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Abstract

Post-Wilsonian physics views theories not as isolated points but elements
of bigger universality classes, with e↵ective theories emerging in the infrared.
This paper makes initial attempts to apply this viewpoint to homogeneous
geometries on group manifolds, and complexity geometry in particular. We
observe that many homogeneous metrics on low-dimensional Lie groups have
markedly di↵erent short-distance properties, but nearly identical distance
functions at longer distances. Using Nielsen’s framework of complexity ge-
ometry, we argue for the existence of a large universality class of definitions of
quantum complexity, each linearly related to the other, a much finer-grained
equivalence than typically considered in complexity theory. We conjecture
that at larger complexities, a new e↵ective metric emerges that describes a
broad class of complexity geometries, insensitive to various choices of ‘ultra-
violet’ penalty factors. Finally we lay out a broader mathematical program
of classifying the e↵ective geometries of right-invariant group manifolds.
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1 Introduction

Take a homogeneous metric, of finite volume and diameter one meter. De-
fine a “small” deformation of this metric as one which preserves homogene-
ity and does not change the distance between any pair of points by more
than one picometer.

Surprising fact: a ‘small’ deformation can make the volume infinite.

The ‘surprise’ here is that in one sense you have changed the homogeneous
metric a lot (the volume becomes infinite), and on the other hand you’ve
hardly changed the metric at all (the distance between any two points has
a tiny additive variation). We will give an example that manifests this
surprising fact in Section 2, with an explicit metric (the Berger sphere)
which arises naturally when considering the complexity geometry [1–5] of
a single qubit.
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This surprising fact is a first example of a surprising phenomenon that—
borrowing the language of renormalization—we call UV/IR decoupling of
homogeneous geometries1. The UV (Ultra Violet) is the short-distance
properties of the geometry, those that can be measured in the vicinity
of a point: the metric and its derivatives. For homogeneous metrics,
the short-distance properties determine (up to global identifications) ev-
erything about the entire geometry. Nevertheless, the farther away from
the origin you get, the more the relationship between short-distance and
long-distance geometry becomes convoluted. For example, the perturba-
tive expansion for the volume of a geodesic ball of radius t [6], volume(t) =
⌦d�1

d
td

�
1� R

6(d+2)t
2+ 5R2+8Rµ⌫Rµ⌫�3Rµ⌫⇢�Rµ⌫⇢�

360(d+2)(d+4) t4+. . .
�
requires ever more terms

as t gets larger, and eventually breaks down entirely—the radius of conver-
gence cannot extend past the closest point on the cut locus, where two
minimal geodesics first collide. The distance function is thus simple and
ordered at short separations (in the ‘UV’), but becomes increasingly con-
voluted and disordered as the separation increases. Nevertheless, in this
paper we will argue that at even greater separations yet the distance func-
tion becomes simple again. We argue that far out in the ‘Infra Red’ (IR) a
new kind of order emerges.

This new order—the emergent IR metric—turns out in many of the
examples we will study to be largely independent of the details of the UV
metric. There is instead a form of universality, in which a broad class of
UV metrics all give rise to the same IR, with the entire e↵ect of the UV
being summarized in a handful of relevant parameters. This is the UV/IR
decoupling that allows di↵erent spaces of wildly di↵erent volumes to agree
on every distance to within a picometer.

2 Low-dimensional Riemannian examples

2.1 Berger sphere

Our first example is the Berger sphere [7], which is the complexity geometry
of synthesizing SU(2) operators for a single qubit when �̂x and �̂y rotations

1‘UV’ and ‘IR’ refer to short and long distances on the group manifold, e.g. U(2N ), not on spacetime.
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are cheap but �̂z rotations are expensive, as described in detail in [8] (see
also [9]). The metric in Euler angles U = ei�zzei�yyei�xx is

ds2 = cos2 2ydx 2 + dy 2 + I(dz + sin 2ydx)2. (1)

For I = 1 this gives the standard round metric on a three-sphere—which
is both homogeneous and isotropic—otherwise known as the bi-invariant
inner-product metric on SU(2). For I 6= 1 this gives a ‘squashed’ three-
sphere, which is still homogeneous but no longer isotropic (right invariant
but no longer left invariant). The volume is

R p
det[g] = 2⇡2

p
I.

To exemplify the surprising fact, take the Berger sphere with I =
1030, and make the ‘small’ deformation I ! 1. This sends the volume to
infinity, but as we will see makes only a tiny additive change to distances.
It may seem surprising that taking I ! 1 only changes the distances a
little, since it makes moving directly in the �z-direction infinitely expensive:
the cost of directly synthesizing ei�zz is

p
Iz. But the point is that we can

also synthesize ei�zz indirectly by circling in the �x and �y directions and
using the group commutator:

(1+ i
p
z�x)(1+ i

p
z�y)(1� i

p
z�x)(1� i

p
z�y) ⇡ 1+ i2z[�x, �y] = 1+ iz�z.

(2)
The cost C of this indirect technique—the geometric length of this path—is
independent of I; since the amount of �z generated is proportional to the
area, the cost scales like

p
z at small z, and in general is [10, 11]

lim
I!1

C(ei�zz) =
p

z(2⇡ � z). (3)

Let us see how much distances change under our ‘small’ deformation.
The existence of two ways to manufacture �z cuts the line ei�zz in two. In
the inner region, direct synthesis is cheapest so C(z) =

p
Iz; in this region

the geometry is strongly dependent on the value of I, and increasing I
can make a large multiplicative change to distances. But when I is very
big, this region is very small, extending only as far out as the cut locus
at Ccut ⇠ I�1/2. Beyond the cut locus2, the optimal path is a mixture of
direct and indirect synthesis, and the farther we go the less direct synthesis

2For points on the line e
i�zz, ‘beyond the cut locus’ means large enough z that the direct geodesic in the

�z direction is no longer minimal. Of course every point can be connected to the origin by some minimal
geodesic that does not pass through a cut locus, but ‘beyond the cut locus’ these minimal geodesics will
not be generated by the time-independent Hamiltonian �z.
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is involved. This means that the farther we go into the outer region, the
less the distance function depends on I: if you already weren’t availing
yourself much of the direct technique, making the direct technique even
more expensive makes little di↵erence. This insensitivity to I reaches its
apotheosis when making the very hardest unitary, z = ⇡: for I � 1, the
cost of making U = ei�z⇡ does not depend on I at all, since we can reach the
antipode by proceeding along any great circle ei�x⇡ = ei�y⇡ = ei�z⇡ = �1,
and so the greatest separation on the Berger sphere is exactly ⇡ and is
completely insensitive to I [10, 11]. We are thus left with the following
picture. Close to the origin the distance function is strongly dependent
on I, but this region is small and shrinks to zero in the ‘subRiemannian’
limit, I ! 1. Outside this region distances are largely independent of I.
Nowhere does I make a large additive di↵erence. A careful analysis [10–12]
confirms this picture, and shows that the very largest additive discrepancy
from the I = 1 distance is found near the cut locus, so for all U and I � 1,

CI=1(U) � CI(U)  O(I� 1
2 ) . (4)

The I = 1 and I = 1030 Berger spheres agree on distances to within a
picometer.

Finally, let’s examine the role of curvature. At large I the metric
becomes strongly curved: the easy-easy section3 becomes very negatively
curved (x, y) = 4 � 3I and the easy-hard sections become very positively
curved (x, z) = I. The curvature length ||�1/2 ⇠ I�1/2, which is also the
distance to the cut locus in the hard direction, becomes very short. The
high curvature explains how the metric is able to ‘hide’ lots of volume at
short distances that is invisible at long distances. Consider an operational
definition of volume that counts how many marbles we can pack into the
space: if we can cram in n(r) marbles each of radius r, then the volume
is proportional to limr!0 r3n(r). Even though the volume grows without
bound as I ! 1, the ‘e↵ective volume’ n(r)r3 at any finite value of r does
not. Instead, the e↵ective volume grows like r�1 as we take r smaller4 and

3We call the �x and �y directions ‘easy’ because they are cheap to move it, while the �z direction is
‘hard’ to move in for I > 1.

4Since in Rd we have n(r) ⇠ r
�d, this n(r) ⇠ r

�4 scaling is characteristic of four dimensions (see
e.g. [13], and so exhibits what in quantum field theory is called an ‘anomalous dimension’.
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only levels o↵ at
p

I once r is less than the curvature length I�1/2. Thus
even as I ! 1 the “e↵ective volume”, as probed by experiments with
finite resolution, stays finite. This will be an important theme in our pa-
per: a large change to the short-distance geometry may make only a small
di↵erence to the long-distance geometry.

A shortcoming of the Berger sphere example for our purposes is that
distances can never be longer than ⇡, and so there is no true IR region. To
remedy this, in the following example we turn to a non-compact limit of
SU(2).

2.2 Euclidean group

Consider parallel parking a unicycle5. The unicycle starts facing parallel
to the curb, and ends facing parallel to the curb but displaced sideways by
z. The configuration space of the unicycle is its possible locations {y, z}
and orientations {✓}, forming the Euclidean group6 SE(2). There are three
primitive operations: roll forwards/backwards (parallel to the direction we
are facing); turn (changing the direction we are facing); or ‘drift’ sideways
(perpendicular to the direction we are facing). We model the di�culty of
any parking maneuver with

ds2 = dx2
k + Idx2

? + d✓2 = (cos ✓dy+sin ✓dz)2 + I(sin ✓dy� cos ✓dz)2 + d✓2.
(5)

We will be interested in the cost of parking C(z), which is the length of the
shortest path that connects our starting configuration {✓, y, z} = {0, 0, 0}
to our parking spot {0, 0, z}.

The important di↵erence from the previous example is that there is no
bound on how far away the curb can be, and so no upperbound on C(z).
However, we will see that we still get an inequality like Eq. 4, and that the
inequality is all the more powerful in this noncompact setting. No matter
whether drifting is just as easy as rolling (I = 1), or drifting is completely
forbidden (I = 1), the cost of parking never changes by more than O(1),

5A unicycle is a bit simpler than a car, since the front and back tires of a car may point in a di↵erent
directions. Unlike in the standard parallel parking maneuver, there are no other vehicles to avoid. We
also imagine that the unicycle is equipped with stabilizing gyros so that it never topples over.

6 SE(2) is a Wigner contraction of SU(2): keep Ix = 1, and take Iy and Iz infinite at fixed I ⌘ Iz/Iy.
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and so at large z all metrics with I � 1 have the same linear growth.
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z + const.

Figure 1: (An artist’s impression of) the complexity of parallel parking a
unicycle, as a function of the distance z to the curb. Left: when I = 1 we
drift directly into the parking spot, and the complexity is simply z. Right:
for large I, there are three regimes: first the complexity is linear with large
coe�cient; then after the cut locus there’s a squareroot regime; and then
at large distance linear growth resumes with coe�cient one.

Figure 1 plots the cost of parking. For I = 1, the metric is flat R2 ⇥ S1

and the optimal parking maneuver is just to drift directly in the z-direction
at cost C(z) = z. For large I the optimal parking maneuver can be more
complicated, and there are three regimes. The first regime, at tiny z, it to
drift directly in the z-direction, which gives linear growth C(z) =

p
Iz that

is strongly dependent on I; this regime extends as far as the cut locus, a
curvature length from the origin at Ccut ⇠ I�1/2. The second regime involves
commuting the two easy directions7 giving a squareroot C(z) ⇠

p
z. So far

this is the same as the Berger sphere example, but the di↵erence is what
happens next. For z ⇠> 1, the squareroot behavior comes to an end, because
once you have turned to face the z-direction, there are no further e�ciencies
from turning more. On the other hand, since we have already paid the fixed
cost of turning to face the z-direction, the marginal cost of going further in
the z-direction is just the cost of rolling forwards. The third regime is thus
another linear regime, but this time with gradient one, C(z) = z + const.

There is a simple upperbound on the distance, that works for all values
of I. Consider a strategy where we first turn 90�, then roll forwards all

7E.g. a path that uses the commutator is to turn through an angle
p

z, roll forward
p

z, turn back
through �

p
z to be again parallel to the curb, and then roll backwards �

p
z into the parking spot.
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the way to the curb, and then upon arrival turn 90� to end parallel to the
curb. This upperbounds C(z)  ⇡

2 + z + ⇡

2 , and indeed by optimizing this
strategy [12] we find that at large z

C(z) = z + 2
p

1 � I�1 + . . . , (6)

where the omitted terms vanish exponentially at large z.
We have thus found a large universality class of metrics (every I � 1),

all of which agree at long distances, up to moderate additive corrections.
Within this equivalence class, the leading-order long-distance behavior is
independent of I. Since the dependence on I appears only in the sub-
leading corrections, we may say that I is an irrelevant deformation. Though
the members of the equivalence class agree at long distance, they disagree
markedly at short distance: they have radically di↵erent curvatures, and
radically di↵erent cut loci.

For most members of the universality class the relationship between the
short-distance geometry and the long-distance geometry is convoluted. For
one member, however, the relationship is straightforward. For I = 1—
the critical value below which changes in I do a↵ect the long-distance
behavior—the UV behavior and the IR behavior match exactly, with the
same linear growth coe�cient. We will refer to this special value as giving
the ‘critical metric’. If you wish to approximate distances in the IR, it is
easiest just to calculate with this critical metric, no matter what the true
UV value of I � 1. As we approach the critical metric, the cut locus gets
pushed out to z = 1 and the curvature becomes small. We will use these
properties to help identify the critical metric in more complicated models.

Finally, let us comment on error, or lack thereof. For the parking uni-
cycle, we didn’t have to introduce a tolerance, because any point that we
can get close to we can also hit exactly with minimal extra cost, even in
the I ! 1 limit. From the IR point of view this is obvious—since small
changes in direction have small cost, we have plenty of ‘wiggle room’ to make
minor adjustments to the endpoint. From the UV point of view, by con-
trast, this is surprising—a Suzuki-Trotter-style perturbative expansion in
z that models the path as a piece-wise-linear sequence of time-independent
Hamiltonians will dramatically overestimate the cost of correcting errors.

The Berger sphere has diameter ⇡ and therefore no long-distance regime.
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The parking unicycle does have a long-distance regime, but the critical
geometry is dead flat. In the example we turn to now, we will see that the
critical distance function is non-trivial.

3 High-dimensional gate example

In the gate model of quantum complexity, we build complex unitaries by
arranging ‘simple’ unitaries in a circuit [14]. The simple unitaries will be
k-local gates, which means unitaries that act non-trivially on k qubits. Our
definition will be highly permissive: for each k-local gate we’ll be permitted
to choose any k of the N qubits to act on; on those k qubits we will be
permitted to act with any unitary U(2k); and indeed we will be permitted
to choose any degree k of k-locality, albeit at a cost of

p
Ik per k-local gate.

The cost of the circuit is the sum of the costs of its components, so a circuit
that uses nk k-local gates costs

C[circuit] =
X

k

p
Iknk. (7)

To complete our definition of complexity, we need to specify the ‘penalty
schedule’, which means specifying the ‘penalty factors’ Ik for every value
of k  N . We will then ask how the complexity of a given unitary depends
on our choice of penalty schedule.

Our first observation is that if we take any one of the Ik large (while
keeping the others fixed) the complexity soon becomes completely indepen-
dent of the value of that penalty factor. This is because instead of directly
deploying a k-local gate, we could also indirectly synthesize the same U(2k)
with a subcircuit built out of cheaper gates. No gate is indispensable, and
indeed the set of m-local gates for any individual m � 2 is su�cient to
reconstitute all the others [14]. To replace a k-local gate we’ll never need
to pay more than minm

p
Imnm(k), where nm(k) is defined as the number

of m-local gates needed to build any U(2k). Once
p

Ik exceeds this critical
value, the complexity becomes completely independent8 of Ik.

Now let’s consider the critical schedule for which every penalty factor
takes its critical value. This means that the price of each gate is the same

8See [15] for a similar discussion in the context of discrete complexity.
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as the cost of indirectly synthesizing it out of cheaper gates. We can show
that there is a schedule with approximately this property by estimating
nm(k), which simple dimension-counting bounds by

nm(k) ⌘ number of m-locals to build U(2k) � dim[U(2k)]

dim[U(2m)]
= 4k�m. (8)

In fact this lowerbound is approximately saturated9 [12, 16]. If we fix the
normalization by setting I2 = 1, this means that the critical schedule is
roughly10

Īk ⇡ 42(k�2) . (9)

For this critical schedule, direct and indirect synthesis are approximately
degenerate. If we start with the critical schedule and make one of the
penalty factors more expensive, this has little e↵ect on the complexity of
any unitary, since we’ll just switch to the cheaper option. By contrast, if we
start with the critical schedule and make any penalty factor less expensive,
this reduces the complexity of almost all unitaries.

We have thus, once again, found a large universality class of definitions of
complexity (every schedule with I2 = Ī2 = 1 that is no less expensive than
the critical schedule 8k, Ik � Īk), all of which approximately agree on the
complexities of all unitaries. If the penalty schedule is in this universality
class, the large-distance complexity will be the same. For most members
of this class, the cheapest way to make a typical element of U(2k) involves
a convoluted compilation strategy, but there is one privileged member of
the class for which the optimal compilation of U(2k) is straightforwardly to
deploy a single gate. This privileged metric is the critical schedule.

In fact, the universality behavior is somewhat broader than the class
I2 = Ī2, Ik � Īk. First, if we start with the critical schedule and make
I2 bigger, this may have a large e↵ect at short distances but only a small
e↵ect at long distances: in the language of QFT, this will be an ‘irrelevant’
deformation. Similarly, if we take some of the Ik with moderate k and make
them cheaper than the critical schedule, this would a↵ect both the UV and
the IR, but its e↵ect on the IR would be just to multiply all complexities by

9Though not exactly saturated since when two consecutive gates overlap on a qubit, there is U(2)
isotropy subgroup, so adding the dimensions of the two gates overcounts by dim[U(2)]= 4.

10At fixed k, this schedule is independent of N .
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mink

p
Īk/Ik: the entire e↵ect on the IR of a complicated UV deformation

would be summarized by a single parameter.
The forgoing features all have direct analogs in the examples we studied

in Sec. 2. Now let’s examine a feature that only emerges when the number
of dimensions is large. The critical schedule was defined by demanding
that

p
Īk = minm<k

p
Īmnm(k). But there is a scaling symmetry nm(k) ⇠

nm(p)np(k), which means that if we want to make a k-local unitary out of
m-local gates we pay little extra cost for doing a hierarchical compilation
that first makes the k-local unitary out of p-local gates and then makes the
p-local gates out of m-local gates. This scaling symmetry means that for
the critical schedule the quantity

p
Īmnm(k) is largely independent of m.

There is thus a huge degeneracy of ways to make a k-local gate: there’s
an equal length path for every value of m, as well as a great many more
paths of mixed m. It is this massive degeneracy and redundancy—what
in network-engineering contexts is called ‘load balancing’—that makes the
numerical value of the complexity so robust against upwards deformations
of the penalty schedule.

4 High-dimensional Riemannian conjectures

In this section, we will extrapolate the lessons learned from the simple ex-
amples of Secs. 2 & 3 to make conjectures about the long-distance behavior
of high-dimensional complexity geometry.

4.1 Review of Complexity Geometry

We start with a minimal overview of Nielsen’s complexity geometry [1–
5]; we recommend Secs. 1 & 2 of Ref. [8] as a review (for other recent
work see [17–24]). Like gate complexity, complexity geometry endows the
unitary group U(2N) with a right-invariant distance function C(U1, U2) =
C(U1U

�1
2 ,1) between two unitaries, which we will interpret as the relative

complexity11. However, in contrast with gate complexity which is not a
continuous function of U , complexity geometry endows the unitary group

11While we will interpret the distance as ‘the’ definition of complexity, Nielsen and collaborators’ mo-
tivation was more to use it bound the value of the gate complexity.
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with a smooth Riemannian metric. A general Riemannian right-invariant
metric is parameterized by a symmetric “moment of inertia” tensor IIJ , so
that the infinitesimal distance between U and U + dU = (1 + i�Id⌦I)U is
given by

dl2 = d⌦IIIJd⌦
J (10)

and d⌦I = iTr dU †�IU . Here �I are the generalized Pauli operators, which
provide a complete basis on the tangent space,

{�I} 2 {1, �(A)
a

, i�(A)
a

�(B)
b

, �(A)
a

�(B)
b

�(C)
c

, · · · } , (11)

where lowercase letters run over the Pauli indices a 2 {x, y, z} and capital
letters indicate the qubit on which the Pauli operator actsA 2 {1, 2, · · · , N}.
The distance between two unitaries is defined as the minimal geodesic dis-
tance in this metric12. If IIJ were the identity this would recover the stan-
dard inner-product metric on the unitary group in which all directions are
equally easy to move in, but the complexity geometry stretches ‘di�cult’
directions to make complex unitaries farther away. Following Nielsen, we
will consider IIJs that are diagonal in the generalized Pauli basis and for
which the penalty factor of a given generalized Pauli is solely a function
of the k-locality, i.e. solely a function of the weight k (or size13) of the op-
erator, defined as the number of capital indices in Eq. 11. (Notice that a
k-local Hamiltonian can be an arbitrary superposition of weight-k gener-
alized Pauli operators—it’s allowed to touch all the qubits, so long as no
single term touches more than k at a time—whereas a k-local gate (defined
in Sec. 3) acts only on k qubits.) To specify the metric, we then only need
to specify the penalty schedule Ik, i.e. the choice of Ik for each k  N .

4.2 Main Conjectures

Let us ask how the value of the complexity of a unitary depends on the
choice of penalty schedule. Our fundamental observation is that the com-
plexity geometry shares the same properties that drove the universal be-

12In [5], some of us also considered an alternative definition for which complexity is the action, not the
length, of the minimal path. This has the e↵ect of multiplying the value of the complexity by

p
N .

13We can also consider the complexity geometry on 2N Majorana fermions [12]; this would be natural
for studying the complexity of SYK or other fermionic theories [26, 27].
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havior we saw in the examples of Secs. 2 & 3. The universal behavior in
Secs. 2 & 3 was caused by the ‘overcompleteness’ of the set of primitive
operations, which meant there were many di↵erent ways to e↵ect any given
change. The complexity geometry is even more overcomplete than the gate
definition of the last section, since on the one hand its target is the same
(elements of U(2N)) but on the other hand the tools at its disposal are so
much more powerful: whereas a k-local gate is constrained to act only on
k qubits at a time, on the complexity geometry we may also move in any
‘polynomial’ superposition over di↵erent k-local terms14, or indeed terms of
mixed k-locality; and whereas the gate definition gets charged a full

p
Ik for

even a small step of innerproduct size ✏ in a k-local direction, the complex-
ity geometry charges only

p
Ik✏ and is therefore able to change direction

without penalty and economically deploy very wiggly paths. Because con-
structing a path through the complexity geometry a↵ords so many more
options than compiling gates into a circuit, the primitive operations are
more overcomplete and so the universality behavior should be correspond-
ingly more robust.

Based on these considerations, we expect an enhanced version of the
same universality properties we saw in Secs. 2 & 3. We can formalize this
into two (independent) conjectures:

Conjecture 1: There exists a critical schedule Īk, and a universality
class comprised of all schedules that are anchored at I2 = Ī2 that
are no easier than the critical schedule, 8k, Ik � Īk. Within this
universality class, the distance functions may di↵er greatly at short
separation (‘in the UV’), but will all approximately agree at long
separation (‘in the IR’).

Conjecture 2: The critical schedule Īk is the privileged member of
the universality class for which the UV and the IR behaviors match.
This means that for the critical schedule the cut locus is pushed far
out in almost all directions, so that geodesics leaving the origin typi-
cally remain minimal for a time exponential in N and linear growth

14A ‘polynomial’ k-local Hamiltonian is a sum of the
�N

k

�
3k

k-local ‘monomials’ (generalized Pauli’s).
In this paper, ‘k-local’ means exactly k-local: a k-local monomial acts nontrivally on exactly k qubits.
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continues uninterrupted with the same coe�cient at long and short
distances.

To make these conjectures more quantitative, we need to specify how close
the members of the universality class are to each other, and to identify the
critical schedule. Our purpose in this paper is not to settle these more quan-
titative questions, but to lay out an ‘e↵ective geometry’ program to address
them, and to identify some plausible candidate answers. The easiest sched-
ule in the universality class is the critical schedule, Īk, whereas the hardest
schedule in the universality class is the ‘infinite cli↵’ metric, I1 = I2 = 1,
Ik�3 = Icli↵ ! 1. Since the penalty factors vary by an infinite amount
between these two extremes, one might fear that the assigned complexities
could as well; the content of Conjecture 1 is that this does not happen. In
specifying how similar the IR distance functions of the two metrics are, one
could imagine a sequence of quantitative conjectures of escalating strength
for the form of the discrepancy (e.g. polynomial vs. linear vs. additive)15,
for the N -dependence of the discrepancy (e.g. exponential vs. polynomial
vs. linear), and for whether tight bounds on the discrepancy are to be found
only in moderately easy directions or in all directions. As an example, let’s
now describe a plausible quantitative conjecture inspired by the results of
Secs. 2 & 3, and describe some supporting evidence. (In Appendix A we’ll
lay out some further conjectures about the critical metric and describe more
directly the relationship to the existing mathematics literature.)

4.3 Quantitative conjecture for complexity growth

For concreteness, let us ask about the complexity of a unitary of the form
U = eiHkz, where Hk is a typical (polynomial) k-local Hamiltonian. We
will normalize such that TrH2 = 1, in order that z is the inner-product
distance. This is a useful case to consider because (since all the terms in the
Hamiltonian have the same weight, and therefore the same penalty factor)
constant Hk gives a geodesic (though not necessarily always a minimal
geodesic) for all members of the universality class. A candidate quantitative
conjecture is illustrated in Fig 2.

15E.g. is the distance |C1(U) � C2(U)| bounded by a constant, or possibly some function of C1, C2.
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The complexity growth for the easiest schedule in the universality class,
the critical schedule Īk, is illustrated on the left of Fig. 2. For a k-local
Hamiltonian, our statement that the critical metric typically doesn’t hit a
cut locus means the complexity C is simply given by the direct geodesic
distance s, i.e. C(eiHkz) = s =

p
Īkz, until z exponentially large in N .

The complexity growth for the hardest schedule in the universality class,
the ‘infinite cli↵’16 metric I1 = I2 = 1, Ik�3 = Icli↵ ! 1, is illustrated
on the right of Fig. 2. At vanishingly small distances, the two sched-
ules disagree about the complexity of eiHkz by a multiplicative factor ofp

Icli↵/Īk ! 1. However, as Icli↵ diverges the cut locus in the z-direction
approaches the origin, and beyond the cut locus eiHkz will be more econom-
ically synthesized by an indirect path that commutes the cheap directions.
For the cli↵ metric, we expect the same three-regime behavior as we saw for
the parking unicycle in Fig. 1. The first regime is linear with huge coe�-
cient C = s =

p
Icli↵z. This regime soon ends at a cut locus (and is squeezed

out entirely for Icli↵ ! 1). Beyond the cut locus, we synthesize eiHkz in-
directly, by commuting 2-local Hamiltonians. Since the number of 2-local
operators we must commute to make a k-local operator is at least k � 1,
the second regime has sublinear growth with C ⇠ z

1
k�1 (the exponent of this

power law is fixed by the ball-box theorem [25]). After z ⇠ 1, linear growth
resumes with coe�cient given by the critical metric. In a strong form of the
conjecture, the additive deviation of the complexity is never more than the
cost of a single k-local gate17 so that Ccli↵[eiHkz]  Ccritical[eiHkz]+ O(

p
Īk).

4.4 Quantitative conjecture for critical metric

Now let’s identify a good candidate to be the critical schedule. Unlike the
cli↵metric, for which all Ik � 3 are the same, for the critical metric we expect

16This clarifies the role of the cli↵ height Icli↵ . Ref. [3] pointed out that Icli↵ ⇠ 4N was su�cient to
ensure that the diameter of the geometry remain comparable to the maximum complexity in the gate
definition. From our point of view, it is natural to conjecture that any choice of Icli↵ � 4N will yield a
distance function between arbitrary unitaries that is close to the Nielsen choice.

17Notice that in this form of the conjecture, the maximum additive deviation from the value of the
complexity assigned by the critical metric is a function of direction, and can potentially grow exponentially
large for large k. Similarly, the maximum additive deviation from the value of the complexity assigned by
the infinite-cli↵ metric is also a function of direction and grows as large as Īk/

p
Ik (which goes to zero as

Ik ! 1 in accordance with Chow’s theorem [28]).
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Figure 2: The conjectured complexity C as a function of the inner-product
distance z, where H1000 is a 1000-local polynomial Hamiltonian. Left: for
the hypothesized ‘critical’ metric, the complexity grows linearly with the
same coe�cient at all z (until it saturates at a z exponential in N). Right:
for the cli↵ metric, at very short distances the complexity grows linearly,
then hits the cut locus and slows to sub-linear growth, before transitioning
to linear again but with a lower slope that matches the critical metric.

the penalty factors to steadily grow with k. This is to reflect the fact that
the di�culty of compiling a direction using two-local Hamiltonians increases
with the k-locality. On the other hand, we expect the largest penalty factor
to be exponentially large in N . This is to reflect the fact that the maxi-
mum complexity is exponentially large in N , and maximum complexity is
bounded above by the maximum penalty factor, complexitymax  ⇡

p
Imax.

In Eq. 9, we showed that the ‘exponential metric’

Īk ⇡ 42(k�2) , (12)

is a good approximation to the critical schedule of the gate model. Our
quantitative conjecture is that an exponential metric, possibly with some
di↵erent base x not necessarily equal to 4, is also a good approximation to
the critical schedule for the complexity geometry,

Īk ⇡ x2(k�2) . (13)

Already, in [5], some of us pointed out some of the attractive features of the
exponential metric for complexity geometry. One such nice feature is that,
like the critical metric we examined in Sec. 2, the exponential metric has
low curvature. Let’s review that now. Milnor [29] showed that when the
commutator of two directions is much more expensive than either direction
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individually, the sectional curvatures are

(HI , HJ) ⇠ �
I[HI ,HJ ]

IHIIHJ

, (HI , [HI , HJ ]) ⇠ +
I[HI ,HJ ]

IHIIHJ

. (14)

Two generalized Pauli operators have a nonzero commutator only when
they overlap on at least a single qubit, so the weight of the commutator is
always less than the sum of the weights of the two operators,

weight([�I , �J ])  weight(�I) + weight(�J) � 1 . (15)

This means that for the exponential metric the magnitude of all the sec-
tional curvatures, of both signs, is always less than O(1). (For completeness,
we calculate all the curvatures exactly in [12].) In Sec. 2 we saw that low
curvature is a signature of the critical metric. By contrast, the cli↵ metric
has huge sectional curvatures since two easy 2-local directions (I2 = 1)
commute to a very hard 3-local direction (I3 = Icli↵). This huge sectional
curvature of the cli↵metric indicates that the cut locus in the hard direction
is close.

4.5 Consistency checks

Now let us describe some important consistency checks on these ideas.
One consistency check is the diameter. If members of the universality

class are to have approximately the same long-distance behavior, then they
will certainly need to approximately agree on the diameter (i.e. the great-
est separation of any pair of points). Indeed, we saw in the example of
Sec. 2.1 that all members of that universality class agree on the diameter
exactly. It is not obvious in advance that the cli↵ metric with Icli↵ ! 1
should even have finite diameter, since some of the directions are becoming
infinitely expensive and the volume is diverging. However, Chow’s theo-
rem [28] ensures that so long as we can reach every element of the algebra
by nested commutators of finitely expensive elements of the algebra, then
the distance function converges in the limit Icli↵ ! 1 and the diameter
is therefore finite. Indeed, we can place a tighter upperbound by noticing
that everything we can do in the gate definition of complexity from Sec. 3
we can do no more expensively in the complexity geometry with the same
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penalty schedule18, and we know from [16] that even with the infinite cli↵
schedule we can construct a circuit for every element of U(2N) with cost
no greater than N 24N . That’s the upperbound. Nielsen, Dowling, Gu, and
Doherty [2] were also able to prove a lowerbound on the diameter of the
cli↵ metric of 4N/3. If our conjecture is correct, the diameter of the critical
schedule cannot be substantially less than the diameter of the infinite cli↵
metric. Let us report here the result of a proof that will be given in [12]
that lowerbounds the diameter of the exponential metric, Eq. 13, for all
x > 1 (and a number of other metrics) by a quantity exponentially large in
N . Our conjecture thus passes this consistency check.

This result is encouraging, but much weaker than what we want to show.
We want to show that not only do all metrics in the universality class agree
on the diameter, but also they approximately agree on the complexity of
almost all su�ciently complex unitaries. Let’s now report a step in that
direction.

First, let’s describe a heuristic compilation strategy for eiHkz that sug-
gests an upperbound for the critical schedule. This compilation strategy
will aim to synthesize eiHkz using only 2-local Hamiltonians (which are al-
ways cheap for all members of the universality class). A typical k-local
Hamiltonian Hk =

P
I
!I�I is a weighted sum of about 3k

�
N

k

�
k-local gen-

eralized Pauli’s (‘monomials’). The dimensionality of the space of k-local
Hamiltonians is therefore exponentially bigger than the dimensionality of
the space of 2-local Hamiltonians, by a factor of

n2(k) ⌘
3k

�
N

k

�

32
�
N

2

� . (16)

If we wish to write a typical k-local Hamiltonian as the nested commutator
of 2-local Hamiltonians, simple dimension-counting tells us that this will
require no fewer than n2(k) levels of nesting. However, there are atypical
k-local Hamiltonians that can be generated much more compactly. In par-
ticular, there is a special set of Hamiltonians, of dimension approximately
(k � 1)32

�
N

2

�
, that can be written as the nested commutator of only k � 1

2-local terms. This set includes the k-local generalized Pauli’s. Our com-

18Every k-qubit gate U(2k) can be made by evolving with a k-or-less-local Hamiltonian that acts only on
those k qubits for a inner-product distance at most ⇡, giving a complexity-geometry cost at most ⇡

p
Ik.

Technically this could be more expensive than the corresponding gate by a factor of ⇡.
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pilation strategy uses these special Hamiltonians as building blocks. In
particular, we will use the fact that any operator of the form ei�Iz, where
�I is a k-local generalized Pauli operator, can be constructed exactly19 out
of two-local operations with cost no greater than O(k). And then since we
can construct any k-local ei!I�Iz with cost no greater than about k, we can
construct the operator U =

Q
I
ei!I�Iz with a total cost of about C ⇠ kn2(k).

This operator agrees with our target operator ei
P

I !I�Iz at leading order in
z, and has inner-product error about z2. (This can be improved to z3 by
using the next order in the Suzuki-Trotter expansion, but going to even
higher orders becomes prohibitively expensive.) It is at this point that we
make our heuristic step. In the example of Sec. 2.2 we saw that the com-
plexity geometry has so many degrees of freedom that by making minor
deformations of the path we can correct small errors at small extra cost,
in a way that is not captured by any finite order of the Suzuki-Trotter ex-
pansion, and is instead an emergent feature in the IR. Compared to the
SU(2) example of Sec. 2.2, the task of compiling in U(2N) is complicated
by the fact that there are so many more directions in which to err; on
the other hand there are correspondingly more directions in which we can
wiggle the path to eliminate error, and as a statistical matter we expect
that to dominate [12]. If the small inner-product errors can be corrected by
wiggling the path, then we can synthesize eiHkz for z < 1 at cost kn2(k). To
generate eiHkz at larger values of z, the triangle inequality (C(az)  a C(z)
for any a 2 N) guarantees the complexity will grow no faster than linearly
with coe�cient kn2(k). This argument heuristically shows that the ‘bino-
mial metric’ is in the same universality class as the infinite cli↵ metric, and

19Here is an example compilation strategy. Any generalized Pauli �K of weight k can be written as
the commutator of a weight-(k-1) generalized Pauli �J and a weight-2 �I that overlap at a single qubit.
These three operators satisfy e

i�Kz = e
i�I

⇡
4 e

i�Jz
e
�i�I

⇡
4 , just as they would if they were elements of SU(2).

In this way we can recursively synthesize motion in any k-local monomial direction with cost no greater
than C[ei�Kz]  O(k). Moving indirectly in monomial directions is thus cheap and easy, even for large k.
Indeed, since moving indirectly in monomial directions in so cheap, the cut locus in monomial directions
is very close to the origin even for the critical schedule. The extreme closeness of cut loci in monomial
directions does not violate our Conjecture 2 because monomial directions are extremely atypical.
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therefore upperbounds20 the critical schedule:

Īk ⇠< k2n2(k)
2. (17)

The reasoning that leads to Eq. 17 is heuristic, because to eliminate
error it appeals to a statistical argument. In [12] we will show that there
is a weaker result that can actually be proved. We will prove that any
unitary that can be reached with a path that in the binomial metric has
length Cbin.(U), can be approximated to within inner-product error ✏ by a
path that in the infinite-cli↵ metric has length

Ccli↵(U)  Cbin.(U)2

✏
. (18)

Our conjectures imply that this can be improved from quadratic to linear-
with-additive-constant and from approximate to exact.

We have provided evidence that the binomial metric is in the same uni-
versality class as the cli↵ metric. Could the binomial metric be not only in

the universality class, but be the cheapest member of the class, i.e., be the
critical metric? A reason to be doubtful is that the binomial metric has an
N -dependence that changes with k, since Ik ⇠ N 2k. If the binomial metric
were truly the critical metric, this would imply that the complexification
rate of k-local Hamiltonians is never extensive in N for all values of k,
even if we multiply the entire penalty schedule by an overall N -dependent
factor. This is di↵erent from the expected complexification rate of black
holes21 and Brownian circuits, as well as the gate complexification rate.
This is one reason to prefer as a candidate for the critical metric the expo-
nential metric in our conjecture Eq. 13 for which Ik depends only on k and
is independent of N .

A concrete next step to test our conjectures would to numerically calcu-
late the distance function for a modest number of qubits (or Majoranas),

20The binomial metric metric upperbounds the exponential metric at all but the largest k, where the
analysis becomes unreliable. Notice also that while the binomial metric doesn’t have a curvature as small
as the exponential metric, it is still very moderate ||  O(N) compared to the cli↵ metric || ⇠ 4N .

21Though one might speculate that if the holographic dual of a black hole were sparse [30] the rate of
complexification might be slower than suggested by generic non-sparse k-local Hamiltonians, in a way that
restores extensivity. Note also that for generic k-local Hamiltonians with Tr[H2] = 1 the rate of change of
inner-product distance is not extensive and instead scales like

p
N , essentially due to Pythagoras’ theorem,

which motivated the proposal described in footnote 12 that the complexity should be defined as the action.
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extending the numerical analysis of [33] from 2 qubits to a handful.

5 Discussion

Let us summarize some of the salient features of our conjectures:

1. In the cli↵ metric with huge Icli↵, which we will call the “bare” theory,
the behavior in the UV and IR are very di↵erent. The UV behavior
has violently large curvatures and a very short distance to the cut-
locus.

2. Using the bare theory, computing complexity growth in the UV (short-
distance behavior) is straightforward. One finds that the rate of com-
plexity growth in this UV region is linear but with a very large slope.
However the calculations break down at the cut locus where “non-
perturbative” e↵ects become important. Still in the UV, but beyond
the linear regime, the geometry of the bare theory is characterized by
an anomalous dimension, namely the Hausdor↵ dimension (which in
Sec. 2.1 we saw for a single qubit to be 4).

3. Nevertheless, with more work we can extrapolate to the IR region.
If our conjectures are correct the IR behavior will also feature a lin-
ear growth of complexity, but with a much-reduced slope. A new
schedule of penalty factors—the critical schedule—defines an e↵ec-
tive theory that is easy to use in the IR. There is a sense in which the
metric “flows” from one behavior to another, although exactly what
we mean by the flow is unclear. This flow22 induces a transition from
rapid linear growth to slow linear growth, and a transmutation of the
Hausdor↵ dimension of the space.

4. The values of the penalty factors Ik are the parameters of the theory
analogous to the set of (inverse) coupling constants in a quantum field
theory. If the penalty schedule is greater than the critical schedule
then these parameters are “irrelevant” in the sense that changing
them has no e↵ect on the IR behavior. Right on the critical curve

22This flow cannot be Ricci flow, since the conjectured fixed points are not Einstein metrics.
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they become relevant: any further decrease of the Ik’s changes the
distance function in the IR.

5. An explicit description of the IR would be desirable. Unfortunately,
deriving the IR from the UV is notoriously di�cult with few excep-
tions. However, based on a patchwork of intuition from toy examples,
gate counting, and various sanity checks, we conjectured that the IR
description is approximately the exponential metric. However, even
without knowing what the IR metric is, its mere existence clarifies and
poses several conceptual issues. Just as one does not need to spec-
ify the lattice in order to discuss the critical exponents of the Ising
model, one might hope that we can sensibly discuss the slope of the
complexity of Hamiltonian evolution eiHkz, without specifying exactly
what the UV penalty metric is. This is particularly significant in the
context of black holes23, where complexity is conjectured [34–37] to
equal a bulk geometric quantity.24

While we have emphasized the application of our ideas to complexity ge-
ometry, it seems likely they are applicable to all right-invariant metrics on
su�ciently ‘large’ Lie groups. Here ‘large’ could mean either non-compact
or a sequence of compact Lie groups with growing dimension (and in the
discussion around Ref. [41] in Appendix A, we discuss how even a metric
on a single compact Lie group might be considered ‘large’). An interesting
mathematical program would be to consider all large Lie groups and char-
acterize the equivalence classes of e↵ective geometries.

In describing the geometry of the group manifolds we have intentionally
used the language of quantum field theory: UV and IR, bare theory, anoma-
lous dimension, non-perturbative, e↵ective theory, flow, coupling constants,

23One should not confuse the sensitivity of the complexity to the choice of gates or penalty factors with
the sensitivity of the complexity to the choice of UV regulator of the quantum field theory, discussed
in [18, 19, 31, 32]. For example, the SYK model is UV finite, but one still needs to discuss the choice of
penalty factors in the definition of complexity.

24Our assertion that the critical metric is approximately load-balanced means that there are many
di↵erent circuits or tensor networks, all with roughly the same complexity, that describe a given state,
even at sub-exponential times. It would be interesting to explore what this means for bulk physics.

21

https://en.wikipedia.org/wiki/Yang-Mills_existence_and_mass_gap


relevant, and irrelevant. At the moment the similarities between complex-
ity geometry and the renormalization of quantum field theories are only
analogies, but perhaps they are suggestive of deeper connections.
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A Zooming in and zooming out: a mathe-

matical perspective

As long as Riemannian manifolds have been studied,25 the idea of fixing
a point x and zooming in, that is, multiplying all distances in the ball of
radius r, Br, by 1/r, r ⌧ 1, has been central. The limit of such rescaling
is the tangent space Tx at x, a linear space with a metric.26 In this paper
we consider families of metrics where certain tangent directions are increas-
ingly penalized, that is, are declared longer and longer. In the limit where
motion in some direction is not just penalized but forbidden, one arrives
at sub-Riemannian geometry. A fruitful observation of Gromov [38] is that
zooming into a point on a sub-Riemannian manifold27 endows the tangent
space with the structure of a self-similar nilpotent Lie group. (The simplest
example is the Heisenberg group, which has [X, Y ] = Z, [X,Z] = 0 = [Y, Z],
with Z rescaling as l2 whenX and Y are rescaled28 by l.) On the other hand
we may instead zoom out by considering r � 1. Such limits29 of zooming

25Going back to the 19th century work of Gauss and Riemann.

26That is, a nonsingular inner product.

27The finite norm directions are assumed to generate all of Tx under bracket, and an additional unifor-
mity condition is assumed, which is always satisfied by right-invariant metrics on a Lie group.

28More generally, the Ball-Box theorem describes how ✏-balls in self-similar Lie groups are approximated
by Riemannian boxes with O(✏ki) side lengths where the integers {ki} are governed by commutator depth.

29In the physics literature, this is sometimes referred to as Wigner group contraction, as in footnote 6.
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out are called asymptotic cones. Simply connected nilpotent Lie groups G
and their co-compact lattices are well-studied in this regard. The details
of exactly how quickly the asymptote is approached, and how its geometry
compares with the original Lie group geometry, has been an active area of
research for 25 years (see [39]).30

We found, at least for the simple examples in Sec. 2, that the computed
convergence is actually much faster than the proven estimates31 (Prop. 3
and Thm. 4 of [39]). We find only a small32 additive error separates the
approximate from the limit. We do not know the scope in which such
additive estimates hold, but they have inspired us to believe that in the
case of interest to us, U(2N), the large scale behavior of at least a large
class of right-invariant metrics may be characterized by broad phases with
nearly constant large scale geometry separated by sharp phase transitions.
Let us at least describe a conjectural picture here, and its also conjectural
relation to renormalization.

Before describing the picture we need to address the compactness of
U(2N). Zooming in is always possible. Traditionally, zooming out (choose
r � 1) is restricted to non-compact spaces. This may be summarized by
saying “All compact spaces have the coarse geometry of a point.” The
most famous of all “zoom out” theorems is Gromov’s Theorem [40] that a
finitely generated group of polynomial growth contains a nilpotent subgroup
of finite index. Remarkably, this theorem has a beautiful quantitative ver-
sion [41] applicable to finite groups. Since we establish in [12] that U(2N),
for many penalty schedules, has diameter exponential in N , the finitary
philosophy (essentially controlled rescaling) can be applied to think about
large scale geometry of this very large albeit finite space. This is not the
place to dive into the epsilons, but we ask the reader to imagine, given the
precedent, that it can be sensible to discuss large scale geometry of large,

30To understand zooming in and out the following pair of examples is instructive: If we start with the
Euclidean plane both the zoom in and zoom out are again a Euclidean plane (the tangent space at a point
and the asymptotic cone at that point respectively). If we start with the Hyperbolic plane and zoom in
to a point we get its tangent space (as expected), if we zoom out we get what is called an R-tree, and
infinitely branching dendritic object of topological dimension 1 which branches at a dense subset.

31The context of these estimates is again nilpotent Lie groups. Its relevant to our discussion of metric
on U(2N ) is discussed in the next paragraph.

32For the SU(2) example with a penalty I, Eq. 4 found that the additive error is O(I�1/2).
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but still compact, spaces.
We interpret the distance function on U(2N), which depends on a choice

of right-invariant33 metric g and amounts to defining the distance from 1,
as the complexity. Equation 10 is equivalent to the statement that this
metric is given by

Cg(U) = inf�

Z 1

0
dsh�̇, �̇i1/2

g
, (19)

where the infimum is over piece-wise smooth paths from 1 to U . The same
formula applies to the sub-Riemannian case, Ik ! 1. (We remind the
reader that Ik are the diagonal elements of the metric on Pauli words of
weight k, see Eq. 10.)

Given a right-invariant, bracket complete, sub-Riemannian metric g0,
we may, in the spirit of [41] attempt to define at large scales an approx-
imate asymptotic cone34 (with metric ḡ), provided the two metrics agree
on the domain of g0, i.e. the bracket generating distribution. The conjec-
tural analog of theorem 4 of [39] reproduced below as conjecture A would
be that the multiplicative discrepancy between the two (compared via the
exponential map) is upperbounded as follows

|distg0(Y, Z) � distg(Y, Z)|  O((distg0(Y, Z))
1�↵) (20)

for Y, Z in a su�ciently small neighborhood of any X 2 U(2N), and some
↵, 0 < ↵ < 1.

Conjecture A. Given two right-invariant subFinsler metrics d1 and d2 on

G, the following are equivalent:

1.
d1(1,g)
d2(1,g) ! 1, as g ! 1 in G,

2. the projection ⇡ : g ! g/[g, g] of the unit balls of d1 and d2 coincide,

3. |d1(1, g) � d2(1, g)| = O
�
d1(1, g)1�↵

�
, as g ! 1 in G.

33In the mathematics literature it is common to talk about left-invariant (but not necessarily right-
invariant) metrics, but here we follow the physics convention of considering right-invariant (but not nec-
essarily left-invariant) metrics.

34Formally it may be necessary to make such a definition for a sequence in N of right-invariant metrics
on {U(2N )}.
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Item 2 above is the analog of our input that the critical metric and the
sub-Riemannian metrics agree on 1 and 2-qubit directions, and item 3 is
the analogous conclusion. Furthermore the following excerpt from [39] is
the nilpotent analogy of additive agreement between continuous and gate
based geometries on G = U(2N): “Let G be a simply connected nilpo-
tent Lie group and � a discrete cocompact subgroup of G. Let ⇢S be the
[right]-invariant word metric on � associated to a finite symmetric set S. . . .
Identifying G with its Lie algebra g via the exponential map, we may view
the finite symmetric set S as a subset of g and take its convex hull. It spans
a vector subspace VS of g. Let k · kS be the norm on VS whose unit ball
is the convex hull of S. Then k · kS induces a [right]-invariant subFinsler
metric dS on G, which we call the Stoll metric.”

Conjecture B. There is a constant C = C(S) > 0 such that, for all � 2 �,

|⇢S(1, �) � dS(1, �)|  C.

For large scales, comparable to the diameter, the most optimistic con-
jecture is that distances induced by g0 are additively close to those of an
approximating Riemannian metric g. We require, of course, that g agree
with g0 on the bracket generating subspace which supports g0 (in our case
1- and 2-qubit Pauli words) and that the penalties defining g in orthogonal
directions are reasonably large.35 To make this a bit more precise, now
acknowledging the compactness of U(2N), we need to:

1. Limit the additive constant, say, to poly(N).

2. Assert that additive closeness should hold provided the penalties Ik

grow su�ciently rapidly, for example Ik = ⌦(econst.⇥k). That is Ik

must grow fast, at least singly exponentially, at least for k ⌧ N (see
Sec. 4.4).

Since this is only a conjecture, we may well need to weaken it by allowing
also a bit of multiplicative or polynomial error—hopefully by a small factor
with little or no growth as a function of N .

We do not have in hand technical tools powerful enough to attempt a
proof. Rather than sketching a proof, contrariwise, we will explain a few
fundamental obstacles to finding one.

35This is the sense in which g approximates g0, where the normal penalties are infinite.
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Our situation is that rather di�cult perturbative calculations in [12]
seem to have reached their natural limit and fresh ideas are needed. As
discussed in Sec. 4.5, in [12] we will show that metrics with a su�ciently
rapidly growing penalty schedule have diameters exponential in N . We will
further show that a U with distance d from 1 in a su�ciently expensive
penalty metric can be ✏-approached by a path of length ✏�1d2 in the sub-
Riemannian cli↵ metric, see equation 18. Here “✏-approached” means the
path arrives within a Killing-metric ball of radius ✏. However, the ball-
box theorem warns us that ✏-approach may still leave us a tiny power of ✏,
like ✏0.001, away in the metrics of interest. This phenomenon is well-known
for nilpotent groups36 [39] where it is captured by the notion of abnormal

geodesic arc. This is a geodesic arc in the sub-Riemannian geometry whose
✏-variations fail to cover any Riemannian O(✏) balls around its endpoints.
So, notoriously, it is hard to solve your problems at the last moment by
first arriving Killing-close and then proceeding to the desired target. This
has led us to ask if there is a lever arm here to exploit: If we recognize,
far o↵, that we will slightly (in the Killing norm) miss our target, can we
make inexpensive adjustments early (a strategy that in Sec. 4 we called
‘wiggle room’)? If possible, learning how to do this seems tantamount to
proving at least a weakened version of our conjecture, where even beyond a
multiplicative constant we would allow a power-law expansion of distance.

Actually, in an appendix to [12] we provide further evidence that the
critical/cli↵ correspondence pertains not only at the largest scale (the di-
ameter) but also at intermediate scales. This is addressed by comparing
covering numbers ccritical(r) and ccli↵(r), the number of r-balls required to
cover the manifold. For r = diameter, this number is 1; as r ! 0, it is a
surrogate for volume. As r varies, the covering number probes the geometry
on a range of scales.

So our conjectural picture is that there is some critical metric gcrit de-
termined by a critical schedule of penalties Īk, with I1 and I2 fixed, which
lies at the lower edge of the phase of metrics which at its upper limit is
the metric with Ik�3 = 1, the sub-Riemannian metric. Thus little should
happen to already large distances when penalties Ik�3 are increased but if

36Nilpotent groups are relevant to us both in the small where they arise [41] as a structure on the tangent
space of a sub-Riemannian manifold, and conjecturally in the large provided approximate asymptotic cones
can be defined.
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any Ik are reduced certain large distances shrink at first order.
It is interesting to ask: is Īk unique (or perhaps forming a convex set?).

If it is unique, perhaps it admits other characterizations, and we will list
some candidates. Also, what kind of RG flow might take us toward Īk?

The picture that emerges in [12] is that the choice of shortest37 paths
between distant points becomes massively redundant near criticality. There
the “prices” Ik have been set, as with the Panama Canal, to the cost of
alternatives. In a discrete context (see Prop 4.3 of [42]) such degeneracy
drives up �1, the first positive eigenvalue of the Laplacian. This and the
well-known connection with di↵usion suggest potential characterizations 2
and 3 below. Characterization 1 stays closer to the definition of criticality
but presumes that diameter by itself may be an adequate probe of the
long-distance geometry.

Among metrics with a prescribed fixed value on 1- and 2-qubit Hamil-
tonians, possible characterizations of Īk include:

1. Using the natural partial order on norms, Īk should be an infimum
penalty schedule among those where the first variation of diameter
vanishes, @(diameter)

@g
= 0 (when the variation is presumed constant on

the space spanned by 1- and 2-qubit Hamiltonians), and a supremum
metric among all such metrics with @(diameter)

@g
6= 0.

2. Motivated by [42] where overcompleteness drives up a lower bound for
�1, the critical metric (from a very broad class—perhaps even includ-
ing Finsler metrics, e.g. taxicab metrics) may be the ones maximiz-
ing �1(diameter)2, again constrained on 1- and 2-qubit Hamiltonians.
Furthermore, the collapse of sectional curvatures, |K|, in the qubit
context near the (perhaps critical) exponential metric can be seen as
reinforcing this conjecture. For example, among all geometries on the
2-sphere with diameter ⇡, �1 is apparently maximized by the round
metric.

3. A probe that is sensitive to parallelism is for example examining the
conductance if we imagine the complexity geometry is fabricated from

37Shortest within constants, factors, or perhaps powers.
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a material of constant resistivity. Perhaps the critical metric maxi-
mizes c(diameter)2�4N

, where c is the average conductivity between
all pairs of points U, V 2 U(2N), constrained as above. This relates
to the ‘load-balancing’ property we expect for the critical metric.

And finally, perhaps:

4. The metric minimizing the average distance to the cut locus over the
visual sphere, constrained as above.

To complete our conjectural picture, imagine a flow which seeks to lower
all Ik, k � 3, but constantly and homothetically rescales {I3, I4, . . . } to
maintain constant diameter. A flow of this type, if initialized in the stable
phase near the sub-Riemannian g0, would be expected to converge to gcrit.
One can generalize this flow to general right-invariant Riemannian metrics
(again fixed on the span L of 1- and 2-qubit Hamiltonians) to a random

flow. Randomly select an eigen (principal) direction of g in L?, shorten
it, and then homothetically rescale g|L? to keep the diameter constant. A
flow of this type might be considered as a kind of renormalization of right-
invariant metrics on U(2N).

There is also the question: should the flow be defined only on metrics
which know about some fixed qubit structure—as for those we have so far
discussed—or in the spirit of [44] and [45] should we consider all right-
invariant metrics and ask that the flow have fixed points which locate a
qubit structure and a critical schedule together.

The large scale geometry of right-invariant metrics, even for exceedingly
simple penalty schedules, is enormously subtle. The successful proofs (e.g.
diameter lower bounds) are all indirect. To highlight how little is known
explicitly, there seems to be no explicit unitaries whose sub-Riemannian
cli↵ metric distance from 1 is known to grow superlinearly with N .

Another question whose answer is not yet known: at long distances
(comparable to the diameter) is there a high frequency component to |distcli↵�
distcrit|, where the sharpest case is the sub-Riemannian one Icli↵ = 1. Es-
sentially this asks if dcli↵(1, U) = ` ⇠ diam and dcrit(U,U 0) = ✏ > 0 then is
dcli↵(1, U 0)  ` + O(✏)? There is a 5-dimensional nilpotent Lie group [39]
with an abnormal geodesic segment, i.e. a geodesic arc of any desired length
in some right-invariant sub-Riemannian geometry, whose ✏ variations fail
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to cover an O(✏)-Riemannian neighborhood of its endpoints. So in that ex-
ample we would say there is a high-frequency discrepancy at all scales. On
U(2N) we know of no analogous abnormality and would guess that the very
rich dynamics of geodesics should rule it out, but have no proof. Perhaps
the simplest reason for expecting a smooth relationship is the lack of any
candidate “quantum number.” If indeed for some nearby pair U and U 0

(both at large distance from 1), one was markedly harder to reach (in the
cli↵ metric) than the other, what details in the tenth decimal places of the
matrix entries could possibly reveal this information?

More generally, beyond the complexity geometry examples on U(2N), we
may ask for a classification of the equivalence classes of coarse geometries
of metrics on non-compact Lie groups, or sequences of compact Lie groups.
Such a mathematical program would significantly generalize existing work
on the coarse geometry of finitely-generated discrete groups.
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[25] Mikhael Gromov. “Carnot-carathéodory spaces seen from within”, In
Sub-Riemannian geometry, pages 79–323. Springer, 1996.

[26] L. Hackl and R. C. Myers, “Circuit complexity for free fermions,”
JHEP 07, 139 (2018) [arXiv:1803.10638 [hep-th]].

[27] R. Khan, C. Krishnan and S. Sharma, “Circuit Complexity in
Fermionic Field Theory,” Phys. Rev. D 98, no.12, 126001 (2018)
[arXiv:1801.07620 [hep-th]].
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