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SPLITTINGS AND CALCULATIONAL TECHNIQUES FOR HIGHER THH

IRINA BOBKOVA, EVA HONING, AYELET LINDENSTRAUSS, KATE POIRIER, BIRGIT RICHTER,
AND INNA ZAKHAREVICH

ABSTRACT. Tensoring finite pointed simplicial sets X with commutative ring spectra R yields
important homology theories such as (higher) topological Hochschild homology and torus
homology. We prove several structural properties of these constructions relating X ® (—) to
X ®(—) and we establish splitting results. This allows us, among other important examples,
to determine THHL"](Z/pm; Z/p) for all n > 1 and for all m > 2.

INTRODUCTION

For any (finite) pointed simplicial set X one can define the tensor product of X with a
commutative ring spectrum A, X ® A, where the case X = S! gives topological Hochschild
homology of A. More generally, for any sequence of maps of commutative ring spectra R —
A — C we can define Ef} (A; C), the Loday construction with respect to X of A over R with
coefficients in C'. Important examples are X = S™ or X a torus. The construction specializes
to X ® A in the case L5 (A; A). For details see Definition 1.1.

An important question about the Loday construction concerns the dependence on X: Given
X,Y € sSet,, with XX ~ %Y, does that imply that LE(A) ~ LE(A)? If it does, the Loday
construction would be a “stable invariant”. Positive cases arise from the work of Berest,
Ramadoss and Yeung [5, Theorem 5.2]: They identify the homotopy groups of the Loday
construction over an X € sSet, of a Hopf algebra over a field with representation homology
of the Hopf algebra with respect to 3(X4). In [16] Dundas and Tenti prove that stable
invariance holds if A is a smooth algebra over a commutative ring k. However in [16] they
also provide a counterexample: ﬁgg%slvsl(H Q[t]/t?) is not equivalent to ng% o (HQ[t] /%)
even though ¥(S? v St v §t) ~ (S x S1). Our juggling formula (Theorem 3.2) and our
generalized Brun splitting (Theorem 4.1) relate the Loday construction on XX to that of
X. One application among others of these results is to establish stable invariance in certain
examples.

For commutative [F),-algebras A one often observes a splitting of THH(A) as THH(F,) Agr,
THHAE» (H A), so THH(A) splits as topological Hochschild homology of ), tensored with the
Hochschild homology of A [25]. It is natural to ask in which generality such splittings occur.
If one replaces F), by Z, then there are many counterexamples. For instance if A = O is a
number ring then THH,(Ofk) is known by [27, Theorem 1.1] and is far from being equivalent
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to T« (THH(Z) Ak, THHHZ(HOK)) in general (see [19, Remark 4.12.] for a concrete example).
We prove several splitting results for higher THH and use one of them to determine higher
THH of Z/p™ with Z/p-coefficients for all m > 2.

Content. We start with a brief recollection of the Loday construction in Section 1.

In [6] we determined the higher Hochschild homology of R = F,[z] and of R = F[z]/ 2P,
both Hopf algebras. In Section 2 we generalize our results to the cases R = Fp[z]/z™ if p
divides m, which is not a Hopf algebra unless m = p’ for some £.

Building on work in [19] we prove a juggling formula (see Theorem 3.2): For every sequence
of cofibrations of commutative ring spectra S — R — A — B — C there is an equivalence

LEx(B;C) ~ L5 (4;0) /\Zf((C) £5(C).

We explain in 3.1 what happens if one oversimplifies this formula.

Using a geometric argument, Brun [9] constructs a spectral sequence for calculating THH..-
groups. We prove a generalization of his splitting and show that for any sequence of cofibra-
tions of commutative ring spectra S — R — A — B we obtain a generalized spectrum-level
Brun splitting (see Theorem 4.1) i.e., an equivalence of commutative B-algebra spectra

LB (A;B)~ B A§§ ) L4(B).

Note that B, which only appears at the basepoint on the left, now appears almost everywhere
on the right. This splitting also gives rise to associated spectral sequences for calculating
higher THH,-groups.

We apply our results to prove a generalization of Greenlees’ splitting formula [18, Remark
7.2]: For an augmented commutative k-algebra A we obtain in Corollary 4.6 that

Lsx(HA; Hk) ~ Ly x (Hk) N, CEA(HE)
and if A is flat as a k-module then this can also be written as
Lsx(HA; Hk) ~ Lox (Hk) Ny, L3575 (H A; HE),

where all the Loday constructions are over the same simplicial set. For X = 5", for example,
and A a flat augmented commutative k-algebra this yields Theorem 5.10,

THHI" (A; k) ~ THHI (k) A%, THHIPE (4 &)

where THH = Lgn.

Shukla homology is a derived version of Hochschild homology. We define higher order
Shukla homology in Section 5 and calculate some examples that will be used in subsequent
results. We prove that the Shukla homology of order n of a ground ring k over a flat aug-
mented k-algebra is isomorphic to the reduced Hochschild homology of order n + 1 of the flat
augmented algebra (Proposition 5.9).

Tate shows [40] how to control Tor-groups for certain quotients of regular local rings. We
use this to develop a splitting on the level of homotopy groups for THH(R/(a1,...,a,); R/m)
if R is regular local, m is the maximal ideal and the a;’s are in m2.
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We prove a splitting result for THHM(R/CL,R/p) in Section 7, where R is a commutative
ring and p,a € R are not zero divisors, (p) is a maximal ideal, and a € (p)2. In this situation,

THHI"(R/a, R/p) ~ THHI (R, R/p) Al THRIE(R fa, R /p).

In many cases the homotopy groups of the factors on the right hand side can be completely
determined. Among other important examples we get explicit formulas for THH (Z/p™,Z)p)
for all n > 1 and all m > 2 (compare Theorem 9.1):

THHI (29, 2/p) = THHI (2, Z/p) @3, THHEY(Z /5™, 2. /).

We know THH!" (Z,Z/p) from [13] and we determine THHL"}’Z(Z/pm,Z/p) explicitly for all
n.

This generalizes previous results by Pirashvili [34], Brun [9], and Angeltveit [1] from n =1
to all n.

In Section 8 we provide a splitting result for commutative ring spectra of the form A x B:
we show in Proposition 8.3 that for any finite connected simplicial set X, we have

Lx(Ax B)—==Lx(A) x Lx(B).

We present some sample applications of our splitting results in Section 9: a splitting of
higher THH of ramified number rings with reduced coefficients (9.2), a version of Galois
descent for higher THH (9.3) and a calculation of higher THH of function fields over F), (9.4).
We close with a discussion of the case of higher THH of Z/p™ (with unreduced coefficients)
(9.5).
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1. THE LODAY CONSTRUCTION: BASIC FEATURES

We recall some definitions concerning the Loday construction and we fix notation.

For our work we can use any good symmetric monoidal category of spectra whose category
of commutative monoids is Quillen equivalent to the category of E.,-ring spectra, such as
symmetric spectra [23], orthogonal spectra [29] or S-modules [17]. As parts of the paper
require to work with a specific model category we chose to work with the category of S-
modules.

Let X be a finite pointed simplicial set and let R —+ A — C be a sequence of maps of
commutative ring spectra.
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Definition 1.1. The Loday construction with respect to X of A over R with coefficients in
C is the simplicial commutative augmented C-algebra spectrum £§ (A; C) whose p-simplices

are
cn N A
TE€Xp\*

where the smash products are taken over R. Here, x denotes the basepoint of X and we place
a copy of C' at the basepoint. As the smash product over R is the coproduct in the category of
commutative R-algebra spectra, the simplicial structure is straightforward: Face maps d; on
X induce multiplication in A or the A-action on C' if the basepoint is involved. Degeneracies
s; on X correspond to the insertion of the unit maps ns: R — A over all n-simplices which
are not hit by s;: X,,_1 — X,,.

As defined above, £§(A; () is a simplicial commutative augmented C-algebra spectrum.
If M is an A-module spectrum, then £ (A; M) is defined. By slight abuse of notation we
won’t distinguish L (A4;C) or LE(A; M) from their geometric realization.

If X is an arbitrary pointed simplicial set, then we can write it as the colimit of its fi-
nite pointed subcomplexes and the Loday construction with respect to X can then also be
expressed as the colimit of the Loday construction for the finite subcomplexes.

An important case is X = S™. In this case we write THHE(A; ©) for LE.(A;0); this is
the higher order topological Hochschild homology of order n of A over R with coefficients in
C.

Let k be a commutative ring, A be a commutative k-algebra, and M be an A-module. Then
we define

THHPVE (A M) = cBF(HA; HM).

If A is flat over k, then 7, THH¥(A; M) = HH¥(H A; HM) [17, Theorem IX.1.7] and this also
holds for higher order Hochschild homology in the sense of Pirashvili [35]: m, THH#(A4; M) =
HHin]’k(A; M) if A is k-flat [6, Proposition 7.2].

To avoid visual clutter, given a commutative ring A and an element a € A, we write A/a
instead of A/(a).

2. HIGHER THH OF TRUNCATED POLYNOMIAL ALGEBRAS

When the Loday construction is viewed as a functor on pointed simplicial sets, it transforms
homotopy pushouts of pointed simplicial sets into homotopy pushouts of Loday constructions.
In [41, Section 3] Veen uses this to express higher THH as a “topological Tor” of a lower THH,
that is: for any commutative S-algebra A,

THHIM(A) ~ A AL

THHI 1 (A) A.

This yields a spectral sequence

B2, = TorTHHY @ (4, 4,) = THHI (4),
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In particular cases, this spectral sequence collapses for all n > 1 making it possible to calculate

THHEZL](A) as iterated Tor’s of A,. In [6, Figures 1 and 2] we had a flow chart showing the
results of iterated Tor of IF, over some [F)-algebras with a particularly convenient form. We
can do similar calculations over any field:

Proposition 2.1. If F is a field of characteristic p and |w| is even, there is a flow chart as in
Figure 1 showing the calculation of iterated Tor’s of F': If A is a term in the nth generation in
the flow chart, then Tor(F, F) is the tensor product of all the terms in the (n+1)st generation
that arrows from A point to. Here |py| = |y| + 1, |ez| = |2] +1 and |¢"2] = 2 + plz|.

X A(epkew) L,
k>0

/

Flu] = Aew) — D(pew) = @ Flobew]/(pFew)”

k>0

Q T'(pp"ew) = @ Flo'pFew]/(p pFew)p —

k>0 k,i>0 ...

FIGURE 1. Iterated Tor flow chart

If F a field of characteristic zero, the analogous flow chart for |z| even is

Flz] —— A(ex) — F[pYex] — A(ep’ex) — - -

Proof. In characteristic p, all divided power algebras split as tensor products of truncated
polynomial algebras. This allows us to use the resolutions of [6, Section 2], where the tensor
products in the respective bar constructions are all taken to be over F', to pass from each
stage to the next.

In characteristic 0, the Tor dual of an exterior algebra is a divided power algebra, but this
is isomorphic to a polynomial algebra. Thus the resolutions of [6, Section 2], with the tensor
products in the bar constructions again taken to be over F', can be used analogously to get
the alternation between exterior and polynomial algebras. O

Let x be a generator of even non-negative degree. In [6, Theorem 8.8] we calculated higher
HH of truncated polynomial rings of the form I, [x]/ 2P for any prime p. The decomposition
due to Bokstedt which is described before the statement of the theorem there does not work
for Fp[z]/2™ when m is not a power of p, but we can nevertheless use a similar kind of
argument to determine higher HH of Fy,[z]/2™ as long as p divides m. This generalization of
[6, Theorem 8.8] is interesting because if m is not a power of p, F,[z]/2™ is no longer a Hopf
algebra, which the cases we discussed in [6] were.

In the following HHL"] will denote Hochschild homology groups of order n whereas HH™

denotes the corresponding simplicial object whose homotopy groups are HHL"].
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Theorem 2.2. Let x be of even degree and let m be a positive integer divisible by p. Then
foralln > 1

HHY (B 2] /2™) = Fyla) /=™ © B}/(F,[2)/=™),
where BY (Fplx]/2™) = Ag, (ex) ®I‘]Fp(<pox), with |ex| = |z| + 1, |z = 2+ m|z| and
n (Fplz]/z™)
By (Fpla]/2™) = s (Fp, Fp).
Since Fplz]/2™ is monoidal over F,, this gives a higher THH calculation,
THH(F,[2]/2™) = THHI(F,) @ HHIY? (B (2] /2™)
= Bg, (1) @ Fpla] /2™ ® B (Fplz] /™)
anl
where B%p(,u) = Fplp] with [u| = 2 and By (1) = Tor, ./ (“)(FP,FP) for n > 1 (see [13,
Remark 3.6]).

Proof. We use the standard resolution [24, (1.6.1)] and get that the Hochschild homology of
Fplx]/z™ is the homology of the complex

A(z,xz)
—

(2.3)

O yymlelR 2] /2 SlelF (2] /2™ -2 F [x] fa™.

Since p divides m, we have A(z,x) = ma™ ! = 0 so the above differentials are all trivial and
HHL? (Fplz] /™) = Fplz] /2™ © Ag, (ex) ® T, (")

at least as an Fp[z]/2™-module, with |ex| = |z| + 1, |¢°z| = 2 + m|z|. The map G. from [24,
equation (1.8.6)] embeds this small complex quasi-isomorphically with its stated multiplicative
structure into the standard Hochschild complex for F,[z]/2™. It sends Fp[z]/z™ to itself in
degree zero of the Hochschild complex and

1
ez~ 1l®z—201, z— Z Z (—1)HHiogio=do @ gm=io g gJo
i0=1 jo=0
which generate an exterior and divided power subalgebra, respectively, inside the standard
Hochschild complex equipped with the shuffle product. The map G. is shown in [24] to be
half of a chain homotopy equivalence between the small complex and the standard Hochschild
complex. So we get that HHEP(Fp[x]/a;m) = HHY IF”( F,[z]/z™) has the desired form as an
algebra and sits as a deformation retract inside the standard complex calculating it.

For the higher HH,-computation we use that the E?-term of the spectral sequence for HH[ ]

is

E?, = Tor"»lel/="@Ar, (cx)8T, (¢%2) (Fp[z] /2™, Fp[z] /™)
and as the generators ez and ¢’z come from homological degree one and two, the mod-
ule structure of Fy[z]/2™ over Ap,(ex) and 'y, (¢"z) factors over the augmentation to Fp.
Therefore the above Tor-term splits as

(2.4) Fylal/a™ @ Tore ™ (8, F,) @ Tor ™ (B, F,).
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Now we can argue as in [6] to show that there cannot be any differentials or extensions in
this spectral sequence: although we are calculating the homology of the total complex of the
bisimplicial F,-vector space of the bar construction B(F,[z]/z™, HH'? (F,[z]/z™), F,[z]/z™)
which involves both vertical and horizontal boundary maps, we can map the bar construction

B(Fpla] /2™, Fpla]/z™ @ A, (ez) ® T'r, (¢"2), Fylz]/2™)

quasi-isomorphically into it, and the latter complex involves only non-trivial horizontal maps
(all vertical differentials vanish) and has homology exactly equal to the algebra in equation
(2.4). When all the vertical differentials in the original double complex are zero, there can be
no nontrivial spectral sequence differentials d” for » > 2. Also, the trivial vertical differentials
mean that there can be no nontrivial extensions involving anything but the ith and (i 4+
1)st filtration, but since we can produce explicit generators whose pth powers (in the even
dimensional case) or squares (in the odd dimensional case) actually vanish, we do not need
to worry about extensions at all. Thus we obtain the claim about HHIZEr (Fplx]/z™).

An iteration of this argument yields the result for higher Hochschild homology, since now we
only have exterior algebras on odd-dimensional classes and truncated algebras, truncated at
the p’th power, on even-dimensional ones where the powers that vanish do so for combinatorial
reasons not relating to the power of x that was truncated at in the original algebra. At
each stage, the tensor factor F,[z]/z™ will split off the E%-term for degree reasons. What
remains will be the Tor of F, with itself over a differential graded algebra that can be chosen
up to chain homotopy equivalence to be a graded algebra A with a zero differential which
is moreover guaranteed by the flow chart to have the property that B(IF,, A,F,) is chain
homotopy equivalent to its homology embedded as a subcomplex with trivial differential
inside it.

The splitting for higher THH follows from the splitting for higher HH by arguing as in [6, 6.1]
(following [20, Theorem 7.1]) for the abelian pointed monoid {1,x,...,2™ 1 2™ = 0}. O

Reducing the coefficients via the augmentation simplifies things even further. Here, the
result does not depend on the p-valuation of m, because x augments to zero and therefore
Hochschild homology of Fp[x]/2™ with coefficients in [, is the homology of the complex

A(z,z)=

0 ymlzlp 0 ylalp O g
» » -

Thus we obtain the following result.
Proposition 2.5. For all primes p and for all m > 1
HHI (B, 2] /275 F,) B (Fy o] /™)
B! (Fpx]/z™
where By (Fp[z]/z™) = Ag, (ex) ® Iy, (¢"x) and B))(Fplz]/z™) = Tor*vifl( plel/ )(
n > 1. Therefore we obtain

(2.6) THHY (F (2] /2™ F,) = THHY(F,) © By (F,[z]/2™).

FP? Fp) fOT’

This is shown as in the proof of the previous theorem using the method of [6], embedding

ez~ 1zel, r—l1z" ol
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inside the bar complex B(F,,Fy[z]/z™,F,), where they generate exterior and divided power
algebras, respectively, regardless of the divisibility of m.

Remark 2.7. Note that the calculation becomes drastically different if (p,m) = 1 and we look

at the full HH!"F» (Fp[z]/x™) rather than reducing coefficients to get HHHEP (Fplx]/z™; Fp).
Then multiplication by m is an isomorphism on F,[z]/2™-modules and hence

Fplz]/z™, for « = 0,
HHS? (F[z] /™) = { (SlelkmtDR (2] /2) /21, for + = 2k + 1,
ykmlelker(-zm=1), for « = 2k, k > 0.

3. A JUGGLING FORMULA

In this section we generalize juggling formulas from [19, §2 and §3]: we allow working relative
to a ring spectrum R that can be different from the sphere spectrum and we relate the Loday
construction on a suspension on a pointed simplicial set X to the Loday construction on X.
In [19] we mainly considered the cases where X is a sphere.

Lemma 3.1. Let X be a pointed simplicial set. For a sequence of cofibrations of commutative
S-algebras

S—R—A—B—C
there is an equivalence of augmented commutative C'-algebras.
LY(B;C)~C AZQ(A;C) LE(B;0).

Proof. For the duration of this proof smash products are formed over R, not S, but we still
denote them by A in order to simplify notation. For finite X the unit map of C, no: R — C,
induces a map of coequalizer diagrams

canl NAIn| N\ B _tdhene | on cn N\ Alnlon \ B

Xn\* Xn\* Xn\* Xn\*
A1 |-
cn| N\ B [dnine calen N\ B
Xn\* Xn\*

Here, vy, sends the copies of A to C first and then multiplies C' A (/\ X\ C’) to C' whereas
vgr sends the copies of A to B and then uses the multiplication in each coordinate separately.
The map ny, sends the copies of A to C' and multiplies C' A (C A /\Xn\* C) to C sitting at
the basepoint whereas ngr sends the copies of A to B and then uses the multiplication in B in
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every coordinate. This morphism of coequalizer diagrams induces an isomorphism 7 on the
corresponding coequalizers, i.e.,

. A . R .
n: (£x(B;C))n — (C Azrac) £X(B;C))n.
This is an isomorphism because the diagram

idAncAnc

C ——CANCANC

Zu: id/\uuul\id

c_—Me oaC

induces the identity map between the coequalizers. A colimit argument proves the claim for
general X. O

Theorem 3.2 (Juggling Formula). Let X be a pointed simplicial set. Then for any sequence
of cofibrations of commutative S-algebras S — R — A — B — C we get an equivalence of
augmented commutative C-algebras

LEx(B; C) ~ L5 (4;C) /\Zf((C) £5(C).
Proof. Consider the diagram

— rB4;0)——C

LE(C)—— LE(B;C) —— C.
By Lemma 3.1, taking the homotopy pushouts of the rows produces the diagram
ng(fh C)

T

£%(C)

LR (C)

whose homotopy pushout is

£§X (4;C) /\ZQ(C) E?(C)-

We get an equivalent result by first taking the homotopy pushouts of the columns and then
of the rows. Homotopy pushouts on the columns produces
C/\ER LE(C) —— LR (4;0) £§(B;C)—>C/\éC

L
(C) Nerae)
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which simplifies to
C+——L¥B;C)——C
whose homotopy pushout is equivalent to EgX(B ;C). O

Restricting our attention to spheres we obtain the following result. This is a relative variant
of [19, Theorem 3.6].

Corollary 3.3. Let S - R — A — B — C be a sequence of cofibrations of commutative
S-algebras. Then for all n > 0 there is an equivalence of augmented commutative C'-algebras:

THHI(B; €) = THHI(A; O) ALyona o) THHIP(C).

Remark 3.4. The previous corollary gives a splitting of the same form as [19, Theorem 3.6].
However, as the proof is different it is not obvious that the maps in the smash product are
the same. Thus (unlikely as it may be) it may turn out to be the case that this gives two
different but similar-looking splittings.

3.1. Beware the phony right-module structure! In some cases it is tempting to use
the (valid) splitting of THHTUR(A; C) as THHIHUE(A) A4 C and oversimplify the jug-
gling formula we got in Corollary 3.3 to the invalid identification of THH["H}’R(B ; C') with
THHIPHLE(A) Ay (€ /\-f.HH[n],A(C) THH[LB(C)) which in the case B = C' becomes

(3.5) THHITLE(A4) Ay THHIHLA(O),

This transformation is incorrect because it disregards the module structures, without which
the maps of pushouts are not well-defined. The spectrum THH["H}’R(A; (') is not equivalent
to THHI"*ILE(A) Ay C as a right-module spectrum over THH™4(C). Assuming that the
rearrangement that leads to (3.5) were valid, any cofibration of commutative S-algebras S —
A — B would produce an equivalence between THH™(B) and THH (A4) AL THHMA(B).
But this equivalence does not hold in many examples, e.g., for A = HZ and B equal to the
Eilenberg Mac Lane spectrum of F,, or of the ring of integers in a number field.

4. A GENERALIZATION OF BRUN’S SPECTRAL SEQUENCE

In [9] Morten Brun uses the geometry of the circle to identify THH(HQ; HQ AL, HQ)
with THH(Hk; HQ) where k is a commutative ring and @ is a commutative k-algebra:
THH(HE; HQ) is a circle with HQ at the basepoint and Hk sitting at every non-basepoint
of S'. Homotopy invariance says that we can let the point take over half the circle, so that
it covers an interval. This idea identifies THH(HEk; HQ) with THH(Hk; B(HQ, HQ, HQ))
where B denotes the two-sided bar construction. Brun then shows in [9, Lemma 6.2.3] that
the latter is equivalent to THH(HQ; B(HQ, Hk, HQ)) by a shift of perspective. This idea
inspired our juggling formula 3.2 and also the following result.

Theorem 4.1 (Brun Juggling). Let X be a pointed simplicial set. For any sequence of cofi-
brations of commutative S-algebras S — R — A — B we get an equivalence of commutative
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B-algebras

LB (A;B)~ B /\Z;;(B) L4(B).

Note that B, which only appears at the basepoint on the left, now appears almost every-
where on the right. Thus we can think of the basepoint as having “eaten” most of ¥ X.

In the following we will use the notation from [19, §2]. If Y is a pointed simplicial subset of
X, then we denote by E&’Y)(A, B; B) the relative Loday construction where we attach B to
every point in Y including the basepoint, A to every point in the complement and we use the
structure maps to turn this into a augmented commutative B-algebra spectrum. Note that if

Y = %, then E& 9 (A,B;B) = EQ(A; B), so in this case we omit the % from the notation as

in Definition 1.1.

Proof. We consider the pair (XX, x) as (CX Uy CX,CX), with the cone sitting as the upper
half of the suspension. Then, since the Loday construction is homotopy invariant,

ﬁgX(A; B) = ng,*(A, B;B) = ﬁgXuXCX,*(Aa B;B) ~ ‘CgXUXCX,CX(Aa B; B)
= LExUyox.oxuxx (A, B;B).
By [19, Proposition 2.10(b)]
LExuyvox.oxuxx (4, B B) ~ LEx ox (A, B; B) AL (A,B;B) Ly x(A, B; B).

By definition £§X70X(A,B;B) = LE(B) and LE(B) = E%X(A,B;B) and by homotopy
invariance L (B) ~ B, hence

LExu ox.oxuxx (A B; B) =~ B Agr g Léx x (A, B; B).

Using [19, (3.0.1)] we can identify ﬁgX’X(A, B; B) with

(4.2) ‘ng(fh B) AZ;}(A;B) £§(B§ B)

and as CX is contractible we obtain B ~ L£,(A; B) and then Lemma 3.1 yields an equiva-
lence of (4.2) with £5(B). O
Example 4.3. Consider the case when X = S°.

(4.4) THH(A; B) ~ B Apap (B Aa B) = THH(B; B A4 B).

There is an Atiyah—Hirzebruch spectral sequence [17, TV.3.7]
E} = my(E Ng HrgM) = mpiq(E Ag M).
Let B be a connective A-algebra. Setting R= B A B, E= B and M = B Asq B we get
E} = mp(B Apap Hrg(B A B)) = mpiq(B Apap (B Aa B)).
Setting B = HQ and A = Hk gives us

E} . = THH,(Q; Tork(Q, Q)) =mprq(HQ Aronnqg (HQ Auw HQ))
- THHp+q(k; Q)
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by (4.4). This recovers a spectral sequence with the same E? page and limit as Brun’s [9,
Theorem 6.2.10]. A substantial generalization of Brun’s spectral sequence for THH can be
found in [22, Theorem 1.1].

Ezample 4.5. We can generalize Example 4.3 to any X. In particular, consider a commutative
ring k and a commutative k-algebra Q. If we apply the Atiyah—Hirzebruch spectral sequence
in the case

E=HQ R=~Ls(HQ) M=/cLH(HQ)
then the Brun juggling formula 4.1 gives us a spectral squence

B2, = mp(HQ Ay gy HTHHIMH(Q)) = THHI Y (5 Q).

In the next section, we will see that we can identify THHI™*(Q) with higher order Shukla
homology, Shlnlk (Q), so we get the simpler description

B2, = mp(HQ Ayyini ) H(ShEH(Q)) = THH U (k; Q).

Corollary 4.6. Let B be an augmented commutative A-algebra spectrum. Then applying
Theorem 3.2 to the sequence S—S— A—B—A gives

Lyx(B;A) ~ Lyx(A; A) Ay £ (A).

In particular, if k is a commutative ring, A = Hk, and B = HQ for an augmented commu-
tative k-algebra Q, then

Cox(HQ; HE) = Lyx (Hk; HE) Afyy, Lx°(HE)
and if k is a field, then we obtain on the level of homotopy groups
m Lyx (HQ; HK) 2 m, (EX © HE) 0 m.(CH2(HR)).

Remark 4.7. We stress that in Corollary 4.6 there is a spectrum level splitting of Ly, x (HQ; Hk)
into Ly x(Hk) smashed with an additional factor. In particular, for X = S™ higher THH of
an augmented commutative k-algebra splits as

THHPHY(Q; k) ~ THHIPHU (B) AL THHIPC (k).

Greenlees proposed a splitting result in [18, Remark 7.2]: If k is a field and @ is a augmented
commutative k-algebra, then his results yield a splitting

THH, (Q; k) ~ THH, (k) ®) Tor® (k, k).

Our result generalizes his because for X = SY the term 55()@ (HFk) is nothing but Hk /\%Q HEk

whose homotopy groups are isomorphic to Torg(k‘, k). We will revisit this splitting result later
in Theorem 5.10, relating it to higher order Hochschild homology.
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5. HIGHER SHUKLA HOMOLOGY

Let k be a commutative ring. Ordinary Shukla homology [39] of a k-algebra A with coeffi-
cients in an A-bimodule M can be identified with THH*(A; M). We will define higher order
Shukla homology in the context of commutative algebras as an iterated bar construction and
identify it with THHI™*(A; M) in Proposition 5.4.

Definition 5.1. Let A be a commutative k-algebra and B be a commutative A-algebra. We
define
Shi%hk(A; By = HA AL, HB.
For n > 1 we define nth order Shukla homology of A over k with coefficients in B as
Shi"hk(A; B) = BS(HB,ShI""1*(4; B), HB).

where the latter is the two sided bar construction with respect to HB over the sphere spec-
trum.

Thus for n = 1 we have Shm’k(A;B) ~ THH¥(A; B). For example, when k = Z, p is a

prime and a = p™,
ShE(Z/p™; Z/p) = Ty (x(m))

with |z(m)| = 2.

It is consistent to set ShI=1F(4) = HE.

A priori, THH*(4; B) is a simplicial spectrum and Sh["]’k(A; B) is therefore an n-simplicial
spectrum, but we take iterated diagonals to get a simplicial spectrum and can then use
geometric realization to get an honest spectrum.

Proposition 5.2. Let R be a commutative ring and let a,p € R be elements which are not
zero divisors such that (p) is mazimal and a € (p)?. Then

SN (R/p) = Apyy(r1) = SKOF(R/a; RYp),  |m| =1
and forn > 2,
[n—1],R
Sh)[kn],R(R/p) ~ Torfh* (R/p) (R/p: R/p)

and

[n—1],R
Sh!" (R/a; R/p) = Tor2™ WP (Ryp R /p).

Warning: the reduction R/a — R/p does NOt induce an isomorphism Sth]’R(R/ a; R/p) —

ShL"}’R(R/ p). By considering resolutions we can see that at n = 0 the induced map is the
map taking 71 to 0. In fact, in Corollary 7.4 we show that the map induced by R/a — R/p
is zero on all generators other than the R/p in dimension 0.

Proof. We prove this by induction on n. At n =0,
Sh®(R/p; R/p) = R/p A R/p.



14 BOBKOVA, HONING, LINDENSTRAUSS, POIRIER, RICHTER, AND ZAKHAREVICH

There is a Kiinneth spectral sequence,
E2, = Tory(R/p, R/p) = 7s4:+(R/p Aj R/p).

We have a short resolution

R R— R/p,
SO
R/p, s=0=t,
Tor®(R/p, R/p) = Hy(R/p > R/p)i = { Rfp, s=1,t=0,
0, otherwise.

For degree reasons, there cannot be any differentials or extensions in this spectral sequence,
and the product of 7 with itself has to vanish. Thus Shl (R/p) = Agjp(11), as desired. Note

that this proof works (almost) verbatim for ShLO}’R(R/ a; R/p).
By [13, Proposition 2.1], as a augmented commutative H R/p-algebra,

Shi9E(R/p) ~ HR/pV SHR/p ~ ShOE(R/a; R/p).
Thus
ShUE(R/p) = B(HR/p,ShI*(R/p), HR/p) ~ HB(R/p, Apsp(11), R/p).

In the following let F be R/p. By [6], if we start with B¥ (F, Ap(r1),F) for F a field of positive
characteristic, we know that the spectral sequence Torﬂ(ﬁ)(F,F) = H,(BY(F,Ap(n1),F))
collapses at 2, which concludes the proof of the n = 1 case. We have that B¥(F, Ag(7y),F) ~
B(F, Ap(71),F) because both calculate the homology of F ®/L\F(ﬁ) F. Moreover, in [6] we show
that if we keep applying BY(F, —,F) to the result, having started with Ag(7), the spectral
sequences Torff;(_)(F,F) = H,(B¥(F,—,F)) will keep collapsing. Since in the case of a
characteristic zero field, a divided power algebra is isomorphic to a polynomial one, we can
use the method of [6], adjusted as in the proof of Proposition 2.1, to get the same result.

Finally, in [13] we show that once we can exhibit a commutative HF-algebra as the image
of the Eilenberg Mac Lane functor on some simplicial algebra, we can continue doing that
when we apply B(F,—,F) to that algebra—once we get to the algebraic setting we can stay

there. This concludes the proof for the collapsing of the spectral sequences both for R/p and
for R/a. O

Definition 5.3. For any commutative k-algebra A and any commutative A-algebra B we
—~— [n].k
define higher derived Hochschild homology of A over k with coefficients in B, HH[n] (A; B),

as

AR (4; B) = THHIPF(4; B).

1],k

Note that ShI*(4; B) = HH' " (4; B) = Sh*(4; B).
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Proposition 5.4. There is an isomorphism

sh™*(4; B) =~ AR (4. B)

for all n > 0.

The idea for the following proof is due to Bjgrn Dundas.

Proof. By definition, the claim is true for n = 0. For higher n we have to show that the two-
sided bar construction BS(HB, THH"*(A; B), HB) is a model for THH*1%( 4: B); then the
claim follows by induction. Using the decomposition of the (n 4+ 1)-sphere as two hemispheres
glued along the equator S™ gives a homotopy pushout diagram for THH 1+ (A; B)

THHM#(A; By ———— s HB

| |

HB —— THH" Uk 4; B)

in the model category of commutative H k-algebras. The latter category is equivalent to the
category of commutative S-algebras under Hk. The two-sided bar construction

BS(HB, THHI"*(A; B), HB)

models the homotopy pushout

HB NE

THHE(A; B) HB

in the category of S-modules but this is also the homotopy pushout in the category of com-
mutative S-algebras and in the category of commutative S-algebras under Hk; here one can
use the model structure from [17] where cofibrant commutative S-algebras give the correct
homotopy type when involved in a smash product as an underlying S-module. g

Proposition 5.5. In the special case of a sequence of cofibrations of commutative S-algebras
R=Hk —- Hk - HA — HEk with a cofibrant model of Hk and an augmented commutative
k-algebra A we obtain

(5.6) LAY (HA; HE) ~ CEA(HE)
for any X.
Proof. The juggling formula 3.2 for the sequence Hk — Hk — HA — HEk gives

LEX(HA; HE) o LY (HE HE) N ) CX° (HE)
but LEF(HE) ~ Hk ~ CU% (Hk; HE). O

Remark 5.7. Note that Proposition 5.5 implies that £§A(H k) depends only on the homotopy
type of XX, so £§A(Hk) is a stable invariant of X.
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Consider the case where A is flat over k¥ and X = S™. Then Equation (5.6) gives
(5.8) R (HA; HE) ~ LHAHE).
The term on the left hand side of (5.8) has as homotopy groups the Hochschild homology of

order n+ 1 of A with coefficients in k. The right hand side simplifies to THH["]’A(k:) and this
is Shukla homology of order n of k over A. Therefore we obtain:

Proposition 5.9. Let k be a commutative ring and let A be an augmented commutative
k-algebra which is flat as a k-module. Then for allm >0

HHL R (A k) 2 sl A ).
Note that for n = 0 we obtain the classical formula [10, X.2.1]
HHY (A; k) = Torl (k, k)

Combining Proposition 5.9 with Corollary 4.6 we get the following splitting result for aug-
mented commutative k-algebras.

Theorem 5.10. Let k be a commutative ring and let A be an augmented commutative k-
algebra which is flat as a k-module. Then for all n > 0

THHIM(A; k) ~ THHM (k) Age THHPVE (A E).
If k is a field then we obtain the following isomorphism on the level of homotopy groups

THHI (4; k) = THHP (k) @, HHIR (A3 ).

6. A WEAK SPLITTING FOR THH(R/(a1,...,a,); R/m)

Using a Tor-calculation by Tate from the 50’s we obtain a splitting on the level of homotopy
groups of THH.(R/(a,...,a,;); R/m) in good cases. This yields an easy way of calculating
THH.(Z/p™;Z/p) for m > 2. Compare [34, 9, 1] for other approaches.

Theorem 6.1. Let R be a regular local ring with mazimal ideal m and let (aq,...,a,) be a
reqular sequence in R with a; € m? for 1 <i <r. Then
THH*(R/(al, cee ,ar); R/m) = THH*(R, R/m) ®R/m PR/m(Sla . ,Sr)

Proof. Let I = (ay,...,a,). Applying the juggling formula 3.2 to X = S° and to the sequence
S— HR— HR/I — HR/m gives

THH(R/I; R/m) ~ THH(R; R/m) A (HR/m AY HR/m).
HR/mAL o HR/m HR/I

In [40] Tate determines the algebra structure on the homotopy groups of the last term,

TOI'*R/I(R/m7 R/m) = AR/m(Tla cee 7Td) ®R/m IWR/m(Sly oo 757’)'

Here, d is the dimension of m/m? as an R/m-vector space. We can choose a regular system
of generators (ti,...,tq) for m such that the module structure of Torf/ I(R/m, R/m) over
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Tor®(R/m, R/m) = Ag/m(T1, ..., Tq) is the canonical one (see [40, p. 22]). Hence the Kiinneth
spectral sequence for THH(R/I; R/m) has an E2-term isomorphic to

THH*(R7 R/m) ®R/m FR/m(Sla RN Sr)
which is concentrated in the zeroth column that consists of
R/I1
THH, (R; R/m) @yt (1 ) Tore (R/m, R/m).
Therefore, there are no non-trivial differentials and extensions in this spectral sequence. [

We call the splitting of Theorem 6.1 a weak splitting because it is only a splitting on the
level of homotopy groups. In Section 7 we develop a stronger spectrum-level splitting of a
similar form.

We apply the above result in the special case where R is a principal ideal domain. Let
p # 0 be an element of R, such that (p) is a maximal ideal in R and let n be bigger or equal
to 2. Then we are in the situation of Theorem 6.1 because R, /(p") = R/(p") so we can
drop the assumption that R is local. The above result immediately gives an explicit formula

for THH(R/(p"); R/(p))-
Corollary 6.2. For alln > 1:
THH.(R/(p"); R/(p)) = THH.(R; R/(P)) @R/ (p) L r/(p) (S1)-

Remark 6.3. One may try to use the same method for THHM. The juggling formula from
Theorem 3.2 for S—S—HZ—HZ/p™—HZ/p gives us

THHI(Z/p™ Z/p) = THHINZ; Z/p) — AF ShIn=U2/7 (7,/p),
Sh[nfl],Z(Z/p)

Thus we must understand the structure of Sh"=2/P™(Z/p) as a Sh"UZ(Z/p)-algebra. Tt is
not possible to do this through direct Tor computations for all n, as the computations rapidly
become intractable; even Shlt2/P* (Z/p) is rather involved [4, (5.2)], but see Proposition 7.5
for a general formula.

In order to obtain calculations in this example and in related cases, we need to develop the
more delicate splitting of Section 7.

7. A sPLITTING FOR THH"(R/a; R/p)

Throughout this section, we assume that R is a commutative ring and a, p € R are elements

which are not zero divisors for which (p) is a maximal ideal and a € (p)?.

Lemma 7.1. Let R, p, and a be as above, and let m : R/a — R/p be the obvious reduction.
Then the map induced by T,

e SWO(R/a; R/p) — ShOF(R/p),
factors as

ShP(R/a; R/p)——R/p——Sh"*(R/p).
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Proof. The assumptions on a and p ensure that there exists a b € R such that a = bp?. We
have the following diagram:

R—+R—%R/a
.b,{ J:
R—L25R—5R/p

Thus we have a map of resolutions. When we tensor up with R/p we get the following diagram:

RorR/p 2L Ror R/p
bp®1:0l l:
pR1
R®rR/p—— R®rR/p

We take the homology of the top and bottom row. Note that since a,p € (p), the horizontal
maps are 0; thus the top and bottom row produce Tor’s which are of the form Ap /p(Tl).
However, when we look at where 7 goes from the top to the bottom, it maps by multiplication
by bp—which is 0 in R/p. Thus this map is 0. O

Surprisingly enough, this special case allows us to prove a spectrum-level splitting for all
n > 0.

Definition 7.2. Let Ayp/, be the category of augmented commutative H R/p-algebras and
hAp Ry its homotopy category. Let Modp g/, be the category of H R/p-modules.

Lemma 7.3. For R, p, and a as above, the map
On: THH["]’R(R/(L; R/p) — THH["]’R(R/p)
induced by R/a — R/p factors through HR/p in hAgg /).

Proof. The key step is the n = 0 case.
From [13, Proposition 2.1] we know that THHI®#(R/a; R/p) ~ HR/p Vv SHR/p and also
THHIOMR(R/p) ~ HR/p Vv SHR/p. So we need to understand

hAur;p(HR/pV SHR/p, HR/pV X HR/p).
By [2, Proposition 3.2], we can identify this as
hMod g g/, (LQRI(HR/pV XHR/p), "HR/p).

Given an A € Appg/p,, we have a pullback

ITA— A

|

x—— HR/p
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Let B be a nonunital HR/p-algebra. Basterra defines Q(B) to be the pushout

B/\HR/pB—>B

l

x ——— Q(B)

We want to take the left- and right-derived versions of these functors for Basterra’s result.
Let X be a fibrant replacement for HR/p V XHR/p in Agp/p, so that X 5 HR/p is a
fibration. Thus the square

RI(HR/pV SHR/p) —— X

| |

s SHR/p

is a homotopy pullback square (since every spectrum is fibrant [21, Proposition 13.1.2]). For
conciseness we write Y = RI(HR/pV XHR/p). We have a long exact sequence of homotopy
groups

0—-mY —>mX —>mHR/p— mnY — X — noHR/p — 7_1Y — 0,

where we have used that X ~ HR/pV X H R/p so that its homotopy groups are concentrated
in degrees 0 and 1. Note that the map moX — moHR/p is the identity. We thus see that
mY 20 fori#1and mY = R/p.

We need to identify

hMod g/, (LQ(XHR/p), CHR/p) = moF g/, (LQ(XHR/p), CHR/p),
. i . ' .
where Fp /p(- -) is the function spectrum. We use the universal coefficient spectral sequence
Ey' = Exty), (m.LQ(SHR/p), mSHR/p)
- 7T-t—sF‘HR/ju(LC?(EI{R/I))7 YHR/p).

Note that we're working over a field, so E;’t =0 for s # 0, and 7. (X HR/p) is zero everywhere
except at 71, so in fact the spectral sequence collapses at 5. Since we are only interested in
7, the only term relevant to us is

B = Ey° = Homp, (mLQ(SHR/p), R/p).

Note that this group cannot be 0, since our hom-set contains at least two elements: the
identity map and the 0 map. Thus it remains to compute mLQ(XHR/p).
Consider the diagram

(SHR/p)™f — LQ(SHR/p)

|

YHR/p
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By [3, Proposition 2.1], since (SHR/p)®/ is O-connected, f is 1-connected; thus 71 f is sur-
jective. Since R/p is a field, we must have
mLQ(XEHR/p) =20 or R/p.
Since it can’t be 0, it must be R/p, with the induced map being the identity.

Let Tl(a) be the generator of the A(ry) obtained as ShI%®(R/a; R/p) and let Tl(p) be the

generator of the A(7) obtained as ShI%»f(R/p) in the calculation of Lemma 7.1. The above
calculation shows that

hMody g/, (LQRI(HR/pV SHR/p), XHR/p)
= Homp/,(R/p, R/p)
where the first copy of R/p is generated by Tl(a) and the second copy is generated by Tl(p ). But

the induced map on Shl%# takes Tl(a) to 0. Thus the corresponding map in hAg/, is also 0.

This proves the n = 0 case.
We now turn to the induction step. We have the composition

B(HR/p, THH""U-R(R/a; R/p), HR/p)
hyp.

B(lLpn-1,1) B(HR/p,HR/p, HR/p)

—

B(HR/p, THHI" MR /p; R/p), HR/p)
of maps of simplicial spectra. Taking the realization gives us the composition
o : THH"(R/a; R/p) — HR/p — THHU(R/p),

as desired. O

By applying 7, to the result of Lemma 7.3 we get the following generalization of Lemma 7.1.
Corollary 7.4. For R, p, and a as above, for allmn > 0 the map

Sh." (R fa; R/p) — S (R /p)
induced by R/a — R/p factors as
Shi""(R/a; R/p)——R/p——Sh" " (R/p).

Here, R/p is considered as a graded ring concentrated in degree 0; the first map in the fac-
torization is the augmentation and the second is the unit map induced by the inclusion of the
basepoint.

By Lemma 3.1,

THHI"A/%(R/p) = HR/p Apypyin.n THHI"M (R /p).

(R/a;R/p)
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However, by Lemma 7.3 the map THHR(R/a; R/p) — THHIE(R/p) factors through
HR/p. This proves the following result about higher order Shukla homology:

Proposition 7.5. For R, p, and a as above,
THHIMR9(R /p) = (HR/p Npypint v jasi sy NI R/P) Arryp THHIDE (R /p)
~ THH" U E(R/a; R/p) Ay, THHE(R/p).
This recovers the calculation of Sh*/ P"(Z/p) from [4, 5.2]. Tt also explains why these Shukla
calculations are more involved than Shukla homology calculations of the form Sh®(R/z) where

x is a regular element. In the latter case we just obtain a divided power algebra over R/z on
a generator of degree two, whereas for all m > 2

Shy/"" (Z/p) = S (z/p Z/p) @2/ ShZ(Z/p)
= R Ao (1)) @ Ty (0 (7)) @2 D (0 (717).
>0
We are now ready to prove the main splitting result:

Theorem 7.6. If R is a commutative ring and if p,a € R are elements which are not zero
divisors for which (p) is a mazimal ideal and a € (p)?, then

THHI™ (R/a; R/p) ~ THH"(R; R/p) Ay g, THHIR(R /a; R/p).

Proof. Recall that in the category of commutative algebras, the smash product is the same
as the pushout. Consider the following diagram:

HR/p THH YRR /p: R/p) ———— THHI(R; R/p)

| | |

THH"E(R/a; R/p) ——— THHUR/Y(R /p: R/p) ——— THHIM(R/a; R /p).

By Proposition 7.5 the left square is a homotopy pushout square and the right square is a
homotopy pushout square by the juggling formula 3.2, with the maps of those formulas. Thus
the outside of the diagram also gives a homotopy pushout, producing the formula

THHI" (R /a; R/p) ~ THHU'N(R; R/p) Afp ,, THHUMR(R/a; R/ p),
as desired. O

8. THE LODAY CONSTRUCTION OF PRODUCTS

We establish a splitting formula for Loday constructions of products of ring spectra. This
result is probably well-known, but as we will need it later, we provide a proof. In the case of
X = S such a splitting is proved for connective ring spectra in [15] in the context of 'ring
functors’. See also [12, Proposition 4.2.4.4].

For two ring spectra A and B we consider their product A x B with the multiplication

(AXxB)A(AxB)—- AxB
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that is induced by the maps (A x B) A (A x B) — A and (A x B) A (A x B) — B that are
given by the projection maps to A and B and the multiplication on A and B:

PrA/APT 4

(Ax B)A (A x B) ANAEE S 4

prB/\prBJ

BAB

o |

B

For X = S° we obtain
Lgo(Ax B)=(Ax B)A(Ax B)
and this is equivalent to ANAVAANBYV BAAV BA B whereas Lgo(A) X Lgo(B) is equivalent

to ANAV BA B so in this case Lgo(A x B) is not equivalent to Lgo(A)V Lgo(B). In general,
if a simplicial set has finitely many connected components, say X = X; U...U X, then

ﬁx(AX B) ’:ﬁxl(A X B)/\.../\,an(AX B)

so it suffices to study Lx(A x B) for connected simplicial sets X. We will first consider
the case X = S!, where L£g1 with respect to the minimal simplicial model of the circle is
THH = THH“], and then use that special case to prove the result for general connected finite
simplicial sets X.

We thank Mike Mandell who suggested to use Brooke Shipley’s version of THH in the
setting of symmetric spectra. Brooke Shipley shows in [37] that a variant of Bokstedt’s model
for THH in symmetric spectra of simplicial sets is equivalent to the version that mimics the
Hochschild complex and she proves several important features of this construction. See also
[33] for a correction of the proof of the comparison.

Proposition 8.1. For symmetric ring spectra A and B, the product of the projections induces
a stable equivalence THH(A x B) — THH(A) x THH(B).

In the following proof we denote by THH the model of THH defined in [37, Definition 4.2.6].
This is no abuse of notation: Let A and B be S-cofibrant symmetric ring spectra [38, Theorem
2.6]. Then by [37, Theorem 4.2.8] and [33, Theorem 3.6] THH(A) and THH(B) are stably
equivalent to THH(A) and THH(B) in our sense. As THH(—) sends stable equivalences to
stable equivalences ([37, Corollary 4.2.9]) we can choose an S-cofibrant replacement of A x B,
(A x B)¢, and get that THH(A x B) is stably equivalent to THH((A x B)¢) and this in turn
is stably equivalent to our notion of THH.

Proof. Note that for any symmetric ring spectrum R, THH(R) is defined as the diagonal of a
bisimplicial symmetric spectrum THH4(R) [37, 4.2.6], where one of the simplicial directions
comes from the THH-construction and the other one comes from the fact that we are working
with symmetric spectra in simplicial sets. In [33, p. 4101] the authors use the geometric
realization instead of the diagonal, but this does not cause any difference in the arguments.
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We will start by showing that there is a chain of stable equivalences between THH(A x B)
and THH(A) x THH(B). We use the following chain of identifications:

~

THH(A x B) %) hocolimaer THHe (A x B) «———— hocolimyer THHs(A x B)

2)
3)1\:

hocolimA;pTHH.(A V B)

JT lR

(pr a,PT5) hocolimper (THH,(A) V THH, (B))

:l4)

hocolimAz;pTH He(A) V hocolimA;pTH He(B)

:l2)

THH(A) x THH(B) <5~;) THH(A) v THH(B) <T:> hocolimaer THHe(A) V hocolimaos THHe (B)

1) With [37, Proposition 4.27] we obtain a level equivalence between THH(A x B) and
hocolimaor THHe(A X B). Similarly, in the bottom row we can identify the homotopy colimit
with THH. This does not need any cofibrancy assumptions.

2) Let Ay denote the subcategory of A containing all objects but only injective maps. The
induced map on homotopy colimits

hocolimAc}pTHH.(A X B) — hocolimpaeor THHe (A x B)

is an equivalence because the homotopy colimit of symmetric spectra is defined levelwise [37,
Definition 2.2.1] and in every simplicial degree p and every level ¢, THH,(A x B)(¢) is cofibrant
(because it is just a simplicial set) and hence the claim follows as in [11, Proposition 20.5].
An analoguous argument applies in the second occurence of 2).

3) We consider AV B as a non-unital commutative ring spectrum via the multiplication
map

(AVB)A(AVB) ~(ANAYV(AANB)V(BAA)V(BAB)— (ANA)V(BAB) — AV B

where the first map sends the mixed terms to the terminal spectrum and the second one uses
the multiplication in A and B. Correspondingly, THH4(A V B) is a presimplicial spectrum,
that only uses the face maps of the structure maps of THH.

The canonical map AV B — A x B is a stable equivalence of non-unital symmetric ring
spectra and hence by adapting the argument in the proof of [37, Corollary 4.2.9] we get a
me-equivalence of the corresponding presimplicial objects

THH.(AV B) ~ THH.(A x B).

Pointwise level equivalences give level equivalences on homotopy colimits [37, Proposition
2.2.2], so the map in 3) is a level equivalence.
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4) Homotopy colimits commute with sums.

5) The product is stably equivalent to the sum.

To have a chain of stable equivalences between THH(A x B) and THH(A) x THH(B) it
remains to understand the effect of the maps J and R and we will control them in Lemma
8.2 below.

We claim that the product of the projections

pry: AxB— A, prg:AxB—B

produces an equivalence. Observe that we can apply the projection pry to every stage in
our diagram. On AV B, this will induce the collapse map AV B — A. By applying pry to
the entire chain of equivalences, we get a diagram of equivalences between various versions of
THH(A). We can do the same for prg. This gives a commutative diagram

THH(A x B) chain of maps THH(A) x THH(B)
(PrAvprB)l lprAXprB
THH(A) x THH(B) (pr4(the chain), prg(the chain)) THH(A) x THH(B)

where the chain is a zigzag of arrows going both ways. The chain on top has all its stages
equivalences. By the above discussion, so is the product of the chains on the bottom. And
the map on the right is the identity. So working step by step in the zigzag from the right,
we show that the pair of projections (pr 4, prp) induces equivalences at all the intermediate
steps, until we get to the leftmost (pr 4, prg) which is therefore also an equivalence. O

We consider the map

j: THHe(A) V THH4(B) — THH.(A V B)
that is induced by the inclusions A < AV B and B < AV B. We let J be the induced map
on the homotopy colimit. It has a retraction R = hocolim NG with

r: THHe(AV B) — THH(A) V THH(B)
that sends all mixed smash products to the terminal object. Note that R o J = id.
Lemma 8.2. There is a presimplicial homotopy j or ~ id.
Proof. We consider the nth presimplicial degree of THH,, (A V B):

THH,(AV B) = (Av B)"*L.

This is a sum of terms of the form A"t A B2 A ... A BNk A ANk+1 for suitable k with

0 < i1, ig1 and 0 < ij for 1 < j < k+1, so that Y57 ij =n+ 1.

Restricted to such a summand we define h;: (AV B)"™ — (Av B)"2 for 0 < j < n as
idgnj+1 Ana Aid, if j+1 <4y,
hj|A/\i1/\B/\iQ/\“./\B/\ik/\A/\ik+1 = qidgrj+1 Anp Aid, ifig =0and j+ 1 < 19,

* otherwise.

)
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Then dohg =id, dp+1hy = j o r and
hj—ldi7 i< ja
dihj = d;ihj—1, i=7#0,
hjdi_l, 1> 74 1.

This implies that J o R ~ id, so we get that
hocolimA?pTHH.(A V B) ~ hocolimA;p (THH4(A) V THH,(B)).
For the general setting we work with commutative ring spectra and we return to the setting

of [17]. Note that the naturality of cofibrant replacements ensures that we get morphisms of
commutative ring spectra

A¢ «+ (A x B)° — B¢

and hence a weak equivalence (because the product of acyclic fibrations is an acyclic fibration).
(A x B)¢ — A° x B°.

This proves the case of X = * of the following proposition and is needed in the proof.

Proposition 8.3. For any connected finite simplicial set X, the projection maps pry: Ax B
and prg: A x B = B induce an equivalence

Lx((Ax B)°) ~ Lx(A°) x Lx(B°)
and in particular, for alln > 1,
THHIM((A x B)) ~ THHM(4°) x THHIM (B9).

Proof. We prove the result for all finite connected simplicial sets X by induction on the
dimension n of the top non-degenerate simplex in X. Since the only finite connected simplicial
set with its only non-degenerate simplices in dimension zero is a point, the result is obvious
for n = 0.

For higher n, the crucial observation is that if we have simplicial sets X, Y, and Z so that
Z is a non-empty subset of both X and Y, then if the projection maps (A x B)¢ — A°¢ and
(A x B)¢ — B¢ induce equivalences as given in the statement of this proposition for X, Y
and Z, then we also obtain an equivalence

(8.4) Lxu,y((Ax B)Y)—=—=Lxu,v(A°) x Lxu,v(B°).
This is because then
Lxuyy ((Ax B)) =~ Lx((AX B)°) Az, axBye) Ly ((A x B)°)
~ (L3 (A%) % Lx(B)) AR ey (o) (L (A%) x Ly (B9))
~ (Lx(A°) Az y(ae) Ly (A9)) X (Lx(BC) Az, By Ly (B))
~ Lxu,v(A%) x Lxu,y(B°).
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For the first and last equivalence we use that the Loday construction sends pushouts to
homotopy pushouts and that for a cofibrant commutative ring spectrum the map Lz(R) —
Ly (R) is a cofibration. For the second equivalence we use our assumption that the proposition
holds for X, Y and Z.

The third equivalence holds because £z(A°) acts trivially on £x(B€) and on Ly (B€) thus it
sends the corresponding factors to the terminal ring spectrum; the same holds for the action of
L7(B€) on Lx(A°) and on Ly (A€). Therefore a Kiinneth spectral sequence argument shows
that we obtain a weak equivalence.

For n = 1, we use homotopy invariance of the Loday construction and the fact that any
finite connected simplicial set with non-degenerate simplices only in dimensions 0 and 1 is
homotopy equivalent to \/i~, S I for some m > 0. If m = 0, we deduce the proposition from
the n = 0 case above; if m = 1, we use Proposition 8.1, and for m > 1, we use induction and
Equation (8.4).

For the inductive step, assume that n > 1 and we know that the proposition holds for any
finite connected simplicial set with non-degenerate cells in dimensions < n, and in particular
for OA™, the boundary of the standard n-simplex. Assume that we have a finite simplicial
set X for which the proposition holds. We then prove that the proposition also holds for
X Ugan A™, that is: X with an additional n-simplex glued to it along the boundary. Without
loss of generality, we may assume that the boundary of the new n-simplex is embedded in
X if it is not, apply four-fold edgewise subdivision to everything, and then X Ugan A™ will
consist of the central small n-simplex inside the original n-simplex that was added that does
not touch the boundary of the originally added n-simplex and all the rest of the subdivided
complex. But the rest of the subdivided complex is homotopy equivalent to the original X,
so the proposition holds for it, and the central small n-simplex does indeed have its boundary
embedded in the four-fold edgewise subdivision of X Ugan A™.

Then by assumption, the proposition holds for X, by the inductive hypothesis it holds for
OA™ by homotopy invariance it holds for A™ ~ x, and so by Equation (8.4) it holds for
X Ugan A™. ]

For later use we need a version of Proposition 8.3 with coefficients. Again, we choose
cofibrant models (A x B)¢, A° and B¢ and we assume M€ is a cofibrant A°-module spectrum,
N¢is a cofibrant B°-module spectrum and (M x N)€¢is a cofibrant (A x B)“module spectrum,
such that these cofibrant replacements are compatible with the projection maps on (4 x B)¢
and (M x N)°.

Corollary 8.5. For all connected pointed finite simplicial sets there is an equivalence
Lx((Ax B)% (M x N)°) — Lx(A% M) x Lx (B¢ N°).

Proof. The argument in the proof of Proposition 8.3 can be adapted to pointed finite simplicial
sets. We know that

Lx((Ax B)% (M x N)) = Lx((Ax B)) Aaxpye (M x N)%)
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and by the result above this is equivalent to
(Lx(A°) x Lx(B)) Afexpe (M€ x N°)

Again, we can identify the coequalizers because the action of A¢ on N¢ and the one of B¢ on
M€ is trivial and obtain

(Lx(A%) Aae M) x (Lx(B®) Age N¢) = Lx (A% M®) x Ly (B NC).

9. APPLICATIONS

9.1. THH! (Z/p™;Z/p). This example was our original motivation for obtaining the splitting
result of Theorem 7.6. We apply it to the case where R = Z, p is a prime, and a = p" for
m > 2. As a special case of Theorem 7.6 we obtain the following splitting.
Theorem 9.1.

THHI"(Z/p™; Z/p) ~ THHIN(Z; Z/p) Ay, THRMZ(Z/p™; 7,/ p)

= THHI"(Z; Z/p) Afyzp, SHVH(Z /0™ 2/ p).

This gives a direct calculation of TH Hi! (Z/p™;Z]p) for all n because in [13, Theorem 3.1]
we determine THH!™ (Z;Z/p) as an iterated Tor-algebra Bg (z) ®F, B"+1(y) where |z| = 2p,

Bz
ly| = 2p—2, B]%p(z) = Fp[z] and By (z) = Tor, ol )(Fp,IF ). We determined ShI"2(Z/p™; Z/p)

in Proposition 5.2.
The case n = 1 was calculated in [34], [9] and later as well in [1].
Remark 9.2. Note that we cannot use the sequence canonical projection maps

N7 P . . —— T p*L—— L) DT

in order to compare the groups THH(HZ/p"Z; HZ/pZ) for varying m because the tensor fac-
tors coming from THH,(HZ; HZ/pZ) are mapped isomorphically from THH(HZ/p™*+1Z; HZ/pZ)
to THH(HZ/p™Z; HZ/pZ) whereas the tensor factor ShI"%(Z/pm™+1: Z /p) is mapped via the
augmentation map to Shi"% (Z/p™;Z/p) in each step of the sequence. This is straightforward

to see with the help of the explicit resolutions used in the proof of Lemma 7.3.

9.2. Number rings. As a warm-up we consider R = Z[i], p=1—i and 2 € (p)?. Then we
get that

THHI(Z[i]/2; Z[3] /(1 = 4)) = THRINZ 3] Z(i] /(1 = 0)) Aprzgiy-iy SH (2] /2 Z03) /(1 = 4)).
Note that Z[i]/(1 — i) = Z/2 and Z[i]/2 = Fy[z]/2%. Thus we can calculate

THHI"(Z[i)/2; Z[i)(1 — §)) = THRI" (Fo[z] /2% F)
using the flow chart in [6] and we know from [13, Theorem 4.3] that THH[n]( Z[i);Z[i] /(1 — 1))

can also be computed using iterated Tor’s. The term Sh™"ZE(Z[i]/2;Z[i]/(1 — 7)) can be
computed as an iterated Tor by Proposition 5.2. Thus all of the components of the above
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expression are known. What was not known before is that THHI™(Z[i]/2; Z[i] /(1 — 1)) splits
in the above manner.

The general case is as follows: Consider p € Z a prime, and let K be a number field such
that p is ramified in Ok, with p = p{*---p% with one e¢; > 1. The Chinese Remainder
Theorem let’s us split Ok /p as a ring as

Ox/p =[] O /p7

Jj=1

and Ok /p; as an Ok /p-module is then isomorphic to 0 X ... x Ok/p; X ... x 0 with the
non-trivial component sitting in spot number i. With Corollary 8.5 we obtain the following
result.

Theorem 9.3.
94)  THHM(Ok /p; O /i) = THHIN (O O /pi) Aoy, s, THHINOK (O /i O /9:).

Again, Ok /p = (Ok)y,/p is isomorphic to Ok /p;[n]/m% where 7 is the uniformizer,
hence O /p;[r]/7% = Ok /pi[x] /% so we can calculate THH™M (Ok /p; Ok /p;) using Propo-
sition 2.5. We can determine THH™(Og; ©O/p;) using [13, Theorem 4.3] and we calculated
THHIMOK (O /p; Ofc /p;) in Proposition 5.2. Using these calculations one can deduce right
away that there is a splitting on the level of homotopy groups of THHL"](OK/p; Ok /p;).
But (9.4) yields a splitting of THH™ (O /p; Ok /p;) on the level of augmented commutative
HOg /[p;-algebra spectra.

9.3. Galois descent. In [36, Definition 9.2.1] John Rognes defines a map of commutative
S-algebras f: A — B to be formally THH-étale, if the unit map B — THHA(B) is a weak
equivalence. Note that this implies that the augmentation map THHA(B) — B that is
induced by multiplying all B-entries in TH HA(B) together, is also a weak equivalence because
the compositve B — THHA(B) — B is the identity on B.

Therefore, applying the Brun juggling formula 4.1 in this case to X = S' we obtain

THHP!(A) A% B ~ THHPI(A; B) ~ B Atunes) THHA(B) ~ B Aty B ~ THHP(B).
We can slightly generalize this:

Definition 9.5. Let X be a pointed simplicial set. A morphism f: A — B is formally
X-étale, if the unit map B — L5 (B) is a weak equivalence.

For formally X-étale morphisms f: A — B the Brun juggling formula 4.1 for X implies
Lsx(A) N5 B~ Lsx(A;B) = B Ary () Lx(B) = B Mgy () B~ Lsx(B).

This statement is related to Akhil Mathew’s result [30, Proposition 5.2] where he shows
that £y (A;B) ~ Ly(B) if f: A — B is a faithful finite G-Galois extension and if Y is a
simply-connected pointed simplicial set. Such Galois extensions are formally THH-étale by
[36, Lemma 9.2.6].
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9.4. Algebraic function fields over F,. In several of our splitting formulas higher THH of
the ground field is a tensor factor. So far we have only considered prime fields or rather simple-
minded algebraic extensions of those. Topological Hochschild homology groups of algebraic
function fields are an important class of examples.

Let L be an algebraic function field over ;. Then there is a transcendence basis (z1, ..., zq)
such that L is a finite separable extension of Fy,(z1,...,24) [32, Theorem 9.27]. As separable
extensions do not contribute anything substantial to topological Hochschild homology we
obtain the following result:

Theorem 9.6. Let L be an algebraic function field over ), then
THH(LL< =L ®FP THH*(FP) ®FP AFP(sxl, ... ,€:Ed).

Proof. McCarthy and Minasian show in [31, 5.5, 5.6] that THH has étale descent in our case.
Therefore

THH(L) = HL Afe (pyppy THHEp(1,. ., 240))

“wTd
~ HL Nfp oy gy HEp(21, - 2a) Np oy o THH(Ep[21, ., 2a])
~ HL AﬁFP[mlwd} THH(F,[z1, . . ., 24)).

But the topological Hochschild homology of monoid rings is known by [20, Theorem 7.1] and
hence M, THH(Fp[z1,...,2zq]) = THH.(F,) ®F, HH.(Fp[z1, ..., 24]). As

HH, (Fy[z1, ..., 2q]) =2 Fpley, ..., 24) @F, Ar, (e21, ..., e24)
we get the result. O

McCarthy and Minasian actually show more in [31, 5.5,5.6], and we can adapt the above
proof to a more general situation.

Theorem 9.7. Let X be a connected pointed simplicial set X. Then
Lx(HL) ~ HL Afg py o0 £x(Bplz1, ..., 24]).
The Loday construction on pointed monoid algebras satisfies a splitting of the form
Lx(HE,[IL]) = L (HFy) Aps, Ly " (HE,[IL]),
see [20, Theorem 7.1]. Therefore Lx (Fp[z1,...,z4]) splits as £X(HIFp)/\HFp£§F”(HFp[:E1, ceyxg)).
In particular, for X = S™ we get an explicit formula for THH™ (L):
Corollary 9.8. For alln > 1:

THHI(L) ~ HL Al o (THHEUE,) Ags, THHOE (F 2, 24))).

Recall that we know o
T THHULE (B[, 2g]) = HHED (B (2, )

= HH 7 (F, 2] )

= HH' (B [2])
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and we determined HH!™"* (Fp[x]) in [6, Theorem 8.6].

Remark 9.9. Topological Hochschild homology of L considers HL as an S-algebra and this
allows us to consider L over the prime field. The Hochschild homology of an algebraic function
field L over a general field K was for instance determined in [8, Corollary 5.3] and is more
complicated.

Remark 9.10. Note that Theorem 9.6 contradicts the statement of [18, Remark 7.2]. In that
remark, it is crucial to assume that one works in an augmented setting; in the above situation,
this is not the case.

9.5. THH"(Z/p™). We close with the open problem of computing THH™ (Z/p™) for higher
n.

The juggling formula 3.2 applied to the sequence S — HZ — HZ/p™ = HZ/p™ for m > 2
yields the equivalence

THH[”}(Z/pm) = THH[n](Zﬂ Z/pm) /\-LrHH["fl]'Z(HZ/p"”) HZ/pm

Up to n = 2 we know THH!" (HZ): The case n = 1 is Bokstedt’s calculation [7] and n = 2

is [14, Theorem 2.1]. Therefore we can determine THHLn] (Z;Z/p™) up ton = 2. As p™ is
regular in Z,
THHZ(Z/p™) = ShZ(Z/p™) = Ty ppm (w2)

with |zs| = 2. If we could determine the right ShZ(Z/p™)-module structure on THH? (Z;Z]p™),
then this would allow us to calculate the E2-term of the Kiinneth spectral sequence for

THHE (Z/p™),
E2, = Tor, ™" " (THHZ (2 2/p™), 2./p™) = THHP (2/p™).
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