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ABSTRACT

A pleated membrane filter consists of a porous membrane layer, which is surrounded by two supporting layers, and the whole structure is
pleated and placed into a cylindrical cartridge. Pleated membrane filters are used in a variety of industrial applications, since they offer more
surface area to volume ratio that is not found in equivalent flat filters. In this work, we introduce a novel three-dimensional model of a
pleated membrane filter that consists of an empty region, a pleated region, and a hollow region. The advection diffusion equation is used to
model contaminant concentration in the membrane pores along with Darcy’s law to model the flow within the membrane and support layers,
while the Stokes equation is used for the flow in the empty region and the hollow region. We further use the key assumptions of our model
based on small aspect ratios of the filter cartridge and the pleated membrane to simplify the governing equations, which can be easily solved
by numerical methods. By performing these steps, we seek to discover an optimal pleat packing density to find the optimum filter perfor-
mance, while not exceeding a threshold for the particle concentration at the filter outlet.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0102940

I. INTRODUCTION

At the most fundamental level, filtration is the process of passing
a fluid through a porous medium in order to remove unwanted par-
ticles from the feed solution.' * The porous layers of media in a filter
are known as membranes, which are responsible for the separation of
contaminants from a fluid feed solution. Performance of a filter can be
affected by many different factors such as the internal structure of the
membrane and the membrane pore geometry. The porous membrane
of a filter gradually becomes fouled as the separation of particles from
the fluid takes place and this results in a higher resistance to the flow.
To compensate for the increase in resistance, more energy or a higher
pressure gradient is needed in the system. The most common and typ-
ical fouling mechanisms are adsorption, complete blocking, intermedi-
ate blocking, and cake formation, which have been studied by many
researchers until now."”*

Membrane filters—essentially, thin sheets of a porous medium
which act as filters—find widespread use for filtration applications
such as water treatment,' various purification processes in the biotech
industry,””"" removing impurities from the blood in kidney dialy-
sis,' " and beer clarification.'*"” Other applications include fruit juice
processing,'® recycling micro-organism,"” and enhanced oil recov-
ery,'”* among many others."” Here, we expand on a couple of these

applications. The process of extracting crude oil and other natural
resources from the earth often results in an abundance of impurities
such as suspended solids, oil, and sulfides being present in the
extracted resource.”” The mining of crude oil can be performed in dif-
ferent ways, from horizontal and vertical drilling, to hydraulic fractur-
ing. Regardless of the method of extracting the crude oil, the process
includes several steps, one of which includes utilizing pleated filtration
systems to get rid of the impurities present.”’ The global demand for
water resources has led to an immoderate exploitation of our resources
resulting in dangerous amounts of wastewater being emitted into our
environment. Some examples of industrial applications that generate
these copious amounts of wastewater are the textile industries and the
vegetable oil refinery process.' In the process of treating, oil and water
mixtures, conventional methods such as biological treatments, gravita-
tional separation, and dissolved air flotation all prove to be insufficient.
Membrane filtration has proven to be a useful alternative in the oil
refinery process because of the advantageous characteristics mem-
brane filter possess such as easy separation, efficient oil removal, and
low energy costs, to name a few. Utilizing membrane filtration for oil
refinery has its weaknesses, however; one main disadvantage that may
arise while utilizing a membrane filtration system to treat oil mixtures
is fouling. Over the filter’s life cycle, particles and other impurities will
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accumulate and result in a higher resistance in the system. Fouling
makes a filtration system more costly because of the materials needed
for cleaning the membrane and in some cases replace the entirety of
the membrane filter.”"*

Pleated membrane filters are a type of filter in which the filter
media are pleated, commonly around a cylindrical cartridge in order
to provide a high amount of surface filtration area. They are widely
used in fields such as virus removal,” air ventilation systerns,24 agri-
culture,” nuclear air filtration,”® pulse-jet cleaning,27 and wastewater
treatment.”* Cylindrical pleated membrane filter cartridges at the most
basic level consist of an empty region surrounding a pleated mem-
brane region as well as a hollow region at the center for outflow. They
are designed so that a fluid can enter the pleated membrane radially
from an outside inlet and once filtered, exit out of the cartridge from
its hollow region at the outlet. The pleated membrane is also sup-
ported by two additional porous layers on either side, known as the
support layers, which are more thicker, porous and as by design, they
are not meant to capture particles over time.”””’ Together, each of
these three layers are pleated and packed along the cartridge to form a
pleated membrane region that filters impurities from the fluid. Pleated
filters are unique in the way that their high surface area to volume ratio
is much higher than flat non-pleated membrane filters with equivalent
surface area.”' Larger membrane surface area yields benefits such as
lower flux (which increases capacity and lifespan) and smaller hous-
ings, which are less expensive, take less time to manufacture, and are
easier to handle from lower steaming and cooling times.””"* However,
the performance of a pleated membrane filter is inferior when com-
pared to a flat unpleated with the same membrane surface area.””"”
This stems from several factors such as the additional resistance to the
overall system due to the pleat packing density as well as the support
layers and the complex fluid dynamics within the pleated membrane.
This raises the question of how to optimize the filter cartridge geome-
try and the pleat packing density in such a way that the filter yields
maximum performance.

Recent works™ """ attempted only to answer the part of the
above question using simplified models that focused on a two-
dimensional flow as well as solely advective particle transport flow
through the membrane. As a result, the models did not include any
variation along the filter cartridge axial direction, and the effects of
contaminants diffusion were neglected. Practically, in a slow filtration
process, or during the late stages of filtration when the flow rate is nat-
urally very low due to a high level of fouling, particle diffusion could
play an important role.””°

In this paper, we develop a mathematical model that caters for
the mentioned extensions by including two additional regions as
shown in Figs. 1(a) and 1(b): (a) the empty region, where the flow
enters the cartridge and then passes into the pleated region; and (b)
the hollow region, which is a central hollow duct for outflow. We
model the flow within these two regions by the Stokes equations in
axisymmetric cylindrical coordinates. In our investigation, we focus on
pleated filters with high pleat packing density (PPD), so that the air
gaps between adjacent pleats are assumed to be insignificant. For the
pleated region, which consists of a membrane and two support layers,
we distinguish the support layers from the membrane by incorporat-
ing cylindrical coordinates with angular dependency. The flow in the
support layers is modeled by Darcy’s law, while the Stokes equation in
axisymmetric cylindrical coordinates is used to model the flow within
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the membrane internal pores. The flow equations within these five
regions will be simplified by using asymptotic analysis based on the
small aspect ratios of the membrane and cartridge.

In addition, we consider the mass transport of the diluted par-
ticles in the feed through the membrane. The fouling occurs within
the membrane; therefore, its performance deteriorates with time and,
as a result, the membrane permeability decreases. The flow equations
within the membrane described above are coupled to the advection—
diffusion equation for the contaminant transport and then simplified
by asymptotic analysis using the small aspect ratios of membrane pore
geometry. The results are used to optimize the filter pleat packing den-
sity in order to maximize the pleated membrane filter performance
based on the total amount of filtered fluid and the retention rate.

This paper is organized as follows: in Sec. II, we introduce a
mathematical model for the pleated membrane regions and describe
the filter cartridge geometry. In Sec. III, the governing equations of
flow and transport are introduced. In Sec. IV, we introduce appropri-
ate scalings for the flow regimes of interest as well as particle transport
to nondimensionalize the models from Sec. IT1. Then, in Sec. V, we use
asymptotic analysis based on the filter cartridge and the pleated mem-
brane region small aspect ratios to simplify the governing equations
introduced in Sec. I'V. Afterwards, we present a summary of our mod-
els and a numerical method to solve them in Sec. VI. Then, we show
the results of simulations that address filtration performance; specifi-
cally, the particle retention and the amount of filtrate fluid are calcu-
lated and analyzed in Sec. VII. Finally, we conclude and summarize
our modeling results in Sec. VIII and provide some insight into real-
world applications as well.

Il. MATHEMATICAL DESCRIPTION

We consider the transport of fluid (or solute) through a cylindri-
cal pleated filter cartridge with characteristic height L. A typical pleated
filter cartridge consists of an empty region, a pleated region, and a cen-
tral hollow region of radii R,, R,,, and Ry, respectively. We assume
Re, Ry, Ry < L,y =R, /LK1 and set d = (R, — R,,)/Ry. As
illustrated in Fig. 1(a), the flow enters from the bottom of the empty
region and then moves into the pleated region to be filtered and finally
exits out of the bottom of the hollow region. We use an axisymmetric
cylindrical coordinate system (r, 0, z) to represent the filtration flow
problem in the empty region and hollow region, where r, 0, and z
denote the radial, azimuth, and axial directions, respectively. Figure
1(b) shows the cross-sectional view of the cylindrical pleated filter in
Fig. 1(a). The flow in the pleated region is more complicated and
should be modeled more carefully as discussed below.

The pleated region consists of a membrane and two porous sup-
port layers. As mentioned in the introduction, we restrict our attention
to pleated filters with tightly packed pleats (high PPD); such that we
may assume that the membrane region is occupied by either a porous
support material or a membrane with no air gaps. To further simplify
the geometry, we consider pleated membrane filters composed of an
identical array of uniformly distributed pleats around the entire filter
cartridge. Figure 1(c) illustrates what a single pleat would look like in a
cylindrical pleated filter while Fig. 1(d) indicates how the geometry is
idealized in our model by neglecting the folded part of the membrane
and assuming symmetry about the centerline of the pleat. The flow
enters the outer support layer from the empty region and then passes
through the membrane and leaves the inner support layer to exit out
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Pleated membrane region

Pleated membrane region
Empty region Hollow region
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Symmetry Support layer +
Support layer +

Support layer — Support layer —

(c) (d)

FIG. 1. (a) Schematic diagram of a pleated filter cartridge with height L, containing a hollow duct with radius Ry, a pleated membrane with the pleat length of R, — Ry, and an
empty region with radius R.. Orange arrows indicate the flow direction. (b) Cross-sectional view of a pleated filter cartridge. The z-axis is perpendicular to the page. (c)
Schematic of a single pleat, assumed to repeat periodically. Gray corresponds to support layers, and green represents the membrane (in reality much thinner than the support
layers). Radial symmetry (black dashed line) is assumed about centerline of the pleat. Orange arrows indicate the flow direction. (d) Idealized geometry (half the pleat of a
tightly packed pleated filter with support layers and membrane occupy the whole space without any air gaps) to be considered in our model with the same color coding as (c).
Orange arrows indicate the flow direction. () Schematic diagram of the membrane pore structure with initial equal-sized radius a(r, y, z, t) contained within a trapezoidal prism
of dimensions 2W x 2W x Dy, (r), and the membrane consists of a periodic array of such trapezoidal prisms. Orange arrows indicate the flow direction.
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from the hollow region, indicated by the orange arrows in Fig. 1. The
outer and inner support layers are called, the support layers plus and
minus as represented by + and —, with permeabilities ky+ and k-,
respectively. Since the pores of both support layers are much larger
than those of the membrane, the permeability of the support layers kg
(for i € {4, —}) is assumed to be constant in both space and time ¢,
which means no fouling occurs in these layers. The membrane is a
thin filter sheet used to remove the undesired particles, which has
thickness D,,(r), length R,, — Ry, and height L along the y, r, and z
axes, respectively, as shown collectively in Figs. 1(a), 1(d), and 1(e). In
addition, we assume the typical membrane thickness is D,,. We con-
sider the mass transport of the diluted particles with concentration ¢ in
the feed through the membrane. The fouling occurs within the mem-
brane; therefore, its performance deteriorates in the course of time and
as a result, the membrane permeability k,, evolves as a function of
space and time. We assume the pleated membrane lies periodically
between y = —D,,(r)/2 and y = D,,(r)/2. It is sandwiched between
two support layers and pleated at angles of 20,, and 20;, which are the
pleat angles for the membrane and support layers, respectively [see
Fig. 1(d), which also shows D,,(r) = 2rsin 0,,]. Based on the pleated
filter region geometry, we assume 6 = 0,,/0; < 1, and the membrane
consists of pores with radius a(r, y, z,t) to be arranged in a series of
trapezoidal prisms, which we approximate them with a series
of repeating lattice of dimensions 2W x 2W x D,,(r) as shown in
Fig. 1(e). Note that we neglect the curvature of the cartridge for the
membrane. The membrane pores are assumed to be narrow and long
and, hence, have a small aspect ratio, ie., € = W/Dm < 1. This
assumption implies that there are sufficiently a large number of pores
in the membrane that they may be considered as continuously distrib-
uted with radius a(r,y,z,t). The flow and particle transport within
the membrane pores are represented in an axisymmetric cylindrical
coordinates (p, @, y).

The typical thickness of the support layers is represented by D,
which lies between the thickness (arc length) of the tip and valley of
the support layers, ie., 20,R; < Dy < 20,R,,. Then the number of
pleats in the cylindrical filter is defined as V' = 7/0;. Note that 0, is
restricted such that A" is a positive integer. We also assume that the
support layers are much thicker than the membrane layer but
much smaller than the pleat length, i.e., D,, < D; < R,, — R;,. We
distinguish the support layers from the membrane layer by incor-
porating cylindrical coordinates with angular dependency,
(r,0,z), while the membrane layer is described by the axisymmet-
ric radial and axial directions with an additional direction indicat-
ing the depth through the membrane layer, i.e., (7, y, z) as shown
in Fig. 1(e).

Since no fouling occurs in the empty region and the hollow
region, we only consider the transport of particles due to a combina-
tion of diffusion, advection, and fouling within the pleated membrane.
Adsorption of particle (fouling) occurs at different rates within the
pleated membrane, depending on the local particle concentration and
flow. The flow enters to the empty region of the filter cartridge along
R, < r <R, at z=L with constant inlet pressure P, and exits from
the hollow region along 0 < r < Ry, at z= L with constant outlet pres-
sure 0. The pressure drop drives the fluid through the pleated region,
and a particular quantity of interest is the total throughput through
the filter cartridge and the amount of particle concentration in the
filtrate, which will be explained in detail later.

scitation.org/journal/phf

lll. GOVERNING EQUATIONS

We now outline the governing equations for each of the three
regions of the pleated filter cartridge: the empty region, the pleated fil-
ter region (consists of a support layer plus region, a membrane, and a
support layer minus region), and the hollow region.

A. Empty region

Since no fouling occurs in the empty region, we do not need to
model the particle transport in this region; therefore, we only focus on
the fluid flow. Additionally, since we consider pleated filter with high
pleat packing density, the azimuthal dependence of the fluid velocity
in the empty (as well as hollow) region is asymptotically small and
may be neglected despite the azimuthal dependence of the geometry in
the membrane region. The details of the asymptotic analysis based on
small limit of 6, are omitted here for brevity. Therefore, we describe
the flow in the empty region by the incompressible axisymmetric
Stokes equations in cylindrical coordinates (r, 0, z), as

Vp. = Hvzuev
in Ry <r <R,

V-u, =0,

1
0<z<I, W

where y is the dynamic viscosity of the fluid and p, and u, are the flow
pressure and velocity in the empty region, respectively. Note that
u, = (u,,0,w,), where u, and w, denote the radial and axial velocities,
respectively. The specified inlet pressure at the bottom of the empty
region, no flux at the top of the cartridge, and no slip velocity at the
cartridge housing wall are some of the boundary conditions for the
pressure and velocity in the empty region, which are

”e|z:0 =0, ue‘r:Re =0, (2)

pe'z:L = Ppo,

respectively. There are more boundary conditions for the empty region
and the pleated region interface, which will be introduced later.

B. Pleated region

We model the flow through the pleated region by Darcy’s law
along with the continuity equation for the support layers in (7,0, z)
coordinates. Considering the flow pressure and velocity ps and ug (for
i € {+, —}) for the support layers, we have

ki
Ui = — s Vpsx, V-ou, =0,
u
. 3
Ui = (us‘vvsivws‘)7 S {+77}7 ( )
in R,<r<R,, 0,<0/<0, 0<z<L.

The boundary conditions for the empty region and pleated
region interface are

pe'r:Rm = Pst |r:Rm ’ Ue |r:Rm = ¢u5+ |r:Rm ’
ow, - (4)
81’ r=R,,

= \/T? (we — Ws+)‘r:Rm7

where ¢ is the local pleated membrane porosity’” and is assumed to
be constant. The last boundary condition represents a non-vanishing
tangential slip velocity at the interface,”” *” where « is a dimensionless
slip constant that depends on the surface properties. Note that it is dif-
ficult to measure the slip coefficient «. This boundary condition
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describes the physical flow phenomena in laminar flow fields above
permeable blocks by the theoretical and experimental research.’”"’
The importance of the slip-boundary condition (4) is that it describes
a slip velocity in the main flow direction at the interface between the
porous support layers and the outer flow stream and is also consistent
with flow phenomena.” In addition, the boundary conditions for the
support layers follow as:

Ops+ —o, Ops+ _o,
Or |, 90 [y, )
8p5+ —0 6p5+ —0
Oz z=0 ’ Oz z=L ’
Ops- Y Ops- —o,
or |,_g, 90 Jo—_p, 6)
aps Ips _
oz |, = 0z |

where 0, is the pleat angle at the support layer. These boundary condi-
tions are related to the no flux conditions at the tips (r = R;,) and val-
leys (r = R,,) of the pleated region, the symmetry lines in the support
layers (see Fig. 1), and the no flux condition at the top (z = 0) and bot-
tom (z=1) ends of the cartridge. The boundary conditions for the
pleated region and the hollow region interface will be given later.

Due to the small aspect ratio of membrane pores, we consider the
flow through the membrane to be unidirectional in the y direction
along the membrane pores’ depth [see Fig. 1(e)] with pressure and
velocity p,, and u,,, respectively, and follows Darcy’s law and continu-
ity equation:” >

Kk Opm  Ouy, 4
Mm(r,t)szi, LZO, km: ™ )
u Oy dy 32W? @)
. Dy, (1) DM(")
in Ry<r<R, - 2 <y< 2 ,0<z<1L,

where k,, is the membrane permeability and is related to the local pore
radius a by the Hagen—Poiseuille formula.”” Note that the dimensional
membrane permeability k,, has dimension length square. In addition,
the continuity of flux between the support layers and membrane gives

- k5+ lapr o kr 15)}7:*
m — — - - 9
wr a0 o=t wr a0 =tz (8)
R, <r<R,, 0<z<L.

The flow within the membrane pores is assumed to be axisym-
metric in the cylindrical coordinates (p, ®,y), and the flow velocity
uy, = (up,0,w,) links with the cross-sectionally averaged velocity of
the fluid within the pore V), and superficial Darcy velocity u,, by

1 a (21
V, = —ZJ [ lup| rdOdr, 4W*u,, = na*V, )
mas Jo Jo

and satisfies the Stokes equations

Vp, = uViu,, V-u, =0,
in 0<p<a, R,<r<R,, (10)
Py <P o<zl

scitation.org/journal/phf

where p,, is the flow pressure within a pore. The boundary conditions
for the pressure at the membrane and support layers interface as well
as no slip velocity condition on the membrane pores walls are

Poly_owes = Potlo_ts  Ppl,_ o = P lg—m,

11)
up-t\ _, =0,

u,-nl,_, =0,

where n = ‘v(‘ Al and ¢ are the unit normal and tangent vectors to
the membrane pores walls, respectively.

In order to model the mass transport of the particles in the feed
through the membrane pores, we consider an axisymmetric
advection-diffusion equation in the cylindrical coordinates (p, @, y)
for the particle concentration c,

Oc —
E—i—V~Qp:07 Q, = —EVc+uye,

in 0<p<a, Ry<r<Ry, (12)
_sz(r) gygD'”z(r), 0<z<I,

where Q, is the total particle flux and = is the diffusion coefficient of
particles in the feed solution. We assume the particle concentration is
constant at the membrane inlet and continuity of particle concentra-
tion at the bottom and wall of the pore. Physically, the first boundary
condition could correspond to our filter inlet (or membrane inlet since
no fouling can occur in the empty region) being in contact with a very
large reservoir containing a very small concentration of the particles.
Imagine that the reservoir is so large that, even when some of the par-
ticles diffuse into the membrane, the concentration within the reser-
voir stays approximately constant. The detailed justification can be
found in Ref. 3. Mathematically, the boundary conditions may be
expressed as

Oc
C‘}' D,,, Cg, - = 07
0y |y (13)

Qp : n‘p:a = _Ac|p:u7

where Cy and A are the particle concentration at the membrane pore
inlet and the particle-wall attraction coefficient (or stickiness coeffi-
cient, describing particles deposition on the pores wall), respectively.
Following earlier works,”*” the rate of local pore radius shrinkage is
proposed to proportional to the local concentration of particles.
Specifically, we assume the local pore cross-sectional area shrinks at a
rate proportional to the particle-wall attraction coefficient A, the void
fraction of particle locally (17c, where # is an effective particle volume),
and the local pore circumference available for particles to adhere to

d(na*) da Oa
T 2na5 = —Anc(2ma) <= rTie —Anc,
14
in Rh S r S er _sz(r) S J’ S sz(r) bl ( )
0<z<L.

This equation simply says that the pore cross-sectional volume
per unit depth shrinks at a rate given by the total volume of par-
ticles deposited locally.”** The initial pore radius is prescribed, and
we assume the membrane consists of identical cylindrical pores
initially, i.e.,
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a(r,y,z,t =0) = ay. (15)

C. Hollow region

Similar to the empty region, we utilize the Stokes equations in
cylindrical coordinates (r, 0, z) without any angular dependency for
the hollow region, i.e.,

Vph = .uvzulﬁ
in 0<r<Ry,

V'llh:(),

16
0<z<L, (16)

where p;, and uy, are the flow pressure and velocity in the hollow
region, respectively. Note that u, = (uy,0,wy,), where u;, and wy,
denote the radial and axial velocities, respectively. The boundary con-
ditions for the pleated region and the hollow region interface are

pS’ |r=Rh = Ph |r=R;,7 d)us’ |r=R;1 = Un ‘r:R;ﬂ

owy, - (17)
r =——=(wn — Wr)|r:th

r=Ry, \4 kS*
and the boundary conditions for the hollow region follow:

(9Wh
phlz:L = 07 uh'zzO = 07 uherO = Or =0. (18)
r=0

IV. NONDIMENSIONALIZATION

To reduce the number of independent parameters, we use the fol-
lowing scalings to nondimensionalize the model (1)-(18) for the
empty region, pleated and hollow regions given in Secs. [T A-III C,

respectively,
pi:POﬁﬂ le {e,s*,m,sf,h},
O~ .

(r7 07z) = L<6m?’f97z)’

eLPy, . .
(w;,w;) = 2 0 (emtti, w;), i€ {e h},
KPy .. . . .
(ug, vi, wg) = HT(uS;,vS,,emwsf)7 ie{+,—}
m

(pvvam(r)) = Dm(eplbaj’vbm(?))v

w .
s = W(a,ay), =Co¢, t=-—t, 1
(a,a0) (a,ao), ¢ oC AiCo (19)
713P()‘/V2 R N N ~
Uy, Wy, Uy, V) = ———=—(€plhp, Wy, U, V),
(thp, Wp i, V) 32qu(PP > tims Vp)
~ L2€4 ~
p=dud do=—" ki=k =k=Kk
P A _ P W? ; e L
m — 32 my - 323,“ 0 — \/E’
B 7R, W? ,_64,uA[~)fn
T 32K0.D,,  amPyW3’

where hats demonstrate the dimensionless variables. We assume the
permeability of the support layers is equal, i.e., ks+ = k- = k. Here, K
is the average support layer permeability in the radial direction, Pe is
the Péclet number, defined as the ratio of advective transport rate to
that of diffusive, I" is the scaled measure of the relative importance of
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the resistance of the packing material to that of the membrane,™"*

and / is the dimensionless particle-wall attraction coefficient."’
According to Tables I and I, we assume

Ry Ry _ R —R,
em—L<<l7 l—Rm, d= R
w 0,
=<1, 6=—<1, (20)
D,, 0s
¢0 = 0(1)7 Pe = 0(1)7 0o Z O(Em)

In addition, for simplifying the equations, we assume D,, ~ 2R,, sin0,,
as a consequence of D, (7) = 7.

A. Empty region
We use scalings (19) in (1) and (2) and then drop hats to obtain

the dimensionless model for the empty region as

ope Zlg( 8ue>
Or_emrar r(?r te

2
4 Oue 5 U,

€
" 0z2 my2?

Ope :lg (rawc) e O*w,

0z ror\ Or " 9z2 (21)
10 ow,
;E(rue)—b—gzo,

in 1<r<1+d, 0<z<1

with the boundary conditions

Pelor =1, te|,mg = Wel,_g =0,

(22)
telr—11a = Welr—14a =0

B. Pleated region

Similarly, we nondimensionalize (3)-(15) by using the scalings
given in (19) to obtain

TABLE . Dimensional parameter valugs.”® 346

Parameter Description Typical value
L Length of the pleats 02—-05m
R, Radius of the empty region 3—4.5cm
Ry, Radius of the hollow region 1—-1.5cm
Ry, Radius of the membrane region 2—3cm
D Support layer thickness 1 mm

D,, Membrane thickness 300 um

0, Support layers pleat angle n/5 — 1/540
0, Membrane pleat angle 7/50 — /5400
Py Pressure drop 10 — 100 kPa
K Average support layer permeability 10" m?
2w Width of repeating lattice 4.5 um

U Viscosity of feed 0.001 Pa's

A Particle-wall attraction coefficient Unknown

=) Diffusion coefficient 1071 — 1075 m% !
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TABLE II. Dimensionless parameter values.”® %% 4645

Parameter Formula/Description Typical value
e R,/L 0.04 — 0.15
d (Re — Ryp) /Ry 0.03 — 1.25
! Ry,/Ry, 0.5
A 0,/ 05 0.1
6 W/D,, 0.0075
103 Pleated membrane porosity 0.01 — 0.9
Pe (rPyW?2)/(32Eu) 1—10°
A Slip constant 0.01 —1
% e La/VK 1—100
A (64pAD2) [ (rPyW?) Unknown; value 2 used
N /0 5 — 540
r (nR,,W?)/(32K0,D,,) 0.01 — 100
k (1800,) /n 0.33 - 36
Opy 1 kOpg opsi
I A AN
10 Ops k1&g , 0 (23)
ror <rk ar) M= kg =0
ie{+ -}, in I<r<1, 6<0/<1, 0<z<I,

with the boundary conditions for the empty region and pleated region
interface

Pely—y = Pstlmrs  ttelmy = Puer]iy,
ow, % . €m » (24)
or r=1 Em\/E( ‘ ¢0 ’ ) r:17
and the boundary conditions for the support layers
Ops: Ops+
=0 =0
or|,_, 7 00|,
(25)
Ops+ =0 Ops+ B
Oz |,y = Ozl
ops- ops-
=1 =0 =0
or r=1 7 o0 0=—1 ’
(26)
Ops- Ops-
=0, =0.
Oz z=0 Oz z=1

The dimensionless Darcy’s law, continuity, and membrane per-
meability (7) become

P5*|9:,é _ps+|9:i
um = %7 km = a b

2 dy

27
Jﬁw@) @7)
in [<r<1, 0<z<1,

and the continuity of flux between the support layers, membrane and
membrane pores, Egs. (8) and (9), respectively, give the dimensionless
membrane Darcy’s velocity u,, and the cross-sectionally averaged
fluid velocity within the pores V,, as

scitation.org/journal/phf

w L KkOp

0°’T'r 90

1 kops-

0°T'r 90

)
=4

s
072

1 21 ra
Vp = @L L 1/612)1/!127 + w%rdrd@, 4u,, = nanP. (29)

The dimensionless Stokes flow within the membrane pores and
the associated boundary conditions are obtained from (10) and (11) as

apy 218<8up)+482ue 5 Up
Lr_ 22,

op ~ Ppop\Pap) TP ap T Pp

apy 10 [ dw)\ W,

O 10 ([ 0w |

oy~ pop\"op Poyr”
10 +8wp 0 (30)
—— pu —_— 5
pop ) T gy

in 0<p<a, I<r<I,

—l<y<i o<z<n,
2 2

=0. (31)
p=a

da da
—up+epa—yvp =0 epa—yup+vp
p=a

We consider a quasi-static assumption, which stems from the
fact that the membrane pores evolve on a much longer timescale com-
pared to that of the transport of the fluid flow through the membrane
pores. With this assumption, the particle transport (12) simplifies to

1 (10 [0Oc +282c u6c+W8c
2 (= 228 =y = i
e2Pe \ pdp \9p P oy2 Pop Ty’
in 0<p<a, I<r<l1, (32)
—I<y<i, 0<z<l,
2 2
with boundary conditions
o, =1 % =
=3 dy y=—t o)
Lo 1o
6 Pedp Pedydy . p=a

Furthermore, (14) and (15) give the dimensionless pore radii
shrinkage

da
ot
in 0<p<a,

e,
I<r<i, (34)
r r

—-<y<-, 0<z<],

2 2

and the initial pore radii

a(r,y,z,t =0) = ag, (35)

respectively.

C. Hollow region

Finally, the dimensional equations (16)-(18) for the hollow
region model given in Sec. 111 C are nondimensionalized as
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Oph 12< 8uh> 8 2 up
)

a m 72
Opn _ 12(%) 2 Pwn (36)
0z ro or mo9z2
(9 awh
T )+ =0,

with the boundary conditions for the pleated and the hollow regions’
interface

pS*'r:l :ph|r:l7 (]51/15 |r 1= uh'r I
w0 (L e, (37)
or r=I Em\/E ! ¢0 ’ r:l’
and the boundary conditions for the hollow region
ph‘z:l = 07 ”h|z:0 = Wh'zzO = 07
owy, (38)

Unl,—g = or

V. ASYMPTOTIC ANALYSIS

We perform an asymptotic analysis for the empty region and the
hollow region by introducing a perturbation expansion of dependent
variables in power of the slenderness parameter €,, < 1

x:x0+€m-x1 +€3nx2+"'7 X € {ue7uhapeaph}' (39)

Additionally, for the support layers and membrane pores, we
utilize
_ 2 4
x=xo+ 0x; + 0%+ -+,

x €{ug,ps}, i€{+,—} (40)

and

x:xo—O—epxl—O—ef,xz—l—m, x € {up,py, c}, (41)

respectively, where 0; < 1and ¢, < 1.

A. Empty region

Substituting the expansion (39) into the first part of (21) gives
that the pressure is independent of r to leading order in ¢, ie.,
Pey = Pe, (z). With this, the second part of (21) and the boundary con-
ditions for the axial velocity in the empty region given in the third part
of (22), along with the leading order of the third boundary condition

in (24) (which is w,, |,_; = 0), we obtain
Ldpe, [ 5 1-(144d)°
o = -9 (2 —149lnr), y=——" (42
Wo =g (Pl gy = (@)

Then (42) along with the third part of (21) and the rest of bound-
ary conditions in (22) give

— dzpeo
Uey = 7% (T’) dz2 )
M(r) = r(rZ —2+4+9y2lnr— 1)) (43)
—(l%d)z[(ler)z—zﬂ(zln(Hd)_ 1)].
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B. Pleated region

Using the expansion (40) for the support layer plus region into
the second part of (2%) gives that the pressure is independent of 0, i.e.,
ps; (r,z). We apply J"() ,d0 to O(0?) of the second part of (23) along
with the second COIldlthIl in (25) to obtain

(92245
2) or or/) rao|,
We then use the leading order of (27) and (28) in (44) to arrive at

EE——
2) Or or /2 dy (P~ Ps)

J—V/Z at(y)

= —Tuy,. (45)

(44)

In addition, by plugging the leading order of the first part of (23)
and the middle boundary condition of (24) into (43), we arrive at

GPSO ~ M(1)d%p,, (46)
8r —,  16¢ dz2 -’
Similarly, for the support layer minus region, we obtain
TR -
or or Jr/z dy (Psy —Psy)
—r/2 at ()/)
= —Tuy,. (47)

Note that, at the leading order, the cross-sectionally averaged
velocity of the fluid within the pore and Darcy velocity (29) simplifies
as

1 21

Vo= JO L wpy rd0dr, 4y = 7aVy. (48

For the membrane layer, substituting the expansion (41) into the

first part of (30) gives that the pressure is independent of p to the lead-

ing order in €, i€, pp, = pp, (). With this, the rest of (30) and the
boundary conditions given in (31), we obtain

8 9Py,
=0 = @)
29 3 > 0Py
=—— 2
Up, nay ((,0 a p) ) ) ( )
49
Jr/zi)/
y a
Pro 7ps§ + (Pso pso) /2 dy,
J.—r/ZF

Similarly, after some manipulation,”

transport (32) and (33) simplify to

182C0
L
Pe 0y? + < o

to the leading order in €, with boundary conditions

the particle concentration

0l =0 50
Pea dy PR (50)

2 10a\ dcy A
dy a
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8C0
ol =1, =2 =o. (51)
V=3 0 =t
Finally, (34) and (35) become
da
i —co, a(y,r,0,z,t =0) = ao. (52)

Note that reduction of (32) to (50) is valid not only for Pe = O(1)
but also for all Pe < 0(1/6}27).

C. Hollow region

Similar to what we did in Sec. VA, in the leading order,
(36)-(38) simplify to

_ldpn o p
Wi =7 Iz (2 —1), (53)
1d?
Up, = T d‘ZZhO r(r? — 21%), (54)
8}730 13 dzphn
*or | T 16g a2 59

VI. SUMMARY AND NUMERICAL METHOD

By subtracting (45) and (47) and then integrating over r two
times, we find a relation between the leading order pressures in the
support layers, p+ and ps;

T /

=—p; +B J iy (56)
Ps; = =Pt 8 ) 9
where Bg(z) and By(z). The leading orders of the first parts of both
boundary conditions in (25) and (26) along with (46), (55), and (56)
give the equation for Bg(z) as

M) &pe, _  I* dpa,

g = ——— =

169 dz2  16¢ dz?

(57)

The boundary conditions for (57) can be obtained from the lead-
ing orders of the first and second parts of both (22) and (38) as

U

pﬁo'zzl = 17 az = 07

z=0 (58)

z=0

_ o 9P,
pho'zzl - 07 82

)

where the second parts of both (22) and (38) are related to no flux
condition at the top of cartridge. Solving (57) and (58) gives

Po = 3175 (F&) = FD) 1

pro =~ (k) F(1),

(59)

where
F(z) = E JZI Bg(Z")dZ" dZ', F(0) =F'(0) = 0. (60)

In addition, we use (56) in (45) to obtain a boundary value prob-
lem for p,; as

92y
2)or \"or 2 dy P

r Todr’
+ 2 dy Bg | k() + By | =0. (61)
J—r/z a40/)

The boundary conditions for (61) can be obtained from the first
parts of the boundary conditions in (24)-(26) and (37) along with (56)
and (58) as

Ops+ 16
20 ple = (B — F(1) + 1.
ar |, M) .
| _ﬁ(p()_p(l))+3 Os|  _ By
Pl = Yool k)

Our model consists of various dimensional and dimensionless
parameters shown in Tables I and II, respectively, with typical ranges
of values in practice. Although a high level of variability or uncertainty
in some parameter values such as A is noted in Table I, in practice
users and filter membrane manufacturers should together be able to
provide values or estimates for the particle wall attraction coefficient A
listed in Table T for specific applications. In practice, it is difficult to
estimate A and will require preliminary experiments. Methods, such
as fluorescence microscopy,”” with particles in the feed suspension
fluorescently tagged, can be used to estimate A by comparing solutions
of Eq. (14) to experimental images that reveal the density and location
of particles trapped within the filter.” Given the number of parameters,
many will be held fixed in this investigation. Our numerical scheme is
based on second-order accurate finite difference spatial discretization
of (50), (51), and (60)-(62) in y, z, and r accordingly with a simple
first-order implicit time step in the pore radius shrinkage equation
(52), and trapezoidal quadrature to find the integrals in (56), (60), and
(61). The solution scheme for this system is straightforward:

1. For given d, I, 9, ¢, Pe, I, J, k(r, z) and assigned a(r, y,z,0) = ao
at t = 0, solve (60)—-(62) to obtain P> Bg, and B,.

2. Use these resulting values into (56) to find p;; .
D5 Psy and (47) gives u,,, and then find V},, from (48).

3. Use V), to solve (50) and (51) for c,.

. Update the membrane pore radii in (52).

5. Return to step (1) and repeat until the membrane pore radii
a— 0.

I

VIl. RESULTS

In this section, we present and analyze simulation of the models
summarized in Sec. VI, focusing on how filtration performance
depends on the key parameters governing the particle transport and
pleat packing density. The Péclet number Pe measures the ratio of
advective to axial-pore diffusive transport. At low Pe numbers, axial-
pore diffusion becomes appreciable. On the other hand, at larger Pe
numbers, purely advection phenomena should become more promi-
nent. Our model contains three dimensionless parameters that affect
the pleat packing density (see Table 11): A, the number of pleats in
the filter cartridge; I', measures the relative importance of the resis-
tance of the packing material (the supporting material) to that of the
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membrane; and k, the support layer permeability function is assumed
constant but depends on how tightly compressed the pleats are.
Higher pleat packing density indicates the supporting material pro-
vides most of the overall system resistance, whereas if the pleat packing
density is lower the membrane contributes most of the overall system
resistance.””””

There are several quantities that can be used to evaluate mem-
brane performance. First, we define the average membrane porosity
¢(z, t), which is averaged across the pore length [—1/2,1/2] and the
radial direction of the membrane ([ < r < 1),

o (L2
o =53] | @eyzna (63
4))ap
The total dimensionless volumetric flux Q(t) through the pleated
membrane filter is given by

1 pl
o) :J J Vi (1,2, 1) dr dz, (64)
0Jl

and the volumetric throughput V(t), represents the total cumulative
volume of filtrate processed by time ¢, is defined as the time integral of
the volumetric flux Q(t),

V(t) = r Q(t)dt'. (65)

Another important performance metric is the averaged particle
concentration at the downstream side of the membrane y = —1/2,

Cavg (1) is defined as
11 1
J J Vpoc(r,ff,z, t) drdz
0Ji 2 .

Q(t)

Note that this represents the averaged particle concentration in
the filtrate at any given time.

To examine the effect of advection and axial-pore diffusion on
the filtration efficiency, we vary the Péclet number Pe = (nPyW?)/
(32Ep), here assumed to vary due to changes in the dimensional diffu-
sion coefficient Z. Figure 2 illustrates pore radius evolution as a func-
tion of dimensionless pore length y, at various times during the
filtration process at two different (r, z) locations in the pleated mem-
brane region, for two values of Péclet number with parameter values as
given in the figures’ captions. Note that, we assume Pe = (nPyW?)/
(32Ep) is constant throughout each simulation; however, as time passes
and the filter performance deteriorates via a combination of fouling
mechanisms, the particle diffusion becomes significant. In other words,
in a slow filtration process or during the late stages of filtration when
the flow rate is naturally very low due to high level of fouling, particle
diftusion plays a more important role. At this point, assuming Pe = 1 is
physical and logical. For the case when axial-pore diffusion is compara-
ble to advection (Pe= 1), we observe that the pore radius shrinks in
time throughout the pore due to fouling with the most rapid pore
shrinkage at the upstream of the pore, y= 0.5, for both selected loca-
tions: top-center of the pleated membrane, (r,z) = (0.75,0) [Fig. 2(a)]
and bottom-center of the pleated membrane, (r,z) = (0.75,1)
[Fig. 2(b)]. Since the rate of particle transport is increased due to the
presence of axial-pore diffusion effect [see Eq. (50)] which enables more

(66)

Carg (1) =

ARTICLE scitation.org/journal/phf

fouling further downstream of the pore. For the case where particle
transport is dominated by advection (Pe — c0), the pore shrinkage at
the upstream of the pore, y= 0.5, is much more rapid while the down-
stream portions of the pore remain minimally [Fig. 2(c)] to moderately
[Fig. 2(d)] used for particle removal, reflecting the fact that the pores
foul primarily at the upstream side due to the dominant mode of parti-
cle transport changes from the faster advection-diffusion to the slower
advection-dominated [see Eq. (50)]. This is especially true for pores
located at the top of the membrane filter, (r,z) = (0.75,0), as demon-
strated in Fig. 2(c). In both cases, we note that there is nearly no r varia-
tion in the evolution of pore radius in the pleated membrane region.
Thus, we presented only selected results (center of membrane, r=0.75)
to illustrate different types of pore evolution our model can exhibit.
Therefore, we can conclude that for designing the pleated membranes
operating under high Péclet numbers, the filter membrane pores should
be wider at the upstream side in order to use most of the membrane for
the particle separation.””

To gain insight into the evolution of the porosity of the mem-
brane due to the effect of particle transport, in Fig. 3, we graph the
average porosity ¢(z,t) [see the definition in (63)] as a function of
dimensionless filter height z at various times throughout the evolution
for two different values of Pe with parameter values as given in the fig-
ure caption. Figure 3(a) reveals that, when axial diffusion and advec-
tion are comparable (Pe=1), ¢(z,t) decreases in time and remains
relatively uniform along the filter height z over the entire duration of
the simulation with only slightly lower value near the bottom of the
filter, z=1. The results here are consistent with those presented in
Figs. 2(a) and 2(b); in particular, the presence of axial-pore diffusion
enables a more uniform fouling in the filter-axial direction. When the
particle transport becomes advection-dominated (Pe — oc0), however,
we see that ¢(z, t) decreases in time at a much slower rate [see Fig.
3(b)]. We also observe that ¢(z,t) remains nearly uniform near the
top of the filter, z=0 and monotonically decreases with the filter
height z. Again, the effect of axial-pore diffusion increases the rate of
particle transport, which enables more fouling to occur further down-
stream of the pore, resulting in overall lower average porosity through-
out the filter.

Two common important characterizations of filter membrane
performance are to plot the total instantaneous flux of filtrate through
the membrane [see (64)] and the averaged particle concentration
remain in the filtrate [see (66)] against the cumulative filtrate through-
put at that time [see (65)]. Figures 4(a) and 4(b) show the dimension-
less flux Q(t), and instantaneous particle concentration in the filtrate
Cavg (1) as functions of the dimensionless throughput V(t), respectively,
as the Péclet number Pe varies from 1 (particle transport by advection
and axial diffusion) to oo (particle transport by advection only) with
parameter values as given in the figure caption. Note that V(¢) is a
monotonic increasing function of time ¢, with V(0) = 0, so the same
trends will be observed when these functions are plotted against time t.
Increasing Pe leads to increased final total throughput V() and sig-
nificant decreased initial average particle concentration in the filtrate
Cavg (0). Presumably this is because when Pe is small, the feed suspen-
sion transits the pleated membrane filter too rapidly due to the addi-
tional axial-pore diffusion effect, resulting in less total throughput and
larger instantaneous averaged particle concentration remaining in the
filtrate. However, for large values of Pe (the axial diffusion becomes
mild and eventually ceases when Pe — 00), the slower feed suspension
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FIG. 2. Pore radius a(r, y, z,t) as a function of dimensionless pore length y, at selected times up to final time #, for ' = 90, I' = 2.5, and k=2 at two selected locations
for two values of Péclet number: (a) (r, z) = (0.75, 0), top-center at the pleated membrane region and Pe =1, (b)(r, z) = (0.75, 1), bottom-center in the pleated membrane
region and Pe =1, (c) (r, z) = (0.75, 0), top-center at the pleated membrane region and Pe — oo, (d)(r, z) = (0.75, 1), bottom-center in the pleated membrane region and
Pe — oo. Other parameters are d=0.5,/=0.5, = 0.1, ¢ = 0.5,and 1 = 2.
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FIG. 3. Average porosity ¢(z, t) as a function of dimensionless filter height, z, at selected times up to final time t;, for two different values of Péclet number: (a) Pe =1 and (b)
Pe — oo, with A = 90, T = 2.5 and k= 2. Other parameters are d=0.5,/=0.5, 6 = 0.1, ¢ = 0.5,and 1 = 2.
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FIG. 4. Results for four different values of Péclet number Pe: (a) total flux Q(f) and (b) instantaneous averaged particle concentration in the filtrate ¢, (f) as functions of
throughput V(t), with A" = 90, I = 2.5, and k = 2. Other parameters are d= 0.5, /=05, = 0.1, ¢ = 0.5,and 2 = 2.

remains within the pleated membrane filter long enough to allow
more particles adhere to the pores at a faster rate, causing quicker pore
shrinkage at the upstream side [see Figs. 2(c) and 2(d)]. This could
play an important role in the design of pleated membrane at the pore
(micro) scale level.

The question every manufacturer wants answered is: What is the
optimum pleat packing density that yields maximum performance
while minimizing the energy required to operate the device (i.e., mini-
mize the pressure drop)? For our model, this question translates to:
What is the optimal number of pleats A" that gives the maximum total
throughput while maintains an acceptable initial average particle con-
centration in the filtrate? As shown in Table II, variation in 0, affects
three dimensionless parameters simultaneously: the number of pleats,
N = 1/0;; the dimensionless measure of the resistance of the packing
material to that of the membrane, I = (nR,,W?)/(32K0,D,,); and
the dimensionless support layer permeability, k = (1800;) /7. Recall
that the permeability of the support layer is assumed to be constant in
time; however, varying the pleat angle 0, induces the change in the

Increasing Pe

Total throughput, V(t)
<o bt -
> > e o

<
~

=
o

0 100 200 300 400 500
Number of pleats, N

(a)

permeability of the support layer spatially. We demonstrate the effect
of pleat packing density by varying 0.

Figure 5 shows total throughput V() and initial average particle
concentration in filtrate ¢4,,(0) vs the total number of pleats A for
several different values of Pe. We find that an optimal total number of
pleats " exists that maximizes the total throughput V(t;) for all values
of Pe considered, as shown in Fig. 5(a). The presence of the maximum
total throughput could be explained as follows: as the number of pleats
N is increased, there is a corresponding increase in the total surface
area of the entire pleated membrane, which, in turns, leads to an
increase in the total throughput and total system resistance as well.
However, as we continue to increase the number of pleats A/ the
increased (pleated) supporting material imparts excessive filter resis-
tance, tending to lower the total throughput. Thus, total throughput
will eventually decrease once N increases beyond a certain value.

In Fig. 5(b), we observe that the initial averaged particle concen-
tration in filtrate c,,,(0) decreases monotonically with . This makes
sense for high pleat packing density filter, since most of the system
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FIG. 5. (a) Total throughput V(t;) and (b) initial averaged particle concentration in the filtrate ¢, (0) as functions of the number of pleats, A/, for five different values of Péclet

number Pe. Other parameters are d=0.5,/=0.5, 0 = 0.1, ¢ = 0.5,and 1 = 2.
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resistance comes from the porous support layers that surround the
pleated membrane (see Fig. 1), increasing the total number of pleats N
increases the amount of supporting material, which increases the flow
resistance across the whole system and, hence, helps reduce the number
of particles that can pass through the membrane. This figure also shows,
for larger values of number of pleats A (over 200), the initial averaged
particle concentration in the filtrate c,, (0) reaches steady state despite
the values of Péclet number Pe. In other words, pleated filters with too
high pleat packing density (PPD) are not efficient at least for removing
the initial averaged particle in the filtrate. Note that as N — oo, the
dimensionless measure of the resistance of the packing material to that
of the membrane I' — oo (see Table IT), meaning that the membrane
resistance is less compared to the packing material resistance; therefore,
the membrane is not capable of removing additional particles.

In Fig. 6, we plot the total throughput as a function of the Péclet
number Pe for three different values of V. The results show that the
total throughput increases as Pe increases for all values of N consid-
ered. For brevity of presentation, the results for the other values of N/
(which show the same trend) are not shown here. Observe that the
total throughput is significantly higher when the PPD is neither too
high (large \V) nor too low (small \V), suggesting that the PPD plays a
very important role in the overall performance and the maximum
throughput can be achieved when the value of N is intermediate.
Note that N' =76 is the optimal value that maximizes the total
throughput for finite values of Pe [see Fig. 5(a)].

VIIl. CONCLUSIONS

In summary, we have used asymptotic methods to derive and
analyze a mathematical model for fluid and particle transport in a
pleated membrane filter. In particular, we have included the effects of
particle axial-pore diffusion, pleated filter geometry, and pleat packing
density to quantify the filtration performance in pleated filters, which
were not considered in previous studies.””"""*"*

Throughout our analysis, the focus has been on the design of
pleated membrane filters. This included (i) understanding how the
membrane internal pore structure and morphology affect the filter per-
formance under certain operating conditions and (ii) expressions to

1.6 R TSP T T RS

Total throughput, V(ty)

0-8' 1 L sl L
3

Péclet number, Pe

FIG. 6. Total throughput V() as a function of the Péclet number Pe for three dif-
ferent values of A, Other parameters are d=0.5, [=0.5, 5 = 0.1, ¢ = 0.5, and
A=2
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relate the desired pleat packing density (in our model, the optimal range
of numbers of pleats) that optimize the performance in terms of total
throughput while maintaining an acceptable level of particle retention.

Our results in Figs. 2(c) and 2(d) show that for the filtration pro-
cess operating under a high Péclet number regime, the membrane
pore closure mainly occurs at the upstream side, while the rest of pore
remains minimally used. This means that in real applications, we must
discard and replace the membrane, even if a large proportion of the
membrane remains unused. Hence, it is efficient to have a membrane
structure resulting in a uniform final porosity or pore profile, meaning
that most part of the filter is being used to remove particles.””
Therefore, we can conclude that for the design of pleated membrane
filters operating under high Péclet numbers, the membrane pores
should be wider at the upstream side to allow this area of the pore to
have removed more particles.

The results of our investigation in Fig. 5 indicate that changing
the number of pleats (pleat packing density) appears to have a signifi-
cant impact on the overall performance and operating cost (more total
throughput and less energy used in the filtration process). Specifically,
we found that by increasing the number of pleats, the total throughput
in the final filtration process also increases. However, a very large
number of pleats packed in the pleated filter (corresponds to very high
pleat packing density) will inhibit the total throughput due to excessive
resistance stemming from the overly packed support layers.

The model we have presented should be useful in the future
design of pleated filter membranes and offers a deeper understanding
of the filtration process in these filters; however, we have made several
simplifying assumptions and are open to improvement in a number of
areas. First, the particle transport is simplified compared to real-world
filtration scenarios. In most applications, particle transport generally
involves complex variable diffusion coefficients such as non-uniform
flow field and spatially variable diffusion. Although it is frequently
modeled using the constant diffusion coefficient, it would be interest-
ing and highly relevant to extend the current framework to capture
these features. Second, the fouling mechanism considered in this work
is adequate to capture standard adsorptive fouling. Our model can be
readily expanded to a generalized one to allow for multiple fouling
mechanisms (see, for example, the work by Sanaei and Cummings’).
Finally, the current membrane morphology (pore structure and con-
nectivity) is modeled using a series of initial identical cylindrical pores,
and there are more complex morphologies that could be included in
our model (see, for example, the work by Gu et al.,”” Griffiths ef al.,””
and Sanaei and Cummings™").
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