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Broadcast of a restricted set of qubit and qutrit states
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The no-cloning theorem forbids the distribution of an unknown state to more than one receiver.
However, if the sender knows the state, and the state is chosen from a restricted set of possibilities,
a procedure known as remote state preparation can be used to broadcast a state. Here we examine
a remote state preparation protocol that can be used to send the state of a qubit, confined to the
equator of the Bloch sphere, to an arbitrary number of receivers. The entanglement cost is less
than that of using teleportation to accomplish the same task. We present a number of variations
on this task, probabilistically sending an unknown qubit state to two receivers, sending different
qubit states to two receivers, and sending qutrit states to two receivers. Finally, we discuss some

applications of these protocols.

PACS numbers:

I. INTRODUCTION

Quantum networks are multiple-user systems for
the transmission and routing of quantum information.
Qubits are exchanged between users either directly or by
means of teleportation. In the latter case, the parties
need to share entangled states, and the distribution of
this entanglement is one of the chief tasks in operating
the network.

In some cases a user would like to broadcast the same
quantum information to several users. In this case the
no-cloning theorem can come into play. If the quan-
tum state to be transmitted is unknown, then one can
use a quantum cloner to make imperfect copies of the
state [1], and send these to the desired parties. This may
not be satisfactory, however, exactly because the clones
are imperfect. If one wants to distribute a known state,
an alternate procedure known as remote state prepara-
tion, which requires less classical communication than
teleportation, can be used [2-6]. A number of schemes
for broadcasting qubit states have been investigated, but
they typically require N ebits if a state is broadcast to
N parties [7-10].

The situation becomes simpler if one wants to send
a restricted class of states [2, 11]. For example, in the
case of sending a state to just one party, let us sup-
pose Alice wants to send one of the states |[¢(6)) =
(e]0)+e~%(1))/v/2 , where 0 < 0 < 7, to Bob, and that
they share a singlet, (|0)4|1)s — |1)4|0))/v/2. Alice mea-
sures her part of the singlet in the {|t)(0)), (0 +7/2))}
basis, and tells Bob her result. If she gets |¢(0 + 7/2)),
Bob does nothing, and if she gets [¢(6)), then Bob ap-
plies the operator o, to his state. Note that this proce-
dure is cheaper in terms of classical communication than
is teleportation. It requires one bit of classical communi-
cation whereas teleportation requires two, because of the
special form of the equatorial state [12]. Remote state

preparation can be adapted to send states to more than
one party [11]. The protocol proposed by Agrawal, et al.,
in [11], makes use of dark states, and if a qubit state is
to be distributed to N parties, an entangled state of 2NV
qubits is required, for an entanglement cost of N ebits.

Here we wish to present a procedure for distributing
a limited class of states that is less costly in terms of
entanglement and classical communication. It makes use
of a qudit for the sender, and one qubit for each receiver.
This scheme can be modified to send different states to
different parties, at the cost of more entanglement, or to
send qutrits instead of qubits.

II. PROCEDURE
A. Basic protocol

Let us begin with a simple situation. Alice wants to
send the state e??a|0) + e~%B|1) to Bob and Charlie,
where o and 8 are fixed, and Alice can control . She
starts with two qubits in the state («|0), + 5|1)5)(|0)c+
BI1).) and entangles them with a qutrit, see Fig. 1, to
form the state

[Phabe = *|0)al00)pe + 5%[1)a|11)5e
+0512)a(101)pc + [10)pc)- (1)

Note that the normalization condition for the this state,
|a|? + |B|? = 1, is the same as for the qubit states Alice
wants to send. She now sends qubit b to Bob and qubit ¢
to Charlie. After determining what value of 6 she wants
to send, she applies the operator U, to her qutrit, where
Ua|0)a = €2910) 4, Ua|1)a = e 29(1),, and U,|2)s = |2)a.
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FIG. 1: Circuit for producing the state in Eq. (1). The top
line is a qutrit, initially in the state |0), and the bottom two
lines are qubits, both initially in the state |¢) = a|0) + B|1).

She now measures her qutrit in the basis

1
|U'0>a = ﬁ(|0>a + |1>a + ‘2>a)
u _ L eQﬂ'i/ e—27'ri/
| 1>a - \/g( 3|0>a+ 3‘1>a+|2>a)
o) = —=(e=27/3)0), + T/31), + [20) (2)

&

If she gets |ug)q, then Bob and Charlie each get e?a|0) +
e~3|1), and the procedure has been successful. If she
gets |u1)q, Bob and Charlie get the desired state after
they have both applied the operator U, to their qubits,
where Up|0) = €™/3]|0) and Up|1) = e "/3|1). If Al-
ice gets |ug), Bob and Charlie get the desired state if
they each apply U, ! to their qubits. Therefore, Bob and
Charlie get the desired state with probability one. Note
that all of the operations and measurements are local.

Note that Alice can create the state in Eq. (1) and dis-
tribute the qubits at one time and perform the operation
U, and her measurement at a later time. The entangled
state resource can be distributed and stored until it is
needed. The state can be created using two Controlled-
V gates (see Fig. 1) , where V is the operator acting on
the qutrit, V|j) = |j — 1), where j = 0,1,2 and the ad-
dition is modulo 3. The control line is a qubit, and if
it is in the state |0), the gate does nothing to the target
qutrit, but if the qubit is in the state |1}, V is applied to
the qutrit. The circuit consists of three lines, with the
qutrit in line 1 and the qubits in lines 2 and 3. There is
a Controlled-V gate between lines 1 and 2 and a second
between lines 1 and 3. If the initial state of the circuit is
[0)1(x|0)2 4+ B]1)2)(x|0)5 4 B]1)3), the output is the state
in Eq. (1).

The same result, distributing the state ea|0) +
e~ 3|1) to Bob and Charlie, can be accomplished us-
ing teleportation, Alice could teleport the desired state
to both Bob and Charlie, but that would require two
(Bell-state) measurements, while the above procedure re-
quires one measurement that does not require projecting
onto an entangled basis. In addition, the entanglement
required between Alice, on the one hand, and Bob and
Charlie, on the other, is 2 ebits in the case of telepor-

tation and a maximum of less than log, 3 for the above
procedure.

To be more precise, we are comparing two scenarios.
In the first, Alice prepares the state in Eq. (1) and sends
the qubits to Bob and Charlie. The entanglement, cal-
culated by tracing out Bob and Charlie and finding the
von Neumann entropy of Alice’s reduced density matrix,
is

~[al*log, a]* — |B]* log, |B]* — 2] logy(2lasl?)
S 10g2 37 (3)

but numerically a sharper bound can be found. Let us
introduce the notation p = |a|?. Then the above equation
can be cast to the equivalent but simpler form,

E(p) = —2plogyp — 2(1 — p) logy (1 — p) — 2p(1 — p). (4)

Thus, the entanglement entropy E depends on the single
parameter p. It is plotted in Fig. 2. From the figure it is
obvious that E(p) < 1.5 < log, 3.

20~

FIG. 2: The entanglement entropy, E(p) from Eq. (4), vs. p.
The entropy has one maximum, at pp = 0.5. The maximum
value at the extremal point is E(po) = 1.5.

In the second scenario, Alice creates two singlet states,
and sends one qubit from each pair to Bob and Charlie.
In this case, the entanglement between Alice on the one
hand and Bob and Charlie on the other, which is given
by the von Neumann entropy of Alice’s reduced density
matrix, is 2. Finally, in the case of teleportation, the
classical information content of the messages Alice sends
to Bob and Charlie is 4 bits, two bits to Bob and two bits
to Charlie, while in the case of this remote state prepa-
ration protocol it is log, 3 bits, since Bob’s and Charlie’s
messages are the same, equiprobable, and there are three
possible messages.

B. Variations

The basic protocol can be modified, and here we
present two such variations. One allows Bob and Char-



lie to use different bases, and the second allows Alice to
probabilistically send an unknown angle.

It is possible to send states in different bases to Bob
and Charlie. Suppose Alice wants to send (1/v/2)(e'?]0)+
e~[1)) to Bob and (1/v2)(e¥| + x) + e — z)) to
Charlie, where | + 2) = (1/v/2)(|0) £ |1)). Alice starts
with the state

S10)al0)s] + e+ [1)alLys] — )
12)(10)8] — 2 + [1)s] + 2] (5)

Note that this state can be created from the state in Eq.
(1), with a = 8 = 1/4/2, by rotating qubit c. She sends
qubit b to Bob and qubit ¢ to Charlie, and applies U,
to her qutrit as before. She measures her qutrit in the
same basis as previously, and announces her result. In
order to perform the correction operations, Bob uses the
same unitary operator as before, but Charlie now uses
U, instead, where U,| £ z), = e*™/3| £ 2).. If Alice gets
|to)a, then they do nothing, if she gets |u1),, Bob applies
Up and Charlie applies U,, and if she gets |ua),, then Bob
applies U~ ! and Charlie applies Ut
Alice can also send states, with an angle unknown to
her, to Bob and Charlie probabilistically, that is, the
transmission will succeed with a probability less than one.
Suppose she has distributed qubits in the state in Eq. (1)
to Bob and Charlie, and she receives the qutrit state
B0 = 0+ Dt e R 6)
which encodes the angle . She sends the two qutrits
through a controlled-W (C'—W) gate, with the a qutrit as
the control and the d qutrit as the target. The operation
W acts on a qutrit as W|j) = |j + 1), where the addition
is modulo 3. The C'— W gate acts as

(C—=W)aqg = 0)0 (0|@I4+|1) o (1| @Wa+|2)a (2]@W2. (7)

Alice then measures the d qutrit in the {|j)q|j =0, 1,2}
basis, and if she obtains |0)4, which she does with a prob-
ability of 1/3, then the resulting abc state is now just
Ua|¥)abe, and the protocol proceeds as before. Because
the angle 6 is unknown, the correction step as in the basic
protocol is not possible.

III. N QUBITS

This procedure can be extended to N parties (we will
consider only the case in which all parties are using the
same basis). Alice now prepares a state consisting of one
qudit with N + 1 levels and N qubits

N 1/2
T) = akpNh (g) k)alk; N — k). (8)
k=0

Here |k), is the state of the qudit, and |k; N — k) is an
N-qubit state, which is a normalized completely sym-
metric state in which k of the qubits are in the state |0)

and N — k are in the state |1). These N-qubit states
are known as Dicke states. This state can be prepared
by starting the qudit in the state |0) and the qubits in
the state | + ). Each qubit is connected to the qudit
by a Controlled-Shift gate, where the qubit is the control
and the qudit the target. The gate acts as (qubit state
first) |0)|7) — |0)|7) and |1)|7) — |1}|j + 1), where the
addition is modulo N + 1. From the perspective of angu-
lar momentum, the Dicke states are angular-momentum
eigenstates, with Sioy = N/2 and S, = k/2, and are in
the highest-weight sector via adding angular momenta of
N qubits. The collective effect of Controlled-Shift gates
by the N qubits on the qudit state is to shift the latter
in the qudit basis by an amount equal to the value of
2S5, = k (or shifting its z-component angular momentum
by S, = k/2).

Alice distributes the qubits to the N parties. She can
now choose the angle by applying the operator U, to the
qudit, where

Ua(O)[k)a = € *F=N k). (9)
Alice now measures the qudit in the basis

N

1 )
|Um> - - 2:e27rzmlc/(N-‘,—1)U€>a7 (10)
VN +1 P

where m = 0,1,... N. If she obtains the result |u,,) the
unnormalized N qubit state is

1 iv: N /2
|(I)m> — OzkﬂNk< ) ez(2ka)6
VN +14 k

e~ 2mikm/(N+1) 1y 11 N — k). (11)

Alice then broadcasts the result of her measurement, and
each of the parties applies the correction operator, U,,
to their qubit, where U,,|0) = exp[2mim/(N + 1)]|0) and
Upm|1) = |1). This will result in each party possessing the
state ae’?|0) + Be~¥|1).

Let us compare this procedure to teleporting the states
to the parties. Teleportation would require N Bell state
measurements and an entanglement cost of N ebits. The
classical communication cost would be 2N bits. The
above protocol requires one measurement, the entan-
glement between Alice and the N parties is less than
logy(N + 1), and the classical information transmitted
is log, (N 4 1) bits, because, since everyone receives the
same message, there are only N + 1 possible messages,
and each of them has the same probability.

IV. DIFFERENT STATES

Suppose that instead of sending the same states to Bob
and Charlie, Alice wants to send them different states, in
particular, she wants to send (1/v/2)(e?1|0) + e~%1]1))
to Bob and (1/v/2)(e?2|0) +e~%%2|1)) to Charlie. She can



do this by entangling a four-level system with two qubits,
preparing the state

%(‘O>a|00>bc + ‘1>a|01>bc + ‘2>a|10>bc + |3>a|11>b6)- (12)

This resource state can be prepared by starting with two
qubits in the state | + x) and the qudit in the state |0),
that is, [0)4| + 2)p| + ). The qubits are connected
to the qudit by Controlled-Shift gates, where, as be-
fore, the qubit is the control and the qudit the target.
The gate acts as (qubit state first) |0)|0) — ]0)|0) and
1)) — [1)]j + 1), where now the addition is modulo
4. Qubit b is connected to qudit a by two Controlled-
Shift gates and qubit ¢ is connected to qudit a by a
single Controlled-Shift gate. After passing through this
circuit, the input state will be transformed into the
state in Eq. (12). An alternative is to replace the qu-
dit by two qubits, al and a2, with the correspondence
0)a <> [0}a1(0)az, ‘1>a < [0)a1]1)a2, 2)a > [1)a1]0)az,
and |3), ¢ |1)a1|1)a2. The state corresponding to that
in Eq. (12) can then be produced with an input state
[0)a1]0)a2| + z)p| + z). and a circuit with two C-NOT
gates. One of the C-NOT gates has qubit b as the con-
trol and qubit al as the target, and the other has qubit
c as the control and qubit a2 as the target.

Note that the entanglement of the state in Eq. (12)
between Alice, on the one hand, and Bob and Charlie on
the other, is greater than in the case in which she sends
the same states to Bob and Charlie, 3/2 for the same
state and 2 for different states. As before, she now sends
qubit b to Bob and qubit ¢ to Charlie. Her operator U,
now acts as follows

Ua|0), = ' @17%2)|0),
Ual2)a = €_i(91_92)\2>a Ual3)a

Uall)a = ei(91_92)|1>a
= e~ 01+02)|3) . (13)

Alice then measures her system in the basis

3

1
[uja =5 D €™ k)a, (14)
k=0

for j = 0,1,2,3. She announces her result, and Bob
applies the operator Uy; to his qubit and Charlie applies
U.; to his, where

Upjl0)s = [0)s Upj|1)p = (=1)7[1)s
U0j|0>c = |O>c U6j|1>c = eiﬂj/2|1>6~ (15)

This will result in Bob and Charlie having the desired
states. The only advantage in this case over standard
teleportation is the reduced classical communication, in
the sense that the message to Bob and Charlie is the
same whereas in the case of teleportation there are, in
general, two different messages. The main point of this
example is that it illustrates the fact that if one wants
to send different messages to a number of receivers, the
entanglement cost will be greater than if one wants to
send them the same message.

V. QUTRITS

Qutrits offer the possibility of Alice being able to con-
trol two parameters rather than one. She is able to broad-
cast the equatorial state

1 01 ei02
ﬁ(|0>+e 1) +e72[2)),  (16)

to Bob and Charlie. In order to do so, Alice starts with
a 6-level system entangled with two qutrits in the state

|¢(91792)> =

W) = 2{10)ul00)se + [1)a(I00)se + 10}

+‘2>a|11>bc + |3>a(|02>bc + ‘2O>bc)
H40al22)se + 13)a([12)5e + 21)30)].  (17)
Alice sends the qutrits to Bob and Charlie, and when

she wants to broadcast the states [1(671,62)) to them she
applies the operator U,(f1,602) to her system, where

Ua(91792)|0>a = |0>a Ua(eh 92)|1>a = eiel |1>a

Ua(91,6‘2)|2>a - 62i91|2>a Ua(91792)|3>a _ ei02|3>a
Ua(ela 92)|4>a = 62i92|4>a Ua(el, 92)|5>a = ei(91+‘92)|5>a_
(18)
Next, she measures her system in the following basis
T
|u0>a = 6 Z |j
7=0
N , ‘
|U1>a = % 2627”‘7/3 +6727Tl/3‘3>a+62772/3|4>a
=0
+[5)a
1 [ 2
lug)e = —= Z e=2m/B|fy 4 e2TI3|3) 4 em2mI/3) gy,
V6 | 5=0
+15)a]
N _ 5
usde = —= | D li)a+ 3 (-
[7=0 i=3
N o ,
|U4>a = 76 Z(_I)J62w13/3|j>a_672wz/3|3>a
_jZO
+e27ri/3|4>a _ |5>a:|
1 [ 2
lus)e = —= Z(_l)je—27rz‘j/3|j>a_e2m'/3|3>a
| =
+e*2m‘/3|4>a — |5>a} , (19)

and tells Bob and Charlie the result. They can then apply
correction operators to their qutrits, with the result that
each will possess the quantum state |¢(61,62)). As an



example, suppose that Alice obtained |ug),. Bob and

Charlie then have the state

1 ) . ) .
T30+ L) 4 eI ). (20)

They can each correct this state by applying the operator
U = [0)(0] + e~ 27/3|1) (1| 4 €*>7¥/3|2)(2| to their qutrits.

This procedure will work with more general states than
the one in Eq. (16). In analogy to the state in Eq. (1),
we can introduce coefficients «, 8, and «y into the state in
Eq. (16) and Alice can then send the state [1)(61,65)) =
(a]0) + Bet®1|1) + ve%2|2)) to Bob and Charlie. We note
that the state in Eq (17) can be created in a way similar
to the state used in the basic protocol by initializing the
qudit in |0) and the two qutrits each in (|0)4|1)+]2))/v/3,
followed by Controlled-Shift gates by each qutrit. There
are some differences. (a) The Controlled-Shift gate by the
qutrit to the qudit is |5)|b) — [7)|(b + j)mod N). After
the all Controlled-Shift gates, two parts in the resultant
state are different from the desired forms: [2),(]02)p. +
[20)pc) and |3)4(|12)pc + |21)pe). (b) To turn the a state
in the first term to |3), and the second term to |5)g,
one can apply further Controlled-Controlled-Shift gates
(controlled by the two qutrits) so that only when the
two qutrits are [02). or |20);. the a state is shifted by
one unit and similarly by two units if the two qutrits are
either |12)p. or |21)p.

VI. APPLICATIONS

What we have shown is that this protocol can be used
to broadcast a class of qubit states to multiple parties.
The qubits could, for example, be used as inputs to quan-
tum devices at different locations. They could also be
used as keys to unlock encoded quantum information.
Suppose Bob and Charlie each have a qubit in the state
[9(0)) = (1/v/2)(e?|0) + e~%|1)), which they have re-
ceived from Alice. Bob wants to send a qubit to Charlie
in the state (1/v/2)(e’®|0) 4+ e~*?|1)) and protect it from
eavesdropping. He takes his qubit in the state [(8))s,
and rotates it about the z axis by ¢ yielding the state
[(0 + ¢))p, and sends that to Charlie. To any eaves-
dropper, who does not know the angle 6, the state is

% / do (0 + 8)s($(0 +¢)| = (1/2)L,.  (21)

When Charlie receives Bob’s qubit, he can combine it
with his qubit yielding the state

B0+ 6NslwO)e = S CHI00p + oL
+€_i¢|10>bc
+e 7 0T 11),,]. (22)

If Charlie now measures this state with the projector P =
|01)(01]|4]10)(10| and obtains the result 1, which he does

with a probability of 1/2, and finally applies the unitary
operator that takes |01) — |01) and |10) — |11), he will
have the qubit Bob wanted to send him.

Quantum voting schemes have been proposed [13-17],
and the procedure developed here can also be used in a
voting scheme to protect the votes from either an outside
eavesdropper or from other voters. Alice uses the proce-
dure to send each of the voters the state [1/(9)), and only
Alice knows the value of §. In order to vote each voter ei-
ther does nothing or applies o, to their qubit. Note that
0. [(0)) = e~/ (8—7/2)), and (12(6) (07 /2)) = 0.
The qubits are then sent back to Alice, who, knowing 6
can measure them in the correct basis to determine the
votes. Security can be increased by having Alice send
several qubits to each voter, each with a different angle.
Alice announces the angles of several of the qubits, and
the voters measure them in the corresponding bases to
verify that what they received is the same as what Al-
ice sent. Any discrepancies would indicate the presence
of an eavesdropper. Each voter then performs the voting
operations on his or her remaining qubits and sends them
to Alice, who measures them to obtain the votes. The
qubits from each voter should yield the same vote, and
if they do not, there has been tampering.

If there are two receivers, it is possible to modify the
procedure in order for Bob and Charlie to share a Bell
state. Specializing again to the case a = 8 = 1/V/2,
Alice can measure the state in Eq. (1) in the basis
(1/4/2)(]0)%|1)) and |2), and this will guarantee that Bob
and Charlie share a Bell state, though which Bell state
they share depends on the result of Alice’s measurement.
If they wish, they can then use this state for telepor-
tation. For more than two receivers, this is no longer
the case. Measurements by Alice would result in the re-
ceivers sharing a multiparticle entangled state, and the
utility of such a state for two-way communication is not
clear. Another possibility is the following. Alice can ap-
ply a controlled unitary, U, to her qutrit. In addition to
her qutrit, she has a qubit, a’, in the state (]0) +[1))/v/2,
and the controlled unitary acts, for j =0, 1, as

Ueli)wlO)a = €% [5)ar [0}
Uelf)arll)a = €2 |j)ar|1)a
Uc|j>a’|2>a = ‘j>a’|2>a~ (23)

Measuring her qutrit and having Bob and Charlie apply
the correction operations (note that these operations are
independent of #) results in the state

1
ﬁ(m)a/liﬂ(@o))bllﬁ(@o»c + [Dar[¥(01))6]00(01))c), (24)
where [¢(0)) = (1/v/2)(e?|0) 4+ e~ ?|1)). If Alice now
measures her qubit in the | & ) basis, Bob and Char-
lie will obtain the entangled state |¢(00))s|®(00))e =
[1)(61))5]1(01)). depending on her result.



VII. CONCLUSION

We have presented a way of distributing a restricted
class of quantum states to multiple receivers. The pro-
posed protocol is a multipartite version of remote state
preparation, and it uses less entanglement than making
use of teleportation to accomplish the same result. It
provides an alternative to teleportation for some tasks
in quantum networks. A number of examples were pre-
sented. These results should facilitate communication in
quantum networks.
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