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Achievable rate-region for 3—User Classical-Quantum
Interference Channel using Structured Codes
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Abstract—We consider the problem of characterizing an inner
bound to the capacity region of a 3—user classical-quantum
interference channel (3—CQIC). The best known coding scheme
for communicating over CQICs is based on unstructured random
codes and employs the techniques of message splitting and
superposition coding. For classical 3—user interference channels
(ICs), it has been proven that coding techniques based on coset
codes - codes possessing algebraic closure properties - strictly
outperform all coding techniques based on unstructured codes.
In this work, we develop analogous techniques based on coset
codes for 3to1—CQICs - a subclass of 3—user CQICs. We analyze
its performance and derive a new inner bound to the capacity
region of 3to1—CQICs that subsume the current known largest
and strictly enlarges the same for identified examples.

I. INTRODUCTION

We consider the scenario of communicating over a 3—user
classical-quantum interference channel (3—CQIC) (Fig. 1).
We undertake a Shannon-theoretic study for characterizing
an inner bound to its capacity region. The current known
coding schemes for CQICs [1]-[4] are based on unstructured
codes. In this work, we propose a new coding scheme for
a 3—CQIC based on nested coset codes (NCCs) - codes
possessing algebraic structure. Analyzing its performance, we
derive a new inner bound (Sec. III) to the capacity region
of 3tol—CQIC - a sub-class of 3—CQICs. The inner bound
is proven to subsume any current known inner bounds based
on unstructured codes. Furthermore, we identify examples of
3to1—CQICs for which the derived inner bound is strictly
larger. These findings are a first step towards characterizing a
new inner bound to the capacity region of a general 3—CQIC.

The current approach of characterizing the performance
limits of CQ channels is based on unstructured codes, which
remained for several decades the de facto ensemble of codes
for information-theoretic study of any classical channels. In-
spired by the work in [5] and followed by findings in a
multitude of network communication scenarios [6]-[11], it has
been analytically proven that coding schemes designed using
codes endowed with algebraic closure properties can strictly
outperform all known unstructured coding schemes.

The goal of this work is to build on this and enhance the
current known coding schemes in the context of CQ channels.
Our experience with classical channels suggests that a first
step toward this is to design and analyze coding schemes for
basic building block channels. Indeed, the ensemble of NCCs
studied in the simple context of point-to-point (PTP) channels
form an important element of this work [12]. On the other
hand, the mathematical complexity of analyzing CQ channels
makes it challenging to generalize even well known coding
schemes to the CQ setting. In the light of this, our work maybe
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Fig. 1. Communication over 3—CQIC.

viewed as a first step in designing new coding schemes for
network CQ channels based on coset codes.

In the context of CQICs, the focus of current research is
on 2—user. There has been considerable effort in [1]-[4],
[13], [14] at proving the achievability of the Han-Kobayashi
rate-region (CHK) [15] for 2—user ICs. Analogous to these,
one can leverage all known coding techniques - message
splitting, superposition coding, Marton’s binning - and derive
an achievable rate region for a 3—CQIC. See discussion in
[10, Sec. III]. This rate region, henceforth referred to as the
U SB—region contains the largest current known inner bound
for any 3—CQIC. In this work, we focus on 3tol—CQICs
(Defn. 3) - a subclass of 3—IC in which only one receiver
(Rx) experiences interference. We propose a coding scheme
based on NCCs and derive an inner bound for this sub-class
that subsumes the ZS5—region in general, and strictly larger
for identified examples (see Ex. 2).

To study coset code based coding schemes for basic building
block channels, and for pedagogical reasons, we present our
findings in two steps. In the first step (Thm. 1), we demonstrate
a construction of a n-letter POVM that can simultaneously
decode (i) the correct message and (ii) a bivariate interference
component. This first step enables us study performance of
NCCs for CQ-PTP channels (Sec. IV) and simultaneous de-
coding of unstructured and NCC codes (Sec. III). Our analysis
of this simultaneous decoder builds on the technique proposed
in [16]. In the next step, we leverage these building blocks and
employ a multi-terminal simultaneous decoder [14] to derive
a new achievable rate region for 3to1—CQICs.

II. PRELIMINARIES AND PROBLEM STATEMENT

Forn €N, [n] 2 {1,---,n}. We let an underline denote an
appropriate aggregation of objects. For example, X' 2 x
Xy X X3, T EN (z1,22,23) € X and in regards to Hilbert
spaces Hy, : i € [3], we let Hy 2 @3 Hy,.

Consider a (generic) 3—CQIC (p, € D(Hy) :z € X, kj :
J € [3]) specified through (i) three finite sets X; : j € [3],
(i) three Hilbert spaces Hy, : j € [3], (iii) a collection
(pz € D(Hy) : z € X) and (iv) three cost functions
kj + X; — [0,00) : j € [3]. The cost function is assumed
to be additive, i.e., cost expended by encoder j in preparing
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the state @7y ap0q, 18 K = 2527 kj(xj¢). Reliable
communication on a 3—CQIC entails identifying a code.
Defn. 1. A 3—CQIC code ¢ = (n, M, e, \) of B-L n consists
of three (i) message index sets [M;] : j € [3], (ii) encoder
maps e; @ [M;] — AT - j € [3] and (iii) POVMs )\; =
{Njm ’H?n 7—[®" :m € [M;]} 1 j € [3]. The average
probability of error of the 3—CQIC code (n, M, e, \P) is

_ 1 n
e 21 v 2 )

where Am 2 ®§):1>\j»m'j’ p?& 2 ®?=1p$1t332t$31, where (xjt :

1 <t <n)=az}(my) = ej(m;j) for j € [3]. Average cost

per symbol of transmitting message m € M € T(elm) 2

(%} (ej(my)) : j € [3]) and the average cost per symbol of
. A

3—CQIC code is T(e) = @ Zmeml@m)'

Defn. 2. A rate-cost vector (Ry, Ra, R3, 71,72, 73) € [0,00)°
is achievable if there exists a sequence of 3—CQIC code

(n, M™ ™) )\(”))for which hm E(e™ Ay =,
lim n 11og/\/l R;, and hm T(e); <15:j €3]
n—oo n—oo

The capacity region C(p, : € X) of the 3—CQIC (p, €

D(Hy) : z € X) is the set of all achievable rate-cost vectors.
Now, we define the sub-class of 3tol—CQICs.
Defn. 3. A 3-CQIC (p, € DHy) : = € X) is
a 3tol—CQIC if (i) for every A € P(Hy,), I' €
P(HY3)’ tI‘((I ®A® I)pmlwzwa) = tI‘((I ®A® I)pilfvzi?,)
for every z,z € X satisfying o = o, and (ii)
tr(I @I QT)payaons) = tr((I @ I @T)psy,24) for every
z, & € X satisfying x3 = I3.

A. Illustration of the Central Idea

The goal here is to demonstrate the utility of algebraic
closure in coding schemes for 3—ICs. While, we state Ex. 1
in the context of 3tol—CQICs, we discus in the context of
a classical 3tol—IC. The latter provides an exposition on the
utility of algebraic closure in network scenarios.

Ex. 1. Let X; = X = {0,1},H; = H, 0/ € D(H) for j €
3] and b € X. For z € X, let p, 2 Uill)@mz@m ®0§022) ®Jg(ci).
For x € {0,1}, we let k1(z) = z and ki (z) = 0 for k = 2, 3.

Let H = C2, ay(n) 2 (1 =) [b) (b| +n[1 —b) (1—b| for
be X, nel0,1]. Let al()l) £ 54(61) and abQ) 2 023) 2 54(6)
for b € X. In addition, let 7 € (0, 3) specify a Hamming cost
constraint on Tx 1’s input. With this choice, one identifies
the above example with a 3tol—-IC Y; = X; & X0 & X3 &
Ny, Yy = X, ® N - k= 2,3 with Ny ~ Ber(él), Np ~
Ber(d) k = 2,3 being independent. Tx k € {2,3} splits its
information into Uy, Xi. Rx 1 decodes Us, U3, X1, while Rx
k € {2,3} decodes Uy, X. So long as H(U| X)) > 0 for
either k € {2, 3}, it can be shown that H(X2®X3|Us,Usz) > 0
implying Tx-Rx 1 cannot achieve hy(d1 * 7) — hy(d71) - its
interference free cost constrained capacity. If hy(d1 * 7) —
hy(61) + 2(1 — hp(6)) > 1 — hp(d1), it can be shown that
H(Uk|Xy) > 0 for either k¥ € {2,3} precluding Tx-Rx 1
achieving a rate hy (81 *7) —hp(d1) using unstructured coding.

Suppose users 2,3 employ codes of rate 1 — hy(d) that are
cosets of the same linear code, then the above condition does
not preclude Tx-Rx 1 from achieving a rate hy, (01 %7)—hy(d1),
so long as 70 <, even if 14+hy,(7xd1) > 2h(0). Hence, for
this 3tol1—IC, if hb(él *T) —hb(51)+2(1—hb(5)) > 1—hb(51)
and Tx0 < 0 < % hold, then coset codes are strictly more
efficient than unstructured codes.

ITII. RATE REGION USING COSET CODES FOR 3T01-CQIC
In this section we consider the above described 3to1-CQIC

and provide an achievable rate-region.
Theorem 1. Given a 3tol-CQIC (p; € D(Hy) :z € X, K; :
j € [3]) and a PMF PVaVaX1X2Xs = PX1PVaXoPvsxs ON
Vo X V3 X Xy X X3 where Vo = V3 = F, a rate-cost triple
(R1, Ra, Ro, 1,72, T3) is achievable if it satisfies the following
Ry < IOV X)U)eys Ry < I(Y3iVi)ow,
Ry < min{ H(Va), H(Va)} — H(U) + (Y13 U|X1)s,,
Ry + R; <min{H(V2),H(V3)} — H( )+ I(Y1;10),,,
] <
)

for j =2,3, and E[k;(X;)

Y A Z

o =
T1EX,uEF,

Tj  j € [3], where

px, (z1)pou (u )ﬁ u ® |z )] @ u)ul,

PIXI,U = Z Z pVQ,V3,X2,X3|U(U27U37x2’x3|u)p§
V2,V3 T2,T3
0= Y DXV, (&, 0, U3)pr @ [v3)(va| @ |vs)(vg]

V1,V2,V3
for U 2 Vy @ Vs, and {|va)}, {|vs)} as some basis on Hy.
Ex. 2. Let X; = X = {0,1},H,; = C* and

1 2/3 0 1 1/2 1/6
"0_[ 0 1/3}’“”‘”1_[1/6 1/2]'
Let py = [(1- 51)”%1@%2@%3 + 510&:1697326%3@1]

® [(1 - 6)0362 + 50’932691] ® [(1 - 5)0-%3 + 50'583@1]7

for x € X, where Ny, Ny and Ns are mutually inde-
pendent Bernoulli random variables with biases 61,0 and
9, respectively. We let 61,0 € (0,0.5). For z € {0,1},
we let ki(x) = x and kg(x) = 0 for k = 2,3. Let
p(p) :=pog + (1 — p)o1. Note that p(p) and p(1 — p) do not
commute except for p = 0.5. It can be checked that S(p(p))
is a symmetric concave function of p € (0,1). Consider the
case when T+, < §. Using NCC, the three users can achieve
their PTP capacities simultaneously: S(p(1x61)) —S(p(01)),
S(p(0.5)) — S(p(9)), and S(p(0.5)) — S(p(5)), respectively.
These correspond to the rates given by I(X1; B1| X2 ® X3),
I(X3; Bg), and 1(X3; B3). One can show that if S(p(7+61))—
S(p(61)) +2(S(p(0.5)) — S(p(d))) > S(p(0.5)) — S(p(61)),
then using unstructured codes, all three users cannot achieve
their respective capacities simultaneously. This condition is
equivalent to the condition: S(p(T = §1)) + S(p(0.5)) >
2S5(p(0)). Hence by choosing T 61 = 0, and 6 < 0.5, we see
that NCC-based coding scheme enables all users achieve their
respective capacities simultaneously, while this is not possible
in unstructured coding scheme.
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Proof. We divide the proof into three parts entailing the
encoding, decoding and error analysis techniques.

A. Encoding Technique

Consider a PMF py,v, x on Vox V3 x X with Vo = V3 = F,
and choose n and R; : j = [3] as non-negative integers. For
encoder 1, we use the conventional random coding strategy and
construct a codebook C; 2 {x1(my) : my € [2"F1]} on Xy
using the marginal PMF p'y . Let e (m;) a x1(my) : my €
[27F1] denote this encoding map. However, to construct the
codebooks for encoders 2 and 3, we employ the nested coset
codes based technique. Since, the structure and encoding rule
are identical for these two encoders, we describe it using a
generic index j € {2,3}. Let e; : Fy — &7 : j = 1,2 denote
the encoding maps. We define an NCC as follows.

Defn. 4. An (n,k,1,91,90/1,b") NCC built over a finite field
V = F, comprises of (i) generator matrices g; € VE*™,
goj1 € VX1 (i) a dither/bias vector b", an encoder map
e Vo — VE We let v"(a,m) = ag; By mgo,r ©q b"
(a,m) € V¥ x V! denote elements in its range space.

Consider two NCCs with parameters (n, k, 1, g1, go,1,b7) :
j € {2, 3} defined using the above definition, with their range
spaces denoted by v7(aj,m;) : j € {2,3}, respectively.
Note that the choice of g; and go, are identical for the two
NCCs. Further, let 6;(m;) A Zajefg ]l{u_;b(aj,mj)en(”)(pvj)}'
For every message m; the encoder j looks for a codeword
in the coset vj'(a;,m;) : a; € ]—'é“ that is typical accord-
ing to Vv, If it finds at least one such codeword, one of
them, say v} (a;(m;), m;), is chosen randomly and uniformly.
Using this codeword, an e;(m;) is generated according to
P, v, (-|v} (aj(my),m;)) and is transmitted on the CQIC.
Otherw1se if it finds none in the coset that is typical according
to py;, and error is declared. This specifies the encoding rule
for the three encoders. Now we describe the decoding rule.

B. Decoding Description

Since we have a 3tol CQIC, the decoder employed by
the user 1 is naturally different from the other two, so
we begin the describing first decoder. Unlike a generic 3
CCIC decoding technique of recovering the three messages,
the first decoder constructs his POVM to recover his own
message and only a bi-variate function of the two interfering
messages. Since, the POVMs here require joint typicality of
two messages, we employ the POVM construction similar to
[13], but additionally incorporate the capability of decoding
a bi-variate function. For this, we equip the decoder 1 with
the NCC (n, k,1, 91, 90,/1,b"), with b" = b} © b3, and define
u™(a,l) as its range space. We let

A A
Tmy = Tz (my)y  Ta,l = 7Tu”(a,l)]1{un(aﬂl)eTl;(”)(:DU)}7

7Tal é Ty n (n)
my = Mg () (ad) 1 {(@} (m1)um (a,0))eT™ (px,0)}

denote the conditional typical projectors (as defined in [17,
Def. 15 2.4]) with respect to the states le =3 . ou(u )p;./iu,

ph 2 Zzlpxl(l‘l)%,u and p)! . respectively, where

p}g’u is as defined in the theorem statement. In addition,

let ﬂ})/l denote the typical projector with respect to the state
p & Do PX (xl)pU( ),0301 4 Using these projectors, we
define the POVM )\? = {)\ml a1l @s
v /2,
a2 (X X m) (X X )y
M€ GeFY M€ GeFk
[2751] lefl [277] lefl
A

A1 = I Em1€[2”R1] Zae]—'é‘ EZGJ:,ZI /\mll,a,l and

Nel & ol m,. Having described the first decoder,
we move on to describing the other two. Since these two
decoders are identical, we use a generic variable j to refer to
each of these. We define ﬂf, and W{l ,m,; as the typical and the

conditional typlcal projectors [17 Def. 15 2.4] with respect to
the states p¥i 2 Zvj PV, (vj)pv] and pvj , respectively. Using
this, we construct the POVM )\ {)\Y' ,a; }» for encoder j as
—-1/2

a7 m]_(z ZCa] mj) Ca] m](z Z a] m]) )
djeFkm;eF] djeFkm;eF]

A BT =5 Yaeys Aadm and Coy o, 2 Wil
Lastly, we provide the distribution of the random NCC.
Distribution of the Random Coset Code : The objects
gr € V’””,go/[ € VXn pr ¢ VY™ and the collection
(am € s(m) : m € V') specify a NCC CQ-PTP code
unambiguously. A distribution for a random code is therefore
specified through a distribution of these objects. We let upper
case letters denote the associated random objects, and obtain

G1=91,Go/1 = 9o/1 (kt+iA1)n

q
P n n
<BJ :bj,aj(mj):aj: mj S Fé) g—‘l

C. Error Analysis

As in a general information theoretic setting, we derive
upper bounds on probability of error £(e, ) by averaging
over the random code of the first user and the ensemble
of nested coset codes used by the other two users. The
error probability of this code is given by £(e,A) £ 1 —

Y®n

m > mem bt ()\m Pem |- Using the inequality

3
(I-)) ZI AV ) @ [\

from [18] we get £(e,A) < 81 + Sy + S3, where

S; 2 M 3 tr(([ )\YJ)®IY\Y’)pﬁ§’;) Lj e [3].
meM

Using the deﬁmtlon of 3to1-CQIC, we can further simplify Sy
and S3 as S; = M >om trg(I )\mj)pe(m])) 17 €{2,3}.

Consider the terms Sg, 3. Due to the nature of the
3tol1—CQIC problem, the terms S, and S3; are identical
to a point-to-point (PTP) setup. Therefore, to bound these
terms we construct a CQ-PTP problem setup in the following
section and employ that as a module in bounding S5, S3. The
following proposition formalizes this.
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Prop. 1. There exists €5(6),d5(d), such that for all § and
sufficiently large n, we have B[Sy + S3] < €g(9), if R; <
I(Y;; Vi), + 05 :j = 2,3, where €5,05 0 as § N\, 0.

Proof. The proof is provided in Section IV. O
A

Now, we move on to bounding the term S;. Let &
{61(m1) = 0 or 63(m2) = 0}. By noting that S; < 1, we
obtain S; < S} + 14, where S| 29 . lge. As a first step,
we bound the indicator 1, using the following proposition.

Prop. 2. There exist €g(6),0r(0), such that for all 6 and
sufficiently large n, we have Ep [&] < €g(6), if £ > logq —
min{H (W), H(V2)} + dg, where eg, g N0 as § \, 0.

Proof. The proof follows from [19, App. B]. O

Now considering the term S7, and using the linearity of
trace while ignoring negative terms, we get

1
5154 > tr((f - /\fil,a,z)ﬂa,mﬁlmﬂa,l)ﬂfc + S,
T meM

where Si; a ’

Y Y Y1 A ®n
ﬂ-aalpc,lmﬂ-a,l - pC71ﬂ 1 7pc,1m - trY2Y3 (pc,m)7

a’ a1(my) @ az(ms), and [ 2 my @ ms and the inequality
also uses tr(Ap) < tr(Ao)+ | p — ol|; which holds for all 0 <
p,0, A < 1. Let T be any generic term within the summation of
the first term in the right hand side of the above equation. This
term 7" can be bounded using the Hayashi-Nagaoka inequality
[17] as T < 2(1 — T1) + 475, where

A 1 Y, A o'l Y
Ty £ tr (1 Mapemmad)s To 2 ) tr (4 TaapimTai)-
(m17a/7l/)

#(m1,a,l)

The objective now is to proof T is close to one and 75 is
close to zero. As for T, consider the following proposition.

Prop. 3. There exist er,(0),0r,(0), such that for all suffi-
ciently small 6 and sufficiently large n, we have E[T)] >
1 — e, (8), where e, o1, (0 as 6 0.

Proof. Using tr(Ap) > tr(Ao) — ||p — ol|;, we have

Y1 Y1
’ - Hﬂ—mlpc,mﬂ—ﬂu - pc,m

Y; Y; Y:
Ty 2 tr(maiptin) = || moplinmo = P

a Y] a Y1
™ pc,m’”l - pc,m

E

Further, using pinching for non-commutating operators [17],
[20] the following is true for a sufficiently large n:
(a0 ) (T ) (0 ), (0 ) > 1 — 5 (6),
where €,(0) N\, 0 as & N\, 0 (see [21] for a detailed set
of pinching arguments). Using these bounds and the Gentle
Measurement Lemma [17], the result follows. O

Now, we move on to bounding the term 75. Firstly, note
that the summation in 75 can be split into seven different
summations based on how many within the triple (m/},d’,1)
are equal to (mq,a,l). However, only three of these seven
provide binding constraints on the rate triple (R, Rs, R3).

Building on this and by denoting kK, a wa,lpglmwa,l, we

perform the split 75 = Th1 + Ths + Th3 + T3, where

T 237 (i), T 3w (5 ).

mh#ma a’ #a,l’ #1
A a’l’
Ths = E tr (Wm,l Hm).
mj#mi,
a’#a,l' #1

represents the rate constraining (binding) terms, and T3 2
T — Z?:l T5;. We provide the following set of propositions
bounding each of these terms Ty; : i € [3].

Prop. 4. There exists er,, (3),01y, (), such that for all
sufficiently small & and sufficiently large n, we have
E[Tn] < en, (6) if R+ 2logq < 2logq — H(V1,V2) +
I(Y1; X1|U) g, + 01y, where €r,,, 01y, N0 as § N\, 0.

Prop. 5. There exists er,,(0), 61,,(0), such that for all suffi-
ciently small 6 and sufficiently large n, we have E[Ths] <
e, () if #Hlogg < 3logg — H(Vi,Va) — H(U) +
I(Y1;U|X1) 0, + 01y, where €r,,,07,, \y0 as 6 N\, 0.

Prop. 6. There exists er,,(0), 01,,(0), such that for all suf-
ficiently small 6 and sufficiently large n, we have E [Ta3] <
€T23((S) lle + %logq < 310gq - H(Vlz%) - H(U) +
I(Y1; X1,0) g, + 015, where €ry,, 01,5 N0 as § N\, 0.

Proof. Proof of Props. 4-6 are provided in [21]. [

For the terms in the expression 73, we do not obtain any new
rate constraints, so we bound them in [21]. Now, we provide
the result stating NCC codes achieve capacity of a CQ-PTP
channel (as discussed in the proof of Proposition 1).

IV. COSET CODES FOR COMMUNICATING OVER CQ-PTP

As discussed in Sec. III, here we shall build and analyze a
NCC for a point-to-point CQ channel [17] and employ it as a
module for the 3tol CQ-IC result. Towards that, we begin by
formalizing the definition of a CQ-PTP code.

Defn. 5. A CQ-PTP code ¢, = (n,Z,e, A7) for a CQ-PTP
(px € D(Hy) : @ € X) consists of (i) an index set I, (ii)
and encoder map e : T — X" and a decoding POVM N1 =
{Am € P(My) : m € T}. For m € T, we let p&y, = Q7 pa,
where e(m) = x1 - - T

Defn. 6. A CQ-PTP code (n,I = fé, e,Az) is an NCC
CQ-PTP if there exists an (n,k,gr,go1,b") NCC such that
e(m) € {u"(a,m) : a € F}'} for all m € Fl.

Theorem 2. Given a CQ-PTP (p, € D(Hy) : v € F,) and a
PMF py onV, € > 0 there exists a CQ-PTP code ¢ = (n,Z =
.Fé,e, A7) such that (i) ¢~ Zm;t[l]\{m} tr()\mpfffn) < ¢ (ii)
¢ = (n,Z = Fle.\7) is a NCC CQ-PTP, (iii) %29 >
logy g — H(V) and 0121 < log, g—H(V) +x({po: pu})
for all n sufficiently large.

Proof. The proof has two parts: (i) error probability analysis
for a generic fixed code and (ii) an upper bound on the latter
via code randomization.
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Upper bound on Error Prob. for a generic fixed code :

Consider a generic NCC (n, k, l,gI,go/I, b™) with its range

space v"(a,m) = agy @qmgo/f@qb (a,m) € V¥ x V! and

define a CQ-PTP code (n,Z = F}, e, A7) that is an NCC CQ-
A

PTP. Towards that, let f(m) = Zaevk ]l{w (a;m)eTy (o)} and

o(m) 2 {{a € VE tv™(a,m) € TMpy)} if 6(m) > 1
{0%} if O(m) =

for each m € V!. Form € V!, a predetermined element a,, €
s(m) is chosen. On receiving message m € V!, the encoder
prepares the state p&" £ P (anm,m) = Q41 Pvi(am,m) and
communicates it. The encoding map e is therefore determined
via the collection (a,, € s(m):m € V).

Towards specifying the decoding POVM, for any v™ € V",
let m,~» be the conditional typical projector as in [17, Defn.
15.2.4] with respect p, and let m, be the (unconditional)
typical projector of the state p = > vy Pv(v)py as in
[17, Defn. 15.1.3]. For (a,m) € V* x vl we let 7., 2

Tyn (a, m)ﬂ{v”(a m)ET (pv)}+ We  let >‘I - {Zaevk >\a m -
m €T =V A1}, where

Aa,m = ( Z Z“m,m)

aeVkmept

At BT =5 o ek Aam and Yo 2 Ty m .
Since 0 < Yg,m < I, we have 0 < A, < 1. It can be
verified that Az is a POVM. We have thus associated an NCC
(n,k,1,91,90/1,b™) and a collection (an, € s(m) : m € V')
with a CQ-PTP code. The error probability of this code is

thr (I — Z)\am <q_thr (I —=Aq,,m)p ")

meZl aeVk meZ
Denoting event & = {f#(m) < 1}, a generic term in the RHS

of the above sum satisfies

tr((I - )‘am,m)p%n)]léac + tr((I -
3

< Tge+ ZT2¢7 where 1o = 2tr((I — 'yam,m)pm )]lg,

—-1/2 1/2

’Ya,m(z Z%,m>_ )

aeVk mept

)‘amm)p%n)]lg

Tor =4 tr(Yamps e, Tos =4 > tr(vampis")

aFtam
and the inequality follows by Hayashi-Nagaoka inequality
[22], for 0 < S < I, and T > 0, with S and T identified as
Yan, m and Z&#am Ya,m + D aep Zm#m Va1, respectively.
Note that S and T satisfy the required hypothesis which can
be verified from earlier stated facts.

Distribution of the Random Code : The objects gr €
VEX g € VXM b € V™ and the collection (a, €
s(m) : m € V') specify a NCC CQ-PTP code unambiguously.
Therefore we let upper case letters denote the associated
random objects, and obtain

P Gr=y91,Gos1 = goyr
B = )

m#m a

k+l+1)nH 9

=b" Ay =am,:me S(m
mey!
Using this we analyze the expectation of & and T;;i € [1, 3].

We begin by Ep[&] = P(X o cpr Livr@miery vy < 1)-
For this, we provide the following proposition.

Prop. 7. There exist er,(8), 07, (8), such that for all 6 and
sufficiently large n, we have Ep [&] < er, (0), if £ > logq —
H(V) + ds, where 5,55 N0 as 6 \0.

Proof. The proof follows from Appendix B of [19]. O

We now consider T5;. Since this term can be bounded by
a using straight-forward extension of the pinching technique
described in [17, Def. 15.2.4], we provide its complete details
in [21]. We now analyze Ep[T52]. Denoting

A [O(m)>1,V™(a,m)=3" A [V™(a,m)=z"
j_{Am:d,V"(d,m) — o (SR vndm)=an [ D
we perform the following steps.

Ep[Ta] = Z Z Z Z Lamp, )]IJ]

deVk a#d €Ty (py ) E"EV™

where the restriction of the summation z” to T§'(py) is valid

since S(m) > 7. > 1 forces the choice A,, € S(m) such that
V™" (Ap,m) € T (pv). Going further, we have
Ep [T22}< 92— 7L[X({I)v7ﬂv})+ev 2H (pv)— 2 log q+210gq} ?)

We now derive an upper bound on Ep[T53]. We have

< 9-n[x({pvipu})+2log, q—2H(py)— 2EH

Ep [T23] logy lI"rEV].

The reader is referred to [21] where detailed arguments are
provided bounding each of the terms T5o and T53. We have
therefore obtained three bounds % L > 1= Hlpv) 2k <2+

log
XUpvips D=2 (o) 2kl g 4 xlipviesh)= M) s rate of

log, q ’ log, q

x{pv;po})—eis achlevable by choosing £ =1— Ilig";) +5,
L= X({p";plng); 1982V thyg completing the proof. =]

V. RATE-REGION USING NCC AND MESSAGE SPLITTING
FOR 3T01— CQIC

Theorem 3. Given a 3tol-CQIC (p, € D(Hy) : z € X)

and a PMF PULU3Va V3 X2 X3 = PUs Vo X2 PU3 V3 X5 ON le X 1)1 X
X1 X Uy X Vo X Xy where Vi = Vo = F,, a rate triple is
achievable if it satisfies the following: R; < I(U;X;;Y)o,,
R1 S rr_nn {0, H(Uj) - H(W‘Yl)o-l} + I(Xl; WYl)al
Ri+R; <IX;;Y;|Up)o H IX ;WY o - H(U;) — H(W Y1),

for 3 = 2,3, where

Y A
o2 ) px(@E)pw(w)ph ., ® e e @ [w)w]
T1E€EX 1, WEF,
Y A Y
p:?l,w - Z pVQ,V3U2U3X2X3|W(UQ;'USaU27U37x27$3|w)@
u2,v2,T2
u3,v3,T3

3
E PULUs VLV X (UQ,Ug,’UQ,’Ug, )pzx®|u]axj><ujaz]‘7
j=2

V1,V2,V3

for W & Uy®Us, and {lu;j)} and {|z;)} as some orthonormal
basis on Hy for j = 2,3.

Proof. Steps for the proof are provided in [21]. [

By choosing W = ¢, we can recover the % SIB—rate region
from the above inner bound.
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