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We consider the problem of controlling a Linear Quadratic Regulator (LQR) system over a finite horizon T
with fixed and known cost matrices Q, R, but unknown and non-stationary dynamics {A;, B;}. The sequence
of dynamics matrices can be arbitrary, but with a total variation, V7, assumed to be o(T) and unknown to
the controller. Under the assumption that a sequence of stabilizing, but potentially sub-optimal controllers is

available for all ¢, we present an algorithm that achieves the optimal dynamic regret of o (V?/ >3/ 5). With

piecewise constant dynamics, our algorithm achieves the optimal regret of o (VST) where S is the number of
switches. The crux of our algorithm is an adaptive non-stationarity detection strategy, which builds on an
approach recently developed for contextual Multi-armed Bandit problems. We also argue that non-adaptive
forgetting (e.g., restarting or using sliding window learning with a static window size) may not be regret
optimal for the LOR problem, even when the window size is optimally tuned with the knowledge of V7. The
main technical challenge in the analysis of our algorithm is to prove that the ordinary least squares (OLS)
estimator has a small bias when the parameter to be estimated is non-stationary. Our analysis also highlights
that the key motif driving the regret is that the LQR problem is in spirit a bandit problem with linear feedback
and locally quadratic cost. This motif is more universal than the LQR problem itself, and therefore we believe
our results should find wider application.
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1 INTRODUCTION
We look at the control of a Linear Quadratic Regulator (LQR) system with unknown and time-
varying linear dynamics:

Xt41 = Agxy + Brug + wy,
with state x; € R" and control u; € RY, stochastic i.i.d. sub-Gaussian noise process {w;}, and a
time-invariant known quadratic cost function c(x, u) = x " Qx + u' Ru over a horizon of T periods.
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LOR systems are perhaps the simplest Markov Decision Processes (MDPs) and one of the most
fundamental problems studied in control theory. To quote [37, Chapter 8], “one of the most powerful
applications of time-varying LQR involves linearizing around a nominal trajectory of a nonlinear
system and using LQR to provide a trajectory controller” More precisely, given a desired trajectory
x?,u) that one desires to track for a system with non-linear dynamics:

E[xpsq | xp,ur] = x: + f (s, uy),

we define the centered trajectories X; = x; — x?, Up = up — u?, so that:

E[Xp1 | X tie] = % + (o, up) — f(x?, u?)

of (x7,up) o Of (), u))
+ e (x —af) +
ox; du;

x X (u; — u?) =: A;X; + B;ii;.

See also [3] for a tutorial treatment of use of LQR in engineering design. LQR systems, and
linear dynamical systems more broadly, have been used to model diverse applications, such as
controlling robots [30], cooling data centers [12], control of brand dynamics in marketing [32], and
macroeconomic policy [11] to name a few. As a result, LQR systems have also been the subject of a
lot of research on reinforcement learning: from model-free vs. model-based approaches in episodic
learning setting, to learning and control under unknown stationary dynamics, to robust control in
the presence of an adversarial (non-stochastic) noise process. See related work in Section 2. The
ability to adapt to changing dynamics lends another, arguably stronger, robustness to the control
policy. However, to the best of our knowledge, the problem of learning non-stationary dynamics
while controlling an LQR system has not been studied yet. We take the first steps towards this
problem.

We quantify the non-stationarity of the sequence {©; = [A; B;]} by the total variation Vy =
Z,T:_ll Ay with A; := ||®441 — ©;]|r denoting the Frobenius norm of change of dynamics matrix A
and input matrix B from time ¢ to ¢ + 1. In the case of piecewise constant dynamics, we measure
the non-stationarity by the number of pieces St > 1.

We measure the performance of a control (and learning) policy 7 via dynamic regret metric:

T

R™(T) = ) el u) =, (1)

t=1

where u; denotes the action taken by policy 7, and J; denotes the optimal average steady-state cost
of the stationary LQR system with dynamics fixed as ®,. We also show that ), J; is at most O(Vr)
larger than the expected cost of the dynamic optimal policy. A fundamental result in the theory of
LOR systems states that the optimal policy for an LQR system is a linear feedback control policy
u; = Kyx; for some sequence of matrices K; (see, e.g., [4]). If the LQR system is stationary, then the
infinite horizon optimal policy satisfies K; = K*. Our central result states that, given access to a
nominal sequence of controllers that are potentially sub-optimal but are guaranteed to stabilize the
non-stationary LQR dynamics, the proposed algorithm DyN-LQR guarantees:

E[RDYN—LQR(T)] -0 (VT2/5T3/5),

without the knowledge of Vr upfront. We also demonstrate an instance showing that this regret
rate is tight for any online learner/controller. The same algorithm guarantees E [RDYN'LQR(T)] =

o (\/ST) when the dynamics are piece-wise constant with at most S switches. The dependence of
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the regret on the dimensions n, d for our algorithm and analysis is n?d?, but we believe this can be
improved with a better choice of the tuning parameters in our algorithm.!

The design philosophy behind our algorithm DyN-LQR is of using certainty equivalent controllers,
that is, using the controller based on a point estimate of the model parameter (as opposed to
confidence ellipsoids, for example). At a typical time ¢, DYN-LQR employs a linear feedback control
Et based on an estimate @t of the current dynamics, with some extra exploration noise: u; =
Kyx: + osns. Here n; ~ N(0,I;), and o denotes the “exploration energy.” A fairly simple regret
decomposition lemma shows that if the policies K; do not change very often, then the regret is
dominated by (i) the total exploration energy Y, o7, and (ii) Z,Jt(l?t) — J;, where ]t(Et) denotes
the average steady-state cost of the stationary LQR system with time-invariant dynamics ©; and

control K;. A result of [35] shows that ]t(I?t) -JisC- | 0, -0,

enough. Thus, if we strip away the complexity introduced due to the dynamics itself, the essence of
the non-stationary LQR problem is that of tracking ©,, which boils down to a bandit problem with
linear feedback and a locally quadratic loss function. In Section 9 we give an example of a queueing
system which also exhibits this motif, and for which we believe a similar algorithm as DyN-LQR
can give optimal dynamic regret.

Under non-stationary dynamics, it is important to forget the distant history when constructing
an estimate of the current dynamics. Our approach for doing so is to adaptively restart the learning
problem when “sufficient” change in the dynamics has accumulated, using a scheme motivated by
the algorithm of Chen et al. [8] developed for contextual multi-armed bandits. The algorithm of
Chen et al. [8] runs multiple tests in parallel, each tailored to detect changes of a different scale,
by replaying (with carefully tailored probabilities) an older strategy and then comparing the new
estimated reward distribution with the older reward distribution. As a result, Chen et al. [8] were
the first to obtain the optimal dynamic regret for contextual bandit problems as a function of the
total variation of the reward distribution without the knowledge of the variation budget. For the
LOR problem, we modify this procedure in at least two directions. First, we keep using the current
controller but inject a higher exploration noise. This change is critical for our regret analysis at two
places: our current analysis includes a term involving the number of policy switches and minimizing
the number of policy switches impacts the regret guarantee; and, we mention below, our analysis
of the estimation error of dynamics crucially relies on the linear feedback control matrix being
fixed throughout the interval of estimation. Second, the probabilities with which the exploration
is carried out are different for the LQR problem owing to the quadratic cost. More recently, the
authors in [39] outline that for many classes of episodic reinforcement learning problems, a similar
strategy can be used to convert any Upper Confidence Bound (UCB) type stationary reinforcement
learning algorithm to a dynamic regret minimizing algorithm. There are quite a few differences
between [39] and our work: the LQR problem is not covered by the classes of MDPs they consider,
we look at a non-episodic version of the LQR problem, and our algorithm is certainty equivalent
controller-based and not a UCB-type.

2
, if the estimation error is small
F

Technical challenges and novelty: We next point out three areas where the analysis in the current
paper contributes to the existing literature on online learning and control.

(1) Ordinary Least Squares (OLS) under non-stationarity: The biggest challenge we overcome is
to prove a bound on the error of the estimated parameters ©;. In particular, based on the

1For stationary LQR, [35] prove that the optimal dependence is d+/n, we leave the task of achieving the same dependence in
non-stationary LQR as a question for subsequent research.
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observations in some interval 7, the OLS estimate © 7 of the dynamics is given by:

;= argminz ||xt+1 -0(x] utT)TH2 = argminz H(@, -0) - (x/ u)"+ thZ )
e tel e tel

A linear feedback controller u; = Krx;, with K fixed during the interval 7, allows estimating
the component of ©; parallel to the n-dimensional column space of [x; u/] = [I, K] ] x:,
but not in the orthogonal subspace. This problem shows up even in stationary LQR, and
is the reason we use the exploration noise o;1; in u;. However, for stationary LQR, this is
only a mild problem - the estimate is unbiased by default and the condition number of the
(ill-conditioned) Hessian is sufficient to bound the variance of the OLS estimator. Under
non-stationary ©;, even proving that the OLS estimate ©; is “unbiased. i.e., close to ©; for
t € 1 even when all the ©, in I are close to each other, is not trivial. Naively using the
condition number of the Hessian would require a larger o;, and, thus, result in a suboptimal
regret. A major chunk of the technical analysis is to show that a small exploration cost is
sufficient to guarantee that ©; has small bias. This requires quite a delicate analysis of the
geometry of the Hessian, as well as an interplay with the algorithm itself where we need
to keep the policy K7 fixed so that the column space of [I, K] is fixed. This is where we
crucially take advantage of the fact that instead of replaying an old policy as in [8] to detect
non-stationarity, we continue playing the same linear feedback controller and only increase
the exploration noise.
Continuous and unbounded state space: The second challenge comes from the fact that the
LOR system has unbounded state space. A particular complication this creates is that the
certainty equivalent controller need not stabilize the dynamics under non-stationarity, and
therefore the norm of the state can blow up. Algorithmically, we solve this problem by falling
back on the nominal sequence of controllers when the norm of the state crosses a threshold,
and until it falls below another threshold. Analytically, this requires some careful analysis to
bound the total cost incurred during such phases.
An impossibility result for non-adaptive restart algorithms: We prove a novel regret lower bound
that outlines a shortcoming of a popular strategy for non-stationary bandits/reinforcement
learning. As we mentioned earlier, to forget distant history for non-stationary bandits and
episodic reinforcement learning, almost all existing algorithms restart learning at a fixed
schedule, or use sliding window based estimators with a fixed window size. For all the flavors
of non-stationary bandit or reinforcement learning problems studied in the literature, this
strategy yields the optimal regret if the window size is tuned optimally with the knowledge
of the variation budget, or using a bandit-on-bandit technique. In Theorem 8.3 we prove that
for the non-stationary LQR problem, for a wide class of fixed window size based algorithms,
this approach can not give the optimal regret rate even with the knowledge of V7. This
crucially uses the fact that the LQR problem behaves like a bandit problem with non-linear
(in particular quadratic) loss function. We believe that the same lower bound should extend
to non-linear bandit problems more generally.

Paper Outline: We survey some of the relevant literature in Section 2. In Section 3, we first present
some classical results on control of stationary LQR and recent results on learning and control.
Then in Section 4 we present the model assumptions for the non-stationary LQR problem that is
the subject of our study. In Section 5, we present our proposed algorithm DyN-LQR. We devote
Section 6 to highlighting the technical challenge in studying the error of the OLS estimator for
non-stationary LQR. In Section 7 we present the regret upper bound for DYN-LQR, and in Section 8
we present two lower bound results.
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Notation: All vectors are column vectors. For a matrix A, we use [|Al| = sup -, [|Ax|| to denote

the operator norm and ||A[f = /3 ; a?j to denote the Frobenius norm. For two square matrices

A, B, we use A < B to denote that the matrix B — A is positive semidefinite. The O() notation will

used to suppress problem dependent constants, including the dimensions d, n; the o () notation
further suppresses polylog T factors.

2 RELATED WORK

Our work touches on many themes in online learning and control. For each, we mention only a
few papers relevant to the present work and make no attempt to present an exhaustive survey.

Learning and control of stationary LQR:. The study of learning and control of LQRs was initiated
in Abbasi-Yadkori and Szepesvari [2], who presented an O(VT) regret algorithm based on the
Optimism in the Face of Uncertainty (OFU) principle, but with an exponential dependence on the
dimensionality of the problem. Ibrahimi et al. [27] improved dependence on the dimensionality to
polynomial. Cohen et al. [13] was the first paper that provided a computationally efficient algorithm
with O (VT) regret for the stationary LQR problem by solving for the optimal steady-state covariance
of [x; u/] via a semi-definite program and extracting a controller from this covariance. Faradonbeh
et al. [17] and Mania et al. [31] proved that the certainty equivalent controller is efficient and
yields O(VT) regret. Simchowitz and Foster [35] proved a matching upper and lower bound on
the regret of the stationary LQR problem of ©(Vnd?T), settling the open question of whether
logarithmic regret may be possible for LQR (due to the strongly convex loss function). Notably, the
upper bound in Simchowitz and Foster [35] was achieved by a variant of the certainty equivalent
controller. Cassel et al. [7] proved an Q(VT) lower bound and showed that naive exploration based
algorithms can indeed attain logarithmic regret when the problem is sufficiently non-degenerate.
[28] developed a certainty equivalent controller based strategy for stationary LQR, but allow the
controller to change arbitrarily quickly, rather than according to a fixed doubling schedule as in
prior work.

Dynamic regret minimization for experts and bandits: Due to the weakness of static regret as a
metric for environments with non-stationary or adversarial losses/rewards, numerous stronger
notions of regret have been proposed and studied. One of the first such results was in the seminal
paper of Zinkevich [42], where a regret parameterized by the total variation of the comparator
sequence of actions was proved. Herbster and Warmuth [26] proposed the FIXEDSHARE algorithm
for prediction with expert advice problem, where the best expert may switch during the time horizon.
Hazan and Seshadhri [25] looked at online convex optimization with changing loss functions, and
proposed a metric for adaptive regret, defined to be the maximum over all windows of the regret of
the algorithm on that window compared to the best fixed action for that window. Daniely et al.
[14] introduced a metric of strongly adaptive regret and proved that no algorithm can be strongly
adaptive in the bandit feedback setting. For the bandit setting, the most common approach towards
dynamic regret is to assume that the non-stationary sequence has bounded total variation, and
providing min-max regret guarantees as a function of the variation, e.g., Besbes et al. [5]. The
common design technique is to use periodic restarts or discounting with the knowledge of the
variation of rewards, e.g., [20, 34], or a bandit-on-bandit technique to learn the optimal window
size as in Cheung et al. [9], but with a suboptimal regret guarantee. A recent breakthrough was
achieved by the algorithm of Chen et al. [8], which performs a very delicate exploration and uses
an adaptive restart argument to attain the optimal regret rate for contextual multi-armed bandits
without any prior knowledge of the variation.
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Reinforcement learning for non-stationary MDPs: While there is some literature on regret mini-
mization for MDPs with fixed transition kernel, but a changing sequence of cost functions [33, 40],
the work on unknown non-stationary dynamics is much more recent [10, 19]. The main idea is
to use sliding window based estimators of the transition kernel and design a policy based on an
optimistic model of the transition dynamics within the confidence set. As we mentioned earlier,
sliding window based algorithms are provably regret-suboptimal for the LQR problem due to the
quadratic cost function. In parallel with this work, [39] proposed an adaptive restart approach for
non-stationary reinforcement learning that uses any UCB-type algorithm for stationary reinforce-
ment learning as a black box. The authors show that for many tabular or linear MDP settings, their
approach gives the state-of-the-art regret without knowledge of variation of the input instance.
While the LQR problem is neither tabular nor linear, our approach is similar in its spirit to [39] -
however, we use point estimates and explicit exploration instead of using a UCB-like approach.

Robust control of LQR under adversarial noise: While we consider the robust control of LQR
systems from the perspective of changing transition dynamics, there have been some recent results
on robust control of LQR when the noise w; is adversarial. Hazan et al. [24] considered a “stationary”
LOQR system with known A, B, but with adversarial noise, and proposed an algorithm with O(Tz/ )
regret against the best linear controller in hindsight. Simchowitz et al. [36] looked at the same
problem when the A, B matrices may or may not be known, and proposed a Disturbance Feedback
Control based online control policy with sublinear regret against all stabilizing policies. Finally,
Goel and Hassibi [21], Gradu et al. [22] looked at non-stationary LQR problems with adversarial
noise. Goel and Hassibi [21] assumed that the sequence A;, B; is known upfront and proposed a
controller with optimal dependence of regret on the total noise. Gradu et al. [22] assumed that
the dynamics matrices A;, B; are observed after the action u;, is taken and proposed a policy with
strongly adaptive regret guarantee. Finally, we would like to point to [6] as a recent example of a
work on learning and control of non-stationary non-linear dynamical systems, although in this
work the non-stationary dynamics are linearly parameterized by a known non-stationary sequence
of basis matrices and an unknown stationary parameter.

3 PRELIMINARIES - STATIONARY LQR

In this section, we give a brief summary of the classical theory of stationary LQR systems and some
recent work on learning and control for stationary LQR systems that lays the groundwork for our
work on non-stationary LQR. The stationary dynamics, parameterized by ® = [A B], are given by:

X1 = Axp +Buy +wy, t€ [T],

and the cost function by:
c(xp,ur) = x Qx; + u/ Ruy,

where x; € R" denotes the state, u;, € R the control (or input), w; are iid. stochastic noise
(disturbance) with covariance matrix W, and Q, R are positive-definite matrices.

A classical result in the theory of LQR problems is that the value function of the LQR problem is
a quadratic function of the state. This is true even for non-stationary dynamics and can be most
easily seen by solving for the optimal control for a finite horizon problem via backward Dynamic
Programming. As a consequence, the optimal controller turns out to be a linear feedback controller
u; = Ky x;, for some sequence of control matrices {K; }. In the special case of infinite horizon average
cost minimization, the control is stationary with K; = K*. For an arbitrary linear feedback controller
K that is stabilizing, i.e., the spectral radius of A + BK is upper bounded away from 1, we denote by
J(0©, K) the infinite horizon average cost and by the symmetric positive definite matrix P(©, K) we
denote the quadratic relative value function (also called the bias function) for the infinite horizon
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average cost problem, satisfying the following Bellman equation:
x"P(©,K)x = c(x,Kx) — J(©,K) + E[x{ P(©,K)xi|xo = x]
=x"(Q+K"RK)x — J(©,K) +x" (A+BK)"P(6,K)(A +BK)x + E[w"P(6,K)w].
Matching the quadratic and the constant terms, we get that P(©, K) solves the following equation
P=Q+K"RK+ (A+BK)"P(A+BK)

and J(©,K) = Tr(P(©,K)W). Let the optimal bias function be denoted by P*(©) and the optimal
linear feedback controller by K*(©). Given P*(®) = P*, the optimal linear feedback controller
K* = K*(0©) can be obtained by solving for the cost minimizing action in the Bellman equation:

K*=—(R+B"P*B)"'BTP*A. )

Plugging the above in the equation for P(0©, K) gives a fixed point equation (called the Discrete
Algebraic Ricatti Equation) for P*(©):

P*=Q+A"P*'A—A"P*B(R+B"P*B)BTP*A. (3)

While the explicit forms of K*(®), P*(©) are not essential for following the results in the paper, we

would like to point out that neither of them depend on the covariance of the noise process, even

though the optimal cost J*(©) does.
Finally, consider the policy u; = Kx; + on;, where n; are i.i.d. with covariance I; and ¢ > 0.

Denote the average cost for this policy by J(0, K, o) and the relative value function by P(®, K, o).
Then,

P(©,K, o) = P(6,K),
J(8,K,0) = J(8,K) + 0* Tr (R + B P(8,K)B). (4)

That is, the effect of additive noise in the controller completely decouples from the cost of the
noiseless control Kx;.

Cost of model estimation error: The following lemma from [35] will be central for the intuition
and analysis behind learning and control of LQR.

LEMMA 3.1 (SIMCHOWITZ AND FOSTER [35, THEOREM 5]). Let © = [A B] be a stabilizable system
and © = [A B] be an estimate of ©. Then there exist constants C1, C,, depending on R, Q, W, such that

if max {”A - A” , HB - EH} < C, |P*(®)["°, then
J(©) - J(O.K°(®)) < [P @) [0 - 8]

The lemma implies that the certainty equivalent controller K* (©) based on the estimate © with
sufficiently small error € leads to a suboptimality of at most a problem-dependent constant times €?.
Note that the closer the spectral norm of the closed loop A + BK*(0) is to 1, the larger is ||P*(©)]],

and the harder it is to satisfy the condition in Lemma 3.1.

A naive exploration algorithm: To get some intuition on the fundamental exploration-exploitation
trade-off for the LQR problem, we describe a bare bones version of the algorithm from [35] for the
stationary setting. The authors assume (as is common in the literature) access to a stabilizing, but
suboptimal controller Kj. The algorithm begins by playing u; = Kox; + oon; with 1, Ny (0,I)
and of = 1 for a sufficiently long warm-up period L. Based on this warm-up period, an initial
estimate ©, is constructed using the ordinary least squares (OLS) estimator. The quantity o}
denotes the exploration noise/energy. Even though the LQR dynamics adds i.i.d. noise w; to the
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state, the exploration noise o;7; is necessary because the vector [x; /|7 = [I, K, ]"x; lives in
an n-dimensional subspace instead of the full (n + d)-dimensional subspace. The algorithm then
proceeds in blocks of doubling length, indexed by i = 1,2, .. .. Block i is of length 7; = L - 2°. In block
1, the control is chosen as u; = Kyx; + o155y where K; = K* (@1) and 012 = 1/4/71. The observations
from block 1 are used to construct an estimate @2 and the control in block 2 is u; = Kyx; + 0212
with K, = K*(@z) and o7 = 1/+/7;. More generally, observations from block (i — 1) are used to
create an estimate éi and controller K; = K*(@l) The control in block i is u; = Kjx; + oin;, with
exploration noise o = 1/+/7;. The intuition behind the choice of exploration noise is the following.
The total exploration energy invested in block i is 7;07, which, by (4), increases the cost by an

order 7; 01.2. Furthermore, the variance of the OLS estimator ©;,; is inversely proportional to the
exploration noise, and is therefore O(1/7;07). Lemma 3.1 then says that the per step exploitation
cost from using controller Kj,; based on @m is of the order 1/ TiO'iZ. Therefore, the total regret is of
order 1/¢? during block (i + 1). Balancing the exploration cost 7;07 during block i and the total

exploitation cost 1/07 during block i + 1 gives the choice o7 ~ Ti_l/ 2,

4 MODEL AND PRELIMINARIES - NON-STATIONARY LQR
The non-stationary LQR problem has dynamics:

Xty1 = Atxt + Btut + Wy, t e [T],
and time-invariant cost function:
c(xp,ur) = x Qx; + u/ Ruy,

where x; € R" denotes the state, u; € R? the control (or input), wy i (0, W) denotes the
stochastic noise (disturbance) with covariance matrix W = I, (the assumption on w; is for
exposition purposes; our results readily extend to sub-Gaussian w; with ?I, < W < ¥2I, for
0 <y < V¥ < o0). We use {F:}¢[7] to denote the filtration generated by {wy, ..., wr}. We will use
©; = [A; B;] to succinctly denote the dynamics of the LQR at time period ¢. Cost matrices Q, R are
assumed to be symmetric positive definite with ryinly < R < "maxlds Gminln < Q < GmaxIn-

The learner/controller knows the cost matrices Q, R, but not the dynamics {@t}te[ﬂ. For any
interval I = [s, e], we define the total variation of the model parameter within the interval as

e—1 e—1
Ar=RAper =) A= 110; = Oy,
t=s t=s

so that the total variation Vr = Ay 7). In the case of piecewise constant dynamics, we use Sy > 1
to denote the number of such constant dynamics pieces in interval 7.

A common assumption in the literature on online learning and control of stationary LQR systems
is the availability of a baseline controller K| that may be suboptimal, but stabilizes the system. Such
a controller can be played in an initial warm-up phase until a good initial estimate of the dynamics
can be learned. This assumption allows one to focus on the algorithmic challenge of minimizing
regret and not worry about the stability of the system. From the point of view of applications,
often there are default actions which guarantee this condition (e.g., shutting a data center will
prevent over-heating of servers), or crude forecasts of the dynamics may be enough to derive such
controls. Theoretically, a stabilizing controller can be found by following the strategy proposed in
[16]. Similarly, we also assume that our algorithm is given a sequence of controllers {K3'2"} that
stabilizes the dynamics given by {©,}. More formally, Assumption 4.2 states that the exogenous
sequence of controllers satisfies a property called sequentially strong stability.
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Definition 4.1 (Sequentially Strong Stability [12]). For the non-stationary LQR problem with
parameters {0, } = {[A; B;]}, a sequence of controllers {Kj, ..., Kr} is called (k, y) sequentially
strongly-stabilizing (for x > 1 and 0 < y < 1) if there exist matrices Hy,Hy,...,Hr > 0 and
Ly, Ly, ..., Ly such that A; + B;K; = H;L;H; ! for all t € [T], and the following properties hold:

(i) [IL|l < 1 -y and [|[K;|| <« for ¢ € [T];

(ii) [|H|| < By and ||H; || < 1/b with k = By/b, for t € [T];

(iti) |H;}H:|| < 1+y/2fort € [T —1].

Assumption 4.2. The online algorithm has access to a sequence of (x, y) sequentially strongly-

stabilizing controllers {Kftab,Kstab, o K}tab}, for constants k > 1and 0 < y < 1.

A (x’,y") sequentially strongly stabilizing sequence of controllers is also (k, y) strongly stabilizing
forx > x’ andy < y’. Therefore, we take ¥ > 1 as a convenient convention. An intuitive explanation
for this assumption is the following. Denote

O, = A, +B,KM  and Oy, =Dy - D, forl<a<b<T.
Then
1 ®p:all = ||HpLo (Hy ' Hp—1)Lp1 - - (Hpl Ha) LaH, |

< 1Hp Il Lol - (| Haa || - Lol - - - | Het Hl| - 1Zall - || HZ ]
b-a b-a
s:<(1+§) (1-yp)rot < K(l—g) ) (5)
As a consequence of (5) and noting that
xp = Pp-1:aXa + Po-1:0+41Wa + Pp-1:a42Wast + -+ + Pp_1.p-1Wh—2 + Wp—1,
we can bound the norm of the state under the stabilizing controllers as:
2K
llxp |l < e P72 Iy + = max [lw]],
Y ast<b-1
and,
E[lIxp]1*] = 19p-1.a%all* + E[IPs-1ar1Wall®] + - + E[1®p-1.5-1wp-2[1°] +E[llwp-1]]
2 _—y(b-a) 2 2K 2
< k7e T Ixall +7E[IIW|I ] (6)

While assuming ||®;|| < 1 — y/2 also ensures (5), it is a much more restrictive condition. A weaker
condition is that the spectral radius is bounded: p(®;) < 1 — y/2, but the spectral radius is not
submultiplicative and does not imply (5).

A second assumption we will make is on the stability of the controller derived from an accurate
estimate of the true dynamics.

Assumption 4.3. For any t € [T], let ©; be the true dynamics, ©; be an estimate of the true
dynamics, and K = K*(©;) be the optimal closed-loop controller for the estimated dynamics. Then,
- 2 - 12
6.~ &/ < csimplies *(0,) - 1(0,8) < 4 H@t -8

For convenience, we assume Cs < 1, since the assumption continues to hold if we choose a smaller
value of C; than sufficient.

there exist constants Cz, C4 such that ‘

Assumption 4.3 is without loss of generality due to Lemma 3.1. As mentioned earlier, the constants
Cs, Cy depend on the maximum operator norm of P;, which we assume to be bounded independent
of T and Vr. The constants Cs, C, are only used in the analysis, not as a part of the algorithm.
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Just like Assumption 4.2, under non-stationary dynamics, we need a stronger sequential sta-
bility property for controllers K* (©;) than in Assumption 4.3. Towards that end, we introduce a
strengthening of the (x, y) sequential strong stability criterion. The main difference is that condi-
tion (iii) involves the variation ||©;4; — ;|| and hence allows us to prove exponential stability for
non-stationary dynamics with small total variation.

Definition 4.4 ((x, y, v)-Sequentially Strong Stability). For the non-stationary LQR problem and
an interval [a, b], a sequence of controllers {K,, ..., Kp} is called (k, y, v)-sequentially strongly-
stabilizing (for k > 1 and 0 < y < 1) if there exist matrices Hg, Hzs1, ..., Hp > 0and Ly, Lot, ..., Lp
such that A; + B;K; = H;L;H; ! for all t € [a,b], and the following properties hold:

(i) |IL;]l £ 1—yand ||Ki|| < xfort € [a,b];

(ii) ||H|| < By and ||H; || < 1/bo with k = By/bg for t € [a, b];

(iii) |H L He|| < 14 v 1041 — O]l for t € [a,b—1].

The next lemma states that if the provided estimate O satisfies ||@) — 0|2 < Csforall tinan

interval 7, then the controller K = K(©) is (x, ¥, v)-sequentially strongly stable for the dynamics
in7.

LEMMA 4.5. For an interval I, let © be an estimate of the dynamics such that ||@ - ®t||12U < G

forallt e I. LetK = K*(©) be the optimal linear feedback controller with respect to the estimate e.
Define

2(1-y)?

= o, (D).

Then K is a (k, Y, v)-sequentially strongly stable control sequence for interval I with the following

*

setting of parameters: H; = Ptl/2 andL; = P;l/z (At + Btf) Ptl/z, where P; := P(G)t,f), K= ij —,
.2 —_
y= 2585, J; = maxeer J'(©)), and J; = J; + CsCi.

As a corollary, similar to the calculations in (6), the following lemma bounds the norm of x;.

LEMMA 4.6. Let the controller K and interval I = [sz,er] satisfy the conditions in Lemma 4.5.
Then for an action sequence u; = Kx; + o;1;, t € I, there exists a constant Cgs such that

Ke_Y(t_5)+CssV[s,t—1]

e < e (D C T g | 4 max [|lws +osBonsll, teT.
<s<t

Later we will see that the controllers used in our proposed Algorithm 1 satisfy the conditions of
Lemmas 4.5 and 4.6, and hence stabilize the dynamics and the state has bounded norm with high
probability.

Finally, we introduce some constants that we will use as a parameterization of the input instance.
We assume that they are known to the learner/controller.

Additional Constants: Let the norm upper bounds for the parameters of the instance be given by:
Ay = max,e(7] |A¢ll, By = maxeqry |1Bell, ©u = max,e7) 10|, and P, = max;c (7| ||P;||. Define

B = max {1//, max ﬁi,t} ,
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where f; ; are singular values of B;. Define K,, as:

K, =max{ K2, max  [K@) .

_~ 2
@:”@—@t <G
F

Finally, define py = 1 — ymin/2 and k = kpax, Where ymiy is the smaller of y values from Assump-
tions 4.2 and Lemma 4.5, and similarly k. is the larger of the x values.

5 ALGORITHM DYN-LQR

Epoch (i +2)

Epoch i Nonstationarity detected; Instability detected;
begins Epoch (i + 1) begins Stabilization epoch begins begins

T T T T T B B T
' B;,; PBiti0 ! Biti ! Biti,2 Bit1,3: PBit1,0 ¢ Bitan

Kij DK U Kipi Kit1,2 Kiy13' KR K UK

Fig. 1. lllustration of Regular epochs, blocks, and stabilization epochs for Algorithm Dyn-LQR. Epoch i ends
in block B; ; when an ENDOFEXPLORATIONTEST fails. Epoch i + 1 ends because [|x;|| exceeds the threshold xy,
indicating that the current controller K;;1 3 is potentially unstable. This triggers a stabilization epoch which
ends the first time ||x;|| falls below x, and starts epoch i + 2.

Our algorithm DyN-LQR is presented as Algorithm 1. At a high level, the algorithm divides the
time horizon into epochs {&1, &y, ...} where the squared total variation AZS_ within epoch &; is

of the order 4/1/|&;|. This should be reminiscent of the trade-off described in the last paragraph
of Section 3 where the variance of the OLS estimator for a block was proportional to the inverse
square root of the length of the block. The end of an epoch signals that a sufficient change in ©; has
accumulated and the algorithm starts a new epoch, whereby it forgets the past history and restarts
the procedure to estimate the dynamics ©;. Since the length of an epoch is unknown to the online
controller a priori, within each epoch we follow a doubling strategy (again similar to the naive
algorithm in Section 3) by further splitting it into non-overlapping blocks (indexed by j =0,1,...)
of geometrically increasing duration. We denote the j-th block of epoch i as 8B; ;. During block 0,
or the warm-up block, the algorithm plays an action u; = Kftabxt + von; where n; ~ N(0,1;) are
i.i.d. Gaussian random vectors, and vy = 1 is the added exploration noise. We denote by {G; };¢[r1]
the filtration generated by {7y, ..., n7}. The duration of the warm-up blocks is L = O((n+d) log> T).
The O(1) exploration noise reduces the estimation error of the OLS estimate computed at the
end of the block. Observations from block j are used to create an estimate (:ji, ; of the dynamics,
which in turn gives the linear feedback controller for block j+1as K; j,;; :== K *(@, ), and action
ur = K; jr1x¢ + vj1n:. For a block B; ; with j > 1, we choose v? ¥ ——— as the exploration noise

J VIBijl
similar to the stationary LQR case. If the estimate based on a block $B; ; “differs statistically” from
the estimate from the previous block 8B;;_; (Algorithm 3), epoch &; is ended and &;,; started.

Figure 1 gives an illustration of epochs and blocks.
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Algorithm 1: DyNn-LQR

Input: Horizon T, stabilizing controllers {Kftab}, input instance parameters po, ¥, k, §

.. C . 16(n+d) log® T
1 Definition: vy = 1'; v? = ﬁ for j > 1 where Cy =4logT,L = (1——pog;
2 Bij=[n+ 2/71L, 7; + 2/ L — 1], where 1; is the start of exploration epoch &;;

3 Bounds on ||x;|| for stabilization epochs: x;, = 2KeCss —'f/({%i)ﬁ ylog T + ('}:Q)B ,Xp = Z‘I/Ifgf;
oo N L)

5 Initialize: t =1,i = 1;

6 Tj < 1; /* Start of exploration epoch &; */
7 fort=r1j,...,5i+L—1do /* Block 0 (warm-up) */
8 Play u; = Kftabxt + Vonr;

9 end

10 for j=1,2,... do

11 Let C:)i,j_l be the OLS estimator based on B; j_1, and define K; j = K*(@i,j_l);

12 M—0; /* Initialize the set of exploration phases */
13 | whilet <7;+2/L-1do

14 E~ Ber(%Z‘j/2 Z{n_:lo 2""/2) ; /* Sample exploration indicator */
15 if E =1 then

16 Sample exploration scale index m € {0,1,2,...,j — 1} with probability Pr(m = b) o« 2-b/ 2,

17 Me— MU{(mit)};

18 end

19 Let My = {(m,s) e M |s <t <s+2ML-1}; /* Active exploration phases */
20 if My # ( then

21 Set my = min{m | I(m,s) € M;};

22 Play u; = Kj jxt + Vi, 15

23 else

24 ‘ Play us = Kj jx¢ +vjny;

25 end

26 Observe x;41;

27 for (m,s) € M witht =s+2™L - 1do

28 if ENDOFEXPLORATIONTEST(i, j, m,s) = Fail then

29 | te—t+1i—i+1;Gotoline6; /* Start a new epoch */
30 end

31 end

32 if t = 7; + 2/L — 1 and ENDOFBLock TEsT(i, j) = Fail then

33 ‘ t—t+1,i—i+1;Gotoline6; /* Start a new epoch */
31 end

35 te—t+1;

36 if ||x¢]| > x, then /* Instability detected */
37 while ||x;|| > x; do

38 Play u; = Kftabxt, observe xy41;

39 te—1t+1;

40 end

41 i«—i+1;Gotoline6; /* Start a new epoch x/
12 end

43 end
44 end
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Algorithm 2: ENDOFEXPLORATIONTEST(i, j, m, s)

Construct OLS estimator C:),-’ i, (m,s)s

—~ . my _ 2
6 j.(ms) = argming 3372 171 [t — Ox] ) 17|
—~ —~ 2 _ _
if H@,-,j_l =8, ;. (ms)||. = (1+ Chigs + 2Cva)2(2™L)1/2 then /% See (7) */
‘ Return Fail;
end

F

Return Pass;

Algorithm 3: ENDOFBLOCKTEST(i, j)

Construct OLS estimator @i, js
=~ . 2
0;,j = argming Zteﬂz,j |xt+1 - ®[xtT“tT]T”F§
—~ —~ 2 _ _ .
if H@,-,j_l - @,-,j”F > (14 Chigs + 2Cvar)2(29711)"1/2 then /% See (7) */
‘ Return Fail;

else
‘ Return Pass;

end

The vanilla policy mentioned above suffers from the problem that we could potentially commit
to a controller for a long block - and hence fail to detect a large change, which could in turn
potentially lead to O(T) regret. This is where the crucial novelty of the scheme of [8] (designed for
contextual multi-armed bandits) comes into play: to detect non-stationarity, which may happen at
different scales (few large or many small changes), at each time within the block 8; ;, the authors’
algorithm enters a replay phase where the policy from an earlier block in the same epoch (together
with the larger exploration noise) is played. If at the end of some replay phase, the estimate of
reward differs significantly from the history, the current epoch is ended. The algorithm could
potentially be in multiple replay phases simultaneously, in which case the policy to replay is picked
uniformly at random from active replays. Replay phases with different indexes are intended to
detect changes of different magnitudes.

To adapt to the LOR setting, we simplify the above strategy. In particular, at any time ¢ in a
block B; j, we enter an exploration phase with probability proportional to 1/4/|8; ;| and given this
event happens, the ‘scale’ of the exploration phase is chosen to be m with probability proportional
to 1/4/2™. A scale m exploration phase lasts for 2L time steps, during which we play the action
u; = K; jx; +osn;. That is, we keep playing the same linear feedback controller, but with exploration
noise increased to o7 ~ \/#Tn Therefore, a scale m exploration phase allows us to detect variation

in ©, of size /1/2™. There can be multiple exploration phases active at any time t. We denote
them by M; = {(my, t1), (ma, t2), ...} where my denotes the scale and t;. denotes the starting time
of the k-th active exploration phase. In this case, we play the most aggressive (i.e., the smallest
m) exploration phase, with the feedback used by all active exploration phases to improve their
estimates. At the end of the exploration phase (m, s), we first compute the OLS estimator ©; j (,s),

~ - 2
and declare non-stationarity and end the epoch if H@L -1~ 04 j(mys) |

One crucial difference between LQR and the contextual bandit setting off [8] is that LQR has a
quadratic cost, while contextual bandit is a special case of a linear bandit problem, which affects
the choice of o;. Yet another crucial difference from the contextual bandit setting is that since

2 \/%Tn (Algorithm 2).
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the LOR system has a state, the system could potentially become unstable through an inaccurate
estimate before the non-stationarity is detected. We thus create a third criterion for ending an

0 ( \(n+d) IogT )

1-po
epoch. In a stabilization epoch we keep playing the stabilizing controllers without any exploration

epoch: whenever ||x;|| > x, = we end the current epoch and enter a stabilization

noise until ||x;|| drops below x, = O (—p) At this point, we begin a regular exploration epoch.

6 ESTIMATION ERROR FOR OLS WITH NON-STATIONARY 0,

A central ingredient of our algorithm is the ordinary least squares estimator used to learn the
approximate dynamics. While the study of the variance of the OLS estimator is a well-understood
topic, when the parameter sequence is non-stationary, the OLS estimator can be biased. Studying
this bias is quite non-trivial, especially for the LQR problem.

We state our results on the estimation error of the OLS estimator for non-stationary LQR at the
end of this section and devote Appendix C to the formal proofs of the results. However, we will
highlight in brief the reason that these results are challenging and non-trivial. For intuition, the
reader should keep the trade-off we pointed to at the end of Section 3 in mind: during an interval J
of length | 7|, to balance the exploration-exploitation trade-off we would like to create an estimator
that has error of order |7|~'/4. With a non-stationary parameter sequence, this error comes from
both the variance of the estimator as well as the bias. Therefore, if the variation in ©, during this
interval, Ay, is of smaller order than |7 |‘l/ 4 then we would like the bias of our estimator to be

O(Ay).

Failure of a naive proof-strategy. We first show that an obvious first line of attack to bound the
estimation error of OLS does not work. Define z; = [x/, 4] |" and Y7 := Y, z;z; for an interval
I = [s, e]. Then we can write the error in the OLS estimator compared to a ‘representative’ © (e.g.,
© =0,)as

0;-06-=

Z (©,-0) ztz:) 7+ (Z wtth) Yt

tel tel

P P »
bias variance

The above shows that if ©, is constant in 7, then the estimator is unbiased. Lacking that, we may
try to bound the first term as follows (this proof strategy was followed in [9]). Let © = ©,, then

(Z (©, - 0,) ztz;r) 17! (Z Z - 0p41) 242] )Y;l

tel tel p=t

F F
e—1 p-1 e—1 p-1
D (0, - Opu) (Z zszj) 2 < D€ = ©pt) | Amas ((Z zsst) Y_,l) :
p=s t=s F p=s t=s
If Amax ((Z ) ) 1, then the analysis above would bound the bias by A ;. While this

may seem intuitive (e.g., it is true if z are scalars), this was shown to be false for an arbitrary {z,}
sequence even for the case of z; € R? by [41].

An illustrative example. To further highlight why a technically challenging analysis is necessary
for the study of OLS with a non-stationary parameter sequence, we consider a simple example of
OLS estimation without noise. Consider a 2-dimensional example with two data points:

0, = [11], 6, = [1—-€ 1]; z; = [cosa sina], z, = [1 0].
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I ey
Q

Fig. 2. lllustration for the large bias of OLS estimator with non-stationary parameters.

Figure 2 shows the geometric intuition behind the OLS estimator. In this specific example, the
estimate is given by the intersection of two (for ¢t = 1, 2) lines: perpendicular to z; and passing
through 6;. The bias of the OLS estimate 0 in this noiseless case is given as |§ — 0,| = ¢/tan a. With
a = € < 1, the bias approaches 1 even though 6,, 6 are e-close to each other. The matrix Y for this

case is

_ l1+cos’a cosa-sina

" |cosa - sina sinffa |’

which is ill-conditioned when a < 1. In particular, Apnay(Y)/Amin(Y) = 1/2a2. It might seem that
such an ill-conditioned Y is an extreme case that is unlikely to bother our study. However, with
the exploration noise chosen in Algorithm 1, we give evidence in Lemma C.8 that the condition
number of Y for intervals I of interest is concentrated around O(\/m ), while we are trying to
get unbiased estimates when the variation of ©, in interval 7 is Ay = O(|Z|~"/*). This precisely
corresponds to the problematic setting @ ~ € < 1 in our toy example above.

Our proof approach. We begin by decomposing the problem into bounding the estimation error
for each row of the estimate © 7. For a given row, 07, the key obstacle in the analysis of the

—~ 2
estimation error H9 r—0 H is that while z; lives in R™ most of its variance is in the n-dimensional

column space of [I, K7]T, where K7 is the fixed linear feedback controller used during interval 7.
This is because the LQR dynamics naturally adds the noise w;_; to arrive at the state x; allowing
efficient exploration/estimation of the component of 0 lying in the column space of [I,, K}]T. In
particular, the total energy in this column space is O(|Z|) through w;, while the energy in the
orthogonal subspace through the exploration noise & = o;7; is Y, 7 07 = O(\/W). Therefore, as
our toy example points out, a naive analysis based on a lower bound on the eigenvalues of the
matrix Y,z 2z:z; fails, because it does not exploit the statistical independence between ¢; and x;.

Our approach is to instead to look at one-dimensional OLS problems parameterized by directions
v e S = {v e R™ |o|| = 1}:

Ay = argmin £(0 + A - 0),
A

where £ is the quadratic loss function for OLS. We argue that |1,| are small for ‘enough’ directions
v. That is, in enough directions, the minimizer (é + Ay - v) of the 1-dimensional quadratic defined
above is close to the candidate 0. Furthermore, since the loss function looks very different for v
lying close to the column space of [I, K] versus v lying close to its orthogonal subspace, we
consider two cases: v lying only in the column space or lying only in its orthogonal subspace, and
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prove that the geometry of Hessian implies that it is sufficient to look at these two cases. The
complete proof is presented in Appendix C.

Results. We state our lemmas for the estimation error for the OLS estimators used in Algorithm 1.
Lemma 6.1 states it for intervals within exploration blocks 8; j, while Lemma 6.2 states it for
warm-up blocks B; . The reason for the two separate results is that within a warm-up block,
the controller K3 is changing, which does not allow a subspace decomposition we mentioned
earlier, but the O(1) exploration noise still allows us to bound the estimation error. Within an
exploration block $; j, the exploration noise is of a much smaller magnitude (to control regret due
to exploration), but the controller K; is fixed, which allows the decomposition.

LEMMA 6.1. Consider an interval I in block 8B; ; for some epoch E; in Algorithm 1, such that |T| > L

and maxcy |x¢|| < x,. Let @)I be the corresponding OLS estimate from observations in I and © = ©,
for somet € I. Then, there exists a Ty, such that for T > Ty, with probability at least 1 — ¢:

||@] - @“F < élA] +ég|f|7%,

. 1 " 1
C1=Cb,~as‘/1n—+lnT and C2=Cva,(VlnT+‘/1n—),
£ £

for problem dependent constants Cpjqs, Cyqr (precise expressions are shown in (43)).

where

LEMMA 6.2. Consider a warm-up block B; in Algorithm 1 and let © = ©, for some t € B;,. There
exists a Ty, such that for T > Ty and the choice of L in Algorithm 1, the OLS estimate © g, , of a warm-up
block B, satisfies

—~ _ v 5 _1
5., - 6||, < Crastran, + Costarl Brol .

with probability at least 1 — ¢ where

. . [ 1
Ci,stab = Chias,stab NInT  and Co,stab = Cvar,stab In ; +InlnT,

for problem dependent constants Cbigs stabs Cvar.stab (Precise expressions are shown in (49)).

Applying Lemma 6.1 and Lemma 6.2 with ¢ = 1/T? to all the intervals (at most T?) that may be
considered during the execution of Algorithm 1 and a union bound immediately gives the following
result.

LEmMMA 6.3. Define EVENT 1 as the event that for each warm-up block B; in Algorithm 1 it holds
that

—_ _ _1
HQBLO - @)”F < Cbias,stab Vin TABI-,O + 3Cvar,stab VlnT|Bi,0| 4,

and for each phase and non-warmup block, denoted by I = [s, €], it holds that

é[ - @HF < 3ChiasVINTA 7 +3Cyqr VlnT|f|_%.
Then we have that Pr[EVENT 1] > 1—1/T.

For succinctness, define

C_wbias =VInT max{3CbiaS, Cbias,stab} and C_vau' =VInT max{?’cvar: 3Cvar,stab}- (7)
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7 REGRET UPPER BOUND FOR DYN-LQR

Our main regret upper bound for DYN-LQR is shown below.
THEOREM 7.1. Under Assumption 4.2, the expected regret of DYN-LQR is upper bounded as:
E[RDYN-LQR(T)] -0 (ng/sTa/s) .

If the dynamics {©,} are piecewise constant with at most S switches, then the regret of DyN-LQR is
upper bounded as:

E[RP™LOR(T)] = O (w/sﬁ) :

Our definition of RP*™1LQR(T) in (1) measures the regret relative to the benchmark Zthl Ji.In
the next proposition, we prove that this benchmark is at most O(Vr) larger than the expected cost

of the dynamic optimal policy. This additive error is dominated by the regret 9] (Vi/ >T3/%) proved
in Theorem 7.1. Proposition 7.2 is proved in Appendix D.

PROPOSITION 7.2. Let {ut}thl be an arbitrary non-anticipative policy for the non-stationary LQR
control problem. Then,

T

> J; = O(Vr +logT).

t=1

E

T
Z x; Ox; +u/ Ru,
t=1

We will conduct our analysis under the assumption that EVENT 1 specified in Lemma 6.3 occurs.
Since DYN-LOR uses Kftab whenever ||x;|| > x,, outside this event, the total cost is bounded by

o (T). Note that this happens with probability at most 1/T.

7.1 Regret Decomposition

We begin with an informal regret decomposition lemma which highlights the key exploration-
exploitation trade-off for non-stationary LQR.
Informal Lemma. The expected regret for a policy = with u; = Kyx; + o;1; where Ky, oy are
adapted to the filtration (¥, G) is given by:
T
E[R™(T)] =E| " x] Qx; +u/ Ru; - J;
1=1
T
= Z E[J.(K) - J7] + Z E[02 Tr (R + B} P,(K:)B;)]

t=1 t=1

exploitation regret exploration regret
T-1

+ Z E[x;l-—}-l (Pr+1(Krs1) — Pr(Ky)) xt+1] +E [xlTpl (Ki)x1 — X;HPT(KT)XTH} 3)
t=1

policy/parameter variation

We term the lemma informal because it relies on J;(K;) and P;(K;) being defined for all ¢. This
need not always be true for DYN-LQR since K; is the certainty equivalent controller based on an
estimate of ©,, and therefore the stationary system corresponding to ©; and K; need not even be
stable, and J; (K;) could be unbounded. We shortly address how we handle such time periods, but
their contribution to regret will be asymptotically of a smaller order. The decomposition points
out that the dominant terms in the analysis will be the exploitation regret and the exploration
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regret. The policy/parameter variation depends on how much the pair (©,, K;) changes during
non-warmup blocks of an exploration epoch. By design, the policies {K;} are piece-wise constant
with at most log T changes per epoch, and we will prove that the number of epochs is O(Vﬁ/ TV/5),
Finally, for a fixed K, ||P(0;, K) — P(0;:1,K)|| = O(]|©; — ©41]]), and hence this contributes at
most O (Vr) to the regret across the entire horizon.

To refine the regret decomposition, we recapitulate Algorithm 1, and in particular the classifi-
cation of exploration epochs, stabilization epochs, blocks within exploration epochs, and another
concept we define for the purpose of analysis alone - bad intervals.

(i) Stabilization epochs — such epochs begin whenever |[|x;|| exceeds the upper bound x,, indicating
the potential instability of the current controller. We use TiStab to denote the start of the i-th
stabilization epoch. During a stabilization epoch, we use the controller K, = K33, The i-th
stabilization phase ends at Hftab (inclusive) where

stab

05" = min{t > £ + 1 ¢ ||xp1]l < x}-

We use S; to denote the interval [Tftab, Hft"‘b] as well as the i-th stabilization epoch symbolically.

(ii) Exploration epochs — such epochs begin either at the end of a stabilization epoch, or at
the end of another exploration epoch if sufficient non-stationarity is detected through failure
of ENDOFEXPLORATIONTEST or ENDOFBLOCKTEST. We will denote the start and end of the i-th
exploration epoch by 7; and 0; respectively, and use &; to denote the interval [z;, 6;] as well as the
epoch symbolically.

(iii) Blocks — The i-th exploration epoch &; is partitioned into non-overlapping blocks of geomet-
rically increasing duration. Block 0 (also called the warm-up block) is the interval [z;, 7; + L — 1],
and the j-th block (j = 1,...) is the interval [r; + L - 2/, ; + L - 2/ — 1] N &; of maximum length
L - 2/71. We denote by B; ; both the interval as well as the block symbolically. The controller used
at time t € B;; (j > 1) is given by K* (@i,j_l), where @i,j_l is the OLS estimator based on the block
j — 1 of epoch &;. For succinctness, we use the notation

0, = ei,jfb fort e Bi,j-

We will use B; to denote the number of blocks in epoch &;.

(iv) Bad/Good intervals — It can happen that for some time steps during an exploration epoch,
the controller is unstable and therefore J;(K;) is undefined, but the ||x;|| has not exceeded x,. To
study the regret due to such ¢, we define the notion of bad intervals within epochs. The k-th bad
interval of an epoch i begins at TEZd and ends at GEid where these are defined recursively as:

- 2
rll.?fd = min{t €[ +L,0;]: |®t -0, - > Cs},
- 2
Tl!alid := min {t € [9?;:,6,-] : |®t -0 - > C3} s
. a 2 C3
o2t = mm{t €[l +1,6,] : |®t+1 = Ouu| < 7},

with the constant C; defined in Assumption 4.3. Note that we do not create bad intervals during
the block B;, which is analyzed separately. We denote the k-th bad interval of an epoch i as Il.’bkad.
By Il.bad, we denote the union of all bad intervals in &;, and by 7 bad the union of all bad intervals.
All time periods that not in bad intervals, i.e., they are in &; \ {B;o U Iibad}, will be called good and
split into good intervals. For analysis purposes, we further split the good time periods based on
the blocks. That is, a good interval can end at time ¢ if (i) either a bad interval begins at time ¢ + 1,
or (ii) a block ends at time ¢ in which case another good interval can begin at time ¢t + 1. Using a
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similar notation ]'l.i.c”zd denotes the k-th good interval of a block $B; ; (which must lie entirely inside
[7i+L-2/71, 7;+L-2/ —1]. We will use N*2 to denote the total number of bad intervals in an epoch
i and Ngj00 to denote the number of good intervals in a block $; ;. The advantage of defining the
good intervals to lie within a block is that for the purposes of analysis, the good intervals within a
block B; ; are completely defined based on history before the start of the block B, ;.

We will use E to denote the total number of exploration epochs and Es to denote the total number

of stabilization epochs. Finally, we come to the regret decomposition that we use in the subsequent
section:

T
DyN-LQR *
RONA(T) = 3 e - J;
t=1
good
Es B E Nbad E B; Ni]
*
DIPIENISITTSIDWPITTHY 2, le=0). O
i=1 teS; i=1 teBiy i=1 k=1 repd =1 j=1 k=1 ;¢ eood
ik i,j.k
Ty: Szabolil}f:tmn Ty: E))\I/arlljl—up T: Bad T,: Good
P 0CKS intervals intervals

7.2 Regret analysis for Dyn-LQR

The main result of this section is the following lemma, which provides an intermediate characteri-
zation of E [RDYN'LQR(T)] based on (9). In particular, the characterization highlights that to bound
the regret, it is sufficient to bound (i) the number E of exploration epochs (Section 7.3) and (ii) the
total squared norm of the estimation error of dynamics ©; for the good periods (Section 7.4).

LEmMMA 7.3. The expected regret for DYN-LQR is bounded as follows:

i

E[RDYN—LQR(T)] <O|E ii Z mm{”@,] 1—0;

1: j=1

C3} 1B +O(E +Vp),

B;
<O|E i;,z‘..mln{”@” -0 ,03} +OWNE-T+Vp).  (10)

Proor. We proceed by bounding the terms in (9).
Upper bound for Term 1. Since the controllers {K5%%"} used in a stabilization epoch satisfy
sequentially strong stability (Assumption 4.2), in Lemma 7.4 we prove that the expected total cost
per stabilization epoch is 9] (1). Since the number of stabilization epochs is bounded by the number
of exploration epochs E, the total contribution of Term 1 in (9) is o (E).

LEMMA 7.4. Let [7°%, 051b] be a stabilization epoch. The expected total cost during the stabilization
epoch is bounded by

gsmb 9 o 2 02
KX, k‘f*(n+d+logT)
E| S o Frusr, Gron =0(—")=0(
t=gstab ' ! ' 1 ~ Po (1 _pO)Z

Upper bound for Term 2. Similar to Lemma 7.4, the use of K3'* during warm-up blocks gives
a bound of O(1) per epoch in Lemma 7.5, which gives a O (E) contribution due to Term 2.
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LEMMA 7.5. Let [7;,7; + L — 1] denote the warm-up block B; of an exploration epoch &;. The
expected total cost during B; o, for any i, is bounded by

7i+L-1 2 02 3
B k°f(n+d)log’ T
E ; Ct fc‘l'i—ls gn—ll - O ( (1 _ p0)2 ) .

Upper bound for Term 3. Since ||x;|| is bounded by x, = 5(1) for any time period in a bad
interval by definition, the cost is bounded by O(1) per time step. We can bound the number of bad

_ 2
time periods within an arbitrary interval 7 noting that for t € 7 bad ‘ 0; — ©;|| = C3/2 and thus:
F
bad 2 - Nla 2
|[ ﬂf’z Z 1SC—Zmln ‘@t—@t F,C3 . (11)
terbadny 3ter

Then the total contribution of Term 3 is O (E[ le Zfil Ztegi’j min {H@U_I -0,

2ol

LEmMMA 7.6. For some epoch &;, a block B; j in epoch &;, and a good interval Iigjozd = [z, 0] in block

Upper bound for Term 4.

B, j, the expected regret is bounded as follows:

E[R (750 | For, 6ot

5]

i log T
S 1 Lo M(HAH)
L3/Z \/2_] 1_p0 iJj,

cilre, d+logT
0 7.L+O w(l_'_AI”k) ,
L32 \foj 1-po L

0
< 3 (k) — Jf) + |70
t=1

0
< Z Cy H@i,j—1 -0
t=1

good
.|z

2
F

where the constant C; := max; sup {Tr (R+B/P:(K;)B;) | K; = K*(©), H@ -0,

2

< Csy.
F

Combining the results above, we can bound the first term in (10) immediately from Term 3 and the
first summand in Lemma 7.6 for Term 4. Summing the second term in Lemma 7.6 over all the good

intervals within a block B; ; (which is of length at most 2/) contributes o (4/18ij1). Since the blocks
within an epoch are doubling in length, 3’ ; y/|8; | < 8@ and }; \/@ < E\/m =VE-T. The
contribution of the third term in Lemma 7.6 is proportional to the number of good intervals, which
is bounded by V;/ m + ElogT. To see this, note that without any bad intervals, there would be
one good interval per block and there are at most log T blocks per epoch. For a good interval to
begin due to a bad interval ending, the bad interval must ‘eat up’ m of the variation due to the
criterion chosen for the end of a bad interval. Hence, there can be at most Vr/ m good intervals
created because of the bad intervals. The last term in Lemma 7.6 contributes 5(VT) to (10). O

7.3 Bounding the Number of Epochs

There are two ways of generating epochs in Algorithm 1: (1) epochs end due to the detection of
non-stationarity (lines 29 and 33), and (2) epochs end due to the detection of instability (line 41).
This section is devoted to bounding the number of epochs from these two sources separately.
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Bounding the number of epochs generated by non-stationarity tests. In the subsequent analysis,
we will bound the number of epochs terminated due to the detection of non-stationarity in ©; by
o(TY 5VT4/ 5), which dominates O(Vr). Recall that an epoch ends if the non-stationarity tests in
Algorithms 2 or 3 fail, which happens if the distance between the new OLS estimate and the estimate
based on the previous block exceeds some threshold. The thresholds there are carefully designed
according to the concentration results proved in Section 6, which allow us to prove the following
lemma characterizing the variation budget needed for an epoch to fail the tests in Algorithms 2
and 3.

LEMMA 7.7. Assume EVENT 1 holds. Let &; be an epoch with total variation A, ) < (t —; +1)7V4,
then the epoch does not end because of nonstationarity detection.

The following corollary bounds the number of restarts due to detection of non-stationarity.

COROLLARY 7.8. Assume EVENT 1 holds. The number of epochs that end due to detection of non-
stationarity is bounded by O(ng/sTl/sV;f/S).

Bounding the number of epochs generated by instability tests. Lemma 7.9 characterizes the
variation budget needed to trigger the end of an epoch due to instability detection, which leads to
Corollary 7.10 bounding the number of epochs ended due to instability.

LEMMA 7.9. Let &; be an epoch with total variation Ag, < ( % - C_‘m,Ll/4) /Chias. Then under
EVENT 1, with probability at least 1 — O(1/T?), the epoch does not end because of instability detection.

CoROLLARY 7.10. The expected number of epochs that end due to the instability test is bounded by
O(VT Vln T).

Combining the two bounds, we get E = O(TI/SV;/S). Therefore, we can bound the 5(\/E -T)
term in (10) by 5(T3/5Vﬁ/5).

7.4 Bounding the Total Square Norm of the Estimation Error

In this section, we analyse the regret due to the estimation error, i.e., the first term in (10). For
succinctness, define the following loss function for an arbitrary interval 7 :

L(I) = Z min {C4 ||(:)i,j—1 — 81‘ ;,C3} . (12)
tel

In the sequel, we first focus on an exploration epoch &; and bound £(&;). We then combine the
regret of epochs to get the requisite regret bound of Theorem 7.1.

Our proof decomposes into three parts. First, we focus on one block, say block j, of epoch i,
and prove a lemma that provides an upper bound for £(I') for any interval 7 C B, ;. Second, we
partition a block into intervals with small total variation within each interval. We use the just
mentioned bound to bound L(8; ;) of each block j in an exploration epoch i in terms of the length
of the block and the total variation within the block. Finally, we upper bound the total number of
blocks within an epoch i and sum up the bound on £(8; ;) for all the blocks in an epoch &; to
obtain a bound on £(&;).

- 2
LEMMA 7.11. For an arbitrary interval I = [s, e] that lies in block B, ;, defineer = Hgi’j_l — O -

and ay = %. Then, L(I) can be bounded as

L(I)=0 (|f|0(j + |I|Ai~ +|L|er1{er = aj}) .
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To get a bound for the regret for a block, we need to partition 8;; into intervals with small
variation. Specifically, we have the following lemma adapted from [8].

LEMMA 7.12. There is a way to partition any block B into I; U I, U - - - U I such that
log, T
il

2
I —

= ay, ke [I],

4
and the number of blocks T satisfiesT = O (min {Sg, (log |B|)_§ A%|B|% + 1})
The partition in Lemma 7.12 is for the analysis only. The intuition for this partition is to create

small enough intervals so that their regret can be shown to be small, while at the same time not
creating too many intervals. Applying Lemma 7.11 to each interval of the partition of block 7

I'-1 I'-1
L£(8) <O Y Wiz, + Y Miler e, > ag}) + L(Zr). (13)
k=1 k=1

Plugging in the definition of ez, we get |Z|az, = VI log | Zi|. Then by the Cauchy-Schwartz
inequality and the upper bound for I from Lemma 7.12, we have

-1 -1 r'-1 )
YV Ellog |5l < [ (T=1) ) 17l 1og? 17l = O[T = 1) )" 1l | = O (18137, .
k=1 k=1 k=1

We defer the bound for the remaining terms of (13) to Appendix E.3. The following lemma presents
the resulting upper bound for the loss function of a block 8.

LEMMA 7.13. Let B = B; ; be a block of some epoch i with j > 0. It holds with high probability that
DyN-LQR guarantees

—~ 2
£(8) <0 (1812, +1B]).
From the geometrically increasing size of 8B;;, we get 3’ ; 1/|8;;| = O(|&;]). From the Holder’s
inequality, we get
2
5

3 2
=|&il*Ag s

i

3
Z |Bij|%Aéi,j = Z |Bij|) | Z ABi,]’
J J J

so that £(&;) = 5(|8i|3/ SAZS/:’ +v&;). One more application of the Hélder’s inequality gives the

~ 2
bound of ()(T%VT5 ), proving Theorem 7.1.

8 REGRET LOWER BOUNDS

In this section, we prove two lower bounds for the regret of the non-stationary LQR problem. First,
in Theorem 8.1 we prove that for any given Vr = o(T), no learning algorithm can guarantee a regret
o(Vﬁ/ °12/ %), showing that the regret of DYN-LQR is minimax optimal as a function of V7. Next, in
Theorem 8.3 we prove that a broad class of static-window based online learning algorithms are
regret suboptimal for non-stationary LQR — even if the algorithm has the knowledge of the variation
Vr. This rules out several popular approaches that have been used in the literature for learning
under non-stationary such as UCB with static restart schedule or bandit-on-bandit approaches to
optimize the window size.
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THEOREM 8.1. There exists a Ty such that for any T > Ty, and a total variation V1 of dynamics, for
any randomized online algorithm ALG (which knows T, V1), there exists a non-stationary LQR instance
with regret lower bounded as

E[RA(T)] = 0 (v)°1%).

Under switching dynamics with S switches, for any randomized algorithm ALG (which knows T, S),
there exists an instance with regret lower bounded as

E[RY(T)] = Q (\/ﬁ) .

Proor. We build on the lower bound instance from [7]. Consider a randomly generated one
dimensional LQR problem instance with dynamics and cost:

Xip1 = axy + buy + wy
¢ =xi+ul, (14)
where w; ~ N(0,1). The dynamics are given by a = 1/v5 and b = y+/€, with y being a Rademacher

random variable that takes values +1 with equal probability. Standard results show that the optimal
linear feedback controller for the above LQR system is:

*

abp

k= ———— 15
1+ b2p* ( )
where p* solves
aZP*
el ——. 16
P * 1+ b?p* (16)

In Cassel et al. [7], the authors prove the following lower bound on the regret of any algorithm.

THEOREM 8.2 (CASSEL ET AL. [7, THEOREM 13]). For T > 12000 and € = VT /4, the expected regret
of any deterministic learning algorithm for system (14) satisfies

VT
E[R(T)] =2 — - 4.
[R(D] 2 205
By Yao’s theorem, the above implies that for any randomized learning algorithm, there is an
LQR instance with expected regret Q(VT).
We create a lower bound instance for a non-stationary LQR problem with the total variation

Vr by pasting a sequence of these one-dimensional instances. In particular, we concatenate L%

v 2/5
8T

That is, we re-randomize y for every sub-instance. To demonstrate a lower bound, we further allow
the learner the knowledge of the time instants at which a new sub-instance begins, and the duration
of the sub-instance. Theorem 8.2 implies that the regret of the learner for each sub-instance is

Q (5= ), for a total regret over the entire time horizon of Q Vi) = o (v¥5T1305).
2€e e3/2 T

If, instead of bounded total variation, the non-stationary LQR instance has a piecewise constant
dynamics with S switches, we create a lower bound instance similarly with S sub-instances of

horizon | T/S] each, and € = ‘Z/S. The regret per sub-instance for any learner is Q(~/T/S) for a

total regret lower bound of Q(VST). O

instances of (14) with horizon [ﬁj each, where € satisfies % = T-4€?, or equivalently € = (
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Necessity of Adaptive Restarts. A common technique to handle non-stationary learning envi-
ronments is to use random restarts or sliding window algorithms to forget the distant history. In
learning problems where the rewards are linear in the unknown parameters (e.g., in multi-armed
bandit problems), this gives the optimal regret rate in terms of the total variation of the instance
if the window size is chosen optimally — in the lower bound instance, the adversary changes the

instance by O (VTI/ 71/ 3) at regularly spaced times. In the LQR problem, we instead have that

the per-step regret J*(©) — J(©,K*(©)) is quadratic in H@ - @”F Intuitively, the adversary can
maximally penalize a non-adaptive restart based algorithm by changing the instance by as much
as ©(1) at regularly spaced, but randomly chosen times. This strategy fails against an adaptive
restart algorithm such as DYN-LQR because big changes are easy to detect with less exploration
effort. To give a little more formal intuition, we consider the one-dimensional LQR problem (14)
from [7], but with non-stationary b;, and a fairly general static window based algorithm for this
non-stationary LQR instance. We prove that even with optimal tuning of the window size and an
arbitrary exploration strategy, it can incur a regret as large as Q(VTI/ 1203y,

We first describe the one-dimensional instance and the family of sliding window algorithms we
consider. Instance: The cost function is x? + u? and the dynamics are given by:

Xpr1 = ax; +byuy + wy,

with x; = 0 and w, ihd Ay (0,1). The dynamics parameter is time-invariant a = 1/v5 and known
to the algorithm (therefore, there is no learning needed for a). The sequence {b;} is random and
generated as follows. Let ¢ = 0.05 - (VT/T)l/G. We choose b; = e. For each subsequent t, with
probability g—;, b, is chosen to be +0.05 with equal probability, or, with probability (Vr/ 47)%/°, b,
is chosen to be +e with equal probability, otherwise b; = b;_;. The key feature of the instance is
that while most of the time b; is small of size € and most of the changes in b; are of order € as
well, there are much rarer changes in b; of O(1) size. These two scales of changes make any fixed
window size suboptimal for the regret.

Non-adaptive Restart with Exploration (RestartLQR(W)) Algorithm. We consider a family
of algorithms parametrized by a window size W. Let n; Hd g (0, 1). The algorithm splits the horizon
T into non-overlapping phases of duration W each, and for time ¢ in phase i, the algorithm plays
Uy = E(i)xt + o4y, where E(l-) is a linear feedback controller estimated by the algorithm based only
on the trajectory observed in phase (i — 1), and o; is an arbitrary adapted sequence of exploration
noise (energy) injected by the algorithm. To emphasize, the algorithm is restricted in two senses.
First, it is restricted to playing a fixed linear feedback controller within each phase with Gaussian
exploration noise. Second, at the beginning of each phase, the algorithm forgets the entire history
and restarts the estimation of the dynamics.

THEOREM 8.3. The expected regret of RestartLQR under optimally tuned window size W and
exploration strategy is at least Q (VT1/3T2/3).

9 CONCLUDING THOUGHTS

In this paper, we have tried to fill an obvious gap in the literature — the absence of any low dynamic
regret algorithm for the control of a non-stationary LOR system under stochastic noise. We discuss
the possibility of wider applicability of our results and some open questions.

A Queueing Application. While in the paper we focused on the LQR problem, the key motif of the
LOQR problem that drove our results was that (i) given the state and action, the feedback we receive
was a linear function (i.e., linear feedback); and (ii) given an € error in the parameter estimates, the
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optimal controller for the estimated parameters has an O(€?) additive suboptimality (i.e., quadratic
cost). Similar motif shows up in numerous other applications where we believe a similar regret
trade-off would show up. Here we mention a queueing example. Consider the following discrete
time queueing system with a configurable server: the arrivals per period are i.i.d. Bernoulli with a
known mean A < 1. The server has two resources (say CPU and memory) and the operator can
choose a configuration (x,y) € {x*+y? < 1;x,y > 0} of the two resources. Given the configuration,
the number of departures per period is also a Bernoulli random variable with mean,

M = apx + By,

where o, B; > 0,1 < a?+ 82 < 1represent the resource requirements of the jobs, are non-stationary,
and unknown to the operator. Assume a job that arrives in time step ¢ can not be served before
time step ¢ + 1. The cost at time step ¢ is Ny, the number of jobs in the system. This system fits the
motif of linear feedback and quadratic cost. The linear feedback can be seen by noting that the
feedback at time step ¢ is the Bernoulli random variable for the number of departures, which can
be written as a;x; + f;y; + 1:, where 1, is a mean 0 bounded random variable (independent across
time periods). To see the quadratic cost part, consider the steady-state problem with stationary
(a, B), and a stationary action (x, y) giving p; = p = ax + py. The steady-state average cost would

be N(p, ) = Ml__k). In this case, the optimal action is to choose (x;,1y;) in the direction («, f)
H yl P Yy

n
under which y* = o* + * with optimal cost N* = N, . Consider an estimate (@, §) such that
e —a|+|f—-Bl=€eIfA<a?+p%- ﬁ, then the controller based on the estimated @, §§ gives cost

N* + ©(€?), which is what we mean by a quadratic cost. We therefore expect that our results for
the LQR problem would extend to the control of such queueing systems.

Open Questions. We believe both our algorithm and the regret analysis can be tightened, e.g.,
using sequential hypothesis testing to detect instability instead of our current threshold based
approach, and made parameter free. An algorithm with a bound on regret of the following flavor
would be desirable: There exist constant €, Ty such that for a non-stationary LQR problem with
variation Vr = €T, where € < ¢y and T > T, the regret attained is at most e25T + o(T). It is also
desirable to develop a notion of instance-optimal regret — instead of using the summary Vr and
presenting minimax optimal guarantees.

Yet another challenging direction is that there seem to be two prevalent approaches to studying
robustness for online control of LQR systems — one with non-stochastic/adversarial noise and
another with unknown non-stationary dynamics. This leaves an open problem of finding a controller
which achieves both types of robustness simultaneously or proving the impossibility of doing so.
A second open problem is to consider more general convex cost functions. Many of the elegant
results in LOR theory, and indeed the regret bounds in our paper, depend on the quadratic objective
function. A starting point would be to study a bandit problem with linear feedback, but a general
convex cost function. Finally, a notoriously hard problem is to study the robust control where the
action set may depend on the state, which touches upon the theme of safe exploration. Doing so in
the context of LQR could be fruitful.
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A BASIC LEMMAS

LEMMA A.1 (LAURENT-MASSART BoUND [29]). Letay,...,a, be non-negative, and X, ..., X, be
iid. y? random variables. Let

lale == maxa; and |a|5:= Z a’.
i€[n]

i€[n]
Then,
Pr Z a;i(X; — 1) > 2|alzVx + 2|aleox| < 7%,
i€[n]
Pr Z ai(X; — 1) < —2]al,Vx| < e
i€[n] |
LEmMA A.2. LetY;,...,Yr beiid. )(i random variables. Then,

E[max Yt] < k +max{12k,3InT} + 3,

teT

E[max Y}]S‘/E+ 8lnT+\/E.
teT 2

Proor. By Laurent-Massart bound (Lemma A.1),
Pr[Yt >k +2Vkx + Zx] <e™*.
For y > 12k, we have the following sequence of implications
Pr[Y; > k+y] < e_%,

= Pr[Y; <k+y|>1-¢%

T
= Pr[max Vi <k+yl| > (1 - e_%)
te[T]
T
= Primax Y, > k+y Sl—(l—e_?) .
te[T]
Let y = max{12k,3InT} + z for z > 0. Then,
_ max{12k3InT}+z T
PrimaxY; > k+y Sl—(l—e 3 )
te[T]
1 T
<1-[1-=¢73
<e’s.

From the above,
E[maTx Yt] < k+max{12k,3InT} + / e3dz < k + max{12k,3InT} + 3.
te z=0

For the second part, we again begin from the Laurent-Massart bound. For any x > 0,

Pr[\/?, > Vk + \/ﬂ] <e™,
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which in turn implies for y > 0,
242y\2In T 2
Pr[\/?tz Vi + V21nT+y] <e” et <eT.

Further substituting y = V2InT + z for z > 0,

1 z%+22V2In T T
Pr[mtaX\/YtZN/E+2V21nT+z]<l— 1-—e 2 -

B T

IA
Y
N,

Finally,

E[mtaxx/?,] < Vk+ VSlnT+/me_%dz
0

=Vk+ 8lnT+\/§

The following lemma is adapted from [23], but we prove it here for completeness.

LEMMA A.3. Let Wi, Ws, ... be a non-negative stochastic process, and (‘W;) ey be the induced

filtration. Let Yy, Yy, . . . be a non-negative stochastic process adapted to ‘W, such that for some0 < p < 1,
forallt > 0,

Y1 < pYe + Wi, almost surely.
Leta>0andp < p < 1 be such that forallt > 1,
W, —
E| p+ Yo ’Wt] <5

Define the a-hitting time of process {Y;} as:

7, =min{Y; < a}.
k>1

Then,
(1) Pr[r, > k | W] < 27,
- 9 y?2 y?2
@) E[XZ, Y | Wo] < 7 <5

Proor. Conditioning on the event {Y; > a} and using the definition of p above,

E[Yi1 | Wi Y 2 a] <E[pY; + Wiy [ W, Y, > a]

Wit
=E| Y (p+
[t(p Yt)

<p-Y.

(Wt, Yt >a

Therefore, the stopped process Yy, /p'"™ is a non-negative supermartingale, and hence

Yk ATq
"D‘k ATq

Yk ATq
ﬁk ATq

Y > E[ 1{za = k} | W

W > ol

> = Prlr, > k| Wil.
p

That is, Pr[z, = k | Wp] < % p*, proving the first part of the lemma. For the second part,
ZW:ZY;-Ma > k}.
k=0 k=0
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Taking the expectation and using the supermartingale result from above,

Zyszol ZE[Y2 1{r, > k} | W] ZYOH’f:

— IBZ ’
[m]
The following lemma on hitting times of exponentially ergodic random walks will be helpful for

bounding the number of epochs that end because of instability detection through ||x;|| becoming
large.

LEMMA A4. Let Yy, Yy, ... be a non-negative stochastic process satisfying

m
Yiii < pYi + Zﬂi,tﬂ | W41l

i=1

where p < 1, and Wlt are i.i.d N(0,1) random variables. Furthermore, let max;; f;; < B, and

(MB \/10? ) Then,

1
< =.

P Y >Yy+a
r[maﬁt o+a T3

te[T

Proor. Extending the sequence of random variables for ¢ < 0, we get the following upper bound

on Y;:
t (o) m
Y < p'Yo+ ZPkBZ | Witk
k=0 i=1

Sp = i PkB i Witk
k=0 i=1

Let

Therefore, for a > 0,

Pr(Y; > Yo+a] <Pr[p'Yo+S; < Yo +a|] <Pr[S, <al.

Furthermore,
[oe] m
§? = B? Z sz"W Lt Z P Wity |+ [ Wiy |
k=0 i=1 (k1,i1)#(ka,i2)
00 m 1
2 2k K+ 2 2

<B ZZP W/, kT Z pr (Wilsf—kl +m2”"‘2)
k=0 i=1 (k,i1) # (ka,iz)
0 m pk

_ 2 2

= mB Z Z 1— pVVvl k
k=0 i=1

Applying Laurent-Massart bound from Lemma A.1,

Pels? m®B? 2m3/? B? . 2mB? _x
r|S; > x x| <e.
! (1—,0)2 (1-p)1-p? 1-
A simple upper bound on the right hand side within Pr[-] gives,
B V2mB
Pr|s, > 1 4 Y2 | < e (17)
1-p 1-p
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Substituting x =41InT,

Pr

B V8mB 1
Y[2Y0+m—+ m VlnT} <
1-p 1-p T

A union bound completes the final argument. O

For reference, we note some basic matrix norm inequalities:
o to-of <o~ 2| o) <Jo-o]

. - - -
@ &lo-o], = o-¢] <[ o]

~ ~ 12
Lemma 3.1 states that ”@ - @“F < C; implies J*(©) — J(©,K*(0)) < C4 ||G) - @HF.

B PROOF OF SEQUENTIAL STRONG STABILITY
LemMa B.1 ([18]). Let X be the solution to the Lyapunov equation
X -F"XF=M.
Let X + AX be the solution to the perturbed problem
Z - (F+AF)"Z(F + AF) = M.
Then the following inequality holds for the spectral norm:

A1 RS o
e ax] < 22 (F) P - CUPI+IAFI) - AP,
k=0

Proof of Lemma 4.5. Let P, := P(0y, E) and Py = P(Oyyq, E) be the solutions to the following
Lyapunov equations, respectively:

Pt = Q +ETRE + (At + Btk\)TPt(At + BtE),
Py =0+ KTRK + (A1 + Bt+1E)TPt+1(At+1 + Bt+1E)-

Taking X = P;, X + AX = Py1, F = A, + B,K, F + AF = Ay + Byy1K, and applying Lemma B.1, we
get the following Lemma as a corollary.

LEmMMA B.2. It holds that

2(1-y)?
Py <Py - |1+ 1 21 -p)+ (kK +D]|Op1 = O:]1) | 1O141 — O]l

-(1-y)?
Proor. Applying Lemma B.1 with X = P;, X +AX = Py1, F = A; +B,K, and AF = Ay + Byt K —
(A[ + BtK) = (At+1 - At) + (B[+1 - Bt)K, we have

Py —P Ry £k _
|Prs1 — Pl <2 Z ((At_'_BtK)T) (A, + B,R)F
[T
- (2]|(Ar + BtE)“ + [(Are1 — Ap) + (Brar — Bt)E”) (A1 — Ar) + (Brgr — Bt)I?”
2(1-y)?
= 0y R 2(1-y)+ (1 +1)[1O141 = O:D]|Os41 — O],
1-(1-y)

where in the last inequality we use ||A; + B,J’(\ | <1-yand ||I? || € . Then by direct computation,
we have

[Pl < [Pesall + [[Prar — Pell
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2(1-y)?

m(z(l —y)+ (x+1)[|Op11 — O)]1Or41 — O]l | -

< |[Peaall - (1 +
O

In the sequel, we first prove that K is (k, y)-strongly stable for A; + B;K = H,L,H; !. Note that
by our assumption,

~ 1|2 —
J'(©uR) < J'©)+Cille 8| < @) +CiCy < Ty +CiCy =T

We have Ay (Py) < E/zﬁz and ||Hy|| < E/(ﬁ = By. By definition, we have

P, =Q+K'"RK + (A, + B;K)"P;(A; + B,K)
> quminl + rminK K + (A; + B,K)"P;(A; + B,K)
> Guminl + (A; + B;K)"P;(A; + B,K).
I
lﬁzqmin

-1/2
min

Specifically, we have P; > gminl. Hence ||H!|| < q =: 1/by. Then setting k = By /by =

will suffice. By P; > rpinK " K, we have

P T
Ikl < (22 <\
Ymin lﬁrmin

Moreover,
L7L, =P;"* (A, + B,K)" P, (A, + B,K) P, */*
< P2 (P — quinD) P;V°
< I - GmnP; "
Then
. 2
L < 1 - Lt
a
and

.2 1/
Ll < 4[1— qm‘zw <p - Gmind”
J 2J;

In the sequel, we prove the (k, y)-sequentially strongly stability. By direct computation, we have

IHLH P = PR

t+1

= 1P PP

t+1 t+1
2(1-y)*
< 14 220 1)+ (4 D100 = OulDls -0
where in the inequality we apply Lemma B.2. By the fact that V1 +x < 1+ {x for x > 0, we have
-1 (1 B Y)Z
| Hp Hell < 1+ (-2 (2(1=y) + (k + DOr1 = O]) |O441 — ]|
2(1-y)?
<1 D (=) + (s 1) [0 - O,

Proc. ACM Meas. Anal. Comput. Syst., Vol. 6, No. 1, Article 9. Publication date: March 2022.



Dynamic Regret Minimization for Control of Non-stationary Linear Dynamical Systems 9:33

where in the last step we use that ||©;;; — ©;|| < 24/C3; < 2 by our assumption that C; < 1.

Proof of Lemma 4.6. Without loss of generality, we let sy = 1. Since x;11 = (A; + B:K) x; +
0:Biny + wy, we have
-1
Xt = Mlxl + Z Ms+1(UsBs’75 + WS)s

s=1

where we define M; = I and M, = ;;é (A; + BjK;). Moreover,

t—1
1—[ H,LJH;!

|Msl =
j=s
t—1 t—2
S g (o g e [
j=s j=s
t—2
<By(1-p)'° (ﬂ HH,—LHJ-II) (1/bo)
j=s

=2
<k(1-p)'* (1—[ |’Hj+11Hj||) .
j=s

Using the fact that 1 + x < e*, we have

- 2(1-y

ﬁ L < 5 200 (1) (41) [0 =0
L J+1+4J

IA

< ecssV[s,t—l]

for some constant Cgs. Then it holds that
”Ms” < K(l — )/)tfseC55V|s,t_1]
< ke V(179 gCosVisu-] |

Then we can bound the norm of x; as
-1

el < 1M el + ) 1Mol llosBsns + wsll
s=1
t—1
< e VU GV gy | 4+ e (79 Visett N (1 - ) gy Byggg + wi|
s=1
(o]
< ke YUV CosViven ||y || + ke ™ (179) eCosVist-1l max ||y Bsnys + wsl| Z(l -yt
1<s<t
t=1
K67Y(t73)+css‘/|s,t—1]
= ke V(DG Ve [l 1] + 1rnaX llosBsns + wsl| .
<s<t

C ESTIMATION ERROR BOUNDS FOR OLS WITH NON-STATIONARY DYNAMICS
C.1 Proof of error bound for 7 C B;; (Lemma 6.1)
Given the OLS estimator for interval 7 = [s, e],

07 = argminz ||Xt+1 -0[x/ u;r]T“i"’
tel
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our goal is to bound the estimation error

‘ @)_7 - @HF where @ is a ‘representative’ @ for {©;};cr,

for example ©.. We will assume that during the entire interval 7, the controller K; = K is stationary.

1,
Let M = [ IZ] We will use the notation
—~ 0 Xt
yr=Mx; and & =o=o0; 7, | e so that: z, = | = yr+& and  xpq = Opzp + Wy
d t

By our choice of o;, we have af =y = w/% > 012 > 0% = % for all t € 7. With these notations,

we can write the OLS loss function and estimator as:

Or = argmin £(0), where L(0) = Z |41 — @zt”fv = Z [1©;z; + Wy — @zt||12g.
© tel tel
Due to the OLS objective function, we can decompose this problem and estimate each row of
e} 7 separately. Towards that end, let us fix a row i. With abuse of notation, denote the ith rows
of ©;, 0, 0,6 by 6,6, 5, 0, respectively. Let us also use w; to denote the ith entry of w;. The OLS
estimation problem for the row i becomes:

6=argmin L(6),  where, L(6) = ) ((Bz) +wr = (6.2:))".
0 tel

The solution for this OLS estimation problem is given by the solution of the following linear system:

0 (Z ztz;r) = (Z Qtz,z;r) + Z w,z;r,
tel tel tel
or

-1 -1
0= (Z Gtztz:) (Z ztz:) + (Z a)tz;r) (Z ztz:) .
tel tel tel tel
The second term above is a martingale sum, since w; is zero mean and independent of z;, and
contributes to the variance of the estimator. However, the first term which contributes to the ‘bias’
is non-trivial. In the stationary case, ; = 0 and the first term becomes 6, which implies that the
OLS estimator is unbiased. However, in the non-stationary case, the first term can be far from ]
even when all the 6, are close to each other. This necessitates a fresh analysis of the OLS estimator
in the non-stationary setting.

The key obstacle in the analysis of the estimation error ”5 -0 Hz, is that while z; lives in R,
most of its variance is in the n-dimensional column space of [I,, K" ]". This is because the LQR
dynamics naturally adds the noise w;_; to arrive at the state x;. In fact, this is precisely the reason we
add the exploration noise &;: to be able to distinguish changes in ©, = [A; B,] that are orthogonal
to the column space of [I, K] 7. However, this also means that we can not use a naive analysis
based on a lower bound on the eigenvalues of the matrix Y, 7 z:%; .

Our approach to bounding the estimation error of the OLS estimator is to begin by looking at
the one dimensional OLS problems parametrized by v € "% := {v € R™9, ||o|| = 1}:

Ay = argmin £(0 + 1 - v),
A
and argue that |A,| are small for ‘enough’ directions v. That is, in enough directions, the minimizer
of the 1-dimensional quadratic defined above is close to the candidate 6. Finally, we will show via

an e-net argument that this implies that the true OLS estimator 6 is also close to 0.
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Step 1: Decomposing the problem into orthogonal subspaces. Fixing a direction o, the first
order conditions for the minimizer A, of £L(6 + A - v) gives:

LY @z =) (0i=0,z) (wz)+ ) o (v.2). (18)
t t t

For a vector u € R™9, let ull and u* denote the projections onto the column space of [I, KT]T and
its orthogonal space, respectively. That is,

1,
[
u_[

Similarly, let 7l and @' denote the unit vectors in the direction u!l and u*, respectively.

For analysis, it will be convenient to generalize the one dimensional problem of finding the
minimizer on the line § + A - v to instead finding the minimizer in the plane 8 + Al51l + 1+7", where
we seek the optimal values of Al and A*. From (18), denoting V := 3, z;z, , the Hessian of the
corresponding quadratic loss function is given by

(z,‘ll)T vol (;;II)T Vﬁi] _ >, <{,‘|I, Zt”>2 5, <5II, le> (@, &)
Ve @V Ty G e n ey |

A careful analysis on Hy 5. later yields the following lemma that indicates it suffices to consider

-
(I+K'K)™! [ﬁg] u and u'=u-ull.

Hgiz = (19)

the following two simpler cases: v = 0!l and v = o™,

Lemma C.1. Let Ay = argmin, £(0 + A - 0ll) and A5 = argmin, £(0 + A - 0*). It holds with
probability at least 1 — 116 that

2 2 2
Ay S 225 + 245,
Proor. Combining Lemma C.2 and Lemma C.3, it suffices to prove that
>, |<5H’Zl‘> <5L’ g;) 3, <5I|’zl|> <51’ §#> .
2 ’ —~ 2 33
5 (@.2!) T, (B E) 33

holds with probability at least 1 — 118.
Note that z; = y; + & = Mx;—1 + & = MO;_12;_1 + Mw;_1 + &. We have

IA

H M@t 12— 1+MW[ 1+§”, Z[ gt

Step 0: Bound on Y, ; |z;]|*. We begin with the following corollary of Lemma C.6: For |I| >
161n %, conditioned on max;e ||x;|| < xy, it holds with probability at least 1 — § that

Dllzell? < 2171 ((1+ K2)x% + 20F) =: | T[22,
tel
Step 1: Upper bound on the numerator. Recall ¢; = 0;7; and 0; < v; =: 0. Let

o (1

denote the variance of (0%, 7} ). Write 0% as 9+ = [(03)T (05)7]", where o € R", 77 € RY, and
||51“ + ||5i|| = 1. Since o™ is a unit vector in the orthogonal space of the columns space of [I KT,

we must have o5 + K'0, = 0. Then Hvl” = H KTALH < K|l Hvl” and hence ||02 ” l+||K|| We
have O-El = E[(o;)thq;—ffﬂ = (0y) " Ijuy = ”Z)J‘” W Also, o; <1
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Applying a supermartingale argument, we get

Z<6”,zl|><5l,§f> 2 UELGL\/ %ZM z > l 2. 0

Next, we lower bound the denominator.

Pr

2
Step 2: Lower bound for }, <5H, zl‘> . By direct computation,

Z 51NV 2 (5 pe M 2
yZp ) = s r—12t-1 + Mw;_1 + &

t
2
2> Z <5l|,MWt_1> +2 <5l|,MWt_1> <5l|,M®[_1Zt_1>
t

2 <a“, MWH> <5“, g}'} +2 <5H, g}') (5“, M@Hz,_1> .

Let 02 = (0ll) TMWM 3!l denote the variance of (o'l, Mw,_; ). Write o1l = Mx,, where 1 = ”5””2 =
||[va xJI(T]”2 = |Ix,|1? + IKx,||%. Recalling that W > /I, we have

o? = @Y TMWMTE! > y? . xT MTMM™ Mx,
=y? - x] I+ K'K)(I+K"K)x,
=y* (x, xp + 2x, K" Kxy + x, KT KK " Kx,)
= 9 (Il + 2 1Koxoll + [[K x|
2 P2 (lIxoll* + 11Kxo 1)
=y
We also have W < ¥2],,. Then
o? = @) TMWMTE! < w2 . xI MTMM™ Mx,

=92 .x, (I+K"'K)(I+K"K)x,

= W2 (x, xp + 2% K Kxy + x, K' KK Kx,)

2 (||x0||2 +2[[Kx|)? + HKTKXUHZ)

< W (Il + 1K1+ K ooll? + KT 1)

< PP (1+|IK|%).

By standard Laurent-Massart bounds, we get

Pr (21)

1 1
IT]+24/I7] In(5) + 21n(5))
S {3t b)) <9 (171 - 2171 >)l (22)

t

A () = D) = Dt () 2 0t D ()

t

2
(3 Mwir) = A+ IKIP)
t

Pr

Note that
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Let cL” = E[(A”)T (’It) (?7';) ol

vl € R", vy € R4 < 1. We have 0'22)1‘ = E[(b\y)-'—r] ry;rjl] = (Eél)TId(ZfZH) = 'v\y
Again, by standard Laurent-Massart bounds, we have

Z‘ <5n’§tn>2 > o2 (|]| +21/|I|ln(%) . 21n(%)) <6
Z <5||,§1\>2 < U§U§| |T| - 2+/|T] ln(%))] <4é

t

denote the variance of( I l) Write oll = [U” R ] where

<L

Pr

Pr

Applying a supermartingale argument, we get

Z (51, M) (31, 0,120,
Z (3. &) (51 M0r-12,-1)
Z( ol, Mw, 1><5||,§t\|>

Combining (21) and (25), we have

Z <5”,th_1> <5||, ft”>

t

Pr

— ,
> W(1+|K|%)? 2In 5 D (31, MO, 1zi1)” | < 25, (23)
t )

Pr

—— :
> o1, [2In Z (01, MO,_12,-1)* | < 26, (24)

— :
> o1, [2In Z‘ (o1, Mw,,)*| < 25. (25)

. 1
Pr > O'L‘I’(1+||K||2)2¢21n3

|I|+2w/|f|ln(%)+zln(§)) < 36.

Combining the inequalities above, it holds with probability at least 1 — 85 that

2

D (5“,4')2 > 3 (3 M)+ 2 (8, M ) (1, MO, 12001)
2(51, Mwir) (51, 1) + 2 (3, &l ) (61, MO 121 )
171-2y/1711n(3)

—ZGL\/ZII’IEZ<Z)\” M@t 1%¢— 1>2

>y

1 1 —~ 2
—2¥(1+|K]H)z, [2In 5 Z (01, M@, _1z,1)

—20,%(1 + ||K]| )ZJZIn— |I|+2 |I|ln( )+21n( ))

1 1

1= 2417 In(5 )) —2%(1+IK[*)? ||M]] @u2u|I|%1/21n5
1 1
~ 20, | M]| @uzu|T]F+/21n 5
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1 1 1 1
—ZGL‘I’(1+||K||2)§ 2ln = |I|+21/|I|ln(—)+21n(—)
1) 1) 1)
1 1 1 1
> P2 1T] = 24/I7] ln(g)) —29(1+ [IK[»)7 |M]| 9u2u|I|2\/21n5

1 1
— 201 [|M]| ©®uzu| T |7 /210 5 —200¥(1+ IK|1?)%4/21n 52
1 1
= YA = 2015 (202 + 22 (L + KD M) ©,2,)

+20 M| @2, + 2V20, ¥ (1+ K[ ) = Ay, (26)

In arriving at (26) we have used the assumption |7| > 161n (ls’ which implies

1 1 1
2In 3 (|[| +z,/|[|1n(5) +2In(3)

To get a further cleaner expression, we further assume

< 2|1

1712 3297 In 5 (7 + ¥+ KDY IMI Oz + o1 M1 Oz, + VEor ¥(1+ IKIP)E) S (27)

which in turn implies | 7| > 161n 4 5, under which the bound simplifies to

2
A > I%|I|. (28)

Combining (20) and (26), it holds with probability at least 1 — 109 that

3, (5||,le><5¢,§¢> 05074210 & o
> < - <op2y/ln=y |17z < 3 (29)
3, <6||, le> 5 <5”,Zl'>
provided that
|7] > 4-33%¢7In < x// 2, (30)

Step 3: Lower bound on 3, (v, ff)z Recall that & = 0,7; and o; < or. Let

= (i) a) 7]

denote the variance of (5 7). Write ot as o = [(93)7 (05)7]7, where o € R", 05 € R? and
||01 “ + ||02L|| = 1. Since o™ is a unit vector in the orthogonal space of the columns space of [I KT] ,
we must have o + K0, = 0. Then Hv*“ = || KTUZLH < |IK|| H l|| and hence ||o2 || l+||K||
have o; —E[(UL)ththAzl] (0y) "Iqoy = ||UJ‘|| > W Also, 0'al <1

By standard Laurent-Massart bounds, the denominator can be bounded from below by

171~ \/|I|1n(§>)
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Plugging in our choice of 0%, with probability at least 1 — 2§ we have

- 1
28 2 iy ||K||>2\/;

Under the assumption that | 7| > 161n %, we get:

1 .1 1 1
>hp—L ¢
2

(1+[IKD*~°
Combining with (20), it holds with probability at least 1 — 48 that

<v|| ><U §l> GmO'L\/Zln >, <v|| ZII>
% (o, ﬁ} = ¥, (7%, gtl>2

Az

2

O5L0L ZIn%Zt z,
— 2
2 <0L’§#—>
oL, Zln%|f|%zu
— 2
2t <UJ'»§#_>

oL 2lnl|f|%zu

IA

IA

IA

1
Em (1+IIKH)2CZ

= 2v2./In SO'LZu(l +|IK|)*C, ?

1
= 2V2,/In saul+ IKI)2L 2

1
< a0
33

provided L satisfies:

1
L>66°-2- ln5 221+ |IK|D*

171~ \/|f|1n(§)) = G 0! -2

9:39

1
—) = As.
n5) 2

(1)

(32)

]

Step 2: Bounding A, when v = o!l. Noting that z =y + § , we can rewrite the left hand side

of (18) in this case as A3 >, <v zt> and the right hand side of (18) as

Za)t <v zl|> Z(Qt—é,zt> <v zl|>

Therefore,

‘Zt <9t -6, zt> <v zt>

e

[z <

% (o zt> % (o zt>2

(33)
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By (26) and (28) it holds with probability at least 1 — 89 that

Z <5“,zl'>2 > A > %2|I|,

t

if we have
1712 3297 In 5 (7 + ¥+ KDY M1 Oz, + o1 [IM]| Oz, + Vaor ¥(1+ KT

It remains to upper bound the numerators of the two terms in (33). For the first term, Cauchy-

Schwartz inequality gives:
Z <9t - 9_, l) Zt ’ Zt) ’ U le
t

< mtax|0, - 0_| : /Z llz: 112 /Z <v, zl‘>2

t t
/ 2
< AI\/2124|I| Z <v,zl‘>
t

< ArzlT1E Y <v z}'> (34)

t

Plugging this into (33) gives
7] I 1
‘Zt<0t_0azt>'<vszt> < Arz, | T2

2t <U Zt>z > <0 zt>2

d . o s .
For the second term, let w; = N (0,§?). Note that assuming w (i) is ¢ sub-Gaussian suffices. By
the assumption on w;, a standard supermartingale argument implies that

2
Sl 3 (o) ] <25
t
Plugging this into (33) gives

‘tht<0 le> < hiyeing S‘ﬁn/ZlnlA;%. (36)
L) ooy

Finally, we conclude it holds with probability at least 1 — 109 that

1 -1 1 -1
g1l < ArzulT12A[% + 34 /21n SN

<2 A g za + 207 1n%|f|-%. (37)

_1
< ArzyTIPALE. (35)

Pr
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Step 3: Bounding 1, when v = 0. Noting that z;- = &, we can rewrite the left hand side of

(18) as Az X, <0, ff)z, and the right hand side of (18) as
Zwt <v, ﬁ) + Z <9t -0, zt> . <v, ﬁ) .
7 7

Therefore,

‘Zt <9t - é,z,) ) <”> fﬂ‘ + |Zt“’t <U’ §tl>|'

|A5:| < 2 2
2 <U’ 5#) 2 <U’ ﬁ')

(38)

For the first term, we observe that & is normally distributed and is independent of z;. Applying

a supermartingale argument, we get

S0z (0.8

t

Pr

1
> aL\/zln5 Z 0, - e,zt>zl <25

> O'LAIZul-Z-lZﬂZIH_l < 36.

and hence

Pr||> (0, 0,2,) - (v.&t)

t

Then the first term is upper bounded as

) . 1 t9t—é,t2 t,LZ 1
|2 (6 = 0.20) - (o 51| < \/Z { ) \/Z {o.8) < ULAJzulfli,lzln(lgAgl

2t <U’ g;_)Z - 2t <U’ §;_>2

For the second term, a supermartingale argument implies that

Zwt@,ﬁ) > [2ln = Z(vfj)g

t

Pr

Then

o=

2

S0 (0, 8] Viy2Ind 2, (0, E) T

N2 < 2 < lﬁi 21n SA
2 <U’ & > 2t <U’§t >

Finally, we conclude it holds with probability at least 1 — 66 that

(2 (0 = 0.20) - &) |Zeeon (o)
Zt<v’§t+>2 < >

1 1 _1
saLAfzu|f|%,/21n3Agl+¢m/zln5 2,

Assuming |7| > 161n % and using the bound on A; from (31), we have

|Aze] <

1 _1 1 _1
[A5e] < 200.A7zy4 /210 3(1 + ||K||)2C0 > 4+ 2¢i4/In 3(1 +[IKIDC, 4|I|_%.

Combining Lemma C.1, (37) and (39), we have that
AL < 20% + 202,

1 1 1
< 4A323|I|A;1 + 81//l2 In SAII + SO'EAi—(l + ||K||)2x3 In 5|[|A52 + 81#12 In SAEI

(39)
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11 1
=4A% 2, (|I|A;1 +2C¢ In 5|I|5Agz) +8y7In 3 (AT"+ A5

1 1
= 4N 2T | (A;1 +207 In SA?) + 8y In 5 (AT"+ A5

_ _ 1, 1 _ 1 |
< 8y ~°A%Z, + 16y %Y  In M1 '+3207A% 2% In 50+ IKIN*Cyt + 1697 In S+ IKID*C, 2| 7|

- 1 _ 1/ _ _ Nt
= 8222 (lp Prdofln (14 ||1<||)4c01) #1675 (¢ 2717+ (1+ [KIDAC, * |7 )

holds with probability at least 1 — 274.
Hence, we conclude that

1 1 _1 1
[Ao] < 2\/§A]zu\/lﬁ2 + 40% In (—5(1 + ||K||)4C(j1 + 414 /1n S\/IP*ZIII*1 +(1+ ||K||)2C0 |2

IA

1 1 _1
2\/5Ajzu\/¢‘2 +40f In 3(1 + [IKID*Cyt + 4¢i4/In S\/w—z + (1+[IK[)?C, : III_i

: CiAs + Gl T[ 75, (40)

holds with probability at least 1 — 278, where we define

~ 1
G, = zx/ézu\/lp—z +da?In < (1+[[KI)C7,

G, = 4¢,~\/1n§\/¢*2 + (14 [KID2C, 2. (41)

Step 4: An e-net argument. To summarize, thus far we have shown that for any fixed direction
v € R™4 and for any row 0; of the parameter matrix ©, the minimizer of the one-dimensional
quadratic loss function satisfies (40). We next invoke Lemma C.5, which implies that if this statement
holds for all v in an e-net of the (n + d)-dimensional unit sphere (where € depends on the condition

number i, of the Hessian }}; z,;z/ as € < , then the Frobenius norm of the OLS estimator é:

1
< oy
and @; is upper bounded by %Z. The bound on the condition number x, of the Hessian is proved in
Lemma C.8. We make this more formal next.

We fix ¢ as the confidence level. First, substituting § = ¢/6 in Lemma C.8 gives that with probability
at least 1—¢/6, the condition number of the Hessian is bounded from above as k7 < Cg\/m provided
£ < 18/100 and

x2(1+ |IK||?) + o?

2 o)1 2
o-miny s, 5———3
I {2’ ai+2||1<||2}

2000 6
|I|ZT 2(n+d)log -+ (n+d)log
€

(42)

We will thus choose € = (5(1 + CoVI))~! in the e-net result of Lemma C.5 and Lemma C.4. This

gives an upper bound on the cardinality of the e-net of (1 + %)Md < (10(1 + Cov/| T [))"*.
Applying (40) by substituting § = it holds with probability at least 1 — ¢ that

£
54n(10(1+Co /| T[))
for every row of ©® we have

e, =[f o] = 3@
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Combining n rows, we have
- _ 5 - —
H@I - @HF < g (CIAI +cz|f|—%)
< CiAr+GolI| 74,

where

& = 5z,vn (w + \/405(1 + ||K||)4C51\/1n % +1n54n+ (n+d)In (10(1 + CQM))) ,

& = 7¢,~«/E\/¢—2 +(1+KI2C, ;\/ln % +1n54n + (n+d)In (10(1 + cg\/|f_|)). (43)

Under our choice of Co = O(log T), L = O(log’ T), 0? = y/Co/L, ¢ = O(T~*), and assuming that T
is large enough so that L satisfies conditions (27), (30), (32), and (42), both C;, C, are O(~/log T).
C.2 Proof of OLS Concentration for 8;, (Lemma 6.2)

To bound the estimation error of the OLS estimator of the warm-up block 7 = B;,, we look at the
one dimensional problem (18) again:

Ao Z (0,2:)* = Z wy v, 24) + Z <9t -0, zt> (v, 24) .

Since we are using a sequence of sequentially strongly stable policies {K;'*} instead of a fixed
policy, we do not have a fixed column space anymore. Nevertheless, the O(1) exploration noise
& = von; enables us to bound the error similar to the case v = oll. Recall that we set vy = 1 in
Algorithm 1.

Let M; = [ ] Note that

In
Kstab
t
Z (v, Zt>2 = (0, M;Os_12i1 + Myw,_1 + §t>2
r

2 Z (0, Mywy—1 + &) + 2 (0, Mywy_1) (0, My;©,_12,1)
t
+2 <U, Mtwt_1> <U, §t> +2 <U, §t> <U, MtG)t_lzt_1> .

Letov = vll + v, where th is the projection of v onto the column space generated by M;. We have

2 —\2
(v, Myw;_1 + 'ft)z 2 <Ui|’MtWt—l> + <Utl, ’7t> .

2

Let ait = (vll)TMtWMtTvt” denote the variance of <vl|, Mtwt,1>. Write Ull = M;x,;, where vll

||[x;£[ x5, K] ”2 = ”xv,,”2 + H(Kftab)xv,tuz. Recall that W > 1/%I,. We have

o2, = (o) TMWM o)
>y xg MMM M;xy,
— ‘pz . xL(I+ (Ktstab)T(Ktstab))(I+ (KtStab)T(K:tab))xU,[

= 2 (T e+ 2 (RN (RE™) e, + ], (KF0) T () (KF0) T (K)o )

= 9 ([l + 2G| KF) T (R
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2 (o |[* + [0 [ )

(44)
Let O'Zt denote the variance of< t,m) Write v as v = [(o; 1)T (Utz) 17, where Utl e R”,
Uiz € R% and “vt 1“ + ||z)t2|| = ||vtl|| Since o' is in the orthogonal space of the columns space
of [I, K;']", we must have v}, + K/ v, = 0. Then ”v“” = ” -KTo, ” < ||K5tab|| ”vt’Z” and hence
||vf2|| > Wlftab” We have
1
a5 = E[(03) T nenf o] = (07,) Tavy, = “”tl,zﬂz (45)

o = G

Recall that

+ ||vt || = 1. Combing (44) and (45), we have

(o M)+ ot

Il
0y

E[(v, & + Myw;—1)°] 2 E

+

-

. 2 v
> min {lﬁ , m}

. 2
=. 0.

Using the standard Laurent-Massart bound implies

3 @&+ Mow 1) < 07 (|f| - z\/uun(%))l <
t

v, |7, where v; € R" and v, € R?. Then
E[(0. Miwi-)?] = B[ (o1 + (K7) o5, )|

Sta 2
< E[Z (v1, wt)z +2 <(Ktt b)Tvz, wt> ]

Pr

_ T
Let v = [o]

< 2(lloa|I* + KZ llozlI*)E [l we]|?]
< 2(1+ KD)E[[lwe]|*]

. 2

= Ostab-

By the standard Laurent-Massart bound, we have

Z@ Myw1)? > Stab(|f|+z,/|f|1n(%)+21n(§))l <

Applying a supermartingale argument, we get

1
> O'Stab\/z In (_S Z <Z), MtG)t_lzt_l)zl < 26
t

1
> ouv0.[21n 5 Z (v, Mt@)t—lzt—l)Zl <26

Pr

Pr Z (v, Mywi_1) (v, MO;_12;—1)
t

Pr

D (0.E) (0, MO 1zi1)
t
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Pr

D0 Mwe ) (0,80)

By direct computation, we have that

2 2
Z (v, Zt>2 2 Z <UIH, MtWt—1> + Z <U#', §t> +2 (v, Mywe_1) (0, M¢©O;_124-1)
t t t

+2 (0, Myw;—1) 0, &) + 20, &) (0, M;©;_12;1)

1
Zavvo\/Zlng E (0, Myw;—_1)?| < 26.
7

1 1
> o2 (|I| N 1n(5)) ~ 203, [21n Z (0, M;©,_121-1)?

1 2
— 20,V [21n 5 Z (0, My®;_124-1)

1 / 1 1
— 20,V 21113(|I|+2 |I|ln(5)+21n(5))
2 1 1 1
> o, |1 1] =24/17] ln(S) — 205tabMy, @y zy | 7742 In 3

1 1 1 1
- ZavvoMu®uzu|I|%w [2In 57 20yV04|21n 5 (|I| +24/17] ln(g) + 211’1(3))

1 1 1
> o2 (l]l - 21/|I|ln(3)) - ZGStabMuG)uzu|I|21/21nS
1 1 1
- 20,VoM,, 0,2, |1 |2+/21n 57 20,04 /21n 32|I|

1
= ozz,lfl - |I|%w [21n 5 (\/5012, + 205tabMy ®y 2y + 20,Vo M, 0,z + 2\/5001/0)

= Astabs

holds with probability at least 1 — 85, where M,, := max; ||M;||. We can simplify the bound to

1 2
Astab = EO'UL

given the warm-up block 7 is long enough:

1 2
[I|=L > 80-;4 In 5 (\50‘5 + 205tab M, Oy 2y, + 20,Vo M, 0,2, + 2\/50'1,1/0) .

Note that this condition is stricter than L > 161n 5.
By a supermartingale argument, we have

Z o (0,20] 2 4, [21n 5 Z (02,

Hence, it holds with probability at least 1 — 96 that
|Zt <9t -0, Zt> o, Zt>| N |2 @ (v, 24)]
Zt (U’ Zt>2 Zt <U’ Zt>2

Pr < 26.

1Ao] <

9:45

(46)

(47)
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1 -1 [ 1 -1
< AI‘Zuu-lestzZib +I//i 21n SAstgb

1
V20 2y A1 + 2505 4 [In 3|I|‘%

IA

~ ~ _1
= Cl,stabAI + C2,stab|I| 2. (48)

Here we have used Cauchy-Schwartz inequality, (47), and the upper bounds |0, —0| < A7, HKftab || <
K, and the definition of z,.

Finally, we combine (48) with an e-net argument as in the proof of Lemma 6.1. We let ¢ be the
confidence parameter. Choosing § = £ in Lemma C.8 we get an upper bound on the condition

number of the Hessian as kg = O(1). Setting € = 5(1+ky), and applying (48) with 6 = W,
it holds with probability at least 1 — ¢ that for every row we have,
—~ —~ _ 5 /1~ — R
“0 - 9||F = “081,0 - 9“ < g (Cl,stabABi)O + CZ,Stab|Bi,0| 4) .
Combining the n rows, we have
o~ . 5vn (= ~ 1
5., -6]|, < 2" (Crotavran, + CostalBiol
< < _1
< Cl,stabABivo + Cz,stabIBi,0| 1,
where
val,stab = 3\/50-;1214’
. 1
Castab = 4;0,-0;1\/5 In—-+In18n+ (n+d)In5(1+ ko). (49)
€

For our choice of x,, vy, L, assuming that T is large enough so that L satisfies (46), and setting

e =0(T™?), both él,stabs éZ,stab are O(VInT).

C.3 Lemmas on the geometry of the Hessian

The following lemma gives a sufficient condition under which to upper bound the distance of a point
p’ = (x’,y’) from the minimizer of a quadratic form f(x, y), it suffices to upper bound the distance
of p’ from the minimizers of the one-dimensional functions h(x) = f(x,y’) and g(y) = f(x’,y).
In a nut shell, the lemma states that if the level sets of f are “almost axis-parallel” (the precise
requirement being given by the condition number of the Hessian), then it suffices to obtain upper
bounds on the one-dimensional minimizers.

2
LemmA C.2. Let f(x,y) be a quadratic form with Hessian H = [12, Ig; > 0. Let the level sets
of f(x, y)‘ be g;’ven by ellipses that are clockwise riotation by an angle a € (-%, %) of axis parallel
ellipses: ’;—j + % =r?. Definey such thattany = Innq;ﬁ{‘;i}} <L

For a given point p’ = (x’,y’), define
x” = argmin f(x,y’), y" = argmin f(x', y),
X X
and Ay =x" =x", Ay =y —y". Let p* = (x",y") = argmin, ) f(x,y) be the true minimizer of f(-).

2
If (i) tany > %, or (ii) |tana| < tar; 4

, then
LI LR P
pe y - 2 N
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“ >\fl:
—_——
|
S\ =y
I
p* o
(a) Alevel set of f(x, y) (b) Ilustration of 1-d minimizers in

Lemma C.2

Fig. 3. Illustration of the setup for Lemma C.2. The figure on the left shows one level set of the quadratic
form f(x,y); a @ rotation of an axis-parallel ellipse with principal axes of lengths a and b. The figure on the
right is a visual illustration of Ay, Ay in the Lemma statement. For example, the blue ellipse denotes the level
set on which the minimizer (x”’,y") (blue dot) lies, giving A, = x" — x”’.

Proor. We will assume that the true minimizer p* = 0 without loss of generality, so that we need
to prove that A2 + A2 > J - (x"* +y’*). We will also assume without loss of generality that a < b.
Furthermore, in the proof we will focus on the case « € [0, 7/4] and x’,y" > 0, as illustrated in
Figure 3(b). This is indeed the hardest case: if x” < 0,y" > 0,0 < a < /4, then [A,] > [y’[, [A] = x
and the Lemma follows. The other cases are symmetric to one of the above.

We begin by finding an expression for y”’. Observe that at the point (x’,y”’), the tangent to
the level set is parallel to the y-axis. If we now imagine rotating the level set, along with the
point (x’,y’") counter-clockwise by an angle a, so that the level set becomes axis-parallel and the
point (x’,y”") moves to (X, ), then the tangent at (X, ) to this axis-parallel ellipse has a slope of
m = —1/tan a. We can now obtain one relationship between x, i by differentiating the equation for
the level set with respect to x:

d x2 yZ
& (; ¥ ﬁ)

Let tan f := Z—i tan @, so that y = X tan 8. Since (x’,y”’) is obtained by clockwise rotation of (%, j)
by @, we have

b2
=0 = y:x;tana.

(€30)

tan f — tan«
" ’ ’
=x"tan(f—a) =x' ———.
y (f=a) 1+tanftana

Substituting tan f = 2—2 tan & = tan &/tan® y:

1 — tan?
Yy’ =x"tana Y (50)

tan?y +tana’
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A similar analysis gives,

1 — tan®
x" =y  tan g——V (51)
1+ tan? y tan® «
Writing (x’, y’) in polar coordinates (r, §), we get
1 — tan?
A=x"-x"=r cos —sin0 - tanoqg— 0 ¥ , (52)
1+ tan? ytan? «
1-tan’y
Ay=y —y” =r|sinf—cosf-tana————|. 53
y=v 7Y ( tan2y+tan2a) (53)

By our assumptions, tana > 0 and 0 < tany < 1. One can further verify that under the condition
tan® y
tana < ——, we have

1-tan’y
0<tana——————— < 1/4,
1+ tan? y tan?

and
1 — tan? Y

<1/4.

To see why, the above inequalities can be rearranged into the following quadratic inequalities in
tan o for any fixed value tan y:

0<tang————
tan? y + tan? a

tan® y )
———— |tana —4tana+ ——— >0
1—tan?y 1-tan?y
tan?

——|tan®a - 4tana + — >

1—tan?y 1—tan?y

2
It can then be shown that tar; I is a lower bound on the smaller roots of the quadratic expressions on
the left hand side above. In fact, the second condition above is stricter than the first (when tany < 1),

2
an is a linear approximation to the smaller root (= —tan’y) — an’y —9tany +
d =Y s ali pproximation to th, 11 t (= 2(1 - tan? y) — \/4tan? y — O tany + 4)

in the vicinity of tan? y = 0 for the second inequality above. In fact, if tany > g then the two
inequalities are always true.

Finally,
2 92 2 2
Ax +Ay = (x/ _ x/l) + (y/ — yll)
1 — tan? 1 - tan®
> r? [sin® @ + cos? § — 2sin @ cos O tan « LA 4
1+tan®ytan?a tan?y +tan’a
1 r?
>r?[1-=sin20| > —.
2 2
O
The Hessian for the quadratic described in Lemma C.2 is given by:
A2 C —C"asia + —Si’;“ sin  cos & (# - %)
H= C BZ = . 1 1 02 2 (54)
smacosa(p—;) 5+ 5t

IC| < 1

LemMma C.3. The Hessian in (54) satisfies the conditions of Lemma C.2 ifm <35
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Proor. Without loss of generality, assume a < b, so that with & € [—7/4, 7/4], we have B? < A2,
To neaten the exposition, we will further focus on a € [0, 7/4], since only | sin | and | cos «| are
involved in verifying the condition.

It suffices to prove that

a?

C 1 sin2a 1-4 1
B2 e (e E 9
a 1+(%—1)sin2a

implies tan o < fTZ’ under the assumption that Z—z < 25/64, since otherwise tany > 5/8 and the first
condition in Lemma C.2 is satisfied. Since under this assumption 1 — Z—j > %, (55) implies

sin 2« 1 128 1

az/b? 2 . = 39.33° 10
/ 1+(b —1)sm2a

Rearranging,

b? - 1—sin?a - 1-sina

a> = 10sin2a —sin? @ ~ 10V2Zsina — sin® «

(56)

. . . . . . 2
since in the interval @ € [0, 7/4] we have sin 2a > V2 sin a. Since % > %

inequality

> 2, we get the quadratic

sinza—ZO\/Esina+1 >0,

which implies sin ¢ < 0.04 and therefore tana = % < 1.01sina.
Starting from (56) again,

b? b?
(—2 - 1) sinfa — 10V2— sina +1 > 0,
a

22
10V2b%/a®+/200b /a*—4b? [a'+4 .
/a [a'-ab? /@t oince b?

2(b%/a*-1)

greater than 54/2, and hence the smaller root is bounded above by #ﬁ . bzl . < ii\;; . Z—Z, which
bz

is also an upper bound on sin a. In the last inequality we have again used b%/a® > 64/25. Finally,

tana < 1.01sina < 1.01 - (’;L\/S; . Z—; < % as needed. O

The following lemma adapted from the volume argument of e-net w.r.t. Euclidean norm [38]
gives an upper bound for the covering numbers of the sphere using e-net w.r.t. tan.

which has roots

/a® > 64/25, we observe that the larger root is

LEmMmA C.4. Let N(e,S™ 1) be the minimal cardinality of an e-net of S*™! such that for every unit
vectorv € S"L, there exists ave € Se such that the tan of the angle between v and v is in [—e¢, €]. If
€< é, we have that

N(e, S™1) < (1 + Z—L) .
€

ProoF. Choose N to be the maximal subset of S”~! such that the tan of the angle between two
arbitrary vectors vy, v, is larger than e. By the maximality property, N is an e-net. Moreover, using
the fact that x > 1 tan(x) if x < % the balls of radii § centered at the points in N, are disjoint. Let
8,2 denote the unit Euclidean ball in R” centered at the origin. By comparing the volumes, it holds
that

€

N(e,§™) - (Z)nvol(Bn) — N(&,S™) - vol (Zzan) < vol ((1 + Z) B,,) _ (1 + Z)" - v0l(B,).
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Hence we conclude

N(e, S"1) < — -
1 €

ﬂ=(1+4)".
m}

LemMmA C.5. Let £(0) : R* — R be a quadratic form loss function with positive definite Hessian
H and minimizer 0*. Let k > 1, the condition number, denote the ratio of the largest to the smallest
eigenvalue of H. Let S¢ C S™™! be an ‘e-net’ of the n-dimensional unit sphere so that for every unit
vectorv € S"71, there exists a v € Se such that the tan of the angle between v and v, is in [—¢, €]

and e < ﬁ Let O be an approximate minimizer of £, and let A, denote the minimizer ?fthe scalar

quadratic function £,(1) = L£(0 + ). If for allv. € S, |Ay,| < A, then |0 — 0*| < A

1-2(1+x)e"

Proor. Let v = (vy,0,) denote the unit vector in the direction 0 — 6%, and let u = (uy, uy) €S
satisfy the condition in the Lemma statement with respect to v. That is, if m, = z_y = tan ¢ and

my = =2 = tan f, then tan(f — @) = ¢’ with ¢’ € [—¢, €]. Let P denote the point  + A, u. The points

Ux
0, 0, P define a plane and the subsequent analysis will be restricted to this plane. Without loss of
generality, let us translate and rotate our co-ordinate system so that 6* is at the origin, the level

2
sets of the loss function £ restricted to the plane of interest have the form Z—j + % = r? (with
% < Z—; < k), and 0 = (0, Q_y) =rg - v lie in the positive quadrant.

Using the fact that the point P = § + A, u is tangent to the level set, we get

3 12,0 2 2 2
B 0xb* + Oymya , o b® +oymya 5
M=\ ltmy =g —————— 41+ m.
a’m? + b a’m? + b

. ’ + ’ . .
Since m,, = tan § = ltfzot‘;ja = 1’?:,:10, some calculations give,

vxbz+vymua2 5
|/1u|=rg.ﬁ' 1+mu
a‘mi +b

(my+€’)2a? + (1 — pe’)?b?

TR ll o (my + €")a® — my(1 — mye’)b?
=1y
D

We can bound D as:

(my +€")a? My|1 — mye’|b?

< .
T (my+€’)%a% + (1 — pe’)?b? * (my +€")2a? + (1 — pe’)?b?

D D,

and D, < 2. Therefore, D < 2(1 + k), finally giving:

Assuming |e’| < € < 1/5,if m, > 1,then D; < 1and D; < zal; < 2x.Ifm, < 1,then D; < Zhizz < 2k

[u 1 - A
Viter 1-2(1+x)e ~ 1-2(1+k)e

|9_—9*|:I‘Q’S
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C.4 Boundon Y, s ||z

Lemma C.6. For a § € (0,1) and an interval I lying within some block B;; with j > 1 and
|7| > 161n %, it holds with probability at least 1 — § that

Dl < 17| (z ((1 + K2 max x| +2cf£))~
te

tel

In particular, for any & > 0, conditioned on max,c7 ||x;|| < %, we have ¥,c7 |lz:||* < |T|2, where

Z:= \/2 ((1+KZ)x? + 207). Here o} := vi = 4/Co/2L.

Proor. Recall that z; = y; + & and ||K;||, HKftabH < K,,. We have

Dullzd® =D llye + &P

tel tel

<23 Myl +2 > g

tel tel

< 2(1+ K27 [ max x| +2 1417
tel oy

A

By a standard Laurent-Massart bound, we have:

1 1
Pr Z NEN? > o [1T]+2 |I|1n(5) +21n(5) <4.
tel

Using the fact that (|I| + 24|17 ln((—ls) +2 ln(%)) < 2|7| when || > 161n }5, plugging the above
in the bound derived above for 3, ||z||* indicates that

> sl 21+ K max e+ 202) 17

te
tel

holds with probability at least 1 — §. The right hand side of the bound given above is a random
variable since it involves max;cs ||x;||, and can instead be interpreted as saying that for any x,
conditioned on the event max;e7 ||| < %, ez 21> < 2 (1 + K2)%* + 202) | T| =: | T |z ]

Definition C.7. Define z, = \/2 ((1+ K2)xZ + 20?%), where x,, is defined in Algorithm 1.

C.5 Bound on the condition number of },.; z;z;

LemMmA C.8. For an arbitrary interval I, denote design matrix X7 = },;cr 24z} and its condition
number k = Amax(X1)/Amin(Y1).

(i) Let I be an interval within a block B; ; in Algorithm 1. Define X = maxcr ||x;||, and z as in
Lemma C.6. If we have

%2 (1+|IK||%) + o?

2000 1
| 7| > 5 2(n+d)log5+(n+d)log

,
2 . |1 ¥?
o.-minss, ——3

I {2’ az+2||K||2}
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then for § < 3/100, it holds with probability at least 1 — 30 that the condition number is upper bounded
as

22| 71| 160022
oIl 2. f1 y? o2 |1 y? '
1600 O TTHI ) 3> ol+2|K|? 901 min 3 ol+2|K|?

Define k1 be the bound above when x = x,:

160023

Ky =

2 1 Y2 ’
mimnss, -——-
997 {Z’UgmuKW}

whence it follows that k; < Co+/|Z | for some problem-dependent constant (independent of T) Cs.
(ii) For any warm-up block B, in in Algorithm 1, with sequentially strongly stablizing policies
{Kt““b} such that ”Kft“b” <Ky, if

**(1+K2) + o}

2000 1
|Biol = 5 2(n+d)log5+(n+d)log ,
. 2
% mm{%’ JT}
we have for § < 3/100,

22| Bl 1600z2

T 9Bigl o . 1 y? 2. 1 y?
ol ming s, 5——3 viminis, 5——
1600 0 2’ 22|k | 0 2’ 22|k |)?

Define kq to be the bound above when X = x,:

160022

Ko ==
1

2 bl
9V2 min 5y T
0 22 22K

from where it follows that ko < C19InT for some problem dependent constant Cyy.

Proor. We need to bound Apin (Y7) and Apax (Y1) separately. By direct computation and Lemma C.6,
it holds with probability at least 1 — § that

Amas (Y1) < Tr(Yp) = Y 22 = ) Nzl < 2171,
tel tel
In the sequel, we bound Ay (Yr) from below by specifying the choice of Yj such that Yy < Y7
with high probability using Lemma C.9. Note that z; | F;-1 ~ N (z;,2;), where z; and X, are
measurable and
. ZIn wzanT
Y= | YPKL, YPKLKT + 0l

By Dean et al. [15, Lemma F. 6], we have

1 Y2 1 Y2
Amin (Z¢) > 6 min{ =, ———— ¢t > o> min{ -, ———— ¢
min t t 2 O't2+2||K||2 I 2 Gf+2||K||2

Moreover, we have

Tr (E[Y7]) =E

2 2
D el + e ]

tel
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SE[ D el + 1Kl el + oF
tel

< I (R + KNP + 7).

Setting & = Q (the probability space) and

= MOJ min 1 ‘p—z I
0 1600 T 2» o’f 42 ||K||2 +n>

Lemma C.9 implies if

2000 100 #2(1+ |IK||?) + o2
1712 == |2(n+d)log == + (n+d) log (1 + Kl )wz L (57)
2 . 1
o1 mm{f’ o§+:z||1<||2}
=2 2 2
2000 1 21+ |K|») +0
> "——|2(n+d)log = + (n+d)log A+ KT + o (58)
9 g o’ min{l - }
I 2> 22|k
with § < 3/100, we have
9
P[Yr # Y] < 2exp(-——————|7T
[Yr # Yo] < 2exp( 2000((n+d)+1)| )
9 2000 1
<2 - 2 d)log =
= eXP( 2000((n+d)+1) 9 ((”+ )Oga))
9 2000 1
<2 - d+1)log =
= eXp( 2000((n+d)+1) 9 ((”+ * )Oga))
= 26.
Then it holds with probability at least 1 — 25 — § = 1 — 36 that
22| T 160022
Z ] - z . (59)

oI 2 . f1 Y2 2 . |1 y?
——O0 -MIN\5, 53 90-min{s, ———>
1600 O 1 2> G22||K | I 2’ g+2|K|?

For a warm-up block B;, note that the exploration noise is fixed at v2 = 1, and we have
||Ktstab H < K,,. Plugging these parameters into (57) and (59) yields the corresponding results. O

C.6 Supporting Lemmas

LemMma C.9 (LEmMA E.4 1N [35]). Supposez; | Fi—1 ~ N (z;,Z;), wherez; € R9 and 3, € RO gre
Fi—1-measurable, and%; > 3 > 0. Suppose & is an arbitrary event and suppose Tr (E[V;1{E}]) < AT
for some constant A > 0. Then for

2000  ~ 100 ~ A
T > —(2dlog(— log ————
2 = (2d log( 3 )+d oglmin(z)),
let Vy = %2, it holds that
9
Pr{Vt # W} N&E] <2exp|———=—T|.
2000(d + 1)
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LEmMA C.10 (SELF-NORMALIZED TA1L BounD [1]). Let {n;};>1 be a F;-adapted sequence such that
¢ | Fi-1 is o2 -sub-Gaussian. Define Vr = 2{:1 z1z] . Fix Vo > 0, it holds with probability 1 — § that

T 2

Z XNt

t=1

1 _ _
< 20%log {S det (v, "> (% + V) ¥, 1/2)} .
(Vo+v) ™!

D PROOF OF PROPOSITION 7.2

Consider a non-stationary Markov decision process on state space S and action space A, with a
time-invariant cost function c(+, -) : SXA — R, and time-dependent transition kernel parametrized
by {©;} (7). Let J; denote the optimal (minimum) average cost of the MDP corresponding to @,
and let i,(-) : S — R denote the relative value (bias) function. Then for an arbitrary state s, € S
and action a; € A, we have the inequality:

c(sr,ar) 2 Ji +hi(st) — Ee, [A(s41) | st acl, (60)
where Eg, [X] denotes the expectation of random variable X under transition kernel parametrized
by ©;. Summing the above inequality from t = 1 to T:

T

T
Z c(st,ar) > Z]; +hi(s;) — Ee, [h(st41) | 51, arl

t=1 t=1

T
= > Ji +hi(s1) — Eey [hr(sr21) | sr.ar]
t=1
T-1

+ Z his1(see1) — Ee, [hs(Se+1) | St ar]

t=1

T
= > )i +hi(s1) = Eey [hr(sr21) | s7.ar]
t=1

T-1
+ Z his1(see1) — Ee, [hre1(see1) | S2,ae]
t=1
T-1
+ Y Eo, [hst(ses1) = hu(si21) | 51, ar].
t=1
Taking expectation with respect to the randomization of the policy and the evolution of the
non-stationary MDP,

T T T-1
E| ) (s at)] = > JF = (1) = Elhr(sran)] + Y Elhus(s141) = he(s141)]
t=1 t=1 t=1
or
T T T-1
DU —E|D el a»l < —hy(s1) + E[hr(s7e)] + ) Elhi(s141) = husa (s14)].
t=1 t=1 t=1

Specializing to the non-stationary LQR setting, s; = x;, a; = ug, c(xp,u;) = x7 Qx; + u/ Ruy,
ht(st) = x;'—Pfxt:

T T T-1
Z]t* -E Z c(xpu)| < E[X;HP;XTH] + ZE[XZH (P: - P,) xt+1]
=1 =1 =1
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T-1
< E[llxrall* [P+ D Elllxea ] 177 = Pl

=1
In Lemma D.1, we prove that under the optimal dynamic policy, E [||xt ||2] is bounded from above
by a constant depending only on the cost parameters and the sequential stability parameters «, y.
The perturbation result for the solution of Discrete Algebraic Riccati equation gives ||P;k -P, || <
min{2Cy ||®; — ©y1||?, 2P, )} = O(Afﬂ) [35, Theorem 5]. Lemma D.1 does not bound E[||XT+1 ||2],
however, following a similar argument as in the Lemma, we can create another policy that has
logarithmic regret compared to the optimal policy and has bounded E[leTﬂ IIZ]. Combining these,
we get the desired bound on the additional regret of O(Vr + log T) with respect to the dynamic
optimal policy. O

LeEmMA D.1. Under the optimal dynamic policy for the non-stationary LQR problem,

, 2K? 2K? ) 2k’ny?\ (2k* )
gminE [Ix:11?] < Mp=—M, + Mp— + (k*M, + = Mr +x*Mp]|,
Y Y Y Y
2 2
where My = (;ﬂf—i) eny” ;”/' , Mp := %Mr, and Mr := max; [|Q + (K3%) TRKS'|| < Guax + Fmaxk?.

Proor. We prove this result by contradiction. We first establish some notation for the optimal
dynamic policy. A classical fact is that the optimal dynamic policy for non-stationary LQR is also a
linear state feedback policy, given via the following dynamic programming recursion:

Pry1 =0,
Ki=—-(R+ B:Pt+1Bt)B:Pt+1Ats
P = Q+K/RK; + (A; + BK;) "Pyy1 (A; + B,Ky),
Jo =Tt(W - Pryy).
Let t be some time such that under the optimal dynamic policy, E [||x, ||2] is larger than the bound
in the Lemma statement. Define
r=max{s <t—-1: E[||xs||2] < My}
as the last time before t when the expected squared norm of the state under the optimal policy is
smaller than M,. Similarly, define
v =min{s > t : ||Ps41]| < Mp}
as the first time including or after ¢ when the norm of P, is smaller than Mp. We will show that
by deviating to a policy where K! = K3 for s € {r,..., 7’} gives a policy with a smaller cost. Let
{x{} denote the state process for this new policy, {P/} the relative value function matrices, and
Jo =Tr(W - P)).
By the definition of the new policy, we must have P = P for s > 7’ + 1. Recall the recursion for
the relative value function for LQR:

T T T T
x; Ox; +u, Ruy = x; Prxy + J — E[lePHle_l].

We will decompose the cost of the optimal policy into contributions due to the four intervals
{1,...,t—1h{r,...,th, {t+1,...,7'} and {t' + 1,...,T}. Since both policies agree on the first
interval, the total cost is the same, and hence we do not consider it henceforth. For the interval
{z,...,t} we lower bound the cost of the optimal policy as:

E

t t
a7 % + U Rus| 2 )" gmin[Is]1%]. (61)
S=T S=T
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For the interval {t +1...,7'}:

7 7
E Z xg Qx5 +ug Rug| =[x Proaxpnt | + Z Js —E[x)  Prsixea |
s=t+1 s=t+1
7+1
> > Tr(W - Py) = E[x], Prsixeal,
s=t+1

where we have used E [xt +1Pt+1xt+1] >E [wt 1 Pra wt+1] = Tr(W - Py41). Finally, for the last interval,

T
E| > x]Qx; +ul Rus| = E[x],, Priixesi] Z Js-
s=7'+1 s=7'+1
It will be convenient to combine the lower bound for the interval {t + 1,...,T} as:
T 7’ T
E| ) x]Qxg+ulRus| > T Te(W- P+ >,
s=t+1 s=t+1 s=7’
Z Y2 IIP) + ZJS (62)
t=t+1

We now proceed to upper bound the cost during these intervals for the modified policy {K;}.
Denote u; = K/x/ as the control at time step s under the new policy. We first summarize the results

of Lemma D.2, which bounds E[HXS’HZ] and HPS/“ forse{r+1,...,7'}:
- 0 s
E[||xs||2] < K2 (l — 2)2(8 Z E[HXTHZ] + 2K ;qb ,

2(r'-s+1) 2x?
[P < o (1= 5) 7 el + =

For the second interval, {z, ..., t}, we can upper bound the cost of the new policy by:
t t
E| > x'TOx|+u[Ruj| =E Z x'T(Q+K'TRK))x!
S=T S=T
< Mr [ =
2k2ny?
<Mr|(t—-1) TE[HXTH |1, (63)
where we have used the bound on E[
interval {t +1,...,T}:
i T
E Z X'§Qx) +u' Ruy| = E[xt{+1TPt{+lxtl+l] + Z %
s=t+1 s=t+1
= E[x;+1TPt,+1x£+1 Z Tr(W - P)) + Z.]s
S=t+2
< Bt | P2+ ny? Z P[]+ Zfs
s=t+2
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Using Lemma D.2 we can bound:

’

- , . 2(7'-s+1) 2K? , 2K? 2K
ZNMSZ@%—Q MMHTMF&—FU7%—7MM

s=t+2 s=t+2

Also, using Lemma D.2:

2 2 2 2 2
Bt P75l = (s T0c] + 2 (o el + 20 ).

Putting together,

T/
A ’ A ’
E Z x's Ox;+u's Rug

s=t+1

2x2ny? 2i?
< (EI]+ 2 (w2 0+ 2

mw( ﬂ—M+LMm” ZL (69

s=1/+1

Combining the lower bounds on the optimal policy cost from (61)-(62) and upper bound on the
cost of the modified policy from (63)-(64):

T T
E Z xy Oxs +u Rug| — E Z x'] Ox. +u'] Ru!
S=T S=T
t—1 2 2
2k°n
> @@WW%M ﬂ)

+¢Z(

s=t+1 )

2K? 2K?
+ quinE [l °] = == 1Prall = My = B[l ]
2k%ny? 2K?
—WWMH+7KMAMN+7m)

Recall that we choose M, = ( My ) 2¢nY” s the threshold for E[||XT|| ] and Mp := Z"YKZ Mr as the

Gmin

threshold of ||P,41||. This ensures the ﬁrst two terms above are non-negative. Therefore, if

2K 2K 212 ny? 2x?
2 |1 Prsal +Mr7E[||Xr||2] + (KZE[HXTHZ] + TI//) (Kz |1Praill + TMr

v

qminE [”xt ”2]
2 2 2 2 2 2 2 2K 2
= Mp + My 2= M, + (KzMx Nl ) ( 2Mp + —Mr)
Y Y Y Y
we get that the cost of the optimal policy is larger than the modified policy, a contradiction. O

\%

Lemma D.2. For the alternate policy which chooses K. = K% fors € {r,...,t,..., 7'}, we have:
2(s— 22y
o E[llxl?] < k2 (1= 5)* 7 E[|lxe|?] + 2L,

o [Pl < w2 (1= 1) Pl + 2y,

where Mr := max; ||Q + (K }, {Ps} denote the optimal policy quantities.
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Proor. Recall our notation &, := A, + Bthtab, =0+ (Kftab)TRKtStab. Denote for a < b:
Bp.q = PpDp1 -+ Dy
We can write:

Xs = Ds_1X5-1 + Ws—1

=0 1P ox5 5+ Ds 1wy 3 +Ws g

s—1
= Q510X + Z D 1:p41Wy,
t=1
which gives:
s—1
E[llx:1%] < 1951l E[llxc 1] + ) 19s-vesa > E[llwell?]. (65)
=1

By sequential strong stability:
|®s—reell = ||Hs-1Ls—1H; " Hy- st oH Y, - HeLeHp 1|
< Homt Il 1 Zomt I || H2 Ha|| Lozl - - - || Hpy Hel | 1Ze | (|7 1)
<k(1-y)(a+y/2)7,

which using (1 - y)(1+y/2) < (1 —-y/2) gives
<Kk(1-y/2)%"
Substituting the above in (65) and using E[||ws ||| = ny?:
E[llx[1°] < <*(1 = y/2)*VE[|lx[1°] + nyic? (1 +(1—y/2)% 4+ (1 )//2)2(5_{_1))
< k(1= y /2 R[]+ e

This proves the first part. For the second part,
P = Q + (KStab)TRKjtab (I)TP/

s+1
- r + (Ds Ps/+1
=T + @) [ s + O] D, Pl , P51 Ds

r

T T
= O P+ Y O TP s,
t=s

Therefore,

l_[q)rs ||Pr+1||+2
f=s

< kP (1= y/2)* ) | Poy || + Mrx® (1 +(1-y/2)% 4+ (1 y/z)z(f'—s>)

e [T

m=s

IIDII

2 2(7'+1-s) 2
<k*(1-y/2) ||Pr'+1||+Mr7-
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E PROOF OF THEOREM 7.1
E.1 Proofs for Section 7.2

Proof of Lemma 7.4. Consider a stabilization epoch starting at time 7
During the epoch, the dynamics of the state evolution is:

stab and ending at 6°12°.

Xs = Qg_1Xs5-1 + Ws—1,
where @ := A, + B{K3'?P. Denote for a < b:

Bp.q = PpDp-1 -+ Dy
Then,

4 [0s_pasit | s 4 - + s s

+ ||(Ds,lzrstab

|lxs]| < “q)s,l:.,stab was«ab

“xz-stab

stab

+x(1—y/2)57 | wastab|

stab stab

k(1-y/2)"" +r(1-y/2
bt k(1= y/2) wsa

IA

|xrmb ’Wz.stab

= KYS_Tstab,

and

s VV; = “WH_Tstab

< KYt with Y() = erstab

so that “xHTscab
Yt+1 < (1 - }//Z)Yt + I/Vvt
l//\f

Now applying Lemma A.3 with p = py = (1 — y/2), and substituting a = —py > We get
E[[lwell] yn 1+po
+ (1= po)——= < po+ (1 -
po+ (1= po) 20n po+( p0)2¢\/_ 5
Therefore,
estab 2
Il < 2 2”"’“”
t=rstab 0
Since

E[Ct | 7';_1, Qt_l] = xtTth + [(At + Bth)xt]TR[(At + Bth)xt] + O'? Tr(R) = 0(||xt||2 + 1),

2) We next show that this is

the total cost during the stabilization epoch is bounded by O(erstab

O(InT). Note that we have ||sztab 1” < x, = 2keCss ( ‘8(n+d L4 logT + —— n+d)B . Therefore,
E|:||x,[slab 2] <E sup mtax ||(At + Bth)yt + Btgl‘nt + Wt”Z

Y1,...y7-1 ER™:
llyell <xuVte[T-1]

Since max; max{||A;||, ||B:|| , ||[K¢||} are bounded, for some problem dependent constant Ci3

E I:”x.[stab

2

| = Cus (B ma w12+ max lie 7] + B max e | + max e
+E | mas || - B masx 1] ).

Using Lemma A.2, the expression above is O(n+d +InT).
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Proof of Lemma 7.5. Since &; is an exploration epoch, we have ||xTiH < xy. During 8B, the
dynamics are given by:
Xer1 = Qpxp + VoEs: + Wy,
where @, := A, + B,K;'* and Z, := B,K}'?. Denote for a < b:
Bp.q = PpDp-1 -+ - Dy

By our assumption that 5, and w; are a sequence of independent mean 0 Gaussian random vectors:

-1
E[llxl? | Frots Grima] = [@eexa |+ > RE[I@rserZansll? | Frmr, Gria]

S=T;

t—1
+ Z E[||<I>t‘:s+1""s||z | 7:71-—1: gr,-—l]

S=T;
2 2
vgCs + ¥

2(t—1;
0 1-— pg

< sz ) ||xrl.”2 +x%n

where Cg := max;e[7) ||Bthtab||2. This further gives the total during B;

T;+L—1 2 2 9
X, V0C6 + ¢

aE| D' il | Fopor, G | < K2 4 Lt - 2
1=t; 1= Po 1- Po

Finally, again using the fact that E[ct | ﬁi,l] = (P)v(E[thll2 | 5‘—'}1.,1] + 1), and the definition of

L= 16(n+d) log® T

po , the bound in the lemma statement follows.

Proof of Lemma 7.6. We first prove a lemma that gives a regret decomposition for good intervals.

LEmMA E.1. For some epoch &;, a block 8B, j in epoch &;, and a good interval Il.g;Zd = [r, 0] in block
B, j, the following identity holds:

P d "
RT(IEN) = > x] Qo+ ul Ruy - J;

good
telk

0
= > IK) - I}
t=1

+ x:PT(KT)xr - x;_lpe (Kg)x041
0-1
+ Z x[e1 (Prat (Ker) — Pe(Ky)) X4t

t=t1

[
+ Z (X[THPt(Kt)xtﬂ - E[xtTHPt(Kt)xtﬂ | xt, Ut])

t=1
0
+ Z o2 Tr (R + B} P(K,)B;) .
t=1
Proor. Note that for an interval lying within block 8, ;, the policy K; = K *(@)i, j-1) is fixed,
however for generality, we use K;. For dynamics given by ©,, and control policy u; = K;x; + oy,
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with 5, ~ N(0, I,), we have the following Bellman recursion:
x{ Pr(K)x: = x; Qx; +u/ Ruy — J;(Ky) — o} Tr (R + B] Pr(K;)B;) + E[x/,1 Py (K¢)Xe41 | X2, 07
Rearranging terms, we get,
x; Qx; +u/ Ruy — J;
= Jo(Ky) = J; +x[ Py(Ke)x; — E[x/ 1Pt (Ke)Xes1 | X2, 0¢] + 0 Tr (R + B} Py (Ky)By)
=Ji(Ky) = Jf + (xt Py (Ke)x — xt+1Pt+1(Kt+l)xt+l)
+ (xt—:]PHl(KtH)xtH - X;rlpt(Kt)xtn)
+ (/1 Pr(Ke)xee1 — E[x) 1 P (Ke)Xpa1 | Xp,0¢]) + 0f Tr (R + B] Pr(K;)By)
Summing the above for the entire interval gives the identity in the lemma. O
With Lemma E.1, after taking expectation and using Lemma 3.1, we prove Lemma 7.6 below.
Proor. The second expression follows from the first by noting the definition of good intervals:
forall ¢ € 7577, 18, ;1 - ©,
To arrive at the first expression, we go through the expression in Lemma E.1 line-by-line.

The expression in the second line is bounded by ||x.||* || P; (K;)||, which is o (M For the

expression in the third line, noting that K; = K;41, and that ||P;(K) — P11 (K)|| £ C12 10 — O ||
for a stabilizing controller K, and a constant C;,, the sum is bounded by C; Zf:r %12 1©; — © i1l

< Cs and applying Lemma 3.1.

which is O (MAL j,k). The expression in the fourth line is a mean 0 random variable and
hence vanishes when we take the expectation. For the expression in the last line, note that in block
B, j, foreach m = 0,1,..., j — 1 we start an exploration phase of scale m (duration L - 2™) with

probability W at each time t, and during an exploration of phase m, we choose 07 = 4/ Lg—?n

We will upper bound E [Z e otz] by allocating the entire exploration variance to the time ¢ at
ijk

which an exploration phase begins. For a given time t, this gives the expected contribution due to
1/2

1/2
— good
scale m as \/27\/7" X 4/Co2™[L = W Summing over m gives LS/Z\F and multiplying by ’I
finally gives the expression in the Lemma. O

E.2 Proofs for Section 7.3

Proofof Lemma 7.7. Consider the block B; ; = [s; j, si,j+2jL— 1] in &;. We first show that no restart
is triggered by ENDOFBLOCKTEST(, j). Let t = 7; + 2/L — 1, then Ag,; <Ay <t -1+ 1)~V <
|B; j|~/*. Conditioning on Event &, we have

’®si,j - @i,jHF < CbiasABiJ« + C\,ar|8i’j|_l/4.
Similarly, we also have
‘ O,y — @i,j—l - < ChiasA,,, + Cuarl By j1 |71/
and
‘ Os,. — O] LS Ay + Cilt — i+ 174,
|04, = Breuat], < Apwury + Cale =z + 117
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Then

®Si,j Sij ®Si,j—1 ” F Si,j-1

'

utd, <
< ChiasD gy, + CoarlBij 74 + Ay + CoinsAg,,
< (1 + Chias) Ayt + 2Cyar By joa |74
< (1+ Cpias + 2Cvar) By 1 |72

~8ul,+le O =80y,

+ Cvar'-Bi,j—l |_1/4

2 _ _
. < (1 + Coias + 2Cyar)?|Bi j—1]7/? and ENDOFBLOCKTEST(i, j) = Pass.

Similarly, for any exploration interval 7 = [s,e] C [r;,t] with index m < j — 1, note that
A7 < D) < (t =5+ 1)7/* < |7]7/% Then

As a result, H ij éi,j—l

®i,j,(m,s) - @i’j_lHF < ||éi,j,(m;5) O
< CbiasAI + C\,ar|f| /4 + Ari,t + CbiaSAgi,j—l + CVaf|Bi’j_1|_1/4
< (1 + C_bias)ATi,t + 2C_va1’|]|_1/4

< (1+ Chias + 2Cua) 17174,

tlec-es, ] +|

Si,j-1

2

Then ”@i)j,(m,s) - @i,j_l . < (1 + Cpias + 2Cyar)?| 7 |1/? and ENDOFEXPLORATIONTEST(i, j, m, s) =

Pass.

Proof of Corollary 7.8. By Lemma 7.7, to end an epoch &; due to detection of nonstationarity, we

need Ay, 2 B I‘/Z Then
Ar > A Co
T Z [zst] = Z |E;]1/2

or

E 1

Z |(CJ‘I|_Z < C() ZAT

i=1
By Holder’s inequality,

E<

E S E H
§)8A4)(§EKM
i=1 i=1

<(c, ZAT)%U)S

-2 i 1
=G, ALTE,

Proof of Lemma 7.9. By Assumption 4.3, a control based on an estimate ©; of ©, such that
o, -6
epoch &; and parameters k, y, v specified in Lemma 4.6. We first show that under the assumption
that {K;} is a (k,y, v) sequentially strongly-stable sequence of controllers for the non-stationary
dynamics in the interval [s,e] (1 < s < e < T), then Lemma A.4 implies that with high probability
maX;e(s,e] ”xt” < Xy-

The LQR dynamics are given by:

- < C3/2 guarantees that K *(@t) is in fact (k, y, v) sequentially strongly-stable for the

Xr41 = (A + BiKp)xp + 01 By + wy.
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Under the independence assumptions on {5, }, {w;}, we can use the analysis approach in Lemma 7.4
to show that ||x;|| < xeCssVis+-11Y; where Y; obeys Y;_; = ||x;_;|| and

d n
Yeur < (1= )Y+ 2 Buelfiel +9 ) Wi,
i=1 Jj=1

In the above, f3; ; are the singular values of B;, and 7; ;, W; ; are independent NV (0, 1) random variables.
We have used the fact that o; < 1 for all t. Denoting:

B = max {lﬁ, max ﬁi,t}

and applying Lemma A 4,
V8(n+d) d)B -s+1
Pr| max Yths1+( Wt DP fiogT ("+ ) ) <t ll
te[s,e] —pO T
or,
_ V8(n+d)p (n+d)B ] le —s+1]
P CosViset] [ic > |Jog_yq || + | ~———=—=—1/log T + < . (67
r| max e Jre > sl ( e Ve T+ @)

Note that we start an epoch with HxT,.” < x,, and then use stabilizing controls for L time steps.
Using (A.4),

\V6(n+d) d)B 1
o (pgxu + (:Fpoﬁx/log]"+ %)) < o (68)

With our choice of L, pOLxu =o(1).
Lemma 6.2 and Lemma 6.1 prove that under EVENT 1 the OLS estimate @,; ; based on block
2
Jj = 0 of epoch 1; indeed satisfies H@t - @t”F < Cs. Thus it holds that the controllers {K;} are

indeed (k, y, v) sequentially strongly-stable for ¢ € [z; + L, 8;]. Combining (68) and (67), for epoch
81 = [Ti, 9,] we get

V8(n+d) +d)B 2
Pr| max ||x] > 2KceCss ( ( ﬁ\/ (n ) ) < = (69)
te[r+L,0;] V1= po T

Therefore, with high probability, a restart of the epoch based on instability detection does not
happen.

E.3 Proofs for Section 7.4
LemMA E.2. Assume EVENT 1 holds. Let I = [s, e] be an interval in B;; satisfying Ai. <ay=

—_ 2
61— 2

—— andes = where we define Cs = (2 + 2Cpigs + 3Cyar)?. Define

1
VIZ] \
€7 = min{ey, C3}. Then, there exists an index m, such that (1) Cs - V2+TL <e <Cs- Vz%ﬁ’ (2)
2™mL < |Z|, and (3) if an exploration phase with index m starts at some time's within the interval

[s,e — 2™L), then the algorithm starts a new epoch at the end of the exploration phase.

ProoF. By our assumption, ¢ < 3—% Note that 7 ¢ J,thenzr > Cs - \% > C5 . \/ﬁ Then

\/—SSI_C5
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To prove (3), let’s € [s,e — 2™L] be the starting time of 7, condition on Event & and note that
[s,5+2™L] c I. We have

- ~ = _1
H®i,j,(m,s - Y5 F < CbiasAI + Cvar|I| .

By direct computation,

o
> \/C_S'f7 - AI — ChiasD 7 = Coarl 7|77
> \/Cs - T77 = (1+ Chiag) I 77 = o Z[ 7
> (\/C_s— 1 = Chias — C_var)I_%~

- o5 - &l - |

||®i,j—1 - ®i,j,(m,s)

Hence
—~ _ 1 - - _1
Hgi,j—l ( VCS -1- Cblas - Cvar)ZI 22 (1 + Cbias + char)z-[ 2
and ENDOFEXPLORATIONTEST( i, j,m,s) = Fail. m]

Proof of Lemma 7.11. Starting with the definition in (12),

£() = Zmin {c4 i,cg}

<C,

;-1 — 6

ljl

tel

< 2C4|T | H@i,j—l -0

2
2
+2Cs ) 118, ~ O]l
tel

< 2C4| 1| ((0{] +erl{er 2 ar}) + A?) .

Proof of Lemma 7.12. We create the partition using Algorithm 4, where we check the truncating
condition current interval ends and a new interval is created at timet € J whenever A[g, ;) <

log |J] log |] | .
A/ s and Apg, r41] > ,/m ateach timet € 7.

Algorithm 4: CREATING PARTITION

Input: an block J = [s,e].;
Initialize: Setk =1;s1 =s;t =s.;
while ¢t < e do

. [ ToglJ] [loglJ]
if A[sk,t] < T=sg) P41 andA[sk,Hl] > T=sp)12+2 then

| Leter « t; Jx « [sp,ex]; k — k+1.
end
t—t+1
end
if s; < e then
| ex — e I < [sk,ex].
end

Proc. ACM Meas. Anal. Comput. Syst., Vol. 6, No. 1, Article 9. Publication date: March 2022.



Dynamic Regret Minimization for Control of Non-stationary Linear Dynamical Systems 9:65

To calculate an upper bound for the number of intervals I', consider the inequality

logl/l  _ N [logll

Alsel 2 Afspersa] + Dlspert1] + oo+ Dsperi41] 2 (e —s)2+2 2\ 74

On the other hand, by Holder’s inequality,
- i 1
Z(|fk|”2+1)) > (= 1) (log|J])

2
(Z log |J] )3
|7 |1/2+1 i

Combining the two inequalities, we have

1
3

r-1
1 2
1< ogly) | ) (1702 + 1)) Ao <0 (GoglDF1T10AL, +1).
k=1
To prove the upper bound using S 7, recall the condition A, ;41] > —(t_ks)f)‘lj/!z”. Each distribution

switch only creates one interval, then we haveI' =1 <S4 — 1.

Proof of Lemma 7.13. In Section 7.4, we sketched the proof for an upper bound for regret for
block J, where we only considered the first I' — 1 complete intervals. Here we show the omitted
details in the proof. Following the technique in [8], we define J’ := [;, 7; + 2/L] to be the block
that differs from J only in that J is assumed not triggering the restart. Note that following the
same partitioning procedure, we have J' = 7' U I,/ U --- U 1. We can check that ' < I, I} = I}
fork=1,2,...,T — 1. Moreover, let It = [sr, er] and 7! = [s{, e(]. We have st = s{. and er < ef.

By direct computation, we bound the first term in (13) by

T I'-1
D dar, = Y \R g + |Flaz,
k=1 k=1

r-1
| laz; + | Iy ez

i

DI AA
k=1
r
<\ 1F]
k=1

2
<0 (min {|j|%Af7, \/S[/‘}) ,
where the last inequality comes from applying Cauchy-Schwarz inequality and plugging in

r= O(mm{S],(logUD $AS |:r|s+1})

In the following, we upper bound the second term in (13). Note that Jr C 7!, we only need to
bound 22:1 |7l le I 1{e Iz ay }. We follow [8] and prove the following adapted lemma.

LemMma E.3. With probability at least 1 — 6, it holds that

Zl]klfjl]].{fj/ > aI/} <0 (mln{|j|5A5 \/_j})
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Proor. Define M = {k € [I‘]|£Ié > a],é}. Let my be the index defined in Lemma E.2. By
definition,

T
DR lerMer 2 apy = . | lex
k=1

keM
< Z (|Ik,| - 2ka)€jk/ + Z 2k x £r-
keM keM

Following a similar derivation as in Chen et al. [8, Lemma 26], the first term is bounded by
o (\/|j | log T) with probability at least 1 — . Specifically,

D HI=2"De= > ) ex

keM ke M te[sp+2™k Loey |
<

1
DI

ke M te[si+2k L,e |

1
= Z Z Cs - I{t <er}
KeMrels,samkLe,] V&ML

= ¢(er),

where we define ¢(7) = Y rem Zte[s;<+2'"kL,e;C] C5~\/2+TLIL{t < t}. By definition, we have Pr[¢(er) > ¢(7)] <
Pr[er > 7]. By Lemma E.2, if the algorithm has not been restarted till time 7, for all k such that
e, < 7, the algorithm must have missed all opportunities to start an exploration phase with index

my. And for the k with 7 € [s]’c e,’c] the algorithm must have missed all opportunities to start a
exploration phase with index in [s,’c, T - kaL]. Define p,, = %Z_j/zz_m/z. Hence, we have

Prler > 7] < ]—[ 1_[ (1= pme1{t <7-2"L})

keM e [s;c,e;c—z'"k L]

[T [l (-gmittsoy

keM e [s;<+2'"kL,e;€]

l_[ 1_[ exp (—qm, 1{t < 7})

keM e [s;c+2ka,e;(]

[T [l G-gmitt<oy

keM e [s;(+2ka,e;c]

<exp|- qm 1{t < 7}
22 m

keM e [s;(+2ka,e;<]

N G
= p( Csml{mr})

o(1)
= ex — 1{t <1 .
ep( Csx/m{ })

IA

IA

IA

Proc. ACM Meas. Anal. Comput. Syst., Vol. 6, No. 1, Article 9. Publication date: March 2022.



Dynamic Regret Minimization for Control of Non-stationary Linear Dynamical Systems 9:67

Define z = (ﬁ +log(1/5)) Cs+/|J| and pick 7 such that ¢(r) < z < (7 + 1). If no such z
exists, then Pr[¢ (er) > ¢(7)] = 0. Then we have ¢(7) > p(r+1) — % >z - % and
Cs

Pr(¢ (er) > z] < Pr[¢ (er) > ¢(7)] < exp (_C \;m + C \/m\/z =90

Hence, ¢ (er) < (\/ﬁ + log(l/&)) Cs+/|.J | with probability at least 1 — 6.

The second term is bounded as

1
Z 2™ L X ep < Z z’”kacs\/m

keM keM
= > GV
keM
<G5 U)K
keM
4
PlugginginI' = O (min {S], (log |]|)_% A}|j|é + 1}) concludes the proof. O
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F PROOF OF THEOREM 8.3

Our goal is to prove that for the randomized instance described in Section 8, algorithm RestartLQR
with the optimally tuned window size W and exploration noise ¢ yields regret Q(VTI/ 3T2/3),

We first begin by noting that using the sequence of controllers K; = K*(©;) incurs a total cost of
atmost 3,7 J; +O(S), where S denotes the number of switches in the hypothesis. This is because
for an interval {r;, 7; + 1,..., 72} where the dynamics remain fixed at  with optimal parameters

p* k*, J*, we have

th+ut—2x,+(k*xt)2 Z] +px r2+1 Z] +px

t=1; t=1y t=1y t=1;

b ] g L E[x,] is bounded
1+bips | — \5’ t

Furthermore, since the optimal controllers yield |a + b;k;| = |a

forall t € [T].
We next show that the loss for the optimally tuned RestartLQR algorithm is at least ), J; +

Q (VTI/ 312/ 3). We will use the following lemma from [7].

LEmMA F.1 (LEMMA 14 1N [7]). LetI = {ry,..., 72} be an interval with dynamics a = 1/V/5,b; = b
with |b| < 0.05, E[wf] = /%, and optimal policy parameters k*, J*. Then for an arbitrary admissible
control policy {u,},

E fo +ul| = |I|J* = 0.99E Z(ut - k*xt)z} — 4, (70)
tel tel
as well as:
5
E xi+u?| - |1|J* > -E u?| = YAk (71)
; t t ; t 6

We begin by defining the random variables that specify the instance. Let {y,} (t = 1,2,...,T) be
the sequence specifying the magnitude of changes in b;, defined so that y; = ¢, and py, . . ., it are
iid. random variables with the following distribution:

0.05 with probability g—;
5/6
Ur=1e with probability (TT) ,

0 otherwise,

where
€=0.05- (V/T)'/S.

Let {y:} be the sequence specifying the sign of changes in b;, defined so that y; = 1 and y; for
t > 2 are i.i.d. Rademacher random variables (i.e., +1 with equal probability). Given the above, the
sequence b, is defined as

by =byy - Ty =0 e - Xt
Let

Wt = {WSa Nls, Os, Hs, Xs}§:1
denote the history of the dynamics and instances until time ¢. Recall that the RestartLQR(W) family
of algorithms partition the horizon into contiguous non-overlapping windows of size W. We will
use; = [W-(i—1)+1,...,W -i] to denote the i-th window. The control for ¢t € I; is chosen as
E@ + o where 1, are ii.d. N(0,1) and oy is an arbitrary adapted sequence of exploration energy
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injected by the algorithm. With some abuse of notation, we will use k*(b) to denote the optimal
linear feedback controller as a function of b (with a = 1/v/5 and w, ~ N(0, /*) implicit), and note
that k*(b) = —k*(-b).

We will partition our windows into three sets:

(1) I;: windows i which have at least one p; = 0.05 for t € I;; let 71 (i) € I; be the first time such

that yi7, ;) # 0,

(2) Z¢: pairs of contiguous windows (i, i+ 1) with y; = 0 for all ¢ € I[; U I;44, and |b;| = €,

(3) Z3: the remaining windows.
Note that this partition is not unique. In particular, there could be many ways to pair up contiguous
windows with small b; and no change of dynamics to create the second set. We pick any such
maximal partition.

We can use (70) and (71) to express the total cost of the algorithm as:

E Z xZ+ul| - Z A
te[T]

te[T)

> 0.99E Z(ut - k;‘xt)zl — 4y?S
teT
W
> 20.99}: Z (ur — kixy)?
iel t=1, (i)
+ 1g u? _3p k*(€))*W + 0.99E uy —kix 2])— 25, (72
(i)i§616(3 ZI AR ACO) Z( = kix)?| | - vPs. (72)

Begin by considering the event &;; := {i € I;}. Conditioning on this event, r; (i) is uniformly
distributed in I;. Furthermore, the sign of b, (;) is +1 with equal probability. We thus bound the
contribution to regret due to windows in /; as:

W
E Z (ut—k;xt)z 8:‘,1,7‘{;
t=1 (i)
[ iw R
=E Z (th]t + (k(,) —k;‘)xt)z 81')1,7’0
| t=m1()
[ iw
>E| > (ko - k)] | & H

| =11 (i)

i-W
> 1//2E Z (k(i) - k;)z Ei1, H;

_t=T1(1')

iw

> y°E Z Liesn iy lo, =1y (ko = k7)? | Eit. Hy
| t=(i—D)W+1

> YEIlt: ¢ > 1) Ibi] = 1IE[ (ki — K (0)* | &0 7],
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where b denotes a random variable that is +0.05 with equal probability;

1~ i 1~ i
=y* - E[|t: t > 71(i), |bs| = 0.05]] - E(k“) — k*(0.05))% + 5(k(,-) +k*(0.05))?
> ¢ - E[|t: t = 1y(i), |bs] = 0.05]] - k*(0.05)*
1
> ¢ E[|t: t > 1y(i), |bs] = 0.05]] - 000"

Therefore,
iw i-w
DUE| D (w—kx)! & He| = Y E[ Y (w - kix)?| i H [E[Lg,, ]
iel, |t=r(i) i =7, (i)

1
>Z¢2 [l 12 (@), 1be] = 0.05]] - o E[E01]

1//2 = in{i 5/6
~ 4000 Z ; Pripe = O'OS]E[m‘n{l "W —t+1,Geom(Vy/T + (Vr/4T) )}],
where Geom(p) denotes a Geometric random variable with success probability p. For any non-

negative integer-valued random variable X with median X and non-negative integer a, we have
the identity,

= min{a X} min{)? a}
E[min{X,a}] = ) Pr[X > x] > Pr[X > x] > ———.
{X.a} Z Z ;
For X ~ Geom(p), we have X > ip which finally gives,
W
Vr min{W, 0.1(4T /V7)%/}
* 2
Z E Z (ut - ktxt) Si,l’q—(t 2 — 4000 Z Z 2
iel; t=11 (i) i
=V v min {W 0. 1(4T/VT)5/6} (73)
8000

Note that if W = Q ((T/Vr)??), then (73) already gives the regret lower bound of the Theorem.
Therefore, henceforth we will assume W = O ((T/VT)Z/3).
Next, we turn to windows in J. Specifically, pick a pair (i, i + 1), and our goal is to bound

> (- k:x»Zl.

tEI,'H

1
-E
3

3 u?l _ §¢2(k*(e))2w +0.99E

tel;

We next invoke yet another useful lemma from [7].

LemMA F.2 (LEMMA 15 IN [7]). Let P, and P_ denote the probability laws of {x;}+cj, under by =
and by = —e (Vt € I;), respectively. Then, the total variation distance between these is upper bounded
as

€

TV (P, P-) <
( ) < "

E

Zug].

tel;
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We will use the notation of the above lemma for the rest of the proof to bound the regret due to
windows (i, i + 1). As before, we bound the regret in the window I;;; by:

D (e - kixe)?

teliy

0.99E

> 0.991//2WE[(E(,-+1) - kj)z]

1 ~ IRY
= 0.99y2W (EE+ [(k(m) - k()

1 ~ Rt
+ EE_ [(k(i+1) +k (6)) ]) .
- - 2
Let F,, F_ denote the distribution of k(;,1) under P, P_, respectively, and let g, (k) := (k(,-+1) - k* (e))
_~ 2
and g_(k) == (k(m) + k*(e)) . Note that g,, g— are non-negative and

2 (G (R) 49 (K) 2 K ()

Therefore,

%E+ [(E(m) - k*(f))z + %E— [(E(Hl) + k*(e))z]

=% A g+(k)dF+(k)+% A g-(k)dF_(k)

1

= s [ (gl + g (k) dF (ks K
Fel(F,,Fy) J RxR 2

where I'(Fy, F_) denotes the set of stochastic couplings of measures Fy, F_,

1
> sup / - (g+(k1) + g_(kg)) ]l{klzkz} dF(k1, k)
FeT(Fy,Fy) J RxR 2

>  sup / k*(€)?dF (ky, k)
Fel(Fy,Fy) J RXR

> k*(e)%(1 - TV(P,,P.)).

We therefore have,

1
ZE Y w2 - 292k ()W +0.99| > (s - k;"xt)zl
3 tel; 6 te€lin
ZT B 2
> wng;’P) + U2k (e)*W (0.99(1 -TV(P,,P_)) — g)
€
. { ¥ ll/zk*(e)zw;
> min N
300€2 20
2 2.2
Zmin{ v ,¢€W}. (74)
300€2” 200

Since we are assuming W = O ((T/Vr)?/*) = o ((T/Vr)*/®) (the mean duration between switches
in b;), the expected number of pairs (i, i + 1) in any maximal choice of 7, is Q (T /W), which gives
the total regret contribution due to intervals in 7, of at least

¢2 lpZ 62 }

T - min ,
300We2” 200
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The expression above is decreasing in W, and for W = O ((T/VT)2/3) is Q (VT1/3T2/3). O
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