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printing process also means that the speed is proportional to curve 
length, then it follows that vnp

vcp = 2πrnp

2πrcp = rnp

rcp. Substituting this and κcp = 1
rcp 

into Eq. (10), Eq. (11) can be derived. 

rnp2 = rcp2 + l0
2 (11) 

rnp and rcp are the magnitude of radius vector of np and cp trajectory 
when the origin of the circle is selected as the origin. Therefore, rnp, rcp, 
and l0 can be regarded as the side lengths in a right triangle as shown in 
Fig. 5a. Eq. (11) can be regarded as the special form of the steady SM in 
this case. Therefore, if rnp, rcp, and l0 are found to follow Eq. (11), the 
steady SM can be verified. 

As is shown in Fig. 5b, when a circular toolpath (rnp=30 mm) is 
adopted, the good circularity of the printed fiber pattern (compared to a 
perfect circle denoted by the green shaded area) is consistent with the 
prediction, thus verifying the steady PM. Based on the methodology 
described in Section 2.4, the Error between the printed fiber pattern and 
the predicted cp trajectory (calculated from np trajectory and lact

0 , as 
shown in as shown in Fig. S1) is 3.05. The mean diameter of printed fiber 
pattern is approximately 58.9 mm, which means rcp= 29.45 mm. Based 
on Eq. (11), the calculated jet lag length lcal

0 = 5.72 mm. By tracking the 
jet lag, the actual jet lag length lact

0 = 5.81 mm (Fig. 5c), which is 
consistent with the predicted value, thus verifying the steady SM. For 
further verification, when the voltage varies from 13.5 kV to 15.5 kV, 
different jet lag lengths can be observed, lact

0 and lcal
0 have been compared 

in Fig. 5d. 
Based on the steady PM, the np trajectory can be predetermined for a 

constant jet lag length l0. An interesting question herein is to theoreti
cally predict the effect of l0 on the np trajectory. As shown in Fig. 5e and 
f, different l0 are selected when the cp trajectory is a circular or sinu
soidal curve, respectively. It can be shown that the larger the jet lag 
length is, the more significant the difference is between cp and np 
trajectory. 

5. Limitations 

It should be noted that all of the derivations are developed based on 
Hrynevich’s geometrical model [27] without introducing additional 
conditions and physical assumptions. Therefore, it can be regarded as a 
mathematical interpretation of it, whose accuracy has been largely 
verified considering its enhanced performance in predicting the printed 
fiber pattern [27]. Moreover, the reduced forms of the model are well 
consistent with the experimental results in straight fiber printing and 
steady curly fiber printing. However, several limitations need to be 
considered for its applicability. 

First, to ensure a jet’s projection tangential to the cp trajectory, the 
collector needs to be smooth and the residual charge in the preexisting 
fiber is insignificant [15] so that the local electric field is not affected. 
Since the ultimate objective of this model formulation is to implement 
the curly fiber printing, these requirements need to be met by the 
operator by way of careful selections of the collector and alleviation for 
residual charge accumulation. Second, the model is developed mainly 
based on geometrical considerations with little consideration for the 
physics of MEW and the material properties (i.e., rheological proper
ties). However, this never means that other process parameters and 
material properties have no effects on the printing accuracy in curly 
fiber printing. Instead, their collective effects are expected to be re
flected in the change of vcp, which can be real-time measured in the 
implementation of curly fiber printing. Last, based on the proposed 
model, the implementation of curly fiber printing faces two challenges. 
On one side, the movement of most current translational stages cannot 
execute a smooth curly toolpath. Instead, the curly toolpath has to be 
segmented and each segment is approximated by a line (i.e., piecewise 
linear interpolation) based on the mechanical limitations of the stage. 
The performance of approximation improves when the density of seg
ments increases. However, when the length of each segment is too small, 

the actual stage speed will be inaccurate due to the delayed communi
cation between the controller and motors (as shown in Fig. 4c). On the 
other hand, the calculation of vnprequires vcp or a real-time identification 
of cp, which is another challenge. The conventional image-based cp 
identification needs to be improved by utilizing autofocusing cameras 
(as shown in Fig. S2) because cp will be blurry when it deviates from the 
focal plane of the camera, which usually happens in curly fiber printing. 
More cp identification methodologies await development of advanced 
collector surface materials that serve as thermoelectric and piezoelectric 
sensors to track the deposited fibers on the collector (as shown in 
Fig. S3). 

6. Conclusions 

In this study, the position and speed relationships between np and cp 
are found by means of vector analysis and differential geometry, which 
follow position- and speed-matching equations (PM and SM), respec
tively. Moreover, these relationships in two special cases, namely 
straight fiber printing and steady curly fiber printing, are also given and 
verified. For the circular and sinusoidal cp trajectory in steady curly fiber 
printing, the effects of jet lag length l0 on the np trajectory are investi
gated. Moreover, the printing accuracy is evaluated by the Error, an 
indicator to characterize the difference between the target cp trajectory 
and the actual cp trajectory. 

In this investigation, the formulation of PM and SM equations lay the 
theoretical foundation for the curly fiber printing. The PM and SM 
equations provide the necessary information to design a complete 
toolpath for curly fiber printing. However, successful implementation of 
curly fiber printing still requires development of translational stages 
with more sophisticated control and a facile way to identify cp in a real- 
time manner. The dynamic control of vnp based on vcp for MEW process is 
an important and promising future direction in curly fiber printing, 
whose basic principle has been shown in the Supporting Information 
(Support Part II). Moreover, it should be noted that the curly fiber 
printing introduced herein reflects only the toolpath-related fiber devi
ation. The charge-related fiber deviation, however, is not considered. 
Due to the autofocusing effect caused by charge polarization, the pattern 
of printed fibers on subsequent layers are expected to follow the same 
trajectory when the charge effect is not significant. More investigations 
are required to maintain the printing accuracy when large-volume curly- 
fiber structures are printed. 
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