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Manipulating atom-number distributions and detecting spatial distributions
in lattice-confined spinor gases
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We present an experimental study demonstrating the manipulation of atom-number distributions of spinor
gases after nonequilibrium quantum quenches across superfluid to Mott-insulator phase transitions in cubic
optical lattices. Our data indicate that atom distributions in individual Mott lobes can be tuned by properly
designing quantum quench sequences, which suggests methods of maximizing the fraction of atoms in Mott
lobes of even occupation numbers and has applications in attaining different quantum magnetic phases including
massively entangled states. Spatial distributions of gases in three-dimensional lattices are derived from the
observed number distributions, which reveal complex spatial dynamics during the quantum quenches. Qualitative
agreements are also found between our experimental data and numerical simulations based on time-dependent
Gutzwiller approximations in two-dimensional systems.
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Spinor Bose-Einstein condensates (BECs) in optical lat-
tices, possessing a spin degree of freedom and tunable
interactions, have been utilized to form programmable
quantum simulators which are capable of studying a vast
array of topics at the forefront of physics research that are
too computationally complex to study using classical com-
puters [1–11]. One feature of lattice-confined spinor gases of
particular interest is that atoms in Mott-insulator (MI) lobes
of different occupation numbers can have distinct properties,
e.g., antiferromagnetic spinor gases can only form spin sin-
glets in even Mott lobes [3,10–14]. Many-body spin-singlet
states, consisting of massively entangled spin components,
have been suggested as exemplary platforms for studying
quantum memory and quantum metrology [7]. The num-
ber and spatial distributions of ultracold atoms in lattices
have thus been a topic of great interest [8,15–25]. Various
experimental approaches have been realized to determine
these distributions after atoms are loaded into deep lat-
tices [8,15,18,22–25]. Techniques to directly image individual
lattice sites, such as quantum gas microscopy, allow for si-
multaneous detections of number and spatial distributions,
but have thus far been highly challenging to implement in
three-dimensional (3D) systems due to technical limitations,
such as a short depth of focus and background contributions
from nearby layers [23–25]. Indirect methods of determining
number and spatial distributions are thus needed to avoid these
technical challenges. A good indirect method is to identify
signatures of discrete energy levels from a Fourier analysis of
spin-mixing dynamics, resulting from the competition of the
quadratic Zeeman energy q and the spin-dependent interaction
U2 in spinor gases [1,8]. This approach has thus far been
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realized only for detecting number distributions after adiabatic
ramps by our previous work [8].

In this Letter, we extend this method to probe atom-number
distributions after nonadiabatic quantum quenches, and more
importantly we demonstrate the utilization of this method to
reveal spatial distributions of atoms in 3D lattices with stan-
dard imaging systems. The derived spatial distributions of 3D
lattice-confined gases indicate that atoms go through complex
spatial dynamics while redistributing within a harmonic trap
during the quantum quenches. Our data also confirm that
atom distributions can be manipulated by properly designing
quantum quench sequences, which may have important ap-
plications in attaining different many-body quantum phases.
These observations suggest methods of maximizing the frac-
tion of atoms in even Mott lobes which, among other things,
may enable future works to optimize the production of mas-
sively entangled states in cold atoms. Another notable aspect
of our experiment is the toolbox it provides for probing
spinor atoms at the on-site level, which can be utilized to
deduce the coefficients of on-site wave functions and cal-
culate number fluctuations, the spin-singlet order parameter,
and various other entanglement observables in homogeneous
systems [1,7].

We apply the Bose-Hubbard (BH) model and the
Gutzwiller approximation to understand the static and dy-
namic properties of lattice-trapped spin-1 bosons [26]. In
the Gutzwiller approximation, the many-body wave function
of the full lattice can be written as a product of single-site
states, which for a homogeneous system of F = 1 atoms is
|φ〉 = ∑

n1,n0,n−1
Cn1,n0,n−1 |n1, n0, n−1〉 in the Fock state ba-

sis |n1, n0, n−1〉 [4]. Here, nmF is the number of spin-mF

atoms. Fock state coefficients P(n1, n0, n−1) = |Cn1,n0,n−1 |2
define Fock state number distributions. The Fock state co-
efficient for the spin-0 component, which can be found by
a Fourier analysis of the spin-mixing dynamics, is denoted
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FIG. 1. (a) Observed dynamics of spin-0 atoms at vramp = 14(1)ER/ms and uL0 = 0ER. Markers represent the average of approximately 15
repeated shots at the same conditions and error bars are one standard error. The solid line is a fit based on our empirical model to guide the
eye [8]. (b) Markers show FFTs over the first 40 ms of thold on the data shown in (a). Vertical lines mark the predicted energy signature fn for
each n, while the solid line represents Gaussian fits to each observed peak [26]. (c) Number distributions χn extracted from the FFT spectrum
shown in (b) (see text).

as χn = ∑
n1,n−1

|Cn1,n0,n−1 |2 [1,8]. Fock state coefficients for
other spin components can be derived via the same method.

For a homogeneous system, χn reveals the on-site atom-
number statistics which displays a Poissonian behavior in a
superfluid (SF) state and gets number squeezed in the MI
regime [21]. In our experimental systems, however, atoms
are externally confined in a harmonic trap. This results in
an inhomogeneous density profile with different atom-number
statistics at individual lattice sites. In the MI state, this leads to
a wedding-cake structure in the density profile with constant
integer density Mott plateaus; therefore, each lattice site has
different on-site number statistics. In our experiments, we
collect data after releasing atoms from all trapping potentials,
and each observed number distribution is thus summed over
individual lattice sites i, i.e., χn = ∑

i χni .
We start each experiment cycle with a sodium spinor BEC

at its SF ground state, the longitudinal polar state with ρ0 = 1.
Here, ρ0 is the fractional population of spin-0 components. We
then load atoms into a cubic optical lattice by adiabatically
raising the lattice depth uL to an intermediate value uL0 and
then nonadiabatically quench uL to a final lattice depth ufinal

L at
the speed vramp to initiate spin-mixing dynamics [26]. Because
ufinal
L is much deeper than the SF-MI transition points, atoms

are localized into individual lattice sites by the end of the
quench sequence [3]. After the lattice quench, we hold the
atoms at ufinal

L for a holding time thold before abruptly releasing
them and then detect different spin components via a two-
stage microwave imaging process [4,7,26].

While q/h � 100 Hz, spin dynamics similar to those pre-
sented in Fig. 1(a) are observed, where q is the quadratic
Zeeman energy and h is Planck’s constant. Consisting of mul-
tiple Rabi-type oscillations of frequencies fn, these dynamics
offer an ideal platform to probe the atom-number distributions
of spinor gases [1,8]. Here, fn = En/h and En is the energy
gap between the first excited state and the ground state for
a fixed n [1,8]. When q and ufinal

L are carefully chosen to be
large enough that the frequencies of spin-mixing oscillations
at individual n are well separated but q is small enough that
the system displays spin oscillations after quantum quenches,
the resulting spin dynamics allow us to extract the number
distributions of our system. In this Letter, all data are col-
lected at ufinal

L = 35ER and q/h = 85 Hz which offers a good

balance between these conditions. Here, ER is the recoil
energy [4,5,8]. By conducting a fast Fourier transformation
(FFT), similar to the one shown in Fig. 1(b), over the first
40 ms of each observed spin dynamics, integrating over each
peak in the resulting spectrum, and dividing by the theoretical
spin oscillation amplitude at each n, we can precisely deter-
mine the spectral contributions of each n [8]. The resulting
normalized χn [see Fig. 1(c)] reflect the number distributions
after the n = 1 Mott lobe is excluded because no spin oscilla-
tions occur when n = 1.

The observed atom-number distributions at various vramp

are displayed in Fig. 2(a). Because the realizations and manip-
ulations of some important quantum states (e.g., spin singlets)
of ultracold atoms depend on the increased presence of even
Mott lobes [3,10–14], one parameter of particular significance
that we wish to probe is χeven, the fraction of atoms in even
Mott lobes. Figure 2(b) shows the observed χeven at various
vramp. The distributions found at the fastest tested speed of
vramp = 54(1)ER/ms have a relatively high χeven, and there
is a clear dip in χeven as the quench speed is lowered from
54(1)ER/ms to 39(1)ER/ms, which then increases exponen-
tially with vramp back to a relatively high χeven [26]. One
notable result is that most observed χeven shown in Fig. 2(b)
are significantly larger than the predicted χeven of 0.55 for
our system of npeak = 7. Here, npeak is the peak occupation
number per lattice site in equilibrium MI states [4,5,8,26]. We
find no discernible FFT spectra can be obtained after quenches
at slow speeds of vramp < 10ER/ms because the amplitude of
spin-mixing oscillations after the quenches appears to rapidly
diminish as vramp decreases.

We also examine the effects of varying the intermediate
lattice depth uL0 in Fig. 2(c). In these experiments, the lattice
ramp speed vramp is kept at 28(1)ER/ms during quenches
from various uL0 to ufinal

L = 35ER. Our data in Fig. 2(c) in-
dicate that the observed χeven only weakly depends on uL0

at this vramp. As uL0 approaches SF-MI transition points, the
maximum n extracted from the experimental FFT spectra ap-
pears to decrease to the predicted npeak for equilibrium MI
states, which confirms lattice ramps become more adiabatic
at larger uL0. In addition, while all Mott lobes of n � npeak

are observed when uL0 > 0ER [see Fig. 2(c)], we find that
certain Mott lobes do not appear in the observed distribu-

L041304-2



MANIPULATING ATOM-NUMBER DISTRIBUTIONS AND … PHYSICAL REVIEW A 104, L041304 (2021)

1.0

0.8

0.6

0.4

0.2

0.0

(a)

 S
ta

ck
ed

 χ
n

vramp (units of ER/ms)

54 28 19 1439

n = 2
n = 4
n = 6
n = 8
n = 3
n = 5
n = 7
n = 9

0.75

0.65

0.55

0.45

χ ev
en

(b)

2030405060 15

(c)

1.0

0.8

0.6

0.4

0.2

0.0
0 7 14

uL0 (units of ER)

n = 2
n = 4
n = 6
n = 8
n = 3
n = 5
n = 7
n = 9

 S
ta

ck
ed

 χ
n

vramp (units of ER/ms)

FIG. 2. (a) Observed number distributions χn at various vramp and uL0 = 0ER. Shades of blue (red) represent even (odd) occupation numbers
n with the shades getting darker as n increases from 2 to 8 (from 3 to 9). The height of each shaded box represents χn for a given n, while
the combined height of the blue (red) boxes corresponds to the total number distribution in even (odd) Mott lobes. (b) Diamonds represent
the experimentally found χeven for each quench sequence shown in (a). The solid line is a linear (an exponential) fit to the data when vramp is
faster (slower) than 39(1)ER/ms. (c) Similar to (a) but varies uL0 while holding vramp at 28(1)ER/ms during the lattice ramp from uL0 to 35ER

(see text).

tions when uL0 = 0ER, e.g., n = 3 at vramp = 54(1)ER/ms
[see Fig. 2(a)]. This phenomenon may be explained by the
fact that atoms are adiabatically (nonadiabatically) loaded
into the 3D lattices when uL0 > 0ER (uL0 = 0ER). Our obser-
vations therefore suggest that a well-designed nonadiabatic
lattice ramp may be able to eliminate Mott lobes of an
undesired n.

Another important feature of the observed nonequilib-
rium spin dynamics is they can be utilized to explore spatial
distributions of 3D lattice-trapped atoms. Atoms in our inho-
mogeneous systems form wedding-cake structures in the MI
phase with Mott lobes of higher n near the center and Mott
lobes of lower n near the boundaries. As shown in Figs. 3(a)–
3(c), by carefully combining the predicted wedding-cake
structure and our observed atom-number distributions, spatial
distributions of atoms in 3D lattices may be revealed. One
interesting observation is that the extracted spatial distribu-
tions strongly depend on the lattice quench speed, i.e., more
atoms locate at the trap boundaries as quenches become more
adiabatic (see Fig. 3). This dependence can be quantified by
examining χ2&3, the fraction of atoms found in the n = 2
and n = 3 Mott lobes, versus vramp as seen in Fig. 3(d). The
observed χ2&3 appears to exponentially increase as vramp de-
creases [see the solid line in Fig. 3(d)] [26], which indicates

slower lattice quenches allow atoms initially located in the
trap center to have more time to flow to the trap boundaries.
These findings suggest that atoms go through complex spatial
dynamics while redistributing within the harmonic trap during
quantum quenches providing a mechanism by which χeven can
be manipulated.

Our experiments are performed in 3D inhomogeneous
lattice-confined spin-1 spinor gases. An exact many-body
simulation of such systems has not yet been reported in the
literature either for equilibrium states or nonequilibrium dy-
namics [4]. This numerical problem is prohibitively difficult
due to high Hilbert space dimensions of on-site spin-1 atoms
and the inhomogeneous nature of the systems, and hence
feasible theoretical simulations are limited to one and two
dimensions (2D). Figure 4(a) shows typical simulation results
of number distributions performed in systems similar to our
experimental system but in 2D after quench sequences at
various speeds and also for the initial SF ground state which
corresponds to an infinitely fast ramp. Each predicted distribu-
tion shown in Fig. 4 is averaged over all lattice sites and only
includes the experimentally observable Mott lobes of n � 2.

We find qualitative agreements between our 2D theoretical
simulations and 3D experimental results, despite quantita-
tive disparities which are expected due to the difference in
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FIG. 3. (a)–(c) Spatial distributions of atoms corresponding to the measured χn shown in Fig. 2(a) at vramp = 54(1), 28(1), and 14(1)ER/ms,
respectively (see text). The z axis and color scale correspond to the observed χn while the radial distance from the center denotes the predicted
radii of each Mott plateau and is normalized so that the outer radius of the n = 1 Mott lobe is 1. (d) Markers represent the observed χ2&3 from
the distributions presented in Fig. 2(a). The solid line is an exponential fit.
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FIG. 4. (a) Predicted number distributions χn derived from our numerical simulations for 2D lattice-confined sodium spinor gases after
ramp sequences with uL0 = 0.1ER at various vramp and for IS, the initial superfluid ground state. Shades of blue (red) represent even (odd) n
with the shades getting darker as n increases from 2 to 8 (3 to 9). The height of each shaded box represents the predicted χn for a given n,
while the combined height of the blue (red) boxes represents the total number distributions in even (odd) Mott lobes. (b) Markers represent
fractions of even Mott lobes extracted from simulated lattice quenches similar to those shown in (a) but at various vramp and two uL0. (c) Similar
to (b) but markers represent χ2&3. Solid lines in (b) and (c) are fitting curves to guide the eye. (d)–(g) Similar to Figs. 3(a)–3(c) but after the
simulated quenches at vramp = 700, 300, 100, and 35ER/ms, respectively.

dimensionality. For example, similar to our experimental data
shown in Fig. 2(a), the simulated atom-number distributions
in Fig. 4(a) indicate a dependence on the lattice quench speed
vramp. The predicted even fractions after simulated quenches
at various vramp [see Fig. 4(b)] also display some similari-
ties to our experimental observations illustrated in Fig. 2(b),
e.g., χeven exponentially increases from a value around the
predicted χeven for the initial SF ground state as vramp is
lowered, and χeven reaches its maximum at a nonadiabatic
quench speed. Our theoretical results indicate that χeven should
decrease to the value for equilibrium MI states as vramp con-
tinues to decrease but because we are unable to observe spin
oscillations at very small vramp, we have not been able to ob-
serve this experimentally. Differences between the two theory
curves in Fig. 4(b) also imply that it is possible to optimize
the even fraction χeven by properly designing quantum quench
sequences, e.g., larger maximum achievable χeven may be
realized at smaller uL0.

Another experiment-theory similarity is the rapid increase
in χ2&3 as vramp is lowered [see Figs. 4(c) and 3(d)]. The dif-
ferences between the two curves in Fig. 4(c) further illustrate
that this effect is more prominent when the quench sequence
is more nonadiabatic (i.e., when uL0 approaches zero). Simu-
lated spatial distributions [see Figs. 4(d)–4(g)], corresponding
to typical quenches shown in Fig. 4(a), also imply that atoms
flow from the center of the trap to the boundaries as the
quench speed is lowered, which qualitatively agrees with our
experimental data shown in Fig. 3. These results suggest
spatial distributions reach an equilibrium value when vramp

is sufficiently slow to ensure the atoms initially located in
the trap center have enough time to move towards the trap
boundaries and equilibrate. While the nature of the redistri-
bution for lattice trapped atoms is highly dependent on the
specific model, e.g., scalar boson models would be different
from the antiferromagnetic spinor models where some occu-
pation numbers are suppressed based on U2 and q, the effect
should be present in most lattice models. Nonequilibrium spin
dynamics could therefore potentially provide a convenient
method to explore the spatial distribution of 3D lattice-trapped
atoms with standard imaging techniques.

In conclusion, we have experimentally demonstrated atom
distributions of lattice-confined spinor gases can be ma-
nipulated via quantum quenches. Our data have illustrated
methods of maximizing the presence of even Mott lobes,
which have applications in attaining various quantum mag-
netic phases including massively entangled states. This work
has also suggested an indirect detection method to reveal
spatial distributions of 3D lattice-confined gases with standard
imaging systems. This indirect method can be applied to other
atomic species and may be helpful to study intricate spa-
tial dynamics as lattice site-resolved imaging in 3D systems
is still difficult to implement. Our observations have been
qualitatively described by numerical simulations using time-
dependent Gutzwiller approximations in two-dimensional
systems.

We thank the National Science Foundation and the Noble
Foundation for financial support.
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1. THEORETICAL MODELS

We apply the Bose-Hubbard (BH) model and the Gutzwiller approximation to understand the static and dynamic

properties of lattice-trapped spin-1 bosons and express the spin-1 BH Hamiltonian as [1]

Ĥ =− J
∑

<i,j>,mF

(â†i,mF
âj,mF

+ â†j,mF
âi,mF

)−
∑

i

µin̂i +
U0

2

∑

i

n̂i(n̂i − 1)

+
U2

2

∑

i

(~F 2
i − 2n̂i) +

1

2
VT

∑

i

(i−
L

2
)2n̂i + q

∑

i

(n̂i,1 + n̂i,−1) . (1)

Here U0 is the spin-independent interaction, U2 is the spin-dependent interaction, J is the tunnelling energy among

neighboring lattice sites, µ is the chemical potential, VT is the external trapping potential, q is the quadratic Zeeman

energy, ~F is the spin operator, n̂i =
∑

mF
n̂i,mF

=
∑

mF
â†i,mF

âi,mF
is the atom number operator at site-i, âmF

(â†mF
)

is the boson destruction (creation) operator for the spin-mF component, mF can be 0 or ±1 for F = 1 atoms, and L

is the total number of lattice sites [1, 2]. In deep lattices where J is negligible, Eq. (1) can be further decoupled into

the single site Hamiltonian [2, 3],

Ĥ =
U0

2
n̂(n̂− 1) +

U2

2
(~F 2 − 2n̂) + q(n̂1 + n̂−1)− µn̂ , (2)

where n̂ =
∑

mF
n̂mF

is the atom number operator for each lattice site. For a given n, the energy gap between the

first excited state and the ground state is En. The frequency of the spin oscillation at each n is fn = En/h, which

can be found numerically from Eq (2).

An additional quantity related to the Fock state distributions primarily studied in the main text is the num-

ber density in each lattice site. For atoms in the |F = 1,mF = 0〉 states, the number density is defined as

N(n0) =
∑

n1,n−1
n0|Cn1,n0,n−1

|2 which gives the expectation value of the atom number or the average density

of the atoms (see the main text). The number densities for other spin components can be found by the same

method. The Fock state distributions and number density distributions in our system are site-dependent due to

an external harmonic trapping potential, e.g., χni
and N(ni,0) represent the distributions of spin-0 atoms in the

i-th lattice site. The many-body wavefunction, in the Gutzwiller approximation, at site-i can then be expressed as

|φi〉 =
∑

ni,1,ni,0,ni,−1
Cni,1,ni,0,ni,−1

|ni,1, ni,0, ni,−1〉 [1].

As a final note, the Gutzwiller approximation ignores all inter-site correlations and entanglement to compute the
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ground state properties and the dynamics. The spinor system near superfluid (SF) to Mott insulator (MI) transitions,

however, is a highly correlated system where inter-site correlations may need to be considered for a more rigorous

analysis. Other numerical methods may be better suited to study this phenomenon, but we are further limited by

dimensionality, i.e., we can only conduct simulations in one-dimensional (1D) or 2D systems rather than 3D systems.

Density Matrix Renormalization Groups (DMRG) algorithms in particular might yield valuable insight but are only

efficient in 1D systems [1]. An efficient high performance computation of 3D lattice-confined spinor systems is a

planned future research avenue for improving the theory-experiment comparisons.

2. EXPERIMENTAL PROCEDURES

We start each experiment cycle with a spinor BEC of approximately 1.2 × 105 sodium (23Na) atoms in a crossed

optical dipole trap with frequencies ωx,y,z/2π = 132, 132, 197 Hz at its SF ground state, the longitudinal polar state

with ρ0 = 1 and m = 0. Here ρmF
is the fractional population of the mF state and m = ρ+1−ρ−1 is the magnetization.

The spinor gases studied in this paper exhibit antiferromagnetic characteristics because U2 = 0.035U0 > 0 [1, 3]. We

first use magnetic fields to apply a desired q and then load atoms into a cubic optical lattice with a lattice spacing

of 0.532 microns and continuously quench the lattice depth uL through the SF-MI phase transition points via a

Quench-L sequence. Figure S1 shows a schematic of these Quench-L sequences. Unlike in our previous work [3],

during some Quench-L sequences we adiabatically raise the lattice depth uL to a non-zero intermediate value uL0 at

the adiabatic ramp speed of 1.4ER/ms before quenching it to a final lattice depth ufinal
L . This final lattice depth is

considerably deeper than the SF-MI phase transition points, which are between 16ER and 23ER for our system of

npeak = 7, ensuring atoms are localized into individual lattice sites by the end of the ramp. Here npeak is the peak

occupation number per lattice site and ER is the recoil energy [1, 3]. Quench-L type sequences are limited to ramp

speeds that are sufficiently nonadiabatic to initiate spin-mixing dynamics, i.e., the ramp speed vramp & 10ER/ms. To

study number distributions after adiabatic ramps as in our previous work [3], we can use a Quench-Q sequence, in

which atoms first adiabatically cross the SF-MI phase transitions in a high magnetic field where q ≫ U2 to ensure

the atoms remain in their ground states and spin dynamics are then initiated by quenching the magnetic field to a

desired final q. Since the number distribution of atoms in lattices depends on npeak which in turn depends on the
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FIG. S1. Schematic of an experimental cycle of the Quench-L sequence (see text). uL0 is the intermediate lattice depth. Axes
are not to scale.
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total atom number, it should be noted that the total atom number in each experimental dataset is stable enough to

maintain npeak = 7.

3. DATA ANALYSIS

The observed spin dynamics can be fit using methods similar to those detailed in our previous work [3], while the

corresponding FFT spectra, similar to the one shown in Fig. 1(b) of the main text, can be fit in the region of interest

with a eight-Gaussian fitting using the following formula:

A(f) = C +A0f +
9∑

n=2

Ane
(−((f−fn)/w)2). (3)

For these fittings, we leave fn, the amplitudes An, and the base noise level C as fitting parameters while the Gaus-

sian width w is held at the FFT resolution. We choose 40 ms for each fast Fourier transformation (FFT) as it is

sufficiently long to clearly resolve each peak while remaining short enough to avoid the number distribution changing

significantly with thold during the data taking. We additionally use exponential fittings for χeven points taken at

vramp ≤ 39(1)ER/ms in Fig. 2(b) and all χ2&3 in Fig. 3(d) of the main text, because our theoretical simulations

indicate that the dependence in the region of interest may be exponential and because the exponential fit has a lower

chi-square value than a linear fit. Here χeven is the fraction of atoms found in even Mott lobes, and χ2&3 is the

fraction of atoms found in the n = 2 and n = 3 Mott lobes.
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