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ABSTRACT. Variational integrators have traditionally been constructed from the perspective of La-
grangian mechanics, but there have been recent efforts to adopt discrete variational approaches
to the symplectic discretization of Hamiltonian mechanics using Hamiltonian variational integra-
tors. In this paper, we will extend these results to the setting of Hamiltonian multisymplectic
field theories. We demonstrate that one can use the notion of Type II generating functionals
for Hamiltonian partial differential equations as the basis for systematically constructing Galerkin
Hamiltonian variational integrators that automatically satisfy a discrete multisymplectic conserva-
tion law, and establish a discrete Noether’s theorem for discretizations that are invariant under a
Lie group action on the discrete dual jet bundle. In addition, we demonstrate that for spacetime
tensor product discretizations, one can recover the multisymplectic integrators of Bridges and Re-
ich, and show that a variational multisymplectic discretization of a Hamiltonian multisymplectic
field theory using spacetime tensor product Runge-Kutta discretizations is well-defined if and only
if the partitioned Runge-Kutta methods are symplectic in space and time.
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2 MULTISYMPLECTIC HAMILTONIAN VARIATIONAL INTEGRATORS
1. INTRODUCTION

Variational integrators have become an important class of geometric numerical integrators for the
simulation of mechanical systems, and provides a systematic method of constructing symplectic
integrators. The variational approach has numerous benefits, the first of which is that the resulting
numerical integrators are automatically symplectic, and if they are group-invariant, then they
satisfy a discrete Noether’s theorem and preserve a discrete momentum map. In addition, it can
be shown that the order of accuracy is related to the best approximation properties of the finite-
dimensional function spaces and the order of the quadrature rule used to construct the variational
integrator [17].

However, the variational integrator approach has traditionally been applied to Lagrangian formu-
lations of mechanical systems, as summarized in Marsden and West [30], and the development of
Hamiltonian variational integrators has been less extensive. The notion of Hamiltonian variational
integrators was first introduced in Lall and West [22] as the dual formulation of a discrete con-
strained variational principle, but it did not provide an explicit characterization of the discrete
Hamiltonian in terms of the continuous Hamiltonian and the corresponding discrete Noether’s the-
orem, which was introduced in Leok and Zhang [26]. This involves constructing the exact Type
IT/Type IIT generating functions for the Hamiltonian flow of a mechanical system, which can be
viewed as the analogue of Jacobi’s solution of the Hamilton—Jacobi equation. The variational error
analysis result for Hamiltonian variational integrators was established in Schmitt and Leok [40],
and methods based on Taylor expansions were developed in Schmitt et al. [41].

Hamiltonian variational integrators also find application in discrete optimal control and discrete
Hamilton—Jacobi theory, and it was shown in Ohsawa et al. [35] that the Bellman equations of
discrete optimal control are the lowest order approximation of a continuous optimal control problem
arising from a particular choice of Hamiltonian variational integrator. The Poincaré transformed
Hamiltonian was used independently by Hairer [15] and Reich [36] as a means of constructing
time-adaptive symplectic integrators, and an adaptive approach based on Hamiltonian variational
integrators was developed in Duruisseaux et al. [12]. The Hamiltonian approach is necessary in this
case as many monitor functions result in Poincaré transformed Hamiltonians that are degenerate,
for which no Lagrangian analogue exists.

In the setting of Lagrangian and Hamiltonian partial differential equations, multisymplectic in-
tegrators that can be viewed as generalizations of symplectic integrators for mechanical systems
to field theories were introduced from a Lagrangian perspective in Marsden et al. [31], and from
the Hamiltonian, but non-variational perspective, in Bridges and Reich [6]. Our approach to con-
structing a variational description of multisymplectic integrators for Hamiltonian partial differential
equations is based on the notion of generating functionals for multisymplectic relations that was
introduced in Vankerschaver et al. [44].

The advantage of the discrete variational principle approach is that it automatically yields multi-
symplectic integrators, and exhibit a discrete analogue of Noether’s theorem. Furthermore, they
naturally lend themselves to Galerkin discretizations that allow for the systematic construction of
multisymplectic integrators by choosing a finite-dimensional approximation space for sections of the
configuration bundle, and a numerical quadrature rule. In addition, group-invariant discretizations
that exhibit a discrete Noether’s theorem can be constructed from finite-dimensional approxima-
tion spaces that are equivariant with respect to the Lie symmetry group that generates the relevant
momentum map.

1.1. Lagrangian and Hamiltonian Variational Integrators. Geometric numerical integration
alms to preserve geometric conservation laws under discretization, and this field is surveyed in the
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monograph by Hairer et al. [16]. Discrete variational mechanics [25; 30] provides a systematic
method of constructing symplectic integrators. It is typically approached from a Lagrangian per-
spective by introducing the discrete Lagrangian, Lg : @@ x @ — R, which is a Type I generating
function of a symplectic map and approximates the exact discrete Lagrangian, which is constructed
from the Lagrangian L : TQ) — R as

h
(1.1) L (q0, 13 h) = ext yec2(o.n.0) / L(q(t), q(t))dt,
q(0)=qo,q(h)=q 0

which is equivalent to Jacobi’s solution of the Hamilton—-Jacobi equation. The exact discrete La-
grangian generates the exact discrete-time flow map of a Lagrangian system, but, in general, it
cannot be computed explicitly. Instead, this can be approximated by replacing the integral with a
quadrature formula, and replacing the space of C? curves with a finite-dimensional function space.

Given a finite-dimensional function space M"([O h]) C C?([0,h],Q) and a quadrature formula
G:C*[0,h],Q) = R, G(f) = h ity bif(cih) fo t)dt, the Galerkin discrete Lagrangian is

La(qo,q1) = ext gemm(on)y 9(L(q,4)) = ext gemm(o,n) hz L(q(cjh), d(c;h)).
q(0)=qo,q(h)=q1 q(0)=qo,q(h)=q1

Given a discrete Lagrangian Ly, the discrete Hamilton—Pontryagin principle imposes the discrete
second-order condition q,i = qg 41 using Lagrange multipliers py.y1, which yields a variational prin-

ciple on (Q x Q) xo T*Q,

d [Zk a(aks ) +Z Pk+1 (ghs1 — q,i)] =0.

This in turn yields the implicit discrete Fuler—Lagrange equations,

(12> QIi = q2+17 Pk+1 = DQLd(qgv%i)a Pk = _DlLd(qqui)a

where D; denotes the partial derivative with respect to the i-th argument. Making the identification
QG = q2 = q,i_l, we obtain the discrete Lagrangian map and discrete Hamiltonian map which are

Fr,: (qk-1,q%) — (@& qr+1) and FLd : (qrs pk) — (Qr+1,Pr+1), respectively. The last two equations
of (1.2) define the discrete fiber derivatives, ]F‘Lf QX Q—T%Q,

FL} (qks qk+1) = (@1 DaLa(qi, qrt1))
FL, (qr, qr+1) = (qks —D1La(qr, qet1))-

These two discrete fiber derivatives induce a single unique discrete symplectic form €, = (FL?)*Q,
where () is the canonical symplectic form on T*@), and the discrete Lagrangian and Hamiltonian
maps preserve {1y, and €2, respectively. The discrete Lagrangian and Hamiltonian maps can be
expressed as Fr, = (]FL;)_1 o JFL; and F, = JFL; o (]F'L;)_l, respectively. This characterization
allows one to relate the approximation error of the discrete flow maps to the approximation error
of the discrete Lagrangian.

The variational integrator approach simplifies the numerical analysis of symplectic integrators.
The task of establishing the geometric conservation properties and order of accuracy of the discrete
Lagrangian map Fr, and discrete Hamiltonian map Fy, , reduces to the simpler task of verifying
certain properties of the discrete Lagrangian L, instead.

Theorem 1.1 (Discrete Noether’s theorem (Theorem 1.3.3 of [30])). If a discrete Lagrangian Lq
is invariant under the diagonal action of G on @ x Q, then the single unique discrete momentum
map, Jr, = (IFL?IE)*J, is invariant under the discrete Lagrangian map Fp,,, i.e., deJLd =Jr,-
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Theorem 1.2 (Variational error analysis (Theorem 2.3.1 of [30])). If a discrete Lagrangian Lq
approrimates the exact discrete Lagrangian Lg to order p, i.e., Lg(qo,q1;h) = Lf(qo,ql;h) +
O(hPTY), then the discrete Hamiltonian map Fp, is an order p accurate one-step method.

The bounded energy error of variational integrators can be understood by performing backward
error analysis, which then shows that the discrete flow map is approximated with exponential
accuracy by the exact flow map of the Hamiltonian vector field of a modified Hamiltonian [4; 42].

Given a degenerate Hamiltonian, where the Legendre transform FH : T*Q — TQ, (q,p) — (g, %—;I),
is noninvertible, there is no equivalent Lagrangian formulation. Thus, a characterization of varia-
tional integrators directly in terms of the continuous Hamiltonian is desirable. This is achieved by
considering the Type II analogue of Jacobi’s solution, given by

tk+1
+,E .
Hy ™ (s 1) = €Xb(g 1) e ([t tra]. 77 Q) [p(tm)Q(tkH) - / [pq — H(q,p)] dt]
a(tk) =k p(tk+1)=Pk+1 b
A computable Galerkin discrete Hamiltonian Hj is obtained by choosing a finite-dimensional func-
tion space and a quadrature formula,

Hi (qo,p1) = ext  gemn(jo,n) [pﬂ](h) - hzj_l bjlp(cih)q(cih) — H(Q(th%p(cjh))]} :
q(0)=q -
(q(th),p(thf)eT*Q

Interestingly, the Galerkin discrete Hamiltonian does not require a choice of a finite-dimensional
function space for the curves in the momentum, as the quadrature approximation of the action in-
tegral only depend on the momentum values p(c;h) at the quadrature points, which are determined
by the extremization principle. In essence, this is because the action integral does not depend on
the time derivative of the momentum p. As such, both the Galerkin discrete Lagrangian and the
Galerkin discrete Hamiltonian depend only on the choice of a finite-dimensional function space for
curves in the position, and a quadrature rule. It was shown in Proposition 4.1 of [26] that when
the Hamiltonian is hyperregular, and for the same choice of function space and quadrature rule,
they induce equivalent numerical methods.

The Type II discrete Hamilton’s phase space variational principle states that

N-1
0 {quN > [per1arir — Hy (ak, pria)] } =0,
k=0

for discrete curves in T*Q with fixed (qo, py) boundary conditions. This yields the discrete Hamil-
ton’s equations, which are given by

(1.3) @r+1 = DoHJ (qrs prs1), pr = DiH] (q, Pe+1)-

Given a discrete Hamiltonian H, we introduce the discrete fiber derivatives (or discrete Legendre
transforms), FTH

]F+H; : (QO7p1) = (DQHJ(q07p1)7p1)7
F~HJ : (q0,p1) + (90, D1HJ (g0, p1))-
The discrete Hamiltonian map can be expressed in terms of the discrete fiber derivatives,

FH;(QO7P0) =F"H] o (F"H) " (q0.p0) = (q1,p1),

Similar to the Lagrangian case, we have a discrete Noether’s theorem and variational error analysis
result for Hamiltonian variational integrators.
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Theorem 1.3 (Discrete Noether’s theorem (Theorem 5.3 of [26])). Let ®T°% be the cotangent
lift action of the action ® on the configuration manifold Q. If the generalized discrete Lagrangian
Ri(q0,q1,p1) = ;g1 — Hj(qg,pl) is invariant under the cotangent lifted action ®T 2, then the

discrete Hamiltonian map FH; preserves the momentum map, i.e., F;I;J =J.

Theorem 1.4 (Variational error analysis (Theorem 2.2 of [40])). If a discrete Hamiltonian H
approximates the exact discrete Hamiltonian H;’E to order p, i.e., H;(qg,pl; h) = H;’E(qo,pl; h)+
O(hPTY), then the discrete Hamiltonian map FH; is an order p accurate one-step method.

It should be noted that there is an analogous theory of discrete Hamiltonian variational integrators
based on Type III generating functions H; (po, q1).

Remark 1.1. It should be noted that the current construction of Hamiltonian variational inte-
grators is only valid on vector spaces and local coordinate charts as it involves Type I1/Type III
generating functions H;(qk.pk+1), H; (pk, qk+1), which depend on the position at one boundary
point, and the momentum at the other boundary point. However, this does not make intrin-
sic sense on a manifold, since one needs the base point in order to specify the corresponding
cotangent space. One possible approach to constructing an intrinsic formulation of Hamiltonian
variational integrators is to start with discrete Dirac mechanics [25], and consider a generat-
ing function Ej(qk,qk+1,pk+1), E; (qr, Pk qu+1), that depends on the position at both boundary
points and the momentum at one of the boundary points. This approach can be viewed as a dis-
cretization of the generalized energy E(q,v,p) = (p,v) — L(q,v), in contrast to the Hamiltonian

H(q,p) = exty(p,v) = L(g,v) = {p,v) = L(g,v)] oz

1.2. Multisymplectic Hamiltonian Field Theory. While classical field theories can be viewed
as an infinite-dimensional Hamiltonian system with time as the independent variable (see, for
example, Abraham and Marsden [1]), we will adopt the multisymplectic formulation with spacetime
as the independent variables, which has been extensively studied in, for example, Gotay et al. [13,
14], Marsden and Shkoller [29], Marsden et al. [32]. The description of multisymplectic classical field
theories in the literature is traditionally formulated in the Lagrangian setting or in the Hamiltonian
setting via the covariant Legendre transform to pass between the two settings. However, as we
are interested in constructing variational integrators purely within the Hamiltonian setting, we
will outline the necessary ingredients of multisymplectic Hamiltonian field theory in this section,
without the use of the Lagrangian framework or the covariant Legendre transform.

Consider a trivial vector bundle E = X x Q — X over an oriented spacetime X (although we
will refer to X as spacetime with evolutionary Hamiltonian PDEs in mind, X could be either
Riemannian or Lorentzian), with volume form denoted d"*1x. Let © be the Cartan form on the dual
jet bundle J'E*, which has coordinates (z*, ¢4, p, p/‘j‘), where x# are the coordinates on spacetime,

¢4 are the coordinates on @Q, and p and pﬁ‘ are the coordinates of the affine map on the jet bundle,

v;‘ — (p + pivﬁ‘)d"”x. Define the restricted dual jet bundle JLE* as the quotient of J'E* by
horizontal one-forms; this space is coordinatized by (z*, ¢4, pﬁ) and is the relevant configuration
bundle for a Hamiltonian field theory; we interpret ¢ as the value of the field and p’y as the
associated momenta in the dir@t\ign z#. The dual jet bundle can be vielvgé as a bundle over the
restricted bundle, y : J'E* — J1E* (see Leén et al. [27]). Let H € C*°(J1E*) be the Hamiltonian
of our theory. This defines a section of p, in coordinates H (z#, ¢4, ) = (z#, ¢4, —H,pY) or using
the projections /% from the bundle of (j + k)-forms on E to the subbundle of j-horizontal, k-
vertical forms, this can be defined as the set of z € J'E* such that 7"+t10(2) = —H (7™ (2))d" 2.
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Using this section, one can pullback the Cartan form to a form on the restricted bundle,
7 A 1
Op = H'O = phdp”* Nd"x, — Hd" .

We then define the action SU (relative to an arbitrary region U C X) as a functional on the sections

of JLE* (viewed as a bundle over spacetime),

(1.4) SVl p] = /U (6.0)" 0.

Hamilton’s principle states that this action is stationary for compactly supported vertical variations,
ie.,

0=dS"[¢,p] -V = / (¢,p)"ivdOp +/ (¢,p)"ivOm .
U oU

=0, VeU
Since U is arbitrary, for a sufficiently smooth solution, this gives the strong form of Hamilton’s equa-
tions, (¢, p)*ivQy = 0, where we defined the multisymplectic form Qg = —dOpy. In coordinates,
for V = 6¢10/0¢* + 6p/40/0p'y, these equations read
OH OH
A n+1 A n+1_,
Since this must hold for §¢4, 6p’y independent, this gives the De Donder—Weyl equations
OH
(1.5a) Ouply = EErYe
OH
1.5b D0t = —.

( ) M ap/:‘
To write these equations as a multi-Hamiltonian system, define 24 = ((;5’4, p%, ceey p’jl)T; it is clear
that the De Donder-Weyl equations can be written as

0 -1 0 0 o 0 ... 0 -1

1 0 O 0 o - ... 0 0

0 0 O 01 9p22+ .-+ 3nZA:VzAH,

o 00 0 "~ 0

0 0 0 0 O 10 0 0 o0

=K0 Y

or K999z + -+ K"0,2* = V_aH, where the matrices K* are (n +2) x (n + 2) skew-symmetric
matrices which have value —1 in the (0, ¢ + 1) entry and 1 in the (1 + 1,0) entry (we are indexing
the matrices from 0 to n + 1), and 0 everywhere else. This form of the equations was studied in
Bridges [5]. We can associate to each of these matrices a degenerate two-form on the restricted
dual jet bundle,

W =3 dENT @ Krde? = (—dply © do* + do? @ dphh) = do A dp.
A

For simplicity of notation, we will implicitly suppress the duality pairing between (gbA) A (valued
in Q) and (py)a (valued in Q*) and write this as w” = d¢ A dp” (throughout, we will suppress
this duality pairing, e.g. pt¢ = pfflqﬁA). Hamilton’s equations (¢, p)*iyQy = 0 can then be written
as wh(0,2,V) = 0 (sum over u), which relates the multisymplectic structure Qg to (n + 1)-pre-

symplectic structures {w*}.
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Remark 1.2. The multisymplectic structure is more fundamental, since the w* were constructed
via a particular coordinate representation. In fact, as discussed in Marsden and Shkoller [29], the
w are a particular coordinate decomposition of the multisymplectic form; in general, the w* are not
intrinsic unless the dual jet bundle s trivial, although their combination as the multisymplectic form
is intrinsic. Since we will utilize Cartesian coordinates on a rectangular mesh for discretization and
we will assume trivial bundles for the discrete theory, these coordinate representatives will be simpler
to deal with and correspond to the current literature on multisymplectic Hamiltonian integrators.
It would be interesting to investigate variational discretizations of field theories where the dual jet
bundle is not trivial; in this setting, utilizing the multisymplectic structure is more fundamental.

Multisymplecticity and the Boundary Hamiltonian. The above Hamiltonian system admits
a notion of conserving multisymplecticity, which generalizes the usual notion of symplecticity. In
particular, let V, W be two first variations, i.e., vector fields whose flows map solutions of Hamilton’s
equations again to solutions; then, for any region U C X, one has the multisymplectic form formula:

(16) /6 (@.0) (iviwSn) =0,

which follows from d2SY[¢,p] - (V, W) = 0 for a solution (¢, p) of Hamilton’s equations. In coordi-
nates where V = §¢0/0¢" + 6p/,0/0py and V = §yA0/9¢* + 674,0/0p";, this reads

0= / (6,0)" (iviw Q) = / (6628 — 5y 59 oy " = / 5.y (V. W),
oU oU oU

Applying Stokes’ theorem and noting that U is arbitrary, the strong form of the multisymplectic
form formula can be expressed J,w" = 0, which holds when evaluated on two first variations at
a solution of Hamilton’s equations (¢, p). In terms of our coordinate representation of Hamilton’s
equations, by taking the exterior derivative of Hamilton’s equations, a first variation is a vector
field V' which satisfies

K%z(V) + -+ K"dz(V) = (D2 H)dz(V),

where z, = 0,2z. One of the aims of this paper is to construct variational integrators for multi-
Hamiltonian PDEs which admit a discrete analog of the multisymplectic conservation law for a
suitably defined discrete notion of first variations.

Analogous to how the Type II generating functions are utilized in the construction of Galerkin
Hamiltonian variational integrators (see Leok and Zhang [26]), we will utilize the boundary Hamil-
tonian introduced in Vankerschaver et al. [44], which will act as a generalized Type II generating
functional. Consider a domain U C X and partition the boundary 0U = A U B; we supply fixed
field boundary values ¢4 on A and fixed normal momenta 7p on B. The boundary Hamiltonian is
defined as a functional on these boundary values

(1.7 Hov(eams) = ext | [ poda, [ (@.p0n]
= ext [/Bpud)dnx,u - /U(p'uauﬁb - H(Qbap))dn_'_lx]a

where one extremizes over all fields (¢, p) satisfying the fixed boundary conditions along A and B.

An extremizer of the above expression restricted to the aforementioned boundary conditions satisfies
the De Donder—Weyl equations, which follows from

o [ s, = [ @0, - m@.p)ara]
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- /B Sprpd x,, + /B p'opd z,, — /U (6p"0ud + p" 0,09 — (d” )5 p_ OH (¢’p)6¢)dn+1x

2
_ n _ mn _ _ aH(¢? ) _ 8H(¢7p) n+1
— [ woota, - [ U:AUBpw)d 5= [ 609,0 - 0up50 - PP gy - PHLCL) )t
n (¢ p) aH(¢a ) n—+1
= — H — _ a7 — Moy 2T N
| e~ [ |0 o = (@ + s Ehyd0|

where we used opt|p =0 = d¢p|a.

This is a Type II generating functional in the sense that it generates the boundary values for the
field along B (denoted ¢|p) and the normal momenta along A (denoted p"|4),

0Hay 0Hgy

1.8 =—p"|a, =
(1.8) 5o p"|a Srn = ¢|B-
To obtain (1.8), perform an analogous computation as the one above (take the variation, integrate

by parts, and use that the internal field satisfies the De Donder—Weyl equations), which gives

dHay (¢, 7B) - (604, 07B) :/ 57TB-¢\B—/A7T|A'5<PA;
B

e., (1.8). Note that the generating relation (1.8) only determines the normal component of the
momentum along A; this is consistent with the De Donder—-Weyl equation (1.5a), since it only
specifies 0, p".

Since an extremizer of Hyy(pa, 7p) satisfies the De Donder—Weyl equations, it satisfies the multi-
symplectic form formula. Since the multisymplectic form formula is expressed as an integral over
OU and the generating functional gives us the field values on 9U, (¢, 7) = (pa,¢B,7a,7B), the
above generating map (1.8) is multisymplectic in the sense

| oW, =0,
U
for first variations V and W.

We will utilize a discrete approximation of the boundary Hamiltonian and its property as a gener-
ating functional to construct variational integrators which are naturally multisymplectic.

Noether’s Theorem. Another important conservative property of Hamiltonian systems arises
from symmetries. Suppose there is a smooth group action of G on the restricted dual jet bundle
which leaves the action SU invariant. Let € denote the infinitesimal generator vector field for ¢ € g
associated to this action. For a solution (¢, p) of Hamilton’s equations, one has

0= £55716,p] = dS"[p,p] - £ = /U (9.9)"igdOr + /OU<¢>7P>*Z'5@H

Note that the term involving the integral over U vanishes, even though 5 is not necessarily compactly
supported in U, since Hamilton’s equations hold pointwise (U is arbitrary). Hence, Noether’s
theorem in this setting is the statement

(1.9) / (6,p)"iOm = 0.

In the discrete setting, we will be particularly concerned with vertical variations (where the group
action on the base space X is the identity). In this case, we can write the above in coordinates as

(1.10) /6 § P (igdg)d"z,, = 0.
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We will see that if there is a group action on the discrete analog of the restricted dual jet bundle
which leaves the discrete action (the generalized discrete Lagrangian) invariant, then there is a
discrete analog of Noether’s theorem, equation (1.10).

1.3. Multisymplectic Integrators for Hamiltonian PDEs. Consider the class of Hamiltonian
PDEs,

(1.11) K%+ -+ K"z, = V,H(z2),

with independent variable z = (2°,...,2") € R"*!, dependent variable z : R® — R™, each K* is
an m X m skew-symmetric matrix, and the Hamiltonian H : R"™ — R is sufficiently smooth.

Defining a two-form for each K*, w*(U,V) = (K*U,V') (with respect to an inner product (-,-) on
R™), the equation (1.11) admits the multisymplectic conservation law

(1.12) Ot (U, V) =0,
for any pair of first variations U, V satisfying the variational equation

K%z + -+ K"dz, = D, H(z).

As we saw, the De Donder—Weyl equations, which arose from the variational principle applied to
the Hamiltonian action (1.4), are an example of a Hamiltonian PDE in the form (1.11). From our
variational perspective, the action and variational principle are more fundamental, as opposed to
the field equations (1.11). However, as shown by Chen [9], the Hamiltonian system (1.11) arises
from the variational principle, so there is no loss of generality working with the formulation based
on the Hamiltonian action (1.4).

For the Hamiltonian system (1.11), a multisymplectic integrator is defined in Bridges and Reich [6]
to be a method

KOO " 2. iy + - + KO " 215 iy = (V2 (Zig..in) ignin
where 8;0"'2'” is a discretization of 0, such that a discrete analog of equation (1.12) holds,
00w (Usy. i Vig.oiin) = 0,
when evaluated on discrete first variations Uj,. 4, , Vi,...i,, satisfying the discrete variational equations
KO0y " dziy. i, + -+ + K O dzy i, = d((VZS(Zio...in))z'o...in)-

We will see that the variational integrators that we construct will automatically satisfy a discrete
multisymplectic conservation law, as a consequence of the Type II variational principle. Further-
more, we will show in Section 2.4 that this discrete multisymplectic conservation law reproduces
the Bridges and Reich notion of multisymplecticity.

Example 1.1. An example of a multisymplectic integrator in 1 + 1 spacetime dimensions is the
centered Preissman scheme,

z%/2 - z?/2 S22 1/2

0 1721 "% _

KO g V.H (=73).

where Z?/z =10 + 7)), etc. and zllg =121 + 20 + 28 + 2). As noted in Reich [38], this can be
obtained from a cell-vertex finite volume discretization on a rectangular grid, or alternatively, as
observed in Reich [37], it is an example of a multisymplectic Gauss—Legendre collocation method,
in the case of one collocation point. Furthermore, the multisymplectic Gauss—Legendre collocation
methods are members of a larger class of multisymplectic integrators, the multisymplectic partitioned
Runge—Kutta methods (see, for example, Hong et al. [19], Ryland et al. [39]). In Section 2.3, we
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will derive the class of multisymplectic partitioned Runge—Kutta methods within our variational
framework.

1.4. Main Contributions. In this paper, we introduce a variational construction of multisym-
plectic Hamiltonian integrators utilizing a discrete approximation of the boundary Hamiltonian
and the corresponding Type II variational principle. Although variational integrators have been
extensively studied in the setting of Lagrangian PDEs, where they have been used to construct ro-
bust and flexible numerical methods for nonlinear elasticity [28], collision and impact dynamics for
continuum mechanics [11], and geometrically exact beam dynamics [23], the variational perspective
has not been studied in the setting of integrators for Hamiltonian PDEs.

This paper serves as a stepping stone in constructing variational integrators in the Hamiltonian
PDE setting. Our hope is that, by introducing a variational perspective in the setting of integrators
for Hamiltonian PDEs, the well-developed techniques and machinery of variational integrators for
Lagrangian PDEs can be analogously developed on the Hamiltonian side. It should be noted that
the theory in this paper relies on a trivial configuration bundle, since the notion of a boundary
Hamiltonian is only intrinsic in the case that the bundle is trivial. Analogous to an intrinsic ap-
proach to variational integrators for Hamiltonian mechanics, outlined in Remark 1.1, one possible
approach for constructing an intrinsic formulation of multisymplectic integrators is to start with a
discrete notion of a multi-Dirac structure (for details on multi-Dirac structures in classical field the-
ories, see Vankerschaver et al. [43]) and discretize the variational principle utilizing the generalized
energy as a generating functional; we will investigate this in future work.

In Section 2.1, we begin by developing a discrete notion of Hamiltonian field theory, the discrete
boundary Hamiltonian, and the corresponding Type II variational principle. Subsequently, we
specialize to the case of a spacetime tensor product rectangular mesh which allows us to give an
explicit characterization of the equations resulting from the Type II variational principle. We prove
discrete analogues of multisymplecticity and Noether’s theorem for these equations. In Section 2.2,
we utilize a Galerkin approximation of the action to complete the discretization of the boundary
Hamiltonian. Subsequently, in Section 2.3, we utilize a particular choice of Galerkin approxima-
tion to derive the class of multisymplectic partitioned Runge-Kutta methods. In Section 2.4, we
reinterpret the discrete multisymplectic conservation law as one that is naturally associated to the
difference equations which approximate the De Donder—Weyl equations. Finally, in Section 3, we
provide a numerical example which allows us to visualize multisymplecticity as symplecticity in the
spatial and temporal directions for the class of sine-Gordon soliton solutions.

2. MULTISYMPLECTIC HAMILTONIAN VARIATIONAL INTEGRATORS

2.1. Discrete Hamiltonian Field Theory. We will discuss our construction of a discrete bound-
ary Hamiltonian for the general case of an arbitrary mesh and subsequently study the particular
case of a rectangular mesh where the variational equations can be written explicitly. Let X ¢ R*+!
be a polygonal domain and 7(X) an associated mesh. In general, a discrete configuration bun-
dle consists of a choice of finite element space taking values in the fiber @) that is subordinate to
the mesh 7(X). To be more concrete, for every mesh element A € T(X), we introduce nodes
x; € A,i € I, and parametrize the finite element space by the fiber value at each node. A mul-
tisymplectic variational integrator based on finite elements was developed from the Lagrangian
perspective in Chen [10].

The discrete analog of the configuration bundle, on an element by element level, is the base space
{z;}ier with fiber @ over each node; the total space is {z;}ic; X @ and a section is a map from
each node to @, denoted ¢; € ). Analogously, the discrete analog of the restricted dual jet
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bundle is {z;}ier x Q x (Q*)™*!, where a section is specified by ¢; € Q,p!' € Q*. Let SglA (s, DL']
be some discrete approximation of the action S% [¢,p]. As in the discussion of the boundary
Hamiltonian (1.7), partition the boundary of the element A = AU B and let ¥ , 7pop be some
discrete approximation to the boundary integral |, pP'ed"r,, depending only on the field and
normal momenta boundary values on the nodes x; € B, which we denoted ¢p and mp respectively.
Define the discrete boundary Hamiltonian

OJAN A
Hd ((pA7 71—B) = ext ¢¢€Q,p};€Q* [IWB()OB - Sd [(ﬁl?pili]]?

¢la=pa,p"|B=7B

where p"|p denotes the normal component of the momenta along B. Repeat the above construction
for each A € T(X); partitioning the boundaries 0A = A(A) U B(A) and the boundary of the full
region 90X = A(X) U B(X) (where A(X) = Uaer(x)(A(A) N0X) and B(X) = Uaer(x)(B(A) N
0X)). Define the discrete action sum

Sal{eany, T reTx)] = i TBOPBX) — D [ I TB(A)PB(A) — Hgﬂ(wA,ﬂB)]-

The Type II variational principle §S; = 0 (subject to variations of ¢ vanishing along A(X) and
variations of m vanishing along B(X)) gives a set of (generally coupled) maps (p4(a); TB(A)) +
(¢B(A)s TA(n)) in analogy with the generating functional relation, equation (1.8). In the case of
finite element spaces which are not parametrized by the nodal values, we evaluate the discrete
boundary Hamiltonian on the discrete space of boundary data induced by the choice of mesh and
discrete configuration bundle, and extremize the expressions above over the finite elements that
satisfy the prescribed boundary conditions. This is the most general form of our multisymplectic
Hamiltonian variational integrator.

Spacetime Tensor Product Rectangular Mesh. Now, consider the particular case of a rect-
angular domain X and an associated rectangular mesh 7(X). For simplicity and clarity in the
notation, we will focus on the case of 1 + 1 spacetime dimensions, although higher dimensions can
be treated similarly (we treat the case of higher dimensions in Appendix A).

Consider a rectangle [t,t + At] X [z,z + Az] = O € T(X). Introduce nodes on the intervals
{t1 = t,ta,.. ., ts—1,ts = t + At} and {1 = z,29,...,25-1,Zo = = + Az} (as we will introduce
in the next section for Galerkin Hamiltonian variational integrators, these nodes correspond to
quadrature points along the time and space intervals). The discrete base space is Xq = {(t;, ;) |
i=1,...,s, j=1,...,0}, the discrete configuration bundle is X4 x ), where a section is map from
each node (t;,x;) to (t;,x, ¢ij), where ¢;; € Q. Analogously, the discrete restricted dual jet bundle
is X4 x Q x(Q*)?, where a section is specified by ¢;; € Q,pé‘j € Q*. Let SY [gbij,pfj] be some discrete
approximation to S7[¢,p] (we will explicitly construct such a discrete approximation in the next
section using Galerkin techniques and quadrature). Partitioning the boundary 00 = A(O)U B(0O),
the discrete boundary Hamiltonian is given by

21)  Hi%(pam)ma(o)) = ext sicaplcar [ I T 9B() — 57161, v,
¢la@)=pa@)P"BO)="B0) B(D)

where ¢ 4oy denotes the boundary values on A(0O), i.e., at nodes (t;,7;) € A (and similarly for 7).
The discrete action sum is

Sa[{ea@) TB@O) toeT(x)] = I TBOOPB(X) — D [ Z: TR@)PB(D) — H(?D(‘PA(D)’WB(D))]
B(X) 0eT(X) B(D)
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Recall the Type II variational principle §S; = 0 gives a set of maps (¢ a0y, 7)) = (¥B(D), TaD))-
To give a more explicit characterization of these maps, let us introduce a quadrature approximation
of the boundary integral over B. First, consider the simple case of one quadrature point along each
edge of Oy, = [to+aAt, to+(a+1)At] X [xo+bAx, xo+ (b+1)Az], where T(X) = {Dapfap- Let @
denote the field boundary value at the quadrature point along the bottom edge (¢4, tq + At) X {zp}
(where we orient our axes such that time is horizontal and space is vertical) and ¢q denote its
value at the quadrature point along the left edge {t,} x (wp, zp + Ax) (and similarly @441 for the
top edge, 1) for the right edge). We take A to be the bottom and left edges, and B to the
top and right edges. The normal momenta through the top edge is the momenta associated to the
x direction (at the quadrature point), which we denote W[la]b 11 and the normal momenta through
the right edge is the momenta associated to the ¢ direction, which we denote 7r2 IRTOE
have one quadrature point along each edge, the quadrature weight for the temporal edge is At and
similarly for the spatial edge is Az. See Figure 1.

Since we only

X

Ax

FIGURE 1. Schematic for one quadrature point along each edge of Ogp € T (X).

Then, the boundary integral can be approximated

Th+1

tu+1
/B Prod, = / (0Ot + / (1°9) ety
ta x

b
~ W[la]b_,_l@[a}bJrlAt + 7r2+1[b]90a+1[b] Az = i TBYB-
B
The associated discrete boundary Hamiltonian is

H (Plalhs Palt]s Tlajp1s Tagap) = ot (W[la]b+1<P[a]b+1At + o1 Parip AT — Sg [d%p]),

where the + specifies that we chose B to be in the forward direction (in the direction of increasing

temporal and spatial values), analogous to the notion of discrete right Hamiltonian in discrete

mechanics. Again, we extremize over ¢, p satisfying the boundary conditions (note we have not
. .« . . Oab . .

given an explicit construction for such a S;* yet; see Section 2.2).

Proposition 2.1. The Type II variational principle §Sq = 0, subject to variations of © vanishing
along A(X) and variations of m vanishing along B(X), yields the following,

1

(2.2a) 7r[1a]b = ED1HJ(90[a]b= (pa[b]vﬂ'[la]b-i-l? 7T2+1[b])7
1

(2.2b) Wg[b] = EDQH;—((P[a}by(Pa[b]vw[la}b-%lﬂrg-%l[b])?
1

(2.2c) Plalp+1 = EDZ‘}H;(SO[Q]I)? @a[b]yﬂfla]bﬂa 7T2+1[b])>
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1
(2.2d) Patifp] = ED4H;((P[a}b790a[b]aW[la}b+1a772+1[b])a

where D; denotes differentiation with respect to the it argument. We refer to these equations as the
discrete forward Hamilton’s equations (in the case of one quadrature point). Note that these equa-

tions deﬁne a map (QOA, ﬂ—B) = (So[a]ba (pa[b}vﬂ—[la]b+1v 7T2+1[b]) = (‘PB) 7TA) = ((p[a]b—‘rlv (Pa—{-l[b}vﬂ—[la]ba Wg[b])‘

Proof. Recall the full mesh 7(X) = {Ogp}ap; say a=0,...,N—1,and b=0,...,M — 1 (so that
X = [to,to + NAt] x [zg,x0 + M Ax]). B(X) consists of the forward edges of X, i.e.,

B(X) = ([to, to + NAL x {0 + MAa:}) U ({to + NALY x [z0, 20 + MAx]).
Consider the discrete action sum

Sd[{%t(m), TFB(D)}]

= i TBX)PB(X) — D [I BOYB©O) — Hy (pam) ™ (D)):|

B(X) DET(X)  p(o)
N-1 M-1
= ﬂ[la]M(p[a}MAt + Z W?v[b]QPN[b] Ax
a=0 b=0
N—1,M—1
- Z |:7r[1a]b+190[a]b+1At + 772+1[b]90a+1[b]A'77 - Hj(‘ﬁ[a]b’ %[b]vﬂ[la]bw 7T2+1[b])
a,b=0
N—1,M—2 N—2,M—1
== Z 7T[a]bﬂ‘P[a pr1A — Z ”2+1[b]90a+1[b]A“7
a,b=0 a,b=0
=(a) =(b)
N—-1,M—-1
+ Z H;(@[a]ba Pab]s 7r[1(1]5+1a 772+1[b}) :
a,b=0

=(©)
The Type II variational principle states 0 = §S; = d(a) + d(b) + d(c), subject to variations of
¢ vanishing along A(X) (i.e., dpq0 = 0 = dpgp) and variations of m vanishing along B(X) (i.e.,
577?\,[1)] =0= (Sﬂ[la} ). Compute the variations of (a), (b), (c) keeping only the independent variations
0@albs OPalp]> 5”2[1;]’ 57T[1a} , Dot required to vanish by the boundary conditions (note such vanishing
variations will only appear in (c)).

N—1M-2
d(a) = —At Z Z (60[a1b+157f[1a]b+1 + W[la]b+15@[a}b+1)
a=0 b=0
N—1M-2 N-1M-1
= —At Z @[a}b+157r[1a]b+1 — At Z Z W[la]b&p[a]b’
a=0 b=0 a=0 b=1
N—2M-1
Sy =-Az > N <<Pa+1[b]57r2+1[b] + 7r2+1[b]590a+1[b]>
a=0 b=0
N—2M-1 N—1M-1
= —-Azx Z Z Pat1] ]57ra+1[b Ax 7T 54,0@[1,}.
a=0 b=0 a=1 b=0
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For brevity, denote H [a,b] = Hj(go[a]b, cpa[b],w[la]bH, 7T2+1[b])' Compute

N-1,M—1
sey= (DlH [, 018010y + DoHj [a, b6 ga + DsHy [a, b))y, .1 + DaH [a, b]éwa+1[b]>
a,b=0
1

N—1M-1 N—1M—
= Z Tla, blowp + Z Z 1 [0, 01004

1 M- N—1M-
Z DsHJ [a,b]0m 41 + Z DyH[[a,b]om, 1y
b=0 a=0 b=0
Note in the first double sum above, dp[,)o = 0 so we remove the b = 0 terms. In the second double
sum, dpgp = 0 so we remove the a = 0 terms. In the third double sum above, 577[1(1] v = 0so

2

we remove the b = M — 1 terms. In the fourth double sum above, 5779\,[1)] = 0 so we remove the
a = N — 1 terms. This gives,

—1M-1 N-1M-1
Z > DiHf[a,bogup+ Y Y DaHj[a,b]degy
a=0 b=1 a=1 b=0
N-1M-2 N-2M-1
+ 3 ) DsHJ[a,bomlp, + DyH[ [a,b]om, 1p)-
a=0 b=0 a=0 b=0
Putting everything together, we have
0=2065;=0(a)+(b)+ d(c)
N-1M-1 N-1M-1
=Y > (At + DiH [0, )6 + > Y (A why + DaHy [a, b])6ap
a=0 b=1 a=1 b=0
N-1M-2 N-2M-1
+ Z —At Qg1+ DsH [0, 0)07p 0 + D D (=A% @opp) + DaH[a,0))omg, .
a=0 a=0 b=0
The variations in the above expression are all independent, so this gives (2.2a)-(2.2d). O

Discrete Multisymplecticity. Analogous to the continuum case, we define a discrete first vari-
ation as a vector field such that the above equations (2.2a)-(2.2d) still hold when evaluated at the
level of the exterior derivative, e.g. for equation (2.2a),

1
dﬂ-[la]b = Ed(DlHJ(QO[a]ba Palb] W[la]b_;_p 7T2+1[b])) .

and similarly for the others. As we saw in the continuum theory, the map generated by the boundary
Hamiltonian implies the multisymplectic form formula, since the multisymplectic form formula can
be expressed over the boundary OU. Since we constructed a discrete approximation to the boundary
Hamiltonian before enforcing the variational principle, we would naturally expect a discrete notion
of multisymplecticity to arise as well. Furthermore, in the continuum theory, multisymplecticity
follows from d? = 0 applied to the boundary Hamiltonian, evaluated on first variations. As we
will see, our discrete multisymplectic form formula follows from computing d> = 0 applied to the
discrete boundary Hamiltonian, in analogy with the continuum theory.

Proposition 2.2. The discrete forward Hamilton’s equations (2.2a)-(2.2d) are multisymplectic, in
the sense that for a solution of the discrete forward Hamilton’s equations,

At d‘P[a]b-ﬁ-l A\ dﬂ[la]b+1 — At dSO[a]b A dﬁ[la]b + Ax d‘Pa—i—l[b} A\ d7r2+1[b] — Ax dSDa[b] A dﬂ'g[b] =0,
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evaluated on discrete first variations.
+ . 1 0
Proof. In what follows, H; will be evaluated at (¢[q)p, Paly]; Tlalb+1> Ta Jrl[b]). Compute

0=d?H} = d(DlH;d<p[a]b + DoHjf dgy) + DsHjf drlyy.,, + DiHjfdnl) +1[b])
= d(D1HJ) A dppay, + d(D2H ) A dpgpe) + d(D3H) A dryyy + d(DaHJ) Admg gy
Then, by our definition of discrete first variations, we have
d(D1H) = At dry,,
d(D:H}) = Az dﬂ'g[b],
d(DgHj) = At dpgp+1,
d(DsHY) = Az dpg ).
Substituting these expressions into the equation for dzH;' yields
0=d(D1H}) Adpjgy, + d(D2HJ) A dpapp + d(DsHY ) A dﬂ[la}b 1+ d(DyHT) A drd 1]
= At dw[la}b Ndppap + Az dwg[b] N dpap) + At dppgpe1 A dw[la]bH + Az dpg i1 A d7r2+1[b]
= —At dpipy A drjyy, — Az dpap) A drgy + At dpiajpsr A Ay + Az dpgiap A dmg g
= At dppgjpy1 A dﬂ—[la]b—f—l — At doppgp A dW[la]b + Az dpgpip) A d7T2+1[b] — Az dpap) A dﬂg[b]‘
O

Remark 2.1. Recall that w* = dp N dw*. Observe that if we divide the above discrete multisym-
plectic form formula by AtAwx, it is just a first-order finite difference approximation of 9wt = 0.

Furthermore, it is clear that the above equation is precisely quadrature applied to the multisymplectic
form formula [y W] (-, -)d"z, = 0.

Finally, we note that a discrete notion of multisymplecticity holds in the more general setting
described at the beginning of Section 2.1. In the more general setting, discrete multisymplecticity is

interpreted as alQH(‘i9A =0 (when evaluated on first variations), which reduces to the “usual” notion
of multisymplecticity in the spacetime tensor product case.

General Quadrature Approximation. From here, the generalization to multiple quadrature
points is straight-forward. For simplicity, we take the bottom-left vertex of O € T(X) to be (0,0).
Then, O = [0, At] x [0, Az]. In the temporal direction, introduce quadrature points ¢; € [0, 1], i =
1,...,s, and associated quadrature weights b;; we normalize these such that ) . b; = 1 (for both ¢;
and b;, we’ll have to explicitly include a factor of At later) and without loss of generality, we assume
each b; # 0. Similarly, for the spatial direction, introduce quadrature points ¢, a = 1,...,0 and
the associated non-zero weights b, (normalized as before). Let ¢j;0 = p(ciAt,0), @gjo) = (0, CaAz),
el = P(ciAt, Az), p1(q) = (At, CoAz). Similarly define 778[04, W[li}o’ W?[a], w[lﬂl. As before, we take
B to be the part of the boundary in the forward direction. See Figure 2.

Then, use quadrature to approximate the boundary integral:

At Az
/B plod x, = /0 (p' D) o—nzdt + /0 (P°¢)i—ardr

R Z At biﬂ[li]lsO[m + Z Al’i)ap(l)[a]gol[a} = XWBQDB.

i=1 a=1 B
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Ax

FIGURE 2. Schematic for multiple quadrature points along each edge of O € T(X).

The associated discrete boundary Hamiltonian is

HJ({QO[@]O, 900[04771-[11']17 F?[a]}i,a) = ext (Z At b’lﬂ-[lz]lgp[l]l + Z Awgaﬂ-?[a]@l[a] - SdDab [¢7p]> .
a=1

i=1
Proposition 2.3. The discrete forward Hamilton’s equations arising from the Type II variational
principle are

1 .

(238‘) Tr[li}[) = le,zH;({gp[]m? ¥o[a] 7r[1j]17 W?[ﬁ]}],ﬁ): t=1,...,s,
1

(23b) 7-‘-8[01] = BanDQ,aH;—({SD[j}Ov ¥o[a] 77[1]‘]17 7-‘-?[5} }],ﬂ)v o = 1a <o 0,
1 + 10 ,

(2.3¢) o = mDS,in ({ep10 eors) Tj10 ™18 i) t=1,...,s,
1

(23d) (‘Ol[a] =7 Al‘D4,aH;—({Q0[_]}O7 (pO[ﬁ]a ﬂ-[lj]p W?[m }],,3)7 a = ]-7 <o 0,

(6%
where D1 ; = 0/0¢p0, D2,a = 0/0pg|a), D3,i = 8/871'[11.}1, Dy = 8/877(1)[a]. Furthermore, a solution
of the discrete forward Hamilton’s equations (2.3a)-(2.3d) satisfies the discrete multisymplectic
conservation law,

(2.4) Z At b; (d(P[i]l A dﬂ'[ll-]l — d(pmo VAN dﬂ'[li}o> + Z Az i)a (d(Pl[oz] VAN dﬂ'?[a} — dgoo[a] VAN dﬂ'g[a]> =0,

i=1 a=1

evaluated on discrete first variations.

Proof. The proof follows similarly to the case of one quadrature point, Proposition 2.1. Namely,
the discrete forward Hamilton’s equations follow from the Type II variational principle §S; = 0
subject to variations of ¢ vanishing along A(X) and variations of 7 vanishing along B(X). The
discrete multisymplectic conservation law follows from

d*H} ({ey10, Porap i1 Ty 1) = 0-
|

As in the case of one quadrature point, the discrete multisymplectic conservation law is the given
quadrature rule applied to [, wWH|(pm) (5 )d" = 0.

Remark 2.2. The above discrete forward Hamilton’s equations were defined on O = [0, At]x [0, Az].
For Oy = [ta,tq + At] X [zp, xp + Az], shift the indices 0,1 appropriately to a,a + 1 and b,b+ 1,
i€, P[0 = Pljbs L1 — Plijb+1s Poja] — Palals Plia) —* Pati[a] and similarly for the momenta.
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Boundary Conditions and Solution Method. Recall that the discrete forward Hamilton’s
equations produce a map (¢ (o), 7)) + (¥B(o, Ta(m)) for each O € T(X). However, depending
on the boundary conditions that we supply on 0X, the actual realization of these maps may be
different (in that the boundary conditions determine the variables in (¢ 4(0), 75(0)) = (¢B(O, Ta(D))
that we implicitly solve for). The key point is that we must specify the field value or the normal
momenta along four edges (and the edges may repeat, such as supplying field values and normal
momenta on the same edge; see the discussion of evolutionary systems below). This will depend
on whether the Hamiltonian PDE we are considering is stationary or evolutionary.

Consider a stationary system (e.g., an elliptic system). Then, along 0X, we can specify either
Dirichlet boundary conditions, given by the field value ¢, or Neumann boundary conditions, given
by the normal momenta value 7. If we supply such boundary conditions, then each O € T(X)
either has two edges with supplied boundary conditions (those on the corners of X), has one edge
with supplied boundary conditions (those on the edges of X)), or no supplied boundary conditions
(those on the interior). However, the field values and normal momenta values have to be the same
along interior edges, which makes up the other required degrees of freedom (recall, we need to
specify the field value or normal momenta along four edges). This couples all of the implicit maps
(Pa@)> ™)) — (¥B(0,Ta(m)) together, so that the solution must be solved simultaneously for
every O € T(X). See Figure 3.

l<—— gpornl —>

le—— @orm! —

FI1GURE 3. Coupling of all of the discrete forward Hamilton’s equations for stationary Hamiltonian PDEs;
dashed lines along interior edges denote field and normal momenta continuity.

For an evolutionary system (e.g., a hyperbolic system), we specify the initial conditions at ¢ = 0,
which consist of both the field and normal momenta value (7°). On the spatial boundaries, we
can either supply Dirichlet or Neumann conditions as above. The continuity of field and normal
momenta on the interior edges couples the maps (¢ 40y, Tp(0y) + (PB(0, Ta(m)) together for each
O in the same time slice and produces the remaining required degrees of freedom. Hence, one
solves these coupled equations on the first time slice which supplies new initial conditions for the
subsequent timeslice; one then continues this process recursively for each time step, thereby allowing
the discrete solution to be computed in a time marching fashion. See Figure 4.

Remark 2.3. Solvability. It should be noted that the map (pa,mB) — (B, ma) defined by the
discrete forward Hamilton’s equations are always well-defined, as can be seen explicitly from the
equations (2.3a)-(2.3d). This is a property of the (discrete) generating functional and is agnostic
to the specific Hamiltonian in question. However, as discussed above, with regard to constructing
a numerical method, the implementation of the method in general involves implicitly inverting the
relation (pa,mp) — (@B, mA) for the desired variables. For example, if one specifies Neumann
boundary conditions on all of 0X for a stationary system, then the numerical method is given by
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fe— pornl —— >

¢ and 0

le——— pornl —

FI1GURE 4. Coupling of the discrete forward Hamilton’s equations in the same time slice for evolutionary
Hamiltonian PDEs; dashed lines along interior edges denote field and normal momenta continuity.

solving for the map (wa,mB) — (va,pn) implicitly from the map (pa,75) — (pB,ma). As another
example, for an evolutionary problem, if one specifies Neumann spatial boundary conditions and
specifies initial conditions (with both ¢ and 7°), then the numerical method is given by solving
for the map (va,ma) — (¢B,mB) implicitly from the map (va,75) — (@B, 74). As these two
examples indicate, in general, the form of the map necessary to implement the method is highly
dependent on the type of Hamiltonian, as well as the supplied boundary conditions. As such, a
discussion of the well-definedness of the implemented map is beyond the scope of this paper, since
such a discussion would be highly dependent on the type of problem and boundary conditions, and
the functional analytic tools needed in each case would differ drastically.

We will outline the general argument, although the specifics are left to future work. Note that
equations (2.3a)-(2.3d) can be written formally as

(2.5a) T
(2.5b) @

where D denotes the differentiation operators in (2.3a)-(2.3d) (and appropriately scaled by the
quadrature weights). Showing that one can invert the relations (2.5a)-(2.5b) for the implemented
map would then rest on an implicit function theorem type argument, for a sufficiently small O C X.
The derivatives of the equations (2.5a)-(2.5b) would then involve second derivatives of H, so
hyperreqularity would prove crucial in such a proof. For degenerate Hamiltonians, some form of
constraint or gauge-fixing would be necessary to complete the proof. We aim to explore issues dealing
with solvability in future work, as well as related issues such as error analysis, which is again highly
dependent on the specific class of Hamiltonians and boundary conditions considered.

Discrete Noether’s Theorem. In the continuum theory, we saw that for a vertical group action
on the restricted dual jet bundle which leaves the action invariant, there is an associated Noether
conservation law (1.10) for solutions of Hamilton’s equations.

In the discrete setting, suppose there is a differentiable and vertical G action on the discrete
restricted dual jet bundle {t;,z;} x @ x (Q*)? (relative to O € T (X)) which leaves invariant the
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generalized discrete Lagrangian

RE(‘PA(D), SDB(D),WB(D)) = Zi Tp@m)Y¥B(O) — H;(SOA(D),WB(D))
B(D)

— Z At byl + Z Azbapl|y©1ia) — H ({9110, Pofals Tiprs T i) -
a=1

Proposition 2.4. If the generalized discrete Lagrangian is invariant under a differentiable and
vertical G action on the discrete restricted dual jet bundle, then a solution of the discrete forward
Hamilton’s equations (2.3a)-(2.3d) admits a discrete analog of Noether’s theorem:

(2.6) Z At biﬂ[li]liédgo[i}l + Z Az i)aﬂ'?[a]iéd(pl[a]
i

— Z At b; 71'110 gdSO[z ZAJ? baTrg[a] Ed@()[a] =0,

where {N is the infinitesimal generator associated with € € g.

Proof. For brevity, we will omit the arguments of R} and H; (refer to the definition of RJ above).
Since the generalized discrete Lagrangian is invariant under the G action, that means that the
directional derivative in the direction of the infinitesimal generator vanishes,

0=dRy - ¢
= Z At biiéd(ﬂ[lﬂlgo[i}l) + Z Ax i)aigd(ﬂ'?[a}g{)l[a])

-3 ( Dy Hyigdgpyo + D37Z-Hji€~d7r[1i]1) -3 (Dz,aﬂjigdwo[a] - D4,aHji§~d7r?[a]>

M. o @)
= ZN biizdmrein + migdopn) + ZM ba (12455 PTa] + (o) 1(a))

(2)
- ZAt bi (mhyotediopo + izt ) - tm bo (Wijaicdoofa) + 1fo] )

O

Remark 2.4. Note that the above looks like quadrature applied to the continuous Noether’s theorem,

/ p(igdg)d"xy, =0
oo

(with the caveat that, in the continuum case, G acts on the restricted dual jet bundle, whereas in the
discrete case, G acts on the discrete restricted dual jet bundle). One can obtain such a G-invariant
R, via G-equivariant interpolation (see Leok and Zhang [26] and Leok [24]), in which case, the
discrete Noether theorem is precisely quadrature applied to Noether’s theorem.

Also, note that a discrete Noether’s theorem holds in the more general setting described at the
begmmng of Section 2.1. In the more general setting, the discrete Noether’s theorem is interpreted
as de & =0 (for a G-invariant generalized discrete Lagrangian), which reduces to the “usual”
coordinate notion of the discrete Noether’s theorem, equation (2.6), in the spacetime tensor product
case.
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Remark 2.5. Another way to interpret this discrete Noether’s theorem is to view the map deter-
mined by the discrete forward Hamilton’s equations, (p )y, Tpmy) = (PB(0): Tam)), as implicitly
defining a forward map FH; : (Pa@) Ta@)) > (PB(D), TB(D)). For some subset S of 00, define the
discrete (Hamiltonian) Cartan form (at a solution of the discrete forward Hamilton’s equations)

(2.7) 0= > Bumpden,
(tk7$l)es

where ™ denotes the normal component of the momenta and B* denotes the quadrature weight at
(tg, 1) € S (which equals At b; for the i'" node of S along fized x and equals Ax by for the ot”
node of S along fized t). Such a discrete Cartan form involving summing over nodes corresponding
to boundary variations was introduced by Marsden et al. [31] in the Lagrangian framework; in the
discrete Hamiltonian setting which we constructed, (2.7) is the appropriate definition since @gm
precisely encodes such discrete boundary variations.

Then, the discrete Noether theorem (2.6) can be expressed as

* ng A
(077 E= 077 &

Note also that the discrete multisymplectic form formula (2.4) can be expressed as
degm('v ) =0,
when evaluated on discrete first variations.

2.2. Galerkin Hamiltonian Variational Integrators. The missing ingredient in our construc-
tion of a variational integrator is the discrete approximation of the action over O € T (X), S([i:' (@, p].
We will extend the construction of Galerkin Hamiltonian variational integrators, introduced in Leok
and Zhang [26] for Hamiltonian ODEs, to the case of Hamiltonian PDEs.

Remark 2.6. To be definitive, we will assume that the space(time) X has the Euclidean metric.
The discussion below is equally valid for the Minkowski metric, except one has to include the
appropriate minus signs throughout.

Consider for simplicity [0,At] x [0,Az] = O € T(X). Fix quadrature rules in the temporal
direction (weights b; and nodes ¢;, i = 1,...,s) and spatial direction (weights be and nodes &g,
o =1,...,0) as before. Note the action S[¢,p] = [(p"0u¢ — H(¢,p",p'))d*x involves the fields
¢, their derivatives 0,¢, and the multimomenta p* (1 = 0,1). For the field and their derivatives,
we could either approximate the field using a finite-dimensional subspace and subsequently take
derivatives; or conversely, approximate the derivatives and subsequently integrate to obtain the
values of the field. We will take the latter approach (we will extremize over the internal stages at
the end, so the two approaches are equivalent). Introduce basis functions {x;(7)};_;, 7 € [0, 1],
for an s-dimensional function space and similarly {x.(7)}%_; for a o-dimensional function space.
We will use the tensor product basis {x;(7At)Xa(pAx)};q to discretize the derivatives of the field.
Approximate the derivatives as

(2.82) Ora(TAL pAT) = 3 VINi(T)Xalp);

(2.8D) Oxa(TAL, pAT) = W xi(7)Xal(p)-
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We can integrate in time or space to determine the field values. In particular, the internal stages
are given by the field values at the nodes (¢;At, ¢, Ax):

Dio = G(cilAt, EaAT) = $(0,EaAT) + ALY VP / Xi(8)ds X5(Ga) = Qoja) + At Y Aig sV,
i 0 i
D, = d(c;At, ¢ Ax) = ¢(c;At,0) + Ax Z Wjﬁxj(ci) / Xp(8)ds = @0 + Az Z flia,ngjﬂ,
3B 0 iiB
where A;q jg = fo X;j(s)ds Xp(¢a) and Aio, g8 = x;j(ci fo Xs(s)ds. Note that ®;, must of course
be single-valued, so we have a relation between the two above equations:

We expect such a relation since extremizing over ®;, is equivalent to extremizing over V;, or Wi,
(but not both; however, we will relax this assumption in the subsequent discussion).

Integrating to 1 gives the unknown field boundary values,

1
P1a) = P(AL, CaAx) = (0,0 AT) + Atz Vjﬁ/ Xj(8)ds X5(Ca) = $o[a] + AtZBaJ’gVﬁ,

iB 0 iB
1
e = ¢(ciAt, Ax) = ¢(c;At,0) + Ax Z Wjﬁxj(ci) /0 Xp(s)ds = ppjo + Az Z BMBWJB,
J:B J.B

where B, jg = fo X;j(s)ds Xp(Ca) and Bwﬁ = x;(ci fo Xp(s)ds.

We define the internal stages for the momenta P, = p°(c;At, ¢, Ax), Pl = p'(c;At, é,Ax). Unlike
the field internal stage expansions, one does not need to introduce an approximating function space
for the momenta internal stages, since the action only involves derivatives of the field and not the
momenta. At this point, we could work directly with these internal stages; however, we will expand
the momenta similarly to the fields,

— At Z Al 5 X,

1
Pio = mip MZAmmY”
7/8
where Al jp and A a,jp are arbitrary expansion coefficients and X7#, Y78 are internal variables

representing Jpp° and Oyp' respectively. The unknown momenta boundary values are similarly
defined as

71'0[0[] —7T1 AtZBajﬂ‘X]ﬁ’
77[1]0 = 7T[Z Al’ Z B BYjﬁ,

where B, B and B j are again arbitrary expansion coefficients. We will see later that the expansion
coefﬁ(nents will have to satisfy symplecticity conditions in order for the method to be well-defined.

We then approximate the action integral S[¢,p] = [(p*0,¢ — H(¢,p°, p'))d?z using quadrature
and the above internal stages

S [Pic: Pia) = AtAZ Y biba (R%@tqﬁd(ciAt, CaAT) + PLOypa(ciAt, éaAx) — H(®4y, P2, PL )).

el
2,00
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The discrete boundary Hamiltonian is obtained by extremizing over the internal stages ®, P%, P!,
which are defined in terms of V, X, Y. Since we have already enforced the boundary conditions in
the above field and momenta expansions, we can construct the discrete boundary Hamiltonian by

extremizing over V'@ X Y (for everyi=1,...,sand a =1,...,0),
S g
Hyi {#p0; 900[04,%[12-]17 W?[a]}i,a) = e St < Z At bﬂ[li]lw[m + Z Az baﬂ-(l)[a}(pl[a] — 57 [®ia» Pial )
e i=1 a=1

=K({pa,mp,Vie XiaYia})
Hj is then given by extremizing K ({pa, 75, V® X' Y}) with respect to V® X' and Y@
(where again we denote w4 = {{[;j0; Poja)} and Tp = {F[li]l, W?[a}}). Expanding K, we have
K({(PA, B, Via Xz'a Yia})
= At Z b 7['[111 (,0[1]0 + Ax Z B’L JBW‘]ﬁ + Az Z baﬂ-l[a] (po [a] + At Z Ba ﬂgV]B)

7B
— AtAx Z b b (7’(’1 — At Z Aza k'ka’y> Z VjBXj(Ci)S(a(éa)
7.8
— AtAz Z bi b (ﬂ-[ 1 Az Z Aza k’ka'y) Z WjBXj(Ci)f(a(éa)
7.8

+ AtAz Z bibo H (®i0, PP, P} ).
7,00
The stationarity conditions 0K /0V® = 0, 0K /90X = 0, 0K/dY" = 0, combined with the dis-
crete forward Hamilton’s equations (2.3a)-(2.3d) define our multisymplectic variational integrator.

Supposing that one solves the stationarity conditions for V@, X Y in terms of 4 and 7p,
this gives H] ({pa,78}) = K({pa, 75, V*(oa,7B), X"*(0a,75),Y*(pa,75)}). The right hand
side of the discrete forward Hamilton’s equations, (2.3a)-(2.3d), can then be computed in terms of
K via

0

B K({@a, 75,V (pa,78), X"“(pa,78), Y “(pa,75)})
il0

AR 2 ) )G
K+Z<ﬂ’v3a 8(,0[]0 19,/)(90‘ (9(,0[Z }?)YJO‘ 830 )

0
Hi o ma)) = 5

0
89%]0

and similarly for the other specified boundary values. Hence, the derivatives of Hj with respect
to w4, mp can be computed using only the explicit dependence of K on ¢4, 7p.

K,

2.3. Multisymplectic Partitioned Runge—Kutta Method. Let us suppose that instead of
the basis {x;}, {Xa}, we choose basis functions {t;}, {{4} that have the interpolating property
Yi(cj) = 8ij, Va(Gs) = dap. Note that one can always transform the previous set of basis functions
to a set of basis functions with this property, assuming that the original choice of basis functions
Xi> Xa have the property that the matrices with entries M;; = x;(c;j), Mag = Xa(Cg) are invertible.
If they are not, then the expansion of the derivatives, equations (2.8a)-(2.8b), does not depend
independently on all of the V', W and hence one needs to reduce the number of independent
variables; to avoid this, ensure that the matrices with entries x;(c;) and X (¢g) are invertible.

Letting x(-) = (x1(-), -, xs(-)% and () = (X1(), - - -, Xo(-))T (and similarly define 9, ), a set of



MULTISYMPLECTIC HAMILTONIAN VARIATIONAL INTEGRATORS 23

basis functions with the interpolating property can be constructed by ¢ = My, ) = M. In

particular, the {t;}, {1bo} span the same function spaces as the {x;}, {Xa} respectively, so there
is no loss of generality.

With this assumption, we approximate the derivatives of the fields as
Oipalcidt, aAx) =Y VIPuy(ci)ibp(Ea) = V',
j7B
Ouda(cilht, EaAx) = W0y (ci)ibp(Ea) = W
7B
Integrating gives the internal stages and the unknown boundary values,
Qi = Poja] + ALY ayVI®,
J
Dio = ppjo + Az Z oW
B

P1la] = Poja] T AL Z b; Vi,
J

Pl = o + Az Z bg W',
B

where a;; = focl Yi(s)ds, s = fo wﬂ s)ds and the quadrature weights b; = fo Yi(s)ds, bo =

fo wa )ds are chosen so that quadrature is exact on the span of the basis functions. As before,
expand the momenta using a different set of coefficients.

== 8tp2(CzAt7 604Ax)7
Y = ,pL(ciAt, é,Ax),
P = 71'1 - AtZaUXJa
J
‘Pila — 71'[11.]1 — sz&;ﬂyiﬁ’

7'('8[04 = 7T1 Ath/ X‘ja
J

B

We impose that b} > 0, l;’ > 0 and that > ;b vy =1, Y50 v, = 1 for the approximation to be
consistent. We Wlll later derlve a condition on the Coefﬁments a;

i ~aﬁ, b., b in order for the
method to be well-defined. For now, we proceed formally.

With these, K can be expressed as
K({@A, B, V’ia’ Xia, Yza})
@ j i B

— AtAz Y " biba (w?[a} — ALY aj Xja) yia
[NeY 7
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— AtAx Z bibe (71'[1]1 Ax Z aa/BYzﬁ) Wi

za

+ AtAT Y " bibo H(Pia, Py, P1 LY.
e

Now, we compute the stationarity conditions. First, note that V and W are not independent, since
they are related by

Pola] + ALY ai VI = Big = ppo + Az Y dagW;
J B
then, taking the derivative with respect to V752,
oOW™

Ataz](sa/j' = Az Z a/a'yw.
Y

Let us assume that the Runge-Kutta matrices (a;;) and (@q,) are invertible (however, in the
subsequent section, we will show how to derive the stationarity conditions without this assumption
using independent internal stages). Then, the above relation can be inverted to give

owe At
oviF = Agil@ Jos.
Extremizing K with respect to X7,

0K
0XJ«

OH

0= i 0(

= AtzAasz baa Sy _ AtzA:va bo Do, PO Pl)

1
Dividing by At2Azb, gives
OH

Zbl Ajj (Vza - ((I)zon ]Dzoou ‘le )) =0.

Similarly, extremizing K with respect to Y7* gives
. . OH .
> bl (W7 - o1 (39 Pl 5 Pls)) = 0.

B
These are respectively the internal stage approximations to the De Donder—Weyl equations 0;¢p =
OH/0p° and 0,¢ = OH/Op*.

Extremizing K with respect to V78,

0K ~ - At -

0= 5o = Mdabjbamlly + Mtdw Y bibomlyy = aij (@ )ap — Atdabjbs Pl
A 5 -

— AtAz g b;by P “’A —a;j(a” )gg—i—AtAa: E bibgAta;

lO'

OH

1
8—q§<q)if3’ P, Pjs).

Dividing by At?Az and grouping gives
1 1
~ 7r1 v, T — b OH
byt __38 [1 +be aii (@ UBHT Zb bpaij— 3 (Dig, P, Pjy).
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1

_po i —P)
1[5 iB / kB [ "o i
Substitute =5 =3, ay, X7 and —Sx7 Zv gy Y7,

OH
Zb bpal XM+ " bibgay (@) gpin,, Y = Zb boaii 55 (®ig, P, Ply).

1,0,

To symmetrize the above equations, multiply by ags and sum over 3, which yields

~ B ~ B ) ~ . OH
> " bbadlapns X5+ bibsaiaz, Y == bibsaisiss o (Pis, Piy PY, PY).
k.8 iy 06

This is the internal stage approximation to the remaining De Donder-Weyl equation 9;p° + 0,p' =
—OH/d¢. Note that the above form of the stationarity condition does not involve a=! or a1,
so it is plausible that one can derive these equations without assuming the invertibility of the

Runge-Kutta matrices; later, we will show that this is the case using independent internal stages.

Now, we compute the discrete forward Hamilton’s equations. We have

1 OH;
Plla] = 7~ 0
boAx 671'1[04]
1 0K
b Az aw?[a]
= Qo) + ALY bVI* — AL b VJC‘+Ath]a 5 (®ja, P, Ply)
J J

OH
= @oja] T+ Athj a0 (I)Ja’PjOa’Pl ).
J

Similarly,

Pl)1 = P 0+A$Zbﬁa T ‘I)lg,P le/j)

Computing the discrete forward Hamilton’s equatlons for the momenta gives

oOH 0d;
0 0 pl i3
Tofa] = Tila] += Zb bpo— 30 ‘I’szPvaw)&po[a]v

0o
&P[z']o.

71—[1i]0 1]1 Zb iba 6'¢ (I)Ja’PjDa7Pj1a)

We will postpone the discussion of the dlscrete forward Hamilton’s equations until after discussing
independent internal stages, which will give a more explicit characterization of these equations.

To summarize, our method is given by

(2.10a) Dia = oo + ALY ay VI,
j

(2.10b) P, =7 — At Y ai; X7,
j

(2.10c) P1la] = Poja] T A Z ijja,

J
J
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(2.10¢) Dio = o + MZ oW
(2.10f) = 7r[z — Az Z ay, Y’ﬂ
(2.10g) Pl = Plijo + Az Z bW,

B
(210h) ’/T[Z]O = 7'['[Z Al’ Z b/ YZ'B

B

H
(2.10i) Z bid; <Vza _ 9 (<I>W PO pL )) 0,
. s OH 0 pl
(2.105) Zbﬂaga (w7 - BT (@5, Pl Plg)) =0,
- . , - 0H
kB 29 i,

Independent Internal Stages. We now reformulate the above construction using independent
internal stages and derive explicit conditions on the coefficients for the momenta expansion for the
method to be well-defined. Recall that in the above construction, we enforced the condition that
the internal stages ®;, produced by both V'@ and W' had to be the same; we now relax this
assumption and let the internal stages be independent, but subsequently enforce that they are the
same by using Lagrange multipliers. Compared to the previous formulation, the use of independent
internal stages has the advantage that the discrete forward Hamilton’s equations can be written
explicitly. Furthermore, the generalization to higher spacetime dimensions is straight-forward as
opposed to the previous formulation, which would involve inverting the condition that the internal
stages obtained from the various spacetime derivative approximations, d,,¢4, are consistent.

Hence, we define independent internal stages corresponding to integration in each spacetime direc-
tion,

Dia = G(ciAt, GaAT) = $(0, 6 AT) + At Y VP / b;(s)ds ¥3(Ca) = Poja) + AtZa”VJ
J.B

;, = d(ciAt, e Ax) = ¢(c;At,0) + Aatz WJ’Bz,[)J (¢ / I,bﬁ s)ds = ®ujo + AmZa BW’ﬁ
7.8 B

The expansion of the other quantities are the same as the previous discussion.

We will evaluate the Hamiltonian at the weighted combination <I>9 = 0D, + (1 — H)éia for some
arbitrary parameter § € R and subsequently enforce that the two sets of internal stages are the
same through a Lagrange multiplier term EZ o Nia(Pia—Piq). Thus, after enforcing the stationarity

conditions, <I>l‘-9a =P, = @ia. In this formulation, K is

K({oa, 75, V’ia, W’“, Xia’ Yia, Aia}) = Az Z Ba'ﬂ?[a](@o[a] + At Z ijja)
a J
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+ At Z bﬂ[lip(‘/?[i]o + Az Z bsW*)
i B
— AtAz Z biba, (ﬂ?[a} — At Z a;ija> Vo

7,

—AtAl‘be ( Tiij1 — AmZa Y’B)Ww‘

7 fyed
+ AtAl‘ Z bil;aH (I)Zea, PZ%, Pl + Z >\ia (pia — ‘i)ia);
[NeY ;
where now both {V®} and {W} are independent. The discrete boundary Hamiltonian H is
given by extremizing K with respect to all of the internal variables, {Vi@ W Xt yia ), 1.

Extremizing K with respect to X7® and Y7 gives the same stationarity conditions as the previ-
ous case of equal internal stages, since the momenta expansions were unchanged, except with H
evaluated at ®¢ . Namely,

(2'113‘) Z b’ @5 (Vm - on ((I)?ou onom le ))

0,

0.

-~ ) oOH
(2.11b) Zbga;ga@w = 51 (@0 Pl Ply)
5

Extremizing K with respect to V77,

0K . OH
= 077 = AtAwbibamls — AtAwbibs Py + At2A:vZ bibga;;0 3 —— (@Y%, P, Pl) + Atz Nipaij
= At*Axbjbg zk: a X5+ At Az Z biéﬁaija%( %5, Pls, Pjg) + At Z Nipi;-

Dividing by At?Ax,

- ~ oOH 1
baal, XkB ) ) ol —
(2.12) zk:b]bﬂajkx + zi:bzbgam 7 5 (@l Ply Ply) + 31 ;Azga,] = 0.
Similarly, extremizing K with respect to W77 (and dividing by AtAz?) gives
s - = 0H , 4 1 .
(2.13) > bibsils Y7 + Y bibatag(l — 0)—— 7 (@%,, P9, PL) — s > Nafiag = 0.

Let us combine these two stationarity conditions to eliminate # and the Lagrange multiplier terms.
Multiply equation (2.12) by ags and sum over [3; multiply equation (2.13) by a;; and sum over j.
Subsequently, add the two resulting equations. This gives

(2.14) > bibgalyaps X+ bibsasas, Y == bibﬁaij%az—g(@%, Pjy, Pig).
k,B 1,y 7,8

Finally, extremizing K with respect to A, enforces that the independent internal stages are the

same, 0 = 0K /0\iq = Piq — <I>m, and hence ‘I>9 = ®;,, = D;,,. We have rederived the stationarity

conditions that we saw in the case of equal 1nternal stages, without the assumption of invertibility

of the Runge-Kutta matrices, (a;;), (Gag)-

Now, we aim to provide a more explicit characterization of the discrete forward Hamilton’s equa-
tions. We will assume again that the Runge-Kutta matrices (a;j), (@) are invertible. Computing



28 MULTISYMPLECTIC HAMILTONIAN VARIATIONAL INTEGRATORS

the discrete forward Hamilton’s equations for the field boundary values,

1 0Hf 1 0K OH
== == = ALY bjo— (95, P, P
I Oy B Orf Pl A g P i )
1 OH; 1 0K i
A= At onl T biAtort [llo+mzbﬁal‘pzﬂ’]g Pig):

[¢]1 (i1

Recall that we also have the expansion for the field boundary values

P[] = Poja] T At Z b;VIe,
J

Pl = ¥i)o + Ax Z EBWZ'B.
B

We will see shortly that, with a particular condition on the coefficients of the momenta expan-
sion, the discrete forward Hamilton’s equations for the field values are consistent with the field

expansions, i.e., that V7% = 6H (@fa,P]Oa, Poa) and similarly W% = BH (@fﬁ, onﬁv Pl )

First, we compute the discrete forward Hamilton’s equations for the momenta boundary values,

1 OHT 1 0K OH
0 d 0 0 1
= = = = = + At bi—( Zoé,Pm,Pl ,
T0la) bo Az a‘PO[a] bo Az a‘PO[a] T[a] § i 96 ia
1 O0HS 1 0K 1
1 _ d _ _ 0 p0 ply }
o = b; At 890[2}0 - b; At 8(,0[1}0 1T Az E :b q)zcw Pza’ Pz ) N Ea Aia-

For our method to be well-defined, these are required to be consistent with the momenta expansions,
o _ .0 / j
7T0[a] = ﬂ—l[a] — AthjX]a,

7TM0 = 7T[ AIL‘ Z b/ Yzﬁ
B

To do this, we solve the stationarity conditions (2.12) and (2.13) for the Lagrange multipliers.
Multiply equation (2.12) by (a™!);; and sum over j; multiply equation (2.13) by (a~!)g, and sum
over 8. This gives

- OH - _

N = —AtAxblb59a—¢(<I>fg, Pl Pls) = AtAw ) bibsa(a™")u X",
ik

OH

)‘j’y = AtASijB’Y(l ) a¢

(@7, P%. PL) + AtAz S bbsitse (@), YO
(X,/B

Plugging these into the respective discrete forward Hamilton’s equations for the momenta boundary
values, we have

Wo[a] - 7T1 — At Z bJa]k ]leB = 7Tl — At Z bl Xko‘
Jiksl
ia L1 Qo
W[Z]O - W[Z} - Az Z bﬁaﬁa )57Y =T — Az Z b/aY .
76 v «
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Proposition 2.5. The method arising from approximating the internal stages with the partitioned
Runge—Kutta expansion is well-defined if and only if the partitioned Runge—Kutta method is sym-
plectic in both space and time, 1i.e.

Zb a]k - Jl = by

Zbﬁ%a (@) gy = bl

A sufficient condition is the usual choice of symplectic partitioned Runge—Kutta coefficients,

b, a
/ k%K)
a;, = ——,
jk b;
b.a
~/ a%af
a = =
Ba bg

(We will see after expressing the momenta internal stages in terms of w4 instead of mp that these
are the usual choice of symplectic partitioned Runge—Kutta coefficients).

Proof. By comparing the momenta expansions to the discrete forward Hamilton’s equations for the
momenta, we must have

(2.15a) ija;k )i X*P = Zb/ Xhe,

j7k7l

(2.15h) D bgige (@)Y = Zb’ yie,
a,By

Since the internal variables { X Y} are generally arbitrary (depending on the choice of ‘Hamil-
tonian and the supplied boundary data), the above must hold for arbitrary choices of {X'*} and
{Y"}; hence, we have the necessary and sufficient conditions

Z b]a]k B l - b/ )
Z bise (@™ )y = by
Plugging in the choice (2.15a) and (2.15b) to the left hand sides of the above conditions,
Zb (a0 => Vhar(a ) =D b = b,
Jl l
Zbﬁaﬁa /B’Y = Z Bladaﬁ(d_l)ﬂ’y = Zi)/ ay = b/

By v

so this choice is sufﬁment for the method to be well-defined. g

Now, consider the stationarity conditions (2.11a) and (2.11b). Plugging in the choice of coefficients
(2.15a) and (2.15b), we have

> tagi (Vi - gfﬂ(@fwa%,al )) =0,
~ . o0H
B
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Since (aj;) and (@np) are invertible, we have V7 = BH (@?a, Pjoa, ) ) and W = 8H (beﬁ, PZ%, Pl 5)
so that the discrete forward Hamilton’s equations for the field boundary values are also conswtent
with the their expansions. Similarly, plugging this choice of coefficients into the stationarity con-

dition (2.14) gives

- S - OH
> " bibsariass XM+ biblaijansY = = bibgaijass—— 5 (®%5, P, Pl).
k.8 i,y i

To invert this relation, we impose bj, = by, I;fy = b,. Note that the matrix with jk entry bpas; is

invertible since (a;i) is (its transpose is obtained by multiplying the ith row of (asj) by b; # 0, so
the rows are still linearly independent) and similarly for the matrix with 6+ entry b,a.,s. Hence,
this stationarity condition can be inverted to give

» ; OH
Xio 4 yia — 8¢ ((P’Lﬁ’P leﬁ)
Finally, to write our method in the traditional form of a partitioned Runge-Kutta method, we
express the internal stages Pioa and lea in terms of w4 instead of mp, by plugging equations (2.10d)
and (2.10h) into equations (2.10b) and (2.10f) respectively,

bbi — bjaq
Pl =m a]+AtZ X]a—ﬂo[a—FAtZianja

J ﬁ,_/
=@
@ij

B B >
e
=a’)
To summarize, our method is
(2.16a) Dio = Poja) + Atz a;; V3%,
J
(2.16b) PY, = i + Atz aly X7,
(2.16¢) ©P1[a] = Pola) T At Z ij]a,
J
(2.16d) ] = Topa] + A Y b X7,
(2.16e) D, = &)ia = @pujo + Az Z da/j»Ww
B
2)v i
(2.16¢) Pl =l + Az Z a2y,
(2.16g) Pl = Pjo + Az Z bW,
B

(2.16h) Tl = o + Az Y bgYP,
8
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(2.161) vie = gfﬁ(%,a?x,ﬂl ),

(2.167) Wi = gff(q%mpg,gl ),

(2.16k) X4y = —%I;@m,l%%,ﬂl );

where al(JZ) = bjb";iibja” and Nfﬁ) = @. This is the usual form of a multisymplectic parti-

(2)

tioned Runge-Kutta method. Note that our choice of a; i )

and a; (or equivalently our choice of
@ @) is the usual choice for the coefficients in the momenta expansion for a partitioned Runge-
Kutta method to be multisymplectic (see, for example, Hong et al. [19], Reich [37], Ryland et al.
[39]). Interestingly, however, from our perspective, our method based on the discrete boundary
Hamiltonian is guaranteed to be multisymplectic so we had to impose no such conditions on the
coefficients to ensure multisymplecticity; rather, the conditions for the coefficients arose from the
necessity of the method to be well-defined, i.e., that the expansions of the field and momenta
boundary values agreed with the discrete forward Hamilton’s equations.

Remark 2.7. In the above construction, we saw that the Runge—Kutta matrices (a;j) and (Gqp)
were required to be invertible. We can see this directly from the internal stage exrpansions

Qi = $0[a] + At Z aijvja7
J

&)ia = Lo + Az Z da/j'Wwa
B

since only when (aij) and (aag) are invertible is extremizing K over Vi and W' equivalent to
extremizing K over ®;, and O, respectively. In the case of non-invertible Runge—Kutta matrices,
the internal stages ;o and @m do not depend independently on all of the V', W For collocation
Runge—Kutta methods, non-invertibility arises from the choice of the first quadmtur@ point ¢; = 0.
In our construction, if we choose ¢y = 0, then we are specifying an internal stage at a quadrature
point where the field boundary value w4 is already specified; thus, the internal stage at this point is
not free to extremize over. Hence, in the non-invertible case, one has to use the specified boundary
values to eliminate the degeneracy in the internal variables V' and W', reducing the number of
internal variables to an independent subcollection of internal variables. Subsequently, one extremizes
only over this independent subcollection of internal variables.

Remark 2.8. It should also be remarked that while certain types of Galerkin multisymplectic Hamil-
tonian variational integrators recover multisymplectic partitioned Runge—Kutta methods, it remains
to see whether there is a more general correspondence between Galerkin multisymplectic Hamiltonian
variational integrators with a class of modified multisymplectic partitioned Runge—Kutta methods
for the case of spacetime tensor product (hyper)rectangular meshes. This would generalize the con-
nection between Galerkin variational integrators and modified symplectic Runge—Kutta methods in
the ODE setting that was observed in [34].

Momenta Internal Stages. In the above construction, we saw that we had to enforce consistency
conditions on the momenta expansion coefficients in order for the method (2.16a)-(2.16k) to be
well-defined. The issue is that we over-constrained the form of the momenta internal stages via our
particular choice of expansion, since ultimately our goal was to derive the class of multisymplectic
partitioned Runge-Kutta methods within our variational framework. One can avoid this problem
altogether by working directly with the momenta internal stages P2, and PL instead of the internal
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variables X and Y@, although the method will not ultimately be in the form of a multisymplectic
partitioned Runge-Kutta method. This is possible for the momenta internal stages since the action
does not depend on the derivatives of the momenta, unlike the field variable. We outline this
procedure.

Assume the same expansions of ®;q, Do, P1[a]s Pli1 in terms of {Vi} and {W?}. For the momenta,

we work directly with the internal stages P2,

K({a, 73, VI W P, Pl Nia}) = Az Y bam|y (oja) + ALY V)
o J
+ At Z bﬂr[li]l (‘P[i]o + Ax Z EBWW)
i B

— AtAZ Y biba POV — AtAx Z bibo PL W

+ AtAz Z bibo H(®L,, P, PL) + Z Nia(Pia — Pia).
H is obtained by extremizing K over the internal Z\VI(Zu"iables, {vie wie po Pm, Nia}-
The stationarity condition 0K /0P2, = 0 (divided by AtAxb;b,) gives
OH

P! instead of using an expansion. In this case, K is

V= 0<<I>fa,1%%,1%1>
Similarly, the stationarity condition K /OPL = 0 (divided by AtAzb;b,) gives
; 8H
W' = 53 (@i Pia, Pi)-

The stationarity condition 0K /O = 0 gives ®;o = ®;.,. The stationarity conditions 0K/ oViIB =
and 0K /OW78 = 0 give respectively

. . H
AtAzb;bs(7l — Piy) + APAz Y bibﬁaijea—
7

1
j a¢( Z,B7P1B7P7/,8)+At;AZBaU:07

OH
99

Performing the same procedure we used to combine equations (2.12) and (2.13) to eliminate 6 and
the Lagrange multipliers, these two stationarity conditions can be combined to give
= (W?[ﬁ] - P]Qg) ~ (W[lm — Py) 0H 1
ijbﬂa@A—x + Zbib(saijA—t == bibgaijigs——- 7 (@75, P, Ply).
B i .8
This combined condition together with the other stationarity conditions V' = 9 H/9p°(®?,
Wi = oH/op' (@Y, PP, PL), and ®;, = ®;, (ranging over all free indices) can be used to solve for
the collection of internal varlables {vie Wwie po P1 o Ji.a in terms of the supplied boundary data.

(1o %)

AtAwbibs(wlyy — Plg) + Az*At Y bibadiap(1 — 0) -

J jas Pjas Pja)

(®jas Pps Pla) — AT Ajafiap = 0.

PO Pl

1o RR Yo R R Yo' )

To conclude, we compute the discrete forward Hamilton’s equations. For the field boundary values,

1 0K .
P1la] = EQ_A:U&T—?[Q] = Qola] + Atzj:ijﬂ ,
Pl = by DAL DRl = Pl + Awaﬁ»W 8.

[i]1 B
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Note that these equations already agree with the field expansion. For the momenta boundary
values,

1 0K 8H 1
0 0 0 0 1
_ L or +At§ 005 (0, P, P Y Nias
WO[CY] ban ang[a] ﬂ-l[a ¢ ) baA$ 7;
1 0K 1
1 _ _ } : 0 0 1y _ _E : .
ﬂ-[i]U = b At &pmo z]l + Az b (q)lou ‘onu *Pz ) b; At - Aicr-

As we did before for the partitioned RungefKutta method, we can act on the stationarity conditions
0K /0VIP =0 = OK/OW# by the inverses of the Runge-Kutta matrices to solve for the Lagrange
multipliers and substitute them into the discrete forward Hamilton’s equations for the momenta,
ultimately eliminating 6 and the Lagrange multipliers. The discrete forward Hamilton’s equations
for the momenta are then

0
_ ”1[a] Pia
Tl = Toa) — A _bi(a™)y A
75l
_ pl

1
1 _ 1 Z~ 1y M ia
7'('[1]0 == 7'('[1]1 - AfE ba(a )QBT

Hence, by working with the internal stages for the momenta directly, as opposed to utilizing an
expansion, we see that the method we derived is already well-defined (and also automatically
multisymplectic), although it is not directly in the form of a multisymplectic partitioned Runge—
Kutta method.

These various approaches demonstrate the versatility of our variational framework; once one chooses
an approximation for the fields, its derivatives, and the momenta (as well as some approximation
for the various integrals involved), one can construct the discrete boundary Hamiltonian and sub-
sequently the variational framework produces a multisymplectic integrator. If one over-constrains
the form of the momenta expansion, as opposed to using the internal stages directly, one must also
check whether the method is well-defined. Another approach that is possible within this framework
is to discretize at the level of the field using some (possibly non-tensor product) function space and
subsequently take derivatives of the basis functions to obtain an approximation of the derivatives
of the fields. For example, we expect that utilizing spectral element bases to discretize at the
level of the field within our framework will produce multisymplectic spectral discretizations like
those obtained in Bridges and Reich [7], Islas and Schober [20, 21]. Another interesting applica-
tion of our construction would be to construct multisymplectic discretizations of the total exterior
algebra bundle (see Bridges and Reich [8]) using Galerkin discretizations arising from the Finite
Element Exterior Calculus framework (Arnold et al. [2, 3], Hiptmair [18]), allowing one to discretize
Hamiltonian PDEs with more general configuration bundles.

2.4. Multisymplecticity Revisited. Now, we discuss in what sense the discrete multisymplectic
form formula (2.4) corresponds to our discretization of the field equations. Consider the integral
form of the De Donder-Weyl equations over O = [0, At] x [0, Az],

OH
(2.17a) [ (0 + 55 .80 ) =0,

OH
2.17h (806 - 5560”9 ) d% = 0.,
(217) [ (0= 550001 )

(2.17¢) /D ((%qb - g—g(qf),po,pl))d% =0.
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Applying our quadrature approximation to equation (2.17a),

O—/At/Am dop® + O1p' + ¢(¢>,p p))dmdt

At . 0 At Az aH 0 1
=/ (P°fi=at — p \t:o)d:H/ (P |lz=Az — P |m:0)dt+/ / —(o,p°,p )dadt
0 0 0 0 6¢

~ Az ba (Pl (atcans) = Pl0caan) + ALY b0 |(cata0) — Pl ato)
(0%

OH
+ AtAﬂ?Z a¢ (QS)p y P )|(CiAt,5aA$)'

Consider the multlsymplectic partitioned Runge-Kutta method (2.16a)-(2.16k); if we multiply
equation (2.16d) by b, and sum over «, multiply equation (2.16h) by b; and sum over i, and
add the resulting equations together, we have

d¢

where we used X + Y@ = 0H/0¢(®P;q, PZ%, le ). Comparing these two, we see that the discrete
method satisfies an approximation of the integral form of the De Donder—Weyl equation (2.17a)
and that the error in the approximation of the field equations is directly related to the quadrature
error and the field and momenta expansions. Similar statements can be made about the other De

Donder—Weyl equations, (2.17b) and (2.17c).

Now, let’s write our approximation (2.18) of the integral De Donder—Weyl equations as a difference
equation. For a quantity f defined on the nodes of the edges {0} x [0, Az] and {At} x [0, Az] (and
similarly a quantity g defined on the nodes of the edges [0, At] x {0} and [0, At] x {Az}), define

5%]f = fijo) — foja)>
1
09 = 911 — 9lijo-

(q)’LOHPO Pll )

(o2

Define the discrete difference operators

% N Zb O

o_ 51
K3
Dividing equation (2.18) by AtAx, we see that it satisfies

0OH
aODWO_‘_alD be q)ZCV71Dz?17le)E_<a—¢>D7
where (% 3 )o denotes our quadrature approximation of the average value of 0H/0¢ on O. Similarly,
the other discrete equations satisfy
OH
N — J—
D= <6p0 >D’

OH
U — [
Ore = <6p1 >u
These difference equations correspond to our discretization of (the integral form) of the DDW
equations 9op° + O1p' = —0H/0¢, 0,6 = OH/p". As mentioned in Section 1.3, a method is

called multisymplectic if the difference operators used in the discretization of the field equations
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are the same difference operators which appear in the discrete multisymplectic form formula that
the method admits. In our case, if we divide the discrete multisymplectic form formula (2.4) by
AtAx, we see that it satisfies
opw’ 4+ 0fw! =0

(when evaluated on discrete first variations), where w® = dp A dn®,w! = dp A dr'. Hence, our
method is multisymplectic in the sense that the difference operators which appear in the difference
equation that the discrete solution satisfies over O € T (X) are the same difference operators which
appear in the discrete multisymplectic form formula.

3. NUMERICAL EXAMPLE

For our numerical example, we will study the (1 4+ 1)—dimensional sine-Gordon equation,

(3.1) Rp(t,x) — Bo(t,x) = —sin d(t, ).
The Hamiltonian for this equation is given by

(32 H(6.".0") = 50 — 50" ~ cos.
The De Donder—Weyl equations corresponding to this Hamiltonian are
(3.3a) Do = OH /p° = pY,

(3.3b) 01 = 0H/dp' = —p,

(3.3¢) 9op° + O1p' = —0H/0¢ = —sin ¢.

Note that substituting (3.3a) and (3.3b) into (3.3c) recovers (3.1).

With this example, we aim to qualitatively show the preservation of multisymplecticity by consid-
ering the family of soliton solutions,

(3.4) Gy (t, ) = darctan (exp (%)) ,

where the family of solutions is indexed by a parameter v € (0,1). Consider the following curve on
the space of sections of the restricted dual jet bundle

v (¢’U7p87p11;) = (¢1)7 80¢’U7 _81¢v)

and note that it is differentiable for v € (0,1). Thus, the associated vector field, given by differ-
entiating the above map with respect to v, defines a vector field on the space of sections of the
restricted dual jet bundle. The associated vector field is a first variation on the space of soliton
solutions, since its flow maps soliton solutions to other soliton solutions.

To visualize multisymplecticity for this example, we observe the following. Each soliton solution
(3.4) propagates to the right at speed v in time, without changing form. Thus, the shape of a
soliton solution in the (¢, p°) plane does not change with respect to time. Hence, for a family of
soliton solutions, the associated area in the (¢, p°) plane will not expand or contract as the system
evolves in time. In other words, restricting to the above first variations, this means that

aowo = 0.
By the multisymplectic form formula dpw® + d1w! = 0, we also have that
81(01 = 0,

and hence the family of soliton solutions, occupying an area in the (¢, p') plane, will not expand or
contract as the system evolves in space. This example then provides an intuitive way to visualize
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multisymplecticity as symplecticity in each spacetime direction, since the multisymplectic conser-
vation law splits into two symplectic conservation laws, for this given family of solutions. This
is a multisymplectic analogue of the visualization of symplecticity in the literature for symplectic
integrators, where one evolves a family of initial conditions occupying an area in phase space; for
symplectic integrators, this area is preserved under the flow of the integrator, unlike a generic
method (see, for example, Hairer et al. [16]).

Explicit Methods for Separable Hamiltonians. Recall that in the above derivation of the
multisymplectic partitioned Runge-Kutta method, we used that the Runge-Kutta matrices a,a
were invertible and hence the variational construction in Section 2.3 does not directly apply to
explicit Runge-Kutta matrices a and a (since explicit Runge-Kutta methods have strictly lower
triangular Runge-Kutta matrices and hence are non-invertible). Since equation (3.1) is nonlinear,
using an implicit method would be computationally expensive and hence an explicit method would
be preferable. However, for separable Hamiltonians of the form H(¢,p") = K(p*) + V(¢) (as is
the case for the sine-Gordon Hamiltonian (3.2)), we can derive an explicit method as follows. Let
a be an explicit Runge-Kutta matrix such that its symplectic pair a(? is invertible, where again
the symplectic pair is given by

o _ bibi —bjayi

1) bz :

Then, it follows that the symplectic pair of the symplectic pair of a equals a, i.e., (a?)® = q,
since
- bjbi - bjaﬁ) - bjbi - bjw
g bi a bi
2)

== aij.

Thus, we can choose a to instead be a®, so that the symplectic pair of a becomes an explicit
Runge-Kutta matrix. The variational construction now applies with this choice of a, since it is
invertible. For a separable Hamiltonian, the integration scheme splits and the system can be evolved
explicitly in time.

Numerical Scheme. We take a one-stage Runge-Kutta matrix in the temporal direction a =1
(with b =1, ¢ = 1) so that a(® = 0, and similarly in the spatial direction @ = 1 (with b =1, & = 1)
so that a® = 0. Let <1>a7b,P£b,Pal,b,Va7b, Wab, Xap, Yap denote the internal stages associated to
Oap = {ta,ta + At} x {zp, 2+ Azx}. Letting ¢, denote the value of ¢ at {tq,x;} (and similarly for
the momenta), the multisymplectic partitioned Runge-Kutta method (2.16a)-(2.16k) gives, with
the choice of the sine-Gordon Hamiltonian (3.2),

(3.5a) Pzg,b = Wg,bﬂv
(3.5b) Pat1,p4+1 = Pap+1 + AtV = Py,
(3.5¢) 7r2+1,b+1 = 7Tt(z),b+1 + AtXqp,
(3.5d) Py = Tai1p
(3.5e) Pat1,b+1 = Pat1p + AxWyp,
(3.5) Tat1b41 = Tay1p + DVap,
oH 0 pl 0
(35g) Va7b = a—po(@a,b? Pa,b? Pa,b) = Pa,b’
OH
(3.5h) Wap = a—pl(@a,bvptg,b’ P,,) = —Puy,
, OH .
(3.51) Xap+Yop = (Paps Pao,b, P;,b) = —sin(Pqp).

¢
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Eliminating the internal stage variables, equations (3.5g) and (3.51) can be expressed as an inte-
gration scheme in time

Pa+1,b — Pab 0
— =7
At a,b?
0 0 1 1
Tatr1p ~ Tap | Tat1ip ~ Tatlb—1 .
At + Al‘ - Sln(@d‘i‘lyb)

(where we shifted b — b — 1). Further eliminating the w! variables using (3.5d), (3.5¢), (3.5h), the
second equation above can be expressed as

0 0
Tat1b ~ Tab  Pat1brl — 2Qat1b + Patip-1

At ASL‘Z = - Sin(@a+1’b).
Thus, the corresponding numerical scheme is
(3.6a) Cat1h = Pap + At 7r27b,
-2 + _
(3.6b) 772+1,b _ 772,1; +At90a+1,b+1 Pat+1,b T Pat1b-1 Atsin(gar1y)-

Ax?
The scheme corresponds to discretizing the first-order formulation of the sine-Gordon equation,

8010O = 8%qb — sin ¢,
aﬂd) = pO’

in space using the standard discrete Laplacian and in time using the (adjoint) symplectic Euler
method. We refer to the method (3.6a)-(3.6b) as MSE (multisymplectic Euler).

As discussed in Section 2.1, this scheme can be computed in a time marching fashion, given supplied
initial conditions for ¢ and 7%, as well as spatial boundary conditions. This scheme is explicit, since
the values of the field can first be updated using (3.6a), followed by updating the temporal momenta
using (3.6b). For the numerical experiment, we will compare this scheme to the scheme which uses
the standard discrete Laplacian in space and the forward Euler method in time,

(3.7a) Pa+1,b = Pab + Al 772,1;7
Pa,b+1 — 2Soa,b + Pa,b—1
Ax?
We refer to the method (3.7a)-(3.7b) as FE (forward Euler).
For our numerical experiment, we consider a family of initial conditions given by interpolating the
soliton solutions (¢, (z), 70(z)) = (¢4(0,x),9v(0,)) onto the spatial grid, for several values of
v (v = 0.50,0.47,0.45), on a spatial domain [—L, L]. We choose Neumann boundary conditions
7l(—L) = 0 = 7' (L) and choose L sufficiently large so that the Neumann conditions are satisfied
initially, up to a desired level of error (since 7'(z) = —91¢,(0, ) decays monotonically to 0 as |z|
increases), say L = 20 (so that 7!(L) = n!(—L) ~ 10719). To demonstrate the robustness of MSE,
we take a large spatial step Az = 0.1 and a time step At = Az/2; the experiment is run until a
final time 7" = 20.

The initial (p°, ¢) phase space distribution is shown in Figure 5. The (p°, ¢) phase space distribution
at t = 20 is shown in Figures 6 and 7 for MSE and FE, respectively. Comparison of Figures 5 and
6 shows the preservation of symplecticity in the temporal direction for the method MSE, whereas
it is clearly not preserved for FE.

(3.7b) To1p =Ty + At

— Atsin(pgp)-

Similarly, Figures 8 and 9 shown the preservation of symplecticity in the = direction for MSE.
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(p°,¢) Phase Space at t=0

o v=0.5
A ov=0.47
< v=0.45

FIGURE 5. The (p°, ) phase space distribution of the initial conditions (running over all spatial nodes in
[=L, L]). The solid curves indicate the exact distribution.

(p°,¢) Phase Space at t=20 for MSE

o v=0.5
A v=0.47
< v=0.45

FIGURE 6. The (p°,$) phase space distribution at ¢ = 20 using MSE (running over all spatial nodes in
[=L, L]). The solid curves indicate the exact distribution.

(po,rp} Phase Space at t=20 for FE

o v=0.5
o0 A v=0.47
& v=0.45

FIGURE 7. The (p°, ¢) phase space distribution at ¢ = 20 using FE (running over all spatial nodes in [—L, L]).
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(p1.¢) Phase Space at x=5 for MSE

o v=0.5
o v=0.47
< v=0.45

FIGURE 8. The (p!, ¢) phase space distribution at = 5 using MSE (running over all timesteps in [0, 7).
The solid curves indicate the exact distribution.

(p1‘¢) Phase Space at x=6 for MSE

FIGURE 9. The (p', ¢) phase space distribution at 2 = 6 using MSE (running over all timesteps in [0, T]).
The solid curves indicate the exact distribution.

4. CONCLUSION AND FUTURE DIRECTIONS

In this paper, we extended the construction of Hamiltonian variational integrators to the setting of
multisymplectic Hamiltonian PDEs. Our construction is based on a discrete approximation of the
boundary Hamiltonian, introduced in Vankerschaver et al. [44]. Through the Type II variational
principle, this discrete boundary Hamiltonian is a generating function for the discrete Hamilton’s
equations that define our multisymplectic integrator. The discrete variational principle automat-
ically yields integrators which are multisymplectic and satisfy a discrete Noether’s theorem for
group-invariant discretizations. As an application of this variational framework, we derived the
class of multisymplectic partitioned Runge-Kutta methods; however, our construction is more
general and is not limited to this class of multisymplectic integrators. Finally, we showed that
the discrete multisymplecticity which arose from the discrete variational principle agrees with the
notion of discrete multisymplecticity introduced in Bridges and Reich [6].

Perhaps the most natural research direction is to establish a variational error analysis result which
demonstrates that a computable discrete Hamiltonian that approximates the boundary Hamiltonian
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to a given order of accuracy will result in a numerical method for the Hamiltonian partial differential
equation with the same order of accuracy. It should be observed that this poses two main challenges
as compared to the case for ordinary differential equations. The first is that the boundary of the
spacetime domain is in general curved, and the space of boundary data (and boundary momentum)
is infinite-dimensional. As such, one would first have to approximate the spacetime domain with a
spacetime mesh, and choose a finite-dimensional subspace for sections of the dual jet bundle that is
subordinate to this spacetime mesh. Then, the error between the computable discrete Hamiltonian
and the boundary Hamiltonian can be decomposed into three terms, the first of which can be
bounded by assuming that the boundary-value problem is well-posed and therefore has continuous
dependence on the boundary data, the second is associated with the variational crime of replacing
the spacetime domain with a spacetime mesh, and the third is a term that is analogous to what
arises in the usual variational error analysis for ordinary differential equations.

The second natural direction would be to establish a quasi-optimality result which demonstrates
that the variational error in the construction of a Galerkin boundary Hamiltonian is bounded from
above by a multiple of the best approximation error of the finite-dimensional function space used
to approximate sections of the configuration bundle.

Finally, it was established in McLachlan and Stern [33] that many hybridizable discontinuous
Galerkin methods are multisymplectic when applied to semilinear elliptic PDEs in mixed form, and
it would be interesting to see the kind of multisymplectic Hamiltonian variational integrators that
would arise for Hamiltonian time-evolution PDEs when using spacetime discontinuous Galerkin
finite element spaces to discretize the dual jet bundle.
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APPENDIX A. HIGHER SPACETIME DIMENSIONS

In this appendix, we treat the case of a spacetime tensor product (hyper)rectangular mesh in
(n+1)-spacetime dimensions, where the coordinates on spacetime are given by {z"}}}_,. Let 7(X)
be a regular (hyper)rectangular mesh, with Az* the spacing in the z* direction. We index the
nodes of this mesh by x; = aAx* (where a is an integer) and consider Oy _,n € T(X) given
by Ogo g0 = szo[xfju,xf; + Ax#], where [] denotes the (ordered) Cartesian product. Fix a
spacetime direction z*. For this direction, there are two (n — 1)-dimensional faces of Oy 4n,
located along the hyperplanes z# = zf, and z# = a2, 41, to which the unit vector in the z#
direction is normal. To each pair of such faces, we associate a quadrature rule (for simplicity, we
consider the case of one quadrature point). The field values at this pair of quadrature points are
denoted P[a9]...[a#~ar [ar+1]...[a"] and ©[a0]...[an—1]ak +1[ak+1]...[a"] where the unbracketed indices a* and
a*+1 indices denote the faces with smaller and larger x#, respectively. Similarly, the corresponding
normal momenta to these faces are denoted Wffzo}...[au—l]au[auﬂ]...[an] and Wffzo}...[au—l]au+1[au+1}...[an}'
Note that, in the (1 4 1)-dimensional case, this notation agrees with the notation that we used in
Section 2.1 (where a’ = a,a! = b).

We take B(O,0_,n) to consist of the “forward” faces; that is, B(Ogo_ ,n) is the union, over all u, of
the face in the z# direction with larger 2/ coordinate, x# = x!, | (and similarly A(O0_,n) is the
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union, over all x of the face in the x# direction with smaller z# coordinate, z# = x!,.). For brevity
in the following equations, let

o = Ta0]. fan—Jas[ar+1]...[an)’

Plar[ = Pla)...[ar~1ar[ar+1]...[a"]5
Wffzuﬂ[ = WfZO]...[au—l]au+1[au+1}...[an}’
Plar+1[ = Pla0)...[an~Hart+1[ar+1]...[an]s

where we implicitly understand that (a?,...,a") are fixed. Then the quadrature approximation of
the integral over B is given by

n

i TBYB = Z |:7T]l;u+1[90]aﬂ+1[Anxu] P

=0
B(Dao...an) a

where A"z, =[], i AxV. Letting ¢4 denote the collection of values of ¢ on the quadrature points
on A(Oyo ,n) (and similarly for 7p), the associated discrete boundary Hamiltonian is

n

n Da ..am
HJ(@A,WB) = ext Z [Wﬁu_i_l[@]au-;-l[A Ty — Sy ’ (9,0 | ,
n=0

where S;“O'““" is some discrete approximation of the action and the extremization is over all (¢, p)
in the discrete approximating space satisfying the prescribed (¢4, 7p) boundary conditions. The
Type II variational principle yields the discrete forward Hamilton’s equations: for each u,

1
= -——Dy A Hf (pa,7B),
Jak| Az, @, Aptly

1
Plar+1] = A"—%D”vaqu (4, 7B),

where Dy 4, denotes differentiation with respect to the value of ¢ on the node on A in the p

direction, i.e., 0/0¢).u[ (and similarly Dy g, = 8/877]‘;,L+1[).

Analogous results to the main body of the paper can be derived for the case of higher spacetime
dimensions. For example, the multisymplectic conservation law dzH:lr = 0 (when evaluated on first
variations) gives

Z (dC,O}au_H[ A dﬂ-]!fw—i-l[ - d(p]au[ A dﬂ_]‘;“[) Az, =0
m

which formally is the quadrature approximation to wH (-, )d"x, = 0).
y 0O 0 n M

Similarly, the generalization to multiple quadrature points is straight-forward; for each pair of for-
ward and backward (n — 1)-dimensional faces in the p direction, we can choose multiple quadrature
points and weights on the faces (the quadrature rules on the forward and backward faces in the
same direction must be the same, but the quadrature rules can differ among the spacetime direc-
tions, as was the case in (1 4 1)-spacetime dimensions). Associated to these quadrature points are
the field and normal momenta values. Then, the discrete forward Hamilton’s equations just states
that the value of ¢ on a quadrature node in B is given by differentiating Hj with respect to the
normal momenta 7 on that node, divided by the product of A"z, and the quadrature weight at
that node (and similarly, the value of the normal momenta 7 on a quadrature node in A is given
by differentiating Hj with respect to the field value on that node, divided by the product of A"z,
and the quadrature weight at that node). As one can verify, in the (1 + 1)-dimensional case, this
precisely reproduces (2.3a)-(2.3d).
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One can then proceed as we did in the main body of the paper, in using the Galerkin construction as
a discrete approximation for the action. Utilizing analogous expansions to those in the main body
of the paper (with an expansion in each spacetime direction), the resulting variational integrator
would then give a multisymplectic partitioned Runge-Kutta method, where the integrator would
formally be a symplectic partitioned Runge-Kutta method in each spacetime direction with the
internal stages satisfying the De Donder—Weyl equations.

Finally, it is worth noting that, at the start of Section 2.1, we laid a general formulation for
unstructured meshes, arbitrary finite element spaces, and arbitrary spacetime dimensions. However,
in general, the form of the discrete Hamilton’s equations arising from the Type II variational
principle can not be written explicitly, which is why we specialized to the case of spacetime tensor
product (hyper)rectangular meshes. It would be interesting to determine the form of the discrete
forward Hamilton’s equations in other settings for particular choices of meshes, finite element spaces,
and spacetime dimensions. For example, although a fully unstructured spacetime mesh would be
challenging, one could consider a spacetime tensor product mesh which is the tensor product of an
unstructured spatial mesh and a regular temporal mesh. Even in the case of a (hyper)rectangular
mesh, it would be interesting to consider finite element spaces of differential forms (such as the
Q;-A* spaces arising in finite element exterior calculus [2]), which could be interesting in physical
applications such as lattice field theory.

APPENDIX B. RELATION TO GALERKIN LAGRANGIAN VARIATIONAL INTEGRATORS

In this appendix, we discuss the relation between Galerkin Hamiltonian and Lagrangian varia-
tional integrators. From the Lagrangian perspective, the appropriate generating functional is the
boundary Lagrangian (see Vankerschaver et al. [44]),

Lov(p) = /U L(, ) d™a,

where the expression on the right hand side is extremized over all ¢ such that ¢|gy = . In general,
methods derived from discretizing the boundary Hamiltonian and boundary Lagrangian are not
expected to be equivalent, even in the hyperregular case, as was shown in Schmitt and Leok [40]
for the case of mechanics (where the boundary Hamiltonian and boundary Lagrangian are referred
to as the exact discrete Hamiltonian and the exact discrete Lagrangian, respectively).

However, for the case of Galerkin Lagrangian variational integrators on a (1 4+ 1)—dimensional
rectangular mesh, they are equivalent (in the hyperregular case), for a suitable choice of discrete
boundary Lagrangian and using the same (Galerkin based) expansions that we utilized in our
construction of Galerkin Hamiltonian variational integrators. We assume the same field expansions
that we used in Section 2.3 (when discussing independent internal stages). Unlike the boundary
Hamiltonian where ¢ is specified on A and 7 is specified on B, the Lagrangian perspective specifies
@ on both A and B. One can define a discrete boundary Lagrangian as

L3 (pa, pB) = ext o AtAz Y L(¢(ciAt, Ealx), Dod(ciAL, EaA), D1(ci AL, Ea A))

la=pa,9l=¢B o

= eXtvia RIS VD VIS AtAzx

(2o %)

> bibo L(DY,, Vi, W)

+D e (9"1[(1] — Pofa] — ALY b Vja)
a j
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+ Z Ai (90[1']1 — plijo — Az Z EBWi’8>

B

)

+ Z )\ia(q)ioc + (i)ia)

[Ne

where in the first line, the right hand side is extremized over the finite-dimensional function space
chosen in the Galerkin construction (to obtain a discrete boundary Lagrangian instead of the exact
discrete boundary Lagrangian which extremizes over an infinite-dimensional space). The second
equality follows from substituting the chosen expansion and explicitly enforcing that the boundary
condition ¢|p = @p are satisfied by the Lagrange multipliers A\, and A;. The normal momenta
are then obtained by enforcing the variational principle, which gives the normal momenta 74, 75
in terms of the derivatives of LgD with respect to wa,pp. This defines a Galerkin Lagrangian
variational integrator.

Proposition B.1. If the continuous Hamiltonian H is hyperregular and the associated Lagrangian
L is constructed by the Legendre transform, then the Galerkin Hamiltonian variational integrator
and the Galerkin Lagrangian variational integrator are equivalent, for the same choice of expansion
(i.e., specified by the basis functions 1;, 1¥g and quadrature rules).

Proof. The proof follows from using the Legendre transform to express

0H (¢, p%,p")

OpH ’
which is invertible by assumption of hyperregularity (i.e., one can express the momenta in terms
of the field and their derivatives). The computation then follows analogously to the 1-dimensional
(mechanics) case, as shown in Leok and Zhang [26], noting that the Legendre transform holds at
the internal stages. O

oup =

It is expected that this equivalence holds in the case of higher-dimensional spacetime tensor prod-
uct (hyper)rectangular meshes, although it is still unclear to what degree this holds for general
unstructured spacetime meshes and general finite element spaces. We aim to explore this in future
work.
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