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Abstract 14 

This paper compiles selected predictive analytical and numerical tools which can be used to 15 
model and understand the mechanisms of importance at different stages during and immediately 16 
after extrusion-based 3D printing of cementitious materials. The proposed toolbox covers 17 
different aspects of the process including mixing, material transportation, layer deposition, 18 
mechanical behavior of the fresh printed structure, and its early curing. Specifically, the paper 19 
provides basic analytical methods that should be helpful for an initial, first-order analysis of a 20 
given printing process. These methods deliver, in turn, a first estimation of some material 21 
requirements and process parameters. Limitations of these analytical methods are also 22 
discussed. Furthermore, the paper presents a review of advanced numerical tools that can be 23 
used to simulate the steps in the printing process accurately. It is shown that these tools can 24 
serve to describe complex behaviors, help in designing process parameters, or optimizing the 25 
rheological response, even though further developments are still needed to capture fully the 26 
attendant physical mechanisms. 27 
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1. Introduction  31 

In the last decade the potential of 3D concrete printing in the construction industry has been 32 
widely reported in the media. In 2017 CNN on its website posed the question “Will the world’s 33 
next megacity drip out of a 3D printer?”. However, despite ubiquitous media coverage it is 34 
important to recognize that we have barely left the period of “demonstrators”; currently, 35 
digitally manufactured concrete in both academia and industry are mostly produced without 36 
regard to cost, effort, and resources. Field implementations to date have mainly showcased the 37 
potential of the technology by demonstrating that a building component or even a house can be 38 
produced using automated digital technologies. 39 

There is, however, a strong sense of anticipation in the construction industry, fueled by the 40 
international recognition of the need for wider automation of construction [1,2]. Several 41 
specialist companies have emerged, and startup initiatives are proliferating. At the beginning 42 



of 2013 there were 20 startups in the field. Five years later, there were more than 65 of them 43 
offering services, tools, building components, or even entire buildings. In parallel several large, 44 
well established companies in Europe have taken the decision to adopt this technology early 45 
on, have made strategic moves, and have started acquiring specialized skills and capabilities in 46 
robotics. Finally, regulation and numerous public policy measures are encouraging the adoption 47 
of 3D concrete printing (3DCP) in many parts of the world such as the Middle East, the United 48 
Kingdom, China, with its own draft of a national standard for 3D concrete printing, and the 49 
U.S. The Boston Consulting Group concluded in its 2018 report that “As this evolution 50 
proceeds, the construction industry as a whole will be transformed. Companies and 51 
governments would do well to prepare for this transformation and to influence it as far as 52 
possible to their own advantage”[3]. 53 

Most applications and demonstrators are based on extrusion, where a mineral-based, often 54 
cement-based, material is extruded to form sequential layers via a digitally controlled nozzle 55 
mounted on a robotic arm, gantry, or crane. The processes are similar to conventional additive 56 
manufacturing processes except that the material characteristics and scale of manufacture give 57 
rise to unique challenges and questions: the formulation of mixtures that can be pumped and 58 
still be, once placed, stable in shape, can provide reliable interlayer bonding, and are 59 
controllable in respect of curing the material. The application of 3DCP components also 60 
suggests further questions with respect to durability, structural reinforcement, quality control, 61 
design, and production logistics. 62 

The outlook, however, is very promising. It is anticipated that 3D concrete printing will become 63 
competitive with conventional in-situ and off-site construction if the existing technological 64 
obstacles can be overcome and if engineers with the relevant skills and knowledge support the 65 
integration of such novel processes within the industry. The degree of importance of these 66 
obstacles varies significantly depending on the application and its technology’s degree of 67 
readiness. However, to implement such transformations successfully in a relatively traditional 68 
industry, the exchange of knowledge between academia and industry must not be left behind. 69 

In Zurich in 2018 [4] and Eindhoven in 2020 [5] following the two first RILEM international 70 
conferences on digital fabrication with concrete, it is now possible comprehensively to lay out 71 
the global state-of-the-art knowledge. What is apparent is that the number of published papers 72 
is exploding, various academic groups are dealing with transdisciplinary questions, and the 73 
diversity of the technologies under study is impressive. What has grown out of this is a dynamic, 74 
diverse, and multi-disciplinary scientific community. Moreover, it also brings with it a large 75 
number of scientific articles published in many different journals and dealing with the 76 
increasingly varied aspects of 3DCP.  77 

This paper aims at compiling and organizing the fundamental principles and their 78 
representations, allowing for the assessment of the 3D printing process as a function of its 79 
material properties, the object’s geometry, and the printing parameters. The intent here is to 80 
provide a comprehensive toolbox for the engineer to facilitate an a priori assessment/prediction 81 
of the salient features of the material to be used in the specific application. This paper also 82 
details the limitations of these first order principles and provides, when available, references to 83 
more advanced numerical tools still under development. The paper is organized in a sequence 84 
parallel to an actual construction process, starting with mixing, moving on to transportation. 85 
i.e., pumping and extrusion, treating in turn the placement and stability of the in-print structure, 86 
and examining the early-age development of the material’s characteristics. 87 



2. Analytical methods  88 

2.1  Mixing  89 

In concrete 3D printing processes, the mixing step is critical in ensuring that the printed final 90 
component/structure exhibits the desired properties. It has, for example, been shown that the 91 
mechanical properties of cementitious materials depend on the energy of mixing [6,7]. 92 
Moreover, high-shear mixing can induce the crushing of solid particles, which can lead to 93 
enhanced structural build-up rates in the fresh state, thus proving useful in ensuring global 94 
stability of the printed system at early ages [8]. However, a high level of process control is 95 
required to enable this.  96 

Many printing methods involve the incorporation of a chemical admixture in the printhead just 97 
before material deposition in order to allow a rapid printing process [9]. The added product can 98 
be an accelerator that speeds up the formation of hydrated products or a flocculent that promotes 99 
the formation of colloidal particle bonds. The binder itself can be chemically different, e.g., an 100 
aluminate-based binder capable of rapidly setting [10]. In such situations in the printhead, the 101 
quality of the dispersion depends on the material’s time of residence there, which ranges 102 
between 1 s and 100 s, as explained by Wangler et al. [11]. In order to ensure homogeneous 103 
dispersion of the admixture in the printhead, a mixing system – either static or rotating – is 104 
required [9]. This can be explained by the Stokes-Einstein theory, which predicts a typical 105 
diffusion length LD of less than a few hundredths of a micrometer, expressed as the square root 106 
of the product of the diffusion coefficient of the accelerator and the residence time (Dmix.tres)0.5. 107 
The diffusion coefficient can be computed using the following equation: 108 
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Where k is the Boltzmann constant, T is the temperature, racc is the radius of the admixture 110 
molecule, and µ is the apparent viscosity of the cementitious material. According to 111 
Mechtcherine et al. [9],  the mixing system must be able to create sheared layers that must be 112 
spaced at a distance smaller than LD in order to ensure homogeneous dispersion for a fixed 113 
residence time.  114 

In practice, the mixing kinetics are often assessed using a Wattmeter that measures the time 115 
evolution of the electrical energy consumption of the mixer. However, the recording of the 116 
power consumption provides noisy data [12,13] that, even if it asymptotically tends to a steady-117 
state plateau value, is not sufficient to guarantee the homogeneity of the material [14]. Using 118 
tracer particles in colorimetric index measurement, Jézéquel and Collin [14] described the 119 
dispersion during the mixing process. They showed that the colorimetric index of the tracer 120 
particles tends to a plateau value representative of the homogeneous material after following an 121 
exponential kinetic law.  122 
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Where cplateau is the final colorimetric index, c0 is the initial value and tc is the characteristic 124 
dispersion time. Note that the characteristic time considers different mechanisms such as 125 
crushing, erosion and diffusion. The characteristic time has been shown to depend on the 126 
mixer’s speed Ω  according to the following equation: 127 
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Where α and β are the fitting parameters, β depending on the material’s static yield stress. The 129 
characteristic dispersion time was reported to vary between one and ten minutes. 130 

Nevertheless, to use this equation, experiments are needed to estimate the fitting parameters for 131 
the chosen materials and mixers. Mechtcherine et al. [9] noted that printhead mixing systems 132 
are today designed by trial and error and that numerical simulations are needed for better 133 
predictions of dispersion of materials during mixing. 134 

2.2  Material delivery 135 

There are two stages in material delivery in the case of extrusion-based 3D-printing processes. 136 
While pumping is used to deliver the material from mixer to printhead over a length of many 137 
meters, extrusion takes place at the printhead. 138 

2.2.1 Pumping 139 

Even though large-scale pumping experiments with printable concretes have not yet been 140 
reported, pumpability over long distances is a prerequisite for many onsite projects. Concrete 141 
pumpability depends on materials and processing parameters, and can be described by the 142 
pressure-flow rate relationships [15,16].   143 

Pressure calculations carried out using the traditional Buckingham-Reiner equation for complex 144 
suspensions such as concrete result in overestimating pumping pressures, often by 2 to 5 times 145 
[17–19]. This discrepancy is attributed to shear-induced particle migration (SIPM) and resulting 146 
segregation, along with some water migration, leading to the formation of the so-called 147 
lubricating layer (LL) at the wall of the pipe. The LL exhibits much lower values of Bingham 148 
parameters; i.e., yield stressτ0,i and plastic viscosity µi, in comparison to the bulk concrete which 149 
forms a plug around the  longitudinal axis of the pipe [15,17–20]; see Figure 1. Kaplan et al. 150 
[15] described concrete flow in pipes as slip-flow, when the shear stress τi at the concrete-pipe 151 
wall interface is lower than the yield stress τ0 of concrete. Otherwise, slip-plus-shear flow 152 
occurs.  153 

 
Figure 1: Illustration of lubrication layer, plug and shear flows during concrete pumping 
indicating flow-induced particle migration. Adapted from [21]. 

 
Considering the various approaches to 3D concrete printing based on extrusion, different flow 154 
patterns can be expected. Referring to the extremes suggested by Roussel [22], the 155 
implementation of the “infinite brick” approach with the corresponding high yield stress of 156 



printable concrete results in slip/plug flow, while the “free flow” approach is associated with 157 
slip-plus-shear flow in the pipe due to low yield stress of concrete used in such applications 158 
[9,22]. Kaplan [23] proposed and validated two analytical models to relate pressure ∆P and 159 
flowrate Qp using Bingham parameters, shear yield stress τ0 and plastic viscosity µ, for bulk 160 
concrete and interface Bingham-like parameters for the lubricating layer; see Eqs. 4 and 5. Eq. 161 
4 is valid in the case of slip/plug flow; the fitting coefficient k can be obtained by means of 162 
tribological measurements [15,24].   163 
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where Lpipe is the pipe length and Rpipe its radius. 165 

Eq. 5 covers the case of slip-plus-shear flow, where the properties of both concrete and LL are 166 
considered: 167 

0, 02

0,

2 4 3

1
4

p pipe pipe
i

pipe pipe
i i

pipepipe
i

Q R R
L R k

P
RR

τ τ
π µ µ

µ τ
µ

µ

 
− + 

 ∆ = + 
+ 

  

    (5) 168 

To determine the rheological properties of concrete and lubricating layer as well as the LL 169 
thickness is a challenging task which limits the applicability of above models for the prediction 170 
of pumping pressures [25–27]. Hence, simplified prediction approaches have been suggested 171 
based on testing devices that mimic pumping procedure to some extent, most prominent of 172 
which is the so-called SLIPER (SLIding Pipe rheometER) device [19]. Such tools and the above 173 
models give rough estimations of pumping parameters; however, their validity has not been 174 
systematically verified for high-yield stress printable concretes as yet. Although pumpability 175 
primarily depends on the plastic viscosity of concrete and LL, the influence of yield stress 176 
increases with increasing τ0/μ [28]. Pumpability prediction of various printable concretes in 177 
complex pipe geometries and the exact determination of the LL thickness require the use a 178 
multiphase approach and appropriate numerical tools.  179 

2.2.2 Extrusion  180 

The extrusion of concrete is associated with material flow through the printhead with the section 181 
narrowing towards the nozzle exit. The literature dealing with this process step is mainly 182 
inspired by the work of Benbow and Bridgwater [28], initially developed for ceramic forming 183 
to enable the prediction of the additional pressure required to shape the extruded material 184 
exiting through an axisymmetrical nozzle. The corresponding formula for estimating the 185 
extrusion pressure Pext  is based on the ideal work theory which links plastic bulk elongational 186 
and interfacial shear yield stresses of the extruded material; see Eq. 6 below:       187 
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Where σ0 is the elongational yield stress, τ0,ι is the interfacial shear yield stress, ddie is the die 189 
diameter, Dext the extruder diameter, Vext the material average velocity, and a0 and a1 are 190 



empirical coefficients that are used to describe the flow-rate-dependent behavior of the 191 
materials. Assuming axisymmetrical convergent flow, Basterfield et al. [29] generalized the 192 
theory of Benbow and Bridgwater to make it compatible with Herschel-Bulkley (HB) modeling 193 
parameters, see Eq. 7. This formula can be used for predicting extrusion force on the basis of 194 
data obtained by rheological measurements. 195 
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           (7) 197 

Where τ0 is the shear yield stress, η is the HB viscosity, n the flow index from the HB model, 198 
and θ is the angle of the conical drawn by the convergent flow. 199 

Many authors have adapted the Benbow/Bridgwater or Basterfield et al. models to specific 200 
cases with particular nozzle geometries in the extrusion of cementitious materials [30–39]. In 201 
each of these works, extrusion pressure is a combination of the pressure needed to overcome 202 
interfacial friction at the extruder wall and the plastic work needed to reshape the bulk material. 203 
Note that all these models assume cylindrical geometry; the development of analytical models 204 
of the extrusion pressure for non-axisymmetrical geometries becomes very difficult; thus, 205 
numerical simulation becomes necessary. 206 

Furthermore, for complex extruder geometries, determining exact material flow rate Qe at the 207 
outlet of the extruder is an essential task for controlling the 3D printing process. For example, 208 
progressive cavity pumps (PCPs) or eccentric screw pumps are the devices most frequently 209 
used in extrusion-based 3D concrete printing due to their robustness and precision as well their 210 
ability to deliver high viscous granular suspensions. PCPs contain a stator and rotor assembly; 211 
they work based on the principle of progressively opening the conveying chambers with the 212 
rotor’s eccentric motion in the stator. The eccentricity e defines the relative displacement of the 213 
rotor center with respect to the center of stator during operation; see Figure 2 [40]. The 214 
parameter overlap w can be defined as the algebraic difference of the rotor diameter Dr and the 215 
inner diameter of the stator. Depending on w, the PCPs can be categorized into: a) equal fit 216 
PCPs, b) clearance fit PCPs (w < 0), and c) interference fit PCPs (w > 0). The interference fit is 217 
possible by making the stator’s inner walls out of compressible elastomers. The theoretical 218 
volumetric flow rate Qpcp in a PCP with a stator pitch Pst can be calculated by multiplying 219 
volume of material displaced per rotation (Vpcp = 4 · e · Dr  ·Pst) by the rotational velocity of the 220 
rotor nr : 221 

Qpcp = 4·e ·Dr ·Pst ·nr          (8) 222 

A detailed derivation of Eq. 8 can be found in [40]. While Eq. 8 is valid for PCPs, for the cases 223 
of clearance fit or interference fit, equations presented in Pessoa et al. [41] can be applied. 224 

These analytical relationships have some limitations since they are based on the assumption 225 
that the extruded material remains homogeneous. As a result they neglect issues such as liquid 226 
drainage [42,43] and blockage of the coarse aggregates [44] related to extrusion-induced 227 
heterogeneities that can occur during the 3D printing of cementitious materials. For such cases, 228 
dedicated numerical tools, capable of analyzing multiphase flow in extruder need to be 229 
developed. 230 



  
Figure 2: A sectional view of a progressive cavity pump (PCP) geometry. Three cases based 
on stator and rotor diameters are depicted. 

 231 

2.3  Material deposit 232 

Material deposition deals with the requirement that the printed layers be deposited in 233 
conformance with the targeted geometry. The analytical approach to this problem is limited to 234 
the case of linear deposition of a continuous layer of constant height and width. In addition, the 235 
material is considered to be isotropic and homogeneous. A deposition strategy ranging between 236 
two opposite asymptotic cases can be chosen: the first, “infinite brick extrusion” deposits an 237 
unsheared firm material, and the second, “free flow deposition” uses a highly flowable material 238 
with the addition of accelerating admixtures just before the deposition [22][45]. 239 

For the deposition of the material, simple analytical formulations describing the ability of the 240 
material to withstand its own weight and support the pressure of the nozzle can be used as a 241 
first approximation [46,47]. Once the material exits the nozzle, the flow ceases if the yield stress 242 
of the network of interacting particles is greater than the applied stress. It should be noted here 243 
that static yield stress depends on shear history and microstructure build-up, and describes the 244 
initiation of the flow, while dynamic yield stress corresponds to the yield stress that develops 245 
during the steady-state flow of the material, for example, during pumping [48]. These values 246 
differ, and realistic yield stress values depending on the shear profile within the printhead 247 
should be chosen according to the processing conditions. For example, if the material is strongly 248 
sheared during the process, dynamic yield stress should be used, mainly for flowable material. 249 
Otherwise, static yield stress is more appropriate.  250 

Depending on the extrusion process chosen and the material properties, the final cross-section 251 
of a printed layer can take different shapes. Adapted from the work of Roussel [22], 252 
Mechtcherine et al. [9] and Carneau et al.[49], Figure 3 shows different cases occurring during 253 
deposition by extrusion of materials with different yield stresses and printing strategies. In cases 254 
a) and b), the deposited material is already flocculate, and its final shape is imposed by the 255 
nozzle cross section. For cases c) and d), the material is shaped and spread under self-weight or 256 
under the pressure applied by the printhead.  257 
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 259 

Figure 3: Different layer shapes obtained with existing printing strategies: a) Infinite brick; b) 260 
Shaped brick by means of nozzle geometry reduction; c) material shaped under the pressure 261 
applied by the printhead; d) flowable material spreading during deposition 262 

In the case of the infinite brick, flow can be assumed to be elongational, and the material yield 263 
stress should fulfill at least the condition given by Eq. (9) to ensure the targeted layer height 264 
Hlayer. Thus the targeted yield stress should be at least 12.5 Pa per millimeter of layer thickness 265 
(for a density of 2.2 g/cm3) [9]. This equation can be used independently of the shape of the 266 
cross section [50]. In the present form, eq. (9) considers the additional pressure applied by the 267 
nozzle during deposition, Pnozzle: 268 
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≤         (9) 269 

Considering a highly flowable material, cases c and d, it can be assumed that if pure shear flow 270 
occurs the material will spread and the final thickness of the layer can be computed using the 271 
spread flow theory developed by Roussel and Coussot [9,51–53]. The sample height as a 272 
function of the distance r from the sample center can be obtained from the following equation: 273 
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Where Blayer is the width of layer that can be computed from the equation of volume 275 
conservation. For highly flowable materials, surface tension effects could also contribute when 276 
𝐻𝐻𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 < �𝛾𝛾 𝜌𝜌𝜌𝜌⁄ , i.e. layer thickness is lower than a couple of mm if we assume a surface 277 
tension effect of the cement similar to the surface tension of water [22]).  278 

The shape of the deposited layer depends as well on kinematic considerations. The expected 279 
cross-section of the extruded filament is obtained if the extrusion flow rate Qe is defined as 280 
𝑄𝑄𝑒𝑒 = 𝑉𝑉𝑟𝑟𝑆𝑆𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛, with 𝑉𝑉𝑟𝑟 the printhead displacement velocity. Coordination between the robot 281 
displacement velocity and that of the material exiting should be achieved to avoid surface 282 
cracking, layer bending or even coiling [9]. If 𝑄𝑄𝑒𝑒 < 𝑆𝑆𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑉𝑉𝑟𝑟, under-extrusion, which generates 283 
tensile stresses, can occur, and if 𝑄𝑄𝑒𝑒 > 𝑆𝑆𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑉𝑉𝑟𝑟, over-extrusion, where compressive stresses 284 
occur during the deposit of the printed material. For example, a discrepancy of 10% between 285 



the extrusion velocity and the velocity of the robot can induce deformation of 30% in the 286 
materials deposited, which is sufficient to lead to material shear and fracture, and can initiate 287 
the failure of the in-print structure. Description of the discrepancy between the real section of 288 
the layer and an ideal rectangular section can be expressed as: 289 
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For the pressing strategies (cf. fig d)), a second kinematic condition depending on the extrusion 291 
speed Ve and the robot displacement velocity Vr can be expressed as: 292 
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From results of Carneau et al. [49] it seems that an overall criterion defined as the ratio of the 294 
pressing force Fnozzle and the stress induced by the self-weight of the material, defined as 295 

4𝐹𝐹𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛√3
𝜋𝜋𝐷𝐷𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛2𝜌𝜌𝜌𝜌𝐻𝐻𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

 shows that decreasing 𝐻𝐻𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 below 1 cm allows having a pressing force which 296 

is greater than the self-weight of the material if Eq. (12) is fulfilled.  297 

2.4  Structural behavior during 3D printing 298 

It is now accepted that the absence of formwork in the extrusion-based 3D concrete printing 299 
process gives rise to the possibility of structural failure during 3D printing [22,54–58]. The 300 
gradual increment of loading due to the self-weight of successive layers can lead to either elastic 301 
buckling, instability failure, or plastic collapse, material yielding, of the unsupported printed 302 
structure. To prevent the occurrence of these failure types, both the strength and the stiffness 303 
properties of the freshly extruded concrete should develop sufficiently rapidly to keep up with 304 
the increasing self-weight [59]. This increment of loading is likewise time-dependent and 305 
defined by the rising speed of the object, which in turn follows from the contour length of the 306 
printed layer, the printing velocity, and the filament geometry. To assess whether structural 307 
integrity is maintained during the printing process, various analytical methods have been 308 
presented that relate the (minimal) development of material properties to the (maximal) rising 309 
speed of the printed object. 310 

The development of the material strength of fresh concrete, or static yield stress τ0, is typically 311 
captured through the parameter Athix [60], which is a measure of the structural build-up rate of 312 
fresh cementitious materials at rest (Eq. (13)). 313 

( )0 0,0 .rest thix restt A tτ τ= +        (13) 314 

Where trest is the time at rest after deposition and τ0,0 is the initial yield stress value. Depending 315 
on the time frame considered, the structuration rate may be described by both a linear and non-316 
linear trend [61–63]. Perrot et al. [64] presented a theoretical framework to define the optimal 317 
build-up rate in a 3D concrete printing process considering plastic collapse, given both linear 318 
and non-linear structural build-up of the yield stress. Basically, it permits estimation of a critical 319 
object height Hc,coll which induces the plastic collapse of the first layer: 320 
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Where tpr is the time elapsed since the beginning of the printing. Wangler et al. follow a similar 322 
approach to define the maximal horizontal printing velocity Vr,max, above which plastic collapse 323 
would occur [65]: 324 
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Where Lcontour is the contour length. 326 

In addition to these plastic collapse criteria, Roussel [22] presented an analytical method to 327 
define the critical object height Hc,buck, at which elastic buckling is expected to occur: 328 
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Where E is the elastic modulus of the material, I is the quadratic moment of inertia, and A is the 330 
horizontal rectangular cross-sectional area. Here, it should be noted that the requirement on the 331 
elastic Young’s modulus to prevent buckling rises with the cube of the object height, whereas 332 
the yield stress requirements to prevent plastic collapse increases linearly with H. 333 

The elegance of these analytical methods lies with the ease with which they can be rewritten to 334 
define both the development of material properties as well as the allowable printing speed. 335 
Instantaneously they can provide a first estimation of these requirements in preventing 336 
structural failure during 3D printing. There is, however, a price to be paid for their simplicity. 337 
These methods do not consider the gradient of material properties or variations of process 338 
parameters over object height and are independent of object geometry. Particularly in the case 339 
of elastic buckling, the geometrical contribution to the object’s stiffness can be substantial, and 340 
thus, its omission in analytical methods can introduce a significant error. For these cases, where 341 
more accurate assessment is desired, the use of numerical modelling provides a solution. 342 

2.5  Material drying and curing 343 

In extrusion-based 3D printing, fresh cement-based material is deposited without use of a mold. 344 
Thus, it may dry significantly before setting. Drying decreases the amount of water available 345 
for hydration. In the case of limited initial water content, water loss can be significant enough 346 
to affect the hydration process. This problem is limited to millimeter-sized layers, where the 347 
surface-to-volume ratio is high. Usually, bulk hydration is not affected by drying because the 348 
loss of mass is small compared to the total mass. 349 

However, the water loss may be localized at the free surface. Then, in a thin crust, hydration 350 
may not be complete, leading to weak mechanical properties of the interface between successive 351 
layers [66]. Keita et al. showed that the interfacial strength between two layers of mortar 352 
successively cast with a time gap of up to a two-hour interval depends on the initial water to 353 
cement ratio (W/C). For high W/C, the interface strength is as good as the bulk set material; 354 
whereas for W/C lower than 0.35, the strength is halved; see Figure 4. Moreover for weak 355 
samples, formation of a crust occurs [66]. 356 



 357 

Figure 4: Relative interface strength as a function of W/C ratio after two-hour rest between 358 
mortar layers. Dashed line represents the reference level for bulk materials. Adapted from [66]. 359 

Dried crusts at the free surface occur due to the water flow inside the material to respond to the 360 
evaporative demand. As water evaporates, suction leads to liquid flow inside the porous 361 
structure [67–69]. If flow is fast enough, the evaporated water is compensated, water 362 
distribution remains homogenous, and the cement hydrates evenly. The maximum pressure 363 
drop is equal to capillary pressure and allows estimation of water flux 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐 inside the material. 364 
To avoid the formation of a crust and provide water to the surface, the following condition 365 
should be fulfilled: 366 

 cap eJ J>          (17) 367 

where 𝐽𝐽𝑒𝑒 the initial drying flux at the free surface. 368 

In practical applications [68,70], the condition can be rewritten as 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐 > 5 ∙ 𝐽𝐽𝑒𝑒 . The drying flux 369 
𝐽𝐽𝑒𝑒  at the free surface is: 370 

1
e

w air

dmJ
S dtρ

= −        (18)  371 

Where 𝜌𝜌𝑤𝑤is the water density, S the surface exposed to air, and m the sample mass. At room 372 
temperature and under laboratory conditions, the drying flux  𝐽𝐽𝑒𝑒, as defined in eq. (18), is around 373 
10−7 m/s, corresponding to a water loss of 0.1 kg/m2/hour. However, the drying rate can vary 374 
significantly depending on external conditions such as temperature, humidity, and wind. For 375 
3D printed cementitious materials, the temperature may be increased significantly over 20-376 
25°C, due to friction during extrusion and the use of accelerators. This may increase the drying 377 
rate by a factor of up to 100 above that of room temperature, leading to a value of 𝐽𝐽𝑒𝑒 ranging 378 
between 10−8 and 10−5 m/s. Practically, the drying flux can be easily measured by the initial 379 
drying rate divided by the free surface of the sample. In case the material is not available for 380 
tests, the initial drying rate can be estimated by drying a cup filled with water. 381 

The other member of equation (17), Jcap evaluates the flow capacity under capillary pressure 382 
𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐, and can be estimated by the Darcy flow over the height of the printed element (H) [67]: 383 



cap cap
water

J kP
H

φ
µ

=          (19) 384 

Where 𝜙𝜙 is porosity, µwater fluid viscosity, and 𝑘𝑘 permeability. The viscosity can be considered 385 
as that of water so long as few polymers are in solution. Indeed, unabsorbed polymers may 386 
increase the viscosity of the interstitial fluid between the cement grains by a factor of up to 100. 387 
Thus 𝜂𝜂 = 1 − 100 mPa.s. The capillary pressure 𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐 =  𝛾𝛾 𝑟𝑟𝑝𝑝⁄ ,  where 𝛾𝛾 is the air/liquid surface 388 
tension. Surfactants could decrease the surface tension effect by a factor of 2; otherwise 389 
air/water surface tension is 70 mN/m. The radius of the pore rp in the cement paste depends on 390 
the particle size distribution of the powder and its packing density. For classical cement with 391 
grains of approximately 10 µm median size, the pore size rp is around 1-2 µm [71]. 392 

The permeability k of cement-based materials can be experimentally measured [72]. However, 393 
the right order of magnitude of k can be estimated by the Kozeny-Carman formula 𝑘𝑘 =394 
𝜙𝜙3𝑟𝑟𝑝𝑝2 45(1 − 𝜙𝜙2)⁄ . The characteristic radius for liquid flow is considered to be of the same 395 
order as the radius for capillary pressure, i.e., around 1 µm. The porosity 𝜙𝜙 depends on the 396 
mixture design, and can be calculated from the volume fraction of aggregates [73] and W/C 397 
leading to permeability values ranging from 10−15to 10−16m2 for mortars.   398 

Finally, under laboratory conditions, 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐  varies from 0.01 times to 10 times 𝐽𝐽𝑒𝑒. To avoid drying 399 
issues, eq. (17) should be fulfilled. Thus, in many circumstances 𝐽𝐽𝑒𝑒 should be decreased or 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐 400 
increased. As 𝐽𝐽𝑒𝑒 depends mostly on external conditions, decreasing the water demands 401 
correspond to decreasing the temperature and the wind velocity, or increasing the humidity. 402 
𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐 depends mostly on W/C and the aggregate volume fraction: from W/C = 0.45 to 0.2, 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐 403 
decreases by a factor 10. Indeed, such variation is high enough to yield heterogenous mortar 404 
and a weak interface, as shown in Figure 4, and increases the difficulty in 3D-printing concrete 405 
directly onsite. 406 

In addition to interface layer weakness, shrinkage can be detrimental to a 3D printed structure. 407 
It occurs under dimensional instabilities because of the movement of water molecules or 408 
volume change of reaction products in general. Typically total shrinkage (𝜀𝜀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑠𝑠ℎ ) can be 409 
represented as the sum of plastic (𝜀𝜀𝑝𝑝), drying (𝜀𝜀𝑑𝑑), autogenous (𝜀𝜀𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎), and carbonation (𝜀𝜀𝑐𝑐) 410 
shrinkages [74,75] as shown below: 411 

sh
total p d auto cε ε ε ε ε= + + +       (20) 412 

The total long term shrinkage strain in concrete is primarily effected by drying shrinkage; 413 
autogenous shrinkage contributes only 5% of the total strain, and carbonation is more of a 414 
surface effect [76]. However, plastic shrinkage can be detrimental to 3D printed structures in 415 
the short-term especially because of the unique rheology of the mixtures and the higher surface 416 
area-to-volume ratio, which could cause cracking, roundness errors, or even structural collapse 417 
[77].  418 

There are different models and equations to account for and predict shrinkage in concrete and 419 
similar cementitious systems. The most common ones include the ACI 209-82 model [78,79], 420 
CEB-FIP model [80], and B3 model [80–82]. Generally, shrinkage is associated with the drying 421 
of the surface as a result of evaporation and bleeding, which increase pore pressure and the 422 
radius menisci which induces stresses in the pore. Figure 5a shows the variation of capillary 423 
pressure when evaporation overtakes bleeding and there is a net loss of water from the surface 424 



of a cast concrete specimen. Figure 5b shows the mass loss over time where the initial bleeding 425 
compensates for the evaporation loss. But beyond the intersection point of the graphs, drying 426 
induces shrinkage. There have been several models developed to quantify and simulate the 427 
shrinkage process. The most common and fundamental model is of the form [83] as:  428 

%sh shHε α=        (21) 429 

where 𝛼𝛼𝑠𝑠ℎ is the coefficient of shrinkage and H% is the ambient relative humidity. Other models 430 
consider shrinkage strain based on capillary pressure [84], partial saturation levels in porous 431 
solids [85], simultaneous action of capillary pressure and disjoining pressure [86], water content 432 
[87,88], and moisture diffusion [89,90]. Several works have developed models in terms of a 433 
severity index [91] and plastic shrinkage cracking [92], both of which are specifically applicable 434 
to immediate plastic shrinkage which is relevant in the fresh conditions of cement mixtures in 435 
the immediate printed state. The main differences that conventional models for cast in-situ 436 
concrete differ from printed elements in shrinkage is the need to model the effects of differences 437 
in the fundamental mechanisms inducing the shrinkage process. The main differences include 438 
a) the primary significance of plastic shrinkage, b) the combined effect of the squeezing of 439 
layers along with capillary bleeding-induced evaporation, and c) the direction of water loss 440 
through multiple exposed surfaces when compared to the vertical-only direction in the case of 441 
a closed mold casting.  442 
 443 

 444 
(a)                                                    (b) 445 

 446 
 447 
Figure 5: Shrinkage modelling for 3D printing of cement concrete (3DPC) - (a) pressure 448 
evolution with time [93] - (b) Bleeding vs. drying state [94] 449 

The exact description of the heterogeneous nature of shrinkage in a complex 3D printing 450 
process requires the development of dedicated numerical simulation tools which consider 451 
complex shapes and pertinent boundary conditions. 452 

3. Toward a numerical toolbox of methods for the 3D printing process   453 

3.1  Mixing step 454 

Analytical methods to assess mixing procedure require an experimental campaign to evaluate 455 
the concrete’s homogeneity. However, such experimental work needs expensive tools because 456 
concrete is opaque and visual inspection remains insufficient for assessing concrete quality. 457 
Even though it is possible to model the flow in a truck mixer geometry using the finite volume 458 



method (FVM) using a supercomputer as shown in Wallevik and Wallevik [95], the preferred 459 
methods to study the mixing step using numerical tools is based on DEM, distinct or discrete 460 
elements methods [96,97].  461 

This method, originally developed to study the dynamics of granular media [98], was 462 
implemented to study concrete flow in the 1990s [99,100]. It considered cementitious material 463 
as a network of separate particles interacting with each other. Forces among the particles are 464 
computed using relevant interaction laws. Newton’s second law allows the computation of the 465 
displacement of each particle considering the forces due to its interaction with surrounding 466 
particles during a fixed time step. This time-iterative procedure is repeated in order to obtain 467 
the description of the flow of concrete during the entire period under study. 468 

To describe the flow of cementitious materials accurately, it is crucial to use relevant force-469 
displacement relationships. Both so called “contact laws” are needed for the normal and 470 
tangential direction to the particles’ surfaces in order to describe the global viscoplastic 471 
behavior as expected of the flow of fresh cementitious material. For example, as proposed by 472 
Mechtcherine et al. [96,101], a combination of dashpot, springs and sliders provides a 473 
physically acceptable force-displacement relationship between aggregates embedded in a 474 
cement paste, as shown in Figure 6.   475 

 476 

Figure 6: Example of a force-displacement relation in the normal direction used to model the 477 
interaction between two aggregates embedded in a cement paste or a mortar (adapted from 478 
[101]). 479 

DEM has been applied to the mixing of cementitious materials because it allows for the fast 480 
visualization of the quality of the mixing process by using particles of different colorations, 481 
initially separated [96,102]. Moreover, DEM can also be used to study the segregation and 482 
dispersion of particles having different sizes, i.e. sand and gravel. 483 

More recently, progress in computation methods has facilitated the development of more 484 
complex contacts laws, using time-dependent contacts laws [103] or also for different types of 485 
particles, e.g., liquid and solid particles. It leads to the fact of different types of force-486 
displacement relationships being useful within the same time-step of a numerical simulation, 487 
depending on which types of particles are in contact [104]. 488 

For example, Krenzer et al. [104] modelled the mixing of cementitious materials, taking into 489 
account the transfer of water content during the interaction of a solid dry particles with a liquid 490 
droplet. Such numerical simulation of the mixing requires the use of evolving contact laws that 491 



describe the transition of dry bulk material to a suspension depending on the local water content. 492 
This type of numerical simulation paves the way to the numerical study of the dispersion of 493 
accelerator within the printhead. The use of DEM for this purpose is expectantly awaited in 494 
order to optimize nozzle shapes and in-line mixing systems. 495 

3.2  Material delivery 496 

3.2.1 Pumping 497 

Similar to analytical tools, there have been many numerical tools developed for simulating 498 
concrete pumping process. So far, the numerical tools have been focused on enabling estimation 499 
of pumping pressures in consideration of the concrete’s rheological properties, influence of the 500 
lubricating layer and its properties, and process pipeline variations, including bends and 501 
diameter changes. The following is a brief summary of selected numerical modelling works on 502 
the concrete pumping.  503 

The majority of the published research on numerical modelling of concrete pumping utilizes 504 
the Computational Fluid Dynamics (CFD) approach [17,97], in which concrete is modelled as 505 
one single or as multiple phases in a continuum. This means that the rheological properties of 506 
concrete in a phase are constant throughout the modelled geometry. A numerical solution for 507 
fresh concrete’s rheological behavior is then made possible using the conservation laws or the 508 
Navier–Stokes equations in conjunction with the Bingham or Herschel-Bulkley models.  509 

Jo et al. [17] developed a computational approach to estimate the lubricating layer (LL) in 510 
concrete pumping. Choi et al. [105] simulated fresh concrete flow in a 170 m long pumping 511 
circuit using a single-fluid CFD approach. The best fitting thickness for LL was determined by 512 
comparing calculated pressure with the experimentally measured values at a flow rate of 50 513 
m3/h. Furthermore, they analyzed pressure profiles comparatively along the circuit geometry 514 
with the pressure profiles measured experimentally [105]. Choi et al. [106]  investigated the 515 
formation of the lubricating layer and simulated the mechanism of shear-induced particle 516 
migration (SIPM) during concrete pumping. Influences of particle shapes were indirectly 517 
modelled by solving SIPM equations, and by implementing a User-Defined Scalar into ANSYS 518 
Fluent [106]. It was found that numerical simulations considering particle shape correlated well 519 
with experimentally measured velocity profiles using an Ultrasonic Velocity Profiler. Chen et 520 
al. [107] performed CFD simulations of wet shotcrete flow in a pipe and determined the 521 
thickness of LL. Tan et al. [108] developed a multi-phase numerical model to investigate wear 522 
mechanisms of a concrete piping wall. They combined DEM and CFD approaches: DEM to 523 
model concrete aggregates as discrete particles and CFD to model the continuous fluid phase. 524 
Nerella et al.[109] developed a single-phase CFD model for simulating SLIPER experiments, 525 
in which the lubricating layer was implemented using a user-defined function to vary the 526 
material properties radially, as in experiments. Secrieru et al.[21] implemented similar model 527 
in large-scale pumping simulations of various types of concretes. If the rheological properties 528 
of the LL cannot be experimentally determined, then they can be estimated indirectly using 529 
numerical simulations in combination with analytical particle-suspension models such as 530 
Chateau-Ovarlez-Trung and Krieger-Dougherty models, as shown by Nerella et al.[109]. 531 

All these abovementioned tools could be applicable for 3D-printable concretes. However, there 532 
are certain research challenges that still need to be addressed: 533 

• Pumping during printing is often interrupted to move the printhead to new printing 534 
position or to leave a wall opening, e.g. for windows, etc.  As reported in the 535 



experimental work of De Schutter et al.[110], pumping pressures after a break could 536 
increase drastically. Implementation of thixotropic material models is therefore of high 537 
significance to develop numerical models as comprehensive tools in simulating the 538 
pumping process of printable concretes. De Schryver et al.[111] validated implantation 539 
of thixotropy in CFD by linking the thixotropic internal structure to concrete viscosity.  540 

• Experimental investigation focusing on the pumping of high-yield-stress, printable 541 
concrete with various degrees of thixotropy are yet to be reported and are needed to be 542 
conducted in conjunction with verification of analytical and numerical tools.   543 

 544 

3.2.2 Extrusion 545 

The use of numerical methods in studying the extrusion of cementitious materials allows the 546 
description of the occurrence of multiphase flow and to account for the heterogeneous and 547 
multi-scale nature of cementitious materials.  548 

For example, El Cheickh et al. have modeled the extrusion flow of  cementitious materials using 549 
DEM [44]. The authors have used so-called soft-shell contact [112] considering each particle 550 
as a composite material consisting of a hard core, the aggregate, surrounded by a soft shell, the 551 
suspending cement paste.  Using this method, the authors were able to determine the maximum 552 
diameter of sand particles and sand volume fraction that can be used in a mortar mix-design of 553 
a specified cement-paste rheological behavior. Where more complex geometries are involved, 554 
e.g., a section-varying screw extruder [113], it can be noted that DEM has also been used to 555 
simulate the orifice extrusion of cementitious materials or to predict the flow-induced 556 
orientation of fibers within an extruded layer [96,114]. 557 

With the ability to model individual constituents discretely with sizes of a few millimeters and 558 
actively track their particle level interactions, DEM simulations offer efficient tools for 559 
extrusion processes. Recently the researchers of IAB Weimar GmbH and TU Dresden, 560 
collaboratively developed a DEM simulation model of a large-scale screw extruder that can 561 
extrude concretes with aggregates up to 8 mm diameter. Results showed that DEM can be 562 
utilized to model material flow of heterogeneous high-yield stress printable concretes in 563 
complex extruder geometries accurately; see Figure 7.  564 



 
Figure 7: Simulation of printable concrete in large-scale screw extruder elucidating both 
extrusion and deposition processes (Courtesy of: Knut Krenzer, IAB Weimar gGmbH).  

It is also important to note that water drainage during extrusion has been modeled using a finite 565 
difference method [115]. Using an adapted version of the Terzaghi consolidation theory, this 566 
model allows the practitioner to describe the local evolution of the water content and the 567 
rheological behavior of cementitious materials undergoing extrusion. In the framework of this 568 
study, the authors also developed a description of the mechanical behavior with a transition 569 
from visco-plastic to pressure-dependent Coulomb type frictional material. This method can be 570 
helpful in order to ensure that the material remains homogeneous during extrusion, where 571 
consolidation kinetics are far slower than the process kinetics, and merits being extended to 572 
two- or three-dimensional problems. 573 

3.3  Material deposition  574 

The use of numerical simulation based on finite element methods for the deposition step during 575 
cementitious materials 3D printing is very useful in order to obtain the exact shape of the 576 
deposited layer in real cases that are between asymptotic cases presented in section 2.3. 577 
Moreover, it allows estimating the stress distribution within the layer to predict crack formation 578 
or surface defects. 579 

Several options exist for modeling the flow behavior of mortars and concretes during the 580 
material deposition step: an elastic-visco-plastic model [51], a bi-viscous model where two 581 
viscosities are used to simulate rheological behavior up until and the subsequent to exceeding 582 
the yield stress of fluids [116] [117] or a continuous visco-plastic model [118,119]. For the 583 
elastic-visco-plastic model, the material follows a Kelvin-Voigt model up to the yield stress and 584 
behaves as a Bingham fluid beyond the yield stress. This approach consists in adding a high 585 
enough Young’s modulus such that the material’s elastic deformation remains negligible in 586 
comparison with viscous deformation. 587 

The robustness of the numerical modelling of deposition also depends on achieving repeatable 588 
rheological measurements before prototyping the final component, as presented in [120] and 589 
[22]. To include reliable material properties, especially for high yield-stress materials, viscosity 590 



evaluation may not be easily evaluated [121]. Experiments inspired by soil mechanics or 591 
hardened concrete testing can be used, for example, to estimate the elastic properties of the 592 
material [54,122].  593 

The sketch of a numerical simulation of mortars or concretes extrusion can be found in [123]. 594 
The Finite Volume Method (FVM) [123–125], using CFD (Computational Fluid Dynamics) or 595 
PFEM (Particles Finite Element Method) [126] [127] can be used to simulate printed layers 596 
using a complex fluid assumption. Such methods use a Lagrangian framework with an updating 597 
mesh. The PFEM approximates the behavior of the material using a Perzyna formulation, a 598 
rate-independent yield function used to describe the visco-plastic strain, of the Bingham model 599 
that allows the taking of elastic deformation before material flow into account. 600 

Using FVM it has been recently shown [128] that if robotic arm velocity suits  the material flow 601 
rate, nominal speed, and nozzle cross-section, then no variation in stress distribution occurs in 602 
the filament. Such numerical modelling highlights the notion that increasing deposition height 603 
or material properties such as stiffness, yield stress, and viscosity can be used to avoid over-604 
extrusion or even buckling of the filament [128]. Also, if under-extrusion occurs, then a 605 
reduction of the maximal strain that the material can withstand before yielding reduces the 606 
tearing of the filament [128]. 607 

The PFEM, in which a system of equations is solved by a set of pseudo-particles, which are 608 
discretized by standard finite elements, is used in [127] to simulate the extrusion process and 609 
predict layer shape. Figure 8 shows simulations of the influence of material flow rate on layer 610 
cross section. Reinold et al.[127] reported that with PFEM, computed and measured cross 611 
sections differ by less than 1% if the scaling of the velocity, nozzle section, and flow rate 612 
process parameter is carried out. Extrusion-induced dynamic forces act on the top of the 613 
currently printed wall segment and may influence the early age stability of the structure. As 614 
proposed by [127], a generalized conclusion on the optimal tuning of the material properties is 615 
not yet possible based on numerical results only. 616 

 617 
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Figure 8: a) Experimental result with constant flow rate (right wall), b and c) PFEM 
numerical simulation of geometry variation with varying material flow rate, here 
Q0=0.0001053 m3/s.   (Courtesy of Janis Reinold, Ruhr-Universität Bochum). 

 618 

Concerning useful improvements that need to be implemented in the numerical modeling of the 619 
deposition phase, elastic-visco plastic models could provide new insight by modeling creep 620 
flow which cementitious material can undergo. Moreover, thermo-mechanical modelling 621 
should be included, as in the case of the infinite brick process, friction can lead to a temperature 622 
increase within the material and thus to a different stress distribution as well as for flowable 623 
material where accelerators are added just before deposition, thereby very rapidly increasing 624 
the temperature of the material. Also, physical properties such as the porosity induced by the 625 
process can be optimized by modeling the meso-structure. 626 

The time required to carry out complex numerical modelling is relatively long and needs to be 627 
reduced. Assuming symmetry or axisymmetric conditions can also reduce computational cost. 628 
Optimization loops used to fit the input parameters of numerical modeling should be carried 629 
out to improve the deposit modeling; digital image correlation or calorimetry tests can be used, 630 
for example, as non-destructive tests to assess the reliability of the numerical model used. This 631 
has begun to be done in the work of [129], in which the model input parameters are initially 632 
determined and then subsequently adjusted through an optimization loop minimizing the 633 
difference in the displacements predicted by the model and the measurements which could be 634 
performed by ultrasound examination or digital image correlation. 635 

3.4  Structural behavior during 3D printing 636 

The maturity of 3D concrete printing is reflected by the increasing complexity of objects created 637 
by the technology. Bespoken architectural elements and objects with optimized material usage 638 
are appearing in practice, and the potential of on-demand or graded material printing strategies 639 
is being explored. For such advanced geometrical features and material distribution, the 640 
application domain of analytical methods is quickly exceeded. Moreover, while the main 641 
loading condition during 3D printing may be the self-weight of printed objects, as object 642 
complexity increases, other loading types may occur due to the eccentric placement of layers, 643 
kinematic pressure in the deposition process [49], or non-vertical pressure by secondary 644 
materials [9,54]. In this regime, numerical modelling can provide detailed insight into structural 645 
behavior as well as the occurrence and type of in-print failure as demonstrated by Figure 9 that 646 
shows the comparison between the printing of an empty column of mortar and its numerical 647 
simulations. In this 3D Finite Element Method (FEM) model, the material is modelled using an 648 
elasto-plastic behavior using a pressure-dependent plastic criterion (Coulomb’s law).  649 



 650 

Figure 9:  Comparison of printing process with numerical simulations. Description of shape-651 
dependent complex failure model. Color-scale provides the level of displacement (Courtesy of 652 
R. Hameed). 653 

The application of numerical methods in controlling structural behavior during 3D concrete 654 
printing was for the first time demonstrated by Wolfs et al. [54]. A 3D FEM model has been 655 
developed, which simulates the successive placement of filaments during the printing process 656 
and the corresponding development of material properties and self-weight loading. By linking 657 
the FEM model to 3D CAD software, and including process parameters such as the printing 658 
speed, the numerical model is essentially a digital twin of the 3D printing process, and thus, can 659 
theoretically consider any complex geometry, variation in material properties, as well as 660 
loading and support conditions. As the model includes both strength and stiffness parameters, 661 
and features a geometrically non-linear analysis, the structural behavior during 3D printing can 662 
be studied systematically, considering both failure types of elastic buckling and plastic collapse. 663 

Rapidly to evaluate whether a 3D printed wall structure is susceptible to structural failure during 664 
printing, Suiker developed a parametric mechanistic model [55]. The wide ranges of process 665 
parameters and material properties were in this model reduced to five unique dimensionless 666 
parameters to define both elastic buckling and plastic collapse. Suiker adopted a numerical 667 
procedure to formulate convenient design formulas and design graphs for the three geometrical 668 
cases of a free wall, a simply supported wall, and a fully clamped wall.  669 

In a subsequent study [130], the two numerical approaches, an FEM-based and a parametric 670 
mechanistic approach, were compared. The input for these analyses was based on extensive 671 
experimental studies of the early age mechanical behavior of 3D printed concrete [122,131]. 672 
The numerical results of both methods were found to be in very good agreement. More recently 673 
a comprehensive experimental validation study was performed, demonstrating the transition 674 
behavior from elastic buckling to plastic collapse, the influence of geometrical imperfections 675 
on buckling failure, and the effect of printing speed (analogous to variations in structuration 676 
rate) on object stability. The results of these printing trials were in very good agreement with 677 
the numerical predictions, highlighting the potential of numerical methods in analyzing the 678 
structural behavior during 3D printing. Consequently, numerical methods may be adopted to 679 
define, for instance, optimal printing speed or the minimal structuration rate without the 680 
occurrence of failure during the 3D printing process. It is interesting to note that other research 681 
groups have started to develop FEM-based numerical simulations in order to study the structural 682 
behavior of in-print structures [129,132–137]. These studies are based on the same principles 683 
but use different criteria for plasticity and the modelling of the evolution of mechanical 684 



properties over time.  Recently, Chang et al. developed an extended lattice model using a 3D 685 
network of Timoshenko beams with properties calibrated using green strength measurement of 686 
the cementitious materials in order to study the stability of the structure during printing [138]. 687 
To model the process, the authors gave a gradient of mechanical properties to the beams along 688 
the structure height. 689 

While numerical methods are deemed more accurate than their analytical counterparts, the price 690 
to be paid is in computational cost. Particularly if both geometrical non-linearity for buckling 691 
and material non-linearity for plasticity are to be considered, and a complex 3D geometry is 692 
analyzed such that symmetry conditions cannot be applied to reduce model size, computational 693 
time can be excessive. This raises the question of accuracy versus speed and, more particularly, 694 
the stage in which the assessment of structural integrity is to be performed. If an a priori 695 
assessment of the optimal printing speed or structuration rate is to be defined, dedicated FEM 696 
simulations may be a suitable strategy. However, as the 3DCP community is increasingly 697 
moving towards real-time feedback and control as well as set-on demand strategies 698 
[59,139,140], rapid decision making is required and to this end, a more simplified yet 699 
instantaneous analytical assessment may suffice. 700 

Until now, material behavior is expressed exclusively as a function of time. However, it has 701 
been shown that additional environmental and process parameters can play a significant role, 702 
such as temperature variation during printing sessions, which has a significant effect on early-703 
age strength and stiffness properties and, thus, on the occurrence of in-print failure [122,130]. 704 
Also, the bond strength between filaments is a critical feature which has been shown to be in 705 
similar fashion strongly dependent on process parameters and environmental conditions 706 
[66,141–143]. The inclusion of thermal and hygric parameters in the numerical simulations 707 
may serve as a first step in extending the simulation into the hardened phase, as shown in the 708 
next part.  709 

3.5  Material curing and drying  710 

Specific numerical tools on drying and early shrinkage of 3D printed materials are still under 711 
development. Understanding the fundamentals of the shrinkage in printable mixtures helps in 712 
modelling the phenomenon and applying it specifically to 3D printed (3DP) structures. Existing 713 
models on shrinkage in cementitious systems have to be coupled with structural and procedure-714 
specific mechanisms in 3D printing for different materials such as metals, ceramics, polymers, 715 
etc. which can be used to model the shrinkage phenomenon in 3DP of concrete (3DPC). 716 

Figure 10 shows the effects of differences in boundary conditions while modeling the moisture 717 
loss that induces shrinkage of specimens in cast in-situ and printed specimens. Due to the closed 718 
boundaries, which do not allow any evaporation, the net evaporative flux is unidirectional, as 719 
shown in Figure 10a, under capillary action in cast specimens. However, additional squeezing 720 
under the overburden pressure of the layers and the open surfaces in the vertical direction need 721 
to be incorporated for printed specimens. 722 



      723 

(a)                                  (b) 724 

Figure 10: Difference in shrinkage modeling boundary conditions of cast in-situ and printed 725 
specimens. (a) Unidirectional evaporative flux in cast specimens  [131 ]– (b) Cast in-situ vs. 726 
printed specimen boundary conditions in moisture loss 727 

Modeling 3D printed systems for shrinkage is additionally challenging, considering the layered 728 
state of the system, which generally negates that innate assumption of isotropy and homogeneity 729 
of material characteristics. Figure 11a shows the staircase phenomenon in binder jetting [145] 730 
where layers differentially shrink at the boundaries and cause a trapezoidal edge. The time taken 731 
for each layer to be placed and the material structure evolution will be additional parameters 732 
that can address this effect in the case of cementitious binders. This idea can then be translated 733 
to appropriate model elements, e.g., Maxwell, Kelvin-Voigt, Burgers etc., to identify layer 734 
effects and appropriately address possible differential shrinkage as shown in Figure 11b [146]. 735 
Additionally, a 3D-lattice model to couple moisture diffusion and cracking in shrinkage for 736 
strain hardening cementitious composites [83] and discrete element models [147,148] are also 737 
proposed as suitable candidates to model these systems.  738 

 739 

     740 

(a)                                                                 (b) 741 

Figure 11: Different model provisions associated with 3D printed specimens  - (a) Staircase 742 
effect in shrinkage of layered systems [145] - (b) Modelling elements for differential shrinkage 743 
in layered systems [146] 744 

Although drying shrinkage in printable cementitious binders have been recently reported [149–745 
151], the results were independent of the printing procedure and focused on material 746 
characteristics like the amount of nanopores, dispersion, specific surface area, and energy 747 
activity of solid phases [149]. The ACI and FIB models were used to evaluate drying shrinkage 748 
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in fiber-reinforced 3DP binders to propose a porosity based model in [150] while a novel 749 
shrinkage measurement technique was proposed for 3D printed cementitious filaments in [151]. 750 
Due to the lack of literature in shrinkage model development in 3DPC, results from other fields 751 
and materials could be relevant benchmarks for review. 752 

It is relevant to note that in 3D printed Polylactic Acid (PLA) parts, the shrinkage decreases 753 
with an increase in layer height and print speed while it increases with print length [152], which 754 
could be relevant in the case of cementitious mixtures as well. Also, in metal fused filament 755 
fabrication (FFF), shrinkage is reported to be independent of the infill percentage [153] while 756 
fused deposition modeling (FDM) of PLA parts using viscoelastic models and numerical 757 
modeling have been used to develop interior structures (infills) that compensate for the overall 758 
shrinkage of the otherwise solid print. This information could be used to modify the model and 759 
print parameters in compensation modeling [153–157] for shrinkage mitigation. This shows 760 
that relevance of infill patterns to influence the shrinkage properties of printed structures. 761 
Hence, these remain as gaps in research and underly the significance of research in 762 
understanding the fundamental mechanisms and modelling approaches for plastic and drying 763 
shrinkage in 3D printed cementitious systems. 764 

4. Summary and discussion of the relevant tools  765 

Analytical models are useful in providing rapid insights into the rheological requirements and 766 
process parameters for 3D printing, but they are insufficient in real practice, i.e., with complex 767 
geometrical configurations, or when materials exhibiting gradients of consistency between self-768 
consolidating materials and zero-slump concrete are used. For example, the analytical stability 769 
criteria proposed in Eqs. (14) and (16) enable prediction of the failure of the structure in the 770 
simplest case, i.e., with a constant rate of printing, perfectly vertical structures and also for Eq. 771 
(16) a material with homogeneous properties, but cannot be used to predict failure in real 772 
situations accurately. In these cases, numerical modelling methods are suitable to obtain precise 773 
prediction of the process. This practice paves the way to the in-line monitoring of the process 774 
through a digital process twin which can be used for process control, process calibration or 775 
material optimization. 776 
 777 
However, if these tools exist, they must be optimized in terms of computation requirements and 778 
have their use simplified in order to be democratized on the industrial engineering scale. All 779 
selected methods detailed in this work are summarized in table 1. 780 
 781 
Table 1: Summary of selected analytical models and numerical tools for each step of the 782 
printing process of cementitious materials. 783 

Step Equations / Tools Model parameters Ref Material Process Geometry 
 784 

Mixing Characteristic diffusion time - 
Eq. (1) 
 

µ: viscosity 
racc: accelerator 
molecule radius 

 
 

 [9] 
 
 

Mixing kinetic law - Eq. (2) 
 

tc: characteristic 
mixing time 

Ω: Mixing rate 
 

  
[14] 

Numerical tools:  
 
DEM methods with evolving and heterogeneous contact laws 
  

 
 
[104] 

Pumping  
 

τ0: shear yield stress 
µ: viscosity 

 
 

 
 

[18] 
 



Kaplan flow rate predictions - 
Eq. (4) and (5) 

 
τ0,i: wall shear yield 
stress 
µ,ι: viscosity inside 
the LL 

∆P: loss of 
pressure 
Qp: Pumping flow 
rate 

Rpipe: Hose pipe 
radius 
Lpipe: Hose pipe 
length 
 

 
 
 
[15] 

Numerical tools:  
 
Computational Fluid Dynamics (CFD) approach using Bingham and Herschel-Bulkley 
constitutive law 
CFD consideration of shear-induced particle migration 
 
CFD with heterogeneous materials 

 
 
[17] 
[105] 
[106,
107] 
[109] 
 

Extrusion Benbow-Bridgwater equation 
Eq. (6) 
 
 
Basterfield model  
Eq. (7) 
 
 
 
 
 

σ0: yield stress 
(elongational) 
a0, a1, n0, m: viscous 
fitting parameters 
τ0: shear yield stress 
η, n: parameters of 
HB model (viscosity) 
τ0,i: interface yield 
stress 
µ,ι: viscosity inside 
the LL 

Vext: extrusion 
velocity 
Pext: extrusion 
pressure 
 
 
 

 
 
 
 
ddie: die diameter 
Dext: extr. diameter 
Ldie: die length 
θ: convergent flow 
angle 
 
 

[29] 
 
 
 
 
 
 
 

Progressive cavity pump (PCP) 
flow rate 
Eq. (8) 
 

 Qpcp : PCP flow 
rate 
nr : rotational 
rotor  velocity 

e: excentricity 
Vpcp: PCP volume 
Dr: rotor diameter 
Dst; stator diameter 
Pst: stator pitch 

 
[41] 

Numerical tools:  
 
DEM with soft-shell contact law 
DEM with “Bingham” type interaction 

 
 
[44] 
[96] 

Deposit Layer height prediction: 
Infinite brick asymptotic case 
Eq. (9) 
 
 
Layer height prediction: Free 
flow asymptotic case 
Eq. (10) 
 
Shape accuracy: 
Eq. (11) 
 

 
 
 
 
ρ: material density 
τ0: shear yield stress 
 
 

 
Pnozzle: pressure 
exerted by the 
nozzle on the 
layer 
Fnozzle: force 
exerted by the 
nozzle on the 
layer 
Ve: extruded layer 
velocity 
Vr: Robot head 
velocity 
 

 
Hlayer: single layer 
height 
Blayer: single layer 
width 
β: geometrical 
accuracy parameter 
Dnozzle: Nozzle 
diameter 

[9,22,
49] 
 
 
 
[9,53] 
 
 
 
[49] 
 

Numerical tools:  
 
Particles finite element method (PFEM)  
Finite volume method (FVM) 
 
 

 
 
[126] 
[128] 
[125] 

Stability Base layer plastic collapse: 
Eq. (14) (15) 
 
 
 
Elastic buckling failure: 
Eq. (16) 

τ0: shear yield stress 
Athix: structural build-
up rate 
ρ: material density 
 
E: elastic modulus 
 

Vr,max: Maximum 
robot velocity 
value for plastic 
collapse criterion 
trest: time elapsed 
since material is 
left at rest after 
deposit 
tpr: time elapsed 
since print starts 

H: height of the 
printed structure 
Hc,coll: critical 
height for plastic 
collapse 
Hc,buck: critical 
height for elastic 
buckling 
Lcontour: contour 
length 
I: quadratic 
moment of inertia 

[64] 
 
 
 
 
[22] 



of the horizontal 
cross-sectional area 
A: cross sectional 
horizontal area 

Numerical tools:  
 
FEM with elasto-plastic behavior with pressure dependent criterion 
Parametric mechanistic modeling 
Extended lattice network of Timoshenko beams with varying properties 
 

 
 
[54] 
[55] 
[138] 

Drying and 
curing 

Comparison between capillary 
and evaporation flux Jcap and Je 
Eq. (17) (18) (19) 
 
 
 
 
 
Shrinkage 
Eq. (20) 

ρw: water density 
ηw: water viscosity 
k: permeability 
φ: porosity 
γ: air/water surface 
tension 
rp: pore radius 

Jcap: water flux 
induced by 
capillary pressure 
Je: water 
evaporation flux 

m: material mass 
Sair: free surface 
H : sample height 

[66] 
 
 
 
 
 
 
 
[74] 

Numerical tools:  
 
Methods to be developed by implementing cementitious materials behavior within 3D printing 
geometry. 

 

 785 

5. Conclusions  786 

This paper provides a review of the tools that can be used to describe the extrusion-based, 3D 787 
printing process of cementitious materials. A comprehensive review of the literature and a 788 
synthesis of all available models and tools are provided in the expectation of helping both 789 
academia and industry by making available an exhaustive toolbox that can be used at different 790 
stages of the development of a printing process, or for process monitoring. The paper follows 791 
the process from the initial mixing to the early curing conditions which can alter the final 792 
hardened behavior of the printed concrete. 793 

In the first section, analytical models that can be used to provide approximate estimations of 794 
rheological requirements of the materials and/or the process parameters are enumerated. 795 
Kinetics of mixing, equations linking flow rate and pumping/extrusion pressure, prediction of 796 
the layer height of fluid and firm cementitious materials (i.e. asymptotic cases), stability 797 
criterion for in-print structures with simple geometry and description of adequate curing 798 
conditions are presented. It is shown that these methods can be used for simple cases or as a 799 
first estimation attempt in the early development of a new process by considering simple 800 
asymptotic cases, i.e., infinite brick or highly flowable material. 801 

However, it is also shown that the above methods are not accurate enough to provide a complete 802 
and comprehensive description of the process. It makes them inefficient in optimizing the 3D 803 
printing process or for in-line monitoring. For this purpose, advanced numerical solutions have 804 
been or are being developed. These numerical approaches are listed in the second section. 805 

It has been shown that DEM, the Distinct Elements Method, is very promising for the 806 
simulation of the mixing process, initial or in-line, and for the prediction of granular blocking 807 
during extrusion and pumping. Moreover, FEM, the Finite Elements Method, is able to simulate 808 
the deposition step and provide the description of the shape of the deposited layer or to predict 809 
the stability of the structure during printing. These advanced numerical tools can be used for 810 
optimizing the printing process in the case of the printing of complex shapes and can be used 811 
with appropriate complex constitutive laws such as time-dependent behavior, pressure-812 



dependent behavior, thermal and hygric effects etc., and for gradients of properties and 813 
composition. 814 

All the methods are listed in a final table, which can serve as a toolbox reference for engineers 815 
developing printing processes or building increasingly complex printed concrete structures. 816 
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