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Abstract— We consider the task of faithfully simulating a
distributed quantum measurement, wherein we provide a pro-
tocol for the three parties, Alice, Bob and Charlie, to simulate a
repeated action of a distributed quantum measurement using a
pair of non-product approximating measurements by Alice and
Bob, followed by a stochastic mapping at Charlie. The objective of
the protocol is to utilize minimum resources, in terms of classical
bits needed by Alice and Bob to communicate their measure-
ment outcomes to Charlie, and the common randomness shared
among the three parties, while faithfully simulating independent
repeated instances of the original measurement. To achieve this,
we develop a mutual covering lemma and a technique for random
binning of distributed quantum measurements, and, in turn,
characterize a set of sufficient communication and common
randomness rates required for asymptotic simulatability in terms
of single-letter quantum information quantities. In the special
case, where the Charlie’s action is restricted to a deterministic
mapping, we develop a one-shot performance characterization
of the distributed faithful simulation problem. Furthermore,
using these results we address a distributed quantum rate-
distortion problem, where we characterize the achievable rate
distortion region through a single-letter inner bound. Finally,
via a technique of single-letterization of multi-letter quantum
information quantities, we provide an outer bound for the rate-
distortion region.

Index Terms— Quantum measurement, distributed measure-
ments, measurement compression, channel simulation, mutual
covering, quantum Shannon theory.

I. INTRODUCTION

MEASUREMENTS interface the intricate quantum world
with the perceivable macroscopic classical world by

associating a classical attribute to a quantum state. However,
quantum phenomena, such as superposition, entanglement,
and non-commutativity contribute to uncertainty in the mea-
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surement outcomes. A key concern, from an information-
theoretic standpoint, is to quantify the amount of “relevant
information” conveyed by a measurement about a quantum
state.

Winter’s measurement compression theorem [1] (also elab-
orated in [2]) quantifies the “relevant information” as the
amount of resources needed to faithfully simulate the output
of a quantum measurement applied on a given state in an
asymptotic sense. Imagine that an agent (Alice) performs a
measurement M on a quantum state ρ, and sends a set of
classical bits to a receiver (Bob). Bob intends to faithfully
recover the outcomes of Alice’s measurements without having
access to ρ, while preserving the correlation with the post-
measured state of Alice’s reference. One of the salient features
of the measurement compression theorem is that it achieves
the following asymptotic performance. If at least quantum
mutual information (I�X ; R�) amount of classical information
and conditional entropy (S�X �R�) amount of common shared
randomness are available, then one can achieve faithful sim-
ulation of the measurement M with respect to the quantum
state ρ, where R denotes a reference of the quantum state,
and X denotes the auxiliary register corresponding to the
random measurement outcome. Wilde et al. [2] extended the
measurement compression problem by considering additional
resources available to each of the participating parties. One
such formulation allows Bob to further process the infor-
mation received from Alice using local private randomness.
In analogy with [3], this problem formulation is referred to
as non-feedback measurement simulation, while the former
is termed as simulation with feedback. This quantified the
benefit of private randomness in terms of enhancing the trade-
off between classical bits communicated and common random
bits consumed. In particular, the use of private randomness
increases the requirement of classical communication bits,
while reducing the common randomness constraint.

The problem of quantifying the information gain of a
measurement has been studied extensively. Early works
include [4]–[6]. Later on, Buscemi et al. [7]–[9] proposed
the quantum mutual information with respect to a classical-
quantum state as the measure to characterize the correspond-
ing information gain. Subsequently, Berta et al. [10] provided
a universal measurement compression theorem, generalizing
the Winter’s measurement compression theorem for arbitrary
inputs. They identified the quantum mutual information of a
measurement as the information gained by performing the
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measurement, independent of the input state on which it
is performed. The proof was based on a new “classically
coherent state merging protocol” - a variation of the quantum
state merging protocol [11], [12], and the post-selection tech-
nique for quantum channels [13]. Recently, Anshu et al. [14]
considered the problem of measurement compression with
side information in the one-shot setting. They presented a
protocol employing convex-split lemma for classical-quantum
states [15], [16] and position based decoding [17], and
bounded the communication in terms of smooth max and
hypothesis testing relative entropies. On a similar note, Renes
and Renner [18] studied the problem of sending classical
messages in the presence of quantum side information in the
one-shot setting. We direct an interested reader to [19], [20]
for a detailed discussion and results pertaining to one-shot
quantum information theory.

The measurement compression theorem [1] finds its appli-
cations in several quantum paradigms. It is a predecessor to
the quantum reverse Shannon theorem [3], [21], [22], useful
in determining the communication cost of the local purity
distillation protocol [23]–[26], and also helpful in the first
step of the so-called grandmother protocol [27] which involves
distillation of entanglement from noisy bipartite states. This
theorem was later used by Datta et al. [28] to develop a
quantum-to-classical (q-c) rate-distortion theory. The problem
involved lossy compression of a quantum information source
into classical bits, with the task of compression performed by
applying a measurement on the source. In this problem, the
objective is to minimize the storage of the classical outputs
resulting from the measurement, while being able to recover
the quantum state (from classical bits) within a fixed level
of distortion as measured by an observable. To achieve this,
the authors in [29] advocated the use of the measurement
compression protocol, and subsequently characterized the so-
called rate-distortion function in terms of single-letter quantum
mutual information quantities. The authors further established
that by employing a naive approach of measuring individual
output of the quantum source, and then applying Shannon’s
rate-distortion theory to compress the classical data obtained
is insufficient to achieve optimal rates. Further, the problem
of measurement compression in the presence of quantum side
information was studied in [2]. The authors here combined the
ideas from [1] and [30] to reduce the classical communication
rate and common randomness needed to simulate a mea-
surement in presence of quantum side information. Recently,
authors in [14] came up with a completely different technique
for analyzing the measurement simulation protocols, while
considering the problem of quantum measurement compres-
sion with side information. They provide a protocol based
on convex-split and position-based decoding, and bound rates
from above in terms of smooth max and hypothesis testing
relative entropies (defined in [14]).

In this work, we consider scenarios where the quantum mea-
surements are performed in a distributed fashion on bipartite
entangled states, and quantify “relevant information” for these
distributed quantum measurements in an asymptotic sense.
As shown in Fig. 1, a composite bipartite quantum system
AB is made available to two agents, Alice and Bob, where

Fig. 1. The diagram of a distributed quantum measurement applied to a
bipartite quantum system AB. A tensor product measurement MA �MB is
performed on many copies of the observed quantum state. The outcomes of the
measurements are given by two classical bit streams. The receiver functions
as a classical-to-quantum channel β mapping the classical data to a quantum
state.

they have access to the sub-systems A and B, respectively.
Two separate measurements, one for each sub-system, are
performed in a distributed fashion with no communication
taking place between Alice and Bob. Imagine that there is
a third party, Charlie, who is connected to Alice and Bob
via two separate classical links. The objective of the three
parties is to simulate the action of repeated independent
measurements performed on many independent copies of the
given composite state. To achieve this objective, Alice and Bob
send classical bits to Charlie at rate R1 and R2, respectively.
Further, pairwise common randomness at rates C1 and C2

are also shared between Alice and Charlie, and Bob and
Charlie, respectively. Charlie performs classical processing
of the received bits and common randomness. We study
two settings, based on whether or not Charlie has access to
private randomness. As an application of this quantification,
we consider the quantum-to-classical distributed rate distortion
problem where Charlie is allowed to use classical-to-quantum
channels. In this work, we focus on memoryless quantum
systems in finite-dimensional Hilbert spaces. We summarize
the contributions of this work in the following:

� We formulate the problem of faithful simulation of dis-
tributed quantum measurements that can be decomposed
as a convex-linear combination (incorporating Char-
lie’s stochastic processing) of separable measurements,
as stated in Definition 1. The asymptotic performance
limit for this problem is given by the set of all communi-
cation rates �R1, R2� and all common randomness rates
C1 and C2, referred to as the achievable rate region, under
which the above-stated measurement is distributively
simulated. We devise a distributed simulation protocol
for this problem, and provide a quantum-information
theoretic inner bound to the achievable rate region in
terms of computable single-letter information quantities
(see Theorem 2). This is the first main result of the paper.

� In the special case of the above problem formulation,
where the Charlie’s action is restricted to a deterministic
mapping, we develop a one-shot performance characteri-
zation of the distributed faithful simulation problem (see
Theorem 3). This characterization is based on a modular
approach. As a corollary to this result, we develop a
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characterization of an inner bound to the asymptotic
performance limit (see Theorem 4).

� As an immediate application of our results on the simula-
tion of distributed measurements, we develop an approach
for a distributed quantum-to-classical rate distortion the-
ory, where the objective is to reconstruct a quantum state
at Charlie, with the quality of reconstruction measured
using an additive distortion observable. The asymptotic
performance limit is given by the set of all communi-
cation rate pairs �R1, R2� at which the distortion D is
achieved. For the achievability part, we characterize an
inner bound in terms of single-letter quantum mutual
information quantities (see Theorem 5). This is the second
main result of the paper. The classical version of this
result is called the Berger-Tung inner bound [31].

� We then develop a technique for deriving converse bounds
based on a combination of tensor-product and direct-
sum Hilbert spaces (also referred to as a multi-particle
system). Using this technique, we derive a single-letter
outer-bound on the optimal rate distortion region (see
Theorem 6), by converting a multi-letter expression into
a single-letter expression. This is the third main result of
the paper.

As was pointed out in [26], the measurement compression
theorem [1] is a generalization of the classical reverse Shannon
theorem [14] and can be viewed as a quantum-to-classical
channel simulation problem. Similarly, the distributed mea-
surement compression problem addressed in our work can be
viewed as a distributed multi-party quantum-to-classical chan-
nel simulation problem. and can pave the way to considering
the multi-party extensions of problems such as entanglement
distillation and remote state preparation. Further, this work
also develops new tools such as the mutual covering lemma
and the mutual packing lemma which can be promising tools
for many emerging quantum network applications. Moreover,
in the recent applications of the distributed paradigms, a net-
work of limited qubit-capacity quantum computers, connected
through classical and quantum channels, are used to solve
problems in a distributed manner by casting known centralized
algorithms into their distributed versions [32]–[35].

The organization of the paper is as follows. In Section II,
we set the notation and state requisite definitions. In Section III
we state all the main results developed in this work. Toward
developing the proof of these results, for pedagogical reasons,
we first consider a special case in Section IV. For this special
case, we restrict the processing at Charlie to a deterministic
function and characterize the performance of a faithful simu-
lation protocol in a one-shot setting. We achieve this by first
obtaining a one-shot measurement compression theorem in a
point-to-point setting (Theorem 7), wherein Bob is absent.
Then we employ this result on the individual components
(MA and MB) of the joint measurement MAB , separately,
to obtain a theorem characterizing the performance of a dis-
tributed measurement compression protocol (see Theorem 3).
As a corollary, we further provide an asymptotic quantum
information-theoretic inner bound to the achievable rate region
of the distributed measurement compression problem (see
Theorem 4). As a result, faithful simulation of MA is possible

when at least nI�U ; RA� classical bits of communication
and nS�U �RA� bits of common randomness are available
between Alice and Charlie. Similarly, a faithful simulation of
MB is possible with nI�V ; RB� classical bits of communi-
cation and nS�V �RB� bits of common randomness between
Charlie and Bob, where RA and RB are purifications of
the sub-systems A and B, respectively, and U and V denote
the auxiliary registers corresponding to their measurement
outcomes. The challenge here is that the direct use of single-
POVM compression theorem for each individual POVMs,
MA and MB , does not necessarily ensure a “distributed” faith-
ful simulation of the overall measurement, MAB . To accom-
plish this, we develop a Mutual Covering Lemma (see
Lemma 4), which also helps in converting the information
quantities in terms of the reference R of the joint state ρAB .

Further, an interesting aspect about the distributed setting
is that one can further reduce the amount of classical com-
munication by exploiting the statistical correlations between
Alice’s and Bob’s measurement outcomes. The challenge here
is that the classical outputs of the approximating POVMs
(operating on n copies of the state ρAB) are not independent
identically distributed (IID) sequences — rather they are
codewords generated from random coding. For this we develop
a proposition for mutual packing (Proposition 2), that charac-
terizes the binning rates in term of single-letter information
quantities. This issue also arises in classical distributed source
coding problem which was addressed by Wyner-Ahlswede-
Körner [31] by developing the Markov lemma and the Mutual
packing lemma. The idea of binning in quantum setting has
been explored from a different perspective in [30] and [36] for
quantum data compression involving side information. Toward
the end of the section, we also provide an example to illustrate
the inner bound to the achievable rate region.

In Section V, we apply this special setting of the distrib-
uted measurement simulation with deterministic processing
to the q-c distributed rate distortion problem. Since the proof
of the inner bound of this rate distortion problem requires only
the special case of distributed measurement simulation, this is
another reason for providing the special case in the previous
section.

In Section VI, we consider the non-feedback measure-
ment compression problem for the point-to-point setting. The
authors in [2] have discussed this formulation and provided
a rate region with a proof of achievability and converse.
However, in their proof, the authors assume two inequalities
[2, Eq. 53 and 54], which may not necessarily be true [37]
(further details are provided in Section VI). A stronger version
of this theorem is also developed in [10] using a different
technique, wherein the authors have extended the Winter’s
measurement compression for fixed independent and identi-
cally distributed inputs [1] to arbitrary inputs. Since the result
is crucial for the distributed simulation problem with stochastic
processing, to be proved in the next section (Section VII),
we formally state the problem and provide an alternative proof
of the direct part for completeness (see Theorem 8).

Finally, the above proof of non-feedback simulation in
the point-to-point setting provides us with necessary tools
for the next task, namely, distributed quantum measurement
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simulation with stochastic processing. The objective of incor-
porating the additional processing at the decoder is to reduce
the required shared randomness. Our objective in the distrib-
uted problem, considered in Section III-B, was to simulate
MA�MB. We achieve this by proving that a pair of POVMs
that can faithfully simulate MA and MB individually, can
also faithfully simulate MA � MB (Lemma 4). However,
it will be shown that, because of the presence of Charlie’s
stochastic processing, decoupling the current problem into two
symmetric point-to-point problems is not feasible. Therefore,
we perform a non-symmetric partitioning while being analyti-
cally tractable. Toward this we develop a non-product covering
lemma (see Proposition 7). Moreover, we provide a single-
letter achievable inner bound that is symmetric with respect
to Alice and Bob. We conclude the paper with a few remarks
in Section VIII.

II. PRELIMINARIES

We here establish all our notations, briefly state few nec-
essary definitions, and also provide Winter’s theorem on
measurement compression.

Notation: Given any natural number n, let the finite set
�1, 2, � � � , n� be denoted by �1, n	. Let B�H� denote the
algebra of all bounded linear operators acting on a finite-
dimensional Hilbert space H. Further, let D�H� denote the set
of all unit trace positive operators acting on H. Let I denote
the identity operator. The trace distance between two operators
A and B is defined as 
A�B
1 Δ�Tr �A�B�, where for any
operator Λ we define �Λ�Δ�



Λ�Λ. The von Neumann entropy

of a density operator ρ � D�H� is denoted by S�ρ�. The
quantum mutual information for a bipartite density operator
ρAB � D�HA �HB� is defined as

I�A; B�ρ Δ�S�ρA� � S�ρB� � S�ρAB�.
Given any ensemble �pi, ρi�i��1,m�, the Holevo information,

as in [38], is defined as

χ
��pi, ρi�

� Δ�S
��

i

piρi

�
�
�
i

piS�ρi�.

A positive operator-valued measure (POVM) acting on a
Hilbert space H is a collection M

Δ��Λx�x�X of positive
operators in B�H� that form a resolution of the identity:

Λx � 0,�x � X ,
�
x�X

Λx � I,

where X is a finite set. If instead of the equality above,
the inequality

�
x Λx � I holds, then the collection is said

to be a sub-POVM. A sub-POVM M can be completed to
form a POVM, denoted by �M 	, by adding the operator
Λ0

Δ��I ��x Λx� to the collection. Let Ψρ
RA denote a purifi-

cation of a density operator ρ � D�HA�. Given a POVM
M

Δ��ΛA
x �x�X acting on ρ � D�HA�, the post-measurement

state of the reference together with the classical outputs is
represented by

�id�M��Ψρ
RA� Δ�

�
x�X

|x��x|� TrA��IR � ΛA
x �Ψρ

RA�. (1)

Consider two POVMs MA � �ΛA
x �x�X and MB �

�ΛB
y �y�Y acting on HA and HB , respectively. Define MA �

MB
Δ��ΛA

x �ΛB
y �x�X ,y�Y . With this definition, MA �MB is

a POVM acting on HA � HB . By M�n denote the n-fold
tensor product of the POVM M with itself.

Definition 1 (Joint Measurements): A POVM
MAB

Δ��ΛAB
z �z�Z , acting on the joint state ρAB �

D�HA � HB�, is said to have a separable decomposition
with stochastic integration if there exist POVMs
MA

Δ��ΛA
u �u�U and MB

Δ��ΛB
v �v�V and a stochastic

mapping PZ�U,V : U � V � Z such that

ΛAB
z

Δ�
�
u,v

PZ�U,V �z�u, v�ΛA
u � ΛB

v , �z � Z,

where U ,V and Z are some finite sets. Further, if the mapping
PZ�U,V is a deterministic function then the POVM is said to
have a separable decomposition with deterministic integration.

Measurement Compression Theorem: Here, we provide a
brief overview of the measurement compression theorem [1].
A key concern, from an information-theoretic standpoint,
is to quantify the amount of “relevant information” con-
veyed by a measurement about a quantum state. Winter
quantified “relevant information” by measuring the minimum
amount of classical information bits needed to “simulate” the
repeated action of a measurement M on a quantum state ρ.
In this context, an agent (Alice) performs an approximating
measurement M̃ �n	 on a quantum state ρ�n and sends a set
of classical bits to a receiver (Bob). In addition, Alice and Bob
share some amount of common randomness. Bob intends to
faithfully recover the outcomes of the original measurement
M without having access to the quantum state based on
the bits received from Alice and the common randomness.
The objective is to minimize the rate of classical bits under
the constraint that the approximating measurement M̃ �n	 is
faithful to the actual measurement M�n with respect to the
state ρ�n. This is formally defined in the following.

Definition 2 (Faithful Simulation [2]): Given a sub-POVM
M

Δ��Λx�x�X acting on a Hilbert space HA and a density
operator ρ � D�HA�, a sub-POVM M̃

Δ��Λ̃x�x�X acting on
HA is said to be �-faithful to M with respect to ρ, for � � 0,
if the following holds:

Ξρ�M, M̃� Δ�
�
x�X

���
ρ�Λx � Λ̃x�
ρ
���
1

� Tr

�
�I �

�
x

Λx�ρ
	
�Tr

�
�I �

�
x

Λ̃x�ρ
	
��.

(2)

Alternatively, one can complete the POVMs M and M̃ by
associating I � �x�X Λx and I � �x�X Λ̃x with additional
symbols 0 and 0̃, respectively, and thus obtaining POVMs �M 	
and �M̃	, defined on X


�0, 0̃�. Stating the above definition
for �M 	 and �M̃	 gives the same as in [2, Definition 3].
Further, the above trace norm constraint can be equivalently
expressed in terms of a purification of state ρ using the
following lemma.
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Lemma 1: [2, Lemma 4] For any state ρ � D�H� with any
purification Ψρ

RA, and any pair of POVMs M and M̃ acting
on H, the following identity holds


�id�M��Ψρ
RA���id�M̃��Ψρ

RA�
1�
�
x



ρ�Λx�Λ̃x�
ρ
1,

(3)

where Λx and Λ̃x are the operators associated with M and
M̃ , respectively.

Theorem 1: [1, Theorem 2] For any � � 0, any density
operator ρ � D�HA�, any POVM M acting on the Hilbert
space HA, and for all sufficiently large n, there exists a
collection of POVMs M̃ �n,μ	 for μ � �1, N 	, each act-
ing on H�n

A , and having at most 2nR outcomes such that

M̃ �n	 Δ� 1
N

�
μ M̃ �n,μ	 is �-faithful to M�n with respect to

ρ�n if

R � I�U ; R�σ, and
1
n

log2 N �R � S�U�σ,

where σRU
Δ��id�M��Ψρ

RA�.
Remark 1: A strong converse of the above result is also

provided in [1, Theorem 8].

III. MAIN RESULTS

In this section, we provide the main results of the paper.

A. Simulation of Distributed POVMs With Stochastic
Processing

We begin by considering the simulation of distributed
POVMs with stochastic processing. Consider a bipartite com-
posite quantum system �A, B� represented by a Hilbert Space
HA � HB . Let ρAB be a density operator on HA � HB .
Consider a joint measurement MAB on the system. Imagine
that three parties, named Alice, Bob and Charlie, are trying
to collectively simulate the joint measurement, using two
measurements, one applied on each sub-system. The resources
available to these parties are: some amount of classical com-
mon randomness pairwise shared among them, and classical
communication links of specified rates between Alice and
Charlie, and Bob and Charlie. Alice and Bob perform mea-
surements M̃

�n	
A

Δ��ΛA
l1
� and M̃

�n	
B

Δ��ΛB
l2
� on n copies of

sub-systems A and B, respectively. The measurements are
performed in a distributed fashion with no communication
taking place between Alice and Bob. Based on their respective
measurements and the common randomness, Alice and Bob
send some classical bits to Charlie. Upon receiving these
classical bits, Charlie applies a stochastic processing operation
on them, given by P ���l1, l2�, and then wishes to produce an n-
letter classical sequence. The objective is to construct n-letter
measurements M̃

�n	
A and M̃

�n	
B that minimize the classical

communication and common randomness bits while ensuring
that the overall measurement induced by the action of the three
parties is close to M�n

AB . Further, the operators of the given
measurement MAB admit a decomposition of the form given
in Definition 1. We formally define the problem as follows.

Fig. 2. The diagram depicting the distributed POVM simulation problem
with stochastic processing. In this setting, Charlie additionally has access to
unlimited private randomness.

1) Problem Formulation: The problem is defined in the
following.

Definition 3 (Distributed Protocol): For a given finite set Z ,
and a Hilbert space HA � HB , a distributed protocol with
stochastic processing with parameters �n, Θ1, Θ2, N1, N2� is
characterized by

1) a collection of Alice’s sub-POVMs M̃
�μ1	
A , μ1 � �1, N1	

each acting on H�n
A and with outcomes in �1, Θ1	.

2) a collection of Bob’s sub-POVMs M̃
�μ2	
B , μ2 � �1, N2	

each acting on H�n
B and with outcomes in �1, Θ2	.

3) a collection of Charlie’s classical stochastic maps
P �μ1,μ2	�zn�l1, l2� for all l1 � �1, Θ1	, l2 � �1, Θ2	, zn � Zn,
μ1 � �1, N1	, and μ2 � �1, N2	.

The overall sub-POVM of this distributed protocol, given
by M̃AB, is characterized by the following operators:

Λ̃zn
Δ� 1

N1N2

�
μ1,μ2

�
l1��1,Θ1�,l2��1,Θ2�

P �μ1,μ2	�zn�l1, l2�

� ΛA,�μ1	
l1

� ΛB,�μ2	
l2

, �zn � Zn,

where ΛA,�μ1	
l1

and ΛB,�μ2	
l2

are the operators corresponding to

the sub-POVMs M̃
�μ1	
A and M̃

�μ2	
B , respectively.

In the above definition, �Θ1, Θ2� determines the amount
of classical bits communicated from Alice and Bob to Char-
lie, respectively. N1 and N2 denote the amount of pair-
wise common randomness. The classical stochastic maps
P �μ1,μ2	�zn�l1, l2� represent the action of Charlie on the
received classical bits.

Definition 4 (Achievability): Given a POVM MAB acting
on HA �HB , and a density operator ρAB � D�HA �HB�,
a quadruple �R1, R2, C1, C2� is said to be achievable, if for
all � � 0 and for all sufficiently large n, there exists a
distributed protocol with stochastic processing with parameters
�n, Θ1, Θ2, N1, N2� such that its overall sub-POVM M̃AB is
�-faithful to M�n

AB with respect to ρ�n
AB (see Definition 2), and

1
n

log2 Θi � Ri � �, and
1
n

log2 Ni � Ci � �, i � 1, 2.

The set of all achievable quadruples �R1, R2, C1, C2� is called
the achievable rate region.

2) Main Result: The following theorem provides an inner
bound to the achievable rate region. The proof of the theorem
is provided in Section VII, while some of the tools required
for the proof are developed in Section VI.
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Theorem 2: Given a density operator ρAB � D�HA�HB�,
and a POVM MAB � �ΛAB

z �z�Z acting on HA�HB having
a separable decomposition with stochastic integration (as in
Definition 1), a quadruple �R1, R2, C1, C2� is achievable if
the following inequalities are satisfied:

R1 � I�U ; RB�σ1 � I�U ; V �σ3 ,

R2 � I�V ; RA�σ2 � I�U ; V �σ3 ,

R1�R2 � I�U ; RB�σ1 � I�V ; RA�σ2�I�U ; V �σ3 ,

R1�C1 � I�U ; RZ�σ3 � I�U ; V �σ3 ,

R2�C2 � I�V ; RZ�σ3 � I�U ; V �σ3 ,

R1�R2�C1 � I�U ; RZ�σ3 � I�V ; RA�σ2�I�U ; V �σ3 ,

R1�R2�C2 � I�V ; RZ�σ3 � I�U ; RB�σ1�I�U ; V �σ3 ,

R1�R2�C1�C2 � I�UV ; RZ�σ3 , (4)

for some decomposition with POVMs MA � �ΛA
u �u�U and

MB � �ΛB
v �v�V and a stochastic map PZ�U,V : U � V � Z ,

where the above information quantities are computed
for the auxiliary states σRUB

1
Δ��idR � MA �

idB��ΨρAB

RAB�, σRAV
2

Δ��idR � idA � MB��ΨρAB

RAB�,
and σRUV Z

3
Δ��u,v,z



ρAB

�
ΛA

u � ΛB
v

�

ρAB �

PZ�U,V �z�u, v� |u��u| � |v��v| � |z��z|, and ΨρAB

RAB is a

purification1 of ρAB .
Remark 2: An alternative characterization of the above rate

region can be obtained in terms of Holevo information. For
this, we use the canonical ensembles

�
λA

u , ρ̂A
u

�
,
�
λB

v , ρ̂B
v

�
and�

λAB
uv , ρ̂AB

uv

�
defined as

λA
u

Δ�Tr�ΛA
u ρA�, λB

v
Δ�Tr�ΛB

v ρB�,
λAB

uv
Δ�Tr��ΛA

u � ΛB
v �ρAB�, and

ρ̂A
u

Δ� 1
λA

u



ρAΛA

u



ρA, ρ̂B

v
Δ� 1

λB
v



ρBΛB

v



ρB,

ρ̂AB
uv

Δ� 1
λAB

uv



ρAB�ΛA

u � ΛB
v �



ρAB. (5)

Note that the post-measurement states corresponding to the
outcomes u and v are given by �ρ̂A

u �T , �ρ̂B
v �T and �ρ̂AB

uv �T ,
where transposes are defined with respect to the eigenbasis
of the corresponding density operators. This entails that the
states ρ̂A

u , ρ̂B
v and ρ̂AB

uv defined above have the same spectrum
as the states induced on the purifying reference R after the
measurement. However, these canonical states are not on
the same “operational level” as the latter. Further, we define
the following ensemble �λz , ρ̂z� as

λz
Δ�
�
u�U

�
v�V

λAB
uv PZ�UV �z�u, v� and

ρ̂z
Δ�
�
u�U

�
v�V

PUV �Z�u, v�z�ρ̂AB
uv ,

with PUV �Z�u, v�z� � λAB
uv � PZ�UV �z�u, v��λz for all

�u, v, z� � U � V � Z . With this ensemble, we have

I�U ; RB�σ1 � χ
��

λA
u , ρ̂A

u

��
, I�V ; RA�σ2 � χ

��
λB

v , ρ̂B
v

��
,

and I�UV ; RZ�σ3 � I�UV ; Z� � χ
��

λAB
uv , ρ̂AB

uv

�� �
χ ��λz , ρ̂z��.

1The information theoretic quantities remain independent of the purification
used in their definitions.

B. One-Shot Simulation of Distributed POVMs With
Deterministic Processing

We now consider simulation of distributed POVMs with
deterministic processing. Recall from the discussion in
Section I that the motivation behind the restriction to deter-
ministic processing is that the proof becomes modular, and
also forms a first pedagogical step towards the distributed
simulation with stochastic processing (Theorem 2). Due to the
modularity of the proof, we were able to develop a one-shot
version of the proof. In the following, we state the problem
formulation and provide the theorem statement.

1) Problem Formulation: In this formulation, Charlie’s
processing is restricted to a deterministic mapping. More
precisely, in the �n, Θ1, Θ2, N1, N2� protocol as defined in
Definition 3, the Charlie’s action is given by the collection
of decoding maps f �μ1,μ2	 : �1, Θ1	 � �1, Θ2	 � Zn for
μ1 � �1, N1	, μ2 � �1, N2	.

The overall sub-POVM of this distributed protocol, given
by M̃AB, is characterized by the following operators:

Λ̃zn
Δ� 1

N1N2

�
μ1,μ2

�
l1��1,Θ�,
l2��1,Θ�

�
f �μ1,μ2��l1,l2	�zn�Λ
A,�μ1	
l1

� ΛB,�μ2	
l2

(6)

�zn � Zn, where ΛA,�μ1	
l1

and ΛB,�μ2	
l2

are the operators

corresponding to the sub-POVMs M̃
�μ1	
A and M̃

�μ2	
B , respec-

tively. The achievable rate region can also be defined in a
correspondingly straightforward way.

2) Main Results: We now provide two theorems character-
izing the performance of faithful simulation protocols, one in a
one-shot and the other in an asymptotic quantum information
theoretic settings which form our main results on faithful
simulation of distributed measurements with deterministic
processing. The proofs of these theorems are provided in
Section IV-B and IV-C.

Theorem 3 (One-Shot Distributed Faithful Simulation):
Consider a density operator ρAB � D�HA � HB� and a
sub-POVM MAB

Δ��ΛA
u � ΛB

v �u�U ,v�V acting on HA �HB .
Suppose there exists total subspace projectors ΠρA , ΠρB , and
codeword subspace projectors �ΠA

u �u�U , �ΠA
v �v�V , acting on

HA and HB, respectively, satisfying:

Tr�ΠρA ρ̂A
u � � 1� �1, Tr�ΠρB ρ̂B

v � � 1� �2,

Tr�ΠA
u ρ̂A

u � � 1� �1, Tr�ΠB
v ρ̂B

v � � 1� �2, (7a)

Tr�ΠρA� � D1, Tr�ΠρB� � D2,

ΠA
u ρ̂A

u ΠA
u �

1
d1

ΠA
u , ΠB

v ρ̂B
v ΠB

v �
1
d2

ΠB
v , (7b)

ΠρAρAΠρA � ρA, ΠρB ρBΠρB � ρB,

ΠA
u ρ̂A

u ΠA
u � ρ̂A

u , ΠB
v ρ̂B

v ΠB
v � ρ̂B

v , (7c)

ΠρAρAΠρA �
1
F1

ΠρA ,



ρA

1ΠρA



ρA


1 � f1ΠρA ,

ΠρB ρBΠρB �
1
F2

ΠρB ,



ρB

1ΠρB



ρB


1 � f2ΠρB , (7d)

where �i � �0, 1
2 �, 0 � di � Di, and fi, Fi � 0 for i � 1, 2,

and ρ̂A
u and ρ̂B

v are defined in (5). Let W � U � V be an
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arbitrary set. Let K1 and K2 be arbitrary positive integers
such that �U � � K1 and �V� � K2. Then for any Ti � Ki for
i � 1, 2, there exists a distributed protocol with deterministic
processing for the finite set U � V and the Hilbert space
HA �HB , with parameters �1, T1, T2, N1, N2� such that

ΞρAB �MAB, M̃AB� � αA � αB � αP ,

where

αA��1, N1, K1� Δ� 2
�1� �1�



N1K1

�
u�U



λA

u �
2�1

�1 � 1

� f��1, θ1� � 4D1N1 exp
�
�K1�

3
1d1D


1
1

4 ln 2

�
� 2θ1,

(8)

αB��2, N2, K2� Δ� 2
�1� �2�



N2K2

�
v�V



λB

v �
2�2

�2 � 1

� f��2, θ2� � 4D2N2 exp
�
�K2�

3
2d2D


1
2

4 ln 2

�
� 2θ2,

(9)

αP ��1, �2, K1, K2, N1, N2, T1, T2,W� Δ� 2αA � 2αB

� 2λAB�Wc� � 2
�1� �1��1� �2�

�
λA

mλB
m�W�K1K2

�1� θ1��1� θ2�T1T2

� K1WAλA
m

�1� θ1�T1

�
1� λB

mK2

�1� θ2�
�
� K2WBλB

m
�1� θ2�T2

�
�

1� λA
mK1

�1� θ1�
��

f1f2

F1F2
, (10)

and λAB
u,v

Δ�Tr�ρAB�Λu � Λv�� with marginals

�λA
u , λB

v �, WA
Δ�maxv�V ��u : �u, v� � W��, and

WB
Δ�maxu�U ��v : �u, v� � W��, λA

m
Δ�maxu λA

u , and
λB

m
Δ�maxv λB

v , θ1
Δ� 1 � �u�U λA

u , θ2
Δ� 1 � �v�V λB

v ,

f��, θ� Δ�
�
4



�� 4
�

�� 2



�� 4



2�1� θ�
�

��
�
�
��1 �

��, and λAB�Wc� Δ���u,v	�Wc λAB
u,v .

Remark 3: Note that the terms αA and αB can be identified
as the one-shot expressions for the errors induced in approxi-
mating each of the sub-POVMs �ΛA

u �u�U and �ΛB
v �v�V , using

their respective approximations. This approximation employs
the one-shot version of the measurement compression theorem
(Theorem 7), which is developed as a part of the proof in
Section IV-B. Within αA, the exponential term corresponds
to the error probability that the approximating operators do
not constitute a valid sub-POVMs in random coding, the
term involving square-root of the probabilities corresponds
to the classical soft covering error, and the term f��, θ�
corresponds to the error incurred because of the use of gentle
measurement lemma with regard to the total subspace and
codeword subspace projectors. Likewise, the term αP captures
the additional error introduced by compressing the classical
outcomes of the above distributed measurement using the
technique of binning. The binning is used to reduce the
rate of transmission by exploiting the classical correlations
present in the measurement outcomes, using a many-to-one
transformation. The information lost in this transformation
is recovered at the receiver using a relation modeled by a

bipartite sub-graph W of U�V . The twice of αA�αB within
αP captures the effect of binning on the event corresponding to
not being able to cover the sources using the approximating
sub-POVMs. λAB�Wc� captures the event where under the
original sub-POVM, the measurement outcomes do not satisfy
the above set relation. The final term captures the error due to
binning of the approximating sub-POVMs.

As a corollary to the above theorem, we obtain the following
asymptotic inner bound to the achievable rate region.

Theorem 4: Given a density operator ρAB � D�HA �HB�
and a POVM MAB

Δ��ΛAB
z �z�Z acting on HA�HB , and hav-

ing a separable decomposition with deterministic integration
(as in Definition 1), a quadruple �R1, R2, C1, C2� is achievable
if the following inequalities are satisfied:

R1 � I�U ; RB�σ1 � I�U ; V �σ3 , (11a)

R2 � I�V ; RA�σ2 � I�U ; V �σ3 , (11b)

R1 �R2 � I�U ; RB�σ1 � I�V ; RA�σ2

� I�U ; V �σ3 , (11c)

R1 � C1� S�U �V �σ3 , (11d)

R2 � C2� S�V �U�σ3 , (11e)

R1 �R2 � C1� I�V ; RA�σ2 � S�U �V �σ3 , (11f)

R1 �R2 � C2� I�U ; RB�σ1 � S�V �U�σ3 , (11g)

R1 �R2 � C1 � C2� S�U, V �σ3 , (11h)

for some decomposition with POVMs MA � �ΛA
u �u�U and

MB � �ΛB
v �v�V and a function g : U � V � Z , where the

information quantities are computed for the auxiliary states
σRUB

1
Δ��idR � MA � idB��ΨρAB

RAB�, σRAV
2

Δ��idR � idA �
MB��ΨρAB

RAB�, and σRUV
3

Δ��idR �MA �MB��ΨρAB

RAB�, with
ΨρAB

RAB being a purification of ρAB .
Remark 4: An alternative characterization of the above rate

region can be obtained in terms of Holevo information. Using
the canonical ensemble, we obtain

I�U ; RB�σ1 � S�RB�σ1 � S�RB�U�σ1

� S�
�
u�U

λA
u ρ̂A

u � �
�
u�U

λA
u S�ρ̂A

u � � χ
��

λA
u , ρ̂A

u

��
,

where the second equality follows by noting S�RB�σ1 �
S�ρA�, ρA � �

u�U λA
u ρ̂A

u , and using the result from
[39, Eq. 11.54]. Similarly, we get I�V ; RA�σ2 �
χ
��

λB
v , ρ̂B

v

��
. Also, I�U ; V �σ3 , and S�U, V �σ3 are equal to

the classical mutual information and joint entropy with respect
to the joint distribution �λAB

uv �, respectively.

C. Distributed Rate-Distortion Theory

As an application of faithful simulation of distributed mea-
surements (Theorem 4), we consider the distributed extension
of q-c rate distortion coding [28]. This problem is a quantum
counterpart of the classical distributed source coding. In this
setting, consider a memoryless bipartite quantum source, char-
acterized by ρAB � D�HA�HB�. Alice and Bob have access
to sub-systems A and B, characterized by ρA � D�HA�
and ρB � D�HB�, respectively, where ρA � TrB�ρAB�
and ρB � TrA�ρAB�. They both perform a measurement
on n copies of their sub-systems and send the classical bits

Authorized licensed use limited to: University of Michigan Library. Downloaded on September 05,2022 at 17:16:27 UTC from IEEE Xplore.  Restrictions apply. 



1092 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 68, NO. 2, FEBRUARY 2022

to Charlie. Upon receiving the classical bits sent by Alice
and Bob, a reconstruction state is produced by Charlie. The
objective of Charlie is to produce a reconstruction of the source
ρAB within a targeted distortion threshold which is measured
by a given distortion observable.

1) Problem Formulation: We first formulate this problem as
follows. For any quantum information source, characterized by
ρAB � D�HA �HB�, denote its purification by ΨρAB

RAB .
Definition 5 (q-c Source Coding Setup): A q-c source

coding setup is characterized by a triple �ΨρAB

RAB,HX̂ , Δ�,
where ΨρAB

RAB � D�HR �HA�HB� is a purification of ρAB ,
HX̂ is a reconstruction Hilbert space, and Δ � B�HR�HX̂�,
which satisfies Δ � 0, is a distortion observable.

Next, we formulate the action of Alice, Bob and Charlie by
the following definition.

Definition 6 (q-c Protocol): An �n, Θ1, Θ2� q-c proto-
col for a given input and reconstruction Hilbert spaces
�HA�HB,HX̂� is defined by POVMs M

�n	
A and M

�n	
B acting

on H�n
A and H�n

B with Θ1 and Θ2 number of outcomes,
respectively, and a set of reconstruction states Si,j � D�H�n

X̂
�

for all i � �1, Θ1	, j � �1, Θ2	.
The overall action of Alice, Bob and Charlie, as a q-c

protocol, on a quantum source ρAB is given by the following
operation

NAnBn ��X̂n : ρ�n
AB ��

�
i,j

Tr��ΛA
i � ΛB

j �ρ�n
AB� Si,j , (12)

where �ΛA
i � and �ΛB

j � are the operators of the POVMs M
�n	
A

and M
�n	
B , respectively. With this notation and given a q-c

source coding setup as in Definition 5, the distortion of a
�n � 1, Θ1, Θ2� q-c protocol is measured as

d�ρAB,NAB ��X̂�
Δ�Tr

�
Δ
��idR �NAB ��X̂��ΨρAB

RAB�
��

.

For an n-letter protocol, we use symbol-wise average dis-
tortion observable defined as

Δ�n	 � 1
n

n�
i�1

ΔRiX̂i
� I

��n��i

RX̂
, (13)

where ΔRiX̂i
is understood as the observable Δ acting on the

ith instance space HRi � HX̂i
of the n-letter space H�n

R �
H�n

X̂
. With this notation, the distortion for an �n, Θ1, Θ2� q-c

protocol is given by

d�ρ�n
AB ,NAnBn ��X̂n�
Δ�Tr

�
Δ�n	�id�NAnBn ��X̂n��ΨρAB

RnAnBn�
�
,

where ΨρAB

RnAnBn is the n-fold tensor product of ΨρAB

RAB which
is the given purification of the source.

The authors in [28] studied the point-to-point setup of the
above formulation wherein Bob is absent. They considered a
special distortion observable of the form Δ � �x̂�X̂ Δx̂ �
|x̂��x̂| , where Δx̂ � 0 acts on the reference Hilbert space and
X̂ is the reconstruction alphabet (please see [28, Sec. 4] for
more details). In this paper, we allow Δ to be any non-negative
and bounded operator acting on the appropriate Hilbert spaces.
Moreover, we allow for the use of any c-q reconstruction
mapping as the action of Charlie.

Definition 7 (Achievability): For a q-c source coding setup
�ΨρAB

RAB,HX̂ , Δ�, a rate-distortion triplet (R1, R2, D) is said
to be achievable, if for all � � 0 and all sufficiently large n,
there exists an �n, Θ1, Θ2� q-c protocol satisfying

1
n

log2 Θi � Ri � �, i � 1, 2,

d�ρ�n
AB,NAnBn ��X̂n� � D � �,

where NAnBn ��X̂n is defined as in (12). The set of all
achievable rate-distortion triplets �R1, R2, D� is called the
achievable rate-distortion region.

Our objective is to characterize the achievable rate-distortion
region using single-letter information quantities.

2) Main Result: An Inner Bound: We provide an inner
bound to the achievable rate-distortion region which is stated
in the following theorem. We employ a q-c protocol based
on a randomized faithful simulation strategy involving a time
sharing classical random variable Q that is independent of the
quantum source. This can be viewed as a conditional version
of the faithful simulation problem considered in Section III-B.
The proof of the theorem in provided in Section V.

Theorem 5: For a q-c source coding setup �ΨρAB

RAB ,HX̂ , Δ�,
any rate-distortion triplet �R1, R2, D� satisfying the following
inequalities is achievable

R1 � I�U ; RB�Q�σ1 � I�U ; V �Q�σ3 ,

R2 � I�V ; RA�Q�σ2 � I�U ; V �Q�σ3 ,

R1�R2 � I�U ; RB�Q�σ1 � I�V ; RA�Q�σ2 � I�U ; V �Q�σ3 ,

D � d�ρAB ,NAB ��X̂�,
for POVM of the form MAB �

�
q�Q PQ�q�M q

A�M q
B , where

for every q � Q, M q
A

Δ��ΛA,q
u �u�U and M q

B
Δ��ΛB,q

v �v�V are
POVMs acting on HA�HB , and reconstruction states �Su,v,q�
with each state in D�HX̂�, and some finite sets U ,V and
Q. The quantum mutual information quantities are computed
according to the auxiliary states σRUBQ

1
Δ��q�Q PQ�q��idR�

M q
A � idB��ΨρAB

RAB� � |q��q|, σRAV Q
2

Δ��q�Q PQ�q�
�idR � idA � M q

B��ΨρAB

RAB� � |q��q| , and

σRUV Q
3

Δ��q�Q PQ�q��idR � M q
A � M q

B��ΨρAB

RAB� � |q��q| ,
where �U, V � represents the output of MAB, and NAB ��X̂ :
ρAB ��

�
u,v,q PQ�q�Tr��ΛA,q

u � ΛB,q
v �ρAB� Su,v,q.

Remark 5: Note that for the auxiliary state σ1, we have

σRQ
1 � TrUB�σRUBQ

1 �

�
�
q

PQ�q�TrUAB

��
u�U
��IRB � Λq

u��ΨρAB

RAB�� � |u��u|
	

� |q��q|

�
�
q

PQ�q�TrAB

��
�IRB �

�
u�U

Λq
u��ΨρAB

RAB�
�	
� |q��q|

� ρR �
�
q

PQ�q� |q��q| ,

which gives I�R; Q�σ1 � 0. Similar statements hold for the
states σ2 and σ3.
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One can observe that the rate region in Theorem 5 matches
in form with the classical Berger-Tung region when ρAB is a
mixed state of a collection of orthogonal pure states. Note that
the rate region is an inner bound for the set of all achievable
rates. The single-letter characterization of the set of achievable
rates is still an open problem even in the classical setting.
Some progress has been made recently on this problem which
provides an improvement over Berger-Tung rate region [40].

3) Main Result: An Outer Bound: In this section, we pro-
vide an outer bound for the achievable rate-distortion region.
The proof of this theorem is provided in Section V.

Theorem 6: Given a q-c source coding setup
�ΨρAB

RAB,HX̂ , Δ�, if any triplet �R1, R2, D� is achievable,
then the following inequalities must be satisfied

R1 � I�W1; R�W2, Q�σ, (14a)

R2 � I�W2; R�W1, Q�σ, (14b)

R1 �R2 � I�W1, W2; R�Q�σ, (14c)

D � Tr
�
ΔσRX̂

�
, (14d)

for some state σW1W2RQX̂ which can be written as

σW1W2QRX̂ � �id�NAB ��W1W2QX̂��ΨρAB

RAB�,
where W1, W2 and Q represent auxiliary quantum states, and
NAB ��W1W2QX̂ is a quantum test channel with I�R; Q�σ � 0.

Remark 6: One may question the computability of the outer
bound provided in Theorem 6. The computability of this bound
depends on the dimensionality of the auxiliary space HQ

defined in the theorem. Currently, we are unable to bound
the dimension of the Hilbert space HQ, but aim to provide
one in our future work. As a matter of fact, the current outer
bounds for the equivalent classical distributed rate distortion
problem still suffers from the computability issue. The first
outer bound to the classical problem was provided in [31] and
a recent substantial improvement was made by authors in [41].
Both of these bounds suffer from the absence of cardinality
bounds on at least one of the variables used, and hence cannot
be claimed to be computable using finite resources.

IV. PROOFS: DISTRIBUTED SIMULATION OF POVMS
WITH DETERMINISTIC PROCESSING

A. Overview of Proof Technique and an Illustrative Example

Before providing a proof in the next section, we briefly
discuss two corner points of the rate region with respect to
the common randomness available. To reduce the number
of free parameters, let C

Δ�C1 � C2. Firstly, consider the
regime where the sum rate �R1 � R2� is at its minimum
achievable, i.e., equation (11c) is active. This requires the
largest amount of common randomness, given by the constraint
C � S�U �RB�σ1 � S�V �RA�σ2 . Next, let us consider the
regime where C � 0. This implies R1�R2 � S�U, V �σ3 . This
regime corresponds to the quantum measurement MA �MB

followed by classical Slepian-Wolf compression [42]. Fig. 3
demonstrates the achievable rate region in these cases.

We encounter two challenges in developing the single-
letter inner bound to the achievable rate region as stated in

Fig. 3. The inner bound to the achievable rate region given in Theorem 4
at two planes: 1) with no common randomness, i.e., C � 0 (green color),
and 2) with at least S�U �RB�σ1 � S�V �RA�σ2 amount of common
randomness (blue color). As a result, the latter region contains the former.

Theorem 4: 1) The direct use of single-POVM compression
theorem, proved using random coding arguments as in [1], for
each individual POVMs, MA and MB, does not necessarily
ensure a “distributed” faithful simulation for the overall mea-
surement, MA � MB . This issue is unique to the quantum
settings. One of the contributions of this work is to prove
this when the two sources A and B are not necessarily
independent, i.e., ρAB � ρA � ρB (see Lemma 4).

2) The classical outputs of the approximating POVMs
(operating on n copies of the source) are not independently
and identically distributed (IID) sequences - rather they
are codewords generated from random coding. The Slepian-
Wolf scheme [42] (also referred to as binning in the litera-
ture) is developed for distributed compression of IID source
sequences. Applicability of such an approach to the problem
requires that the classical outputs produced from the two
approximating POVMs are jointly typical with high proba-
bility. This issue also arises in classical distributed source
coding problem which was addressed by Wyner-Ahlswede-
Korner by developing the Markov Lemma and the Mutual
Packing Lemma (Lemma 12.1 and 12.2 in [43]). Building
upon these ideas, we develop quantum-classical counterparts
of these lemmas for the multi-user quantum measurement
simulation problem (see the discussion in Section VII-A.2 and
Proposition 2).

Let us consider an example to illustrate the above inner
bound.

Example 1: Suppose the composite state ρAB is described
using one of the Bell states on HA �HB as

ρAB Δ� 1
2
��00�AB � �11�AB� ��00�AB � �11�AB� .

Since πA � TrB ρAB and πB � TrA ρAB , Alice and Bob
would perceive each of their particles in maximally mixed
states πA � IA

2 and πB � IB

2 , respectively. Upon receiving
the quantum state, the two parties wish to independently
measure their states, using identical POVMs MA and MB ,

given by

�
1
2
|0��0| , 1

2
|1��1| , 1

2
|����| , 1

2
|����|

	
. Alice and

Bob together with Charlie are trying to simulate the action of
MA �MB using the classical communication and common
randomness as the resources available to them (as described
earlier). We compute the constraints given in Theorem 4.
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Considering the first constraint from (11a), we evaluate σUB
1

as

σUB
1 � 1

4
�
|0��0|U � |0��0|B � |1��1|U � |1��1|B
� |2��2|U � |����|B � |3��3|U � |����|B

�
,

where the vectors ��0�U , �1�U , �2�U , �3�U� denote a set of
orthogonal states on the space HU . Based on this state, we get

S�σRUB
1 � � S�σUB

1 � � 2, S�σRB
1 � � S�σB

1 � � 1,

S�σU
1 � � 2.

This gives I�U ; RB�σ1 to be equal to 1 bit. Similarly, from
the symmetry of the example, we also get I�V ; RA�σ2 to be
equal to 1 bit. Similarly, we can evaluate σUV

3 as

σUV
3 �

�
1
8

3�
i�0

|i��i|U � |i��i|V

� 1
16

3�
i�0

i�4�
j�i�2

|i��i|U � |mod �j, 4���mod �j, 4�|V
�
,

which gives

S�U, V �σ3 � 3.5 and I�U ; V �σ3 � 0.5.

Therefore, we can write the constraints given in Theorem 4
as

R1 � 0.5, R2 � 0.5, R1 �R2 � 1.5, R1 � C1 � 1.5,

R2 � C2 � 1.5, R1 �R2 � C1 � 2.5,

R1 �R2 � C2 � 2.5, and R1 �R2 � C1 � C2 � 3.5.

Consider the case when C � C1 � C2 � 2 is available.
By approximating MA and MB individually, we receive a
gain of 1 bit, decreasing the rate from S�U�σ1 � 2 bits to
I�U ; RB�σ1 � 1 bit and similarly from S�V �σ2 � 2 bits to
I�V ; RA�σ2 � 1 bit. Binning of these approximating POVMs
(as discussed in Section (VII-A.2)), gives an additional gain
of half a bit, which is characterized by I�U ; V �σ3 � 0.5, thus
giving us the achievable sum-rate of 1.5 bits.

B. Proof of Theorem 3

We begin the proof of the theorem by restating the measure-
ment compression theorem (Theorem 1) in a one-shot quantum
information theoretic setting. This restatement allows us to
develop a one-shot mutual covering lemma, which is a crucial
part of the current proof. The theorem is stated as follows:

Theorem 7 (One-Shot Point-to-Point Faithful Simulation):
Consider a density operator ρ � D�H� and a sub-POVM
M

Δ��Λx�x�X acting on H, and let �λx, ρ̂x�x�X be the canon-
ical ensemble2 of M with respect to ρ. Suppose there exists a
total subspace projector Πρ and codeword subspace projectors
�Πx�x�X acting on H satisfying:

Tr�Πρρ̂x� � 1� � (15a)

Tr�Πxρ̂x� � 1� � (15b)

Tr�Πρ� � D (15c)

2Note that �λx�x�X is a sub-probability vector, i.e., a vector of non-negative
real numbers whose sum is not greater than 1.

Πxρ̂xΠx � 1
d
Πx (15d)

Πxρ̂xΠx � ρ̂x (15e)

ΠρρΠρ � ρ, (15f)

where � � �0, 1
2 �, 0 � d � D. Then there exists a collection

of sub-POVMs M̃ �μ	 for μ � �1, N 	 each with at most K
outcomes, with K � �X �, and acting on H such that

Ξρ�M, M̃� � 2
�1� ��
NK

�
x�X

�
λx � 2�

�� 1

� f��, θ� � 4DN exp
�
�K�3dD
1

4 ln 2

�
� 2θ,

where M̃
Δ� 1

N

�
μ M̃ �μ	, θ

Δ� 1 � �x�X λx, and f��, θ� Δ��
4



�� 4
�

�� 2



�� 4



2�1� θ�
�

��
�
�
��1� ��.

Proof: The proof is provided in Appendix A.
Moving ahead with the proof of the current theorem,

assume that the operators of the original sub-POVM MAB �
MA �MB are denoted by �ΛA

u �u�U and �ΛB
v �v�V , respec-

tively, where U and V are two finite sets. The proof fol-
lows by constructing a protocol for faithful simulation of
MA �MB. We start by generating the canonical ensembles3

corresponding to MA and MB . Let ΠρA and ΠρB denote the
total projectors for marginal density operators ρA and ρB ,
respectively. Also, for any u � U and v � V , let ΠA

u and ΠB
v

denote the codeword projectors. Let the canonical ensembles
be �λA

u , ρ̂A
u � and �λB

v , ρ̂B
v �. For each u � U and v � V define

ρ̃A�

u
Δ�ΠρAΠA

u ρ̂A
u ΠA

u ΠρA , ρ̃B�

v
Δ�ΠρB ΠB

v ρ̂B
v ΠB

v ΠρB . (16)

With the notation above, define σA�

and σB�

as

σA� Δ� 1
�1� θ1�

�
u�U

λA
u ρ̃A�

u , σB� Δ� 1
�1� θ2�

�
v�V

λB
v ρ̃B�

v .

(17)

Let Π̂A and Π̂B be the projectors onto the subspaces
spanned by the eigenstates of σA�

and σB�

corresponding to
eigenvalues that are larger than �1�DA and �2�DB , respec-
tively. Lastly, define

ρ̃A
u

Δ� Π̂Aρ̃A�

u Π̂A, and ρ̃B
v

Δ� Π̂B ρ̃B�

v Π̂B , (18)

for all u � U , and v � V and σA � Π̂AσA�

Π̂A,
σB � Π̂BσB�

Π̂B .
1) Construction of Random POVMs: In what follows,

we construct two random POVMs one for each encoder. Fix
positive integers K1, K2, N1 and N2. Let μ1 � �1, N1	 denote
the common randomness shared between the first encoder and
the decoder, and let μ2 � �1, N2	 denote the common random-
ness shared between the second encoder and the decoder. For
each μ1 � �1, N1	 and μ2 � �1, N2	, randomly and indepen-
dently select K1 �K2 pairs denoted by �U �μ1	�l�, V �μ2	�k��
from the set U � V according to the distribution:

P

�
�U �μ1	�l�, V �μ2	�k�� � �u, v�

�
� λA

u λB
v

�1� θ1��1� θ2� ,
(19)

3Note that �λA
u �u�U and �λB

v �v�V are sub-probability vectors.
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for u � U , v � V . Let C�μ1,μ2	 denote the collection
�U �μ1	�l�, V �μ2	�k��
l��1,K1�,k��1,K2��. Construct operators4

A�μ1	
u

Δ� γ�μ1	
u

�

ρA


1ρ̃A
u



ρA


1

�
and

B�μ2	
v

Δ� ζ�μ2	
v

�

ρB


1ρ̃B
v



ρB


1

�
, (20)

where

γ�μ1	
u

Δ� �1� θ1�
�1� �1�K1

��l : U �μ1	�l� � u�� and

ζ�μ2	
v

Δ� �1� θ2�
�1� �2�K2

��k : V �μ2	�k� � v��. (21)

Let �
sP-1� denote the indicator random variable corre-

sponding to the event that �A�μ1	
u : u � U� forms a sub-POVM

for all μ1 � �1, N1	. Similarly define �
sP-2� with regard to

�B�μ2	
v : v � V�. If �
sP-1� � 1, then, for each μi � �1, Ni	

construct M
�μi	
i , for i � 1, 2, as in the following:

M
�μ1	
1

Δ��A�μ1	
u : u � U�, M

�μ2	
2

Δ��B�μ2	
v : v � V�.

These collections M
�μ1	
1 and M

�μ2	
2 are completed using

the operators A
�μ1	
0U

Δ� I � �u�U A
�μ1	
u and B

�μ2	
0V

Δ� I ��
v�V B

�μ2	
v , and these operators are associated with sym-

bols 0U and 0V . In the case of the complementary event,
i.e., �
sP-i� � 0, we define M

�μi	
i

Δ��I�, for i � 1, 2,
and denote the output as 0U or 0V , respectively. Hence by
construction M

�μ1	
1 and M

�μ2	
2 are sub-POVMs for all μi �

�1, Ni	, for i � 1, 2. For a fixed �C�μ1,μ2	�μ1��1,N1�,μ2��1,N2�,
the probability distribution P induced on �U � �0U�� � �V �
�0V �� has the following salient features.

P ��u, v�� � �
sP-1��
sP-2�
1

N1N2

�
μ1,μ2

γ�μ1	
u ζ�μ2	

v Ωu,v,

if �u, v� � U � V , and

P
��U � �0U�� � �V � �0V ����U � V��
� �
sP-1��
sP-2�

�
1� 1

N1N2

�
μ1,μ2

�
u,v

γ�μ1	
u ζ�μ2	

v Ωu,v

�
�
�
1� �
sP-1��
sP-2�

�
,

where Ωu,v is defined as

Ωu,v
Δ�Tr

�

ρA � ρB


1�ρ̃A
u � ρ̃B

v �



ρA � ρB

1

ρAB

�
.

(22)

Binning of POVMs: We introduce the quantum counterpart
of the so-called binning technique which has been widely
used in the context of classical distributed source coding.
Fix positive integers �T1, T2� and choose a �μ1, μ2� pair.
For each symbol u � U assign an index from �1, T1	 ran-
domly and uniformly, such that the assignments for different
sequences are done independently. Perform a similar random
and independent assignment for all v � V with indices chosen

4The inverse used in
	

ρ�1 refers to the generalized inverse as defined in
[38, Section 5.6].

from �1, T2	. Repeat this assignment for every μ1 � �1, N1	
and μ2 � �1, N2	. For each i � �1, T1	 and j � �1, T2	, let
B�μ1	

1 �i� and B�μ2	
2 �j� denote the ith and the jth bins, respec-

tively. More precisely, B�μ1	
1 �i� is the set of all u symbols with

assigned index equal to i, and similar is B�μ2	
2 �j�. Define the

following operators:

ΓA,�μ1	
i

Δ�
�

u�B�μ1�
1 �i	

A�μ1	
u , ΓB,�μ2	

j
Δ�

�
v�B�μ2�

2 �j	

B�μ2	
v ,

for all i � �1, T1	 and j � �1, T2	. Using these operators,
we form the following collection:

M
�μ1	
A

Δ��ΓA,�μ1	
i �i��1,T1�, M

�μ2	
B

Δ��ΓB,�μ2	
j �j��1,T2�. (23)

Note that if M
�μ1	
1 and M

�μ2	
2 are sub-POVMs, then so are

M
�μ1	
A and M

�μ2	
B . This is due to the relations�

i

ΓA,�μ1	
i �

�
u�U

A�μ1	
u , and

�
j

ΓB,�μ2	
j �

�
v�V

B�μ2	
v .

To make M
�μ1	
A and M

�μ2	
B complete, we define ΓA,�μ1	

0

and ΓB,�μ2	
0 as ΓA,�μ1	

0 � I � �i ΓA,�μ1	
i and ΓB,�μ2	

0 �
I � �j ΓB,�μ2	

j , respectively.5 Now, we intend to use the

completions �M �n,μ1	
A 	 and �M �n,μ2	

B 	 as the POVMs for each
encoder. In event that �sP-i � 0, for i � 1, 2, then the
symbols 0U and 0V are mapped to 0. Also, note that the effect
of the binning is in reducing the communication rates from
�log�K1 � 1�, log�K2 � 1�� to �log�T1 � 1�, log�T2 � 1��.

Decoder Mapping: Note that the operators �A�μ1	
u �

B
�μ2	
v �u�U ,v�V are used to simulate MA �MB. Binning can

be viewed as partitioning of the set of classical outcomes into
bins. Suppose an outcome �U, V � occurred in the measurement
process. Then, if the bins are small enough, one might be
able to recover the outcomes by knowing the bin numbers.
For that we create a decoder that takes as an input a pair of
bin numbers and produces a pair of symbols �U, V �. More
precisely, we define a mapping F �μ1,μ2	, for �μ1, μ2�, acting
on the outputs of �M �μ1	

A 	��M �μ2	
B 	 as follows. On observing

�μ1, μ2� and the classical indices �i, j� � �1, T1	 � �1, T2	
communicated by the encoders, the decoder populates

D
�μ1,μ2	
i,j

Δ�
�
�u, v� �C�μ1,μ2	 : �u, v� �W and

�u, v� � B�μ1	
1 �i� � B�μ2	

2 �j�
�

,

where W is an arbitrary subset of U�V . For every μl � �1, Nl	,
for l � 1, 2, and i � �1, K1	 and j � �1, K2	, define
the function F �μ1,μ2	�i, j� � �u, v� if �u, v� is the only
element of D

�μ1,μ2	
i,j ; otherwise F �μ1,μ2	�i, j� � �0U , 0V �.

Further, F �μ1,μ2	�i, j� � �0U , 0V � for i � 0 or j � 0. With
this mapping, we form the following collection of operators,
denoted by M̃AB,

Λ̃AB
u,v

Δ�
�
sP-1��
sP-2�

N1N2

N1�
μ1�1

N2�
μ2�1

�
�i,j	:F �μ1 ,μ2��i,j	��u,v	

ΓA,�μ1	
i � ΓB,�μ2	

j

� �1� �
sP-1��
sP-2���I � I��
�u,v	��0U ,0V 	�,

5Note that Γ
A,�μ1�
0 � I
�i Γ

A,�μ1�
i � I
�u�U A

�μ1�
u and Γ

B,�μ2�
0 �

I 
�j Γ
B,�μ2�
j � I 
�v�V B

�μ2�
v .
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��u, v� � �U
�0U��� �V

�0V ��. Note that by construction

M̃AB is a sub-POVM.
2) Analysis of POVM and Trace Distance: We show that

M̃AB is a sub-POVM that is faithful to the sub-POVM MA�
MB , with respect to ρAB . More precisely, we provide a bound
on

GρAB

Δ�Ξ�MAB, M̃AB�. (24)

Step 1 (Mμ1	
1 and M

�μ2	
2 Are Sub-POVMs and Individually

Approximating): As a first step, one can show that M
�μ1	
1 and

M
�μ2	
2 individually approximate the corresponding POVMs in

the expected sense. More precisely the following lemma holds.
Lemma 2: For the POVM ensemble described above,

we have

E�ΞρA�MA, M1�� � αA��1, K1, N1�,
E�ΞρB �MB, M2�� � αB��2, K2, N2�,

where M1
Δ� 1

N1

�
μ1

M
�μ1	
1 , and M2

Δ� 1
N2

�
μ2

M
�μ2	
2 .

Proof: Follows from the proof of Theorem 7, as the
assumptions of that theorem (which MA and MB have to
satisfy) are met as a part of the current theorem statement
(see (7a-7c)).

Step 2 (Isolating the Effect of Un-Binned Approximating
Measurements: In this step, we separate out the effect of
un-binned approximating measurements from G in (24). This
is done by adding and subtracting an appropriate term within
the trace norm and applying triangle inequality, which bounds
G as G � S1 � S2, where

S1
Δ�
�����id� �MA	 � �MB	��Ψρ

RAB�

� 1
N1N2

�
μ1,μ2

�id� �M �μ1	
1 	 � �M �μ2	

2 	��Ψρ
RAB�

����
1

,

S2
Δ�
���� 1
N1N2

�
μ1,μ2

�id� �M �μ1	
1 	 � �M �μ2	

2 	��Ψρ
RAB�

� �id� �M̃AB	��Ψρ
RAB�

����
1

, (25)

where S1 captures the effect of using approximating
sub-POVMs M1 and M2 instead of the actual sub-POVMs MA

and MB , while S2 captures the error introduced by binning
these approximating sub-POVMs. Before we proceed further,
we provide the following lemma which will be useful in the
rest of the paper.

Lemma 3: Given a density operator ρAB � D�HAB�,
a sub-POVM MY

Δ��ΛB
y : y � Y� acting on HB , for some

set Y , and any Hermitian operator ΓA acting on HA, we have�
y�Y

��
ρAB

�
ΓA � ΛB

y

�

ρAB

��
1
� ��
ρA ΓA
ρA

��
1
, (26)

with equality if
�
y�Y

ΛB
y � I , where ρA

Δ�TrB�ρAB�.
Proof: The proof is provided in Appendix B-A.

Next, we provide a bound on S1 using the following Mutual
Covering Lemma.

Lemma 4: (Mutual Covering Lemma) Suppose a
sub-POVM M̂X is �X -faithful to MX with respect to

ρX , and a sub-POVM M̂Y is �Y -faithful to MY with respect
to ρY , where ρX � TrY �ρXY � and ρY � TrX �ρXY �. Then
the sub-POVM M̂X �M̂Y is ��X � �Y �-faithful to the POVM
MX �MY with respect to ρXY .

Proof: The proof is provided in the Appendix B-B.
Using Lemma 4 with ρXY � ρAB , M̂X � 1

N1

�
μ1

M
�μ1	
1 ,

M̂Y � 1
N2

�
μ2

M
�μ2	
2 , MX � �MA	 and MY � �MB	,

and Lemma 2, we have E�S1� � αA��1, N1, K1� �
αB��2, N2, K2�. For later convenience, we state the following
lemma which will be used in analyzing the binning operation:

Lemma 5: We have�
u�U

�
v�V

����λAB
u,v �

1
N1N2

�
μ1,μ2

γ�μ1	
v ζ�μ2	

v Ωu,v�
sP
1��
sP
2�

����
� �
sP
1��
sP
2��1�

1
N1N2

�
u,v

�
μ1,μ2

γ�μ1	
v ζ�μ2	

v Ωu,v�

� �1� �
sP
1��
sP
2�� � S1, (27)

where Ωu,v is defined as in (22).
Proof: The proof follows from Lemma 2 in [2].

Step 3 (Analyzing the Effect of Binning): In this
step, we provide an upper bound on S2. For �u, v� �
B�μ1	

1 �i��B�μ2	
2 �j�, define e�μ1,μ2	�u, v� Δ�F �μ1,μ2	�i, j�. For

any �u, v� � C�μ!,μ2	 define e�μ1,μ2	�u, v� � �0U , 0V �. Note
that e�μ1,μ2	 captures the overall effect of the binning followed
by the decoding function F �μ1,μ2	. For all u � U and v � V , let
Φu,v

Δ� |u, v��u, v|. With this notation, we simplify S2 using
the following proposition.

Proposition 1: S2 can be simplified as

S2 � S3 � 2
N1

�
μ1

Tr

��
I �

�
u�U

A�μ1	
u

�
ρA

�

� 2
N2

�
μ2

Tr

��
I �

�
v�V

B�μ2	
v

�
ρB

�
� 2
�
2� �
sP-1� � �
sP-2�

�
,

where

S3
Δ��
sP-1��
sP-2�

1
N1N2

�
μ1,μ2

�
u�U

�
v�V����Φu,v � Φe�μ1 ,μ2��u,v	

����
1

γ�μ1	
u ζ�μ2	

v Ωu,v.

Proof: The proof is provided in Appendix C-A.
In the next proposition we provide a bound on the expec-

tation of S2.
Proposition 2 (Mutual Packing): We have

E�S2	 � αP ��1, �2, K1, K2, N1, N2, T1, T2,W�.
Proof: The proof is provided in Appendix C-B.

Combining the results from the mutual covering and mutual
packing lemmas we obtain

G � αA � αB � αP .

This completes the proof of the theorem.

Authorized licensed use limited to: University of Michigan Library. Downloaded on September 05,2022 at 17:16:27 UTC from IEEE Xplore.  Restrictions apply. 



ATIF et al.: FAITHFUL SIMULATION OF DISTRIBUTED QUANTUM MEASUREMENTS 1097

C. Proof of Theorem 4

We develop a proof as a corollary to Theorem 3. Assume
that the operators of the original POVM MAB are decomposed
as

ΛAB
z

Δ�
�
u,v

�
g�u,v	�z�ΛA
u � ΛB

v , �z � Z, (28)

for some POVMs MA and MB with operators denoted by
�ΛA

u �u�U and �ΛB
v �v�V , respectively, and for some function

g : U�V � Z where U ,V and Z are three finite sets. In what
follows, we show the existence of an �n, T1, T2, N1, N2�
distributed protocol with the associated sub-POVM M̃

�n	
AB

that is �-faithful to MAB with respect to ρ�n
AB (according to

Definition 2), where � � 0 can be made arbitrarily small for
all sufficiently large n. More precisely, we plan to show that�

zn






ρ�n
AB

�
ΛAB

zn � Λ̃AB
zn

�

ρ�n

AB
1 � �. (29)

Next we claim that it is sufficient to show that there exists
a distributed protocol for the finite set U � V and the Hilbert
space HA � HB , with parameters �n, T1, T2, N1, N2� such
that the associated sub-POVM M̃

�n	
AB � �Λ̃AB

un,vn�un�Vn,vn�Vn

satisfies Ξρ�n
AB
�M�n

A � M�n
B , M̃

�n	
AB� � �. This is because

one can always apply the function g��, �� componentwise on
�un, vn� to yield a sub-POVM with operators

Λ̃zn
Δ�
�

un�Un

�
vn�Vn

�
gn�un,vn	�zn�Λ̃AB
un,vn , �zn � Zn,

that satisfies the constraint (29) as�
zn

���� �
un,vn

�
gn�un,vn	�zn�

�

ρ�n

AB�ΛA
un � ΛB

vn

� Λ̃AB
un,vn�



ρ�n

AB

�����
1

�
�
zn

�
un,vn

�
gn�un,vn	�zn�

����
ρ�n
AB�ΛA

un � ΛB
vn

� Λ̃AB
un,vn�



ρ�n

AB

����
1

�
�

un,vn

��������
ρ�n
AB�ΛA

un � ΛB
vn � Λ̃AB

un,vn�



ρ�n
AB

��������
1

.

Fix three free parameters δ � 0, �1 � 0, and
�2 � 0. We make the following identification with regard
to Theorem 3. (a) Let ρAB  ρ�n

AB , MA  M�n
A ,

and MB  M�n
B , which implies that λA

u  λA
un , λB

v  λB
vn

and λAB
uv  λAB

unvn . (b) Let U  T �n	
δ �U�, V  T �n	

δ �V �, and
W  T �n	

δ �U, V �, where T �n	
δ �U�, T �n	

δ �V � and T �n	
δ �U, V �

are the δ-typical sets defined for �λA
u �, �λB

v � and �λAB
uv �,

respectively. (c) Furthermore, let ΠρA  ΠρA,δ ΠρB  
ΠρB ,δ, ΠA

u  ΠA
un,δ, and ΠB

v  ΠB
vn,δ, where ΠρA,δ and

ΠρB ,δ denote the δ-typical projectors (as in [39, Def. 15.1.3])
for marginal density operators ρA and ρB , respectively.6

Also, for any un � T �n	
δ �U� and vn � T �n	

δ �V �, let ΠA
un,δ

and ΠB
vn,δ denote the strong conditional typical projectors

6Note that ΠρA,δ and ΠρB ,δ also depend on n, however, for ease of
notation, we do not make this explicit.

(as in [39, Def. 15.2.4]) for the canonical ensembles �λA
u , ρ̂A

u �
and �λB

v , ρ̂B
v �, respectively.

With the above identification, and using the prop-
erty of typical sets and typical projectors, we now
find the values of the variables D1, D2, d1, d2, F1, F2, f1

and f2 that satisfy the hypotheses of Theorem 3.
Firstly, using the properties of strong typical and con-
ditional typical projectors [39, Properties 15.2.4 and 15.2.7]
we have the first four inequalities (hypotheses (7a)) sat-
isfied for all �1, �2 � �0, 1�, and for all sufficiently
large n. Next, using [39, Property 15.1.2], there exist func-
tions δ1�δ�, δ2�δ� ! 0 as δ ! 0, such that for all sufficiently
large n, the first two inequalities of hypotheses (7b) are satis-
fied for D1

Δ� 2n�S�RB	σ1�δ1�δ		 and D2
Δ� 2n�S�RA	σ2�δ2�δ		.

Further, using [39, Property 15.2.3], there exist functions
δ3�δ�, δ4�δ� ! 0 as δ ! 0, such that for all sufficiently
large n, the next two inequalities of hypotheses (7b) are sat-
isfied for d1

Δ� 2n�S�RB�U	σ1
δ3�δ		, d2
Δ� 2n�S�RA�V 	σ2
δ4�δ		.

The next four inequalities of hypotheses (7c) follow from
the definition of projectors ΠρA,δ, ΠρB ,δ, ΠA

un,δ and ΠB
vn,δ.

And finally, the four inequalities of hypotheses (7d) are
satisfied by using [39, Property 15.1.3] and by defining
F1

Δ� 2n�S�RB	σ1
δ1�δ		, F2
Δ� 2n�S�RA	σ2
δ2�δ		, and f1

Δ�D1

and f2
Δ�D2.

This implies the existence of a distributed protocol with
parameters �n, T1, T2, N1, N2� with ΞρAB �MAB, M̃AB� �
αA � αB � αP . We now evaluate the upper bound. For this
we let Ti � 2nRi , Ni � 2nCi , and Ki � 2nR̃i , for some non-
negative real numbers Ri, Ci, and R̃i for i � 1, 2. Moreover,
we assume that S�U�σ3 � R̃1 and S�V �σ3 � R̃2. If not, then
faithful simulation can be achieved in a trivial way.

Using the property of strongly typical sets, note that for
all sufficiently large n we have �U � � 2n�S�U	σ3�δ5�δ		,
�V� � 2n�S�V 	σ3�δ5�δ		, λA

m � 2
n�S�U	σ3
δ5�δ		

λB
m � 2
n�S�V 	σ3
δ5�δ		. Furthermore, we have the bounds:
�W� � 2n�S�U,V 	σ3�δ5�δ		, WA � 2n�S�U �V 	σ3�δ5�δ		, and
WB � 2n�S�V �U	σ3�δ5�δ		, where δ5�δ� ! 0 as δ ! 0. For
all sufficiently large n we have θi � �i for i � 1, 2. Hence
for i � 1, 2, the term �2�i��1� �i�� � f��i, θi� can be made
arbitrarily small by a suitable choice of �i and n.
Next we see that

1

N1K1

�
u�U



λA

u � 2�
n
2 �R̃1�C1
S�U	σ3
3δ5		, and

1

N2K2

�
v�V



λB

v � 2�
n
2 �R̃2�C2
S�V 	σ3
3δ5		,

and hence can be made arbitrarily small for all sufficiently
large n if

R̃1 � C1 � S�U�σ3 � 3δ5 and R̃2 � C2 � S�V �σ3 � 3δ5.

Moving on, we have

D1N1 exp
�
�K1�

3
1d1D


1
1

4 ln 2

�
� 2n�S�RB	σ1�C1�δ1	 exp

�
�2n�R̃1
I�RB;U	σ1
δ1
δ3	�31

4 ln 2

�
,
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D2N2 exp
�
�K2�

3
2d2D


1
2

4 ln 2

�
� 2n�S�RA	σ2�C2�δ2	 exp

�
�2n�R̃2
I�RA;V 	σ2
δ2
δ4	�32

4 ln 2

�
,

which can be made arbitrarily small for all sufficiently large
n if

R̃1 � I�U ; RB�σ1�δ1�δ3, and R̃2 � I�V ; RA�σ2�δ2�δ4.

Next we have

λAB�Wc� �
�

�un,vn	�Tδ�U,V 	

λAB
un,vn ,

which can be made arbitrarily small for sufficiently large n.
Finally, we have�

λA
mλB

m�W�K1K2

�1� θ1��1� θ2�T1T2
� K1WAλA

m
�1� θ1�T1

�
1� λB

mK2

�1� θ2�
�

� K2WBλB
m

�1� θ2�T2

�
1� λA

mK1

�1� θ1�
��

f1f2

F1F2

� 22n�δ1�δ2	

�1� θ1��1� θ2�
�
2�n�R̃1�R̃2
R1
R2
I�U :V 	σ3�3δ5		

� 2�n�R̃1
R1
I�U :V 	σ3�2δ5		
� 2�n�R̃1�R̃2
R1
I�U :V 	σ3
S�V 	σ3�3δ5		
� 2�n�R̃1�R̃2
R2
I�U :V 	σ3
S�U	σ3�3δ5		

� 2�n�R̃2
R2
I�U :V 	σ3�2δ5		
�
,

which again can be made arbitrarily small for all sufficiently
large n if

R̃1 � R̃2 �R1 �R2 � I�U ; V �σ3 � 3δ5 � 2�δ1 � δ2�.
To sum-up, we have showed that the trace distance inequal-

ity in (29) holds for all sufficiently small δ, �1, and �2, and all
sufficiently large n, if the following bounds hold:

R̃1 � I�U ; RB�σ1 , R̃2 � I�V ; RA�σ2 ,

C1 � R̃1 � S�U�σ3 , C2 � R̃2 � S�V �σ3 ,

�R̃1 �R1� � �R̃2 �R2� � I�U ; V �σ3 ,

R̃1 � R1 � 0, R̃2 � R2 � 0,

C1 � 0, C2 � 0. (30)

Therefore, there exists a distributed protocol with parame-
ters �n, 2nR1 , 2nR2 , 2nC1, 2nC2� such that its overall POVM
M̃

�n	
AB is �-faithful to M�n

AB with respect to ρ�n
AB . Lastly,

we complete the proof of the theorem using the following
lemma.

Lemma 6: Let R1 denote the closure of the set of all
�R1, R2, C1, C2� for which there exists �R̃1, R̃2� such that
the sextuple �R1, R2, C1, C2, R̃1, R̃2� satisfies the inequal-
ities in (30). Let, R2 denote the set of all quadruple
�R1, R2, C1, C2� that satisfies the inequalities in (11) given
in the statement of the theorem. Then, R1 � R2.

Proof: The proof follows by Fourier-Motzkin
elimination [44].

V. PROOFS: Q-C DISTRIBUTED RATE DISTORTION

THEORY

In this section, we provide proofs of the inner and the outer
bounds (Theorems 5 and 6) to the achievable rate region of
the q-c distributed rate distortion problem.

A. Proof of Theorem 5 (Inner Bound)

In the interest of brevity, we provide the proof for the
special case, when the time sharing random variable is trivial,
i.e., Q is empty. An extension to the more general case is
straightforward but tedious. For the special case, the proof
follows from Theorem 4. Fix POVMs �MA, MB� and recon-
struction states Su,v as in the statement of the theorem. Let
NAB ��X̂ be the mapping corresponding to these POVMs
and the reconstruction states. Then, d�ρAB,NAB ��X̂� � D.
According to Theorem 4, for any � � 0, there exists an
�n, 2nR1 , 2nR2 , N1, N2� distributed protocol for �-faithful sim-
ulation of M�n

A �M�n
B with respect to ρ�n

AB such that �R1, R2�
satisfies the inequalities in (11). Let M̃

�μ1	
A , M̃

�μ2	
B , μi �

�1, Ni	, for i � 1, 2, and f �μ1,μ2	 be the POVMs and the
deterministic decoding functions of this protocol with Z �
U � V . We use these POVM’s and mappings to construct a
q-c protocol for distributed quantum source coding.

For each μi � �1, Ni	, for i � 1, 2, consider the
q-c protocol with parameters Θi � 2nRi , i � 1, 2, and
POVMs M̃

�μ1	
A , M̃

�μ2	
B . Moreover, we use n-length reconstruc-

tion states Si,j
Δ��un,vn �

�
f �μ1,μ2	�i, j� � �un, vn��Sun,vn ,

where Sun,vn � �iSui,vi . Further, let the corresponding

mappings be denoted as Ñ �μ1,μ2	

AnBn ��X̂n
. With this notation, for

the average of these random protocols, the following bounds
hold:

1
N1N2

�
μ1,μ2

d�ρ�n
AB , Ñ �μ1,μ2	

AnBn ��X̂n
�

� 1
N1N2

�
μ1,μ2

Tr
�
Δ�n	�id� Ñ �μ1,μ2	

AnBn ��X̂n
�ΨρAB

RnAnBn

�
� Tr

�
Δ�n	�id�N�n

AB ��X̂
�ΨρAB

RnAnBn

�
� Tr

�
Δ�n	�id� �ÑAnBn ��X̂n �N�n

AB ��X̂
��ΨρAB

RnAnBn

�
�a	
� Tr

�
Δ
��idR �NAB ��X̂��ΨρAB

RAB�
��

� 
Δ�n	�id� �N�n

AB ��X̂
� ÑAnBn ��X̂n��ΨρAB

RnAnBn
1
�b	
� D�
Δ�n	
�
�id��N�n

AB ��X̂
�ÑAnBn ��X̂n��ΨρAB

RnAnBn
1
�c	
� D � 
Δ�n	
�
�id� �M�n

A �M�n
B � M̃AB��ΨρAB

RnAnBn
1
�d	
� D � �
Δ
�,

where ÑAB ��X̂ is the average of Ñ �μ1,μ2	

AB ��X̂
, and M̃AB is the

overall POVM of the underlying distributed protocol as given
in (6). The inequality (a) holds by the fact that �Tr�A�� �
��A��1. (b) follows from the fact that for any two operators A
and B acting on a Hilbert space H the following inequalities
hold.


BA
1 � 
B
�
A
1, and 
AB
1 � 
B
�
A
1,
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(see in [39, Exercise 12.2.1] for a proof). (c) is due to the
monotonicity of the trace-distance [39] with respect to the
quantum channel given by id� L�n

UV ��X̂
, where

LUV ��X̂�ω�
Δ�
�
u,v

�u, v�ω �u, v�Su,v.

And (d) follows by Theorem 4, and the fact that

Δ�n	
� � 
Δ
�. Hence using the collection of codebooks
�C�μ1,μ2	�μ1��1,N1�,μ2��1,N2�, constructed in Theorem 4, and
averaged over the common randomness, the distortion con-
straint 1

N1N2

�
μ1,μ2

d�ρ�n
AB , Ñ �μ1,μ2	

AnBn ��X̂n
� � D � �
Δ
� is

met. Hence there must exist a realization of the common ran-
domness �μ1, μ2), and the corresponding codebook C�μ1,μ2	

that achieves this distortion. This completes the proof of the
theorem, since Δ is a bounded operator.

B. Proof of Theorem 6 (Outer Bound)

Suppose the triplet �R1, R2, D� is achievable. Then, from
Definition 7, for all � � 0, there exists an �n, Θ1, Θ2�
q-c protocol satisfying the inequalities in the definition.
Let MA

Δ��ΛA
l1
�l1��1,Θ1�, MB

Δ��ΛB
l2
�2��1,Θ2�, and Sl1,l2 �

D�H�n

X̂
� be the corresponding POVMs and reconstruction

states. Let L1, L2 denote the outcomes of the measurements.
Then, for Alice’s rate, we obtain

n�R1 � �� � H�L1� � H�L1�L2�

� I�L1; Rn�L2�τ �
n�

j�1

I�L1; Rj �L2, R
j
1�τ ,

where the state τ is defined as τL1L2RnX̂n Δ��
l1,l2

|l1, l2��l1, l2|�TrAnBn

�
�id�ΛA

l1�ΛB
l2�ΨρAB

RnAnBn

�
�Sl1,l2 ,

and the inequalities follow from L1 and L2 being classical.
Note that for each j the corresponding mutual information
above is defined for a state in the Hilbert space HL1 �HL2 �
H�j

R . Next, we convert the above summation into a single-
letter quantum mutual information term. For that we proceed
with defining a new Hilbert space using direct-sum operation.

Let us recall the definition of direct-sum of Hilbert
spaces [45]. With this definition, consider the following single-
letterization:

1
n

n�
j�1

I�L1; Rj �L2, R
j
1�τ

�a	� I�L1; RJ �L2, R
J
1, J�σ�I�L1; R�L2, Q�σ,

where the state σ is defined as:

σL1L2RQX̂ Δ��
l1,l2

|l1, l2��l1, l2|
n

�
� n�

j�1

�
TrRn

j�1AnBn

�
�id

� ΛA
l1 � ΛB

l2�ΨρAB

RnAnBn

�
� |j��j|� TrX̂n�j�Sl1,l2�

��
,

(31)

and TrX̂n�j denotes tracing over �X̂�j
1 � X̂�n
j�1�, and

Q
Δ��RJ
1, J�, and J is an averaging random variable which

is uniformly distributed over �1, n	. We have attached a
quantum register for this classical random variable yielding the
state σ. The equality (a) follows from the following lemma.

Lemma 7: Consider the classical-quantum state

σJABC
Δ�

n�
j�1

PJ �j� �j� �j� � ρj
ABC ,

where ��j��j��1,n� is an orthonormal set in some Hilbert space
HJ , ρj

ABC � D�Hj
A � Hj

B � Hj
C�, where �Hj

A � Hj
B �

Hj
C�j��1,n� is a collection of finite-dimensional Hilbert spaces.

Note that σABC � TrJ �σXABC� is a state on
�n

j�1�Hj
A �

Hj
B �Hj

C�. Then I�A; B�C, J�σ �
�n

j�1 PJ �j�I�A; B�C�ρj .
Proof: The proof is provided in Appendix B-C.

We elaborate on the Hilbert space associated with Q as
follows. Suppose ��φi��i�I is an orthonormal basis for HR.
Then, a basis for H�k

R is given by

�φik� Δ� �φi1� � �φi2� � � � � � �φik
� ,

for all ik � Ik. Consider the direct-sum of the Hilbert spaces�n
k�1 H

�k
R and the Hilbert space HJ � H�k

R . With this
definition, define HQ, as the Hilbert space which is spanned
by �j� � �φi�j�1� � , for all j � �1, n	 and i�j
1	 � I�j
1	.
Therefore, HQ is isometrically isomorphic to the direct-sum�

k H
�k
R . Note that HQ can be viewed as a multi-particle

Hilbert space, which is a truncated version of the so-called
Fock space [46].

Similarly, for Bob’s rate we have

R2 � � � I�L2; R�L1, Q�σ.

For the sum-rate, the following inequalities hold

n�R1 �R2 � 2�� � H�L1, L2� � I�L1, L2; Rn�τ
�

n�
j�1

I�L1, L2; Rj �Rj
1�τ

� nI�L1, L2; R�Q�σ,

where the inequalities follow from L1 and L2 being clas-
sical. In addition, the distortion of this q-c protocol satis-
fies d�ρ�n

AB,NAnBn ��X̂n� � D � �, where NAnBn ��X̂n is
the quantum channel associated with the protocol. There-
fore, as the distortion observable is symbol-wise additive,
we obtain

D � � � 1
n

n�
j�1

Tr
��

ΔRjX̂j
� I

��n��j

RX̂

�
� �id�NAnBn ��X̂n

� �ΨρAB

RnAnBn�
�

� 1
n

n�
j�1

Tr
��

ΔRjX̂j
� IRj�1

1
� IRn

j�1X̂n�j

�
� �id�NAnBn ��X̂n

� �ΨρAB

RnAnBn�
�

� 1
n

n�
j�1

Tr
��

ΔRjX̂j
� IRj�1

1

�
�
�
TrRn

j�1X̂n�j��id�NAnBn ��X̂n��ΨρAB

RnAnBn��
��

�a	� Tr��Δ� IQ�σRQX̂�,
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where (a) holds because of the following argument. From (31),
one can show by partially tracing over �L1, L2�, that

σRQX̂ � TrL1,L2�σL1L2RQX̂�

�
n�

j�1

1
n
|j��j|� TrRn

j�1X̂n�j��id�NAnBn ��X̂n�

� �ΨρAB

RnAnBn��,

and IQ
Δ��n

j�1

�
I
��j
1	
R � |j��j| �. Then, IQ is the identity

operator acting on HQ. Therefore, the right-hand side of the
equality �a� above can be written as

Tr��Δ� IQ�σRQX̂� � Tr
�
ΔσRX̂

�
.

Let us identify the single-letter quantum test channel as
given in the statement of the theorem. First, due to the dis-
tributive property of tensor product over direct sum operation,
we can rewrite σL1L2RQX̂ as

σL1L2RQX̂ �
� n�

j�1

1
n

�
l1,l2

|l1, l2��l1, l2|�
�
TrRn

j�1AnBn

�
�id

� ΛA
l1 � ΛB

l2�ΨρAB

RnAnBn

�
� |j��j|� TrX̂n�j�Sl1,l2�

��
.

Next, we identify a quantum channel NAB ��L1L2QX̂ :
ρAB �� σL1L2QX̂ . For that and for any j define the following
intermediate quantum channels:

N �j	

AB ��L1L2R�j�1�X̂
�ωAB�

Δ�
�
l1,l2

|l1, l2��l1, l2|�
�
TrRn

j�1AnBn

�
�idRn�j�ΛA

l1 � ΛB
l2�

� �ωAB �Ej�
�
�TrX̂n�j�Sl1,l2�

�
,

where Ej � ΨρAB

�RAB	n�j . One can verify that

N �j	

AB ��L1L2R�j�1�X̂
is indeed a quantum channel. With

these definitions, let

NAB ��L1L2QX̂�ωAB�
Δ�
�
j

1
n

�
N �j	

AB ��L1L2R�j�1�X̂
�ωAB� � |j��j|

�
.

Using the property of direct-sum operation, one can verify
that NAB ��L1L2QX̂ is a valid quantum channel, and moreover,

σL1L2RQX̂ � �id�NAB ��L1L2QX̂��ΨρAB

RAB�.
Lastly, we show that the condition I�R; Q�σ � 0 is also
satisfied. By taking the partial trace of σ over �L1, L2, X̂�
we obtain the following state

σRQ � TrL1L2X̂�σL1L2RQX̂�

�
n�

j�1

1
n

�
l1,l2

�
TrRn

j�1AnBn

�
�id� ΛA

l1 � ΛB
l2�

�ΨρAB

RnAnBn

��
� |j��j|

�
n�

j�1

1
n

�
TrRn

j�1AnBn

�
ΨρAB

RnAnBn

��
� |j��j|

�
n�

j�1

1
n

�
TrAB�ΨρAB

RAB�
��j

� |j��j|

� TrAB�ΨρAB

RAB� �
�

n�
j�1

1
n

�
TrAB�ΨρAB

RAB�
���j
1	

� |j��j|
�
,

where the last equality is due to the distributive property
of tensor product over direct sum operation. Hence, σRQ is
in a tensor product of the form σR � σQ, and therefore,
I�R; Q�σ � 0. The proof completes by identifying W1 and
W2 with L1 and L2, respectively.

VI. SIMULATION OF POVMS WITH STOCHASTIC

PROCESSING

Before we provide a proof for our first main result
(Theorem 2), we discuss an extension of the Winter’s point-
to-point measurement compression scheme [1], incorporat-
ing additional stochastic processing at the receiver. This
extension was first discussed in [2], and also rederived
in [14, Corollary 4] and [10]. Since this problem provides us
with some of the tools required for the proof of the main
result (Theorem 2), developed in Section VII, we rederive
its achievability using the approximating POVMs developed
in [1]. This will serve as a building block toward proving the
main result. In this problem, the receiver (Bob) has access
to additional private randomness, and he is allowed to use
this additional resource to perform any stochastic mapping of
the received classical bits. In fact, the overall effect on the
quantum state can be assumed to be a measurement which
is a concatenation of the POVM Alice performs and the
stochastic map Bob implements. Hence, Alice in this case,
does not remain aware of the measurement outcome. It is for
this reason that [2] describes this as a non-feedback problem,
with the sender not required to know the outcomes of the
measurement. With the availability of additional resources,
such a formulation is expected to help reduce the overall
resources needed.

A. Problem Formulation

Definition 8 (Protocol): For a given finite set X , and a
Hilbert space HA, a measurement simulation protocol with
stochastic processing with parameters �n, Θ, N� is character-
ized by
1) a collection of Alice’s sub-POVMs M̃ �μ	, μ � �1, N 	 each
acting on H�n

A and with outcomes in �1, Θ	, and
2) a collection of Bob’s classical stochastic maps P �μ	�xn�l�
for all l � �1, Θ	, xn � Xn and μ � �1, N 	.
The overall sub-POVM of this protocol, given by M̃ , is char-
acterized by the following operators:

Λ̃xn
Δ� 1

N

�
μ,l

P �μ	�xn�l� Λ�μ	
l , �xn � Xn, (32)

where Λ�μ	
l are the operators corresponding to the

sub-POVMs M̃ �μ	.
In the above definition, Θ characterizes the amount of clas-

sical bits communicated from Alice to Bob, and the amount
of common randomness is determined by N , with μ being the
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common randomness bits distributed among the parties. The
classical stochastic mappings induced by P �μ	 represents the
action of Bob on the received classical bits.

Definition 9 (Achievability): Given a POVM M acting
on HA, and a density operator ρ � D�HA�, a pair �R, C�
is said to be achievable, if for all � � 0 and for all sufficiently
large n, there exists a measurement simulation protocol with
stochastic processing with parameters �n, Θ, N� such that
its overall sub-POVM M̃ is �-faithful to M�n with respect
to ρ�n (see Definition 2), and

1
n

log2 Θ � R� �,
1
n

log2 N � C � �.

The set of all achievable pairs is called the achievable rate
region.

The following theorem characterizes the achievable rate
region.

Theorem 8: For any density operator ρ � D�HA� and
any POVM M

Δ��Λx�x�X acting on the Hilbert space HA,
a pair �R, C� is achievable if and only if there exist a POVM
MA

Δ��ΛA
w�w�W , with W being a finite set, and a stochastic

map PX�W : W � X such that

R � I�R; W �σ and R� C � I�RX ; W �σ,

Λx
Δ�
�

w�W
PX�W �x�w�ΛA

w, �x � X .

where σRWX Δ��w,x



ρΛA

w



ρ�PX�W �x�w� |w��w|�|x��x| .

Remark 7: An alternative characterization of the above rate
region can also be obtained in terms of Holevo information.
For this, we define the following ensemble �λx, ρ̂x� as

λx �
�

w�W
λA

wPX�W �x�w� and ρ̂x �
�

w�W
PW �X�w�x�ρ̂A

w,

for
�
λA

w , ρ̂A
w

�
being the canonical ensemble associated with

the POVM M and the state ρ as defined in (5). With this
ensemble, we have

I�R; W �σ � χ
��

λA
w , ρ̂A

w

��
and

I�RX ; W �σ � I�X ; W �σ � I�R; XW �σ � I�R; X�σ
� I�X ; W �σ � χ

��
λA

w, ρ̂A
w

��� χ ��λx, ρ̂x�� ,
where we have used the Markov Chain R�W �X which is
evident from the structure of σRWX .

As was pointed out in Section I, a proof of achievability
and converse for Theorem 8 was provided by Wilde et al.
in [2, Section III]. With regards to the proof of achievability,
the authors assume [2, Eqns. 53 and 54] to be true, but do
not provide a proof for it. Due to the presence of the cut-off
operator, which is constructed for the ensemble and not for
the individual operators, these equations may not always be
true. Since the proof hinges on these two equations and we do
not see a straightforward way to prove the two assumptions
made (also confirmed in [37]), we provide an alternate proof
for achievability below. For the proof of converse, we refer
the readers to [2, Section III.3].

B. Proof of Achievability of Theorem 8

Suppose there exist a POVM MA and a stochastic map
PX�W : W � X , such that M can be decomposed as

Λx
Δ�
�
w

PX�W �x�w�ΛA
w , �x � X . (33)

We begin by defining a canonical ensemble corresponding
to MA as �λA

w, ρ̂A
w�w�W . Similarly. for each wn �Wn, we also

define
ρ̃A

wn
Δ� Π̂ΠρΠwn ρ̂A

wnΠwnΠρΠ̂,

where ρ̂A
wn

Δ��i ρ̂A
wi

, Πρ denotes the δ-typical projector
(as in [39, Def. 15.1.3]) corresponding to the density
operator ρ, Πwn denotes the strong conditional typi-
cal projector (as in [39, Def. 15.2.4]) corresponding to
the canonical ensemble �λA

w, ρ̂A
w�w�W , and Π̂ denotes the

projector onto the subspace spanned by the eigenstates
of
�

wn�T �n�
δ �W 	

λA
wn

�1
ε	ΠρΠwn ρ̂A
wnΠwnΠρ corresponding to

eigenvalues larger than ε2
n�S�ρ	�δ1	, where δ1�δ� is such
that Tr�Πρ� � 2n�S�ρ	�δ1	, and ε

Δ��
wn�T �n�

δ �W 	
λA

wn ,7 and
δ1 ! 0 as δ ! 0.

Using the above definitions, we now construct the approx-
imating POVM.

1) Construction of Random POVMs: In what follows,
we construct a collection of random POVMs. Fix R and
C as two positive integers. Let μ � �1, 2nC	 denote the
common randomness shared between the sender and receiver.
For each μ � �1, 2nC	, randomly and independently select 2nR

sequences Wn,�μ	�l� from the set Wn, according to the pruned
distributions, i.e.,

P

�
Wn,�μ	�l� � wn

�
Δ�
 !"

λA
wn

�1� ε� for wn � T �n	
δ �W �

0 otherwise
.

(34)

Let the collection of operators M̃
�n,μ	
A be defined as �A�μ	

wn :
wn � T �n	

δ �W �� for each μ � �1, 2nC	, where A
�μ	
wn is defined

as

A
�μ	
wn

Δ� γ
�μ	
wn

�

ρ
1ρ̃A

wn



ρ
1

�
and

γ
�μ	
wn

Δ� 1
2nR

2nR�
l�1

�1� ε�
�1� η��
W n,�μ��l	�wn�, (35)

with η � �0, 1� determining the probability that M̃
�n,μ	
A does

not form a sub-POVM, for all μ � �1, 2nC	. Since the construc-
tion is very similar to the one used in Section IV-B and IV-C,
we make a claim similar to the one in Lemma 2 (also see
Proposition 8). This claim gives us the first constraint on
the classical rate of communication R, which ensures that
the operators constructed above for all μ � �1, 2nC	 are
valid sub-POVMs with high probability. Let �
sP� denote the
indicator random variable corresponding to this event. The
claim is as follows. For any � � �0, 1�, η � �0, 1�, any δ � �0, 1�

7Note that Πρ, Πwn and Π̂ depend on n, and δ however, for ease of
notation, we do not make this explicit.
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sufficiently small, and any n sufficiently large, we have
E��
sP�	 � �1 � �� if R � I�R; W �σ, where the definition
of σRWX follows from the statement of theorem. From this,
let �M̃ �n,μ	

A 	 denote the completion of the corresponding sub-
POVM M̃

�n,μ	
A for μ � �1, 2nC	. Let the operators completing

these POVMs, given by I � �
wn�T �n�

δ �W 	
A
�μ	
wn , be denoted

by A
�μ	
wn

0
for some wn

0 � T �n	
δ �W �, for all μ � �1, 2nC	,

and A
�μ	
wn � 0 for wn � T �n	

δ �W �
�wn
0 �. We use the

trivial POVM �I� in the case of the complementary event
that the operators do not form sub-POVMs for all μ, and
associate it with the sequence �wn

0 �. The POVM is given
by ��
sP�A

�μ	
wn � �1 � �
sP���
wn�wn

0 �
I�wn�Wn . Using this

construction, we define the intermediate approximating POVM

M̃
�n	
A as M̃

�n	
A � 1

2nC

�
μ M̃

�n,μ	
A and the operators of M̃

�n	
A

as

Λ̃A
wn

Δ�
�

1
2nC

�
μ

A
�μ	
wn

�
�
sP� � �1� �
sP���
wn�wn

0 �
I.

Now, we define Bob’s stochastic map as Pn
X�W , yielding the

operators of the final approximating POVM as�
wn�Wn

Pn
X�W �xn�wn�Λ̃A

wn , xn � Xn.

2) Trace Distance: Fix an arbitrary � � �0, 1�. Now,
we compare the action of this approximating POVM on the
input state ρ�n with that of the given POVM M�n, using
the characterization provided in Definition 2. Specifically,
we show using the expressions for canonical ensemble that,
under certain conditions on �R, C�, for all sufficiently large n
we have E�G	 � �, where

G
Δ�
�

xn�Xn

����� �
wn�Wn

Pn
X�W �xn�wn�

�
ρ�n�ΛA

wn � Λ̃A
wn�
�

ρ�n

�����
1

.

(36)

As a first step, we split and bound G as G � S1 � S2 �
2�1� �
sP��, where

S1
Δ�
�
xn

�����
wn

λA
wn ρ̂A

wnPn
X�W �xn�wn�

� 1
2nC

�
wn�wn

0

2nC�
μ�1

γ
�μ	
wn ρ̃A

wnPn
X�W �xn�wn�

����
1

,

S2
Δ�
�
xn

����Pn
X�W �xn�wn

0 �
1

2nC

�
2nC�
μ�1

#$�ρ�n�I �
�

wn�wn
0

A
�μ	
wn�
�

ρ�n

%&����
1

.

(37)

Now we bound S1 by adding and subtracting an appropriate
term and using triangle inequality as S1 � S11 � S12, where
S11 and S12 are given by

S11
Δ�
�����

xn

��
wn

λA
wn ρ̂A

wnPn
X�W �xn�wn� � |xn��xn|

� 1
2nC

�
wn�wn

0

2nC�
μ�1

γ
�μ	
wn ρ̂A

wnPn
X�W �xn�wn� � |xn��xn|

�����
1

,

S12
Δ�
�����

xn

�
wn�wn

0

�
1

2nC

2nC�
μ�1

γ
�μ	
wn ρ̂A

wnPn
X�W �xn�wn�

� 1
2nC

2nC�
μ�1

γ
�μ	
wn ρ̃A

wnPn
X�W �xn�wn�

�
� |xn��xn|

����
1

.

Note that in the above expressions, we have used an
additional triangle inequality for block operators (which is in
fact an equality) to move the summation over Xn inside the
trace norm. Firstly, we show E�S11	 is small. To simplify the
notation, we define σwn � �xn Pn

X�W �xn�wn� |xn��xn| which
gives S11 as

S11 �
�����

wn

λA
wn ρ̂A

wn � σwn

� 1
2n�R�C	

�1� ε�
�1� η�

�
l,μ

ρ̂A
W n,�μ��l	 � σW n,�μ��l	

����
1

.

We develop the following lemma to bound this term.
Lemma 8: Consider an ensemble given by

�P̃W n�wn�, Twn�, where P̃W n�wn� is the pruned distribution
as defined in (34) and Twn is any tensor product state of the
form Twn ��n

i�1 Twi . Then, for any �2 � �0, 1�, and for
all η, δ � �0, 1� sufficiently small, and n sufficiently large,
we have

E

������
wn

λA
wnTwn � 1

2n�R�C	

�1� ε�
�1� η�

�
l,μ

TW n,�μ��l	

�����
1

� �2,

(38)

if R � C � S��w λA
wTw� �

�
w λA

wS�Tw� � χ
��λA

w, Tw�
�
,

where �Wn,�μ	�l� : l � �1, 2nR	, μ � �1, 2nC	� are independent
random vectors generated from Wn according to the pruned
distribution given in (34).

Proof: The proof of the lemma is provided in
Appendix B-D

Therefore, using the lemma above with Twn
Δ� ρ̂A

wn � σwn ,
for any � � �0, 1�, any η, δ � �0, 1� sufficiently small,
and any n sufficiently large, we have E�S11	 � � if
R � C � S��w λA

w ρ̂A
w � σw� �

�
w λA

wS�ρ̂A
w � σw� �

χ
��λA

w�, �ρ̂A
w � σw�

� � I�RX ; W �σ, where σ is as defined
in the statement of the theorem. Secondly, we bound S12

by applying expectation with respect to the codebook gen-
eration, and using Gentle Measurement Lemma [39] as
follows,

E �S12	
�a	
� 1

2nC

2nC�
μ�1

�
xn

�
wn�wn

0

Pn
X�W �xn�wn�E

�
γ
�μ	
wn

���ρ̂A
wn � ρ̃A

wn�
��
1

�
�b	� 1

2nC

2nC�
μ�1

�
wn�T �n�

δ �W 	

λA
wn

�1� η�
��ρ̂A

wn � ρ̃A
wn

��
1
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� 1
�1� η�

�
wn�T �n�

δ �W 	

λA
wn

���ρ̂A
wn � Π̂ΠρΠwn ρ̂A

wnΠwnΠρΠ̂
���
1

�c	
� �1� ε�
�1� η��2



ε� � 2



ε�� Δ� ε3, (39)

where �a� is obtained by using triangle inequality and the
linearity of expectation, �b� is obtained by marginalizing

over xn and using the fact that E�γ�μ	wn 	 � λA
wn

�1�η	 , and
finally �c� uses repeated application of the average gen-
tle measurement lemma, by setting ε3 � �1
ε	

�1�η	 �2



ε� �
2



ε�� with ε3 ! 0 as n � " for all sufficiently small
δ � 0, and, ε�

Δ� εp � 2
εp and ε�
Δ� 2εp � 2
εp for

εp
Δ� 1�min

�
Tr Πρρ̂

A
wn , TrΠwn ρ̂A

wn , 1� ε
�

(see (35) in [2]
for details).

Finally, we show that the term corresponding to S2 can
also be made arbitrarily small. This term can be simplified as
follows

S2 � 1
2nC

2nC�
μ�1

�
xn

Pn
X�W �xn�wn

0 �
�����

wn

λA
wn ρ̂A

wn

�
�

wn�wn
0

�
ρ�nA

�μ	
wn

�
ρ�n

����
1

,

� 1
2nC

2nC�
μ�1

������
�
wn

λA
wn ρ̂A

wn �
�

wn�wn
0

γ
�μ	
wn ρ̂A

wn

������
1

� 1
2nC

2nC�
μ�1

�
wn�wn

0

γ
�μ	
wn

��ρ̂A
wn � ρ̃A

wn

��
1

� S21 � S22,

where

S21
Δ� 1

2nC

2nC�
μ�1

������
�
wn

λA
wn ρ̂A

wn � �1� ε�
�1� η�

1
2nR

2nR�
l�1

ρ̂A
W n,�μ��l	

������
1

,

S22
Δ� 1

2nC

2nC�
μ�1

�
wn�wn

0

γ
�μ	
wn

��ρ̂A
wn � ρ̃A

wn

��
1
. (40)

Now, for the first term in (40) we use Lemma 8 and claim
that for any � � �0, 1�, any η, δ � �0, 1�, sufficiently small, any
n sufficiently large, we have E�S21	 � �, if

R � S

� �
w�W

λA
wρ̂w

�
�
�

w�W
λA

wS�ρ̂w� � I�R; W �σ,

where σ is as defined in the statement of the theorem. Note
that the requirement we obtain on R was already imposed
when claiming the collection of operators A

�μ	
wn forms a sub-

POVM. As for the second term in (40) we again use the gentle
measurement Lemma and bound its expected value as

E

#$ 1
2nC

2nC�
μ�1

�
wn�wn

0

γ
�μ	
wn

��ρ̂A
wn � ρ̃A

wn

��
1

%&
�

�
wn�T �n�

δ �W 	

λwn

�1� η�
��ρ̂A

wn � ρ̃A
wn

��
1
� ε3,

where ε3 is defined in (39).

In summary, we have performed the following sequence of
steps. Firstly, we argued that M̃

�n,μ	
A forms a valid sub-POVM

for all μ � �1, 2nC	, with high probability, when the rate R
satisfies R � I�R; W �σ . Secondly, we moved onto bounding
the trace norm between the states obtained after the action
for these approximating POVMs when compared with those
obtained from the action of actual POVM M , characterized as
G using Definition 2. As a first step in establishing this bound,
we showed that G � S1�S2�2�1��
sP��. Firstly, we have
shown that E��
sP�	 � �1 � �� if R � I�R; W �σ . Then
considering S1, we used the triangle inequality and divided it
into two terms: S11 and S12. Then, using Lemma 8, we showed
that for any given � � �0, 1�, E�S11	 can be made smaller than
�, if R�C � I�RX ; W �σ. As for S12, we showed that it goes
to zero in the expected sense using (39). Finally, for the term
given by S2, we bounded this as a sum of two trace norms
S21 and S22 given in (40). We showed that they can be made
arbitrarily small in the expected sense if R � I�R; W �σ for
all sufficiently large n.

Hence for any � � �0, 1�, any η, δ � �0, 1� sufficiently small,
and any n sufficiently large we have E�G	 � 6� if

R� C � I�RX ; W �σ, and R � I�R; W �σ.

Therefore, using random coding arguments, there exists at
least one collection of sub-POVMs with the above construction
satisfying the statement of Theorem 8.

VII. PROOF: SIMULATION OF DISTRIBUTED POVMS

WITH STOCHASTIC PROCESSING

We provide a proof of Theorem 2 in this section.

A. Construction of an Ensemble of POVMs

Suppose there exist POVMs MA
Δ� �ΛA

u �u�U and
MB

Δ��ΛB
v �v�V and a stochastic map PZ�UV : U � V � Z ,

such that MAB can be decomposed as

ΛAB
z �

�
u,v

PZ�UV �z�u, v�ΛA
u � ΛB

v , �z � Z. (41)

Note that the proof technique here is very different to the
one used in Section IV-C for proving Theorem 4. Recall
that in Theorem 4 we initiated the proof by constructing a
protocol to faithfully simulate M�n

A �M�n
B . However, here

we are not interested in faithfully simulating M�n
A �M�n

B .
Instead, by carefully exploiting the private randomness Charlie
possesses, manifested in terms of the stochastic processing
applied by him on the classical bits received, i.e., PZ�U,V ,
we aim to strictly reduce the sum rate constraints compared to
the ones obtained in (11f) of Theorem 4. This requires a con-
siderably different methodology. More specifically, Lemma 1
was employed in Theorem 4, which guaranteed that any two
point-to-point POVMs that can individually approximate their
corresponding original POVMs, can also faithfully approxi-
mate a measurement formed by the tensor product of the
original POVMs performed on any state in the tensor product
Hilbert space. Such a lemma cannot be developed in the
setting involving a stochastic decoder. This is due to the fact
that bits received from Alice and Bob are jointly perturbed
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by the stochastic decoder which does not allow a straight-
forward segmentation into two point-to-point problems. The
problem becomes analytically tractable using an asymmetric
partitioning.

1) Random Coding: We start by generating the canonical
ensembles corresponding to MA and MB , as given in (5).
With this notation, corresponding to each of the probability
distributions, we can associate a δ-typical set. Let us denote
T �n	

δ �U�, T �n	
δ �V � and T �n	

δ �UV � as the δ-typical sets defined
for �λA

u �, �λB
v � and �λAB

uv �, respectively. Let ΠρA and ΠρB

denote the δ-typical projectors (as in [39, Def. 15.1.3]) for
marginal density operators ρA and ρB , respectively. Also, for
any un � Un and vn � Vn, let ΠA

un and ΠB
vn denote the strong

conditional typical projectors (as in [39, Def. 15.2.4]) for the
canonical ensembles �λA

u , ρ̂A
u � and �λB

v , ρ̂B
v �, respectively. For

each un � Un and vn � Vn define

ρ̃A�

un
Δ�ΠρAΠA

un ρ̂A
unΠA

unΠρA , ρ̃B�

vn
Δ�ΠρB ΠB

vn ρ̂B
vnΠB

vnΠρB ,

(42)

where ρ̂A
un

Δ��i ρ̂A
ui

and ρ̂B
vn

Δ��i ρ̂B
vi

. 8

With the notation above, define σA�

and σB�

as

σA� Δ�
�

un�T �n�
δ �U	

λA
un

�1� ε�ρ̃
A
un , σB� Δ�

�
vn�T �n�

δ �V 	

λB
vn

�1� ε��ρ̃
B
vn ,

(43)

where ε � �
un�T �n�

δ �U	
λA

un and ε� � �
vn�T �n�

δ �V 	
λB

vn .

Note that σA�

and σB�

defined above are expectations with
respect to the pruned distribution [39]. Let Π̂A and Π̂B be the
projectors onto the subspaces spanned by the eigenstates of
σA�

and σB�

corresponding to eigenvalues that are larger than
ε2
n�S�ρA	�δ1	 and ε�2
n�S�ρB	�δ1	, where δ1 � 0 is such
that Tr�ΠρA� � 2n�S�ρA	�δ1	, and Tr�ΠρB � � 2n�S�ρB	�δ1	,
and δ1 ! 0 as δ ! 0. Lastly, define

ρ̃A
un

Δ� Π̂Aρ̃A�

unΠ̂A, and ρ̃B
vn

Δ� Π̂B ρ̃B�

vnΠ̂B . (44)

In what follows, we construct two random POVMs one
for each encoder. Fix a positive integer N and positive
real numbers R̃1 and R̃2 satisfying R̃1 � S�U�σ3 and
R̃2 � S�V �σ3 , where σ3 is defined as

σRUV
3

Δ��idR �MA �MB��ΨρAB

RAB�,
with ΨρAB

RAB being any purification of ρAB . Let μ1 � �1, N1	
denote the common randomness shared between the first
encoder and the decoder, and let μ2 � �1, N2	 denote the com-
mon randomness shared between the second encoder and the
decoder. Let μ̃1 � �1, Ñ1	 and μ̃2 � �1, Ñ2	 denote additional
pairwise shared randomness used for random coding purposes.
This randomness is only used to show the existence of a
desired distributed protocol (as defined in Definition 3), and
is used only for bounding purposes. We denote μ̄i

Δ��μi, μ̃i�,
and N̄i

Δ�Ni � Ñi for i � 1, 2. For each μ̄1 � �1, N̄1	
and μ̄2 � �1, N̄2	, randomly and independently select 2nR̃1

and 2nR̃2 sequences �Un,�μ̄1	�l�, V n,�μ̄2	�k�� according to the

8Note that ρ̃A
un and ρ̃B

vn are not tensor products operators.

pruned distributions, i.e.,

P

�
�Un,�μ̄1	�l�, V n,�μ̄2	�k�� � �un, vn�

�
�
 !"

λA
un

�1� ε�
λB

vn

�1� ε�� for un � T �n	
δ �U�, vn � T �n	

δ �V �
0 otherwise

.

(45)

Let C�μ̄1,μ̄2	 denote the codebook containing all pairs of
codewords �Un,�μ̄1	�l�, V n,�μ̄2	�k��. Construct operators

A
�μ̄1	
un

Δ� γ
�μ̄1	
un

�

ρA


1ρ̃A
un



ρA


1

�
and

B
�μ̄2	
vn

Δ� ζ
�μ̄2	
vn

�

ρB


1ρ̃B
vn



ρB


1

�
, (46)

where

γ
�μ̄1	
un

Δ� 1� ε

1� η
2
nR̃1 ��l : Un,�μ̄1	�l� � un�� and

ζ
�μ̄2	
vn

Δ� 1� ε�

1� η
2
nR̃2 ��k : V n,�μ̄2	�k� � vn��, (47)

where η � �0, 1� is a parameter that determines the probability
of not obtaining sub-POVMs. Then, for each μ̄1 � �1, N̄1	
and μ̄2 � �1, N̄2	, construct M

�n,μ̄1	
1 and M

�n,μ̄2	
2 as in the

following

M
�n,μ̄1	
1

Δ��A�μ̄1	
un : un � T �n	

δ �U��, and

M
�n,μ̄2	
2

Δ��B�μ̄2	
vn : vn � T �n	

δ �V ��. (48)

We show later that M
�n,μ̄1	
1 and M

�n,μ̄2	
2 form sub-POVMs,

with high probability, for all μ̄ � �1, N̄1	 and μ̄2 � �1, N̄2	,
respectively. These collections M̃

�n,μ̄1	
1 and M̃

�n,μ̄2	
2 are com-

pleted using the operators I � �
un�T �n�

δ �U	
A
�μ̄1	
un and I ��

vn�T �n�
δ �V 	

B
�μ̄2	
vn , and these operators are associated with

sequences un
0 and vn

0 , which are chosen arbitrarily from
Un�T �n	

δ �U� and Vn�T �n	
δ �V �, respectively. For �μ̃1, μ̃2� �

�1, Ñ1	 � �1, Ñ2	, let �
sP-i��μ̃1, μ̃2� denote the indicator

random variable corresponding to the event that M
�n,μi,μ̃i	
i

form sub-POVM for all μi � �1, Ni	 for i � 1, 2. We use
the trivial POVM �I� in the case of the complementary
event and associate it with un

0 and vn
0 as the case maybe.

In summary, the POVMs are given by ��
sP-1�A
�μ̄1	
un �

�1 � �
sP-1���
un�un
0 �

I�un�Un , and ��
sP-2�B
�μ̄2	
vn � �1 �

�
sP-2���
vn�vn
0 �

I�vn�Vn .

2) Binning of POVMs: Fix binning rates �R1, R2� and
choose a �μ̄1, μ̄2� pair. For each sequence un � T �n	

δ �U�
assign an index from �1, 2nR1	 randomly and uniformly, such
that the assignments for different sequences are done indepen-
dently. Perform a similar random and independent assignment
for all vn � T �n	

δ �V � with indices chosen from �1, 2nR2	.
Repeat this assignment for every μ̄1 � �1, N̄1	 and μ̄2 �
�1, N̄2	. For each i � �1, 2nR1	 and j � �1, 2nR2	, let B�μ̄1	

1 �i�
and B�μ̄2	

2 �j� denote the ith and the jth bins, respectively.
More precisely, B�μ̄1	

1 �i� is the set of all un sequences with
assigned index equal to i, and similar is B�μ̄2	

2 �j�. Moreover
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let ι
�μ̄1	
1 : T �n	

δ �U� � �1, 2nR1	, and ι
�μ̄2	
2 : T �n	

δ �V � �
�1, 2nR2	, denote the corresponding random binning functions.
Define the following operators:

ΓA,�μ̄1	
i

Δ�
�

un�B�μ̄1�
1 �i	

A
�μ̄1	
un , and ΓB,�μ̄2	

j
Δ�
�

vn�B�μ̄2�
2 �j	

B
�μ̄2	
vn ,

for all i � �1, 2nR1	 and j � �1, 2nR2	. Using these operators,
we form the following collections:

M
�n,μ̄1	
A

Δ��ΓA,�μ̄1	
i �i��1,2nR1 �, M

�n,μ̄2	
B

Δ��ΓB,�μ̄2	
j �j��1,2nR2 �.

Note that if M
�n,μ̄1	
1 and M

�n,μ̄2	
2 are sub-POVMs, then so

are M
�n,μ̄1	
A and M

�n,μ̄2	
B . This is due to the relations�

i

ΓA,�μ̄1	
i �

�
un�T �n�

δ �U	

A
�μ̄1	
un ,

�
j

ΓB,�μ̄2	
j �

�
vn�T �n�

δ �V 	

B
�μ̄2	
vn .

To make M
�n,μ̄1	
A and M

�n,μ̄2	
B complete, we define ΓA,�μ̄1	

0

and ΓB,�μ̄2	
0 as ΓA,�μ̄1	

0 � I ��i ΓA,�μ̄1	
i and ΓB,�μ̄2	

0 � I ��
j ΓB,�μ̄2	

j , respectively.9 In the event that the operators do
not form sub-POVM, the sequence un

0 and vn
0 are mapped

to 0. Now, we intend to use the completions �M �n,μ̄1	
A 	 and

�M �n,μ̄2	
B 	 as the POVMs for each encoder. Also, note that the

effect of the binning is in reducing the communication rates
from �R̃1, R̃2� to �R1, R2�.

3) Decoder Mapping: We define a mapping F �μ̄1,μ̄2	 acting
on the outputs of �M �n,μ̄1	

A 	��M �n,μ̄2	
B 	 as follows. On observ-

ing �μ̄1, μ̄2�, and the classical indices �i, j� � �1 : 2nR1	 �
�1 : 2nR2	 communicated by the encoders, the decoder creates
a set as follows:

D
�μ̄1,μ̄2	
i,j

Δ�
�
�un, vn� � C�μ̄1,μ̄2	 : �un, vn� � T �n	

δ �UV �

and �un, vn� � B�μ̄1	
1 �i� � B�μ̄2	

2 �j�
�

.

For every μ̄i � �1 : N̄i	, i � �1 : 2nR1 	 and j � �1, 2nR2	
define the function F �μ̄1,μ̄2	�i, j� � �un, vn� if �un, vn� is the
only element of D

�μ̄1,μ̄2	
i,j ; otherwise F �μ̄1,μ̄2	�i, j� � �un

0 , vn
0 �

Further, F �μ̄1,μ̄2	�i, j� � �un
0 , vn

0 � for i � 0 or j � 0. Finally,
the decoder produces zn � Zn according to the stochastic
map Pn

Z�UV �zn�F �μ̄1,μ̄2	�i, j��. With this mapping, we form
the following collections of operators, for every �μ̃1, μ̃2�,

Λ̃AB
un,vn�μ̃1, μ̃2�

Δ��
sP-1}�
sP-2}
1

N1N2

N1�
μ1�1

N2�
μ2�1

�
�i,j	:F �μ̄1,μ̄2��i,j	��un,vn	

�
ΓA,�μ̄1	

i

� ΓB,�μ̄2	
j

�
��1��
sP-1}�
sP-2}��I�I��
�un,vn	��un

0 ,vn
0 	�

,

for all �un, vn� � Un �Vn. Note that for Λ̃AB
un,vn�μ̃1, μ̃2� � 0

for �un, vn� � �T �n	
δ �U��T �n	

δ �V ��
��un
0 , vn

0 ��. We use the

9Note that Γ
A,�μ̄1�
0 � I 
 �i Γ

A,�μ̄1�
i � I 
 �

un�T
�n�
δ

�U�
A
�μ̄1�
un and

Γ
B,�μ̄2�
0 � I 
�j Γ

B,�μ̄2�
j � I 
�

vn�T
�n�
δ

�V �
B
�μ̄2�
vn .

stochastic mapping to define the approximating sub-POVM
M̃

�n	
AB�μ̃1, μ̃2� Δ��Λ̂zn�μ̃1, μ̃2�� as

Λ̂AB
zn �μ̃1, μ̃2� Δ�

�
un,vn

Λ̃AB
un,vn�μ̃1, μ̃2�Pn

Z�U,V �zn�un, vn�,

�zn � Zn. The performance of the above ensemble is bounded
from above as

1
Ñ1Ñ2

�
μ̃1,μ̃2

Ξρ�n
AB
�M�n

AB, M̃
�n	
AB�μ̃1, μ̃2��

� 1
Ñ1Ñ2

�
μ̃1,μ̃2

�
G�μ̃1, μ̃2��
sP-1��μ̃1, μ̃2���
sP-2��μ̃1, μ̃2�

� 2�1� �
sP-1��μ̃1, μ̃2��
sP-2��μ̃1, μ̃2��
�
,

where

G�μ̃1, μ̃2�
Δ�
�
zn

���� �
un,vn



ρ�n

AB

�
ΛA

un � ΛB
vnPn

Z�U,V �zn�un, vn�

� Λ̃AB
un,vn�μ̃1, μ̃2�Pn

Z�U,V �un, vn�
�


ρ�n
AB

����
1

. (49)

In what follows, under the conditions on the rates given
in the theorem, we show the existence of a pair �μ̃1, μ̃2�,
and codebooks C�μ̄1,μ̄2	 and binning functions ι

�μ̄i	
i , for μi �

�1, Ni	, i � 1, 2, such that the �-faithfulness is satisfied for an
arbitrary � � 0 for all sufficiently large n.

B. Performance Analysis

Step 0 (Operators Form Sub-POVM): Fix an arbitrary � � 0.
To start with, for all �μ̃1, μ̃2� � �1, Ñ1	��1, Ñ2	, one can show
using a result similar to Lemma 2 the following proposition.

Proposition 3 (sub-POVM): For any � � �0, 1�, any η �
�0, 1�, any δ � �0, 1� sufficiently small, and any n sufficiently
large, we have

1
Ñ1Ñ2

�
μ̃1,μ̃2

2
�
1� E

�
�
sP-1��μ̃1, μ̃2��
sP-2��μ̃1, μ̃2�

��
� 2�,

if R̃1 � I�U ; RB�σ1 and R̃2 � I�V ; RA�σ2 , where σ1, σ2 are
defined as in the statement of the theorem.

Proof: We skip the proof for brevity.
Next we focus on G.
Step 1 (Isolating the Effect of Error Induced by Not Cover-

ing: Consider the second term within G�μ̃1, μ̃2�, which, under
the event �
sP-1� � 1 and �
sP-2� � 1, can be written as�
un,vn



ρ�n

ABΛ̃AB
un,vn�μ̃1, μ̃2��



ρ�n

ABPn
Z�U,V �un, vn�

� 1
N1N2

�
μ1,μ2

�
i,j



ρ�n

AB

�
ΓA,�μ̄1	

i � ΓB,�μ̄2	
j

�

ρ�n

AB

�Pn
Z�U,V �zn�F �μ̄1,μ̄2	�i, j��

�
un,vn

�
F �μ̄!,μ̄2��i,j	��un,vn	�'((((((((((((((()(((((((((((((((*
�1

� T �μ̃1, μ̃2� � +T �μ̃1, μ̃2�,
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where

T �μ̃1, μ̃2� Δ� 1
N1N2

�
μ1,μ2

�
i,j�0



ρ�n

AB

�
ΓA,�μ̄1	

i � ΓB,�μ̄2	
j

�
�



ρ�n
ABPn

Z�U,V �zn�F �μ̄1,μ̄2	�i, j��,
+T �μ̃1, μ̃2� Δ� 1

N1N2

�
μ1,μ2

�
i�0 or j�0



ρ�n

AB

�
ΓA,�μ̄1	

i � ΓB,�μ̄2	
j

�
�



ρ�n
ABPn

Z�U,V �zn�un
0 , vn

0 �.
Hence, we have

G�μ̃1, μ̃2��
sP-1��
sP-2�

� �S�μ̃1, μ̃2� � +S�μ̃1, μ̃2�	�
sP-1��
sP-2�, (50)

where S�μ̃1, μ̃2� Δ��
zn

���� �
un,vn



ρ�n

AB

�
ΛA

un � ΛB
vnPn

Z�U,V �zn�un, vn�
�

�



ρ�n
AB � T �μ̃1, μ̃2�

����
1

, (51)

and +S�μ̃1, μ̃2� Δ��zn 
+T �μ̃1, μ̃2�
1. Note that +S captures the
error induced by not covering the state ρ�n

AB.
Remark 8: The terms corresponding to the opera-

tors that complete the sub-POVMs M
�n,μ̄1	
A and M

�n,μ̄2	
B ,

i.e., I � �
un�T �n�

δ �U	
A
�μ̄1	
un and I � �

vn�T �n�
δ �V 	

B
�μ̄2	
vn are

taken care of in +T . The expression T excludes the completing
operators. Therefore, in the analysis of the term S, we use
A
�μ̄1	
un and B

�μ̄2	
vn to denote the operators corresponding to

un � T �n	
δ �U� and vn � T �n	

δ �V �, respectively.
Step 2 (Isolating the Effect of Error Induced by Bin-

ning): Noting that e�μ̄1,μ̄2	�un, vn� � F �μ̄1,μ̄2	�i, j�, for each
�un, vn� � B�μ̄1	

1 �i� � B�μ̄2	
2 �j� and �un, vn� � C�μ̄1,μ̄2	. For

any �un, vn� � C�μ̄1,μ̄2	 let e�μ̄1,μ̄2	�un, vn� � �un
0 , vn

0 �. This
simplifies T as

T �μ̃1, μ̃2�
� 1

N1N2

�
μ1,μ2

�
i�0,
j�0



ρ�n

AB

� �
un�B

�μ̄1�
1 �i	

A
�μ̄1	
un

�
�

vn�B
�μ̄2�
2 �j	

B
�μ̄2	
vn

�

ρ�n

ABPn
Z�U,V �zn�F �μ̄1,μ̄2	�i, j��

� 1
N1N2

�
μ1,μ2

�
un,vn



ρ�n

AB

�
A
�μ̄1	
un �B

�μ̄2	
vn

�

ρ�n

AB

�
�
i�0,
j�0

��
un�B

�μ̄1�
1 �i	,vn�B

�μ̄2�
2 �j	

�Pn
Z�U,V �zn�e�μ̄1,μ̄2	�un, vn��

� 1
N1N2

�
μ1,μ2

�
un,vn



ρ�n

AB

�
A
�μ̄1	
un �B

�μ̄2	
vn

�

ρ�n

AB

� Pn
Z�U,V �zn�e�μ̄1,μ̄2	�un, vn��,

where we have used the fact that
�

un�B
�μ̄1�
1 �i	

A
�μ̄1	
un ��

un A
�μ̄1	
un ��

un�B
�μ̄1�
1 �i	

� and
�

i�0 �
�
un�B

�μ̄1�
1 �i	

� � 1 for

all un � T �n	
δ �U�, and a similar argument holds for the

sub-POVM �B�μ̄2	
vn �. Note that the �un, vn� that appear in

the above summation is confined to �T �n	
δ �U� � T �n	

δ �V ��,
however for ease of notation, we do not make this explicit.
We substitute the above expression into S as in (51) to obtain

S�μ̃1, μ̃2�
�
�
zn

���� �
un,vn



ρ�n

AB

�
ΛA

un � ΛB
vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

� 1
N1N2

�
μ1,μ2



ρ�n

AB

�
A
�μ̄1	
un �B

�μ̄2	
vn

�

ρ�n

AB

� Pn
Z�U,V �zn�e�μ̄1,μ̄2	�un, vn��

����
1

.

Recall that μ̄i � �μi, μ̃i� for i � 1, 2. We add and subtract
an appropriate term within S and apply triangle inequality to
isolate the effect of binning as S � S1 � S2, where

S1�μ̃1, μ̃2�
Δ�
�
zn

���� �
un,vn



ρ�n

AB

�
ΛA

un � ΛB
vn� 1

N1N2

�
μ1,μ2

A
�μ̄1	
un �B

�μ̄2	
vn

�
�



ρ�n
ABPn

Z�U,V �zn�un, vn�
����
1

,

S2�μ̃1, μ̃2�
Δ�
�
zn

���� 1
N1N2

�
μ1,μ2

�
un,vn



ρ�n

AB

�
A
�μ̄1	
un �B

�μ̄2	
vn

�

ρ�n

AB

�
�
Pn

Z�U,V �zn�un, vn� � Pn
Z�U,V

�
zn�e�μ̄1,μ̄2	�un, vn�

�� ����
1

.

(52)

This gives

G�
sP-1��
sP-2� � �S1 � S2 � +S	�
sP-1��
sP-2�.

Note that the term S1 characterizes the error introduced
by approximation of the original POVM with the collection
of approximating sub-POVMs M

�n,μ̄1	
1 and M

�n,μ̄2	
2 , and the

term S2 characterizes the error caused by binning of these
approximating sub-POVMs. Next, we analyze S2 and prove
the following proposition.

Proposition 4 (Mutual Packing): For any � � �0, 1�, any
η, δ � �0, 1� sufficiently small, and any n sufficiently large n,
we have

1
Ñ1Ñ2

�
μ̃1,μ̃2

E

�
S2�μ̃1, μ̃2��
sP-1��μ̃1, μ̃2��
sP-2��μ̃1, μ̃2�

�
�5�,

if R̃1 � I�U ; RB�σ1 , R̃2 � I�V ; RA�σ2 , R̃1 � 1
n log�N̄1� �

S�U�σ3 , R̃2 � 1
n log�N̄2� � S�V �σ3 , R̃1 � R̃2 � R1 � R2 �

I�U ; V �σ3 , where σi for i � 1, 2, 3, is the auxiliary state
defined in the theorem.

Proof: The proof is provided in Appendix C-C
Hence there must exist a pair �μ̃1, μ̃2� such that

2
�
1� E

�
�
sP-1��μ̃1, μ̃2��
sP-2��μ̃1, μ̃2��

��
� E

�
S2�μ̃1, μ̃2��
sP-1��μ̃1, μ̃2��
sP-2��μ̃1, μ̃2�

�
� 7�,

for the rates satisfying the constraints in Propositions 3 and 4.
For the rest of the proof, we fix �μ̃1, μ̃2� to be this pair.
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The dependence of functions defined in the sequel on this pair
is not made explicit for ease of notation.

Remark 9: Since the shared randomness given by �μ̃1, μ̃2�
is only used for random coding purposes, two of the con-
straints in Proposition 4, given by R̃1� 1

n log�N̄1� � S�U�σ3 ,
R̃2 � 1

n log�N̄2� � S�V �σ3 , are superfluous.
For the term corresponding to +S, we prove the following

result.
Proposition 5: For any � � �0, 1�, any η, δ � �0, 1�

sufficiently small, and any n sufficiently large, we have

E

�+S�
sP-1��
sP-2�

�
� 8�,

if R̃1 � I�U ; RB�σ1 and R̃2 � I�V ; RA�σ2 , where σ1 and
σ2 are auxiliary states defined in the theorem.

Proof: The proof is provided in Appendix C-D.
Step 3 (Isolating the Effect of Alice’s Approximating Mea-

surement): In this step, we separately analyze the effect of
approximating measurements at the two distributed parties in
the term S1. For that, we split S1 as S1 � Q1 �Q2, where

Q1
Δ�
�
zn

���� �
un,vn



ρ�n

AB

�
ΛA

un � ΛB
vn

� 1
N1

N1�
μ1�1

A
�μ1	
un � ΛB

vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

����
1

,

Q2
Δ�
�
zn

���� 1
N1

N1�
μ1�1

�
un,vn



ρ�n

AB

�
A
�μ1	
un � ΛB

vn

� 1
N2

N2�
μ2�1

A
�μ1	
un �B

�μ2	
vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

����
1

.

With this partition, the terms within the trace norm of Q1

differ only in the action of Alice’s measurement. And similarly,
the terms within the norm of Q2 differ only in the action of
Bob’s measurement. Showing that these two terms are small
forms a major portion of the achievability proof.

Analysis of Q1: To show Q1 is small, we compute rate
constraints which ensure that an upper bound to Q1 can be
made to vanish in an expected sense. Furthermore, this upper
bound becomes convenient in obtaining a single-letter charac-
terization for the rate needed to make the term corresponding
to Q2 vanish. For this, we define J as

J
Δ�
�

zn,vn

�����
un



ρ�n

AB

�
ΛA

un � ΛB
vn � 1

N1

N1�
μ1�1

A
�μ1	
un � ΛB

vn

�

�



ρ�n
ABPn

Z�U,V �zn�un, vn�
����
1

.

(53)

By defining J and using triangle inequality for block
operators (which holds with equality), we add the sub-system
V to RZ , resulting in the joint system RZV , corresponding to
the state σ3 as defined in the theorem. Then we approximate
the joint system RZV using an approximating sub-POVM
M

�n	
A producing outputs on the alphabet Un. To make J small

for all sufficiently large n, we expect the sum of the rate
of the approximating sub-POVM and common randomness,

i.e., R̃1 � C1, to be larger than I�U ; RZV �σ3 . We seek to
prove this in the following.

Proposition 6: For any � � �0, 1�, any η, δ � �0, 1� suffi-
ciently small, and any n sufficiently large, we have E �Q1	 �
E�J	 � 2�, if R̃1 �C1 � I�U ; RZV �σ3 , where the auxiliary
state σ3 is defined in the theorem.

Proof: The proof is provided in Appendix C-E.
Now we move on to bounding Q2.
Step 4 (Analyzing the Effect of Bob’s Approximating Mea-

surement): Step 3 ensured that the sub-system RZV is close to
a tensor product state in trace-norm. In this step, we approx-
imate the state corresponding to the sub-system RZ using
the approximating POVM M

�n	
B , producing outputs on the

alphabet Vn. We proceed with the following proposition.
Proposition 7 (Non-product Covering Lemma): For any

� � �0, 1�, any η, δ � �0, 1� sufficiently small, and any n
sufficiently large, we have

E

�
Q2�
sP-1��
sP-2�

�
� 4�,

if R̃1 � C1 � I�U ; RZV �σ3 , and R̃2 � C2 � I�V ; RZ�σ3 ,
where the auxiliary state σ3 is defined in the theorem.

Proof: The proof is provided in Appendix C-F.

C. Rate Constraints

To sum-up, we showed that the trace distance satisfies:

Ξρ�n
AB
�M�n

AB, M̃
�n	
AB�μ̃1, μ̃2�� � 21�,

if the following bounds hold:

R̃1 � I�U ; RB�σ1 , R̃2 � I�V ; RA�σ2 ,

R̃1 � C1 � I�U ; RZV �σ3 , R̃2 � C2 � I�V ; RZ�σ3 ,

�R̃1 �R1� � �R̃2�R2� � I�U ; V �σ3 ,

R̃1 � R1 � 0, R̃2 � R2 �0, C1 � 0, C2 � 0. (54)

Let us denote the above achievable rate-region by R1.
By doing an exact symmetric analysis, but by replacing the
first encoder by a product distribution instead of the second
encoder in S1 (as defined in (52)), all the constraints remain
the same, except that the constraints on R̃1�C1 and R̃2�C2

change as follows

R̃1 � C1 � I�U ; RZ�σ3 , R̃2 � C2 � I�V ; RZU�σ3 . (55)

Let us denote the above region by R2. By time sharing
between the any two points of R1 and R2 one can achieve
any point in the convex closure of �R1



R2�. The following

lemma gives a symmetric characterization of the closure of
convex hull of the union of the above achievable rate-regions.

Lemma 9: For the above defined rate regions R1 and R2,
we have R3 � Convex Closure�R1



R2�, where R3 is

given by the set of all the sextuples �R̃1, R̃2, R1, R2, C1, C2�
satisfying the following constraints:

R̃1 � I�U ; RB�σ1 , R̃2 � I�V ; RA�σ2 ,

R̃1 � C1 � I�U ; RZ�σ3 , R̃2 � C2 � I�V ; RZ�σ3 ,

R̃1 � R̃2 � C1 � C2 � I�U ; RZ�σ3 � I�V ; RZ�σ3

� I�U ; V �RZ�σ3 ,
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R̃1�R̃2 � �R1 �R2� � I�U ; V �σ3

0 �R1 � R̃1 0 � R2 � R̃2 C1 � 0, C2 � 0. (56)

Proof: The proof follows from elementary convex
analysis.

Lemma 10: Let R̄3 denote the set of all quadruples
�R1, R2, C1, C2� for which there exists �R̃1, R̃2� such that
the sextuple �R1, R2, C1, C2, R̃1, R̃2� satisfies the inequal-
ities in (56). Let RF denote the set of all quadruples
�R1, R2, C1, C2� that satisfy the inequalities in (4) given in
the statement of the theorem. Then, R̄3 � RF .

Proof: This follows by Fourier-Motzkin elimi-
nation [44].

VIII. CONCLUSION

We have developed a distributed measurement compres-
sion protocol where we introduced the technique of mutual
covering and random binning of distributed measurements.
Using these techniques, a set of communication rate-pairs and
common randomness rate is characterized for faithful simu-
lation of distributed measurements. We further developed an
approach for a distributed quantum-to-classical rate-distortion
theory, and provided single-letter inner and outer bounds. As a
part of future work, we intend to improve the outer bound
by providing a dimensionality bound on the auxiliary Hilbert
space involved in the expression. Further, we also desire to
improve the achievable rate region by using structured POVMs
based on algebraic codes.

APPENDIX A
PROOF OF THEOREM 7

Note that θ � 1��x�X λx. Define ρ̃�x
Δ�ΠρΠxρ̂xΠxΠρ, and

σ�
Δ� 1

1
θ

�
x�X λxρ̃�x. Further let Π̂ be the projector onto the

subspace spanned by the eigenspace of σ� corresponding to the
eigenvalues greater than ��D. Let ρ̃x

Δ� Π̂ρ̃�xΠ̂, and σ
Δ� Π̂σ�Π̂.

Construction of Random POVMS: Define a collection
of random codes C Δ��C�μ	� for μ � �1, N 	, where
C�μ	 Δ��X�l, μ��l��1,K�, and X�l, μ� are chosen randomly,
independently according to the distribution �λx��1� θ��x�X .
Using this, define

γ�μ	x
Δ� �1� θ�
�1� ��

1
K
��l : X�l, μ� � x��

� �1� θ�
�1� ��

1
K

K�
l�1

�
X�l,μ	�x�,

and A
�μ	
x

Δ� γ
�μ	
x



ρ
1ρ̃x



ρ
1, where



ρ
1 refers to the gen-
eralized inverse as defined in [38, Section 5.6]. Now for each
μ � �1, N 	, construct a collection of non-negative operators
M̃ �μ	 Δ��A�μ	

x �x�X .
Proposition 8: M̃ �μ	 forms a sub-POVM for all μ � �1, N 	

with probability exceeding 1� 2ND exp
�
�Kε2dεD�1

4 ln 2

�
.

Proof: We use the operator Chernoff bound [39]. Note
that

ρ̃x � d
1Π̂ΠρΠxΠρΠ̂ � d
1Π̂,

where we used the hypothesis (15d) assumed in the theorem
statement. Moreover,

E�ρ̃X�l,μ		 � Π̂σ�Π̂ � �

D
Π̂.

Applying the operator Chenoff bound on �dρ̃X�l,μ	�l��1,K�,
we obtain

P

�
�1� ��σ � 1

K

K�
l�1

ρ̃X�l,μ	 � �1� ��σ
	

� 1� 2D exp
�
�K�3dD
1

4 ln 2

�
,

for all μ � �1, N 	, where we used the fact that Tr
�
Π̂
� �

Tr�Πρ� � D (using the hypothesis (15c) of the theorem
statement). Now we have

σ � Π̂σ�Π̂ � σ� � 1
1� θ

ΠρρΠρ � 1
1� θ

ρ,

using the hypothesis (15e) and (15f) of the theorem statement.
This results in �1�θ�
ρ
1σ



ρ
1 � I . This implies that with

probability exceeding 1 �2D exp
�
�Kε3dD�1

4 ln 2

�
, we have�

x�X
A�μ	

x �
�
x�X

γ�μ	x



ρ
1ρ̃x



ρ
1

� 1
K

�1� θ�
�1� ��



ρ
1

�
K�

l�1

ρ̃X�l,μ	

�



ρ
1 � I.

Hence using the union bound, we see that with probability
exceeding 1 � 2ND exp

�
�Kε2dεD�1

4 ln 2

�
, we have �A�μ	

x �x�X
forming a sub-POVM for all μ � �1, N 	.

Let M̃
Δ��Λ̃x�x�X , M̃ �μ	 Δ��A�μ	

x �x�X , where
Λ̃x

Δ� 1
N

�N
μ�1 A

�μ	
x . Let �
sP� denote the indicator random

variable corresponding to the event that M̃ �μ	 forms a sub-
POVM for all μ � �1, N 	. The completion of the sub-POVM
is given by I � �x�X Λ̃x. We use the trivial POVM �I� in
the case of the complementary event. Using this construction,
we have

Ξρ�M, M̃�

� �
sP�

��
x�X


ρ�Λx � Λ̃x�
ρ
1 � Tr

�
�I �

�
x�X

Λ̃x�ρ
��

� 2�1� �
sP�� � θ

�
�
x�X

�����λxρ̂x � 1
N

N�
μ�1

γ�μ	x ρ̃x

�����
1

�
�����ρ� 1

N

�
μ,x

γ�μ	x ρ̃x

�����
1

� 2�1� �
sP�� � θ

�a	
�
�
x�X

�����λxρ̂x � 1
N

N�
μ�1

γ�μ	x ρ̃x

�����
1

�
�
x�X

�����λxρ̂x � 1
N

N�
μ�1

γ�μ	x ρ̃x

�����
1

� 2�1� �
sP�� � 2θ

�b	
� 2

�
x�X

�����λxρ̂x � 1
N

N�
μ�1

γ�μ	x ρ̂x

�����
1
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� 2
�
x�X

1
N

N�
μ�1

γ�μ	x 
ρ̂x � ρ̃x
1 � 2�1� �
sP�� � 2θ

�c	� 2�S1 � S2	 � 2�1� �
sP�� � 2θ,

where (a) follows by triangle inequality, (b) follows by adding
and subtracting 1

N

�
μ γ

�μ	
x ρ̂x, and (c) follows by defining

S1
Δ�
�
x�X

�����λxρ̂x � 1
N

N�
μ�1

γ�μ	x ρ̂x

�����
1

,

S2
Δ�
�
x�X

1
N

N�
μ�1

γ�μ	x 
ρ̂x � ρ̃x
1.

We work on the first term S1 as follows. Note that

S1 � S�
1 �
�

�

1� �

� �
x�X

λx � S�
1 �
�

�

1� �

�
,

where

S�
1

Δ� 1
1� �

�
x�X

�����λx � �1� θ�
NK

�
μ,l

�
X�l,μ	�x�

����� .
Note that

E�S�
1	 �

1
�1� ��

�
x�X

E

�
�P̂ �x� � E�P̂ �x�	�

�
� 1
�1� ��

�
x�X



Var�P̂ �x�� � 1

�1� ��
�
x�X

,
λx

NK
,

where we have defined P̂ �x� Δ� �1
θ	
NK

�
l,μ �
X�l,μ	�x�. Hence

E�S1	 � 1
�1� ��
NK

�
x�X

�
λx �

�
�

1� �

�
.

Moving on to S2, consider the following.

2E�S2	 � 2
�1� ��

��
x�X

λx
ρ̂x � ρ̃�x
1 �
�
x�X

λx
ρ̃�x � ρ̃x
1
�

� 1
�1� ��

�
4



�� 4



�� 2



�� 4



2�1� θ�



��
�

�
� f��, θ�,

where we have used the ensemble gentle measurement
lemma [39]. Combining all the arguments, we see that

E�Ξρ�M, M̃�� � 2
�1� ��
NK

�
x�X

�
λx � 2�

�� 1

� f��, θ� � 4DN exp
�
�K�3dD
1

4 ln 2

�
� 2θ.

There must exists a collection of sub-POVMs whose average
performance is at least as good.

APPENDIX B
PROOF OF LEMMAS

A. Proof of Lemma 3

Consider the left hand side of (26). We define an operator
Λy0 which completes the sub-POVM �Λy�y�Y as Λy0

Δ� I ��
y�Y Λy. Further, let the set Y� Δ�Y


�y0�. Since trace norm

is invariant to transposition with respect to ρAB , we can write
for any y � Y�,��
ρAB

�
ΓA � ΛB

y

�

ρAB

��
1
�
���-
ρAB

�
ΓA � ΛB

y

�

ρAB

.T ���
1

�
���
ρAB

�
�ΓA�T � �ΛB

y �
T
�


ρAB

���
1
. (57)

One can easily prove for any ΓA (not necessarily positive)
that�


ρAB

�
�ΓA�T � �ΛB

y �
T
�


ρAB

�R

� TrAB

��
id� ΓA � ΛB

y

�
ΨRAB

�
, (58)

where ΨRAB is the canonical purification of ρAB defined as
ΨRAB

Δ��x,x�



λxλx� �x� �x��AB � �x� �x��R for the spectral

decomposition of ρAB given as ρAB �
�

x λx |x��x|AB and
���R represents a state in the reference Hilbert space R. Now,
using (58) we perform the following simplification�
y�Y

��
ρAB

�
ΓA � ΛB

y

�

ρAB

��
1

�a	
�
�

y�Y�

��
ρAB

�
ΓA � ΛB

y

�

ρAB

��
1

�
�

y�Y�

���TrAB

��
idR � ΓA � ΛB

y

�
ΨRAB

� ���
1

�b	�
��� �
y�Y�

TrAB

��
idRB � ΓA

��
idRA � ΛB

y

�
ΨRAB � |y��y|����

1

�
����TrA

� �
idRY � ΓA

�� �
y�Y�

|y��y|

� TrB

��
idRA � ΛB

y

�
ΨRAB

�������
1

�c	� ��TrA

��
idRY � ΓA

�
σRAY

���
1

�d	� ��TrAZ

��
idRY � ΓA � idZ

�
ΦσRAY

RAY Z

���
1
, (59)

where (a) follows from the fact that��
ρAB

�
ΓA � ΛB

y0

�

ρAB

��
1

is always non-negative, (b) uses

the triangle inequality for block diagonal operators, (c) uses
σRAY defined as

σRAY �
�

y�Y�

|y��y|� TrB

��
idRA � ΛB

y

�
ΨRAB

�
,

and finally, (d) uses ΦσRAY

RAY Z defined as the canonical purifi-
cation of σRAY . Note that the above inequality becomes
an equality when

�
y�Y Λy � I . Using similar sequence of

arguments as used in (57) and (58), we have��TrAZ

��
idRY � ΓA � idZ

�
ΦσRAY

RAY Z

���
1

�
���
TrRY Z �ΦσRAY

RAY Z�ΓA



TrRY Z �ΦσRAY

RAY Z�
���
1

� 

ρA ΓA
ρA
1.

This completes the proof.
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B. Proof of Lemma 4

Let the operators of M̂X and M̂Y be denoted by �Λ̂X
i �i�I

and �Λ̂Y
j �j�J , respectively, and let the operators of MX and

MY be denoted by �ΛX
i � and �ΛY

j �, respectively, for some
finite sets I and J . With this notation, we need to show the
following inequality

G
Δ�
�
i,j

���
ρXY �ΛX
i � ΛY

j � Λ̂X
i � Λ̂Y

j �



ρXY

���
1

� Tr

��
I �
�
i,j

Λ̂X
i � Λ̂Y

j

�
ρXY

�
� ��X � �Y �.

Next, by adding and subtracting appropriate terms, we get

G �
�
i,j

���
ρXY �ΛX
i � ΛY

j � Λ̂X
i � ΛY

j �



ρXY

���
1

� Tr
��

I �
�
i

Λ̂X
i

�
ρX

�
�
�
i,j

���
ρXY �Λ̂X
i � ΛY

j � Λ̂X
i � Λ̂Y

j �



ρXY

���
1

�Tr
��

I �
�
j

Λ̂Y
j

�
ρY

�
� Tr

��
I �
�
i,j

Λ̂X
i � Λ̂Y

j

�
ρXY

�
� Tr

��
I �
�
i

Λ̂X
i

�
ρX

�
� Tr

��
I �
�
j

Λ̂Y
j

�
ρY

�
�
�
i

���
ρX�ΛX
i � Λ̂X

i �



ρX

���
1
� Tr

��
I �
�
i

Λ̂X
i

�
ρX

�
�
�
j

���
ρY �ΛY
j � Λ̂Y

j �



ρY

���
1
� Tr

��
I �
�
j

Λ̂Y
j

�
ρY

�
� Tr

��
I �
�
i,j

Λ̂X
i � Λ̂Y

j

�
ρXY

�
� Tr

��
I �
�
i

Λ̂X
i

�
ρX

�
� Tr

��
I �
�
j

Λ̂Y
j

�
ρY

�
� ��X � �Y � � Tr

���
i

Λ̂X
i � �I �

�
j

Λ̂Y
j �
�
ρXY

�
� Tr

��
I �
�
j

Λ̂Y
j

�
ρY

�
� ��X � �Y �,

where the second inequality follows by applying Lemma 3
twice, the third inequality follows from the hypotheses of the
lemma, and the final inequality uses the fact that M̂X and
M̂Y are sub-POVMs. This completes the proof of the lemma.

C. Proof of Lemma 7

Proof: Using the chain rule of quantum mutual informa-
tion we see that

I�A; B�C, J�σ�S�ACJ�σ�S�BCJ�σ�S�ABCJ�σ�S�CJ�σ.

The eigenvectors of the state σABCJ are of the form
�0, . . . , 0, �j� �

���vj
i

/
, 0, . . . , 0�, with eigenvalue PJ�j�λj

i ,

where
���vj

i

/
is an eigenvector of state ρj

ABC with eigenvalue

λj
i . Hence

S�ABCJ� � �
�
j,i

PJ �j�λj
i log�PJ �j�λj

i �

�a	� H�PJ � �
n�

j�1

PJ �j�
�
i

��λj
i log λj

i 	

� S�J�σ �
n�

j�1

PJ�j�S�ABC�ρj ,

where in (a) we used the grouping axiom of entropy. Applying
similar arguments for S�ACJ�, S�BCJ�, and S�CJ� we get
the desired result.

D. Proof of Lemma 8

Proof: Consider the trace norm expression given in (38).
This expression can be bounded from above using the triangle
inequality as������

wn

λwnTwn � 1
2n�R�C	

�1� ε�
�1� η�

�
l,μ

TW n,�μ��l	

�����
1

�
������

wn

λwnTwn � �1� ε�
�1� η�

�
wn�

T �n�
δ �W 	

P̃W n�wn�Twn

�����
1

� �1� ε�
�1� η�

����� �
wn�

T �n�
δ �W 	

P̃W n�wn�Twn � 1
2n�R�C	

�
l,μ

TW n,�μ��l	

�����
1

.

(60)

The first term in the right-hand side is bounded from above
as����

wn

λwnTwn � �1� ε�
�1� η�

�
wn�T �n�

δ �W 	

P̃W n�wn�Twn

���
1

�
��� �

wn�T �n�
δ �W 	

λwn

�
1� 1
�1� η�

�
Twn

���
1
�
��� �

wn�T �n�
δ �W 	

λwnTwn

���
1

�
�

η

1� η

� �
wn�T �n�

δ �W 	

λwn 
Twn
1'(()((*
�1

�
�

wn�T �n�
δ �W 	

λwn 
Twn
'(()((*
�1

�
�

η

1� η

�
� ε � η � ε � �

2
, (61)

for all η sufficiently small and n sufficiently large. Now
consider the second term in (60). Using the covering lemma
from [39], this can be bounded as follows. For wn � T �n	

δ �W �,
let Π and Πwn denote the projectors onto the typical subspace
of T �n and Twn , respectively, where T � �wn λwnTwn .
From the definition of typical projectors, for any �1 � �0, 1� we
have for sufficiently large n, the following inequalities satisfied
for all wn � T �n	

δ �W � :
Tr ΠTwn � 1� �1,

TrΠwnTwn � 1� �1,
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Tr Π � D,

ΠwnTwnΠwn � 1
d
Πwn , (62)

where D � 2n�S�T 	�δ1	 and d � 2n���w λwS�Tw	�
δ2	,
and δ1�δ� ! 0, δ2�δ� ! 0 as δ ! 0. From the state-
ment of the covering lemma, we know that for an ensemble
�P̃W n�wn�, Twn�wn�Wn , if there exists projectors Π and Πwn

such that they satisfy the set of inequalities in (62), then for
all sufficiently large n, if n�R�C� � log2

D
d , the obfuscation

error, defined as������
wn

P̃n
W �wn�Twn � 1

2n�R�C	

�
l,μ

TW n,�μ��l	

�����
1

,

can be made smaller than �1 � 4



�1 � 24 4



�1 with high
probability. This gives us the following rate constraints
R � C � S��w λwTw� �

�
w λwS�Tw� � δ1 � δ2 �

χ ��λw�, �ρ̂w � σw�� � δ1 � δ2. Using this constraint and the
bound from (61), the result follows.

APPENDIX C
PROOF OF PROPOSITIONS

A. Proof of Proposition 1

The second term in the trace distance in S2 can be expressed
as

�id� �M̃AB	��Ψρ
RAB�

� �
sP-1��
sP-2�
1

N1N2

�
μ1,μ2

�
i,j

ΦF �μ1,μ2��i,j	

� TrAB

�
�id� ΓA,�μ1	

i � ΓB,�μ2	
j �Ψρ

RAB

�
� �1� �
sP-1��
sP-2��Φ�0U ,0V 	

� TrAB ��id� id� id�Ψρ
RAB�

� �
sP-1��
sP-2�

�
�

1
N1N2

�
μ1,μ2

�
i,j�1

�
�u,v	�B�μ1�

1 �i	�B�μ2�
2 �j	

Φe�μ1 ,μ2��u,v	

� TrAB

�
�id�A�μ1	

u �B�μ2	
v �Ψρ

RAB

�
� 1

N1N2

�
μ1,μ2

�
j�1

�
v�B�μ2�

2 �j	

Φ�0U ,0V 	

� TrAB

�
�id�A

�μ1	
0U
�B�μ2	

v �Ψρ
RAB

�
� 1

N1N2

�
μ1,μ2

�
i�1

�
u�B�μ1�

1 �i	

Φ�0U ,0V 	

� TrAB

�
�id�A�μ1	

u �B
�μ2	
0V
�Ψρ

RAB

�
� 1

N1N2

�
μ1,μ2

Φ�0U ,0V 	

� TrAB

�
�id�A

�μ1	
0U
�B

�μ2	
0V
�Ψρ

RAB

��

� �1� �
sP-1��
sP-2��Φ�0U ,0V 	

� TrAB ��id� id� id�Ψρ
RAB� . (63)

Similarly, for the first term within the trace distance in S2,
we have

1
N1N2

�
μ1,μ2

�id� �M �μ1	
1 	 � �M �μ2	

2 	��Ψρ
RAB�

� �
sP-1��
sP-2�

�
�

1
N1N2

�
μ1,μ2

�
u�U

�
v�V

Φ�u,v	

� TrAB

�
�id�A�μ1	

u �B�μ2	
v �Ψρ

RAB

�
� 1

N1N2

�
μ1,μ2

�
v�V

Φ�0U ,v	

� TrAB

�
�id�A

�μ1	
0U
�B�μ2	

v �Ψρ
RAB

�
� 1

N1N2

�
μ1,μ2

�
u�U

Φ�u,0V 	

� TrAB

�
�id�A�μ1	

u �B
�μ2	
0V
�Ψρ

RAB

�
� 1

N1N2

�
μ1,μ2

Φ�0U ,0V 	

� TrAB

�
�id�A

�μ1	
0U
�B

�μ2	
0V
�Ψρ

RAB

��
� �1� �
sP
1���
sP
2�

1
N2

�
μ2

�
v�V�
0V �

Φ�0U ,v	

� TrAB�id� id�B�μ2	
v �ΨRAB�

� �1� �
sP
2���
sP
1�

1
N1

�
μ1

�
u�U�
0U�

Φ�u,0V 	

� TrAB�id�A�μ1	
u � id�ΨRAB�

� �1� �
sP
2���1� �
sP
1��Φ�0U ,0V 	 (64)

� TrAB��id� id� id�ΨRAB�.
By replacing the terms in S2 using the corresponding

expansions from (63) and (64), we observe that the fourth
terms on the right hand side of (63) get canceled with the
corresponding terms on the right hand side of (64). Next we
take the second term in (63) and apply the triangle inequality
and bound from above its l1 norm by

1
N1

�
μ1

Tr

��
I �

�
u�U

A�μ1	
u

�
ρA

�
.

Similarly, we can bound the rest of the terms in (63), (64),
except the first terms. The l1 norm of the difference of the
first terms in (63), (64) can be written as

�
sP-1��
sP-2�
1

N1N2

�
μ1,μ2

�
u�U

�
v�V

�����Φ�u,v	 � Φe�μ1 ,μ2��u,v	�

� TrAB

�
�id�A�μ1	

u �B�μ2	
v �Ψρ

RAB

�����
1

� �
sP-1��
sP-2�
1

N1N2

�
μ1,μ2

�
u�U

�
v�V

��Φ�u,v	�Φe�μ1,μ2��u,v	

��
1
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� TrRAB

�
�id�A�μ1	

u �B�μ2	
v �Ψρ

RAB

�
� �
sP-1��
sP-2�

1
N1N2

�
�

μ1,μ2

�
u�U

�
v�V

��Φu,v � Φe�μ1 ,μ2��u,v	

��
1
γ�μ1	

u ζ�μ2	
v Ωu,v,

where the first equality is obtained by using the definition of
trace norm and the last equality follows from the definition of
A
�μ1	
u and B

�μ2	
v , with Ωu,v as given in the statement of the

proposition. This completes the proof.

B. Proof of Proposition 2

Using the proof of Theorem 7, one can show that

2
N1

�
μ1

Tr

�
�I �

�
u�U

A�μ1	
u �ρA

�
� 2

N2

�
μ2

Tr

�
�I �

�
v�V

B�μ2	
v �ρB

�
� 2�2� �
sP-1� � �
sP-2�� � αA � αB.

Recall from Proposition 1 that S3 can be simplified as

S3 ��
sP-1��
sP-2�
1

N1N2

�
�

μ1,μ2

�
u�U

�
v�V

��Φu,v � Φe�μ1 ,μ2��u,v	

��
1
γ
�μ1	
un ζ�μ2	

v Ωu,v,

For any �u, v�, the 1-norm above can be bounded from
above by the following quantity:


Φu,v � Φe�μ1,μ2��u,v	
1 � 2��
�u,v	�W� � ��μ1,μ2	�u, v�	,

where ��μ1,μ2	�u, v� Δ�

�

�
#�ũ, ṽ, i, j�:�u, v��B�μ1	

1 �i��B�μ2	
2 �j�,�ũ, ṽ��C�μ1,μ2	

0
W ,

�ũ, ṽ� � B�μ1	
1 �i� � B�μ2	

2 �j�, �ũ, ṽ� � �u, v�
�

.

Using such indicator functions, S3 can be bounded from
above as S3 � S4 � S5, where

S4
Δ��
sP-1��
sP-2�

2
N1N2

�
�u,v	

Ωu,v

�
μ1,μ2

�
�u,v	�W�γ
�μ1	
u ζ�μ2	

v ,

S5
Δ� �1� θ1��1� θ2�
�1� �1��1� �2�K1K2

�
l,k

�
�u,v	

Ωu,v
2

N1N2

�
�

μ1,μ2

�
�μ1,μ2	�u, v���U �μ1	�l� � u, V �μ2	�k� � v�,

where we have bounded the indicator random variables in S5.
We provide bounds on the expectation of S4 and S5. For that
we take the expectation of the indicator functions with respect
to random variables which are independent of each other and
distributed according to �λA

u �u�U , and �λB
v �v�V . First consider

the following argument:

S4 �
������S4 � 2

�
�u,v	�W

λAB
u,v

������� 2
�

�u,v	�W
λAB

u,v

�a	
�
�
u�U

�
v�V

����λAB
u,v � �
sP-1��
sP-2�

1
N1N2

�
μ1,μ2

γ�μ1	
u ζ�μ2	

v Ωu,v

����

� �
sP
1��
sP
2��1�
1

N1N2

�
u,v

�
μ1,μ2

γ�μ1	
v ζ�μ2	

v Ωu,v�

� �1� �
sP
1��
sP
2�� � 2
�

�u,v	�W
λAB

u,v

�b	
� S1 � 2

�
�u,v	�W

λAB
u,v ,

where (a) follows from the two different definitions of vari-
ational distance between probability distributions, (b) follows
from Lemma 5. Taking expectation we obtain

E�S4	 � �αA � αB� � 2
�

�u,v	�W
λAB

u,v , (65)

where we used the bound developed earlier on S1 in the mutual
covering lemma. For S5 we have

E

�
�
�μ1,μ2	�u, v��

�
U �μ1	�l� � u, V �μ2	�k� � v

��
�a	
�
�

�ũ,ṽ	�W
�ũ,ṽ	��u,v	

�
i,j

�
�l̃,k̃	

E

�
�

�
�u, v� � B�μ1	

1 �i� � B�μ2	
2 �j�

�

��
�
�ũ, ṽ� � B�μ1	

1 �i� � B�μ2	
2 �j�

�
��
�
U �μ1	�l� � u, V �μ2	�k� � v

�
��
�
U �μ1	�l̃� � ũ, V �μ2	�k̃� � ṽ

��
�b	
� λA

u λB
v

�1� θ1��1� θ2�
�

λA
mλB

m�W�K1K2

�1� θ1��1� θ2�T1T2
� K1WAλA

m
�1� θ1�T1

�
�

1� λB
mK2

�1� θ2�
�
� K2WBλB

m
�1� θ2�T2

�
1� λA

mK1

�1� θ1�
��

,

(66)

where (a) follows from the union bound, and (b) follows by
noting that there are 5 cases to consider, and by evaluating the
expectation of the indicator functions while recalling WA �
maxv�V ��u : �u, v� � W��, and WB � maxu�U ��v : �u, v� �
W��, λA

m � maxu λA
u , λB

m � maxv λB
v . This implies that

E�S5	 � 2
�1� �1��1� �2�

�
λA

mλB
m�W�K1K2

�1� θ1��1� θ2�T1T2

� K1WAλA
m

�1� θ1�T1

�
1� λB

mK2

�1� θ2�
�
� K2WBλB

m
�1� θ2�T2

�
�

1� λA
mK1

�1� θ1�
��
�
�
u�U

�
v�V

Ωu,vλ
A
u λB

v .

We have the following lemma.
Lemma 11: We have�

u�U

�
v�V

Ωu,vλA
u λB

v �
f1f2

F1F2
.

Proof: Firstly, note that�
u�U
v�V

Ωu,vλA
u λB

v � Tr

��

ρA


1
� �

u�U
λA

u ρ̃A
u

�

ρA


1

�
ρB

1
� �

v�V
λB

v ρ̃B
v

�

ρB


1

�
ρAB

�
.

(67)
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Consider,�
u�U

λA
u ρ̃A

u � Π̂AΠρA

��
u�U

λA
u ΠA

u ρ̂A
u ΠA

u

�
ΠρAΠ̂A

�a	
� Π̂AΠρA

��
u

λA
u ρ̂A

u

�
ΠρAΠ̂A

�b	
� Π̂AΠρAρAΠρAΠ̂A

�c	
� 1

F1
Π̂AΠρAΠ̂A

�d	
� 1

F1
ΠρA .

where (a) follows from the hypothesis ΠA
u ρ̂A

u ΠA
u � ρ̂A

u ,
(b) from the fact that MA is a sub-POVM, and (c) from
the hypothesis ΠρAρAΠρA � 1

F1
ΠρA , and (d) from the

commutativity of Π̂A and ΠρA , where the commutativity
follows from the fact that Π̂A is a cut-off projector on the
subspace determined by ΠρA . This implies that



ρA


1

��
u�U

λA
un ρ̃A

u

�



ρA

1 � 1

F1



ρA


1ΠρA



ρA


1

� f1

F1
ΠρA , (68)

where the last inequality follows by using the hypothesis

ρA


1ΠρA



ρA


1 � f1ΠρA . Using the same arguments for
the operators acting on HB , we have



ρB


1

��
v�V

λB
vn ρ̃B

v

�



ρB

1 � 1

F2



ρB


1ΠρB



ρB


1

� f2

F2
ΠρB . (69)

Using (68) and (69) in (67), gives�
u,v

Ωu,vλA
u λB

v �
f1f2

F1F2
Tr �ΠρA �ΠρB � ρAB

� f1f2

F1F2
Tr ρAB � f1f2

F1F2
,

which is the desired result.

C. Proof of Proposition 4

Fix an arbitrary � � 0, and η, δ � �0, 1� sufficiently small.
Recalling S2�μ̃1, μ̃2�, we have

S2�μ̃1, μ̃2�
� 1

N1N2

�
μ1,μ2

�
zn�

un,vn

����Pn
Z�U,V �zn�un, vn��Pn

Z�U,V

�
zn�e�μ̄1,μ̄2	�un, vn�

�����
�
����
ρ�n

AB

�
A
�μ̄1	
un �B

�μ̄2	
vn

�

ρ�n

AB

����
1

� 1
N1N2

�
μ1,μ2

�
un,vn

γ
�μ̄1	
un ζ

�μ̄2	
vn Ωun,vn

�
�
zn

���Pn
Z�U,V �zn�un, vn� � Pn

Z�U,V

�
zn�e�μ̄1,μ̄2	�un, vn�

����
� 2

N1N2

�
μ1,μ2

�
un,vn

�
�

�un,vn	�T �n�

δ
�U,V 	�

� ��μ̄1,μ̄2	�un, vn�
�

� γ
�μ̄1	
un ζ

�μ̄2	
vn Ωun,vn , (70)

where Ωun,vn and �
�μ̄1,μ̄2	�un, vn� are defined as

Ωun,vn
Δ�Tr

�

ρ�n

A �ρ�n
B


1

�ρ̃A
un � ρ̃B

vn�



ρ�n
A �ρ�n

B


1

ρ�n
AB

�
,

�
�μ̄1,μ̄2	�un, vn�

Δ��
�
#�ũn, ṽn, i, j� :�un, vn� � B�μ̄1	

1 �i��B�μ̄2	
2 �j�, �ũn, ṽn� �

C�μ̄1,μ̄2	
0

T �n	
δ �UV �, �ũn, ṽn� � B�μ̄1	

1 �i� � B�μ̄2	
2 �j�,

�ũn, ṽn� � �un, vn�
�

.

Now we can use the bound S2 � S21 � S22, where

S21�μ̃1, μ̃2�
Δ� 2

N1N2

�
μ1,μ2

�
un,vn

�

�un,vn	�T �n�

δ �U,V 	�
γ
�μ̄1	
un ζ

�μ̄2	
vn Ωun,vn ,

S22�μ̃1, μ̃2�
Δ� 2

N1N2

�
μ1,μ2

�
un,vn

�
�μ̄1,μ̄2	�un, vn�γ�μ̄1	

un ζ
�μ̄2	
vn Ωun,vn .

We begin by bounding the term corresponding to S21.
Consider the following argument.

1
Ñ1Ñ2

�
μ̃1,μ̃2

S21�
sP-1��
sP-2�

�
����� 1
Ñ1Ñ2

�
μ̃1,μ̃2

S21�
sP-1��
sP-2� �
�

�un,vn	�T �n�
δ �UV 	

un�T �n�
δ �U	,vn�T �n�

δ �V 	

2λAB
un,vn

�����
�

�
�un,vn	�T �n�

δ �U,V 	

2λAB
un,vn

�a	
� 2

�
un�T �n�

δ �U	

�
vn�T �n�

δ �V 	

���λAB
un,vn � �
sP-1��
sP-2�

� 1
N̄1N̄2

�
μ̄1,μ̄2

γ
�μ̄1	
un ζ

�μ̄2	
vn Ωun,vn

���� �
�un,vn	�T �n�

δ �UV 	

2λAB
u,v

�b	
� 2S̃1 � 2

�
�un,vn	�T �n�

δ �UV 	

λAB
un,vn ,

where

S̃1
Δ�
�����id�M�n

A �M�n
B ��Ψρ

RAB��n

� 1
N̄1N̄2

�
μ̄1,μ̄2

�id� �M �μ̄1	
1 	 � �M �μ̄2	

2 	��Ψρ
RAB��n

����
1

,

(a) follows by applying the triangle inequality, and (b) follows
from Lemma 5. Note that in S̃1, the average over the entire
common information sequence �μ̄1, μ̄2� is inside the norm.
Using the Lemmas 2 and 4, and the proof of Theorem 7, for
any � � �0, 1�, and any η, δ � �0, 1� sufficiently small, and any
n sufficiently large, if

R̃1 � I�U ; RB�σ1 , R̃2 � I�V ; RA�σ2 ,

R̃1 � 1
n

log�N̄1� � S�U�σ3 , R̃2 � 1
n

log�N̄2� � S�V �σ3 ,

(71)
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then E�S̃1	 � �. Consequently, we have

1
Ñ1Ñ2

�
μ̃1,μ̃2

E

�
S21�μ̃1, μ̃2��
sP-1��μ̃1, μ̃2��
sP-2��μ̃1, μ̃2�

�
�4�.

Now considering the term S22, using a simplification similar
to (66) we obtain

E

�
�
�μ̄1,μ̄2	�un, vn���Un,�μ1��l	�un���V n,�μ2��k	�vn�

�
� 5 λA

unλB
vn

�1� ε�2�1� ε��2 2
n�I�U ;V 	
3δ1	2n�R̃1
R1	2n�R̃2
R2	.

Substituting this in the expression for S22 gives

E�S22	 � 10
2
n�I�U ;V 	
3δ1	2n�R̃1
R1	2n�R̃2
R2	

�1� η�2�1� ε�2�1� ε��2
�
�

un,vn

Ωun,vnλA
unλB

vn

� 10
2
n�I�U ;V 	
3δ1
δAB	2n�R̃1
R1	2n�R̃2
R2	

�1� η�2�1� ε�2�1� ε��2 ,

where the second inequality above uses arguments similar to
Lemma 11. Therefore, if

R̃1 � R̃2 �R1 �R2 � I�U ; V �σ3 � 3δ1 � δAB � δ, (72)

then we have E�S22	 � 10 2�nδ

�1�η	2�1
ε	�1
ε�	 � �, for all
sufficiently large n. Hence

1
Ñ1Ñ2

�
μ̃1,μ̃2

E�S2�μ̃1, μ̃2��
sP-1��μ̃1, μ̃2��
sP-2��μ̃1, μ̃2���5�,

for all sufficiently large n, if (71) and (72) are satisfied.

D. Proof of Proposition 5

We bound +S as +S � +S2 � +S3 � +S4, where

+S2
Δ�
����� 1
N1N2

�
μ1,μ2

�
i�0



ρ�n

AB

�
ΓA,�μ1	

i � ΓB,�μ2	
0

�

�



ρ�n
ABPn

Z�U,V �zn�un
0 , vn

0 �
����
1

,

+S3
Δ�
���� 1
N1N2

�
μ1,μ2

�
j�0



ρ�n

AB

�
ΓA,�μ1	

0 � ΓB,�μ2	
j

�
�



ρ�n
ABPn

Z�U,V �zn�un
0 , vn

0 �
����
1

,

+S4
Δ�
���� 1
N1N2

�
μ1,μ2



ρ�n

AB

�
ΓA,�μ1	

0 � ΓB,�μ2	
0

�
�



ρ�n
ABPn

Z�U,V �zn�un
0 , vn

0 �
����
1

.

Analysis of +S2: We have+S2�
sP-1��
sP-2�

� �
sP-1��
sP-2�
1

N1N2

�
μ1,μ2

�
zn

Pn
Z�U,V �zn�un

0 , vn
0 �

�
�����



ρ�n
AB

��
i�0

ΓA,�μ1	
i � ΓB,�μ2	

0

�

ρ�n

AB

�����
1

�a	� �
sP-1��
sP-2�
1

N1N2

�
�

μ1,μ2

�����



ρ�n
AB

��
un

A
�μ1	
un � ΓB,�μ2	

0

�

ρ�n

AB

�����
1

� �
sP-1��
sP-2�
1

N1N2

�
�

μ1,μ2

�
un

����
ρ�n
AB

�
A
�μ1	
un � ΓB,�μ2	

0

�

ρ�n

AB

����
1

�b	
� 1

N1N2

�
μ1,μ2

����
ρ�n
B ΓB,�μ2	

0



ρ�n

B

����
1

� 1
N2

�
μ2

������
vn

λB
vn ρ̂B

vn �
�
vn



ρ�n

B B
�μ2	
vn



ρ�n

B

�����
1

�c	
� 1

N2

�
μ2

������
�
vn

λB
vn ρ̂B

vn � �1� ε��
�1� η�

1

2nR̃2

2nR̃2�
k�1

ρ̂B
V n,�μ2��k	

������
1

� 1
N2

�
μ2

�
vn

ζ
�μ2	
vn

��ρ̂B
vn � ρ̃B

vn

��
1'((((((((((((((((()(((((((((((((((((*

�S22

, (73)

where (a) uses the fact that
�

i�0 ΓA,�μ1	
i � �un A

�μ1	
un ,

(b) uses the fact that under the event ��
sP-1� � 1�, we have�
un A

�μ1	
un � I , and Lemma 3. Finally (c) follows from adding

and subtracting an appropriate term. Regarding the first term
in (73) using Lemma 8 we claim that for for any � � �0, 1�, any
η, δ � �0, 1� sufficiently small, and any n sufficiently large, the
term can be made smaller than �, if R̃2 � I�V ; RA�σ2 , where
σ2 is as defined in the statement of the theorem. Note that the
requirement we obtain on R̃2 here was already imposed earlier
in Proposition 3. And as for the second term, we use the gentle
measurement lemma and bound its expected value as

E

�
1

N2

�
μ2

�
vn

ζ
�μ2	
vn

��ρ̂B
vn � ρ̃B

vn

��
1

�

�
�

vn�T �n�
δ �V 	

λB
vn

�1� η�
��ρ̂B

vn � ρ̃B
vn

��
1
� � �S2 ,

where the inequality is based on the repeated usage of
the average gentle measurement lemma by setting � �S2 �
�1
ε�	
�1�η	 �2

�
ε�B � 2

�
ε�B� with � �S2 ! 0 as n � "

and ε�B � ε�p � 2
�

ε�p and ε�B � 2ε�p � 2
�

ε�p

for ε�p
Δ� 1 � min

�
TrΠρB ρ̂B

vn , TrΠvn ρ̂B
vn , 1� ε�

�
. Hence

E

�
S̃2�
sP-1��
sP-2�

�
� 2�.

Analysis of +S3: Due to the symmetry in +S2 and +S3, the
analysis of +S3 follows very similar arguments as that of +S2

and hence we skip it.
Analysis of +S4: We have+S4�
sP-1��
sP-2�

� �
sP-1��
sP-2�
1

N1N2

�
μ1,μ2

�
zn

Pn
Z�U,V �zn�un

0 , vn
0 �

�
����
ρ�n

AB

�
ΓA,�μ1	

0 � ΓB,�μ2	
0

�

ρ�n

AB

����
1
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�
�
sP-1�
N1N2

�
μ1,μ2

����
ρ�n
AB

�
ΓA,�μ1	

0 � I
�


ρ�n
AB

����
1

�
�
sP-1��
sP-2�

N1N2

�
μ1,μ2

�
vn

����
ρ�n
AB

�
ΓA,�μ1	

0 �B
�μ2	
vn

�

ρ�n

AB

����
1

,

(74)

where the inequalities above are obtained by a straight forward
substitution and use of triangle inequality. With the above
constraints on R̃1 and R̃2, we have 0 � ΓA,�μ1	

0 � I and
0 � ΓB,�μ2	

0 � I . This simplifies the first term in (74) as

1
N1N2

�
μ1,μ2

����
ρ�n
AB

�
ΓA,�μ1	

0 � I
�


ρ�n
AB

����
1

� 1
N1

�
μ1

����
ρ�n
A

�
ΓA,�μ1	

0

�

ρ�n

A

����
1

.

Similarly, the second term in (74) simplifies using Lemma 3
as

�
sP-1��
sP-2�
N1N2

�
μ1,μ2

�
vn

����
ρ�n
AB

�
ΓA,�μ1	

0 �B
�μ2	
vn

�

ρ�n

AB

����
1

� 1
N1

�
μ1

����
ρ�n
A

�
ΓA,�μ1	

0

�

ρ�n

A

����
1

.

Using these simplifications, we have

+S4�
sP-1��
sP-2� �
2

N1

�
μ1

����
ρ�n
A

�
ΓA,�μ1	

0

�

ρ�n

A

����
1

.

The above expression is similar to the one obtained in the
simplification of +S2 and hence we can bound +S4 using the
same constraints as +S2.

E. Proof of Proposition 6

Note that from triangle inequality, we have Q1 � J. Further,
we add and subtract an appropriate term within J and use
triangle inequality obtain J � J1 � J2, where J1 and J2 are
shown at the bottom of the page. Now with the intention of
employing Lemma 8, we express J1 as

J1 ����� �
zn,un,vn

λAB
un,vn ρ̂AB

un,vn�Pn
Z�U,V �zn�un, vn� |vn��vn|�|zn��zn|

� �1� ε�
�1� η�

1
2n�R̃1�C1	

�
μ1,l

�
zn,un,vn

��Un,�μ1��l	�un�
λAB

un,vn

λA
un

� ρ̂AB
un,vn � Pn

Z�U,V �zn�un, vn� |vn��vn|� |zn��zn|
����
1

,

where the equality above is obtained by using the definitions
of γ

�μ1	
un and ρ̂AB

un,vn , followed by using the triangle inequality
for the block diagonal operators, which in fact becomes an
equality. Let us define Tun as

Tun
Δ��

zn,vn

λAB
un,vn

λA
un

ρ̂AB
un,vn�Pn

Z�U,V �zn�un, vn� |vn��vn|�|zn��zn| .

Note that the above definition of Tun contains all the
elements in product form, and thus it can be written as
Tun ��n

i�1 Tui . This simplifies J1 as

J1 �
������

un

λA
unTun � �1� ε�

�1� η�
1

2n�R̃1�C1	

�
μ1,l

TUn,�μ1��l	

�����
1

.

Now, using Lemma 8 we get the following bound. For any
� � �0, 1�, any η, δ � �0, 1� sufficiently small, and any n
sufficiently large, we have E�J1� � � if

R̃1 � C1 � S

��
u�U

λA
u Tu

�
�
�
u�U

λA
u S�Tu� � I�U ; RZV �σ3 ,

(75)

where σ3 �
�

u�U λA
u Tu � |u��u|.

Now, we consider the term corresponding to J2 and prove
that its expectation with respect to the Alice’s codebook is
small. Recalling J2, we get

J2 � 1
N1

N1�
μ1�1

�
un,vn

�
zn

Pn
Z�U,V �zn�un, vn�

�
�����



ρ�n
AB

�
γ
�μ1	
un

λA
un

ΛA
un � ΛB

vn �A
�μ1	
un � ΛB

vn

�

ρ�n

AB

�����
1

� 1
N1

N1�
μ1�1

�
un,vn

γ
�μ1	
un

����
ρ�n
AB

��
1

λA
un

ΛA
un

�



ρ�n
A


1

ρ̃A
un



ρ�n

A


1
�
� ΛB

vn

�

ρ�n

AB

����
1

,

where the inequality is obtained by using triangle and the next
equality follows from the fact that

�
zn Pn

Z�U,V �zn�un, vn� �
1 for all un � Un and vn � Vn and using the definition
of A

�μ1	
un . By applying expectation of J2 over the Alice’s

codebook, we get

E�J2	 � 1
�1� η�

�
un�T �n�

δ �U	

λA
un

�
vn

����
ρ�n
AB

��
1

λA
un

ΛA
un

�



ρ�n
A


1

ρ̃A
un



ρ�n

A


1
�
� ΛB

vn

�

ρ�n

AB

����
1

,

J1
Δ�
�

zn,vn

�����
un



ρ�n

AB

�
ΛA

un � ΛB
vn � 1

N1

N1�
μ1�1

γ
�μ1	
un

λA
un

ΛA
un � ΛB

vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

����
1

,

J2
Δ�
�

zn,vn

�����
un



ρ�n

AB

�
1

N1

N1�
μ1�1

γ
�μ1	
un

λA
un

ΛA
un � ΛB

vn � 1
N1

N1�
μ1�1

A
�μ1	
un � ΛB

vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

����
1

.
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where we have used the fact that E�γ�μ1	
un 	 � λA

un

�1�η	 .
To simplify the above equation, we employ Lemma 3 from
Section IV-B.2 that completely discards the effect of Bob’s
measurement. Since

�
vn ΛB

vn � I , from Lemma 3 we have
for every un � T �n	

δ �A�,�
vn

����
ρ�n
AB

��
1

λA
un

ΛA
un

�



ρ�n
A


1

ρ̃A
un



ρ�n

A


1
�
� ΛB

vn

�

ρ�n

AB

����
1

�
�����



ρ�n
A

�
1

λA
un

ΛA
un �



ρ�n

A


1

ρ̃A
un



ρ�n

A


1
�


ρ�n
A

�����
1

.

This simplifies E�J2	 as

E�J2	 � 1
�1� η�

�
un�T �n�

δ �U	

λA
un

����
ρ�n
A

�
1

λA
un

ΛA
un

�



ρ�n
A


1

ρ̃A
un



ρ�n

A


1
�


ρ�n
A

����
1

� 1
�1� η�

�
un�T �n�

δ �U	

λA
un

���ρ̂A
un � ρ̃A

un

���
1

� �1� ε�
�1� η��2



ε�A � 2



ε�A� � �J2 ,

where the last inequality is obtained by the repeated usage
of the average gentle measurement lemma by setting �J2 �
�1
εp	
�1�η	 �2

�
ε�A � 2

�
ε�A� with �J2 ! 0 as n � " and

ε�A � εp � 2
εp and ε�A � 2εp � 2
εp for εp
Δ� 1 �

min
�
TrΠρA ρ̂A

un , Tr Πun ρ̂A
un , 1� ε

�
. Since Q1 � J � J1 �

J2, hence J , and consequently Q1, can be made arbitrarily
small for sufficiently large n, if R̃1 � C1 � I�U ; RZV �σ3 .

F. Proof of Proposition 7

We start by adding and subtracting the following terms
in Q2

�i�
�

un,vn



ρ�n

AB

�
ΛA

un � ΛB
vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

�ii�
�

un,vn

1
N2

N2�
μ2�1



ρ�n

AB

�
ΛA

un � ζ
�μ2	
vn

λB
vn

ΛB
vn

�

ρ�n

AB

� Pn
Z�U,V �zn�un, vn�

�iii�
�

un,vn

1
N1N2

�
μ1,μ2



ρ�n

AB

�
A
�μ1	
un � ζ

�μ2	
vn

λB
vn

ΛB
vn

�

ρ�n

AB

� Pn
Z�U,V �zn�un, vn�.

This gives us Q2 � Q21 � Q22 � Q23 � Q24, where the
terms on the right hand side are shown at the bottom of the
page. We start by analyzing Q21. Note that Q21 is exactly
same as Q1 and hence using the same rate constraints as Q1,
this term can be bounded. Next, consider Q22. Substitution of
ζ
�μ2	
vn gives

Q22 �
���� �

un,vn,zn

λAB
un,vn ρ̂AB

un,vn � Pn
Z�U,V �zn�un, vn� |zn��zn|

� �1� ε��
�1� η�

1

2n�R̃2�C2	

�
μ2,k

�
un,vn,zn

��V n,�μ2��k	�vn�

� λAB
un,vn

λB
vn

ρ̂AB
un,vn � Pn

Z�U,V �zn�un, vn� |zn��zn|
����
1

,

where the equality uses the triangle inequality for block
operators. From here on, we use Lemma 8 to bound Q22.
For this, let us define Tvn as

Tvn
Δ�
�

un,zn

λAB
un,vn

λB
vn

ρ̂AB
un,vn � Pn

Z�U,V �zn�un, vn� |zn��zn| .

Note that Tvn can be written in tensor product form as
Tvn ��n

i�1 Tvi . This simplifies Q22 as

Q22 �
������

vn

λB
vnTvn � �1� ε��

�1� η�
1

2n�R̃2�C2	

�
μ2,k

TV n,�μ2��k	

�����
1

.

Using Lemma 8, for any � � �0, 1�, any η, δ � �0, 1�
sufficiently small, and any n sufficiently large, we have
E�Q22� � �, if

R̃2 � C2 � S

��
v�V

λB
v Tv

�
�
�
v�V

λB
v S�Tv� � I�RZ; V �σ3 ,

(76)

where σ3 is defined in the statement of the theorem.
Now, we move on to consider Q23. Taking expectation

with respect to the codebook C�μ1,μ2	 � �C�μ1	
1 , C�μ2	

2 � gives
bounds, shown at the top of the next page, where the inequality

Q21
Δ�
�
zn

����� �
un,vn



ρ�n

AB

��
1

N1

N1�
μ1�1

A
�μ1	
un

�
� ΛB

vn � ΛA
un � ΛB

vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

�����
1

,

Q22
Δ�
�
zn

����� �
un,vn



ρ�n

AB

�
ΛA

un � ΛB
vn � ΛA

un �
�

1
N2

N2�
μ2�1

ζ
�μ2	
vn

λB
vn

ΛB
vn

��

ρ�n

ABPn
Z�U,V �zn�un, vn�

�����
1

,

Q23
Δ�
�
zn

����� �
un,vn



ρ�n

AB

�
ΛA

un �
�

1
N2

N2�
μ2�1

ζ
�μ2	
vn

λB
vn

ΛB
vn

�
� 1

N1N2

�
μ1,μ2

A
�μ1	
un � ζ

�μ2	
vn

λB
vn

ΛB
vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

�����
1

,

Q24
Δ�
�
zn

����� �
un,vn

1
N1N2

�
μ1,μ2



ρ�n

AB

�
A
�μ1	
un � ζ

�μ2	
vn

λB
vn

ΛB
vn �A

�μ1	
un �B

�μ2	
vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

�����
1

.
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E �Q23	 � EC

� �
zn,vn

1
N2

N2�
μ2�1

ζ
�μ2	
vn

λB
vn

������
un



ρ�n

AB

�
ΛA

un � ΛB
vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

�
�
un



ρ�n

AB

�
1

N1

�
μ1

A
�μ1	
un � ΛB

vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

�����
1

�

� EC1

#$ �
zn,vn

1
N2

N2�
μ2�1

EC2

�
ζ
�μ2	
vn

�
λB

vn

������
un



ρ�n

AB

�
ΛA

un � ΛB
vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

�
�
un



ρ�n

AB

�
1

N1

�
μ1

A
�μ1	
un � ΛB

vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

�����
1

�

� EC1

� �
zn,vn

1
�1� η�

������
un



ρ�n

AB

�
ΛA

un � ΛB
vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

�
�
un



ρ�n

AB

�
1

N1

�
μ1

A
�μ1	
un � ΛB

vn

�

ρ�n

ABPn
Z�U,V �zn�un, vn�

�����
1

�

� E

�
J

�1� η�

�
,

is obtained by using the triangle inequality, and the first equal-
ity follows as C�μ1	

1 and C�μ2	
2 are generated independently.

The last equality follows from the definition of J as in (53).
Hence, we use the result obtained in bounding E�J	 in the
proof of Proposition 6.

Finally, we consider Q24.
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�

un,vn
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���� 1
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�
A
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�
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1

ρ̃B
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B


1
��


ρ�n
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����
1

� 1
N2

�
μ2

�
un,vn

ζ
�μ2	
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�����
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AB

�
1

N1

�
μ1

A
�μ1	
un � 1

λB
vn

ΛB
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�

ρ�n

AB

�



ρ�n
AB

�
1

N1

�
μ1

A
�μ1	
un �

�

ρ�n

B


1

ρ̃B
vn



ρ�n

B


1
��


ρ�n
AB

�����
1

,

where the inequalities above are obtained by substituting in
the definition of B

�μ2	
vn and using multiple triangle inequalities.

Taking expectation of Q24 with respect to the second codebook
generation, we get

EC2

�
Q24�
sP-1��
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�
��
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�
un

vn�T �n�
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λB
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�����
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� 1
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�
μ1

A
�μ1	
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λB
vn
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� 1
N1

�
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A
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�
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1

ρ̃B
vn
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1��

ρ�n
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�����
1

�a	
�

�
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�1� η�
����
ρ�n

B

�
1
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ΛB
vn

�



ρ�n
B


1

ρ̃B
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ρ�n

B


1
�


ρ�n
B

����
1

�
�

vn�T �n�
δ �V 	

λB
vn

�1� η�
��ρ̂B

vn � ρ̃B
vn

��
1

�b	
� �1� ε��
�1� η� �2



ε�B � 2



ε�B� � �Q24 , (77)

where (a) follows by using Lemma 3 and the
fact that under the event ��
sP-1� � 1� we have�

un
1

N1

�
μ1

A
�μ1	
un � I , and (b) uses the result

based on the average gentle measurement lemma by
setting �Q24 � �1
ε�	

�1�η	 �2
�

ε�B � 2
�

ε�B� with �Q24 ! 0
as n � " and ε�B � εp � 2
εp and ε�B � 2εp � 2
εp, for

εp
Δ� 1�min

�
Tr ΠρB ρ̂B

vn , TrΠvn ρ̂B
vn , 1� ε�

�
. This completes

the proof for Q24 and hence for all the terms corresponding
to Q2.
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