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Twisted bilayer graphene (TBG) exhibits extremely low Fermi velocities for electrons, with the
speed of sound surpassing the Fermi velocity. This regime enables the use of TBG for amplifying
vibrational waves of the lattice through stimulated emission, following the same principles of op-
eration of free-electron lasers. Our work proposes a lasing mechanism relying on the slow-electron
bands to produce a coherent beam of acoustic phonons. We propose a device based on undulated
electrons in TBG, which we dub the phaser. The device generates phonon beams in a terahertz
(THz) frequency range, which can then be used to produce THz electromagnetic radiation. The
ability to generate coherent phonons in solids breaks new ground in controlling quantum memories,
probing quantum states, realizing non-equilibrium phases of matter, and designing new types of

THz optical devices.

Introduction.— Controlling and manipulating
phonons is a long-sought goal offering a multitude of
applications in electronics, information processing, and
material science [1-8], known as phononics. Recently,
high-amplitude beams of phonons were employed to
induce superconductivity [9-16] and to control ferro-
electricity [17-21] and magnetism [22-37]. Developing
reliable sources of phonons is therefore of key importance
for future advances in the field of phononics. Generation
of coherent phonons in solids can be achieved through
pumping by intense laser and magnetic fields [38-42], or
by the acoustic Cherenkov effect [43-46].

A laser of phonons (i.e., a device for amplification of
sound waves by stimulated emission) can serve as an
efficient source of strong coherent acoustic waves with
a narrow linewidth. Such devices were realized in the
low-frequency range, from radio to gigahertz, in trapped
ions [47-49], optical tweezers [50], nanomechanical res-
onators [51-56], and magnetic systems [57, 58]. A coher-
ent amplification of terahertz (THz) phonons, yet below
a threshold, was recently demonstrated in semiconduc-
tor superlattices [59], and pump and probe experiments
in silicon carbide [60].

Here, we present a model of a device for controlled am-
plification of acoustic phonons in the THz range, based on
the newly-discovered narrow-band materials. We show
that the unique bandstructures of such materials facili-
tate the amplification of coherent phonons in a narrow
linewidth with low losses to incoherent modes. Further-
more, acoustic phonons have a long lifetime, giving rise
to a high-gain and low-loss device [61]. Although phonon
lasers are often referred to as “sasers” [62], we dub our
narrow-band-based device a “phaser”, to highlight the
quantum nature of the underlying mechanism.

Narrow-band materials were recently discovered in
twisted bilayer graphene (TBG) [63—65] and other moiré
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FIG. 1. The setup and the key phonon-emission pro-
cess. a Schematic illustration of the device. A layer of TBG
is encapsulated between two gates of doped semiconductors.
A nano-undulator is realized by a modulated in space uniax-
ial strain. The resonant frequency is controlled by the wave-
length of the periodic structure, A,. b Illustration of the key
phonon-emission process. The blue areas indicate occupied
states and the orange area indicates the depleted region in the
range £ = [0, V]. The population inversion is imposed by the
leads indicated by parabolas. Phonon emission resonances oc-
cur between two replicas of the bands shifted by the wavevec-
tor k., = 27/A.&, induced by the nano-undulator. ¢ Dia-
grammatic representation of a phonon emission process. The
solid lines indicate the incoming and outgoing electrons, and
the wiggly line indicates an emitted phonon. The dashed line
indicates an extra crystal momentum provided by the modu-
lation of the nano-undulator. In the slow-electron regime, the
energy and crystal momentum can be only conserved in the
presence of the momentum shift k..

heterostructures [66, 67]. In the TBG, the electronic dis-
persion can be tuned by a variation of the twist angle,
reaching nearly flat bands at the “magic” twist angle. At
the same time, the spectrum of the acoustic phonons of
the TBG near the magic angle is almost unaffected by
the twist angle [68-70], giving rise to the “slow-electron”



regime in which the speed of sound surpasses the elec-
tronic group velocities [71]. In this regime, the sponta-
neous emission of incoherent acoustic waves is suppressed
by kinematic constrains.

We describe the realization of the device in a TBG
tuned close to the magic angle and weakly modulated in
space by a periodic uniaxial strain or a periodic array of
screening gates, see Fig. 1la. The periodicity of the mod-
ulation defines the resonant phonon mode of the phaser.
Remarkably, for lasing in the THz range, the modula-
tion wavelength should be in the mesoscopic scale. The
electronic population inversion, necessary for the gain, is
imposed by the external leads, in a structure similar to
semiconductor laser diodes [72].

Toy model.— To develop an intuition for the lasing
mechanism of the phaser, we begin by analyzing a toy
model. Later, we numerically analyze the full band struc-
ture of the TBG, whose physics near the charge neutral-
ity point can be described by this toy model. Yet, this
model applies to more generic two-dimensional lattices in
the slow-electron regime, with low-energy physics given
by the Dirac Hamiltonian

Hp (k) = hvek - o, (1)

where k = (k;,ky) is the in-plane crystal momentum,
o = (0”,0Y) is a vector of Pauli matrices acting in the
pseudospin basis, and v, > 0 is the electronic group
velocity. Eq. (1) is diagonalized by the Bloch states
%|wka(r)>, where |gq (7)) is periodic in the unit cell,
corresponding to the eigenvalues €, (k) = afive|k|, where
a = + and A is the area of the system. The eigenstates
are created by the operators é};a. In the toy model, we
assume no spin or pseudospin degrees other than o (ad-
ditional degrees of freedom such as valley, spin, and layer
indices of the TBG would not qualitatively change the
effect).

We consider a regime in which v, < cpn, where
cph is the speed of sound in the material, assumed to
be uniform and isotropic. The corresponding sound
waves are described by the lattice displacement oper-
ator u(r,t) = (g, u,)[73], which can be expanded in
the eigenmodes a(r,t) = 1A >q elar—iwi@ic) (q)uy(q).
Here, » = (x,y), and ¢;(q) is the unit vector denoting
the direction of the displacement in the mode [ and crys-
tal momentum q. Focusing on the lowest energy acoustic
mode with [ = 0, we assume a dispersion wy(q) = cpnlq|,
and coupling to electrons

Hep = /d%g(r)@ij(r)aiﬂj(r). (2)

Here, @ij (r) is a local electronic operator with 4,7 =
{z,y} and g(r) denotes the coupling strength assumed
to be non-uniform in space. The spatial dependence of
g(7) is specified below.

The system is connected to two external leads imposing
population inversion for the electrons. The two leads are
electron- and hole-doped semiconductors, with the bot-
tom edge of the conduction band of the electron-doped
semiconductor and the top edge of the valence band of the
hole-doped semiconductor set at the energy ¢ = V. The
chemical potential of the electron-doped semiconductor
is set at € = €yop, corresponding to the top of the upper
band of the TBG [denoted by a = +, see below Eq. (1)].
The chemical potential of the hole-doped semiconductor
is set to the charge neutrality point of the TBG, ¢ = 0.
For simplicity, we assume that the tunneling rate of the
electrons between the system and the leads is faster than
the decay rate of the electrons in the system due to relax-
ation and phonon emission processes [74]. With this as-
sumption and for zero-temperature leads, the occupation
probability for = <éLkéak> of the electrons can be ap-
proximated by for = 0 for 0 < eo(k) <V, and for =1
otherwise, imposing an inverted population in the bot-
tom of the upper band, see Fig. 1b.

Such an inverted population is virtually decoupled
from the phonons to the leading order in the electron-
phonon coupling when this coupling is spatially uniform.
This is because, in the “slow-electron” regime, it is im-
possible to simultaneously conserve energy and crystal
momentum in a single-phonon emission. Therefore, in
this case, the incoherent phonon background field cre-
ated by the non-equilibrium electronic state is suppressed
compared to wide-band materials. This virtual decou-
pling between the electrons and the phonons provides
an important baseline condition for lasing. However, the
electrons should be coupled to at least one phonon mode,
to generate a coherent beam.

Following the concept of free-electron lasers [75-78],
emission in a selected mode can be induced by spatially
modulated electron-phonon coupling coefficient, g(r). In
what follows, we consider a coupling modulated along the
& direction, with a wavelength A\, = 27 /k,,, and uniform
along g, g(r) = go + 291 cos(ky,x), see Fig. 1a for illustra-
tion. We denote the region of the system where g; # 0,
a nano-undulator, by analogy with a magnetic undula-
tor in free-electron lasers. The physical realization of the
nano-undulator in the TBG is discussed below.

In the nano-undulator, the conservation of crystal mo-
mentum in a phonon emission process obeys k' — k =
g + nk,a, where k and k' are respectively the crystal
momenta of the electron before and after the emission of
a phonon with momentum g, and n = {—1,0,1} [see
Fig. 1c]. The additional momentum shift arises from
the expansion of g(r) in its spatial Fourier components,
g(r) =Y, gne™® where g1 = g_1. The phase shift
of the electron-phonon components corresponds to a mo-
mentum shift in Eq. (2). In turn, the energy conservation
is not affected by the static modulation of the coupling
and reads ¢4 (k') — e, (k) = hwo(q). For phonons prop-
agating in the &-direction, the energy and crystal mo-



a . b 3 x 1073
&< 5
(=]
=
31
N
VL |
Lk oF— s
__ 02 r
9 i 0.1 !
{ =" 1 2 3
L 4 ) P °
\\_/ =~ % o1 o2 w[THZ]
w < Wp_ ku/Gm

FIG. 2. The gain in the toy model. a Dirac dispersion of
the electrons described by the toy model [see Eq. (1)] and the
one shifted by the energy w and crystal momentum ¢ + k., in
the @ direction (indicated by the dashed arrow). The phonon
emission rate is proportional to the intersection area of the
two Dirac dispersions [see Eq. (6)], indicated by the blue line.
b The gain of the device normalized by vy (see Eq. (8)) as a
function of the phonon frequency calculated in the toy model,
for four values of k. The values of k, and the corresponding
wavelengths A, = 27/k, are indicated in the inset. The gain
exhibits resonance peaks at the frequencies given by Eq. (3).

mentum conservation is satisfied by two resonant modes,
with frequencies

Cphku
= 3
Wi (cpn/ve) £1 3)

This formula demonstrates that the resonant frequency
of the laser can be controlled by tuning the modulation
wavevector of the nano-undulator, k..

FEstimation of the gain.— To estimate the gain of the
device, we consider a coherent sound wave incident at
x = 0 with amplitude ug and frequency w, propagating in
the positive & direction, see Fig. 1a. This sound wave can
be generated i.e., by seeding from an external source or
by spontaneous emission processes. We parametrize the
amplification of the sound wave in the nano-undulator by
an exponential factor with the gain coefficient ~,, [72]

wy, (7, ) = ugeT= el ar—wt), (4)
where ¢ = w/cpn. Such a sound wave, after propagating
through the nano-undulator, carries a period-averaged
power density of

1

= mcpth2|uo|2(€2%L“ - 1), (5)

Ps(w)
where L, is the nano-undulator length along the & direc-
tion, M is the mass of the atoms comprising the lattice,
and a is the lattice constant.

This power is the result of the system steadily emitting
acoustic phonons in the nano-undulator. In the low-gain
limit, the period-averaged power density emitted by the

electrons stimulated by the field u,,, can be found using
Fermi’s golden rule [79],

_ 2mw

Po(w) = e

N FaklMER 60 (k) — cor (K') — h)—
aa’ kk’
— M0(ealk) — ear (k') + hw)).
(6)

Here, (o, k) and (o/,k’) respectively denote the elec-
tronic band and crystal momentum before and after
the interaction with the acoustic wave and we defined

a0l — AL [ d2re k) (4o (1) [Heplarke (1)
where the integration is over the area of the nano-
undulator. We note that coherent phonon generation
in a more generic case can be studied by analyz-
ing electron-phonon instabilities of the equations of
motion, as is outlined in the supplementary mate-
rial.  Given, that the sound wave is coherent, we
can approximate the acoustic field operator in the
expression for Hep [Eq. (2)] by its expectation value
() =~ wuy, given in Eq. (4). Then we obtain le‘j: =
q2‘u0|2 Zn %‘2‘ f dzre'ywmezr(k—k’—(q+nku)m)<O>glck,|2’
where (0)°%k, = [ @1 (thar|Owi(r)cilparns), and ¢ is
the i-th component of the unit vector pointing in the
direction of uyg.

Assuming (O) does not have a strong momentum de-
pendence, and taking a small gain limit v, — 0, M%g:
is non-zero only when |k — k" — (¢ +nk,)z|? < (27)2/A.
In the thermodynamic limit (A — o0), the values of k
contributing to the sum in the expression for Pe(w) in
Eq. (6), lie near the intersection line of two cones de-
scribed by g4 (k) and e/ (k) + hw, where k' = k + (¢ +
nky )@, and for # for’, see Fig. 2a. The largest value
of Pe(w) is obtained for w =~ wpg,, where n = =+ [see
Eq. (3)], where the two cones are tangent. The area
in the momentum space W}110rc the two cones are nearly
tangential diverges as dwr, 2, with dw, = wr, —w, as w
approaches wg ,, from below, giving rise to a resonance
peak in Pe(w). For w > wp , the intersection line of the
cone with o« = + and the cone with o/ = —, contributes
to a negative peak corresponding to the absorption of
phonons.

The gain in the system, -,, can be found by setting
Ps(w) = Peo(w) and using the expressions of Ps(w) and
Pe(w) as a function of 7, [Egs. (5) and (6)]. In the small
gain limit (v, — 0), we obtain

Yo = Pe(w)a?/ (eonMew?|uol?), (7)

where P{(w) = Pe(w)|y, 0. Estimating Eq. (6) in the
limit 0 < dw, € wr, and V > hwg , [79], we find

Yw = Y0 Z hwR,n \/ 2WR77L/6UJ7LND(V)a2; (8)
n==+

where 7o = ¢3(0)?/(he}, M) and Np(e) = ¢/(2nh*v?)
is the density of states of the Dirac dispersion. Fig. 2b



shows 7, as a function of w for a few values of k,, shown
in the inset of this figure.

Realization of the phaser in the TBG.—  Having es-
tablished the lasing mechanism for the toy model, we now
discuss its realization in the TBG. The TBG consists of
two graphene monolayers twisted by a relative angle 6,
giving rise to a moiré supper lattice with the lattice con-
stant [80] an = a/(2sin(6/2)). For small twist angles,
the dispersion near the charge neutrality exhibits narrow
bands, whose low-energy physics can be approximated by
Eq. (1) with additional degenerate spin and valley quan-
tum numbers [63, 81]. For concreteness, we focus on
6 = 1.4°, where we found v, &~ 2 x 105 cm/sec, which is
below the speed of sound in the material, approximated
here by cpn = 3 x 108cm/sec. We consider two alter-
native realizations of a nano-undulator, through spatial
mesoscopic modulation of the electron-phonon coupling
[see Eq. (2)] [82].

The first realization is based on a spatially modu-
lated uniaxial strain, as illustrated in Fig. la. Such
a modulation can be realized by placing the TBG on
an architected nanostructure or by applying tempera-
ture gradients [83-87]. Weak spatially periodic strain
modulates the lattice geometry of each graphene mono-
layer, which in turn modulates the electron-phonon cou-
pling [69, 88]. For a strain applied along the z-direction
of the form ¢gcos(k,x), the spatially-modulated part
of the electron-phonon coupling in each monolayer can
be expressed by Eq. (2) with ¢ = X—gh’l}]:‘ﬂeo, and
Oij (1) = (&1 gér.p + ¢l per ) (0i00j0 — 0iy05y), Where
él,A/B creates an electron in the sublattice A or B of the

graphene monolayer at the unit cell located at r [79]. For
€0 ~ 5% strain, we estimate g; ~ 0.15eV.

The second realization is based on a periodic array of
metallic gates at distance d from the TBG. The gates
change the screening efficiency of the Coulomb interac-
tion between the electronic charge density and the lat-
tice ions [89-95]. For a phonon of momentum ¢, we
approximate the renormalized coupling term by g(r) =
Doq/lg + qrr tanh(gd(r))], where d(r) is the distance
from the gates, periodically changing between d(r) ~ d
when r above one of the gates and d(r) — co when 7 is
in the space between the gates; ¢Tp is the Thomas Fermi
wavevector and Dy the bare electron-phonon coupling.
To approximate the electron-phonon coupling by Eq. (2),
in the limit grp > ¢, 1/d, we estimate g; =~ %% and
Oij(r) ~ p(r)d;5, where p(r) = é:[’AéT,A + éi,Bér,B mea-
sures the density. For grpd & 3 [96] and Dy = 50€V,
we estimate g; &~ 3eV. For this value of g;, we obtain
Yo &~ 8.5 um™1.

Numerical analysis of the gain.— We numerically
simulated the band structure of the TBG using the con-
tinuum model [63, 81]. Our goal was to verify that the
full bandstructure of the TBG exhibits resonance peaks
for phonon emission, as predicted by the toy model, and
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FIG. 3. Numerical analysis of the phaser based on the

TBG. a The band structure of the upper band of the TBG
near the charge neutrality point for a single valley, shown
on a mini Brillouin zone centered around the Dirac points,
K, and K’. Curves around K and K’ points indicate the
equipotential lines for € = 6 meV. b The gain calculated by
Egs. (6) and (7) for the wavefunctions of the TBG for the
realization of the nano-undulator by a modulated uniaxial
strain and an array of screening gates, for the wavevector
ky ~ 0.11Gy, indicated by a circle on the x-axis in panel c. ¢
The frequency of the resonant peaks of the gain as a function
of k,. Dashed lines indicate the resonances predicted by the
toy model [Eq. (3)].

to compare their frequencies to Eq. (3). Fig. 3a shows
the spectrum of the upper band of the TBG in a sin-
gle valley in the mini-Brillouin zone centered around the
Dirac points, see details in the supplementary material.
The contours surrounding the K and K’ points indicate
the equipotential curves e = V.

We evaluated the gain in the full model of the TBG
using Eq. (7), directly estimating P.(w) by Eq. (6) in the
two realizations of the nano-undulator, described above.
Fig. 3b shows the numerically obtained gain as a function
of the frequency for k, ~ 0.11Gy,, where Gy, = 27 /apy,
for the two realizations of the nano-undulator. Both
curves exhibit a peak near w ~ 0.8 THz, corresponding
to the analytical estimate of wgpy [defined in Eq. (3)].
The curve corresponding to an array of screening gates
exhibits an additional peak near w =~ 1.5 THz, which is
missing in the curve of the uniaxial strain, due to the se-
lection rules, suppressing the transitions for large phonon
frequencies.

Fig. 3¢ shows the frequencies of the two resonances of
the gain for the screening-gates realization of the nano-
undulator as a function of k,. Dashed lines denote the
analytical prediction of wgr+. The numerical curve of the
low-frequency peak approximately coincides with the an-
alytical curve corresponding to wgr4 as a function of k,
with ve = 2 x 10% cm/sec [see Eq. (3)]. The position of
the second peak does not show a linear dependence as
a function of k,, as predicted by Eq. (3), due to devi-
ations of the TBG band structure from the linear dis-
persion [Eq. (1)] for high phonon energies. We can fit
its resonance frequency at k,/Gy = 0.05, by wr_ with



ve = 1.5 x 10% cm//sec.

Lasing threshold.— To lase, the device should reach
the lasing threshold, i.e., the gain should exceed the
loss. The loss of phonons mostly occurs due to electron-
phonon, phonon-phonon, and impurity scattering. The
lifetime of acoustic phonons in clean graphene can reach
Tph =~ 0.3 usec, for long-wavelength phonons [97], which
results in Yioss = (TphCph) + & 2x 1074 yum~!. This value
is below the gain of the system, estimated slightly above
the resonance peak.

To have a sufficient gain, the system can be placed
in an acoustic cavity. Such cavities were realized, e.g.,
in Ref. 98. The phonon-loss in a cavity is given by
Yeavity = —10g(R1R2)/(2L,,), where R; and Ry are the
reflectivities of the two mirrors. For RiRs = 0.97 and
Ly, = 5pm, we obtain 7cavity ~ 0.001 um’l. This re-
sults in a Q-factor of the cavity for the phonons of about
Q ~ 10°.

Discussion.— In this manuscript, we presented a
model of a phonon laser device based on the “narrow-
band” regime, dubbed a phaser. The phaser generates
coherent phonon beams in the THz range. We demon-
strated two realizations of the phaser in the TBG tuned
near the magic angle, with a spatially modulated uniax-
ial strain and an array of screening gates [see Fig. lal.
The periodicity of the structure can control the resonant
frequency of the device. The phaser opens up new av-
enues in driving the TBG into a non-equilibrium regime
through moiré Floquet engineering [99, 100], extending
the driving sources to THz frequencies and finite mo-
menta [101].

The lattice oscillations caused by the phonon beam
are coupled to plasmon modes through Coulomb inter-
actions and the electron-phonon coupling. The result-
ing charged modes generate a THz electromagnetic field
evanescent in the direction perpendicular to the TBG
plane. We estimate the electric field amplitude near the
surface [79] by |E| = 2v2meporg?|(@w)]. Here, Aq de-
notes the relative charge fluctuation which we estimate
as A\g = 2x 1072, and py is the electronic density taken as
po ~ 1/a?,. Assuming that the phaser in the saturation
regime creates lattice waves of the order of |(@)| = 0.1a,
we estimate, |E| ~ 30kV/m. Such an electric field can
be detected by placing a dipole antenna near the sur-
face of the TBG. An oscillating evanescent electric field
can be transformed into THz electromagnetic radiation,
through a meta-material structure. We leave the analysis
of this problem for future studies.

In our analysis, we focused on the single-particle
electronic bands of the TBG. In the presence of the
electron-electron interactions, the Fermi velocity may be
renormalized, yet the slow-electron regime can be still
achieved [102]. Furthermore, the Dirac dispersion near
the charge neutrality point is protected by the C57 sym-
metry (two-fold rotation times time-reversal) and will be
preserved unless it is spontaneously broken [103].

The toy model of the phaser [Eq. (1)] can be realized
in other experimental platforms. For example, a “slow-
band” regime can be realized in cold atoms, using Bose-
Fermi mixtures [104, 105]. We note, however, that the
energy scales of cold atom setups are a few orders of
magnitude smaller than in solids, giving rise to a different
range of resonant frequencies.
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PHONON INSTABILITY FROM THE EQUATION
OF MOTION FORMALISM

In this section, we derive the equations of motion for
the electronic and bosonic operators and demonstrate an
instability of the resonant phononic mode. For simplicity,
here and throughout these notes we work in the units in
which A = 1. We consider the electronic Hamiltonian

Hp= Y calk)ifolkas (1)

k,a=+

where e, (k) = aue|k|. Similarly the Hamiltonian for the
acoustic phonons reads

Hon =Y _ wo(q)blbg, (2)

where wo(q) = cpn|g|.- The electron-phonon coupling is

given by

Hop = D 9nleh othtQ, arbg +Ef ok-q, abl],  (3)
k.gn

where Q,, = g +nk, and n = {-1,0,1}. The full Hamil-
tonian of the system is given by the sum, H = Hp+Hpn+
7:[Cp. The equations of motion for the operators in the
Heisenberg picture are given by —i0;ére = [ﬁ,éka] and
—i0;bq = [H, bg]. Explicit calculation of the commutator
yields

—10¢Cloey = —e’:‘a(k)éka — Z gn[ékz—i-Qn,a’l;q + ék’—QmO/l;tTJ]'

q,n

(4)

i

The equation for ¢&,, is obtained from the com-

plex conjugate. Next, we compute —i@&é};aék/’a/) =

—i([0hel,)ewr o) — i(EL [Brénr or]), which reads

— 10 (Ethrar) = [Ealk) = ar (K] (e hrar) +

+QZ Ck.:,_Q BCk’ ><Bq> <Ck Q. ,Bck’ ><62>]_
q,nf (5)

9> hatriq,s)Bh) + (ehati—q, ) (bg)]-
q,nB

Similarly,
Y 9nlfhalhrq, o) (63)
n,k

(ba) + Y 9nllhiq, alhar) (6D)
n,k

~i0:{bq) = —wo(q)(bq) —

—i0 <BL> = wo(q)

Next, we perform the transformation —id; — w and
solve for the eigenmodes. To simplify this problem, we
assume a single coherent phonon mode with momentum
q corresponding to @,,, and set k' = k + Q,, in Eq. (5),
yielding

—[ea(k) = car (k + Q) (halrt@, o)+
— fre,al(bg)-

W(ehothrq, o)

+ gn[fkﬁLQma’

(7)

Here, we defined fro, = (é;aéka> and neglected expecta-
tion values with momentum 2Q,,. Combining Eq. (7)
and Eq. (6a), we obtain a linear equation. Imagi-
nary eigenvalues correspond to an exponentially growing
mode of phonons hybridized with electron-hole excita-
tions. An approximate solution can be obtained if we
assume [eo (k + Q,,) — ea(k)] = Ae, and o = &/ = +.
Then one can sum both sides of Eq. (7) over k, leading
to and eigenvalue equation

(w+ Ae)(w + wol(q)) = —g2 Z A fi, 8)

fr,+ The solution reads

492> Afy.
k
(9)

Therefore, near the resonance the eigenvalues obtain
an imaginary component, when (Ae — wp(q))? <

49721 Zk A f.

where Afy = friq@,.+ —

L (C ) 1\/<Aa —wo(q))? -

2 2

BOLTZMANN EQUATION FROM THE
EQUATION OF MOTION FORMALISM

Here, we derive the Boltzmann equation [Eq. (6) in
the main text] from the equations of motion, Eq. (4) and
Eq. (6). First, we transform the operators to the “inter-
action picture”, égo = e *aF)el and Bq = e~ wo(@tpl
Next, we integrate both sides of Eq. (4) over ¢, leading
to

éia (t) = iéza_

t
71./0 dt'Y" gueldean—wo@¥al o I

t
_i/ dt' Z gne(Aean +WO(q))tlé£7QH,a’(b{1)T’

0 q,n

(10)

where Aeq = ep+q —ek and ¢, = é(0). To the linear
order in g,, we can approximate the operators ¢! and b’



on the r.h.s. by ¢ and I;O, defined for g, = 0. Therefore,

to this order in g,

éia (t) :iéza + Z gnF(Aan - W()(q), t)é%+Qn,o/b2+

an
+ gnF(Ac g, +wo(@), )& _q, .o (09",
a.n
(11)
where F(Ae,t) = —i fot dt'eitet’ — 1_27% Next, we

compute ((¢f )Tél ), yielding
fra =fRa + ) |F(Acq, —wo(a), )P fRiq, antat
q,n
+ Z |F(A57Qn + WO(q)7 t)|2flngn,o¢nQ‘

q,n

(12)

where kac - <( ) Cka>7 fgoz = <(é%a)Té(lzsa> and Ng =
((bO)Tb(J) ~ (b 0( ) ). In the long time limit, ¢t — oo,
we approximate |F(A£ t)|> — 2mté(Ae). Differentiating
over time, we arrive at

fka :27TZ 6(A5Qn - wO(q))fkoJrQn,oznq—’_

q,n

+27 Z 6(A€_Qn + WO(Q))flngn,anQ'

q,n

(13)

ANALYTICAL ESTIMATION OF THE GAIN

Here, we analytically estimate the gain in the toy
model [given in Eq. (1) in the main text], deriving Eq. (8)
in the main text. Our goal is to evaluate the period-
averaged power, P{(w), of the phonon mode with fre-
quency w, given by Eq. (6) in the main text in the
small-gain limit, v, — 0. For simplicity, we assume

w5 = B uol?e(0)2 Y, S(k—K ~Q,), where
we defined Qi = (¢ £ ky)Z. Therefore, the gain can be
written as Pe(w) = Zaa,’n[P;'a,,n( W) =P s n(W)], where

Ea’ (k - CQn> +<w)a

(14)
Po = wq?|upl?9g?(0)?, and ¢ = . We also assume fqp, =
0 for 0 < en(k) < V, and far = 1, otherwise. The
expression breaks up into overlaps of two cones in the
energy-momentum space, £,(k) and eqo (kK — Q) £+ w,
where €4(k) = ave|k|, for @ = % [see below Eq. (1) in
the main text].

First, we evaluate Pj_' +.n corresponding to the gain in
the system. It accounts for the intersection of 1 (k) and
er(k—Q,) + w in the range max(V,w) < ey (k) <V +
w. For w > wgy, [see Eq. (3) in the main text for the
definition of wgy], the two cones do not intersect, giving

d’k
C = — J—
'Paa,m = 271'7)0/ (27)? fard(ea(k)

rise to zero contribution to the gain. In the opposite case,
when w < wgy,, the two cones intersect along a line. The
maximal overlap is expected when w < wgy,, where the
two cones are nearly tangential. Focusing on this case, we
define momentum in a spherical system of coordinates,
such that k = (kcos(0), ksin(0)), where k = |k| and 0 is
the angle of k relative to the & axis. The intersection of
the cones occurs near #; = 0 when ¢ + nk, > 0 or near
0 = m when ¢+nk, < 0. We expand ¢4 (k—Q,,), to the
leading (quadratic) order in 66 = 6—6, /5, yielding e (k—
Q) = velk — Qul + 524662 + 0(66*), where Q,, =
|Q,,|. At this order in 06, the intersection e (k) = ey (k—

Q,,) +w, occurs at 60 = i\/(veQn — w)QE)’:;ig:), where
we considered k£ > @),, corresponding to the dominant
contribution. Note, that v.Q, = wg., identically.

Next, we split the integral in Eq. (1) to an inte-
gral over the energy € = v.k and the angle 660, as
f (277)2 = [ deNp( 2” ‘212 The density of states for
the dispersion 5+(k:) is glven by Np(e) =¢/(2mv2). The
energy conserving J-function can be simplified in the
angular coordinates as d(e4 (k) —eyr(k — Q,,) —w) =
ﬁlggﬁ\ > i 0(60 — 66). The angular integral there-
fore can be trivially performed due to the Jé-function,
leaving the energy integral

w+V
2(e — wgrn)
PJF n:PO/ dfi./\/’p 15

t max(w,V) EwRTL|0 | ( ) ( )

We implicitly assume that Pi +n = 0 for w > wgy or
€ < Wgrn. We therefore obtain

. POI,,T(UJ, V)@(an — w)

,P-‘r"ﬁ” - 2 ’
T2/ 2WRn(WRR — W)

where ZF (w, V) = f;n;;(f:n"j;;v dev/e\/€ — WRn, which
has an exact analytic expression. In the limit V > wg,,
I+( V) Van

Next, we evaluate PZ, , accounting for an intersec-
tion of e_(k) and e4(k + Q,) — w in the range —w <
e4+(k) < min(0,V — w) contributing to a negative gain
(i.e., absorption of the phonons by the electrons). The
intersection occurs at 6 = :i:\/(w — veQn)ziQ,:Qf) for
k < @,. Integration over the energy and angle in the
range ¢ € [max(0,w — V),w], using d(e_(k) — e (k +
Q) +w) = St 57 6(60 — 66}), vields

(16)

T (w,V)O(w — Wrn
P:+ L= PO n (UJ, ) (w WR )7 (17)
’ T2/ 2WRn (W — WRR)
where Z; (w,V) = [2F" dev/eN/wrn — €.

min(wgy,,max(0,w—V))

The total contribution is shown in Fig. 2b in the
main text. For w = wg, — dw,, where dw, <
wgrp and in the limit V > wg,, we approximate
Po(w) = PoNp(V) —2(;‘;11".

Therefore, the gain, as



follows from Eq. (7) in the main text reads v, =

2 2 2
wg1(0)°a 2wWRn
O ND(V) 2.

THE BISTRIZER-MACDONALD MODEL OF
THE TBG

In this section, we present the continuum model that
describes the low-energy physics of the TBG near the
charge neutrality. Our goal is to outline the model that
we used in the numerical simulations and to estimate the
energy scale of the spatially modulated electron-phonon
coupling due to the uniaxial strain and an array of screen-
ing gates. Therefore, we begin with a continuum model
with a generic weak strain and screened electron-phonon
interaction.

The TBG consists of two graphene monolayers twisted
by a relative angle . Each untwisted graphene mono-
layer, denoted by [ = 1,2, comprises a honeycomb lat-
tice of carbon atoms with a lattice constant of a =
0.246 nm and reciprocal vectors G1 2 = 2% (1, :I:%) The
graphene band structure exhibits two valley points at
K. = F(G1 + G2)/3, where the electrons have nearly
Dirac dispersion. Our model is linearized around the val-
ley points giving rise to the valley number, £ = . Under
a uniaxial strain and a twist, the low energy physics of
each monolayer, at valley £, is given by [1, 2]

1 ! ! w !
he = —vr|(L+ &)k~ D +EAQ] - (6%, 0¥) + ?;ﬁ).
18
Here, vp/a = 2.14eV, 0® and o¥ are Pauli matrices act-
ing in the sublattice basis {|A),|B)} of each monolayer
(6”|A) = |B)), & is the strain and rotation tensor, given

€Exx €xy — 91
€yr + 0 € ’
yT l vy

where 01 5 = £6/2 is the rotation angle of each mono-
layer. The vector ’Dél) = (1 - &K — ¢A includes
the modified position of the valley points due to the
deformation and an effective gauge connection imposed
by the strain, reading A = %5(6193 — €y, €gy), With
8 = 3.14. Eq. (18) also includes coupling to acoustic
phonons, represented by the effective gauge connection

Ah _ SB(A( (1) - (1)

o — diyy, Uzy) and by the diagonal term
(l) D(uﬂ% (l)) Here, 1;; = (aiag.” +8j12§l))/2, and

A(l)(fr t) is the displacement operator in the direction
i = {x,y} and layer . Each monolayer has an additional
spin degree of freedom which is degenerate in the model.

For ¢;; = 0 and B = D = 0, the twisted structure
exhibits an emergent moiré lattice with a honeycomb
structure, described by the reciprocal vectors Gy'y =
Gm(:l:%,l), where G, = 2—: and ap = a/[2sin(0/2)].
The Hamiltonian describing the low-energy physics of the
TBG is obtained by combining Eq. (18) describing mono-
layers and interlayer hopping terms T, yielding[1, 3, 4]

for small deformations by &

for the valley &,

RO
He = ( £ N (19)

Te h
Here, the interlayer hopping is approximated by

u u v ww Y\ gm.
) = (u’ u) i (u’/w u T+
u W\ egm.g

1 >e 2 in the

basis
u' Jw u ’

sublattice

where w = €2™/3 and we consider u = 0.0797¢eV,

v = 0.0975e¢V. Fig. 3a in the main text shows the
spectrum of a single valley of the TBG, described by
Eq. (19), for ¢;; = =D = 0.

Next, we discuss the realizations of the nano-
undulator. We begin by discussing a spatially modulated
uniaxial strain along the x direction. We parametrize
such a strain by €,, = €gcos(k,x), where €y is the am-
plitude of the strain, assumed to be small ¢ < 1, and
€xy = €yz = €yy = 0. The effective electron-phonon cou-
pling in the presence of the strain is given by the linear
in 6017,7(;? term in Eq. (18) .
arrive at

Expanding to this order we

h{"? = —vp \[560 cos(kyz) (i) — al))o”. (20)
By comparing Eq. (20) and Eq. (2) in the main text, we
find g1 = gvpﬂeo. For ¢y =~
g1 =~ 0.15eV, corresponding to vg ~ 0.02 um™

Another realization is based on a periodic array of
gates placed at the distance d from the TBG. The
gates modify the screening efficiency of the interaction
between the electronic charge density and the lattice
ions[5-11]. For a phonon of momentum ¢, the renor-
malized coupling term near the gate can be estimated
by D = Dgq/[q + qrF tanh(gd)], where we use the esti-
mate for the Thomas Fermi wavevector[12] gtr ~ 1 nm ™!

For a periodic structure of gates along & with pe-
riodicity A, and in the limit grp > ¢,1/d, the cou-

pling approximately oscillates between Dy, =~ % and

Comparing with Eq. (2) in the main
text, we estimate gy &~ 1 20— Ty and O ~ 1. For grrd ~ 3
and Dy = 50eV, we estimate g; ~ 3eV. For this value

of g1, we obtain vy ~ 8.5 um~1!.

5% strain, we estimate
1

~ Do
Drnax & 1+grrd’

COUPLING OF THE PHONONS TO PLASMON
MODES

In this section, we discuss the coupling of phonons
to plasmon modes, giving rise to an evanescent THz-
oscillating electromagnetic field. To describe this ef-
fect, we assume a uniform density of electrons p? modu-
lated by small fluctuations represented by the displace-
ment operator ue(r,t), resulting in the density opera-



tor, pe(r,t) = po[l — V - Ge(r,t)]. Similarly, the den-
sity operator of the ions modulated by the phonon dis-
placement field @(r,t) [see the main text], is given by
pr(r,t) = p8[1 — V- a(r,t)], where p? is the density of
ions. For uniform densities (when @, = @ = 0), the sam-
ple is neutral, corresponding to po = Zrp%, where Z, is
the ions’ charge. Plasma modes in the electronic density
and phonon modes in the ions, give rise to local electric
charge density given by dp(r,t) = poV-[a(r, t)— e (7, t)].
This charge density, in turn, creates an oscillating electric
field.

The dynamics of the electronic density fluctuations is
described by the Hamiltonian

N d*r 1 .
He = / @, [zme e

Here, 7re(7) is the conjugate momentum of te(e), me is
an effective electron mass[13] and k. is related to the
electronic compressibility, which near the Dirac cone [see
Eq. (1) in the main text], can be approximated as ko =
Vo/Um, Where ay, = a/(2sin(0/2)). Similarly, the lattice
displacement is described by the Hamiltonian

(M + S 1orie(r)?] . (21)

R el 1, ME
A= [ GZ[QMWM F PP (22)

The electronic and the ionic densities are coupled by the
Coulomb repulsion between the charge densities edp at
different positions, which is described by the Hamiltonian

Ho = // rd*r'Vo(r —r)op(r)op(r), (23)
where Vo(r — r') = €%/|r — r'|. We also consider the

electron-phonon coupling [see Eq. (2) in the main text]
written in the form

Hep = / Prg(r)d(V i) (V-4).  (24)

i

The equation of motion for the displacement operators in
the Heisenberg picture driven by the Hamiltonian H =
He + Hp + He + ’Hep, reads Ojtte = fro/me and 0yt =
7t/M. In turn, the equation of motion for the conjugate
momenta reads

atfrezneaiae—2ailm(r)— 29(r)podia,  (25)

where ¢(r) = [ d*>r'Vo(r—r")p28p(r'). Similarly, for the
phonon conjugate momentum, we obtain

Oyt = M2, 0% + 2a20,¢(r) — a®g(r)po02ite.  (26)

ph

Differentiating over time the equations of motion of the
displacement fields and combining with equations of mo-
tion for the conjugate momenta, we arrive at

Mo?a = Mcphazu +2a%8,¢(r) — ag(r) podO2w27a)

MeO2tte = KeD2tte — 202,0,0(1) — a2, g(r) pod>U2TDH)

To find the eigenmodes of the coupled differential equa-

tion, we substitute a(r,t) = ﬁﬁ(q,w)eiq""m and
Ue(r,t) = ﬁﬁe(q,w)ei‘”_i‘”t7 leading to
2.2
N . aqug . . a*q*vp
W = 2L q*h + ?WC (4 — o) — d P, (28a)
2 2
Wity = oL g ImYC (5 gy ImdUD g oy
Me ame Me

where we used the surface Fourier transform of F {Vi} =
2me?/q, take only the constant in space component of
g(r), and defined ve = 4me?pla, vp = gopo. We can
rewrite the latter equation as an eigenvalue problem

U =KU, (29)
hq + aqvc _amquc _ amzfvo
where K = “ M » M ;
__amquc amaq VD Ke 2 a;,qvc
M M mcq ame

U = ((am/a)it/ /e, ﬁe/\/MZ)V[T, and M = /Mm,. The

eigenvalues to the leading order in ¢ read

2 2
9 G3,qVC a“me 9
wi = am. (1 + aan> + O(q%) (30a)
2 ¢ a’k 3
wt = —5— +0 0b
1 + 327?& ( P ]‘[ ) (q 63 )

respectively corresponding to the plasmon and phonon
modes. The plasmon eigenmode, corresponding to w,
reads @, /4 = —%—!—O(q). Similarly, the phonon eigen-
mode, corresponding to w_, reads @e /% = 1+Ag+0O(q?),
where

(a2 M — a®*me¢)vp Cf)hmeM — Mk

A= o .3
a(a?ﬂM + a?me)vc + a(a?nM + a?me)vc (31)

Therefore, for ¢ — 0 phonons, @, — u, corresponding to
dp — 0. For a finite momentum excitation, we find

5p(r,t) = porg*a(r, t). (32)

For g = q& and w = w_, the charge density wave in the
& direction gives rise to an oscillating current density in
the same direction, as follows from the continuity equa-
tion Jy(r,t) = —%<6ﬁ(r,t)>. The current density gener-
ates an oscillating magnetic field which near the sample
plane (z = 0) is oriented mostly in the ¢ direction and can
be estimated by Ampere’s law as By(r,t) = %Jx(r,t),
where » = (x,y,2 = 0) and ¢ is the speed of light. For
z > 0, this oscillating magnetic field propagates accord-
ing to the electro-magnetic wave equation. Assuming
By(r,t) = By(z = 0,t)e™*=*, we find k2 = w?/c? — ¢°.
Since, ¢; > cpn, k. obtains imaginary values, corre-
sponding to an evanescent electromagnetic wave. The
corresponding electric field is given by E = —it V x B,
vielding E(r,t) = —< (&h, - 2q)B, (r.
charge densities, the electric field reads

B, = 2me(p)e == (k. /q)
E. = —2ne(6p)e k=17,

t). In terms of the

(33a)
(33b)



corresponding to the amplitude

|E| = 2mepord®|(a(r, ) 1F= 12\ /1T + |k. /q|2.  (34)

We estimate Eq. (31) by A = avp/vc. Taking py =
1/a%, and go ~ 50eV, we find A ~ 2a. Assuming at the
laser saturation the displacement vector is |[(@)| =~ 0.1a,
taking ga =~ 1072, and focusing on the near field z <«
k.| ™1, we estimate |E| ~ 30kV /m.

[1] Zhen Bi, Noah F.Q. Yuan, and Liang Fu, “Designing flat
bands by strain,” Phys. Rev. B 100, 035448 (2019).

[2] Mikito Koshino and Nguyen N.T. Nam, “Effective con-
tinuum model for relaxed twisted bilayer graphene and
moiré electron-phonon interaction,” Phys. Rev. B 101,
195425 (2020).

[3] Rafi Bistritzer and Allan H. MacDonald, “Moiré bands
in twisted double-layer graphene,” Proc. Natl. Acad. Sci.
108, 12233-12237 (2011).

[4] Mikito Koshino and Young-Woo Son, “Moiré phonons
in twisted bilayer graphene,” Phys. Rev. B 100, 075416
(2019).

[5] Eros Mariani and Felix Von Oppen, “Temperature-
dependent resistivity of suspended graphene,” Phys. Rev.
B 82, 195403 (2010).

[6] E. H. Hwang and S. Das Sarma, “Dielectric function,
screening, and plasmons in two-dimensional graphene,”
Phys. Rev. B 75, 205418 (2007).

[7] Felix Von Oppen, Francisco Guinea, and Eros Mariani,
“Synthetic electric fields and phonon damping in car-
bon nanotubes and graphene,” Phys. Rev. B 80, 075420
(2009).

[8] Hidekatsu Suzuura and Tsuneya Ando, “Phonons and
electron-phonon scattering in carbon nanotubes,” Phys.
Rev. B 65, 235412 (2002).

[9] J. L. Maifies, “Symmetry-based approach to electron-
phonon interactions in graphene,” Phys. Rev. B 76,
045430 (2007).

[10] Thibault Sohier, Matteo Calandra, Cheol Hwan
Park, Nicola Bonini, Nicola Marzari, and Francesco
Mauri, “Phonon-limited resistivity of graphene by first-
principles calculations: Electron-phonon interactions,
strain-induced gauge field, and Boltzmann equation,”
Phys. Rev. B 90, 125414 (2014).

[11] Cheol Hwan Park, Nicola Bonini, Thibault Sohier,
Georgy Samsonidze, Boris Kozinsky, Matteo Calan-
dra, Francesco Mauri, and Nicola Marzari, “Elec-
tron—Phonon Interactions and the Intrinsic Electrical Re-
sistivity of Graphene,” Nano Lett. 14, 1113-1119 (2014).

[12] M. Kim, S. G. Xu, A. I. Berdyugin, A. Principi,
S. Slizovskiy, N. Xin, P. Kumaravadivel, W. Kuang,
M. Hamer, R. Krishna Kumar, R. V. Gorbachev,
K. Watanabe, T. Taniguchi, I. V. Grigorieva, V. I. Fal’ko,
M. Polini, and A. K. Geim, “Control of electron-electron
interaction in graphene by proximity screening,” Nat.
Commun. 11, 1-6 (2020).

[13] D. Svintsov, V. Vyurkov, S. Yurchenko, T. Otsuji,
and V. Ryzhii, “Hydrodynamic model for electron-hole
plasma in graphene,” J. Appl. Phys. 111, 083715 (2012).



