSITION 3.1 [34, Proposition 2.2.8]. Given f,h as above, there exist generic metrics
g, 9o, such that the unstable manifolds of V, f intersect stable manifolds of V4, h transversely
in W. Then R, is a manifold with boundary of dimension |p| —|q| if |p| — |g¢| < 1. When
dimR,, =1,

ORpg=— Y, My XRugt > Rpux Mgt
+eC(h) *eC(f)

"Then counting R,, defines a cochain map R:C(f)— C(h) between Morse cochain
complexes. And on cohomology, it is the restriction map H*(W) — H*(OW x {1l —¢}) =
H*(oW).

In the following, we fix (f, g, h, g9) such that Proposition 3.1 holds. Therefore on the complex
level, the composition of SH* (W) — H**Y(W) — H**1(0W) is given by the composition of
Ci(H,J) — Co(f)[1] = C(h)[1], with the map defined by counting the moduli space R, ; X
Mg, for y e P*(H),p € C(h),q € C(f), which is the [ = co part of Figure 1. Next we show
that the middle Cy(f)[1] can be bypassed. First, we define the following moduli space

w:C—W &u—!—J(ﬁtu—XH):O,%V—Fvgah:(h
For= v (—00,0] = W x {1 —¢}| lim v =p,u(0) =~(0), lim u=y ’
) S5——00 §—00

for p e C(h),y € P*(H), where the R-dilation acts on the u part. The equation makes
sense, since on OW x {1 — e} we have H = 0. Then we have a compactification P, , and
when transversality holds, it defines a map from C,(H,J) — C(h)[1], which is the [ =0
part of Figure 1. In the following, we will show that it is homotopic to the composition
Cy(H,J) — Co(f)[1] = C(h)[1]. To such purpose, we define the following moduli space for
p € C(h),y € P*(H) involving finite time flow lines of V, f,

Osu+ J(Ou — Xg) =0,

u:C—W, Ly 4+ Vy,h=0,
H,, =70 &1+ V=0, /R,
‘ 1 i (—00,0] = OW x {1 — €},

im y1 = p,71(0) = 72(0),

Yo : [0,1] = W w(0) = (1), limuzy

fThat is, the boundary orientation on My « X Ru,q is the opposite of the product orientation and the
boundary orientation on Rp « X My 4 is the product orientation.
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where the R-dilation acts on the u part. In addition to configurations of breaking at an
orbit in P*(H) or a point in C(f), the compactification of H),, also contains R, 4 x Mg,
corresponding to [ = oo, that is, a Morse breaking of the middle gradient flow line in W, and
Pp.y corresponding to [ = 0 on the nose. In particular, we have the following.

ProrosiTioN 3.2. H,, has a compactification
Hp,y 1= Hpy Ugec(r) Rp,g X Mgy UPpy Ugec(r)aers (i) Mpg X Hgow X Mgy

For a generic choice of J, any p,y such that |p| — |y| < 2, we have H, , is a manifold with
boundary of dimension |p| — |y| — 1. And

OHpy = Z Rpq X Mgy —Ppy + Z Hpo X May + Z Mpq X Hay-

q€C(f) z€P*(H) qeC(h)

To keep track of the regularity of almost complex structures, we introduce the following
notations.
1 st (H ,h, go) is the set of regular admissible J for moduli spaces P, , of dimension up
reg, P p.y
to 1. And 7" ree.p (H, b, gp) is the set of regular admissible J for moduli spaces Py, of dimension
up to 0 and action down to —D;.
2 st H,f g,h,gs) is the set of regular admissible J for moduli spaces H,, of
Py

reg,H
dimension up to 1.

Then all of them are of second category, and jreg

are open. By looking at the potential
boundary configurations, we have various relations among Jieg, for example, 7., P(H h,g9) C

D; <1
\Z'eg,+(H)? rcg,H(Hv f7ga h7ga) - \Z?g (H f7 ) n ‘Zrcg,P(Hv h’a gd)

An instant corollary of Proposition 3.2 is that if J € jr%gl(H,f,g)ﬂ 1fgl‘yp(H,f, g)nN

1.fglyH(H,f,gJL,gg;), then the composition of C(H,J) — Co(f)[1] — C(h)[1] is homotopic
to P: Cy(H,J) — C(h)[1] defined by counting P, ,. The following proposition is in the same
spirit of Proposition 2.17. Since P is defined on CD if J € jmg p(H, h,gp) and d  is defined

if Je 2 rea+ (H ), the following proposition shows that they are the same up to homotopy for
such J of low regularity.

PROPOSITION 3.3. Let J € ._769 L(H)N jr[g;?P(H,h, gs), then P is defined. In this case,

Rod, o is homotopic to P on Cf (H,J, f). P is compatible with continuation maps on Cf'i
up to homotopy, that is, the following is commutative up to homotopy,

Cy(H, J1) ()]

lm i_

C.(H,J5) L= C(h)[1].

Proof. There exists an open neighborhood U C J(W) of J contained in jrcg L(H)N
T p(H, h,go). Then using J' € UN TS} (H, f,9) N Ty p(H. f,9) N Ty i (H, f,9,h. 90),

reg, P reg,H
we have that P defines a cochain map homotopic to R o dg+707y. By Proposition 2.17, dyo,p
is well defined up to homotopy for different J’. Finally, similar to Proposition 2.12, d, P are
locally constant. The compatibility with continuation map is standard, where the homotopy is
defined by considering moduli spaces similar to P, . but with an s-dependent almost complex

structure and without quotienting the R-action (which does not exist). O
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All the above discussions about naturality lead to the following proposition that will be used
in the proof of Theorem A.

PROPOSITION 3.4. Let J' € J2, ((H)NJY: ,(H,h,gy), then the direct limit of the

following computes SH (W) — H**(0W):
{H*(Cfl(H, 7)) = H*(CP2(H, Jy)) — } s B OW),

where the horizontal arrows in the bracket are continuation maps and maps H* (Cff' (H,J;)) —
H*t1(OW) are defined by P.

Proof. Pick a regular enough J, such that the direct limit of
{H*(Cfl (H,J)) — H*(CP*(H,.J)) - } = HL(OW)

computes SH* (W) — H**1(dW). By Proposition 3.3 and functoriality of continuation maps,
this diagram is isomorphic to the sequence in the claim by continuation maps. [l

3.2. Independence

Asymptotically dynamically convex (ADC) contact manifolds was introduced in [37]. Let (Y, &)
be a 2n — 1 dimensional contact manifold with a contact form «, then we define

P<P(a):= {’y"y is a contractible Reeb orbit and /a <D }
2!

If ¢1(§) =0, then for any contractible nondegenerate Reeb orbit z, there is an associated
Conley-Zehnder index pcz(x) € Z. The degree of z is defined to be deg(z) := pcz(z) + n — 3.

DEFINITION 3.5. Let (Y,€) be a contact manifold. Y is called k-ADC if and ounly if there
exists a sequence of contact form a; > ... > a; > ... and real numbers D; < ... < D; < ... —
o0, such that all (contractible) Reeb orbits in P<"i(q;) are nondegenerate and have degree
greater than k. Y is called strongly k-ADC if, in addition, all Reeb orbits of a; with period
smaller than D; are contractible. We will abbreviate (strongly) 0-ADC manifolds to (strongly)
ADC manifolds.

REMARK 3.6. In general, when ¢;(£) = 0, choosing a trivialization of detc & will assign a
Conley—Zehnder index to every Reeb orbit. The Conley—Zehnder index of 7 is independent of
trivializations if «y is annihilated by H'(Y;Z) = [Y, S'] (which is the space of trivializations up
to homotopy), that is, 8(y) = 0 for any 8 € H'(Y;Z) in the pairing H*(Y;Z) ® H,(Y;Z) — Z.
The reason of considering topologically simple filling W is to make sure a Reeb orbit v
contractible in W is assigned with a well-defined Conley—Zehnder index using only the
boundary. From this point of view, one can consider a slight generalization of ADC manifolds
and their topologically simple fillings, that is, P<” now stands for orbits annihilated by
HY(Y;Z) with period < D and topologically simple filling now requires H*(W;Z) — H'(Y;Z)
is injective and ¢; (W) = 0. Most results in the paper hold in such setting too.

ExAMPLE 3.7. Contact manifolds admitting flexible Weinstein fillings with vanishing first
Chern class are ADC by the work of Lazarev [37] and are strongly ADC for subcritically fillable
contact manifolds. Moreover, Lazarev showed that ADC is preserved under flexible surgery'.

TSome extra conditions need to be satisfied when attaching a 2-handle, cf. [87, Theorem 3.17].
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Cotangent bundle T*M is ADC whenever dim M > 4. Quantization bundles over a positive
monotone symplectic manifold are ADC, whenever the degree of the bundle is not too big.

In the following, we introduce an analogous definition for filling, which will be used in the
construction of ADC manifolds in §6. Assume contact manifold (Y, ) has a symplectic filling
W with ¢;(W) = 0. Let  be a nondegenerate Reeb orbit, if x is contractible in W, then a
canonical Conley—Zehnder index can be assigned.

DEFINITION 3.8. Let (W, ) be a Liouville domain with ¢; (W) = 0. W is called k-ADC
if there exist positive functions on OW f; > ... > f; > ... and real numbers D; < ... < D; <
... — 00, such that all contractible (in W) Reeb orbits of (W, f;A) with period smaller than D;
are nondegenerate and have degree greater than k. W is called strongly k-ADC if, in addition,
all Reeb orbits of f;\; with period smaller than D; are contractible in W. In particular, if W
is ADC, then OW is also ADC.

EXAMPLE 3.9. In §6, we show that V' x C is always ADC for any Liouville domain V' with
c1(V)=0and dimV > 0. V x W is always ADC, given V, W are both ADC Liouville domains
of dimension > 4. They provide more examples of ADC contact manifolds.

ExaMpPLE 3.10. It is possible that OW is ADC but W is not ADC, the source of this
discrepancy is that we can have Reeb orbits that are noncontractible in the boundary but are
contractible in the filling and have low SFT degree. For example, S' is ADC, but the D disk
is not ADC.

REMARK 3.11. Dynamical convexity was introduced in [31] on (5%, £.4) as a substitute of
the geometric convexity. For (S?"1, £.4), a contact form is dynamical convex if the minimal
Conley—Zehnder index is n + 1, as it is the case for convex hypersurfaces in R?”. Note that this
is the lowest degree that is nontrivial in the cylindrical contact homology of (S*"~! &.4).
Following this idea, Abreu—Macarini [4] defined dynamical convex for a larger class of
contact manifolds, as a property of contact forms. Although with similar names, Lazarev’s
asymptotically dynamically convexity has a very different motivation, which is a generalization
of index-positive in [18] and is related to the existence of nice contact forms introduced in

[22]. Tt is clear that ADC is equivalent to sup a,>a>..., (inf,cp<n; (4, endeg(z)) > 0. Such
D;<D3y<...—00 ’

number is an invariant of the contact topology. A similar number was defined by McLean [46]
and shown to be equal to twice the minimal discrepancy for a large class of isolated singularities,
when it is nonnegative. In particular, the link is ADC if the singularity is terminal.

From the first glance of P, ,, P, , has some chance to be independent of the filling since both
p,y only depend on the contact boundary. However, the curve u in P, , may rely on the filling.
If we have the ADC property, a neck-stretching argument implies that P, , actually does not
see the interior of W. Neck-stretching argument was used to show independence of SHi(W)
in [18] for index-positive convex manifolds. It is easy to show H*(CT*(H,J)) — H**'(aW)
is independent of filling for any D, by neck-stretching. But we also need some naturality of
the independence. In the case of independence of SHY (W), naturality was discussed carefully
in [37, Proposition 3.8] for ADC manifolds. In the following, we give a simplified treatment.
Since in our case H will not change and is already constant on W, we can bypass the Viterbo
transfer map in the proof of [37, Proposition 3.8].

Let (Y, a) be an ADC contact manifold with two topologically simple fillings Wy, W5 with
fixed Hamiltonians Hy = H, = H outside W7, W5 as in §2. Note that Wy, W5 both contain
the negative end of symplectization (Y x (0,1),d(ra)). Since Y is ADC, for every i € N, there
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Y x (0,1 —¢)

FIGURE 2. Y; C /VIZ

3W><{1—€} ]

B A,

&/ 2/

FIGURE 3. Moduli spaces for the definition of JmD‘g,'iSFT(H7 h,ga).

exist contact type surfaces Y; CY x (0,1 —€) C Wy, Wa, such that ¥; lies outside of Y;;; and
contractible Reeb orbits of contact form raly, has the property that the degree of an orbit is
greater than 0 if the period of the orbit is smaller than D;, see Figure 2.

Neck-stretching near Y; is given by the following. Assume Y; x [1 —¢;, 1+ ¢;],, does not
intersect each other for some small €;. Assume J|KX[1,€7111+€7:]” = Jy, where Jj is independent
of S and 7; and Jy(r;0,,) = Ry, Jo&; = &, where & = kerraly,. Then we pick a family of
diffeomorphism ¢ : [(1 — €)e! "%, (1 +¢;)er ] = [1 — ¢;,1 + €] for R € (0,1] such that ¢; =
id and ¢ near the boundary is linear with slope 1. Then the stretched almost complex structure
NS; r(J) is defined to be J outside ¥; x [1 —¢;,1 4+ ¢;] and is (¢ x id).JoonY; x [1 —¢;, 1+
€]]. Then NS;1(J) = J and NS, (J) gives almost complex structures on the completions of
the cobordism between Y and Y;, the filling of Y; and the symplectization Y; x R . Since we
need to stretch along different contact surfaces, we assume the NS; r(J) have the property
that NS; r(J) will modify the almost complex structure near Y;,; to a cylindrical almost
complex structure for R from 1 to % and for R < %7 we only keep stretching along Y;. We use

jrgg spr(H, h, go) to denote the set of admissible regular J, that is, almost complex structures
satisfying Definition 2.3 on the completion of the cobordism between Y and Y; and asymptotic
(in a prescribed way as in the stretching process) to Jy on the negative cylindrical end, such
that the following two moduli spaces in Figure 3 up to dimension 0 with action of the positive

end > — D, are cut out transversely. It is an open dense set.

PROPOSITION 3.12. With setups above, there exist admissible Ji, JZ,...,J3,J3,... on V/V\l
and Wy, respectively, and positive real numbers €1, €5, ... < % such that the following holds.

(i) For R<e and any R, NS r(J!),NSi1m(NSir(Ji) €T (H)N

jfe); p(H,h,gs). Moreover, for such almost complex structures, all zero-dimensional
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moduli spaces M, , and P,, are the same for both Wi, W, and contained outside Y; for
x,y € P*(H) with action > —D;, g € C(h).

(i) Jit! = NS’77(J;) on W

Proof. We prove the proposition by induction. We first choose a J! such that NS o(J') €
J}fgﬁ spr(H, h,go). Assume M, , is not contained outside Y7 in the stretching process. Then a
limit curve u outside Y; has one component by [18, Lemma 2.4]". Moreover, by the argument
in [18, Lemma 2.4], u can only be asymptotic to Reeb orbits 7; that are contractible in W, on
Y; with period smaller than D;. Since W, is topological simple, 7; is contractible in Y;. Note
that ind(u) = |y| — || — > (pcz(yj) +n—3) <1 as pcz(y;) +n—3 > 0. Since we need to
quotient the R-action, the expected dimension of the moduli space of such u is negative. By our
regularity assumption on NS; o(J1), u is cut out transversely, which contradicts its existence.
Hence for R close to 0, using NS; r(J'), we have M, , lives outside Y;. Since NS o(J') €

Jr?g;SFT(H, h,gs) and every curve in M, , lives outside Y7, we have NS; p(J') € Z.?é_+(H)

for R small. Similarly, we have the same property for P, , and NS; p(J') € ‘ZggﬁH(H, h, gs) for
R small. The argument can be applied to stretching on both Y7, Y> and a compactness argument
shows that for every R’ € [0, 1], there exists ez > 0 and 0 > 0 such that the same regular and
outside property hold for NS 5(NS; ()(J') for € < €pr and |§ — R'| < dps. Therefore Claim (i)
holds for some €;. Since NS5 o(NSi o(J')) has the property that all curves in Figure 3 with
z,y € Cfl must be contained outside Y7, that is, curves in Mg, ,,, P, , (which are viewed as limit
curves after stretching), then we may assume €; is small enough such that NSQAVO(NSL% (JY)) €

$££7SFT(H, h, go). Therefore we can perturb NS; 1 (J') outside W near orbits in WZ\W}
to J? such that NS, (J?) € jrfgﬁsFT(H,h,ga), this will not influence the previous regular
property for periodic orbits with action down to —D; by the integrated maximum principle

(Lemma 2.5). Then we can keep the induction going. It is clear the construction can be made
on both Wi, W; yielding the same M, , and P, ,. U

REMARK 3.13. From the proof above, it is clear that we cannot guarantee NS; r(J")
in fﬁ;’ +(H) for all R small unless we assume 1-ADC. Moreover, there is no guarantee for

NS; r(J") in Jpeq(H, f, g), that is why we need Propositions 2.17 and 3.3.

Proof of Theorem A. Using the almost complex structures from Proposition 3.12, we have
the following sequence for both fillings

{cfl(zvsl%f) — CP2(NS, 3 J%) = CPH NSy 4 J)... } o), (3.1)

where each complex and the map P to C(h)[1] are identified with each other for both fillings.
Therefore it suffices to show the continuation map Cfi (NSzT, JY — Cf”' (NS, cipr JUTL)

is naturally identified. The continuation map is decomposed into continuation maps
O CYU(NS; o) = O (NS, s (NS o 7))
and b
. ~D; i i i+1
U CUH(NS, s (NS g ") = O (NS, e ] .

2
Since J'*! is the same as NSzT(JT) inside W', then the integrated maximum princi-

ple implies that W is composition CT'(NS,,, «us (NS & J)) 5 CPH(NS,, | o JH)
& L) ’ ’ 2

Then @ is identity by Lemma 2.15 using homotopy NSii1,s(NS; < )(J) for s € [=5*,1].

TNote that our symplectic action has the opposite sign compared to [18, Proposition 9.17].



134 ZHENGYI ZHOU

Cfi“ (NS, <in JUFL), which is the inclusion, hence it is the same for both Wy, Ws. Therefore
P

continuation maps in (3.1) are inclusions, hence the whole diagram can be identified, and
Proposition 3.4 implies the theorem. O

Proof of Corollary B. If SH*(W) = 0, then 1 € im dy. Then by Theorem A, for any other
topologically simple exact filling W', we have 1 € im §g. Then SH*(W') = 0 and Theorem A
implies the invariance of H*(W;Z) — H*(Y;Z). O

Using Theorem A, we derive the following obstruction to Weinstein fillability.

COROLLARY 3.14. Let Y be a 2n — 1 dimensional ADC contact manifold and n > 3. If Y
admits a topologically simple exact filling W such that a nontrivial element of grading greater
than n is in the image of SH (W) — H**'(Y'), then Y does not admit Weinstein fillings.

Proof. Assume otherwise that Y admits a Weinstein filling W’. Since n > 3 and W' is built
from Y by attaching index k£ > n > 3 handles, we have ¢;(W’) =0 and m1(Y) —» m (W) is
isomorphism, that is, W' is topologically simple. Then SHY (W') — H**'(W') — H*T(Y) is
isomorphic to SHY (W) — H*T!(Y). Since H*(W") is supported in degree < n, we arrive at a
contradiction. [l

When the obstruction in Corollary 3.14 does not vanish for one contact manifold, it is easy
to construct infinitely many obstructed examples by the following.

PRrROPOSITION 3.15. Let Y be a contact manifold, such that conditions in Corollary 3.14
hold. For any ADC contact manifold Y’ with a topologically simple exact filling W', the contact
connected sum Y #Y" is not Weinstein fillable.

Proof. By assumption, the image of SH* (W) — H*"!(Y) contains an element o’ of grading
k > n + 1. That is, the image of SH (W) — H***(W) contains an element «, which restricts
to o’. That is, « is mapped to 0 in SH*(W). Note that k cannot be 2n — 1, for otherwise it will
imply that H*"~1(W;R) — H?"~1(Y;R) is surjective, which contradicts the Stokes’ theorem.
By [15], if we view a € H*(WyW'), then « is mapped to 0 in SH*(WHW’). This implies that o
is in the image of SHY ™' (W§W') — H¥(WEW’). Since n + 1 < k < 2n — 1, « restricted to the
boundary Y#Y"’ is represented by o’ and nonzero. This implies that d5 contains a nontrivial
element of degree k for WiW'. By [37], YY"’ is ADC, and it is direct to check that WEW” is
topologically simple. Then by Corollary 3.14, Y#Y” is not Weinstein fillable. [

3.3. Symplectic cohomology for covering spaces

Before proving Theorem E, we need to introduce symplectic cohomology for covering spaces.
Let W be an exact domain and 7 : W — W a covering (not necessarily connected). The idea is
lifting all geometric data to the covering space to define a Floer theory. We define the following
two sets:

B*(H) = {(z,a)|e € P (H),a € W, (a) = 2(0)},

E(f) = {pa)lp € C(f).a € W, m(a) = p}.

Then we can define M, ) (40 for (z,a),(y,b) € ﬁ*(H),a(f) as follows, if (z,a),(y,b) €
P*(H),

M z.0),(yp) = {u € My y|u(s,0) lifts to a path from a, b in W},
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other cases are similar. Hence for regular J, M, 4) (4 is always diffeomorphic to some
connected components of M, , with the same orientation. In particular, by Proposition 2.8,
Mz a), (y p) is always a compact manifold with boundary of dimension |z|— |y| —1 when
lz| —y| <2 and OM 4 q),(y.0) Z(z,o)M(w,a),(z,c) X M. o) (yp)- Then we can use them to

define a cochain complex C (H,J, f). However, the generator set is infinite even with an
action bound, and since we are trying to define the cohomology of the covering space, the
cochain complex is the direct product in the fiber direction, that is, ®, ], Z{(x,a)). The
differential on a generator is again defined by

b) =Y #Ma), ) (,0).
(z,a)

The compactness of M, , implies that for any b, there are at most finitely many a such
that M, q),yp) 7 0. Therefore the differential is well defined on the complex. We can
similarly define 5'i(H, J),Cz(f). By definition, the cohomology H*(Cy(f)) is the cohomology
of the universal cover H *(W), since the cochain complex is dual to the Morse homology
complex with Z[m (W)] local system, which computes the homology of the universal cover
[29, §3.H]. Moreover, there is always a cochain morphism Ctyjo(H, T, f) = C(+/o (H,J, f)
defined by sending z — [],(z,a) corresponding to the pull-back to the covering. We define
SH*(W),SH};(W) to be the cohomology of C*(H,J, f),éi(H, J). Then we have a long
exact sequence,

= H* (W) = SH*(W) = SH:(W) — H**'(W) = ...

Moreover, the natural maps SH{, (W) — SH +/0)(W) are compatible with the long exact

sequence. We can lift everything discussed before to W hence there is the following analogue
of Theorem A.

PRropPosITION 3.16. Under the same assumption as in Theorem A, let 7 : W — W be a
covering, then Y := OW is a covering of Y and &, : SH*( ) — H*“(Y) is independent of

the topologically simple exact filling W’ and covering W, as long as OW' =Y.

THEOREM 3.17. Assume Y is an ADC contact manifold. If W is a topologically simple
exact filling of Y such that m(Y) — m (W) is isomorphism and SH*(W) =0, then for any
other topological simple exact filling W', we have m1(Y) — m(W') is an isomorphism.

Proof. Assume 7(Y) — 7(W') is only injective. Then the universal cover W restricted to
boundary is 7 (W’) /71 (Y) copies of the universal cover Y. Let W be the universal cover of W.
Since 71 (Y) = 1 (W) is an isomorphism, we have W = Y. Since SH; H(W) — HO(Y) = Z is
surjective, SH ;1(W) — HY(Y) is an isomorphism and the following commutative diagram

SHY(W) —— H*(W) —— HO(Y)

L]

SH (W) — H(W) — HO(Y).

Since w1 (W')/m1(Y) copies of the universal cover W restricted to _boundary is_also
m (W’)/m1(Y) copies of Y, then by Proposition 3.16, we have that SH_'(W’) — HO([?W’) =
I, wr)/ei(v) Z is surjective. However, SH;I(W/) — HO(OW') factors through HO(W') = Z,
which contradicts that the cardinality of 1 (W')/m(Y) is greater than 1. O
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Proof of Theorem E. 1t is sufficient to prove the strongly ADC case, as the ADC case is
proven in Theorem 3.17. Since 7 (Y) — 71 (W) is an isomorphism, we have H,(Y) — H (W)
is an isomorphism. By the universal coefficient theorem, we have H'(W) — H'(Y) is an
isomorphism and H?(W) — H?(Y) is an isomorphism on the torsion part. By Corollary B, we
have the same thing holds on W’. Then using the universal coefficient theorem again, we have
H,(Y) — H,(W’) is an isomorphism. Since 71 (Y") is abelian, this implies that m1 (Y") — m (W)
is injective, and then by Theorem 3.17, we have m1(Y) — 71 (W’) is an isomorphism. O

3.4. Local systems

Albers—Frauenfelder-Oancea [5] found examples of cotangent bundles with vanishing symplec-
tic cohomology after appropriately twisting by local systems. Since cotangent bundles are ADC,
when base manifolds have dimension at least 4, we discuss the analogue of Theorem A for local
systems and its applications to symplectic topology in this part. The discussion here works
for general local systems; however, to get interesting applications, we will only consider the
following special local systems. We use LoW to denote the connected component of contractible
loops in the free loop space LW and let R be a commutative ring.

DEFINITION 3.18. An admissible local system on a Liouville domain W is a flat R bundle
over LoW and is trivial on the constant loops.

Let R* denote the group of units in R, then using parallel transportation, a flat R bundle
over LoW is represented by a class in Hom(m (LW), R*)/R*, where the R* action is given
by conjugation. We use QoW to denote the space of contractible-based loops in W. Note that
we have a short exact sequence of groups,

0 —>7T1(QoW) —>7T1(LOW) —>7T1(W> — 1

from the fibration 7 : LoW — W, where m is the evaluation map at the starting point.
Moreover, we have

7T1(L0W) ~ 7T1(Q()W) Dall 7T1(W),
where 71 (W) acts on m1 (W) by conjugation. As a consequence, we have
Hom(m (LoW), R*) ~ Homjyy (m2 (W), R*) x Hom(m (W), R™),

where Homip, (m2(W), R*) C Hom(me(W), R*) is the subgroup of 7 (W)-invariant elements.
The projection to the Hom(w; (W), R*) corresponds to the restriction on constant loops.
Therefore an admissible local system is represented by an element of Homy,, (72(W), R*)/R*,
in other words, it can be represented by a trivial extension of a (W )-invariant local system
on Q()W

With an admissible local system p, we can define symplectic cohomology with local system
p, where the cochain complex is generated by fibers p, ~ R of the local system over x € P*(H)
or constant loop z € C(f). The differential now needs to take the parallel transportation into
account, that is,

da = Z Z sign(u)pu(a), a € py, (3.2)

T uEMy y

where M, , is a zero-dimensional moduli space, and p,, an R-module map p, — p., that is, the
parallel transportation determined by w when we view u as a path in LyW connecting y and
x. We use SH*(W; p) to denote the cohomology, such theory shares all properties of SH*(W).
In particular, we have the following proposition from the same argument of Theorem A.
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PrROPOSITION 3.19. Let Y be an ADC manifold, then 6y, : SHY (W;p) — H*™'(W;R) —
H**1(Y; R) is independent of topologically simple fillings W and p, as long as p|r,y is fixed.

To illustrate the necessity of the ADC condition, we consider the cotangent circle bundle
ST*S? ~ RP?, then the minimal Conley—Zehnder index is 1, which makes it not ADC. By [5],
there is a local system on LoT*S?, such that SH*(T*S?, p) = 0. However, the local system on
LoRP? is trivial, hence it has a trivial extension to LyT*S?, whose symplectic cohomology is
not zero. As a consequence, dy , depends on p in this non-ADC case.

To make Proposition 3.19 useful as Theorem A, we will explain that SH*(W;p) is a ring
and H*(W; R) — SH*(W;p) is a ring map. The product structure on symplectic cohomology
is defined by counting holomorphic curves on 3-punctured spheres, with two positive puncture
and one negative puncture, cf. [52]. We fix a trivialization of p on constant loops. Given
any such curve u with positive ends asymptotic to x,y and negative end asymptotic to z, it
determines a module morphism p,, : p, ®r py —+ p- as follows:

Px QR Py p“lﬁmw P’ QR Py’ g P’ xy’ m Pz, (33)
where 2/, 3’ are the based loops with the same base point as the following picture shows, z’ x 3/
is the concatenation of ' and v/, u1, us, u3 are the cylinders represented by the colored region
in Figure 4 and m : pyy @R py — Parvy is the conical isomorphism in [5, Lemma 1] if we fix a

FIGURE 4 (colour online). Parallel transportation on pair of pants

trivialization of p on constant loops.

PROPOSITION 3.20. Given a pair-of-pants curve u, p, in (3.3) is well defined and only
depends on the homotopy class of u.

Proof. Since the merging of x,y into 2’ ¢’ is not unique, the potential ambiguity follows
from different ways of merging. More explicitly, if we have two choices of merged based loops
z’,y" and z”,y"”, then there are two cylinders wu,,u, from z’,y" to z”,y", respectively, and
uz(8,0) = uy(s,0),Vs. We can form a concatenation of cylinders u, * u, from 2’ * 3 to z” % y”'.
Then it suffices to prove the following commutative diagram:

m
px/ ®R py/ _— px/*y/
ipw@mug ipuz*uy (3.4)
m
pw// ®R py// —_— pw//*y//

Let p be the common base point of 2/, y/, that is, p = 2’(0) = y'(0), we recall m from [5, Lemma
1],

m: por @ Py — Pp @ Pp = Pp = Parsy’s



138 ZHENGYI ZHOU

where the first map is determined by two paths ~,/,v, of based loops from z’,3" to the
constant loop p, the middle map is determined by the conical isomorphism R ® zp R — R since
we fix a trivialization over constant loops and the last map is determined by the inverse of
the concatenation of ~y, and 7,/, which is a path from p to 2’ x ¢ in the based loop space. By
the homotopy lifting property of LoWW — W, there exists a lift v, ,» of u,(s,0) extending 7/,
similarly for 3/, 3", then we have the following commutative diagram:

m

Pzt QR Py —— Pa/(0) DR Py’ (0) = Pa’(0) — Pa'xy’

\Lp"/x/’wu ®Rp'7y/,y” i l lpvzlym//*vy/)yn

pl.// ®R py// —_— pw//(o) ®R py”(O) —_— px”((]) —_— pw//*y//

m

Vo' v May not be homotopic to u,. But to prove (3.4), it suffices to prove the following
commutative diagram

pz” ®R py// —_— pxu*y//

ipv(@Rpw ipv*w (3.5)

pw// ®R py// _— pw//*y//

where v and w are two loops in LoW such that v(s,0) = w(s,0) for s € S*. Note that the local
system is trivial on W and we can modify v by elements in im(m (W) — 71 (LoW)) from the
inclusion of constant loops without changing p,. Therefore we can assume v(s, 0) = 2’(0) for all
s € S'. We may assume the same thing for w. Let v,,~,~ denote the path in QoW connecting
2" y" to 2”(0) = y”(0). Then it suffices to prove the following commutative diagram

Par1(0) @R Py’ (0) P (0)
ipwz”v,\{z—/} ®Rp7y”w7y_/3 lp(’vru *’Yy//)(v*w)(’)’z// *’Yy//)71 (3.6)
Par1(0) DR Py (0) P’ (0)

Therefore it suffices to prove that p Therefore it

'yr//’U'y;,}'yy//w'yyf,} = p(’Y:z'//*'Yy//)(/U*“))(’Y:L'”*’Yy”)71.
is enough to verify that 'ymuvfy;,,]vyuw’yyf,] is homotopic to (yu * Yy ) (v * w) (e * Yy ) "L as
a loop in LoW. Note that (v, % 7,7 ) (v % w)(Yar x yyr) ™' = (yarvy,)) * (fyy//w’y;,l) and both
(%/rv'y;,,l), (vy//wvg,}) represent a based loop of based loops in Q€¢W, where the base is the
constant loop z”/(0). Then the claim follows from the same proof for the fact that second
homotopy groups are abelian. Note that (3.4) also implies that p, only depends on the
homotopy class of u. O

As a consequence of Proposition 3.20, we can count pair-of-pants moduli spaces twisted by p,,
to define a ring structure on SH*(W; p). That H*(W; R) — SH*(W;p) is a ring map follows
from the same argument for untwisted symplectic cohomology, see [52].

Proof of Theorem D. We use local systems with R = C. The assumption implies that
dim @ > 3, in particular, 7 (ST*Q) — 7 (T*Q) is an isomorphism. We first assume that @
is oriented and spin. Following [5], we consider local systems on LoW trivial on W induced
from Z/p C C*, which are represented by Homiy (m2(W),Z/p) ~ Hﬁw(W,Z/p), where W is
the universal cover of W and 7 (W) acts on the cohomology by deck transformation. By [5,

Proposition 6, 9], H*(W) ™ H2 (W) contains nontrivial images if and only if the Hurewicz

mv
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map 72 (W) — Ho(W) is nonzero. In the case of (i), by [5, Theorem 1], there exists an admissible
local system p such that SH*(T*Q;p) = 0. Moreover, such local system is represented by

an element in the image of H*(T*Q;Z/p) — H? (f;@;Z/p) for some prime p. Then the

local system on LoST*Q is represented by the restriction to HZ (ST*Q;Z/p) and it is from
an element of H?(ST*Q;Z/p). By assumption, H*(W;Z/p) — H*(ST*Q;Z/p) is surjective,
which implies that p|r,s7+¢@ extends to W. Hence the claim follows from Proposition 3.19.
If Q is nonorientable or not spin, given a local system p, we have SH*(T*Q,p® c'?) =
H, .(LQ,p® o0g) [1, Chapter 3], where o¢ is the orientation local system on Q and o7 is
an admissible local system defined in [1, Chapter 2], which is transgressed from H?(Q,Z/2)
(in the oriented not spin case, it is transgressed from the second Stiefel-Whitney class). Hence
by assumption, this local system o”7% can be extended to W. Hence the invariance follows
similarly as we can find an admissible local system p such that H, _.(LQ, p ® og) =0 by [5,
Theorem 1].

For case (ii), if Q is spin, there exists some prime p such that H*(W;Z/p) — H*(ST*Q;Z/p)
is nonzero. Since when 71 (Q) = 0, any nontrivial element of H*(T*Q;Z/p) = H*(ST*Q;Z/p)
determines a local system with vanishing symplectic cohomology, then the claim follows. For
not spin manifold, o7'? is the transgression of the second Stiefel-Whitney class, hence it can
also be extended to W by our condition.

If x(Q) = 0, then we have a section s : Q — ST*Q and Q > ST*Q — T*Q is a homotopy
equivalence. Therefore the invariance of H*(W;C) — H*(ST*Q;C) implies that H*(W;Q) —

H*(ST*Q; Q) 5 H*(Q; Q) is an isomorphism. In particular, the composition Q@ = ST*Q — W
induces a rational homotopy equivalence. 0

REMARK 3.21. Tt is possible to get invariance of Z/p cohomology for p > 2 under the
similar assumptions as in Theorem D. We can consider Z/p-local systems that are trivial on
constant loops, such local system is classified by Hom(m (LoW), (Z/p)*)/(Z/p)*. Since for
any g # 1€ (Z/p)*, we have 1 — g € (Z/p)™, then [5, Proposition 3] applies to get vanishing
of symplectic cohomology.

3.5. Diffeomorphism type

In some situations, the invariance of cohomological information H*(W;Z) — H*(Y;Z) would
yield information about the diffeomorphism type via h-cobordism. Such argument was used
extensively in [7]. In the following, we extract some of the topological conditions from [7] such
that the h-cobordism argument can be used. In particular, combining with the results from
previous sections, we get the uniqueness of diffeomorphism type for many cases.

DEFINITION 3.22. An oriented manifold W with boundary is good if the following conditions
hold.

(i) There exists Wy diffeomorphic to W and is contained in the collar neighborhood of OW.

(ii) There exists a locally closed manifold V C W, such that V — OW — W induces
isomorphism on cohomology and the corresponding copy of Vy on Wy is homotopic to V' in the
collar neighborhood of oW

EXAMPLE 3.23. The major source of good domains is the following.

(i) W = DT*Q for manifold @ with x(Q) = 0. Then there exists a section s : Q@ — ST*Q.
Then we may take V = s(Q).
(i) W = M x D. Then V may be taken as M x {1}.
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ProprosiTION 3.24. Let W be a good domain with boundary Y. If Y has a another filling
W' such that H*(W') — H*(Y) is isomorphic to H*(W) — H*(Y), then W' = W U H, where
H is a homology cobordism fromY toY .

Proof. In the collar neighborhood of Y in W', we have a W, diffeomorphic to W. By deleting
this Wy, we have cobordism X from Y to Y. We claim H*(W') — H*(W) is an isomorphism.
Let F': V x [0,1] be the homotopy from V to V; in the collar neighborhood. This follows from
the following commutative diagram

H*(W') —5 H*(V x [0,1]) ——= H*(V)

i .

H* (W) H*(OW,) H* (V).
By assumption, we have H*(Wy) — H*(0Wy) — H*(V}) is an isomorphism and the first arrow
H* (W) 5 H*(V x [0,1]) — H*(V) is identified with H*(W') — H*(Y) — H*(V), hence an
isomorphism. Therefore, H*(W') — H*(W}) is an isomorphism. Then by excision, we have

H*(W',Wy) = H*(X,0Wy) = 0. Then the universal coeflicient and Poincaré duality implies
H.(X,0Wy) = H.(X,0W’) = 0. Therefore X is a homology cobordism. O

Once we know that Y is simply connected and the cobordism X in Proposition 3.24 is simply
connected, the homology cobordism becomes h-cobordism by the relative Hurewicz theorem.
Therefore, when dim X > 6, we have X is diffeomorphic to Y x [0,1]. In particular, we can
prove Theorem C.

Proof of Theorem C. Contact manifolds in the statement of Theorem C are ADC, where case
(i) follows from Theorem 6.3. It follows from Corollary B and Proposition 3.24 that different
fillings are differed by homology cobordisms. Note that by Theorem 3.17, we have W is simply
connected. Then the homology-cobordism X from Proposition 3.24 is simply connected by the
Van Kampens Theorem. In particular, X is an h-cobordism. Therefore the diffeomorphism
type is unique. O

4. Persistence of symplectic dilation

Symplectic cohomology is naturally equipped rich algebraic structures, in particular, SH*(W)
is a BV algebra with a degree —1 BV operator A, cf. [58]. With such structure, symplectic
dilation was introduced in [58] as an element x of SH* (W), such that A(z) = 1.

ExaMPLE 4.1. If SH*(W) =0, then 0 is a symplectic dilation. If W admits a symplectic
dilation and M be another Liouville domain, then W x M admits a symplectic dilation by [56,
Example 2.6].

EXAMPLE 4.2 [58, Example 6.4]. T*S5? admits a dilation with field coefficient k if char (k) #
2, and T7*S™ admits dilation for any coefficient when n > 3. T*CP" also admits dilation if
char(k) # 2. T*K(w, 1) does not admit dilation, in particular there is no dilation on T*7T".

More examples with symplectic dilations are constructed by Lefschetz fibrations, since by
[58, Proposition 7.3], if the fiber F' of a 2n-dimensional Lefschetz fibration M — C contains
a dilation for n > 2, then so does M. By repeatedly applying this result, Seidel [56, Example
2.13] showed that the Milnor fiber of a singularity of form p = 23 + 22 + 235 + q(23,...,2,)
admits symplectic dilations.
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EXAMPLE 4.3. The link of p = 23 + 27 + 25 + 25° + -+ + 2% = 0 with 2 < a; € N is ADC.
The associated Milnor fiber provides examples with ADC boundaries admitting symplectic
dilations. The contact boundary admits a Morse-Bott contact form whose generalized Conley—
Zehnder indices were computed in [35, §5.3.1]. The Reeb orbits are completely classified by two
natural numbers T', N. Let I be the maximal subset of I := {0,1,...,n} such that lem;cr.a; =
T and Ir has at least two elements. There are also some restrictions on N, see [35] for detail.
Then there is a 2(#I1r — 2)-dimensional family of Reeb-orbits with period NT and generalized
Conley—Zehnder index

2y NT +2 ) L]ZTJ + #(I — Iy) — 2NT. (4.1)

icly " iel—Ip

Then the minimal Conley—Zehnder index after a small perturbation is (4.1) minus #Ir — 2.
When T is even, the Conley—Zehnder index of a small perturbation is at least NT + 2N (#I7 —
3) + #I — 2# I + 2, hence the degree is at least NT + 2N (#Ip — 3) + 2#1 — 2#Ir — 2 which
is positive if N > 1. When N =1, it is least 241 — 6 > 2. When T > 3 is odd, the degree is
at least 2N#Ip +3NT — 3+ 2#I — 2#1p — 2 —2NT > NT + 24#1 — 5 > 0. Therefore such
manifold is ADC.

Like the vanishing of symplectic cohomology, the existence of symplectic dilation is also
preserved under the Viterbo transfer map. That is, let V' C W be a Liouville subdomain, then
the Viterbo transfer map SH*(W) — SH*(V) preserves the BV structure. In particular, if
W admits a symplectic dilation, so does V. Therefore, the existence of symplectic dilation
may be viewed as an indication of the complexity of the Liouville domain, which is next to
the vanishing of symplectic cohomology. The goal of this section is to prove for ADC contact
manifolds that the existence of symplectic dilation is a property independent of the filling in
many cases, hence measures the contact complexity. This is done by showing independence of
a structure map as before, which also bears interests.

4.1. BV operator A

Similar to the discussion in § 2, we will define A using H. However, to make sure Lemma 2.5 can
be applied, we need to consider two such functions H |, H _, such that the following holds.

(1) H, and H _ satisfy same conditions of H in §2, and share the same (a;, b;) and D; <
D;.

(2) mingegt H_(t,x) > maxseg1 H (t,x) for all z € w.

(3) Onm each (a;,b;), Hy = f(r) and H_ = f_(r) and rf (r) — fr(r) <rf_(r) — f-(r).
Roughly speaking, the requirements above ask that H _ grows faster than H , for example
JH _ is a perturbation of 2r? and H, is a perturbation of 2. We fix such two functions and
also fix a smooth decreasing function p(s) : R — R, such that p(s) =1 for s < 0 and p(s) =0
for s > 1. Then we define

H = p(s)H _(t+0) + (1 — p(s)) H . (t).
Then for s < 0, we have Hg ,=H_(t+6) and for s > 1 we have Hgyt = H_ (t). Moreover

p'(s)(H_(t+6) — H,(t)) < 0. Moreover, on region (a;, b;), Hit =
Then

by construction, 0sH o

p(3)f_(r) + (L= p())Fo(r). T
Bu(rd,H' , — HY ) = 0y(r(p() /() + (1 — p()) £+ (r))' — (p(s)f— () + (L — pls)) 1 ()
=p'(s)(rfl(r) = f=(r)=7rfL(r)+ fr(r)) <O.

In particular, the conditions in Lemma 2.5 are satisfied for H’ V0 € St on (ag,b;).



142 ZHENGYI ZHOU

REMARK 4.4. The extra complexity is due to that H depends on t. If we twist H to get
H jt, it is never true that 0s H jt < 0. Hence Lemma 2.5 cannot be applied and the compactness
proof fails. An alternative fix is using an autonomous Hamiltonian and the cascades moduli
spaces to define the BV operator as in [11].

Let J5.0(W) be the set of smooth families of admissible almost complex structures Jf_’t :
R, x Sj — J(W), such that there exist J_,J,y € J(W) with J?, = J_ ;9 when s <0 and
nyt =Ji when s > 1. Let Js0,7_ .7, (W) C Js0(W) be the set of families with positive ends
given by J and negative end given by J_. Then for J; € Jree(H+, f,9), J— € Tres(H_, f,9),
for a generic choice of Jg,t € Js,0,5_,5. (W), we have the following moduli spaces.

(1) Forz € P*(H_),y € P*(H), MZ,, is defined to be the compactification of the moduli
space of solutions (u, 8) to the following:

Osu + Jf}t(atu —Xpge )=0, lim u=uz(-+0), 'li_>m u=y. (4.2)

S§——00

(2) For x € P*(H4),p € C(f), Mﬁa, is defined to be the moduli space of solutions (u,8,~)
to the following:

d
Do+ J (O — Xpgo ) =0, 7 Vel =0, y(=00) = p,u(0) =4(0), lim u=uz. (43)

S5—00

Since 8SH2¢ < 0, any solution u to dsu + Jf,t((?tu — Xgo ) = 0 will have the property that
Asr_(u(=00)(- = 0)) — As, (u(o0)) > 0. (4.4)

As a consequence, there is no Mﬁp forp € C(f) and x € P*(H _). By the construction of Hit,
Lemma 2.5 can be applied to get compactness of Mf:*. Therefore we have the following with
a similar proof to Propositions 2.6 and 2.8.

PROPOSITION 4.5. For a generic choice of Jf_’t, we have Mﬁb is a compact manifold with
boundary of dimension |a| —|b| +1 when |a| —|b] < 0. And 3M§b ==Y ML, x M, —
YoM, X Mﬁb, where M, Mj* are moduli spaces associated to H_ and H . .

By this boundary configuration, A defines a cochain map C(Hy,Jy,f)—
C(H_,J_, f)[-1]. Moreover, A decomposes into Ay and Ay, which count Mﬁy and
M2 respectively. In particular, A, is a cochain map C, (H,J,) — C(H_,J_)[-1]. By

Pz’
(4.4), A maps CDj(H+7J+7f) to CPi (H_,J_, f). Therefore we use A131‘+,A£7‘+ and Afg

to denote the restrictions, respectively. Lemma 2.5 implies that curves appearing in A” ! are
contained in W°.

Let 6~ denote the connecting map H*(C(H _,J_)) — H**1(Cy(f)). Then we can define
a degree 1 map

¢:ker Ay C H(Cy(H4,Jy)) = cokerd™, x— Ay g(x) —dyo(d), (4.5)

where x € C (H 4, Jy), b€ Cy(H_, J_) such that Ay (z) = d4(b).
PROPOSITION 4.6. ¢ is well defined. If ¢ is a cochain map on C' = Cy & Cy that can be

decomposed into Y + 1y + ¥4 0, such that Aoy —poA=nod—don for n=n4 + 140,
then on cohomology we have ¢ oy = g o ¢.
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Proof. Note that we have d> =0 and A od+ d o A = 0. When we write them using the zero
and positive decomposition, we have the following formula.

do o A_hg + d+,0 o A+($) + A+,O o] d+ (.23) = 0, (46)

dyodyo+digods =0. (4.7)
We first show that dy o ¢(x) = 0, that is
doop(z) =dyo Ay o(z) —dyody o(b)
=—diooAy(z) — Ay podi(x) —doodyo(h)
=—digodi(b) = Aypodi(x) —dyodyo(h)
=—-A;pods(x).

Since d (z) = 0, we have ¢(x) is closed.
Now we consider ¢’/ := x + d (y), then we can choose b’ := b+ A (y), then we have

P(z') — () = Ay podi(y) —di oo Ar(y)
= do e} A+,0(y)-

Hence the difference is exact. Finally, we consider ¥’ = b+ ¢ where d(¢) = 0. Then we have
the difference is d ¢(c) which is in the image of 4.
If we have such v and 7, then we have the following:

Yyody =dy oy, (4.8)

Yoodyot+¢roods =dyotpro+dyoory, (4.9)

Y oAy —Ap oy =dyong —nyody, (4.10)

Yoo Aro+vro0Ay —Apgothy =doonyo+dioong —np00ds. (411)

Then (4.8) implies that 1 induces a map on H*(C,). (4.9) implies that 6 o)1 = g0 d on
cohomology. (4.10) implies that ¥; o Ay = Ay o4 on cohomology. Finally, for z,b € C with
A4 (z) =dy(b),dy(x) =0, we have

Ay oty (z) “2 o Ay (x) —dsong(x) +ny ody(x)

= Prody(b) —dyoni(a)

4.8
=y dy oy (b) — dy oy ().

Therefore we have
poi(xr) = Appotpy(x) —dyootpi(b) +dyoong ()

TS Apo(®) +Yp00As(x) —doongo(w) —diooy(b)

= tYooAyo(x)+1hroodi(b) —dygorhi(b)—doongolz)

4.9
0 o Ay o(w) — o ody o(b) +do oty o(b) —doony o)

= Yoo ¢(x) +do oty 0(b) —doongo(z).
That is, ¢ 0 ¥4 = ¢g o ¢ on cohomology. O
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4.2. Continuation maps

There are two continuation maps we need to consider, one is the continuation from H  to
H _. The other is the continuation from homotopies of almost complex structures and its
compatibility with A, and ¢.

4.2.1. Continuation map from H to H_. Let H, := p(s)H_ + (1 — p(s))H , that is
H?t In particular, Lemma 2.5 can be applied to H on (a;,b;). Then we can consider the
compactified moduli spaces of the following:

{u:RxS" = W |dou+ J(Ou— Xp,) =0, lim u=uz, lim u=y},
S—r—00 S§—r00
forx e P(H_),y € P*(H).

u:(C—>W,
v (=00,0] = W

for xeP(Hy),peC(f). We denote them by N,, and N,,. Then for J. €
Tres(H 4, f,9), J- € Treg(H_, f,g), there exists generic homotopy J, from J_ to J, so that
the moduli spaces above are compact smooth manifolds with boundaries, when the expected
dimension is < 1. In particular, it defines a cochain map © : C(H,J., f) = C(H_,J_, f)
by counting N, . when z € P*(H ) and is identity on Cy(f). © respects the splitting into Cy
and C,. Moreover, © maps cb! (H.,J,.f) = CP: (H_,J_, f). We will show in §4.6 that ©
is an isomorphism on cohomology. The following functoriality of the continuation map is also
verified in §4.6.

asu + Js(atu - XHS) = 07857 + V_qf =0, }

lim 5= p,u(0) =~(0), lim u=z

S

+ -
PROPOSITION 4.7. Let JL,J2 € 7.2 (H+, f,g) and J',J? € Jiey (H_, f,g), then the
following diagram is commutative up to homotopy:

Dt D
Cy' (Hy,JY) ——=C)f (H-_,JY)

l l

D D
C+Z (H+7Ji) *>C+1 (H,7JE),

where the horizontal maps are continuation maps constructed above and the vertical maps are
continuation maps in Proposition 2.14.

4.2.2. Compatibility with homotopies of J. Assume we have Ji 1,J1 2 € Freg(H 1, f,9)
and J_ 1,J_ 9 € Jres(H —, f, g) and regular homotopies J, 4, Js — from Jy o, J_ 2 to J4 1,J_ 1,
respectively, so that the continuation map in Proposition 2.14 is defined, and are denoted
by ®*,®~. Assume nyt,l and Jf,t_Q are two homotopies with ends J_ 1, J; 1 and J_ 2, J4 o,
respectively, such that Proposition 4.5 holds.

Following [1, §2.2.3], we consider a family of almost complex structures .J ;f such that:

(1) when r < 0, J;f = Jorito— if s<Oandis J!  ,  if s > 0. They patch up smoothly
by our definition of J; and Jgﬁt;
(2) when r > 0, J:f =J! ,,oifs<0andis Joy g if s 2 0;

(3) for every 7, when s > 0, JZ,O = Ji 1, when s < 0, J:f = Jiyo,— 2.

Then for x € P*(H_),y € P*(H), we can consider the moduli space of solutions (u,8,r) to

Bsu—i—Jgf(atu—XHgt) =0, lim w=2a(-+6), ILm u=y. (4.12)

§——00
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Let 7, denote the compactification, we can similarly consider 7, , for x € P*(H),p € C(f).
Then for generic choice of Jff , T is a compact manifold with boundary if the expected
dimension is < 1. Let A';A? be the BV operators defined using ng and Jﬁt,Q. Let
n:C(Hy,J i1, f) = C(H_,J_5, f) be the operator counting rigid points in 7 .. Then the
boundary configuration leads to the following relation

<I>70A1—A20¢>+:de‘zon—nOdJ%].

Moreover, both ®, &~ have splittings into fbf + id¢, +<I>f0 and 7 has splitting into n4 + 74 0.
That is, they are in the form that Proposition 4.6 can be applied.

The following propositions show that the structure we defined is the same BV operator
defined in [58]. We will prove them in §4.6.

PROPOSITION 4.8. Using the identification in Proposition 2.10 to identify SH*(W)
with H*(C(H ., J+, f)), then © ' o A : H*(C(H ., J4, f)) — H* {(C(H, J., f)) is the BV
operator on SH*(W).

PROPOSITION 4.9. O 'oA, :H*(Cy(H,J,f)) = H Y C.(Hy,Jy, f)) and ¢:
ker A — cokerd are invariants of exact domains up to exact symplectomorphisms using the
identification in Proposition 2.10.

Hence, from now on, we will proceed the construction using H_, H . .

PROPOSITION 4.10. W admits a symplectic dilation if and only if 1 € im ¢(im(SH(W) —
SH,(W))Nker A;) =im¢p(kerd Nker A, ).

Proof. If SH*(W) =0, then cokerd =0, hence 1 is always in the image and there
exists a dilation. In the following, we will consider the case when SH*(W) # 0. Using
Proposition 4.8, assume 2’ € C(H ., Jy, f) closed satisfies A([z']) = 1 on cohomology, where
1 is represented by the unique local minimum of f. Since 2’ can be written as z + y, where
reCL(Hy,Jy),y € Co(f), we have Ay (z) + Ay o(x) =1+d(b) for be CL(H_,J_). Then
we have A () = dy(b), hence ¢(x) = Ay o(x) — d4 0(b) = 1. Since © preserves 1, we have 1
is in the image of ¢ : im(SH(W) — SH, (W)) Nker A, — cokerd.

On the other hand, if ¢(z) =1 for z € C(H,Jy) and [z] € im(H*(C(Hy, Jy, f)) —
H*(Co(Hy,Jy))) Nker Ay, that is, there exists y € Co(f), such that x4y is closed, we
have Ay o(z) — dy 0(b) =1+ ¢, where ¢ € Cy(f) is closed and [¢] € imé~ and dy(b) = AL ().
Since [c] € imé~ Y, [] in H*(C(H_,J_, f)) is zero. Therefore we have A(z +y) = A(z) =
At o(z) + Ap(z) =d(b) + 1+ ¢, which is 1 in cohomology. Therefore « 4 y is a dilation. O

By composing with the restriction map H*(W) — H*(0W), we define a map
Ay : ker AL — coker dp. (4.13)

And this is the second structure map we are interested in.

4.3. Shrinking the gradient flow

In this subsection, we will apply the same idea in §3 to Ay and rewrite it without using
the Morse function f. As in §3, we choose a Morse function h on OW x {1 — ¢} along
with a metric g, so that Proposition 3.1 holds. On the complex level, the composition
of ker AL — cokerd — cokerdy is represented by counting the moduli space R, X MqAL
and Ry g x M, for x € P*(Hy),be P*(H_),q € C(f),p € C(h). In particular, if we define
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b then we define a map

A 0,6(x) by counting R, o x M2, and dy 9,9 by counting R, ; x M
A7'(imd.) Nkerds — coker §y representing Ay by

T — AJF’()’D(I‘) — d+70’3(b), (414)

for d, (b) = A, (z). To bypass the middle C*~'(f), we define P4

b 10 be the compactification
of the following moduli space
u:C— /V[7,

feSt . - - . _
lim v =p,u(0) =~(0), lim u==x
v (—00,0] = OW x {1 —¢}.1*77= sTree

Osu+ JY,(Ou — Xpgpo ) = 0, £7 + Vy,h =0,

ds

for p e C(h),z € P*(H ). The space makes sense, since we push OW into interior, where
Hg}t = 0. Then P;, defines a map from P> : C%(Hy,J,)) — C* ! (h). To show it defines
the same thing as (4.14), we define "Hﬁx to be the compactification of the following moduli
space for p € C(h),z € P*(H),

Zi? v as“"’t].f,t(at“_XH@ ) =0,
e s, ‘.
leR %’71+v90h20v%’72+vgf20a
+> .

lim v = p,71(0) = 12(0),

7 i (—00,0] = OW x {1 — €}, 5*(;)00 ! 0.1 1(0) =2(0)
=u(0), im0 u = x.

vo 0,1 = W. i -

Then we have the following regularity property.

PROPOSITION 4.11. For generic choices of J_,J and J!,, for any x,p with |p| — |z <0,

M2, is a manifold with boundary of dimension |p| — |z| 4 1 and

ayﬁw — _pA 4 Z Rpq X /\/lqAL + Z Hp.y X beb

D,x
q€C(f) yeEP*(H-)
+ Z My X Hﬁge — Z Hﬁy X My 4.
q€C(h) yEP*(H )

ProprosSITION 4.12. For generic choices of J_, J and Jﬁt as in Proposition 4.11, let x €
kerd, C C*(H,J.) such that Ay (x) = d(b), then P*(z) — P(b) represents the same class
in coker(H*~2(C(H_,J_)) — H*"Y(0W)) as (4.14). Hence on cohomology, Ay in (4.14)
equals to the difference of counting P2, Ph.q.

Proof. By Proposition 3.2 and 4.11, we have P2 (z) — P(b) — Ay o.0(z) + dy 0.0(b) as the
following:

> ( S HHp HEMY A HM HHE, = HHD H#M,

- Z #FHpy#Myp — Z #M[),q#Hq,b>p~

It is HoAy(z)+dow o H(x) — HX od(z) — H o d(b) — dow o H(b), where H, H” are
defined by counting H and H” and dpy is the Morse differential on OW. Since d, (z) =0
and A, (z) = d, (b), the above term is dgy o H*(x) — dow o H(b), which is exact. Hence the
claim is proven. O
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4.4. Naturality

To keep track of the regularity of almost complex structures, we introduce the following.

(1) rfglyA(fagv J*7J+) - JS,H,J,,,I+(W) with ends J_ e \Yng(Hfmf,g),JvL S
Treg(H 1, f,g) is the set of regular almost complex structures for moduli spaces M?* of

dimension up to 1. ngA I ;+(f, 9) C Ts0,5_.5. (W) with ends J_ € jr[e)gi (H_f,g9),J+ €

$e§ (H4, f,g) is the set of regular almost complex structures for M*AL of dimension up to 0
and action of x down to —D;". Similarly for Af‘.
2) IS a(h,go, J_,Jy) with ends J_ € Jrog (H_)N jrog p(H_,h,g5) and J, €

reg, P2

Treg+(H ) for moduli space PS5}, of dimension up to 1. J (h,g9,J_,J4) is the set

reg, PA

of regular admissible homotopy J?, with ends J_ € jrngr( -) D\Zgéjp(H_,h,ga),J_s_ €

LZEg 4 (H ) for moduli spaces PPAJ of dimension up to 0 and action of x down to —D;'.

(3) rfgl‘HA(f,g,h,ga,J,,J+)C\75797‘]7,J+(W) with ends J_ in the intersection

‘7r0g,+(H—’) th'Cg,H(H—7fvga h7g(')) mtjrog,P(H—7h,g[j),J+ S \Z’Cg7+(H+) iS the set Of
regular JS’L for moduli spaces 'Hﬁm of dimension up to 1.

(4) Tgns(J=s ) C Tep.s_ ., (W) with ends J_ € Freg 4 (H_), J4 € Freg.+ (H.) is the
+
set of regular J; for moduli spaces NV, , in §4.2.1 of dimension up to 1. ‘Z?ng’N7+(J,7 Ji) C

+
Ts0,7_ .7, (W) with ends J_ € jrcg L(H_),Jy € Jr?g?&(HQ is the set of regular J; for moduli
spaces N, , up to dimension 0 with action of y down to —D;L.

As usual, Je is of second category, and J, D

reg 18 Open dense.

PROPOSITION 4.13. We summarize naturality properties in the following.

(i) ForJ%, € 72 A(f.g. . 1) with ] € T (H_ f.9). J; € Ty (H,. f.g), AP is
a well-defined cochajn map. Similarly for ADi+

(i) For JI, & TP () with T € g2 (H ), Jy € J2 (H.), ¢ is well defined
on ker A+’ .

(i) For  J% €00 o (T J) N T2 palhugo, I Js)  for  J_ €Tl (H)n
j”,g p(H_,h,g9), Jy € \7,55+(H+), Ap is same as counting the difference between
P2 and P, when restricted to C’_f’i+

Proof. For (i), there exists a mneighborhood U of Jf,t € Js0,5_,7. (W) contained in
jrggiA’J_’_h(f,g). Then Afj is locally constant by the proof of Proposition 2.12. The claim

N
follows from that Afi is a cochain map for more regular Jzt nearby.

For (i), we have Ay and d; are locally constant with respect to the almost complex
structures. Since d+ 01s deﬁned using two nearby J”, J’ € $-]2§ (H_, f,g) of J_, then there are
two homotopy th € reg A(f7g>J J+) th € rfg},A(fagaJ/7‘]+) close tOJ tln js 0( ) It
is sufficient to prove for x € C (H+) that d; (z) = 0, A4 (z) = d(b) for b € C+’“ (H_), we
have Ay o y/ 7. (%) — dy0,5(b) and Ay o0, (x) —dy o g (b) are differed by exact form. Since
we have a continuation map ® = &, + @ o +ide, () : CPi (H_,J', f) - CPi (H_,J", f),
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such that ®, is identity by the proof of Lemma 2.15, then we have
dy0,57(b) —dy0,:(b) =doo®y o(b) =Py godi(b)=dyo® o(b) —PioolA,(x).
On the other hand, by §4.2.2, we have
Aty () +Pyo0Ay(z) = Aty (x) =doonso(x) +diooni(z).
We claim 74 could be chosen to be zero. By assumption, the almost complex structure J‘Z’f

in the construction of 7 can be chosen such that for every r, J?f € jng__F(J_,L_). As a
consequence, 7, = 0. Combining them together proves the claim.

For (iii), P, P*, A, d are all locally constant, for a nearby J?,, we have (the perturbed) ¢
defines the same thing as counting P, P by Proposition 4.12. By claim (ii), ¢ is independent
of the perturbation. This finish the proof. |

Combining Propositions 4.7, 4.9 and 4.13 and the compatibility of continuation maps with
A in §4.2.2, we have the following.

4 _ _ , + .
PROPOSITION 4.14. Let J' € 70 (H )mjfj; PUH - hga) € Trr (H), J0 e
+ . . . .
jfe)q AT T0N J7 o, PA(h,f('), JU.J)and Ji, € jTeq N+ (J, J), then we have the follow-

ing:

Dt L)+ Dt
(P (Hy L) —= B (L, 02) = . B (Hy I = 5P (H, ) -
= | o Jo
H* YOt (Ho, L)) = H*=Y(C? (H_,J2)) > ... H*(Cf;(H,,Jl))>H*(Cf;(H,,JE))>...
lim A _
and i (O (B ) S i (07 (B -0 0 e o

Jb)) computes A, : SHL(W) — SH™ " (W). Similarly for Ay, which can either be computed
using A o,d o or P2, P.

4.5. Independence

The following statement follows from the same proof of Proposition 3.12.

ProroOSITION 4.15. With the same setup in Proposition 3.12, there exist admis-

sible Ji_rl, Ji,p e Ji 2 Ji 9y... on W apd Ws, respectively, and admissible homo-
topies J! |, JZ 1, ..., i, J2s, ... with ends J , and admissible S' families of homotopies
Jf”&h Jf”zl, cey JZ]}’Q, ‘If,f%2’ ... with ends J% , and positive real number €y, €,,... such that
the following holds.

(i) For R < ¢; and any R’, we have
i i D* D*
NS’L'-,R(J:I: *)’ NSi+1-,Rl (NS’lR(J:t*)) € jre;j +(Hﬂ:) N Jre; P(H:I:7 hvga)v
NS r(J0 ) NSit1,r (NSi r(J2) ) € Jreg palh,ga) N J,fg A

NS r(JL.), NSiv1,r(NSi r(J2.)) € t77-e;,N,+’
such that all zero-dimensional M Pp,x, M2, and P, N, are the same for both Wy, W,

T,y p,x?
and contained outside Y; for x,y € C+' ,p € C(h).
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(ii) JZ“ NS, (Ji,) on Wi JU TN = NS,

=+ * s,t,* 2

JZJF*I (J:t *) on Wi

( sf*) on W!. Note that they imply that

&4
72

Now, we are ready to prove Theorem G.

Proof of Theorem G. By Proposition 4.15, we have the following two diagrams for both
Wy, Wa.

w (DT 1 (DT 2
H (O (L NSy 5 7L,) HH(CP* (L NSy 5 72.) — ..

|2 |a.

o Dy o D
H = CPT (H_ NS, 4 J! ) —= H* (O (H_, NS, 3 J2 ) — ...

s DT 1 w (D7 2
H (C’Jr (H+,NSL%1J+’*))*>H (C’Jr (HJF,NSz’%JJr’*))H...

lo. lo.

HACY (H- NSy g 1)) ——= H(CY* (H- NSy 2 J2 ) — ...

where O, is continuation defined using NSl7(J§*) and A, is the positive BV operator

defined by N 517 (in ). In particular, they are identified on W', W?2. The horizontal arrows
are continuation maps. As proved in A, they are represented by inclusions and hence are
also independent of fillings. Moreover, P, P> on them are independent of the filling. That is,
the diagrams can be identified for Wy, W5. Proposition 4.14 implies the claim. Note that the
diagram contains the part used in the proof of Theorem A. Hence the proof gives a (nonconical)
isomorphism I'; identifying dg, A and Agy. O

REMARK 4.16. It is a more delicate question to give a ‘natural’ isomorphism in Theorems A
and G. Nevertheless, the isomorphism can be chosen so that it matches up all the structures.

The following corollary will imply Corollary H in the introduction.

COROLLARY 4.17. Let Y be an ADC manifold with a topologically simple filling admitting
a symplectic dilation, then for any other topologically simple filling W' such that H*(W') —
H?(Y) is injective, we have W' also admits a dilation. In particular, it holds for W' being
Weinstein of dimension at least 6.

Proof. We assume SH*(W) # 0, for otherwise, it is proven by Corollary B. By Propo-
sition 4.10, W admits a dilation that implies there exists x € kerd Nker Ay C SH (W),
such that ¢(x) = 1. In particular, Ay(z) = 1. By Theorem G, we have an identification and
Ap(z) =1 for W’. In particular, ¢(z) = 1 on W', because in degree 0, we have both coker dy
and coker 0 spanned by 1 for both W and W’. We only need to prove z is from SH*(W'). Since
d5(z) = 0 on W, we have dy(z) = 0 on W'. Since H?(W') — H*(Y) is injective, then §(x) = 0
on W’. Then by Proposition 4.10, we have that W’ admits a dilation. O

The existence of symplectic dilations puts strong restrictions on the symplectic topology.
Let W?2" be a Liouville domain with ¢;(W) =0 and n > 1, and assume W admits a dilation.
Seidel [56] showed that there are at most finitely many Lagrangian spheres in W?2" that are
pairwise disjoint. Given Corollary 4.17, we can ask the following natural question.
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QUESTION 4.18. Let W be an ADC manifold with a symplectic dilation. Is there a
universal upper bound for the maximal collections of pairwise disjoint Lagrangian spheres
for all Weinstein fillings of 0W?

Similar to Corollary 3.14, we have following obstruction to Weinstein fillings.

COROLLARY 4.19. Let Y be a 2n — 1 dimensional ADC contact manifold and n > 3. If Y
admits a topologically simple exact filling W and im Ay contains an element of grading greater
than n, then Y does not admit Weinstein filling.

Proof. Since Ay factors through coker§ = coker(SHT (W) — H**1(W)), imAy cannot
contain an element of grading greater than n if W is Weinstein. By Theorem G, since Ay
is independent of topologically simple exact fillings, in particular Weinstein fillings, the claim
follows. .

We apply Corollaries 3.14 and 4.19 in § 6 to construct many exactly fillable, but not Weinstein
fillable manifolds. Although Corollaries 3.14 and 4.19 use the topology of W, those obstructions
as contact invariants of the ADC boundary are not topological. In particular, we will show that
they are very different from the topological criterion in [13] by proving Theorem I.

4.6. Ay, ¢, Ay as invariants

In this subsection, we will explain that A, and ¢ are invariants of the exact domains up exact
symplectomorphisms. It is clear that A, ¢ can be defined on Hamiltonians with finite slope
and C?-small on W. Using Proposition 4.6, they commute with continuation maps, hence
the direct limit of them define A, : SHY (W) — SH " (W) and ¢ : ker Ay — cokerd. The
following proposition implies that A, ¢ are invariants of the exact domains.

PROPOSITION 4.20. Let V C W be a subdomain, then Viterbo transfer maps perverse A
and ¢. In particular, we have the following commutative diagram,

ker A, C SHY (W) —— coker dw

| |

ker Ay C SHY (V) —— coker dy,

where coker dyy — coker dy Is induced by

SH* (W) —= H*FL(W)

| |

SH* (V) —= H*L(V).

Since the BV operator is the second term in the differential of the S'-equivariant symplectic
(co)chain complexes [67], this proposition follows from the functoriality of positive S'-
equivariant symplectic cohomology, which was proven in [28]. In fact, it is sufficient to
consider the approximation ES' by S% in the S'-equivariant symplectic (co)homology.
Using the fact that Viterbo transfer SHY (W UOW x (1,r)) — SHY (W) is an isomorphism
and exactly symplectomorphic exact domains have nested embeddings into each other [17,
Proposition 11.8], Proposition 4.20 implies that A} and ¢ are invariants of exact domains up
to exact symplectomorphisms.
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Next we verify that A, ¢ defined on H*(C(H,J)) match with A, ¢ on SHY (W) nat-
urally.

Proof of Proposition 4.7, 4.8, 4.9. We first prove Propositions 4.8 and 4.9. We need to
relate the structure maps defined using H. to those defined as limits of nondegenerate
linear Hamiltonians. Let H. be the nondegenerate perturbation to H_ in the proof of
Proposition 2.10. Let Hy s be the decreasing homotopies between them. Then A, A, are
defined similarly using H4 as the integrated maximum priniiple holds for the moduli spaces.

We pick two sequences of Hamiltonians with finite slope H. f * such that the following holds.

(i) HY* = Hy on W',

(i) Hy' = fi(cz)r for r > ¢;, where ¢; € (a;,b;).
(i) Hi <ml
(iv) B < f’

Then by the continuation maps on finite slope Hamiltonians and the compatibility with A
following [1, §2.2.3], we have the following commutative diagram.

DY *
H* (C(H (H4)) H* (C(+) (H4)) s H (C(+)(H+))
* DY * DF . N D}
H(Cyy (H{)) H(Cy (H?)) lim H*(Cp) (HL))
A A A A A A

H(C (HD ) —— BV (O (HD? ) — ... —lim H*~(Cy (7))

H* YO0 (H-) ——= H*1(C3 (H_)) H*Y(C((H_)).

The unmarked arrows are continuation maps, and the horizontal arrows on top and bottom
row are inclusions, which are continuation maps induced by the trivial homotopy. By
Proposition™4.6, the diagram also induces an commutative diagram of ¢ for different pairs
of Hamiltonians H, HP? . This proves Propositions™4.8 and 4.9 for H..

Therefore to prove the claim, it is sufficient to prove commutativity of the following two
diagrams (and the + version).

H*(C(H,)) —> H*(C(H.)) H*(C(H.)) H*(C(H.))
| J - s
HY(C(H.)) —= H*(C(H_))  H*"(C(H.)) — H*}(C(H_)),

where the unmarked arrows are continuation maps, and the horizontal ones are those in
Proposition 2.10. They can be shown using a homotopy argument. The only new thing we
need to verify is compactness and regularity for moduli spaces. Since it involves degenerate
Hamiltonians H, the moduli spaces have some cascades part. For the first diagram, let H¢ =
p(s)H_+ (1 —p(s))H;,Hs = p(s)H_ + (1 — p(s))H, they are used to define continuation
maps © and H*(C(Hy)) — H*(C(H-)). Then we define a smooth homotopy of homotopy
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H?, in the following. Let x be the increasing function such that x(a) =a for a > 0 and

x(a) =2 near a = 1.
(i) Fora>1, HY, = H, .\ () for s >0and H{, = H, (4 for s <O0.
(ii) Fora <0, HY, = H,_\(1—q) for s >0and H{, = H_ 4 (1_q) for s <0.
(iii) For 0 <a <1, H', = p(a)H, + (1 — p(a))H,.

It is clear that we have 0,H¢, < 0. Moreover, on (a;, b;), we have the following three cases.

(i) For a>1, H{,=f.(r) when s>0 and H, = p(s+x(a))f-(r)+(1—p(s+
x(a)))f+(r) when s < 0. Then 0,(rd,H¢, — H ;) <O0.
(ii) Fora <0,H;, = f(r)whens <Oand H{, = p(s — x(1 —a))f-(r) + (1 - p(s — x(1 -
a)))f+(r) when s > 0. Then 0,(r0,H¢, — H¢ ;) < 0.
(i) For 0<a<1, HE, = pa)p(s— D () +(1—p(s — )+ () + (1 — p(a))(p(s
2)f(r) + (1= p(s +2))f1(r)), then 0s(rd.H, — Hg,) = (p(a)p'(s —2) + (1 = p(a))p'(s
2)(rfo(r) = f-(r) = rfi(r) = f1(r) <O.

In particular, Lemma 2.5 can be applied to get compactness. The regularity is standard, except
when a > 0 and breaks at W. In principle, it is a Morse-Bott breaking at W. However, in our
special case, for a > 0, solutions near such breaking is isomorphic to solutions to the equation
using H ; shifted by x(a). Hence such type of breaking is again a boundary corresponding
to composing with © on Cy(H ), which is identity. The proof for compatibility with A is the
same. Since all the maps respect the 0, + splitting, the proof above also yields the identification
on A, and ¢ by Proposition 4.6.

To prove Proposition 4.7, we can view H4 ¢ = H.. Then the above construction yields a
homotopy of Hamiltonians H¢,, such that Lemma 2.5 can be applied. Then Proposition 4.7
follows from the standard homotopy argument. ]

+
+

5. Uniruledness

A variety is uniruled if and only if it is covered by a family of rational curves. Similarly, an
affine variety is uniruled if it is covered by a family of rational curves possibly with punctures.
In the symplectic setup, one can replace rational curve by pseudo-holomorphic rational curves.
The uniruledness for Liouville domains was introduced in [45].

DEFINITION 5.1 [45, §2]. A dA-compatible almost complex structure J on W is convex if
and only if there is a function ¢ such that:

(i) ¢ attains its maximum on OW and OW is a regular level set,
(ii) Ao J = d¢ near OW.

This is more general than the cylindrical convex almost complex structure used in Defi-
nition 2.3, where ¢ = r near the boundary. A maximal principle still holds for holomorphic
curves near W using the function ¢. Proposition 5.3 relates a general convex almost complex
structure with a cylindrical convex almost complex structure.

DEFINITION 5.2 [45, Definition 2.2]. Let k& > 0 be an integer and A > 0 a real number.
We say that a Liouville domain (W, \) is (k, A)-uniruled if, for every convex almost complex
structure J on W and every point p € W where J is integrable on a neighborhood of p, there is
a proper J-holomorphic map u : S — W79 to the interior W° of W passing through this point.
We require that S is a genus 0 Riemann surface, the rank of H;(S;Q) is at most k — 1 and the
area of u is at most A.
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ProprosITION 5.3. Let Y be a contact manifold with a contact form «, and there is a
function ¢ on Y x [1,3],, such that d,¢p >0 and Y x {3} is a level set. Assume J is d(ra)
compatible almost complex structure, such that raco J = d(b onY x [1,2]. Then there exists an
extension of d(ra)) compatible almost complex structure J, such that rovo J = dponY x [1,3].

Proof. The Liouville vector field on Y x [1, 3] is 7dr. Since 9,¢ > 0, every level set of ¢ is of
contact type. On each level surface ¢~ (a), let £, denote the contact structure ker o N Ty~ (a)
and E, be the d(ra) complement of &, for € ¢~ 1(a). Then J being compatible with d(ra)
and ra o J = d¢ determines a complex structure on E, and J|¢, is a d(ra) compatible almost
complex structure, and those two descriptions are equivalent. It is clear we can extend J to J
maintaining such properties. O

McLean proved that the symplectic uniruledness is equivalent to the algebraic uniruledness
for affine varieties. In particular, the algebraic uniruledness is rather a symplectic property.
In the following, we use the constructions in §§3 and 4 to prove that uniruledness is implied
by the existence of symplectic dilation, which is, of course, a symplectic property. Unlike the
results in other sections, we do not assume ¢; = 0 in this section. Hence all gradings should be
understood as Z/2 gradings.

THEOREM 5.4. Let R be a ring and W a Liouville domain such that SH*(W;R) =0 or
there exists a symplectic dilation in SH*(W; R), then W is (1, A)-uniruled for some A.

REMARK 5.5. For Liouville domain with vanishing symplectic cohomology, a version
of uniruledness different from Definition 5.2 was obtained, see [5]. However, to obtain
Theorem 5.10, we need to achieve the more refined version of uniruledness in Definition 5.2.

Proof. We write W5 = W\OW x (1 — 4, 1]. Then by [45, Theoerem 2.3], there existsa A > 0
such that W is (1, A) uniruled if and only if Wy is (1, A’) uniruled for some A’ > 0. Assume
SH*(W;R) =0, then 1 € im(SH ' (W;R) — H°(W; R)). That is, 1 € im(H~*(C4(H, J)) —
H°(Cy(f))), in particular this means that for some i>0, 1€ im(H’l(Cff’ (H,J)) —
H°(Cy(f))). Since 1 is generated by the unique local minimum point m of f, for a generic
almost complex structure J, we have a dimension 0 compact manifold M,, , # 0 for some
x € P*(H) with grading |z| = —1 and action > —D,. Since m is a minimum, an element of
M., » is simply a solution to the following:

w:C— W, Osu+ J(Owuw — Xpgr) =0, w(0) =m, lim u=x. (5.1)

S§—00

For any convex almost complex structure Js on Wiy, assume that ¢ is the function in
Definition 5.1, and we may assume ¢|sw, = 1 — J. Then we can extend ¢ to ¢ on W such that

T(b > 0on W x [1 —§,00) and qﬁ = r when r > 1. By Proposition 5.3, Js can be extended to
aJ e J(W). We may assume J € J5; (H, f,g), since we perturb .J near P*(H) to achieve
transversality. Therefore we have a curve u solving (5.1) and when restricted to Wy it is a
Js-curve. Such curve has an energy bound by D;. Let S denote the connected component of
0 of u='(W). We claim H;(S;Q) must be rank 0. We can find a small 0 < € < d, such that
S" Cu Y (W\OW x (1 —¢,1]) is the connected compact Riemann surface containing 0 with
boundary and w(9S") C W x {1 — €} and J is cylindrical convex on OW x {1 — €}. Then S’
is a disk, for otherwise, there is a domain D C C diffeomorphic to a disk, such that u|p solves
(5.1) and u(9D) C OW x {1 — €}, this contradicts Lemma 2.5. Note that S C S'. If H(S;Q)
is not rank 0, then there is a loop v C S bounding a disk D C S” and D is not contained in
S. Since we have ¢ ouly <1—4 and maqu oulp\g = 1 — 4, which contradicts the maximal
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principle for holomorphic curves, u|g is the Js-curve we are looking for in Wy passing through
m.

Next, we need to show such construction can be applied to any m with a universal energy
bound D;. What we need is a universal D;, such that 1 € im(HO(Cfi (H,J, f)) = H (Cu(f)))
for any admissible Morse function f. This can be seen from Proposition 2.10, since there is a D?,
such that 1 € im(H~"(C*(H)) — H°(Co(H))), where H is the perturbation of H. Therefore
Ws is (1, D;)-uniruled.

Next, we assume SH*(W; R) # 0 and admits a dilation. Then by Proposition 4.10, we have
1 € im ¢. By the same argument as above, there is a D", such that

+ D} D} . -
P tker AL C HYCYT (Hy, J1)) — HY(Co(f))/im 67
contains 1 in the image. Since SH*(W; R) # 0, we have im 6”: does not contain 1. Therefore we

! !
havex € C1" (H ., Jy),be CY" (H_,J ), such that Ay o(z) + dy o(b) = m + cfor ¢ € C(f)

is a cochain representing class in im 6" , where m is the minimum point of f.! Similar to
the argument above, since m is a minimum, for generic J,,J_ and Jgt, either there is a
x € P*(H,) and 6 € S* and a solution to
s+ J%,(0u — Xggo ) = 0,u(0) = m, lim u = x;
o s,t S—00

or there is a b € P*(H _) and a solution to
Osu~+ J_ (0w — Xg_) =0,u(0) =m, lim u =b. (5.2)

S5—>00
We may assume J, Jﬁt restrict to W; is J;5 as before. Then in either case, when u restricted
to the preimage of WY is a Js-curve passing through m, with energy bound D], note that
integrated maximal principle can also be applied to r =1 — € for H jt, since H z’t = 0 there
and 9,H?, < 0. Hence the component of u~!(W}) containing 0 has rank 0 in rational first
homology in either case as before. Then by the functoriality in § 4.6, we can change f as before
to find curves passing through any point with a universal energy bound. ([

REMARK 5.6. If one considers the holomorphic planes with one marked point in the
completion, then virtual dimension of such space is given by ucz(v) + n — 1, when the plane
is asymptotic to a Reeb orbit v. To hope the evaluation map at the marked point covers every
point in W, we need ucz(y) = n + 1. If we expect the evaluation map to behave like a covering
map, then we need pcz(v) = n+ 1. In many cases, the vanishing of symplectic cohomology is
due to a Reeb orbit of index n + 1. Note that a nondegenerate Reeb orbit of index n + 1 can be
perturbed into two nondegenerate Hamiltonian orbits with indices n + 1, n + 2. In our grading
convention, the index n + 1 Hamiltonian orbits is of grading —1, which is often responsible for
the vanishing. This is the case for the standard symplectic ball. On the other hand, when we
consider dilation z € SH'(W), the associated Reeb orbit is of index n — 1 or n — 2, hence the
uniruledness should not be provided by such Reeb orbits. However, the b € C;] (H_,J_) in
the proof of Theorem 5.4 provides the Reeb orbit of the right index. This suggests that the
uniruledness should be from a solution to (5.2). In fact, this is the case for T*S". We will
investigate them in more detail in [69].

REMARK 5.7. On the other hand, 1-uniruledness does not imply the existence of symplectic
dilation. For example, we take a smooth cubic hypersurface V in CP® and W is the complement
of the intersection of V' with a generic hyperplane. Then W is an affine variety and W does
not admit a symplectic dilation by degree reasons, see [56, Example 2.7]. However, by [33,
Corollary 5.4], W is 1-uniruled.

TWhen c1 (W) = 0, we have ¢ = 0 by degree reasons.
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REMARK 5.8. In fact, the vanishing of symplectic cohomology and existence of symplectic
dilation are the first two simplest conditions implying uniruledness in a whole family. The
next one is whether 1 is in the image of the map A2 : ker A — coker A, which is defined using
A and the homotopy operator in the (A)? = 0 relation and is with a degree shift by 3. One
way of packaging all the homotopic relations is using the S!-equivariant theory as in [67],
then the spectral sequence from the u-filtration (on any S'-cochain complex) inducing maps
A1 ker AT — coker A’ with A' is the BV operator considered here. We say W admits a
k-dilation if and only if 1 € im A¥. In fact, the counterexample in Remark 5.7 satisfies that
1 € im A2, hence it has a 2-dilation but no 1-dilation. Every such structure has a related map
¢" defined on a subspace of SHY (W) to a quotient space of H*(W) generalizing ¢ in (4.5).
And there is a boundary version for all 7 in a similar way to As,ds. These structures have
similar property to dg, Ay in §§3 and 4. That is, they are independent of fillings for ADC
manifolds and 1 being in the image of any of them implies uniruledness. They can be used
to develop more obstructions to Weinstein fillability. Moreover, they give an infinity hierarchy
on the complexity of symplectic manifolds, and also an infinity hierarchy on the complexity
of ADC contact manifolds. Details of such construction will appear in the sequel paper [69].
The existence of k-dilation for some k is equivalent to the existence of cyclic dilation for h =1,
which is defined independently by Li [38], where the open string implication of cyclic dilations
is studied.

REMARK 5.9. From the proof of Theorem 5.4, it is clear that 1 € im Ay would also
imply uniruledness. By Proposition 4.10, 1 € im Ay is potentially weaker than existence of
dilation.

Using Theorem 5.4, nonuniruledness is an implication of nonexistence of symplectic dilation
in any coefficient. Since log Kodaira dimension provides an obstruction to uniruledness, we
have the following.

THEOREM 5.10. Let W be an affine variety. In either of the following cases, we have
SH*(W; R) # 0 and there is no symplectic dilation using any coefficient ring R.

(i) The log Kodaira dimension is not —oo.
(ii) W admits a projective variety V compactification, such that V' is not uniruled, for
example, the Kodaira dimension of V' is not —ooc.

Proof. By [45, Theorem 2.5, Lemma 7.1], if W does not have log Kodaira dimension —oo,
W cannot be (1, A)-uniruled for any A. Then by Theorem 5.4, we have SH*(W, R) # 0 and
there is no symplectic dilation for any coefficient ring R.

Let V be projective compactification of W. If we have SH* (W, R) = 0 or there is a symplectic
dilation, then W is (1, A)-uniruled. By [45, Theorem 2.5], W is l-algebraically uniruled.
Hence V is algebraically uniruled and the Kodaira dimension of V' is —oo, hence it is a
contradiction. O

Now, Corollary M follows from Theorem 5.10 directly. Symplectic exotic C™ was constructed
in [2, 44, 57] for all n > 3. The proofs of exoticity were based on nonvanishing of symplectic
cohomology for some coefficient, but the mechanisms for nonvanishing were very different. In
view of Corollary M, the exoticity can also be explained by the failure of uniruledness.

EXAMPLE 5.11. Seidel-Smith [57] proved that product M™ m > 2, is an exotic C*™
for Ramanujam surface M [51] by showing that M contains an essential Lagrangian, hence
SH*(M) # 0 and M™ is exotic. Since M has log Kodaira dimension 2, we have M™ has log
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Kodaira dimension 2m. Therefore by Theorem 5.10, SH*(M™) # 0 and SH*(M™) does not
admit symplectic dilations. This reproves Seidel-Smith’s result.

REMARK 5.12. There are many algebraic exotic C" with log Kodaira dimension —oo, for
example, M x C for Ramanujam surface M. However, M x C is symplectically standard by
h-principle, since it is subcritical and diffeomorphic to C3. The atomic exotic C* considered by
McLean [44] from Kaliman modification also has negative log Kodaira dimension. Therefore
log-Kodaira dimension being nonnegative is not the criterion of being symplectic exotic.

By Corollary M, one can look for symplectic exotic C™ in complex exotic C™. They exist in
abundance when n > 3, see [66].

Nonvanishing of symplectic cohomology also implies nondisplaceablity [32]. Hence we have
the following.

ExamMpLE 5.13. Let V be a projective variety with nonnegative Kodaira dimension.
Let W =V\D be an affine variety for a divisor D. Then SH*(W) #0, and W is not
displaceable. That is, when we view W as a Liouville domain, there is no Hamiltonian
F € C2°(S' x W) such that the generated time one Hamiltonian diffeomorphism ¢ displaces
W, that is, ¢ (W) N W = . This holds, in particular, if V is Calabi—Yau, since the Kodaira

dimension is 0.

As showed in §§3 and 4, the vanishing of symplectic cohomology and the existence of
symplectic dilations are properties independent of fillings for ADC contact manifolds. A natural
question is whether uniruledness shares the similar property.

QUESTION 5.14. TIs uniruledness independent of the (topologically simply) filling for ADC
contact manifold?

6. Constructions of ADC manifolds

As explained in Example 3.7, ADC contact manifolds exist in abundance. Moreover, a flexible
handle attachment does not change the ADC property [37]. In this section, we provide two other
simple constructions of ADC manifolds, which provides many examples, where Corollaries 3.14
and 4.19 can be applied. In particular, we will prove Theorem I.

6.1. Product with the complex plane

In this subsection, we show that the boundary of V' x C is 0-ADC for any Liouville domain
V such that ¢;(V) =0 and dimV > 0. Moreover by [48], V x C has vanishing symplectic
cohomology. Since there are examples of V' x C such that it cannot be a Weinstein domain,
such construction proves many nonflexible examples where results from § 3 can be applied. In
the following, we fix the symplectic form on C by d(r2df).

DEFINITION 6.1. Let V be a connected manifold with nonempty boundary, the Morse
dimension dimp; V' is defined to be the minimum of the max index of an admissible Morse
function on V, then dimy,; V < dimV — 1.

We also introduce the notion of tamed asymptotically dynamically convex contact manifold,
which is ADC and «a; does not collapse to 0. This will be important for our discussion on
nonexact fillings.
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DEFINITION 6.2. (Y,€) is k-TADC if there exist contact forms a; > as > ..., positive
numbers Di < Dy < ... — oo and a contact form «, such that «; > o and all elements of
P<Pi(q;) are nondegenerate and have degree greater than k. We have similar definition for
exact domains.

Basic examples of (0-)TADC manifolds are index-positive contact manifolds, for example,
cotangent bundles when dimension of the base is at least 4. The other case is index-positive in
the Morse—Bott sense, for example, Example 4.3. That they are TADC follows from that up
to action D, there exist small perturbations into nondegenerate contact forms with prescribed
Conley—Zehnder indexes [8, Lemmas 2.3 and 2.4], and the perturbation can be made arbitrarily
small so that the perturbed contact form does no collapse to 0. The following result will provide
some more examples of TADC manifolds.

THEOREM 6.3. Let V be a 2n-dimensional Liouville domain such that ¢, (V) = 0 and n > 0.
We define Y to be the contact boundary of V' x C, then we have the following.

(i) Y is 0-ADC.
(ii) If OV supports a nondegenerate contact form such that all Reeb orbits are contractible
inV, then Y is strongly 0-ADC.

In fact, Y is (strongly) (2n — dimp, V' —1)-ADC. If V is k-TADC for some k, then'Y is TADC.
We will prove the theorem by setting up the following propositions.

PROPOSITION 6.4. Assume Y is a contact manifold with a contact form « and V' is a
Liouville domain with a Liouville form Ay . Let f be a strictly positive function on V', then
af := fa+ Ay is a contact form on Y x V if and only if d(%)\v) is a symplectic form on V.

The Reeb vector field is given by Ry := %Ra + /X\; Here fX\; - X% € (R, ) and af(j(v%) =0
and X% is the Hamiltonian vector field for % using the symplectic form d(%)\v).

Proof. Assume dimY = 2m + 1 and dim V' = 2n. To show a is a contact form, it is sufficient
to show %a ¢ is a contact form. Note that we have

o) o) ()
(o))
- (m; ”)a A (da)™ A (d <}Av)>n .

Hence oy is a contact form if and only if d(%)\) is nondegenerate. Note that by construction,
we have af(Ry) = 1. Moreover, we have

trpd(ay) = tryd <f <a " Jl‘)\v>>

= LRfdf AN <OZ+ ;Av> + LRffd <a+ }Av> .
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Since af(i;) =0, we have vp, (o + %)\V) = 1 Since vg,df =0, tr,da = 0 and LRfd(%)\v) =
—d% by definition, we have tr,d(ay) = —% - fd% = 0. Hence Ry is the associated Reeb
vector. |

REMARK 6.5. Note that Y x V can be viewed as a hypersurface » = f in the Liouville
cobordism Y x Ry x V' with Liouville form 7« 4+ Ay. Then this hypersurface is of contact
type if the Liouville vector 70, + X, is transverse to the surface and pointing out, that is
(ror + X2,)(r = f) = f = X5, f > 0.

REMARK 6.6. Proposition 6.4 can be viewed as a generalization of the computation carried
out for prequantization bundles. Let v be a Reeb trajectory on Y, then over v x V' we have
a connection given by o + %)\V such that the curvature is the symplectic form d(%)\v). The
contact structure is given by the horizontal subspace direct sum with the contact structure of
Y, the splitting holds in the symplectic sense.

We will divide the boundary of V' x C into two parts, one of them is diffeomorphic to 0V x D
and the other is diffeomorphic to V' x S!, where D C C is a disk. In the following, we discuss
the Reeb dynamics on the 9V x D part.

PROPOSITION 6.7. Let (Y,€) be a contact manifold with a contact form . We fix a small
€ > 0. Assume g is a smooth function on [0,1] such that the following holds.

(i) g(x) =« for x near 0, g(1 —¢) = 1.
(ii) g(z) is increasing and ¢''(x) > 0 unless g(z) = x.

Then for p € Ry, (2 — g(pr?))a + r?df is a contact form on'Y x Dm. And Reeb orbits of

it are of the form (y(At),reP®*%) where ~y is a Reeb orbit of R,, on Y and

1 B pg'(pr?)
2—glpr?) + pr2g'(pr?)’ 2 —glpr?) + pr2g'(pr?)”

If v is nondegenerate of period D, then we have the following.

A:

(i) When r =0, then the Reeb orbit (v(3t),0,0) is nondegenerate if and only if % ¢N

and the Conley—Zehnder index is given by pcz(7y) + 2 L%J + 1L
(ii) When pr? is in the domain where g(x) # x, then (y(At), reP#+%) is an orbit if and only

if Dpg'(pr?) € 2xN. It is a Morse-Bott S'-family of orbits with period £, and the generalized
Conley—Zehnder index is given by ucz(7v) + M + 1.

Proof. Note that (2— g(pr?)) —50,(2—g(pr?)) =2 —g(pr?) + pr?g'(pr?) >0 on Y x
Dm. Then by Remark 6.5, a, := (2 — g(pr?))a+r?df is a contact form. By Proposi-
tion 6.4, the Reeb vector field is given by

1 ~
= —————Ro + X1 /02— g(pr2))-
2 — g(pr?) T X1/(2-g(pr2))

By a direct computation, we have

pg'(pr?) —pr?g (pr?)
2 g(or?) + g (o) ' T @ g (o) o (o)) @ — gl

X1/(2-g(pr2)) =
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Therefore the Reeb vector is
R 1 R pg (pr?)
2—g(pr?) +pr2g'(pr?)" "~ 2= g(pr?) + pr2g (pr?)
Hence all Reeb orbits are in the form prescribed in the proposition.
As explained in Remark 6.6, the contact structure on Y x D Vs is the direct sum of &

0y = AR, + B0y.

€/p
with kernel of o + ﬁirz)dﬂ in the space (R, ) ® TDM' Since the Reeb vector is tangent

to Y x S! and the R, component is a constant, we know that Reeb flow of R preserves & and
the splitting. Therefore when computing Conley—Zehnder index, it is sufficient to figure out the
Conley—Zehnder index of the horizontal direction. In the r = 0 case, the linearized return map
is given by the linearized return map of 7 direct sum with the rotation by e”?? in the horizontal
direction. Therefore it is nondegenerate if and only if % ¢ N and the Conley—Zehnder index
in the horizontal direction is 1 4+ 2L%j.

When pr? is in the domain where g(x) # z, then periodic orbits are in the form of
(7(At), reP+00) hence they always come in an S' family for 6y € S'. To verify that it is
a Morse-Bott in the sense of [8, Definition 1.7], note that the linearized return map ¢ is the
direct sum of the linearized return map of v and the return map on the horizontal direction is
given by

1 0
¢r=1_d pg (pr?) 0
dr 2 — g(pr?) + pr2g'(pr?)
where we use 0,9y as the basis and T is the period Dpg’(pr?). Note that we have

4 pg (pr?) _ 2prg"(pr?)(2 — g(pr?)) +20°r(g'(pr))?
dr2—g(pr?) + pr2g'(pr?) (2= g(pr?) + pr2g'(pr?))?

Therefore ker(¢r —id) is spanned by dy. Hence the 1-eigenspace of the total linearized return
map is spanned by 9y and R,, which is the tangent space of im~v x S!. Moreover, da, =
(2 — g(pr?))da — 2prg' (pr?)dr A a + 2rdr A df is rank 0 on im~y x S!. Therefore such Reeb
orbits are of Morse-Bott type. To compute the generalized Maslov index, it is enough to
compute the generalized Maslov index in the horizontal direction. Note that the linearized
map is given by

> 0.

1 0
ct 1

_ Dpg'(pr?)

0<t<T ,
’ 2m

B [cost —sint

sint cost

where € — 208" (r*)(2=g(pr*) +2p*r(g’ (pr*))?

gD Fpreg (orD))? > (0. Therefore the generalized Conley—Zehnder

index [54] is given by M from the rotation plus the generalized Conley-Zehnder index
of
10
, 0t <T.
Ct 1

The latter is a symplectic sheer. Since C' > 0, the index is given by % Then the total generalized
Conley-Zehnder index is given by pcz(y) + M + 1. O

On the complement V' x S, we will use the following lemma to guarantee all Reeb orbits
are either over critical points or have very large period.
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LEMMA 6.8. Let (V,w) be a compact symplectic manifold possibly with boundary. For all
C > 0, there exists € € RY, such that for all functions H with |dH|co < € and all symplectic
forms w’ such that |w’ —w|cr <€, we have all nonconstant periodic orbits of Hamiltonian
vector field Xy using symplectic form w’ have period at least C.

Proof. Let g be a Riemannian metric on V. We can find a cover of V by finitely many
Darboux charts {U;}, such that there exists 6 > 0 so that every d-ball is contained in one of
the Darboux charts. Moreover, for smaller enough €', we can assume that each U; is a Darboux
chart of W’ for |w’ — w|c1 < €. Using the standard metric on each U; C R*" by viewing U; as
a w Darboux chart, we have a C° norm on Q'(V). Since w’ is C! close to w, we know that
the induced C° norm on Q!(V) are uniformly equivalent for any w’ nearby and is equivalent
to the C° norm we use to state the lemma. If |[dH|co < %, then any trajectory ¢(t) of Xy
has the property that d(#(0),¢(C)) < 6. By [6, Proposition 6.1.5], on each Darboux chart, if
|[dH|co < %’r, then any C-periodic orbit in the chart is a constant. Therefore the claim holds
fore:min(%7%",e’). |

Proof of Theorem 6.3. Since we have ¢, (V) = 0, then ¢;(V x C) = 0. Hence ¢;(Y) = 0, that
is, the Conley—Zehnder index is well defined in Z for contractible orbits on Y. Now we pick a
Liouville form A on V such that the associated Reeb dynamic on 0V is nondegenerate. Then
there exist positive real numbers converging to infinity D1 < Do < ... and integers Ny, No, .. .,
such that all periodic orbits of R) contractible in V' with period smaller than D; have Conley—
Zehnder index greater than N;. We consider orbits contractible in V, since (v,p) for v €
LOV,p € C is homotopically trivial on Y := 9(V x C) if v is contractible in V.

We view Y as the hypersurface Y, s 4 in V x C such that Y) 1.0= Yo N OV x [1,00); X (C)

is given by t = 2 — g(pr?) for big p € R, and function g as in Proposition 6.7, and Yp2/ g

Y, r.g N (V x C) is given by r? = % for a Morse function f on V such that near the boundary
f=g'(2—1), where t is the collar coordinate smaller than 1. To see Y, ; , is of contact type,
it is sufficient to prove that the Liouville vector field Xy + 70, is transverse to Y, and points
out. On Y, . this is verified in Proposition 6.7. On Y},  we have (X + 570, (r? %) =
r? — 7X)\f = (f—X)\f). Note that if ¢’(1 —€) is very big, f/(1) = m is very small,
hence we can choose f such that X f is very small and f > 1 — €. Hence Y, 7, is of contact
type. And for p; > po, there exists such fi, g1, f2, g2 so that the domain between Y, ¢, 4, and
Y, f2,9. is a Liouville cobordism. Using the Liouville vector field, we have the induced contact
form on Y, s 4, is smaller than the induced contact form on Y, f, 4,.

On Yp1 9> by Proposition 6.7, the Reeb orbits of type (i) of action bounded by D, have
Conley—Zehnder indices greater than N; + 2|5 Die| 4 1. Since A <1 in Proposition 6.7, Reeb
orbits of type (ii) of action bounded by D; is of Morse Bott type in S*-families with generalized
Conley—Zehnder indices greater than N; + L =24+ ;, since g’ > 1. On Y f.g+ it 1s possible that
there are periodic orbits not described by (i) "and (ii) in Prop051tlon 6. 7 “That is, those orbits
with pr? in the domain where g(x) = z. Then we have A = 5 and B = £. Then if we pick p
such that |y|p ¢ 27N for all Reeb orbits v on (OV, Ay) with period smaller than D;, then there
are no Reeb orbits with period smaller than 2D; on this domain.

Y7, is contactomorphic to V x S with contact form X 4 £d6. Then by Proposition 6.4, the
Reeb vector is given by 389 + 3(7 Therefore there are two types of Reeb orbits. One is of form

(p, dr(t)) where pis a crltlcal pomt of p and ¢y, (t) is a reparametrization of e’**, ¢ € [0, 27]. The
other type is v such that T oy is a nonconstant periodic orbit of X 2 for the projection 7 : V' x

S! — V. When p is a nondegenerate critical point of £, we have oz (p, or(t)) =n —indp + 2k.
If we choose f such that critical points of if have max index dimj; V', then we have the degree
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of (p, dr(t)) isat least n — dimpy V+2k+n+1—-3=2n—dimy V +2k —2 > 2n — dimy, V.
Since dimy; V' < 2n — 1, those orbits have positive degree. For the other type of periodic orbits,
periodic orbits of X 2 using symplectic form d(?)\) is the same as periodic orbits of X 3 using

symplectic form d(%)\). Since we can choose g and f such that % - i is C? small, therefore

d(%)\) is C'! close to 72—d\. This can be achieved by choosing g such that ¢’(1 — €) is very large
and ¢ (1 — €) is very small. Therefore by Lemma 6.8, we can assume all nonconstant periodic
orbits of X 5 are of periods greater than D,.

Therefore we can pick big enough p; and f;, ¢;, such that all contractible Reeb orbits on
Y,, ..g; With action smaller than D; are either nondegenerate with positive degrees or Morse—
Bott in S!-families with generalized Conley—Zehnder indices greater than 4 — n (or any fixed
large number). By [8, Lemma 2.3,2.4], there exist a very small perturbation of the contact
form on Y,, , 4., such that all contractible Reeb orbits with periods smaller than D; have
positive degree. For all j > 4, we have a similar construction by choosing p; > p;, such that the
contact form on Y, r .. is smaller than that on Y, f ;.. This finishes the proof of Theorem
for ADC case.

In the TADC case, since we do not need to use arbitrarily large p to lift the Conley—Zehnder
index on Y, ; .Y, ;, can be chosen without shrinking to V x {0}. O

REMARK 6.9. By [16], every subcritical domain splits into the product of a Weinstein
domain with C. Theorem 6.3 implies that all 2n-dimensional subcritical domains are (n —
2)-ADC, which is a special case of [37, Corollary 4.1].

COROLLARY 6.10. Let V be a Liouville domain, such that ¢;(V) =0. Let Y = 9(V x C).
Then for any topologically simple exact filling W of Y, we have a ring isomorphism ¢ :
H*(W) — H*(V x C), such that the following commutes

H*(W) —— H*(Y)

P

H*(V x C)

Proof. First note that Y is always connected and ¢;(Y) = 0. Then by Corollary B and
Theorem 6.3 and that SH*(V x C) = 0, we have a group morphism ¢ : H*(W) — H*(V x C)
such that the diagram commutes. Since the composition H*(V x C) — H*(Y) — H*(V x S!)
is injective, H*(V x C) — H*(Y') is injective and is a ring map, and H*(W) — H*(Y) is a
ring map. They force ¢ to be a ring isomorphism. O

If V is k-TADC for some k, then 9(V x C) is TADC. Hence by Remark 8.13, the exactness
assumption in Corollary 6.10 can be dropped. As another instant application of Corollary 6.10,
we have the following.

COROLLARY 6.11. IfV?" is a Liouville domain, such that n > 2 and ¢, (V') = 0, then d(V x
C) is not Weinstein fillable if one of the following conditions hold.

(i) There exists k > n + 1, such that H*(V) # 0.
(ii) There exists k < n, such that H*(V x C) — H*(9(V x C)) is not isomorphism.

COROLLARY 6.12. IfY is constructed by attaching subcritical (for 2-handles, conditions
in [37, Theorem 3.17| need to hold) or flexible handles onto O(V x C) in Corollary 6.11, such
that ¢1(Y) =0, then Y cannot be filled by a Weinstein domain.
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Proof. In other words, Y is the boundary of (V' x C) U W, where W is a flexible Weinstein
cobordism from (V' x C) to Y. Since dimW =2n+2 > 6, ¢ (Y) =0 implies ¢; (W) = 0.
Hence ¢ (9(V x C)) = 0. Since H*(V x C) — H*(9(V x C)) is injective, we have ¢; (V x C) =
¢1(V)) = 0. Therefore by Theorem 6.3, 9(V x C) is ADC. Then by [37, Theorem 3.15, 3.17
and 3.18], Y is ADC and SH*((V x C)UW) =0 by [9]. Therefore SH? ((V x C)UW) —
H*1((V x C) UW) is an isomorphism. If H*(V) # 0 for k > n + 1, then H*((V x C)UW) #
0. Hence Y is not Weinstein fillable by Corollary B. If H*(V x C) — H*(9(V x C)) is not
isomorphism for k < n, then it is not surjective since it is always injective. Assume k is the
smallest among all such integers. Then we have the following exact sequence

... = HY(V x C,0(V x C)) = H*(V x C) — H*(9(V x C))
— H YV x C,0(V xC)) = ....

Since k is the first failure of subjectivity, we have H*(V x C,0(V x C)) =0 and H**1(V x
C,9(V xC))#0. Since we have H*(VxCYUW,W)=H*(V xC,9(V x C)), there is
another long exact sequence

.= HY(V xC,0(V xC)) = HF(V xC)UW) = H*(W) —
HMY(V x C,0(V x C)) = HFFY(V xC)UW) — H Y (W) — ...

Therefore either H*((V x C)UW) — H*(W) is not surjective or H*"1((V x C)UW) —
H*1(W) is not injective. Since H*(W) — H*(Y) is isomorphism and H**1(W) — H*1(Y)
is injective, by k < n and W being Weinstein, either 6y : SHY '((V x C)UW) — HF(Y) is
not surjective or 8 : SHY ((V x C) UW) — H**1(Y) is not injective. Then by Corollary B and
Theorem A, Y cannot be filled by a Weinstein domain, otherwise dy should be an isomorphism
on S’H_]ﬁ_1 and injective on SH_’ﬁ. O

Corollary 6.12 provides many exactly fillable but not Weinstein fillable manifolds. Exactly
fillable but not Weinstein fillable manifolds were found in [12] for dimension 3 and in [13]
for higher dimensions. Our construction makes very few topological requirements and roughly
shows that most Liouville but not Weinstein manifolds give rise to exactly fillable but not
Weinstein fillable contact manifolds after a product with C and attaching subcritical or flexible
handles.

REMARK 6.13. In case (i) of Corollaries 6.11 and 6.12, the obstruction in Corollary 3.14
does not vanish. Using Proposition 3.15, we have many examples of not Weinstein fillable
manifolds, whose symplectic cohomology is nonzero for a filling.

EXAMPLE 6.14. Liouville but not Weinstein domains were first constructed in [42] for
dimension 4, and higher dimensional examples were constructed in [26, 40]. All such examples
are of a diffeomorphism type M x [0, 1], where the diffeomorphism type of M is the following.

(i) ST*X,, where 3, is a genus g > 2 surface [42].

(ii) 7" bundle over T"~* for any n > 1 [26, 40]. In fact, such examples are ADC, as the
contact boundaries are hypertight, meaning that there is a contact form with all Reeb orbits
noncontractible.

Those Liouville domains have vanishing first Chern class. Then by attaching Weinstein handles
to them without changing the first Chern class, or taking products among them yield many
Liouville domains V2" such that ¢;(V) = 0 and H*(V) # 0 for some k > n + 1. Therefore the
boundary of V' x C admits no Weinstein filling by Corollary 6.11. One may keep attaching
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subcritical or flexible handles to it preserving the ADC property, then the boundary is not
Weinstein fillable by Corollary 6.12.

Given an almost contact manifold, the existence of an almost Weinstein filling is purely
homotopy theoretical, this was solved by Bowden—Crowley—Stipsicz in [13]. The obstruction
was phrased using bordism theory. Bowden—Crowley—Stipsicz used them to construct exactly
fillable but not almost Weinstein fillable contact manifolds in all dimensions > 5. In the
following, we show that in dimension 4k + 3,k > 1, our construction yields examples where
the homotopy obstruction vanishes, while the obstruction in Corollary 3.14 does not vanish.
Hence the obstruction is symplectic in nature.

We first recall the criterion of almost Weinstein fillability from [13]. An almost contact
structure on a closed oriented 2n + 1 manifold Y is a reduction of the structure group of TY
to U(n). Then an almost contact structure defines a map ¢ : Y — BU(n) — BU. The nth
Postnikov factorization of  consists of a space Bgil and maps

n—1

Y S Bt BU,

such that né”_l is a fibration, ¢ = ng‘_l o (, the map ¢ is an n-equivalence, that is, ¢ induces

. . - ) octiv T 1. -
isomorphism on ; for j < n and surjective map on m,, and the ma ZL 'is a coequivalence,

that is, it induces isomorphism on 7; for j > n and injective map on 7,,. Then the pair (Y, Q)
defines a bordism class [Y, (] in 927,+1(BZ”_1; 772"_1). For the definition of this bordism group,
see [13, §2.1].

THEOREM 6.15 [13, Theorem 1.2]. A closed almost contact manifold Y of dimension 2n +
1 > 5 is almost Weinstein fillable if and only if [Y,(] =0 € anH(B?*l; 17?*1).

Proof of Theorem 1. By [40], there exists an exact domain V' diffeomorphic to M x [0, 1],
such that M is a T"*2 bundle over T"*! for n > 0. Moreover, the contact structure on each
component of 9V is a trivial complex bundle, since the contact structure is an invariant
distribution on a Lie group. Hence the complex structure of TV on OV is trivial. Since
M x {0} — V is a homotopy equivalence, we have the complex structure on TV is trivial.
Let Y’ denote the contact boundary of V x C"™. Then by Theorem 6.3, Y is ADC and Y’
is diffeomorphic to M x S?". Assume now n > 1. Let S = {*} x S?" be a sphere on Y. The
T(V x C")|s is a trivial complex bundle, that is, the structure map S — BU(2n + 2) is trivial.
Let £ be the contact structure on Y”. Since BU (2n + 1) — BU(2n + 2) induces isomorphism on
Tan, we have £|g is trivial C*"*! bundle. Therefore there exists a homotopy of monomorphisms
F,: TS — TY’, such that Fj is the inclusion and F} is an inclusion to £ and isotropic. Hence
by the h-principle of isotropic embedding [17, Theorem 7.11], S is homotopic to an isotropy
sphere S’ with trivial (T'S")*/T'S’. Then we can attach a 2n + 1 subcritical handle to S’. The
resulted contact manifold is Y with filling W :=V x C" U Hop 1.

By [37, Theorem 3.15], Y is 0-ADC. By [15], we have SH*(W) = 0. Since H*"*3(V) = Z,
we have Y does not admit Weinstein filling by Corollary 6.12. We claim Y admits almost
Weinstein fillings. Since the structure map V x C" — BU is trivial, the structure map W —
BU is represented by a class 7,11 (BU) = 0. Therefore the structure map W — BU is trivial.
Assume that the 2n + 1th Postnikov factorization of the trivial structure map ¢ : W — BU is
given by

- 2n
w S B2 BU.
n2"

We claim that Y < W = B2* 5 BU gives the 2n + 1th of Postnikov factorization of the
trivial structure map Y — BU. Then Y is almost Weinstein fillable by Theorem 6.15 once the



164 ZHENGYI ZHOU

claim is proven, as the [W, (] is a bordism to (). By definition, it is sufficient to prove Y — W AN
B?" is a 2n + 1 equivalence. Since W — BU is trivial, we know that Ton41 (BQ’”’) = (. Therefore

Y —>W S B?" induces epimorphism on 7o, 1. Since ¢ is a 2n + 1 equivalence, it suffices to
show that 7. (Y) — m.(W) is an isomorphism for * < 2n. We consider the universal cover W of
W. Since V is a K (m, 1), we have W is constructed by attaching |7| copies 2n + 1-handles to the
boundary of R?"*3 x B?"*! where B***! C R*"*! is the unit ball. Then the boundary Y =
OW is connected. Since W can be viewed as attaching |7| copies 2n + 3 handles and one 2n + 1-
handle to Y, then 7, (Y) — . (W) is isomorphism for * < 2n — 1. In particular, 71 (Y) = 0, that
is, Y is the universal cover of Y. Therefore it is sufficient to prove that Wgn(Y) — 7r2n(W) is
an isomorphism. We will use the relative Hurewicz theorem to prove the claim. First, we have
the following commutative diagram,

Hap i1 (W) Honit(W,Y) = Z

o

H2n+l(W7 W\(R%H-S « B2n+1))

By excision, we have HQH_H(W, /VV\(RQ"Jr3 X B2"HY)) = Hy, yq (R2F3 x B2ntl R2nH3 x
$2") =7, and the map from Ha, 1(W,Y) is an isomorphism. Note that Ho,4i(W) —
Hopt (W, W\(R2"3 x B21+1)) is surjective, since any 2n+ 1 handle in W attached to
R?"H9 % §?" along with {x} x B*"*! gives a chain that is mapped to the generator of
Hypor (W, W\(R2"H3 x B27+1)). Hence Hopy1(W) — Hopyr (W, Y) is surjective. By the
homology long exact sequence for W.,Y, we have Ha,,(Y) — Hy, (W) is an isomorphism. Note
that (W Y) 2n — 1 connected and Y is simply connected, then by the relative Hurewicz
theorem, wzn(W, Y) = 0. That is, (W, Y) is 2n connected. Then the relative Hurewicz theorem
implies that 7r27,+1(W }7) — H277+1(W )7) 7Z is an isomorphism As we have seen, there
is an S2"*1 € W that is mapped to the generator in Ha, .1 (W,Y). Therefore ma,41(W) —
Tons1(W,Y) is surjective, hence o, (W) — m2,,(Y) is an isomorphism. Since the obstruction
in Corollary 3.14 does not vanish for Y, then by Proposition 3.15, there are infinity many
exactly fillable, almost Weinstein fillable but not Weinstein fillable manifolds. O

REMARK 6.16. In dimension 4n + 1 for n > 2, one may consider Vi, V5 from Example 6.14,
such that dimVj +dim Vs = 2n +4. In particular, V; x Vo ~ M; x My x [0,1]?>. Then we
consider Y to the boundary of W, which is constructed by attaching a 2n-handle to
Vi x Vo x C*~1. Most of the arguments in Theorem I that go through, in particular, Y is
exactly fillable but not Weinstein fillable. The only issue is showing that the 2nth Postnikov
factorization of W gives a bordism to (). In fact, one can show that everything boils down to
whether the class in sy, (BU) classifying the structure map W — BU is trivial.

REMARK 6.17. In dimension 5, manifold V' x C always admits Morse function of index at
most 3, hence Corollary 6.11 cannot give obstructions to Weinstein fillings. In dimension 3,
V x C is always a subcritical Weinstein domain.

6.2. Product of ADC manifolds

In the following, we will show the product of two ADC domains is again ADC. In particular,
such construction provides many examples where Corollary 4.19 can be applied. Before stating
the precise theorem, we first prove a proposition on the Reeb orbits on the boundary of general
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products. In the following, we define a function for a fixed N € N.

gN<x):2—m, ze [1,2_;]

Then gy takes values in [1,2 — +] and g ~ = gn. Let V and W be two Liouville domains with
Liouville forms Ay, Ay that are nondegenerate as contact forms, such that ¢; (V) = ¢, (W) = 0.

Then we define V' x W to be the following subset of V x /V[7,
V x WU(@V X {T‘V < fw}) x WUV x (8W X {TW < fv})Uav

xOW x {(Tv,rw)|7“v < gN(Tw)},
where we have:

1) fv, fw are Morse functions on V' and W, such that near the collar of V' and W they are
gn and j , j realize the Morse dimensions of V W, respectively.

(2) 2— % <Ifvl,Ifwl < 2and |[dfy|cr, [dfwle < &

PROPOSITION 6.18. Assume V,W as above and dim V,dimW > 4. For D > 0, for N € N
big enough, the contractible Reeb orbits of V- x y W of period at most D are of the following
three types.

(i) Nondegenerate orbit (p,7) for p € C(
indp + pcz(7y)-

ii) Nondegenerate orbit (vy,p) for p € C(+=) and v € P<P(V) with index % dim W —

fw v 2
indp + pcz(7y).
(iii) Morse—Bott orbits (y1(t),v2(t +to)) in an S' family for 41,72 in P<P(V), P<P(W),

respectively, up to reparametrization. The generalized Conley—Zehnder index is pcz(y1) +
poz(v2) + 5-

j%) and v € P<P(W) with index idimV —

Proof. The boundary of V' x 5y W is given by three components (OV x {ry = fw}) x WU
V x (OW x {rw = fv}) UV x OW x {(rv,rw)|rv = gn(rw)}. Using Remark 6.5, we have
the Liouville vector of V x W is transverse to the boundary. Hence O(V xy W) is indeed
of contact type. By Proposition 6.4 and Lemma 6.8, for N big enough, the Reeb orbits on
V x (W x {rw = fv}) and (OV x {rv = fw}) X W are those described in (i) and (ii).

It remains to study the Reeb orbits on 9V x W x {(rv,rw)|rv = gN(rW)} It can be

either viewed as graph of function on W or V. We choose to view it as graph on W. Then by
Proposition 6.4, the Reeb vector field is given by
1 . —gn(rw)
gn(rw) — g (rw)rw gn(rw) — gy (rw)rw

Note that gy (rw) = ;X;ﬁ , we write the Reeb orbit in a more symmetric way as below:

T’W72 7”V72

R Ryy. 6.1
27‘va — 2’)"\/ — 27‘W v * QTVrW — 2’/“\/ — 2TW w ( )

Here the coefficient varies in [ Therefore the Reeb orbit of (6.1) are in the form of

2N’2]

rw — 2 " ry — 2 "
m 27‘\/7"W — 27"V — 27"W V2 27’va — 27”'\/ — QTW ’

where 71,72 are Reeb orbits of 9V and OW with periods D; and Ds such that T :=
Dl/QTWW“—*2 :DQ/ML > 2Dq1,2D5 is the period. By Remark 6.6, the

27V 27“V V727’V727’VV
contact restructure is given by &y @ &w @ (Ory, » —Tw Ry + 7v Rw ). The linearized return map
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preserves the decomposition. Therefore the linearized return maps on &y and &y do not have
1 as eigenvalue by nondegenerate assumptions on V' and W. By taking derivative of (6.1), the
linearized return map on the remaining part is given by
1, 0
4— 27“\/ 1 : (6'2)
(27"\/7’W — 27’\/ — 2rw)2

Let ¢r denote the linearized return map on the whole tangent space, then ker(¢r —id) is
spanned by the Reeb vector field (6.1) and —ry Ry + ry Ry, which is the 1-eigenspace of (6.2).
Equivalently, ker(¢r —id) is spanned by Ry and Ry, which is the tangent of im~; X im~s.
Moreover, d(rv Ay + rwAw ) is rank 0 on the tangent of imy; X im 5. Hence such Reeb orbits
are of Morse—Bott type. To compute the generalized Conley—Zehnder index, since we have
the decomposition of contact structure, it is sufficient to compute the contribution in the
(O > —rw Ry + ry Ry ) direction. Since dim V,dim W > 4, here the complex trivialization
of the tangent bundles over the Reeb orbits splits into trivializations of &y and &y used
in defining Conley—Zehnder index for V and W and a trivial complex bundle spanned by
Or,, and —rw Ry + ry Ry. The total generalized Conley-Zehnder index is the generalized
Conley—Zehnder index of

1, 0
4 — 27‘\/ 1 ’
(27"\/7’W — 27’\/ — 2rw)2 ’
which is % plus poz(y1) + poz(y2). O

THEOREM 6.19. Let V, W be two Liouville domains of dimension > 4, respectively, such that
a(V)=c(W)=0. Assume V is p-ADC and W is ¢-ADC, then we have V x W is min{p +
q+4,p+dimW —dimy; W, ¢+ dim'V — dimy; V}-ADC. In particular, if VW are both ADC,
then V x W is ADC. If VW are both TADC, then V x W is TADC.

Proof. Assume the dimensions of V' and W are 2n,2m, respectively. Since VW are
ADC, there exist positive functions f1 > fo > ... > fix > ..., g1 > g2 > ... > gr > ... and real
numbers Dy < Dy < ... <...Dy < ... converge to oo, such that all orbits in P<P:(f;A\y|av)
are nondegenerate and have Conley—Zehnder indices at least p —n 44 and all orbits in
P<Pi(g;: \wlaw) are nondegenerate and have Conley-Zehnder indices at least q—m+4
Let V;:={ry < f;} and W, := {rw < g;}, then for N € N big enough V; xy W; CVxW
is close to {ry <2f;} x {rw < 2¢;} and the Reeb orbits of period smaller than D, are
decried by Proposition 6.18. Using [8, Lemma 2.3,2.4], there exist a very small perturbation
(V xW); of V; xy W;, such that all Reeb orbits in (iii) of Proposition 6.18 are perturbed
into nondegenerate orbits with index pcz(v) + pez(v2), woz(11) + oz(y2) + 1. Then we
have all elements in P<Pi((V x W),) are nondegenerate with Conley—Zehnder indices at
least min{p+q¢—n—m+8,p—n+4—dimy W +m,q—m+4—dimy, V + n}. Hence the
degree is at least min{p + ¢ + 5,p + 2m — dimpy, W + 1, ¢ + 2n — dimy; V + 1}. Since for j > 4,
we can choose IV in the construction big enough such that (V' x W), C (V' x W);, which implies
that the contact form on (V' x W); is smaller than that on (V x W);, hence 9(V x W) is
min{p + ¢+ 4,p + dim W — dim; W, ¢+ dimV — dim,; V}-ADC. The TADC case is similar.
(V x W); will not collapse, because V;, W; do not collapse. O

The following theorem provides more examples of exactly fillable, but not Weinstein fillable
contact manifolds using the obstruction in Corollary 4.19.
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COROLLARY 6.20. Let V" be the Liouville manifold in (ii) of Example 6.14, W?™ be any
ADC Liouville domain with dilations, see Example 4.3. If n — 1 > m, then 9(V x W) cannot
be filled by Weinstein domains.

Proof. By [48, 56], A(a®b) =+xA(a)®b+ta® A(b) on SH*(VxW)=SH*(V)®
SH*(W). Since those V are hypertight, that is, they allow a Reeb flow without contractible
Reeb orbits, then V is automatically ADC. Since we only use contractible orbits to generate
symplectic cohomology, we have SH*(V) = H*(V). We may assume SH*(W) # 0, otherwise
Corollary 3.14 can be applied to obtain the conclusion. Let o € SH?*"~1(V) be a generator of
H?"1(V) and B € SH'(W) a dilation. Then we have A(a® 8) = +a® 1 € im(H?"~1(V x
W) — SH?"~1(V x W)). Similar to the proof of Proposition 4.10, if we view a®1 €
H?*"=1(V x W), then it represents a class in the image of ¢ : im(SH*(V x W) — SH%(V x
W))Nker Ay — cokerd. H*(V x W) — H*(O(V x W)) is injective and 2n — 1 > n +m. To
show im Ay contains a class in grading 2n — 1, it is enough to show that o ® 1 is not in im .
Since V' is hypertight, the Kiinneth formula implies that SH{(V x W) = H*(V) ® SH (W),
and §(a ® B) = a ® dw(B). Hence if o ® 1 is in the image of §, then 1 € im dyy, which implies
SH*(W) = 0, contradicting the assumption. O

7. Obstructions to exact cobordisms

A natural question in symplectic geometry is understanding the ‘size’ or ‘complexity’ of exact
domains. One simple way of comparing complexity is by asking if one exact domain can
be embedded into another. Due to the Viterbo transfer map, the vanishing of symplectic
cohomology and existence of symplectic dilation are two levels of complexity, which are in fact
the first two of the infinity many structures in [69]. For example, one cannot embed an exact
domain W with SH*(W) # 0 to a flexible Weinstein domain. In particular, flexible Weinstein
domain does not contain closed exact Lagrangians. On the other hand, one can always embed
the standard ball into any domain. Moreover, one cannot embed an exact domain W with no
dilation into T*S™. In particular, T*S™ contains no exact tori.

The same question can be asked for contact manifolds, and the comparison is based on
existence of symplectic cobordism. By putting different adjectives in front of the symplectic
cobordism, we get several comparisons in different flavors. In this section, we will restrict
to exact cobordisms. Similar to the discussion above, one can use the functoriality of
contact invariants like contact homology and symplectic field theory [22] to study this
problem. For example, an overtwisted contact manifold has vanishing contact homology
[65], hence there is no exact cobordism from a contact manifold with nonvanishing contact
homology to an overtwisted one. In particular, there is no cobordism from ). A more general
obstruction in a similar spirit using the full SFT was constructed in [36]. However, unlike
symplectic cohomology, such invariants are difficult to define [?,50] and notoriously hard to
compute.

Since we have shown that for ADC manifolds, the vanishing of symplectic cohomology
and existence of symplectic dilation is independent of the filling, hence can be understood
as contact invariants. In particular, we can use them to define obstructions to the existence of
exact cobordisms to some ADC manifolds. Such obstructions using symplectic cohomology are
relatively easy to define and compute.

THEOREM 7.1. Let Y be an ADC contact manifold with a topologically simple exact
filling W. Let V be an exact domain with ¢;(V) = 0. If one of the following holds, then
there is no exact cobordism U from 0V to Y, such that ¢;(U) =0 and H (V)@ H*(U) —
HY(0V), (a,b) = alav — blay is surjective and m(Y) — m1 (U U V) is injective.
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(i) If 1 € imdy for W, and 1 ¢ imdy for V.
(ii) If 1 € im Ay for W, and 1 ¢ im Ay for V.

Proof. If there is a such cobordism, since H' (V) & HY(U) — H'(dV) is surjective, we have
H*>(UUV) — H*(U)® H*(V) is injective. Since ¢;(V) = ¢1(U) = 0, we have ¢;(UUV) = 0.
Therefore U UV is a topologically simple filling. Since 1 € imdy for W, then SH*(W) = 0.
In particular, by Corollary B, we have SH*(UUV)=0. As 1 ¢ imdy for V implies that
SH*(V) # 0, we have a contradiction by that the Viterbo transfer map preserves the unit,
hence there is no such U.

When 1 € im Ay for W, we know that ¢ : ker A, — coker d contains 1 in the image for W.
Assume there is such a cobordism U. By Theorem G, we have that 1 € im Ay, im ¢ for U U V. If
1 ¢ im Ap for V', we know that 1 ¢ im ¢ for V. The Viterbo transfer map commutes with A, ¢
and ¢ by Proposition 4.20, hence the Viterbo transfer map induces the following commutative
diagram

ker Ay, C SHY(UUYV)

coker(SHY 2(UUV) — H* L (U UV))

iViterbo transfer lViterbo transfer
ker A, C SH? (V) ¢ coker(SH*"2(V') = H*1(V))
Hence we have a contradiction. O

Proof of Corollary J. Assume otherwise, there is a Weinstein cobordism U, then U UV is
another Weinstein filling of Y. In particular, m (Y) — 7 (U U V) is an isomorphism and ¢; (U U
V) = 0. Then we reach a contradiction by the same argument in the proof of Theorem 7.1 for
the first two conditions. The third one follows from Corollary H. (]

As a direct application of Corollary J, if an ADC Weinstein domain V' of dimension > 6
admits a dilation and ¢; (V') = 0, then not only V' does not contain K(m,1) as closed exact
Lagrangian, there is no Weinstein cobordism form S*K(m, 1) to 9V, since T*K(m, 1) has
no dilation.

On the other hand, the existence of almost Weinstein cobordism is purely homotopical
and was studied in [14]. In particular, Bowden—Crowley—Stipsicz [14, Theorem 1.2] showed
that for dimension 2n — 1 > 5, there exists an almost contact manifold (Myax, Pmax) such
that for any almost contact manifold (M, ¢) there is an almost Weinstein cobordism from
(M, @) to (Mmax, Pmax). The maximal element also exists when restricted to the class of
almost contact manifolds with vanishing first Chern class. In the latter case, when dimension
is 5 or 7, the maximal element can be chosen as the standard (S?"~!, ¢gq). If we take the
maximal element (Mmax, ¢g) for the class of contact manifolds with vanishing Chern class,
since there is a Weinstein cobordism from @ to (Mmax, ®max), in particular, in the homotopy
class of (Max, Pmax), there is a contact manifold (M, ) admitting a flexible filling. Then for
any contact manifold Y with vanishing first Chern class and a Weinstein filling V' such that
SH*(V) # 0, there is an almost Weinstein cobordism from Y to M, but there is no Weinstein
cobordism by Corollary J.

There are also many examples with nonvanishing symplectic cohomology. For example, one
takes the Milnor fiber W of the singularity 27 + 23 + 25 + 27 = 0, then W as an almost
contact manifold is (S°, ¢sa). By [66, Example 2.13], we have SH*(W) # 0 and admits
a dilation and OW is ADC by [61, Lemma 4.2]. Hence by Corollary J, for any Weinstein
domain V with ¢;(V) = 0 and no dilation, there is an almost Weinstein cobordism from 0V
to OW, but there is no Weinstein cobordism from OV to OW. In higher dimensions, let W
be an ADC Weinstein domain with nonvanishing symplectic cohomology and a symplectic
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dilation. Let V be an exotic C” with nonnegative log Kodaira dimension, in particular V'
has no symplectic dilations and the almost contact structure on 9V is the standard almost
contact structure on S2"~ 1. Then there is no Weinstein cobordism from 9V to OW, but there
is an almost Weinstein cobordism from 0V = (S?" 1, ¢.q) to OW as W is almost Weinstein
fillable.

8. Nonexact fillings

In this section, we consider a strong filling W of a contact manifold Y, such that ¢; (W) = 0.
Floer cohomology is still well defined using the Novikov field A = {372, ;T | ¢; € Q,\; €
R, lim A\; = oo} with a Z-grading, cf. [30], similarly for symplectic cohomology [53]. In
particular, sphere bubbles can be avoided by dimension reasons. In this section, we show that
positive symplectic cohomology is still defined to the extent that constructions in §§2 and 3
can be generalized to strong fillings to finish the proof of Theorem F.

8.1. Positive symplectic cohomology

In the nonexact case, the action functional (2.1) is not well defined. In particular, there is no
action separation of the symplectic cohomology into zero length part and positive length part.
However, positive symplectic cohomology can still be defined due to the following lemma by
Bourgeois—Oancea [10, proof of Proposition 5]. We first recall it from [18]. In this section, by
strong filling of a contact manifold (Y, «), we mean a symplectic manifold (W, w) with collar
neighborhood of the boundary symplectomorphic to (Y x [1 — 4, 1],d(r«)) for some § > 0. The
completion W is defined to be W UY x (1,00), with a symplectic form @ such that &l =
W,@\Yx(l,oo) =d(ra).

LEMMA 8.1 [18, Lemma 2.3]. Let H = h(r) be a Hamiltonian on the symplectiza-
tion (Y x Ry,d(ra)). Let u:R_ x S' - Y xR, be a finite energy solution to the Floer
equation and ro:=limgs_, . 7 ou(s,t). Assume h"(ro) >0, J is cylindrical convex on a
neighborhood of u(R_ x S1), then either there exists (so,to) such that rowu(so,to) > ro
orrou=ry.

The combination of Lemmas 2.5 and 8.1 yields the following.

PROPOSITION 8.2. Consider a Hamiltonian H : W — R, such that H =0 onr <19 > 1 and
H = h(r) for r > ro such that when h'(r) € S we have h”(r) > 0, and assume J is cylindrical
convex near all nonconstant periodic orbits of Xy, then there is no Floer solution u, such that
limg, oo u € P*(H) and lims oo u € WUY x (1,79).

Motivated by Proposition 8.2, instead of using the perturbed Hamiltonian H in §2, we will
use the autonomous Hamiltonian before perturbation, denote the Hamiltonian by F'. Then it
has the following property.

(1) F=0on W.
(2) F =h(r) on OW x (1,00) with h”(r) > 0.
(3) The nonconstant periodic orbits of F' are contained in levels 1 < r; < 7o < ... we will

use W’ to denote the domain inside r = .

Then by Proposition 8.2, there are no Floer cylinders with negative end asymptotic to
a nonconstant orbit and positive end asymptotic to a point in W. In fact, the following
holds.
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ProrosiTiON 8.3. Using F' as the Hamiltonian, if there is a nontrivial Floer cylinder u with
the negative end asymptotic to an orbit inside r = r; and with the positive end asymptotic to
an orbit inside r = r;, then i < j.

Proof. If i > j, then the combination of Lemmas 2.5 and 8.1 yields a contradiction. If i = 7,
then by Lemmas 2.5 and 8.1, we have w is contained in r = r;. Then the energy of v must be
zero, contradicting that u is nontrivial. (I

Using F' to define symplectic cohomology will result in a more Morse—Bott situation than H.
We will use cascades to deal with degenerate S'-family obits, such construction was studied
in [10, 11] and more degenerate Morse-Bott cases were studied in [8, 19]. We will follow
their constructions.

8.1.1. Notations and setups. We first fix the following notations.

(1) First note that every Reeb orbit of R, corresponds to an S!-family of periodic orbits
of Xp. The set of nonconstant (contractible) periodic orbits of F' has a decomposition into
the union U,cp(q)Ss, each S, can be viewed as an embedded circle in W. For each S, we
fix a metric g, and a Morse function f, with a unique local maximum Z and a unique local
minimum &. With a little abuse of language, we denote P*(F') := U,{Z, i@}.

(2) For each z € P(«a), we fix a disk u, : D — Y extending one v € S, up to homotopy,
which gives extension to any element in S, by rotation.

(3) A:={>7",¢T" g € QN €R,lim\; = oo} is the Novikov field and we define the
Novikov ring Ag := {>°~, T | g € Q,\; = 0,lim \; = co}. Note that A is the fraction field
of the integral domain Ag. In particular, A is a flat Ag-module.

(4) We formally define Ap(T%&) = Ap(T%) = a — [ V" A+ [¢1 F odt, for v € S;. And
Ap(T%) = a for p € C(f), where f is an admissible Morse function on W.

8.1.2. Moduli spaces and cochain complexes. In view of Proposition 8.2, we need to modify
the definition of admissible almost complex structures to the following. We first fix ¢; > 0 such
that r; +¢; < Titl — €i+1 and €y > 0 such that 1 4+ €y <71 — €.

DEFINITION 8.4. A time-dependent almost complex structure J:S* — End(Tﬁ/\) is
admissible if and only if the following holds.

(i) J is compatible with & on w.
(ii) J is cylindrical convex on OW X (r; — €;,7; + €;) and on (1 — €y, 1 + €p).
(iii) J is S'-independent on W.

The class of admissible almost complex structure is again denoted by J (W)

Let J be an admissible almost complex structure. First note that for any t € S', any
nontrivial closed .J;-holomorphic curve must be contained in W°, where in particular .J; does
not depend t. This is because the curve cannot be contained outside W by exactness there and
then we apply Lemma 2.5 to 7 = 1 — ¢y. We will be interested in the following uncompactified
moduli spaces.

(1) Sa(J):={u:CP' — W|5]U =0, [u] = A, u is simple} for A € Ho(W). It has an evalu-
ation map evo(u) = u(0).
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U; - (C]P)l — VV,gJui = O,Z[’Uq] = A,
M, 4(J) =< (u1,...,up)|u; is simple, and u;(CP') # uj((C]P’l),
u;(00) = u;11(0)

It is equipped with two evaluation maps evy((u;)) = u1(0) and eveo((u;)) = uy, (00).

3)

1 Aasu—i—J(at—XF):O,
Ms, s, 4(J) == u:Rx 8" W lm ues,, EI-P w € Sy, [udt(—uy )] = A

It is equipped with evaluation maps ev_, ev; to Sg, Sy, respectively
(4) Bs, a(J):=={u:C— W|0su+ J(0; — Xr) =0,u(0) € W lims, ;oo u €
Sz, [u#(—u,)] = A}. Tt is equipped with evaluations maps ev,,evg to S,, W, respectively.

The energy FE(u):=3 [ o ||[du— Xpdt[?dsAdt of u€ Ms, s, 4 is given by w(A)+
Ap(Sz) — Ar(Sy). The energy for u € By, 4 is given by w(A) — Ap(Ss).

To study the regularization of (1)—(4), we need to consider the following universal moduli
spaces.

(1) Let @ :=(x1,...,Tp11 € P(a)),A:=(A1,As,..., A, € Hy(W)) and B € Hy(W), we
define ui.,A,B to be the set of (u1,...,un,u,p,J) such that:

(i) J is a C! admissible almost complex structure;
(ii) w; € Ms,, s,,,,.4,(J);
(i) u € Sp(J);

(iv) p is a point on domains of w;.

Then Z/{iﬁ A.p 1s equipped with an evaluation map

EV = ev, x evg(u) x Hev,(u,;) x evy (u) € W X W x Sy, X (84,)% X oo X (85,)% X Sa -

(2) ©:=(x1,...,3, € Pla)),A:= (A1, As,..., A, € Hy(W)) and B € Hyo(W), we define
U A be theset of (u,...,u,,u,J) such that:

(i) J is a C! admissible almost complex structure;
(11) u; € MSTi717S$i?Ai(J) if i > 1;
(iii) w1 € Bs, 4, (J);
)

(iV u e Mk‘,B(J);
Then we define EV on Z/li’AﬁB’k by

evp(u) X evoo(u) X evg(u) x evy (uy) X H(ev,(ui) x evy (u;))

EWXW xW x (83,)2% ... % (Sy, )2 xS, .

(3) Let x:=(x1,...,2, € Pla)),A = (A1,A9,..., A, € Hy(W)) and B € Ho(W), we
define Vi’A_’B be the set of (uy,...,un,u,p,J) such that:

(i) J is a C' admissible almost complex structure;
(i) u; € Ms, s, a,(J)fori>1;
(iii) u1 € Bs,, 4,(J);
)
)

(iv) u € Sp(J);

v) p is a point on domains of ;.
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Then we define EV on Vi,A’B by

ev, X evp(u) X evp(uq) X evy(ug) X H(ev, (u;) X evy (u;))

EWXW x W x (S,)2 % ... x (84, )2 xS, .

The point of considering such moduli spaces is that they are cut out transversely, moreover
the evaluation map is a submersion. This will allow us to perturb J only without changing
(f,9) and (f, g.). The following proposition is derived from the same argument in [43, §3.4].

ProrosiTiION 8.5. The three universal moduli spaces considered above are cut out
transversely as Banach manifolds and EV are submersive.

Proof (Sketch). Note that by Proposition 8.3, for @ = (x1,...,x,) in the universal moduli
spaces, the r-coordinate must be strictly decreasing. Therefore the objects we consider in the
universal moduli spaces are somewhere invective (not just component-wise, but as a whole
object). Then the claim follows from the proof of [43, Proposition 3.4.2] and the proof of [11,
Proposition 3.5]'. O

The cochain complex model we will use is the cascades construction [10, 11], in particular
the cochain complex will be generated by C(f) and P*(F') as before using the Novikov field A.
We recall the cascades moduli spaces first. Let Z denote an element in {Z, Z}.

(1) Mz, 4.m denotes the set of m-cascades, that is, tuples

(Ul, 11,27u27 R l’rnfl,m7um)7

where:
(i) u; € MSmi,S‘le,Ai/R with 1 = 2,211 =y, and Y A; = A;
(i) liit1 > 0 and ¢,
flow on S, ;
(iii) Hmy— oo ¢, rev—(ur) = T and limy_o @,y €04 (Um) = 7.
(2) For p € C(f), Mp o am is defined similarly, except the first curve u; is in Bs, ., with
u1(0) in the stable manifold of p.

oiidi i €U+ (ui) = ev_(uiq1), where ¢, ., ¢+ is the negative gradient

For every x € P(«), we can assign the gradings || := n — pcz(x) and |£| :=n — 1 — poz(x).
As in §2, we fix a Morse-Smale pair (f, g) and M, , is a Morse moduli spaces for p,q € C(f).
Let us denote Mz 5.4 = Um>oMz5,4,m and My z a4 = Un>0Mp 7 4,m. From Proposition 8.5,
we have the following transversality and compactness result.

PROPOSITION 8.6. There exists a second category set Jreq(f,g) such that Mg/, 5 4 is
compact smooth manifold of dimension |Z/q| — |y| — 1 whenever it is < 0.

Proof. On every S, there is submanifold H, := {(z, ¢:(z))|t > 0} C S, X S, where ¢; is
the negative gradient flow on S,. Let S, U, be the stable manifold and unstable manifold of
p € C(f),C(fz)- Since EV on universal moduli spaces are submersive, then the following space
are Banach manifolds.

(i) EVM_;A B(A’W X Sz, X [I;oq He,(0r Ag, ) x Uz, ,,).

TReference [11] did not claim the evaluation maps to S, are submersive, but the proof of [11, Proposition
3.5] implies the fact. In the universal moduli space, the surjectivity of the linearized operator holds without
using the tangent of S.
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(ii) EVM—;A (Sp X Ay X [, Ha,(0r Asg, ) x Uz, ), for p € C(f).

B,k

(iii) EV;}A (A % 8y < [T, He, (01 As, ) x Us,), for p € C(f).

Then we can pick any .J in the regular value of the projections of above spaces to the space of C!
admissible almost complex structure. Then transversality on M, , 4 is verified. It is sufficient
to prove compactness. First by a dimension argument, it cannot have a Morse breaking, or
a fiber product breaking at S, when |Z/p| — |[g| < 1, by the transversality of the preimage of
Ag, in (i)-(iii) above. For the general case in the compactification, we still need to consider
the following.

FIGURE 5. The general curves, the arrows stand for gradient flow.

Note that for the figure in the left, the link of spheres connecting Morse trajectory and Floer
cylinder should be understood as Floer cylinders, hence they are J-curves without quotienting
S1. We will not emphasize the difference, since we will rule out such configuration altogether.
Note that the existence of curves above in the compactification of M, , 4 will lead to existence
of one of the following configurations.

The single sphere bubble above is simple and the link of spheres in the left is in M,, 4(J). To
see that we can reduce to the above three case, if we have a curve in left of Figure 5, then the
bubble tree in the left can be reduced to a simple stable map by [43, Proposition 6.1.2]. We
can pick out the link of spheres containing the two marked points and stabilize it by collapse
unstable constant spheres. If the two marked points are on nonconstant sphere(s), then we get
the first case in Figure 6. If the two marked points are on a constant sphere, then we get the
third case in Figure 6. The other cases in Figure 5 are similar.

By construction, the moduli space in Figure 6 are cut out transversely. The expected
dimensions after module the reparametrization action are |p| — [g| —3 —2(k — 1), |Z| — |y| —
3, |p| — |g| — 3, respectively, where k is the number of spheres. All of them are negative. Hence
M., . 4 is compact when expected dimension < 0 (also holds for dimension < 1 when adding

FIGURE 6. Special components.
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Morse breaking and fiber product breaking). The proof of boosting C! almost complex structure
to C follows from the same argument in [30, Theorem 5.1]. O

Then for J € J*&(f, g), we can define cochain complexes C(F', J, ), C(F,J),Co(f) as free
A-module generated by both P*(F') and C(f), only P*(F), or only Cy(f), respectively. And
the differential is defined to be

dy:= Y #My AT M.

dim Mg, 4=0

PROPOSITION 8.7. d is a differential.

Proof. Since the differential increases action Ag and preserve the length filtration from r;
by Proposition 8.3, it is sufficient to verify d?> = 0 on orbits inside W* within a bounded action
window. In such case, we have compactness and [11, Theorem 3.7] can be applied to verify
d> =0. O

Asusual, C(F, J, f),C(F,J),Cy(f) form a short exact sequence, which induces a long exact
sequence. We also have subcomplexes C"*, C')' generated by orbits inside Wi, By definition,
C, C4 are direct limits of them. On the other hand, we have cochain complexes by action
truncation. In particular, we will consider C"+>° and Ci“'}o, that is, the complex only with

. . ; v ;>0
elements of nonnegative action inside W*. C">% and C'7" are Ay modules, and we have

Cr29®p, A =C" and 02’20 ®p, A =C%'. Since A is a flat Ag-module, the relation pass
to cohomology. We may consider even smaller cochain complex C’f’[o’j] of elements with
action in [0, j]. On such complex, we have an energy control, hence neck-stretching can be
applied.

On the other hand, like the exact case, symplectic cohomology can also be defined as a direct
limit using nondegenerate Hamiltonian with finite slope when sphere bubbles can be avoided

(for example, ¢; = 0), see [53].

PROPOSITION 8.8. There is an isomorphism SH*(W;A) — H*(C(H, J, f)) such that the

following diagram commutes

QH*(W) ——— SH*(W;A)

| |

H*(Co(f)) — H*(C(F, J, f))

Proof (Sketch). Similar to Proposition 2.10, we first perturb F' to F, such that on W, F
is a C?-small time-independent Hamiltonian but F = F on the cylindrical end. Then there is
a cascade continuation map [10, §2] from the cochain complex of F' to the cochain complex
of F' preserving the r; filtration. As in Proposition 2.10, it is quasi-isomorphism as it induces
isomorphism on the first page of the spectral sequence (which is convergent). Then similar to
the discussion in § 4.6, we first get F; with finite slope, which is the same as F on W' but linear
afterward. Then cohomology of C(F) can be written as direct limit of H*(C(F;)). The last
step is perturbing F; into nondegenerate Hamiltonians, then using the cascade continuation
map, we have that the direct limit using nondegenerate Hamiltonians with finite slop is the
same as lim H* (C(F})). Since the inclusion from Cy(f) — C(F,J, f) can also be viewed as
continuation map from a homotopy of zero slope truncation of F' to F' by Lemma 2.5, then all
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of the construction above is compatible with continuation maps from the O-length part’. This
finishes the proof. O

From here, we give an ad hoc definition of SH (W;A) motivated from Proposition 8.8,
SHY (W) = coker(QH" (W) — SH*(W;A)) & ker(QH* (W) — SH*T'(W; A)).

Since A is field, Proposition 8.8 implies that there is a (noncanonical) isomorphism SH (W) —
H*(C(F,J)). We do not claim this definition is good in a functorial way, but it is sufficient
for our application.

8.2. Proof of the independence

Similarly, we can define moduli spaces Pp z 4 and H, z 4 as in § 3.1. Combining with the proofs
in Propositions 8.5 and 8.7, § 3.1 can be generalized to strong fillings with vanishing first Chern
class with the same statements. Hence we will use the same terminology, in particular we have
various regular sets of almost complex structures. The following Proposition follows from the
same proof of Proposition 3.4.

PROPOSITION 8.9. Let J"/ € j:;’,&ﬂ (F)N j:eq[(jnj] (F,h,gs), then we have a commutative
diagram

H*(Cil’[o’l](ejl’l)) . H*(Cf’[o’l](Jz’l)) e H*Jrl(aw) « A0.1]

| | |

H*(Cr’[o’z](Jl’Q)) . H*(CJTrQ,[O,Q](J2,2)) e H*+1(aw> « Al0,2]

T ! !

where vertical and horizontal arrows are continuation maps except those mapped to the last
column and Al*J] consists of elements in A with action in [0, j]. The arrow to the last column
) . . . . >0

is defined by counting P .. Then hgi_mo 1£1j_>Oc of the diagram computes SHZ (W) —

H*+1(6W; Ao)

Now let Y be a TADC contact manifold with two strong fillings W7, W5, we assume «; in
Definition 6.2 is represented by a nested sequences Y; € Y x [1, R]. Then we view W, UY X
[1, R] as the new W,, in particular F' is zero on this new W,. Then we can stretch Y; in the
same way as in §3.2.

PROPOSITION 8.10. With the set-up above, there exist admissible J},J?,... and J3,J3, ...

on I/I//\l and V/[/\'g, respectively, and positive real numbers ¢; j,1,7 € N4 such that the following
holds.

(i) We have €5 > €ij+1- For R < €5 and any R/, NS,‘7R(JD,NSZ‘+17R/(NSLR(J:;)) S
J[;g’{(f} N .Zfe"é[’(;;j](h,ga), such that all zero-dimensional M , 4 and P, , 4 are the same for

both W1, W, and contained outside Y; for x,y € C'’,p € C(h) with action change at most j.
(ii) For every i, there exists i; € N such that J;*' = NS <, (JI) on W_.
=z

TNote that for a general nondegenerate Hamiltonian H with finite slope, Proposition 8.2 may not apply and
the 0-length part may not be a subcomplex.
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Proof. The proof is exactly the same as Proposition 3.12. We start with J' such that
NSy o(JY) € rz;’SFT(F,h,ga). The threshold ¢; ; will be dependent on j, because we need

compactness to apply neck-stretching. €; ;11 is smaller than ¢; ;, as Q}g}[o’j e $Z’é[0’j I To

prove the second property, note that all curves in Figure 3 for x,y € Cy' have a universal
bound depending only on i. Therefore there exists ¢;, such that NS77+1,0(NSZ. i, )(JY) €

17Cg spr(F,h,ga), since the related moduli spaces are contained outside Y; by the first
property. Hence we can choose J*™! such that N.S; 1 o(J'™!) € jzigngT(F, h,gs) and JiTt =

T

NS i (J%) on W' as in Proposition 3.12. O

2

THEOREM 8.11. Let Y be a TADC manifold, then SHY (W;A) — H*"'(Y; A) is indepen-
dent of the filling.

Proof. Using the almost complex structures in Proposition 8.10, by Proposition 8.9, we have
that the part where j > i; of the following diagram computes SHfO(W) — H* (Y Ay),

H(CR NS, s J1) —— HH(CP (NS, 120 12) ——= o ——= HH (0W) x A

| | |

HA(CP NS, 1))~ B (O (NS, 2p 7)) —— ... ——= H(@W) x A0

! ! T

By the same argument in the proof of Theorem A, the horizontal continuation maps
are inclusions for j > ;. The vertical continuation map can be decomposed into contin-

uation maps C}"" NS, copn Ji) 5 CONNS, g J1) and CLPOVUNS, g J2) —
4 2 ’ 2 ? 2
Cf"[o’] ] (NS, < J%). The former map from the trivial homotopy of almost complex structure is
s
the obvious quotient, the latter map is homotopic to identity by Lemma 2.15. Therefore the part
where j > i; of the diagram is identified for both Wy, Ws. Hence SHfO(W) — H*TH(Y; Ap) is

independent of the filling. Since A is a flat Ag module, the claim follows from tensoring A. [

COROLLARY 8.12. IfY is a TADC contact manifold, then SH*(W;A) =0 is a property
independent of topologically simple strong fillings.

Proof. Since SH*(W; A) = 0 is equivalent to QH°(W) — SH?(W; A) maps 1 to 0 since it a
unital ring map [53, Corollary 14], which is equivalent to 1 € im(SH;l(W; A) — HY(W;A) —
H°(Y; A)), which by Theorem 8.11 is independent of such fillings. O

Proof of Theorem F. By Theorem 8.11 and Corollary 8.12, the map H*(W;A) — H*(Y;A)
is independent of the filling. Hence for any other topologically simple strong filling W', we have
H*(W';Q) — H*(Y;Q) is injective and H'(W’; Q) — H'(Y; Q) is surjective. They imply that
there exists one form 8 on W/, such that w = dS and 8 = a near Y. That is W’ is exact. O

REMARK 8.13. Another similar case is for a TADC Y := 9(V x C). Then by the same
argument for any topologically simple strong filling W, we have H?(W;Q) — H?(Y;Q) is
surjective. Therefore the symplectic form w must be exact. It may not be true that there is
a primitive restricted to a contact form. But such exactness is enough to rule out all sphere
bubbles, hence the invariance can be lifted to Z coefficient by Corollary B.
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Theorem 8.11 also holds for symplectic cohomology with local systems (using Novikov field
over C). As a combination of twisted version of Theorems 8.11 and D, we have the following.

THEOREM 8.14. Assume @ is in Theorem D and dim @) > 4. Then any strong filling W of
ST*@Q with vanishing first Chern class that satisfies other topological conditions in Theorem D
is exact.

REMARK 8.15. For general ADC manifolds, Y; may collapse to zero. Since nonexact
filling W does not contain Y x (0,1), we can only seek room in Y X (1,00). In particular,
we need to accommodate the increasing of supp F'. However, in addition to the problem in
Remark 2.11, it seems to be very difficult to arrange homotopies of Hamiltonians, so that
integrated maximum principle can be applied to exclude contributions from the 0-length
generators to the positive length generators. Requiring supp F' converges to oo indicates that it
might be better to define the theory on the SF'T level, as in SFT, the vanishing of contributions
of the zero length generators to the positive length generators is automatic. In particular,
Theorem 8.11 should generalize to ADC manifolds by considering the theory defined using SFT,
see Remark 1.7.

REMARK 8.16. For ADC but not TADC contact manifolds, it is still possible to get some
information about the strong filling. For example, if we know that 1 is killed by Hamiltonian
orbits with action at least —D in the exact filling, then possibly after rescaling, we have a
contact hypersurface Y’ inside the strong filling such that Reeb orbits with period smaller than
D are nondegenerate and have positive degree. Then the argument in Theorem 8.11 implies that
the symplectic cohomology of the strong filling with vanishing first Chern class is zero as we have
found the primitive of 1. In general, our argument proves that im(SHY (W;A) — H*T'(Y;A))
is an invariant, while the invariance of the map cannot be obtained.

Appendix A. Orientations

A.1. Coherent orientations in §§2, 3 and 8

Following [1, §1.4], for every nonconstant periodic orbit x € P*(H), one can associate an
orientation line o,, which is the determinant line bundle of the following operator

D, :W"P(C,C") — LP(C,C"), X+ 0. X +1(0;X — B-X), (A1)

where C is equipped with the negative cylindrical end R x S' — C, (s,t) — e~ 27 T is the
complex structure on C" and B = ¥'(¢) - ¥(t)~! when s < 0, here ¥(¢) is the path in Sp(2n)
determined by the linearization of the Hamiltonian flow of X around z and a trivialization
of *(TW). By [1, Proposition 1.4.10], determinant bundles of D, using different choices of
trivializations are conically isomorphic. Hence o, is well defined. Moreover, we have ind D, =

On the other hand, if we equip C with the positive cylindrical end [1, §1.4.3], then (A.1)
induces another determinant line o). Note that in this case, (A.1) is the linearization of
the equation of B, (2.5), therefore we have a conical isomorphism () ® det B, = o). By
the gluing property of such determination bundles [58, Lemma 1.4.5], we have a canonical
isomorphism o} ® 0, = det C".

Let u be a solution to the Floer equation with negative end asymptotic to z € P*(H) and
positive end asymptotic to y € P*(H). After choosing a trivialization of v*T M, the linearized
operator of the Floer equation is in the form of

D, : W (R x S*,C") = LP(R x S',C"), X+ 0, X +1(0,X — B-X), (A.2)
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where asymptotics of B are determined by the linearization of the Hamiltonian flow of Xy
near two ends as before. Let o, denote the determinant line. When M, , is a manifold, they
form a continuous bundle o, ,. Then with a regular J in Proposition 2.8, the gluing property
of such bundles [58, Lemma 1.4.5] yields the following structures.

(1) Canonical isomorphisms pg , : 0py ® 0y = Oz, Pay,z : Opy @ 0y —> 05, O My, X
My . C M, . such that p; . 0 pry2 = Py O Py,z ON 0z 4y @ 0y > @ 0.

(2) 04, = det((ds) ® TM,,) and the p, , . is induced by a map ((Js,) & T M, ,) ® ((0s,) ®
TM, ) — ((0s) ® TM, ) with the property that 0, + 95, is mapped to 9 and Js, — Js, is
mapped to the out normal vector of TM,, ., cf. [1, Lemma 1.5.7].

(3) Canonical isomorphism p, : of ® 0., — o) over B, x M, , C B,, which is induced
by a map (0s, ) ®TB, ® (0s, ) DT M, — (0s) ®TB, with 9, + 95, mapped to 9, and
0s, — O0s, mapped the out normal vector.

If we fix orientations on o,, then there are induced orientations on o, , and o, which determine
orientations of M, , and B, by quotienting out the R factor from the left.

Next we orient the Morse theory part. For a Morse function f, let .S}, U, denote the stable and
unstable manifold of V, f. Then there is a conical isomorphism T,,U, @ T},S, = T,,W. Moreover,
we have (05) ®@ TM, , = T(S, NU,), the latter at p has a natural isomorphism to T'S,, /T'S,.
Therefore if we fix orientations for every .S, then there is an induced orientation on M,, ;. When
m is the unique local minimum, we orient .S,,, such that the induced orientation U,, coincides
with orientation of W, this guarantees the identity is generated by m. Since M, , is the fiber
product S, xw By, we orient M,, ,,, such that the isomorphism T'Ay & TM,, , = TS, ®TB,
preserves the orientation (it is actually twisted by (—1)4im S»xdimW for general fiber product).

REMARK A.l1. Our convention is from the following consideration: if we view f as
a Hamiltonian, we can assign two line bundles oy, o,f as before. Then there are conical
isomorphism o, = det .S, and o;r = det U, because D, is the linearization of an equation
whose solution corresponds to the stable manifold S,. Similarly for 0; . Then the gluing of
determinant bundle gives an isomorphism o, ® 0, = det C" corresponding to T,U, & T,S, =
T,W. Moreover, o, , = det(T'S,/TS,;) and the gluing map p, 4 : 0p 4 @ 04 — 0, is induced from
the obvious map. As for the orientation convention for fiber products, it is different from the one
used in [19] by a sign twisting for general fiber products, but they coincide in the special case
considered here since dim W = 2n. Our fiber product orientation rule also satisfies associativity.

Therefore we have oriented all M, ., the following proposition shows that orientations are
coherent in the sense that they imply d? = 0.

ProproSITION A.2. For 1-dimensional M., ., with orientations above, we have OM., . =
ZM*,* X M**

Proof. For x,y,z € P*(H), by property (3), we have an orientation-preserving map
((0s,) ®TMy ) & ((Os,) ®TM,, ) = ((0s) ®TM, ) over M, , x M, . with the property
that d;, + Js, is mapped to Js and Js, — 05, is mapped to the out normal vector of TM, ..
Hence the product orientation M, , x M, . is the boundary orientation. The situation for
Mp.q x Mg, for p,q,r € C(f) is similar. Next we consider M,, , x M, for p € C(f),z,y €
P*(H). Then by property (3), we have an orientation-preserving map (s, ) ® TB, ® (0, ) ®
TMy,, — (0s)PTB, with 0, + 05, mapped to 95 and Js, — s, mapped the out normal
vector. Then by our fiber product orientation rule, the product orientation M, , x M, is
the boundary orientation. The situation for M, , x M, , for p,q € C(f),xz € P*(H) is the
same. (]
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To orient other moduli spaces in §§ 2 and 3, we need to assign orientation to S, for every p €
C(h). Then for Ry, 4, we have an isomorphism TR, ; = T'S,/T'S, at the intersection point on Y.
Therefore orientations of .S, for p € C(f) UC(h) determines orientation of R, ;. The orientation
of Py, is determined by the fiber product rule. For #,, ,,, the orientation is determined by fiber
product rule and the orientation on the Morse part is given by (0;) & S, for p € C(h). Then
by the same argument in Proposition A.2, we have the following.

PropoSITION A.3. For moduli spaces up to dimension 1, we have the induced orientations
above satisfying the following.

(1) aR** = ZM*,* X R*,* - ZR*,* X M*,:»u
(11) aP** - ZM** X P*,* + ZP*,* X M*,*'
(iil) OHuw =D Mo X Hoo + D Hise X Muso + D R X Mo — > P

The orientations for the continuation map moduli spaces in Proposition 2.10 and §2.2 is
done similarly, but there is no R factor needed to be quotiented.

For the orientation in §8, by [11, Theorem 3.7], the moduli space encountered in §8 has
a one-to-one correspondence to the moduli space using nondegenerate Hamiltonians nearby.
Hence we can use the orientation from a perturbed Hamiltonian, and then we have coherent
orientations from Propositions A.2 and A.3. Alternative approaches to orient the cascades
moduli space directly can be found in [11, §4.4], but they require a twisting depending on the
number of cascades [11, Proposition 3.9].

A.2. Coherent orientations in §4

We follow the orientation convention for the BV operator in [58]. We consider a solution (u, 8)
to equation (4.2), that is,

Osu + J,f!t(atu — Xpgo ) =0, lim u=xz(-+80), vlim u=y,x € P (H_-),y e P"(H,).

S§——00

If transversality for ./\/lwAy holds, let D, denote the linearization of the equation above at u,
then we have a short exact sequence

0— T(u,H)Mf,y — ker D, ® T'S' — coker D,, — 0.

Since det D,, = 0, the short exact sequence induces an isomorphism det TMﬁy =0,,®@TS"
Hence given orientations of 0,0, and S L we have induced orientation on ./\/lfv Then we can
similarly orient for M2 . p € C(f),y € P*(H,), P~, and HZ, by tensoring T'S* from the right.
One last type is 7. . in the construction of homotopy in §4.2.2, similar to the BV operator
case, for every solution (u,8,r) to (4.12), there is a short exact sequence

0 = Tiw,0, Ty — ker D, @ TS" ® TR — coker D, — 0,

which yields an isomorphism detT'7, , = 0,, ®det S ® detR for z € P*(H_) and y €
P*(H.). Hence T, , is oriented, and the orientation for 7,, is similar. Then we have the
following result with the same proof of Proposition A.2.

PROPOSITION A.4. For moduli spaces up to dimension 1, the orientations above satisfy the
following.

() OME, = =S ME, x Moo = S My x MA,
(i) 0T = =2 Muu X Tose + 2 Toe X Muu £ 2 N a X ME, =S M2, X N, .
(ili) OPL, = =32 My x PR, =S PR X My — 3 Pow x M2,
(iv) OHD, =X Ruu x M2, = PR+ 3 Hou X ME, + 3 Mo X HE, = S HE, X M.,
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