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ABSTRACT

We perform path integral molecular dynamics (PIMD) simulations of a monatomic liquid that exhibits a liquid-liquid phase transition and
liquid-liquid critical point. PIMD simulations are performed using different values of Planck’s constant h, allowing us to study the behavior of
the liquid as nuclear quantum effects (NQE, i.e., atoms delocalization) are introduced, from the classical liquid (h = 0) to increasingly quan-
tum liquids (h > 0). By combining the PIMD simulations with the ring-polymer molecular dynamics method, we also explore the dynamics of
the classical and quantum liquids. We find that (i) the glass transition temperature of the low-density liquid (LDL) is anomalous, i.e., TgLD L(p)
decreases upon compression. Instead, (ii) the glass transition temperature of the high-density liquid (HDL) is normal, i.e., TgD L (P) increases
upon compression. (iii) NQE shift both TéD L(P) and T;,w L (P) toward lower temperatures, but NQE are more pronounced on HDL. We
also study the glass behavior of the ring-polymer systems associated with the quantum liquids studied (via the path-integral formulation of
statistical mechanics). There are two glass states in all the systems studied, low-density amorphous ice (LDA) and high-density amorphous ice
(HDA), which are the glass counterparts of LDL and HDL. In all cases, the pressure-induced LDA-HDA transformation is sharp, reminiscent
of a first-order phase transition. In the low-quantum regime, the LDA-HDA transformation is reversible, with identical LDA forms before
compression and after decompression. However, in the high-quantum regime, the atoms become more delocalized in the final LDA than in
the initial LDA, raising questions on the reversibility of the LDA-HDA transformation.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0087680

. INTRODUCTION

Glasses are out-of-equilibrium, amorphous solid states. They
exhibit no evident long range order, like liquids, and they possess
no molecular translational motion, like solids." Most glass-former
liquids are classical in nature. This is because common glass for-
mer liquids are usually composed of heavy atoms or molecules and
exhibit a relatively high glass transition temperature; e.g., T ~ 1000
K in the case of silicon.” At such conditions, quantum mechanics
plays no role. However, in the case of light elements, such as H or He,

or small molecules that contain H, such as water, nuclear quantum
effects (NQE; i.e., quantum fluctuations due to atoms delocalization)
can play a relevant role.” The NQE on low-T glass forming liquids
composed of light elements, and on the corresponding glasses, are
not well understood. For example, intuitively, one would expect that
the inclusion of NQE should lower the glass transition temperature
of aliquid. Yet, computer simulations and theory indicate that quan-
tum fluctuations can promote or inhibit the glass formation.”” NQE
seem to also play a relevant role in He glasses formed by isothermal
compression.”
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Understanding the role of NQE on low-T liquids becomes
more complex for the case of polymorphic liquids. This is because
polymorphic liquids, such as water and hydrogen, exhibit two liq-
uid states at low temperatures, low-density, and high-density liquid
(LDL and HDL). In these substances,” ~ LDL and HDL are sepa-
rated by a first-order phase transition line (in the P-T plane) that
ends at a liquid-liquid critical point (LLCP) at P > 0. For example,
in the case of water, the estimated location of the LLCP is T ~ 220 K
and P. ~ 50 — 100 MPa; in the case of hydrogen, T. ~ 2000 K and
P ~ 100 — 200 GPa.!" Interestingly, in the case of water, vitrifica-
tion of LDL and HDL leads to two different glassy states, low-density
and high-density amorphous ices (LDA and HDA)."” ** To the best
of our knowledge, LDA and HDA forms have not yet been identified
in the case of hydrogen.

Experiments and computer simulations of water indicate that
water thermodynamic and dynamic properties are indeed affected
by NQE. For example, the diffusion coefficient of H,O, at a given
temperature, is larger than for D,0, and the estimated LLCP tem-
perature of H,O is lower than the corresponding temperature of

! "% we performed path-integral Monte

D,0.?* % In recent studies,””
Carlo (PIMC) simulations of the Fermi-Jagla (FJ) liquid, a water-
like monatomic model liquid that exhibits a liquid-liquid phase
transition (LLPT) and LLCP and studied the NQE on its thermo-
dynamic properties. It was shown that the LLCP of the FJ liquid
also shifts toward lower temperatures as NQE become more pro-
nounced, in agreement with experiments and computer simulations
of water.””*?"*" Moreover, all the water-like anomalous thermody-
namic properties of the FJ liquid, such as the compressibility and
density maxima lines, shift toward lower temperatures and change
shape with the inclusion of NQE.** Motivated by these results and
the reported NQE effects in water (and, potentially, hydrogen) at
conditions close to the corresponding LLPT/LLCP, in this work, we
extend our previous studies*”’ and investigate the role of NQE on
the dynamics of the FJ liquid at low-temperatures, close to the cor-
responding glass state. In the case of the classical FJ liquid,”""* as
well as water,’” the system has two glass transition temperatures, one
for LDL [TéDL (P)] and one for HDL [T‘?DL(P)].“4 These two tem-
peratures exhibit a very different dependence on pressure. One of
the goals of this work is (i) to use path integral molecular dynam-
ics (PIMD) simulations and the ring-polymer MD (RPMD) method
to study how the introduction of NQE affects both TéDL (P) and
T;P"(P).

The behavior of TéD L(P) and TgHD L(P) in water and FJ lig-
uids are intimately related to the presence of LDA and HDA.
Hence, in this work, (ii) we also explore the glass behavior of
the ring-polymer systems associated with the classical (h = 0) and
quantum (h > 0) FJ liquids [via the path-integral (PI) formulation
of statistical mechanics]. We note that, strictly speaking, the PI
formalism provides an isomorphism between the canonical parti-
tion function of the quantum liquid and a classical ring-polymer
system composed of beads connected by temperature-dependent
springs.”® Accordingly, the PI formalism is limited to equilibrium
conditions. Yet, characterizing the behavior of the ring-polymer
systems with & > 0 in the glass state is useful to understand the low-
temperature behavior of the quantum liquids. Indeed, a few studies
have extended the isomorphism between quantum systems and
the corresponding ring-polymer counterpart to out-of-equilibrium
conditions.””
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Our PIMD/RPMD simulations show that including NQE shifts
both TgLD L(P) and TgHD L(P) toward lower temperatures, partic-

ularly, T:D L(P) (high-pressure liquid). For all values of h stud-
ied, the FJ liquids vitrify into LDA and HDA forms. In addition,
the ring-polymers simulations in the glass domain indicate that
LDA and HDA forms can be interconverted by isothermal com-
pression/decompression, as expected for polyamorphic substances.
Accordingly, our results suggest that the common liquid/glass phase
diagram of polyamorphic substances is robust and that glass poly-
morphism is not removed by the inclusion of NQE. However, micro-
scopically, the LDA-HDA transformation is fundamentally different
for the classical-like (h ~ 0) and quantum-like FJ liquids (% > 0). In
particular, for large values of h, the ring-polymers become increas-
ingly expanded during both the LDA-to-HDA and HDA-to-LDA
transformations (in the case of small 4, the ring-polymers contract
along these transitions). These results are important in the context
of polyamorphism in light elements, such as hydrogen, for which
different studies indicate the existence of a LLPT/LLCP and for the
understanding of isotope substitution effects in supercooled and
glassy water.

This work is organized as follows: The computer simulation
details are provided in Sec. II. In Sec. III, we discuss the NQE on
the dynamical properties of the FJ liquid. In Secs. IV and V, we dis-
cuss the role of NQE on the glass polymorphism and glass transition
of the FJ liquid. A summary is included in Sec. V1.

Il. SIMULATION DETAILS

We perform equilibrium and out-of equilibrium PIMD simula-
tions of a system of particles with isotropic pair interactions given by
the Fermi-Jagla (FJ) potential;"”* see Fig. S1 of the supplementary
material. Following Ref. 32, the F] potential is truncated at the cutoff
distance r. = 4.0 (all quantities are reported in reduced units’”). The
FJ liquid exhibits many of water anomalous properties, such as the
increase of the isothermal compressibility and a density maximum
upon isobaric cooling and a diffusivity maximum upon isothermal
compression. The FJ liquid also exhibits a LLPT and an associated
LLCP,” consistent with computational and experimental studies
of water, sulfur, and phosphorus, among others.”® *” In the glass
state, the F] model shows glass polymorphism with transforma-
tions between a low-density and a high-density amorphous solid
(LDA and HDA).”""" The transformation between LDA and HDA
is reminiscent of first-order phase transitions in equilibrium sys-
tems, and it is similar to the LDA-HDA transformation observed in
water."”

The PIMD simulations technique is based on the path integral
formulation of statistical mechanics.””” It allows one to calculate
static properties in the presence of NQE, including thermodynamic
(e.g., energy and compressibility) and structural properties [e.g.,
radial distribution functions (RDFs)]. In the path integral formula-
tion, the canonical partition function of the quantum liquid is shown
to be isomorphic to the canonical partition function of a classical
liquid composed of ring polymers. Each ring-polymer is composed
of nj beads, where the beads are connected by springs with spring
constant ke = 27m,/(BA*), where A = h/\/2nmkpT is de Broglie’s
thermal wavelength, = 1/kgT, and m is the mass of the particle.
The interactions between beads of different polymers are subtle;
bead n (n=1,2,...,n,) of ring-polymer A interacts only with bead
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n of ring polymer B (in our case, the corresponding bead-bead
interactions are given by the FJ pair potential re-scaled by 1/ny,).

PIMD simulations cannot be used to calculate dynamical prop-
erties, such as the diffusion coefficient of the atoms in the liquid.
Hence, for dynamical properties, we use the RPMD method.”* The
RPMD approach uses the classical evolution of the ring-polymer sys-
tem in constant-(N, V, E) PIMD simulations (with the mass of the
ring-polymer beads equal to the corresponding atomic mass) to cal-
culate, approximately, the Kubo-transformed correlation functions
of the quantum system. From the Kubo-transformed correlation
functions, one can obtain dynamical properties of the quantum
system. For example, the RPMD approach allows one to calculate
the diffusion coefficient of the atoms in the liquid, D, from the
Kubo-transformed velocity autocorrelation function evaluated from
constant-(N, V, E) PIMD simulations. The use of constant-(N, V, E)
PIMD simulations is not strictly necessary. For example, in the
thermostatted RPMD (T-RPMD)’* method, the Kubo-transformed
velocity autocorrelation functions are calculated from constant-
(N, V, T) PIMD simulations where the temperature is controlled
using a stochastic (local) path integral Langevin equation (PILE)
thermostat.”

In this work, the diffusion coefficient D of the quantum lig-
uid is calculated from constant-(N, V, T) PIMD simulations using
a local PILE thermostat, as in the T-RPMD method.”* However, in
T-RPMD using the local PILE thermostat, one sets the friction coef-
ficient of the zero-frequency mode to zero (y = 0),”* while in our
case, y=0.1 psfl. As shown in Ref. 23, the diffusion coefficients
calculated in this way are consistent with true T-RPMD as long as
the value of y remains small. In addition, we calculate D from the
mean-square displacement (MSD) of the ring-polymer centroids, as
implemented in Ref. 55. As shown in Ref. 23, the diffusion coeffi-
cient obtained by the method followed here gives values of D that
are consistent with those obtained by the original RPMD method,
based on the Kubo-transformed velocity autocorrelation functions
and calculated from constant-(N, V, E) PIMD simulations.

In order to study the NQE on the properties of the FJ liquid,
we study a family of FJ liquids, each liquid differing by the value
of Planck’s constant, A, in the expression for ky. As the value of
h increases, kg decreases, allowing the beads to spread. We note
that the classical FJ liquid corresponds to the case h = 0 for which
k¢ — oo and the ring-polymers collapse. In this work, we focus on
three values of h: hyg = 0, h; = 0.2474, and h3 = 0.7948. We note that
these values of h are not negligible and are relevant in the con-
text of real substances, such as hydrogen and water, which have
been suggested to exhibit a LLCP.”**’ The thermodynamic proper-
ties and phase behavior of the quantum FJ liquids with h = hy, k3
are discussed in Ref. 29. Equilibrium PIMD simulations are run
for 11y = 5% 10° to 1.5 x 10’ simulation steps during equilibration,
depending on temperature and volume. Production runs extend
for an additional 71,49 = 5 x 10° to 1.5 x 10’ number of steps. We
confirm that 714, 71,04 are large enough so the mean-square displace-
ment of the particles is >10 (i.e., particles diffuse for at least one
nearest-neighbors average separation).

We perform PIMD/RPMD simulations of a system composed
of N =1000 particles in a cubic box with periodic boundary con-
ditions. Most of the PIMD/RPMD simulations are performed with
np = 10 beads per ring-polymer. However, at very low tempera-
tures, we also run simulations using n;, = 50,100, 150, 250 to test for
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the convergence of our results with n,. Equilibrium PIMD simula-
tions are performed at constant (N, V, T) and extend over a wide
range of temperatures and volumes. Out-of-equilibrium simula-
tions, in the low-temperature liquid and glass domains, involve iso-
baric cooling/heating and isothermal compression/decompression
runs. During isobaric cooling/heating, the thermostat temperature
changes linearly with time, T(t) = To + g,t, where g, = 0.001 is the
cooling/heating rate and ¢ is the time. Similarly, during isothermal
compression/decompression runs, the barostat pressure changes lin-
early with time, P(t) = Pg + gpt, where g, = 0.0001 is the compres-
sion/decompression rate. In all cases, the temperature is controlled
using a local PILE thermostat,”® while the pressure is controlled
using a Monte Carlo (MC) barostat.””® The thermostat collision
frequency y and the frequency of the MC barostat A used in the
equilibrium and non-equilibrium simulations are important; see Fig.
S2 of the supplementary material. In this work, we use y = 0.21505
(y=0.1 ps™* in OpenMM default units) and A = 1 (which corre-
sponds to performing one MC volume change trial every time step
dt = 0.000 232). As shown in Fig. S2 of the supplementary material,
for these particular values of y and A, we can reproduce the equilib-
rium and non-equilibrium phase diagram of the classical FJ liquid
(e.g., Fig. 2 of Ref. 31 and Fig. 1 of Ref. 34).

For a given quantum liquid, characterized by a value of h > 0,
we study the pressure-induced LDA-HDA transition of the asso-
ciate ring-polymer system at temperature T (h). The starting LDA
used for the compression runs are obtained by cooling the liquid at
constant pressure P; (k) from a high temperature, where the liquid
is in equilibrium, to the compression/decompression temperature
T1(h). LDA is then compressed from P = P;(h) up to pressure
Py(h) [at T = T1(h)] to produce HDA; the so produced HDA is
then decompressed to very low pressures [at T = T1(h)]. The values
of (T4, Py, P) vary with h because changing h shifts the location of
the LLCP in the P-T plane.”” We set T;(h) = 0.0555T(h), where
Tc(h) is the LLCP temperature of the FJ liquid characterized by
a specific value of h; see Table . To define P;(h) and P,(h), we
take advantage of the fact that the LLCP volume is v.(h) = 2.9
for all the FJ liquids studied (i.e., v, is independent of h). The
value of Py (h) is chosen so the volume of the starting liquid con-
figuration for all values of h is v ~ 4.5 > v.; this corresponds to
cooling the liquids (LDL) isobarically at Pi(ho) = —0.10, P1(h1)
=-0.10, and Py (h3) = —0.15. P,(h) is chosen so as to keep the same
ratio for —P; /P,. For the classical FJ glass, P>(ho) = 1.5 and, hence,
—P1(ho)/P2(ho) = 15. Accordingly, P,(h1) = 1.5 and P,(h3) = 2.25.
For a given cooling/heating/compression/decompression simula-
tion, we perform ten independent runs, following the same proto-
col explained above. All of the PIMD simulations are performed

TABLE . The initial (P1) and final (P,) pressures chosen to study the pressure-
induced LDA-HDA transformation. The compression/decompression runs are per-
formed at temperature T4 (h); his Planck’s constant. All of the quantities below are
reported in reduced units.

h P, P, T,

ho=0 -0.1 1.50 0.010
hi1 =0.2474 -0.1 1.50 0.008
hs = 0.7948 -0.15 2.25 0.004
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using the OpenMM (version 7.4.0) software package,”” modified
to include the FJ pair potential interactions. In our computer sim-
ulations using the OpenMM software package, the atoms mass is
m=39.948 amu, a=3.40 A, and € = 0.9978 kJ/mol (but all
quantities are reported in reduced units’”***").

I1l. NUCLEAR QUANTUM EFFECTS ON THE LIQUID
DYNAMICS

In this section, we focus on the diffusion coefficient D of the
different FJ liquids studied. From the RPMD simulations, we first
calculate the mean-square displacement (MSD) of the ring-polymer
centroids, MSD(¢t) = <|F(to +1) - *(t0)|2), where (---) indicates
average over particles/ring-polymers and initial times t. The diffu-
sion coefficient is obtained from the long term behavior of the MSD,
MSD(t) — 6Dt.”>”

To determine the NQE on D as the FJ liquid becomes increas-
ingly quantum (increasing h), we calculate the iso-diffusivity line in
the P-T plane for the case D = 0.019. The (D = 0.019)-line in the
P-T plane for the quantum liquid with 4 = h3 is shown in Fig. 1(a);
as shown in Fig. S3 of the supplementary material, similar results
hold for the cases h = hg, h;. Also included in Fig. 1(a) are the LLCP
reported in Ref. 29 as well as the lines of maxima diffusivity and
maxima density (Dmax- and pmax—lines). These maxima lines are well-
known anomalous properties found in water and other anomalous
liquids.””®" The Dpax-line indicates the pressures at which D reaches
a maximum upon isothermal compression and the p,__ -line indi-
cates the temperature at which p reaches a maximum upon isobaric
cooling.

In normal liquids, the diffusion coefficient at a given tempera-
ture decreases monotonically with increasing pressure. Hence, one
would expect to find an iso-diffusivity line with a positive slope
in Fig. 1(a). Instead, for the classical and quantum FJ liquids con-
sidered, the (D = 0.019)-line is negatively sloped at low pressures,
in the LDL-like domain, and positively sloped at large pressures,
in the HDL-like domain. Indeed, the LDL and HDL branches of
the (D =0.019)-line seem to intersect at the Dmax-line. The non-
monotonic behavior of the (D = 0.019)-line shown in Fig. 1(a) and
its relationship with the Dmax-line are fully consistent with previous
classical MD simulations of water; see Ref. 33. Specifically, in the case
of water, the glass transition temperature of LDL is negatively sloped
in the P vs T plane, while the glass transition temperature of HDL
is positively sloped. In addition, the glass transition temperature of
water reaches a minimum at the intersection with the D;x-line.

As shown in Fig. 1(b), the LLCP and the Dyu-line both shift
toward lower temperatures with increasing h, ie., as the liquid
becomes more quantum. Interestingly, including NQE also alters the
shape of the Diax-line. A similar shift in temperature and change in
shape were found in the lines of maxima in thermodynamic proper-
ties, such as the p___-line specific heat and compressibility maxima
lines;”® see Fig. S3 of the supplementary material.

In Fig. S4 of the supplementary material, it is shown that, in
the classical liquid case, the (D =0.019)-line expands above and
below T.. Instead, in the quantum liquids, the (D = 0.019)-line is
always located at T > T.. Moreover, the separation in temperature
between the LLCP and the (D = 0.019)-line increases with increas-
ing h. This implies that while introducing NQE shifts both the
iso-diffusivity line and the LLCP toward lower temperatures, NQE
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FIG. 1. (a) P-T phase diagram of the quantum FJ liquids for the case h = h3
showing selected P-V isotherms (gray lines) and the LLCP (red star). The magenta
and blue triangles correspond to the density maxima (p,,,, ) and diffusivity maxima
(Dmax) lines, respectively. Black squares indicate the iso-diffusivity line for the
case D = 0.019. Similar results hold for the FJ liquids with h = hy, hy; see Fig. S3
of the supplementary material. (b) Dmax-lines for the classical (h = hy = 0) and
quantum FJ liquids (h = hy, h3). Including NQE (i.e., quantum fluctuations due to
atoms delocalization) shifts the LLCP, Dmax-line, and p,,...-line to lower temperature
and higher pressures; NQE also alter the shape of both maxima lines.
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are more pronounced on the LLCP. Accordingly, it is possible that
at very large h, the quantum liquid still exhibits an anomalous Dax-
line, with non-monotonic iso-diffusivity lines, without an accessible
LLPT/LLCP.

IV. GLASS POLYMORPHISM

The LLCP found in the quantum liquids with k = hy, h3 and
the anomalous shape of the iso-diffusivity line in Fig. 1 are consis-
tent with the possibility that the quantum systems also exhibit glass
polymorphism, such as the classical FJ liquid. That glass polymor-
phism may exist in the quantum case is not evident. For example,
crystallization could intervene before the glass state is reached,”
and NQE and/or quantum tunneling could affect the transformation
between different glass states at very low temperatures.®” Here, we
extend the PIMD simulations of the quantum FJ model liquids to the
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low-temperature, out-of-equilibrium domain. We explore the glass
behavior of the ring-polymer systems associated with the quantum
FJ liquids studied. Again, while the PI formalism does not guar-
antee that the ring-polymer system in the glass state and its glass
quantum counterpart are isomorphic, studying the glass behavior of
the ring-polymer systems can shed light onto the unusual dynam-
ics of the quantum liquids at low temperatures (see Sec. V). Briefly,
we show that for all values of / considered, the ring-polymer sys-
tems also exhibit glass polymorphism with sharp, first-order-like
phase transitions between LDA and HDA. However, differences in
the LDA-HDA transformations in the liquids with different values
of h exist at the microscopic level, which have implications in the
reversibility of the LDA-HDA transformation.

A. Preparation of low-density amorphous solid

In this section, we focus on the quantum systems with
h = hy,h3. The glass behavior of the classical FJ model system
is described in Refs. 31 and 34. Following Ref. 31, we prepare
LDA by cooling equilibrium configurations of LDL at low pressure
Py =-0.10 (h=h1) and Py = —0.15 (h = h3); g, = 0.001. Figure 2
shows the potential energy (PE) and volume of the system during
cooling for h = h3. Depending on the value of n;,, some of the cool-
ing runs exhibit crystallization; those trajectories that crystallized are
shown in the insets of the figure. The main point of Fig. 2 is that the
properties obtained upon cooling are very sensitive to the number
of beads employed, particularly, at low temperatures. Specifically, for
ny, = 50, the volume and PE of the system decrease abruptly as T — 0.
This is unexpected since in the classical FJ liquid, the PE and volume
are linear functions of temperature at low temperatures, within the
glass domain. The unusual sharp decrease in PE and volume shown
in Fig. 2 are artifacts that vanish as the number of beads per ring-
polymer increases. For example, at approximately T > 0.03, the PE
and volume of the system converge (i.e., they are n;,-independent)
for ny, > 50. Instead, for approximately T > 0.01, the PIMD simula-
tions converge for 1, > 150. That an increasing number of beads n;
is needed to obtain converged results with decreasing temperatures
is not unexpected.””* However, it is interesting that as ;, increases,
the behaviors of the volume and PE with temperature become nor-
mal at all temperatures, i.e., as in the classical systems. Specifically,
Fig. 2 indicates that, at low temperatures (i.e., in the glass state), both
the PE and volume depend linearly with temperature for sufficiently
large 1.

The average radius of gyration of the ring-polymers R, during
the cooling runs for h = h3 is shown in Fig. 3 (in the equilibrium
domain, R, is identical to the quantum uncertainty in the position
of the quantum liquid atoms™). It is expected that R, increases upon
cooling since kg o< T2, i.e., the springs of the ring-polymers become
weaker with decreasing temperature. However, for small values of
ny, Ry decreases anomalously at very low temperatures. Again, this
anomalous ring-polymer contraction, analogous to the behavior of
the PE and volume shown in Fig. 2, is an artifact that vanishes with
increasing n;,. Indeed, Fig. 3 shows that for n;, = 250, R¢(T') increases
upon cooling. We note that, qualitatively, similar results to those
shown in Figs. 2 and 3 hold for the case of & = h;. In this case, how-
ever, the volume, PE, and Rg(T) already converge for n;, = 50; see
Fig. S5 of the supplementary material.

In Figs. 2 and 3, we distinguished among those trajectories that
crystallized upon cooling from those that lead to an amorphous solid

ARTICLE scitation.org/journalljcp

_4 7:'_ L | L L L :
- (a) ]
—4.8— —
-4.9 —
'S _s o ~4.75 =
E -5.00 3
E —5.1H —
F -=5.25 3
_52F np =10 7
E m=30 00 2
_53F np =150 il
e np = 250 7
:l L1 11 | L1 11 | T - | | T - | I:
0.00 0.05 0.10 0.15 0.20
T [€o/ks]

47 L | L | L | T, 17T | ]
4.6 —
— 4.5 -
m - -
& r .
> a4l ;
4.3 np = 150 7
C — np =250 4-% 0 0.1 u
C L ? 1

2

L1 1 1 | | I | 1 I. L1 | 1 1
4%00 005 010 015 O
T [€0/ks]

FIG. 2. (a) Potential energy and (b) volume per atom of the quantum FJ liquid
upon cooling at Py = —0.15. During this process, the liquid (LDL) enters the glass
domain (LDA). The cooling rate is gy = 0.001 and Planck’s constant is set to
h = h; [results for h = hy are qualitatively similar; see Figs. S5(a) and S5(b) of the
supplementary material]. A large number of beads is needed to obtain converged
(np-independent) results at very low temperature (e.g., n, > 150 for approximately
T > 0.01). Four, one, two, and two trajectories crystallize upon cooling for the
cases np = 10,50, 150, 250, respectively (a total of ten trajectories are run for
each ny). The PE and volume from those trajectories that crystallize are shown
in the corresponding insets.

state (LDA). To do this, we follow the same criteria used in Ref. 31
to identify crystallization. Specifically, we evaluate the (global) order
parameter Qy introduced by Steinhardt ef al. in Ref. 65 (using the
centroids coordinates). A configuration with Qg > 0.20 is classified
as crystalline; otherwise, it corresponds to an amorphous structure.
The behavior of Q4(T) for the cooling runs performed for h = h;
and nj, = 250 is shown in Fig. 4(a). From these ten runs, only two
trajectories show crystallization. The radial distribution functions
(RDFs) of the system at the final temperature T = 0.004 are shown
in Fig. 4(b). When crystallization is absent, the RDFs of the system
show smooth and wide extrema that become weaker at large separa-
tions, consistent with the absence of long-range order. Instead, the
RDF of the system that shows (partial) crystallization (Qg > 0.20)
exhibits distinct peaks (the corresponding RDF maxima become
larger, the more crystal-like the system becomes).
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FIG. 3. Average radius of gyration of the ring-polymers (associated with the atoms
of the quantum liquid) upon cooling at Py = —0.15. The cooling rate is q; = 0.001,
and Planck’s constant is set to h = hs [results for h = hy are qualitatively simi-
lar; see Fig. S5(c) of the supplementary material]. A large number of beads are
needed to obtain converged (n,-independent) results at very low temperature; see
also Fig. 2. The inset shows the radius of gyration for the trajectories that show
crystallization upon cooling.
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FIG. 4. (a) Global order parameter Qs(T) of the quantum FJ liquid during the
cooling runs at P = —0.15. The cooling rate is g; = 0.001, and Planck’s constant
is set to h = hy; the number of beads per ring-polymer is n, = 250. Crystallization
is defined by the condition Qs > 0.20. (b) Radial distribution functions of the ring-
polymer centroids at the final temperature reached upon cooling, T = 0.004, for
the runs shown in (a). For comparison, included are the RDFs of the equilibrium
quantum liquids at the starting temperature, T = 0.19.
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B. Pressure-induced LDA-HDA transformation

In this section, we describe the pressure-induced LDA-HDA
transformations at T1(h). As it will be shown, the results are
sensitive to the quantumness of the system, as quantified by Planck’s

YHoa T (a)

0.5 1.0 1.5
P [a3/e0]

I | LI I | | LI I | | LI I | | T

0.20} e ——— (b)

I 1 1 1 1
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FIG. 5. (a) Volume as a function of pressure during the pressure-induced
LDA-HDA transformations of the ring-polymer system with n, = 50 at T = 0.008;
Planck’s constantis setto h = hy. (b) Global order parameter Qs (P) and (c) radius
of gyration Ry (P) during the LDA-HDA transformation shown in (a). Blue and red
lines correspond to the compression-induced LDA-to-HDA and decompression-
induced HDA-to-LDA transformations, respectively. Only those runs that show no
crystallization [i.e., Qs (P) < 0.20] are included.
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constant h. Hence, we will focus on the following two cases: (a)
h = h; and n, = 50 and (b) k = h3 and n;, = 250.

(a) h = hy. shows the volume as a function of pres-
sure during the compression of the ring-polymer system with = h;
(np =50) at Ty = 0.008. The starting LDA configurations are pre-
pared by isobaric cooling of the liquid at P; = —0.10, as explained
in Sec. . The sudden decrease in volume at P ~ 0.75 indicates
the transformation of LDA to HDA. From the nine compression
runs performed, only six of them show no sign of crystallization.
Specifically, for these trajectories, Qgz(P) < 0.20 for all pressures
considered; see .

Included in and are the v(P) and Qu(P) dur-
ing the decompression-induced HDA-to-LDA transformation (red
lines). The sudden increase in v(P) at P~ 0.1 indicates the con-
version of HDA back to an LDA-like state. Further decompres-
sion of the system at P < 0.1 leads to the fracture of the LDA [at
these conditions, the ring-polymer interactions cannot withhold the
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negative pressures (tension) applied to the system and cavitation
occurs]. The results shown in and are qualitatively
similar to those obtained in Ref. 31 for the classical FJ glass. This is
consistent with the fact that h; is small and, hence, only mild NQE
are expected. Indeed, as shown in , the ring-polymers for
h = hy are rather localized at all pressures considered. Specifically,
R¢(P) < 0.13, implying that the polymers expand for approximately
<26% of the hard-core radius of the classical FJ pair potential (the
hard-core radius of the FJ pair potential is r = 1 in reduced units).
During compression, Rg(P) decreases smoothly, except at the
LDA-to-HDA transition where R, (P) shows a small maximum fol-
lowed by a sudden decrease. During decompression, Rg (P) increases
rather smoothly until it reaches the values characteristic of the start-
ing LDA state (at P < 0.10); at the HDA-to-LDA transition, Ry (P)
also shows a small maximum. Overall, for the case of h = h;, the
changes in Ry (P) during the compression and decompression runs
are rather small, ~0.08 < R¢(P) < 0.13, indicating that the spread of

FIG. 6. Snapshots of the ring-polymer
systems for the case h = hy, np = 50.
(a) Equilibrium liquid at Py = —0.10 and
Ty =044. (b) LDA (v =4.0) and (c)
HDA (v = 1.8) formed during the com-
pression run at T4 = 0.008 [blue line in

]. (d) LDA (v =4.0) formed
during the decompression of HDA at
T1 =0.008 [red line in ]. In all
cases, the ring polymers are mildly delo-
calized. Blue ring-polymers are randomly
selected and exemplify the rather mild
spreading of the ring-polymer beads.
Panels (b) and (d) show that the starting
LDA (before it is compressed and trans-
forms to HDA) and final LDA (obtained
by decompressing HDA) are practically
identical microscopically.
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the ring-polymers is mildly affected during the LDA-HDA transfor-
mations (h = hy). Figure 6 shows snapshots of ring-polymers in the
LDA and HDA states for h = h;.

Figure 7 shows the RDF of the ring-polymer system at selected
volumes during the compression and decompression runs. The
structural changes during the LDA-HDA transformations are sim-
ilar to those observed in the classical case (h = 0). Accordingly, we
refer the reader to Refs. 29, 31, and 32 for details. Briefly, the HDA
state is characterized by a first peak in the RDF at r ~ 1, correspond-
ing to the hard-core distance of the FJ pair potential. Instead, in the
LDA state, the ring-polymer centroids/beads are further apart by a
distance r ~ 1.7, close to the distance at which the FJ potential has
its minimum. Not surprisingly, since Rg(P) is small, we find no dif-
ferences in the RDFs of the ring-polymer centroids and beads (that
belong to the same replica). Interestingly, this implies that the col-
lapse of the LDA-to-HDA transformation in the quantum system
at the h = hy level occurs within each replica as well. Specifically,
during the LDA-to-HDA transformations, all ring-polymer beads
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FIG. 7. Replica radial distribution function of the ring polymer-system with n, = 50
at T = 0.008; Planck’s constant is set to h = hy. RDFs of (a) LDA at v = 4.0 and
(b) HDA at v = 1.8 obtained during both the compression and decompression
runs [blue and red lines in Fig. 5(a), respectively]. The insets show the centroid
radial distribution function for the same volumes during both the compression and
decompression runs. The LDA-HDA transformation occurs at the centroids level
as well as within the individual replicas.
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with the same number n (n = 1,2, ..., 1, ) move closer to one another
(from r = 1.7 to r = 1.0), i.e., the beads in replica # collapse as do the
atoms in the classical FJ liquid.”! In addition, this implies that when
one LDA replica transforms to HDA, all of the remaining replicas
transform to HDA as well. The results of Figs. 5-7 show that in

LDA ka);

N\

AN

00 05 1.0 15 2.0
P [a3/go]

HDA

!\,_|IIII|IIII|IIII|IIII|IIII|I

0.150

0.125 — (b) E

0.100
© 0.075
(@4

0.050

0.025

0.OoollIIIIIII|IIII|IIII|III

1
00 05 10 15 20

N_lIII|IIII|IIII|IIII|IIII|

5
P [a3/go]
08 | T 1T T 1T T 1T | L Ikl LI
[ c) |
0.6 —— _:

0.4

Rg [al

0.2

—_—

||||||||||||||||||||||||
0040 "05 10 15 20 25

P [a3/e0]

FIG. 8. (a) Volume per ring-polymer as a function of pressure during the pressure-
induced LDA-HDA transformation of the ring-polymer system (n, = 250) at
T = 0.004; Planck’s constant is set to h = hs. (b) Global order parameter Qs (P)
and (c) radius of gyration during the LDA-HDA transformation shown in (a).
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the low-quantum regime (h = h;), the LDA before the compression
and the LDA form after the decompression are practically identi-
cal. Specifically, they both have approximately the same volume, Ry,
and replica RDF. Accordingly, the LDA-HDA transformation in the
low-quantum regime (h = h;) can be considered to be reversible, as
found previously for the classical (h = 0) case.

(b) h = v(P), Qs(P), and R¢(P) for the case
h=hs (n,=250), during the LDA-HDA transformations at
T =0.004, are included in . At this level of quantumness,
only two of the eight trajectories show no crystallization during the
compression—decompression cycle [ ]. Overall, ,

, , and are qualitatively similar with a sudden change
in v(P) and Qg¢(P) accompanying the LDA-HDA transformations.
However, increasing Planck’s constant from h; to h3 reduced con-
siderably the hysteresis AP during the LDA-HDA transformations:
AP ~0.7,0.2 for h = h; and hs, respectively. We note that, as shown
in Fig. S6 of the , the properties we report
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during the LDA-HDA transformation for the case h = h3 vary with
ny, and require a large number of beads to converge (1, > 150).

The most relevant NQE on the LDA-HDA transformations
occur at the microscopic level. Specifically, as shown in
R¢(P) suddenly increases during the LDA-to-HDA transition for
h = hs while, instead, R¢(P) suddenly decreases for h = hy [ l.
It follows that for the more quantum system, the ring-polymers
are not able to contract once the HDA state is formed. Indeed,
a large increase in the ring-polymer expansion occurs during the
LDA-to-HDA transformation, with Rg ~ 0.25 in the LDA state and
R ~ 0.42 in the HDA state. Remarkably, during the decompres-
sion, the ring-polymers continue to expand considerably. In the final
LDA state, after decompression, R, ~ 0.65, implying that the ring-
polymers expand by ~160% during the LDA-HDA-LDA sequence
of transformations.

An extrapolation of the results obtained for the ring-polymer
system to the case of the quantum liquid suggests that, during the

FIG. 9. Snapshots of the ring-polymer
systems for the case h = h3, n, = 250.
(a) Equilibrium liquid at Py = —0.15 and
T4 =0.19. (b) LDA (v =4.0) and (c)
HDA (v = 1.8) formed during the com-
pression run at T4 = 0.004 [blue line in
]. (d) LDA (v =4.0) formed
during the decompression of HDA at
T1 =0.004 [red line in ]. While
the ring-polymers are rather localized
in the equilibrium liquid state (a), they
expand considerably in the LDA and
particularly in the HDA state. Blue ring-
polymers are randomly selected and
exemplify the spreading of the ring-
polymer beads from the corresponding
centroid. Panels (b) and (d) show rel-
evant microscopic differences between
the starting LDA (before it is compressed
and transforms to HDA) and final LDA
(obtained by decompressing HDA).
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pressure-induced LDA-to-HDA and HDA-to-LDA cycle, the quan-
tum particles of the system become increasingly delocalized. Yet, the
changes in v(P) between the final and starting LDA state are small,
<1%. It follows that while the behavior of v(P) suggest that the LDA
forms before the compression and after the decompression have the
same volume, the starting LDA and final LDA states are not identical
microscopically, a consequence of the quantum fluctuations due to
NQE. This is evident in the snapshots shown in Fig. 9. The snapshots
in Figs. 9(b) and 9(d) confirm that the microscopic structures of both
LDA forms are different. We note that in Ref. 6, a similar sudden
atom delocalization was found during isothermal fast compressions
of *He.%

The centroid and replica RDFs for the system with / = h3 are
shown in Fig. 10. A comparison with Fig. 7 shows that the replica
RDFs are very similar for the quantum systems with & = h; and hs.
For example, in both cases, the first two maxima of the replica RDF
for LDA are located at r = 1.7,3.2; similarly, the first two maxima
of the replica RDFs for HDA are located at r = 1.2, 1.7. This implies
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FIG. 10. Replica radial distribution functions of the ring-polymer system with
ny = 250 at T = 0.004; Planck’s constant is set to h = h;. RDFs of (a) LDA at
v = 4.0 and HDA at v = 1.8 obtained during both the compression and decom-
pression runs [blue and red lines in Fig. 8(a), respectively]. The insets show the
centroids radial distribution function for the same volumes as in the main plot dur-
ing both the compression and decompression runs. Differences in the RDFs of the
centroids and beads (of the same replica) exist in both LDA and HDA.
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that at the replica level, the LDA-HDA transformations involve the
same structural changes among the ring-polymer beads, indepen-
dent of & (i.e., during the LDA-to-HDA transformations, the replicas
collapse and the corresponding beads move closer from r = 1.7 to
r = 1). The situation is different for the centroids RDF. At h = hy, at
which NQE are mild, the ring-polymer beads are very close to corre-
sponding centroids, and hence, the centroids and replica RDFs show
only minor differences (Fig. 7). Instead, at h = h3, the ring-polymer
are delocalized and, accordingly, the replica and centroid RDFs dif-
fer; see, e.g., the centroid and replica RDFs of LDA at r =2.2,3.9 in
Fig. 10(a) and the centroids and replica RDFs of HDA at r = 1.2 in
Fig. 10(b).

While the LDA-HDA transformation is reversible in the low-
quantum regime (h = h;), the reversibility of this transformation is
less evident in the high-quantum regime (4 = h3). On the one hand,
the LDA forms before the compression and after the decompression
have practically the same volume and replica RDFs.”” On the other
hand, they exhibit different R, (i.e., atoms delocalization). Thus,
in principle, one may conclude that both LDA forms are different
glasses. However, the subtlety in this interpretation is that LDA and
HDA are not analogous to crystalline states, with unique RDFs and
thermodynamic properties. As discussed in Ref. 16 for the case of
water, LDA and HDA represent two families of glasses; glassy forms
within each family exhibit similar RDF and (out-of-equilibrium)
thermodynamic behavior, including the glass transition tempera-
ture. This is because glasses are out-of-equilibrium systems with
properties that vary with the specific method of preparation (includ-
ing cooling and compression/decompression rates). The case of
water is a nice example. In Refs. 68 and 69, it is shown that the water
LDA and HDA “families” are characterized by different regions of
the potential energy landscape (PEL), each region corresponding to
a wide set of slightly different LDA/HDA forms. Therefore, with the
available data, it remains unclear whether the LDA forms obtained
before the compression and after the decompression are (i) the same
LDA form, (ii) two glassy forms belonging to the same LDA family
of glasses, or (iii) two glasses, say, LDA; and LDAy;. This question
will be addressed in a future study.

V. GLASS TRANSITION OF LDA AND HDA
AND HEATING-INDUCED LDA-HDA
TRANSFORMATIONS

In this section, we test the results from Secs. 11 and IV B by
studying the transformations in LDA and HDA induced by iso-
baric heating at different pressures. Specifically, we show that for
the ring-polymer systems with h = hy, h3, the glass transition tem-
perature of LDA, TéD A (P), is anomalous, while the glass transition
temperature of HDA, TfD A(P), is not. This is consistent with the
iso-diffusivity lines of the quantum liquids discussed in Sec. II1. In
addition, we show that, at least for h = h, isobaric heating of HDA
at low pressures results in LDA before the liquid state is reached;
similarly, isobaric heating of LDA at high pressures results in HDA
before the liquid state is reached. These LDA-HDA transforma-
tions induced by heating are consistent with the pressure-induced
LDA-HDA transformation discussed in Sec. I'V B.

We follow the same procedure used in Ref. 34 to study the
heating-induced transformations in LDA and HDA for the classical
FJ liquid. Accordingly, we refer the reader to Ref. 34 for details.
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Briefly, upon isobaric heating, we detect the glass-to-liquid tran-
sition temperatures by monitoring the MSD of the ring-polymer
centroids as a function of temperature. T is defined as the tem-
perature at which MSD(T) = 1; see Figs. S7(a) and S7(b) and Figs.
S8(a) and S8(b) of the supplementary material. The glass—glass
transition temperature can be detected by monitoring the volume
of the system upon heating, v(T). During the LDA-to-HDA and
HDA-to-LDA transitions, v(T) exhibits a sudden change, which
is used to identify the corresponding transition temperature; see
Figs. S7(c) and S7(d) of the supplementary material. Overall, our
results for the QFJ] model with h = hy, h; are consistent with those
reported in Ref. 34 for h = hy = 0; see also Fig. S2(e) of the supple-
mentary material. Accordingly, we refer the reader to Ref. 34 for
details.

Figure 11 shows the transition temperatures induced upon
heating compressed LDA (blue triangles) and decompressed HDA
(red triangles) for the ring-polymer system with Planck’s constant
h = hy. The compressed LDA glasses are obtained during the com-
pression runs indicated by the blue lines in Fig. 5(a), at approx-
imately P < 0.7. Depending on the pressure considered, heating
LDA leads to either (i) the LDA-to-LDL transformation or (ii)
the LDA-to-HDA-to-HDL sequence of transformations. Case (i)
occurs at low pressures; the LDA-to-LDL transformation defines
TéD 4(P) (blue solid triangles). Case (ii) occurs at higher pressures.
The LDA-to-HDA transformation temperatures are indicated by
the blue empty triangles in Fig. 11; the HDA-to-HDL transition is
observed upon further heating, but it is not indicated in Fig. 11
for clarity. As discussed in Ref. 34 for the case h = hy, the LDA-
to-LDL and LDA-to-HDA transformation temperatures define a
single path in the P-T plane (blue dashed line), which indicates the
limit of “stability” of LDA relative to LDL and HDA upon isobaric
heating.
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FIG. 11. Transformations of compressed LDA and decompressed HDA upon iso-
baric heating at constant pressure (q; = 0.001). Planck’s constantis setto h = hy
and n, = 50. Blue triangles indicate the transformation temperatures for start-
ing LDA forms taken during the compression runs indicated by the blue lines in
Fig. 5(a); red triangles are the transformation temperatures for starting HDA forms
taken during the decompression runs indicated by the red lines in Fig. 5(a). Solid
blue and red triangles are, respectively, the glass transition temperatures of LDA
and HDA. Empty blue and red triangles are, respectively, the (heating-induced)
LDA-to-HDA and HDA-to-LDA transformation temperatures.

ARTICLE scitation.org/journalljcp
T T T T T T T T T T T T

0.20! "4 e
LA~ A THAP) ]
- ‘“‘\ Y LcP -
. 0.15 — A ]
2 L A ]
\O o 10 __ \\\ __
w 0. . \‘\ _‘,A‘"‘:
= r *‘\\ "*_t—A— ]
0.05}~ X —
C | 1 1 1 1 " I‘\I 1 1 1 | 1 1 1 Ij

0.00 0.0 0.5 1.0 1.5

I'D [a3/e0]

FIG. 12. Same as Fig. 11 for Planck’s constant set to h = h; and n, = 250. Blue
triangles indicate the transformation temperatures for starting LDA forms taken
during the compression runs indicated by the blue lines in Fig. 8(a); red trian-
gles are the transformation temperatures for starting HDA forms taken during the
decompression runs indicated by the lines in Fig. 8(a). Solid blue and red trian-
gles are, respectively, the glass transition temperatures of LDA and HDA. At this
level of quantumness, it is difficult to identify the LDA-to-HDA and HDA-to-LDA
transformations upon isobaric heating (see text).

A similar set of transformations occur upon heating decom-
pressed HDA. The HDA forms are obtained during the decom-
pression runs indicated by red lines in Fig. 5(a) at approximately
P > 0.10. Depending on the pressure considered, heating HDA leads
to either (i) the HDA-to-HDL transformation or (ii) the HDA-to-
LDA-to-LDL sequence of transformations. Case (i) occurs at high
pressures; the HDA-to-HDL transformation defines TgHD A(P) (red
solid triangles). Case (ii) occurs at lower pressures. The HDA-to-
LDA transformation temperatures are indicated by the red empty
triangles in Fig. 11; the LDA-to-LDL transition is observed upon fur-
ther heating, but it is not indicated in Fig. 11 for clarity. As discussed
in Ref. 34 for the case h = hy, the HDA-to-HDL and HDA-to-LDA
transformation temperatures define a single path in the P-T plane
(red dashed line), which indicates the limit of “stability” of HDA
relative to HDL and LDA upon isobaric heating.

The heating-induced transformation for the ring-polymer sys-
tems with Planck’s constant & = h3 is indicated in Fig. 12. At this
level of quantumness, we were not able to identify the LDA-to-HDA
and HDA-to-LDA transformation temperatures. Accordin§ly, there
are no empty red and blue triangles in Fig. 12, and only T;D (P) and
TfD 4(P) are indicated (solid blue and red triangles, respectively).
The difficulty in detecting the glass—glass transformations is due to
the small hysteresis in the pressure-induced LDA-HDA transforma-
tions shown in Fig. 8(a). Such a small hysteresis implies that there is
a very small pressure interval for which isobaric heating can bring
the system from LDA (HDA) to HDA (LDA). In other words, for
the case h = h3, the liquid spinodals and glass—glass transformation
lines are very close to one another.

VI. SUMMARY AND DISCUSSION

We performed PIMD simulations of the FJ liquid using differ-
ent values of Planck’s constant h and over a wide range of volumes
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and temperatures. Tuning h allowed us to study the behavior of the
FJ liquid as NQE (i.e., quantum fluctuations due to atoms delocal-
ization) are introduced, including the classical (h = 0) and quantum
liquid cases (h > 0).

Our PIMD simulations in the equilibrium liquid state, com-
bined with the RPMD method, show that introducing NQE
increases the mobility of the atoms, suppressing the glass state.
Specifically, the iso-diffusivity lines move to lower temperatures as
h increases and the atoms become more delocalized (Fig. 1). In
addition, we found that the maximum diffusivity line, an anoma-
lous water-like property exhibited by the FJ liquid, also shifts toward
lower temperatures as NQE are introduced. Overall, the observed
NQE on the dynamics of the quantum FJ liquid are consistent with
the NQE on the thermodynamic properties of the FJ liquid reported
in Refs. 28 and 29 based on PIMC simulations. In those works, it
was shown that introducing NQE shifts the LLCP and anomalous
properties, such as the density maxima and compressibility max-
ima lines, to lower temperatures. Interestingly, our results suggest
that with increasing h, the LLCP temperature — 0 while, simul-
taneously, the vitrification temperature is suppressed. This means
that, for large h, it may be possible to have a quantum liquid with
anomalous water-like dynamic and thermodynamic properties (e.g.,
density and diffusivity maxima lines) and, yet, with no accessible
LLCP.

We note that all the classical/quantum FJ liquids considered
here exhibit an anomalous iso-diffusivity lines (Fig. 1). Specifi-
cally, at low pressures, within the LDL domain, the iso-diffusivity
lines have an (anomalous) negative slope (Fig. 1). In this case,
isothermal compression enhanced the dynamics of the liquid atoms.
Instead, at high pressures, in the HDL domain, the iso-diffusivity
lines are positively sloped meaning that, as one would expect,
isothermal compression decreases the motion of atoms. Interest-
ingly, the NQE are more pronounced at high pressure in the
HDL state. Increasing h shifts considerably the iso-diffusivity line
in the HDL region toward lower temperatures, while in the case
of the LDL domain, the iso-diffusivity line barely shifts with
temperature.

The properties of the quantum FJ liquids are intimately con-
nected to the behavior of the ring-polymer system in the glass state.
Accordingly, we extended our PIMD/RPMD simulations to the glass
domain. We found that all ring-polymer systems (h > 0) exhibit
glass polymorphism, such as water. For all values of h studied, com-
pression of LDA at low temperatures produces HDA; the subsequent
decompression of the HDA produces the LDA-like state. In all cases
studied, the LDA-HDA transformation is accompanied by sudden
changes in the volume of the system, consistent with the results of
Refs. 31 and 34 for the classical (h = 0) case. The effects of introduc-
ing NQE (increasing h) is to reduce the hysteresis of the LDA-HDA
transformation.

Microscopically, the LDA-HDA transformations differ pro-
foundly in the classical and quantum cases. In the classical limit
(low h), the ring-polymers become more localized during the LDA-
to-HDA transformation and return to their original size during the
decompression-induced HDA-to-LDA transformation. Instead, at
large h, the ring-polymers expand during both the LDA-to-HDA
transformation and the subsequent HDA-to-LDA transformation.
In the case of h = h3, Ry increases by 160% during the LDA-to-HDA-
to-LDA cycle. Remarkably, there is no net volume change during
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this cycle. This has important implications in the reversibility of
the LDA transformation. We found that in the classical limit, the
LDA-HDA transformation is indeed reversible since the starting
LDA (before the compression) and final LDA (after the decompres-
sion) have the same volume, Ry, and replica RDFs. Instead, in the
large-quantum regime, the difference in the localization of the atoms
in the starting and final LDA form makes it unclear to conclude
whether these two glassy forms belong to the same family of LDA.
The reversibility of the LDA-HDA transformation at large h-values
will be studied in a separate work.

In the last section of this work, we discuss the NQE on the
glass transition temperatures of LDA and HDA. As for the classical
case,’”" the glass transition of the LDA is anomalous and decreases
with increasing pressure, while, instead, the glass transition temper-
ature of HDA increases with increasing temperature. This finding is
fully consistent with the iso-diffusivity lines of LDL and HDL calcu-
lated from the equilibrium RPMD simulations. The role of introduc-
ing NQE is to shift the glass transitions of LDA and HDA to lower
temperatures.

The results presented in this work are important to under-
stand polyamorphism in light elements, such as hydrogen, for
which different studies indicate the existence of an LLPT/LLCP.
For example, glass polymorphism in hydrogen may be accompa-
nied by an increasing delocalization of the atoms in the system.
In such cases, the atoms in the final LDA state (of the pressure-
induced LDA-to-HDA-to-LDA cycle) would be much more delo-
calized than in the starting LDA state. Our results may also shed
light on isotope substitution effects in supercooled and glassy
water.

SUPPLEMENTARY MATERIAL

See the supplementary material for the definition of the FJ pair
potential; the effects of y, A, and n;, on the PIMD/RPMD simula-
tions; and the thermodynamic and dynamical properties of the FJ
liquid with Planck’s constant /1 = h;.
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