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this three-phase model into an equivalent form, which makes it possible to construct
a fully discrete linearized decoupling scheme with unconditional energy stability and
second-order time accuracy to solve this model for the first time. The energy law of the
reformulated model is also proved. Then we incorporate the explicit-IEQ (invariant energy

gfr{awﬁ;rgﬁ'ysml model quadratization) method for the nonlinear potentials, the projection method for the Navier-
Phase-field Stokes equations, the Crank-Nicolson method for time marching, and the finite element
Three-phase method for spatial discretization together to develop the fully discrete scheme for the
Fully-decoupled reformulated and equivalent system. By using the nonlocal splitting technique, at each
Second-order accuracy time step, only a few decoupled constant-coefficient elliptic equations are required to be

Unconditional energy stability solved, even though the original and reformulated models are much more complicated in

the form. The developed algorithm is further proved to be unconditionally energy stable,
and a detailed implementation process is also provided. Various numerical experiments in
2D and 3D are carried out to verify the effectiveness of the developed scheme, including
the binary crystal growth under the action of shear flow and the sedimentation process of
many binary particles.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

From the pioneering modeling work of Elder et al. in [10,8] to the present, an important application of the phase-field
method, called the phase-field crystal model (PFC, for short), has attracted significant attention in simulating the growth of
atomic crystals [49,25,26,35,51,50,46,37,38,18,4,2,9,12,23,1,11]. The framework of the PFC model is to introduce the so-called
phase-field variable to represent the coarse-grained time average concentration field of atomic density and then postulate a
phenomenological total free energy. Applying the energy variational method to the total free energy, the governing system
of equations is then derived, either in the H~! space (called Cahn-Hilliard dynamics, cf. [10,8]) or in the L? space (called
the Allen-Cahn dynamics, cf. [49]).
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According to the number of phase-field variables used, the PFC models can be categorized into different types, such as
a single-phase PFC model for pure material, i.e., one type of atom, and a binary-phase PFC model for binary alloys, i.e., two
types of atoms. Since the single-phase PFC model only needs to use one phase-field variable, its free energy composition
form is relatively simple, consisting of two parts, a linear part and a nonlinear part (double-well and/or vacancy potential).
After using the variational approach, the derived governing system contains only one independent partial differential equa-
tion (PDE). In contrast, the binary PFC model needs to use two phase-field variables. Hence its total free energy not only
includes the single-phase energy belonging to each phase-field variable, but also contains a special form of the coupling
part. Consequently, the governing system of the binary PFC model contains two highly coupled and nonlinear PDEs, which
is much more complicated than the classical single-phase PFC model. Hence, while the single-phase PFC model for pure
material has been combined with the hydrodynamic equations (Navier-Stokes) to simulate different flow field dominant
phenomena [25,26,35], it is not surprising to see that the coupling of the binary PFC model with the fluid dynamics and
the corresponding numerical simulation are still open.

Therefore, in this article, we consider the modeling and the numerical approximation for the hydrodynamics coupled
binary PFC system. Following the idea of the single-phase PFC model combined with hydrodynamic equations [25,35,26],
we first establish the governing system by coupling the Navier-Stokes equation with the binary PFC model and then prove
its energy law. Then we focus on constructing an effective numerical scheme for the newly proposed model. The algorithm
design may face arduous challenges due to the highly complex coupling and nonlinearity of the model itself, especially
when our goal is to develop a second-order time-accurate, linear, unconditional energy stable, and decoupled fully discrete
algorithm. More precisely, the numerical challenges include: (i) how to decouple the two phase-field variables; (ii) how
to decouple the flow field from the two phase-field variables to obtain an easy implementation; and (iii) how to develop
an appropriate time-discrete method for the nonlinear cubic term to obtain the linear format. Here, difficulty (i) is the
exclusive problem of the binary model, and difficulty (ii) is an exclusive problem of the fluid coupling model. And we
aim to simultaneously address these three difficulties together with another two major goals: unconditional stability and
second-order temporal accuracy.

There are several numerical schemes available for difficulty (iii), including the convex-splitting method [37,38,18,4,27],
the implicit quadrature method [16], the stabilization method [31,45,14,19], the IEQ method [46,50,48], the scalar auxiliary
method (SAV) method [49,51,50], etc. Finite element methods have also been developed to solve various phase field models
[3,6,13,21,22,28]. However, even for the simpler flow-coupled single-phase PFC model, which has attracted much attention
[25,35,26], the numerical difficulties (i) and (ii) have not been addressed simultaneously. And it is even more difficult to
address them directly for the more complicated binary case. Thus, to the authors’ best knowledge, so far none of the
above traditional methods can achieve linearity, decoupling, second order accuracy in time, and unconditional stability for
these sophisticated models at the same time. Hence, for the flow-coupled binary PFC model proposed in this paper, we
aim to design the first fully discrete numerical scheme, which is capable of achieving all of these four desired properties
simultaneously.

The key idea of the new scheme is the introduction of two auxiliary variables and special ordinary differential equations
(ODEs). Using these tools, the original system is then reformulated into an equivalent form by using an ingenious coupling
method. More precisely, one local auxiliary variable and its ODE are used to rewrite the nonlinear potential as a quadratic
function. And the nonlocal auxiliary variable and its ODE are used to deal with the coupled nonlinear terms. The major
advantage to achieve this equivalent system for the original model is that the unconditional energy stability can be easily
obtained by using simple explicit methods to discretize nonlinear terms. The nonlocal auxiliary variable can also be used to
decompose every discrete equation into several sub-equations with constant coefficients, so that each variable can be solved
independently at each time step, thereby greatly improving the computational efficiency. These are the major motivations for
us to pay the cost of formulation complexity to reformulate the original model, while the later numerical implementation
of the reformulated model only needs to solve several decoupled constant-coefficient elliptic equations. It is worthwhile to
trade off this cost for improving the efficiency of the numerical implementation of such a sophisticated model and achieving
all the four desired properties discussed above.

For the above novel designs, we are inspired by the IEQ scheme developed for the no-flow version of the PFC model in
[46,50]. And one distinguishing feature of the proposed scheme is the use of explicit discretization to deal with almost all
nonlinear and coupled terms. Therefore, we call this technique an explicit-IEQ method. In the following, we will provide
the significant differences between the new explicit-IEQ method and the IEQ method developed in [46,50]. First, the ideas
to define the critical auxiliary variables are different. Second, the IEQ method developed in [46,50] is designed for the no-
flow model, while the explicit-IEQ method developed in this article is for the flow coupled model. Third, the IEQ scheme
in [46,50] needs to solve a linear system with variable coefficients at each time step, which generally results in higher
computational costs. In contrast, the explicit-IEQ method developed in this article only requires solving a few completely
decoupled, linear, and constant-coefficient equations. Hence it's more efficient. To the best of our knowledge, the scheme
constructed in this article is the first fully discrete algorithm of the flow-coupled PFC model with all of these characteristics:
linearity, decoupling, temporal second-order accuracy, unconditional energy stability, and constant coefficients.

The rest of the article is organized as follows. In Section 2, we formulate the flow-coupled binary PFC model and then
reformulate it to an equivalent form, with the energy dissipation structure provided. In Section 3, the fully discrete finite
element numerical scheme is constructed, and a detailed step-by-step implementation process is given. The solvability and
unconditional energy stability will also be proven rigorously. In Section 4, using the developed scheme, various numerical
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examples of 2D and 3D, including some benchmark examples, such as crystal growth process and sedimentation process of
many particles, are further carried out to show its effectiveness. Finally, some concluding remarks are provided in Section 5.

2. Flow-coupled binary phase-field crystal model and its energy law

In this section, we will first propose and analyze a basic flow-coupled binary phase-field crystal model. Then, inspired by
some observation in the analysis of the basic model, we will introduce several auxiliary variables to equivalently reformulate
the model so that it is more convenient to construct the desired numerical scheme.

We first introduce some notations, which will be used in the rest of this article. We assume that the domain Q € %%, d =
2,3 is open, rectangular, smooth and bounded. For any two functions ¢ (x) and v (x), their L2-inner product on 2 is denoted

by (¢, V) = fQ¢(x)1//(x)dx, and the L%-norm of ¢ (x) is denoted by ||¢| = (¢, qb)%.
2.1. The flow-coupled binary PFC model

We now develop a binary PFC model with fluid dynamic coupling for binary alloys. We define two phase-field variables
b1, ¢2 : 2 — R to describe the local atomic density field for each atom type. From the modeling work of the so-called Swift-
Hohenburg energy postulated in [34,24,10,8,25,35,26,2,9,12,23,1,11], the total free energy of the binary PFC system (no flow
case) reads as follows:

E(¢1,¢2)=/(L(¢1,¢2)+N(¢1,¢2))dx. (2.1)

Q

Here L(¢1, ¢2) is the linear part, which will lead to the linear terms in the PDE model, and N(¢1, ¢2) is the nonlinear
part, which will lead to the non-linear terms in the PDE model:

L(¢1, ) = ﬂL 201 + "’—ZL 302+ 2112 6. (2.2)

N(¢1.¢2) = F(¢1) + F(¢2) + Fvac(¢1) + Fvac(#2) + Feouple (91, ¢2), (2.3)

where L1, Ly, and L1, are defined as

Li=A+ay, Ly=A+a, Lip=A+anp, (2.4)
A is the Laplace operator, a; and ay represent the equilibrium distance between atoms of the same species, and aq» sets
the distance between different species of atoms, F(y) = %I/J“ — %1//2 is the fourth-order nonlinear smoothing potential,

Fuac(¥) = S(Jy|® — ¢3) is the cubic penalized vacancy potential (cf. [5,32,33]), Feoupte(#1, $2) = 1y 9293 is the coupling
potential, and &, 8, y are all positive constants (see [8,11,2] for further discussion of how these parameters relate to material
properties).

In the following Lemma, we show that the total free energy E(¢1, ¢») is bounded from below, which is a very important
feature. Otherwise, the energy decay characteristic is meaningless.

Lemma 2.1. The free energy E(¢1, ¢2) is bounded from below.

Proof. We first consider the linear part fQ L(¢1, ¢2)dx and reformulate it to

1 1 1
/ L1, ¢2)dx =2 [IL1gy I + 5 IL22 I + 5 (Li2g1. Li2go). (2.5)

Q

By using the Cauchy-Schwarz inequality, we estimate the lower bound of the last term as

(L12¢1, L12¢2) = (L12p1 — L1, L1agp2) + (L1, L12gp2)
= (L12¢1 — L1¢1, L12¢2 — Lagh2) + (L12¢p1 — L16b1, Lagh2)
+ (L1, L12¢2 — Lag2) + (L1, L2¢2)
= (a12 — a1)(@12 — a2)(¢1, ¢2) + (a12 — a1)(¢1, Lagh2)
+ (a12 — a2) (L1, 2) + (L1¢1, Lagh2)

- - 1
a1z — a1)(@rz a”'(||¢1||2+||¢z||2)—%anmnz—E|au—a1|2||¢1||2

(2.6)

= 2
¢ 2 1 2 2 1 2 1 2
S Lil? = —laia —a — L 12 = = Lol
4|| 111l ;l 12 — az|*ll#2|l 2|| 1911l 2|| 202l
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Hence, combining with the nonlinear part, we deduce

E(p1.42) = /(L(¢1 »$2) + N(¢1, ¢2))dx

1 1
> (= DL+ G - DliLagal?

1 B B B B
+ [ {F@n+F@+ 5923+ S0l + S1nP - £t - L3 27)
Q
- - 1
_ (I(a12 01)2(6112 az)| n Z|a12 _ a1|2)|¢1|2
- — 1
B <|(a12 a1)2(a12 az)| n E|a12 _ a2|2>|¢2|2 ]dx

It is easy to see that the terms in {} are bounded from below, since the fourth-order terms contained in F(¢q) and F(¢7)
dominate all other negative terms from below. Therefore, as long as the constant ¢ is set to satisfy 0 < ¢ <2 (for example,
we take ¢ = 1), we deduce that E(¢1, ¢,) is bounded from below. O

Following the similar variational approach for deriving the flow-coupled single-phase PFC model given in [25,35,26], we
propose the flow coupled binary-phase PFC model for binary alloys as follows:

$1t+ V- (upr) = MAML (2.8)
M1 —)\(L o1+ = L 1202 + f(D1) + fvac(d1) + V¢1¢2) (2.9)
$u+ V- (u¢z)—MAuz, (2.10)
p2=r(L5¢2 + = L22¢1 + f(92) + frac(¢2) + v did2), (2.11)
u + (u- V)u+Vp—uAu+¢1vm +¢aViy =0, (212)
V.u=0, (213)

where u is the fluid velocity, p is the pressure, v is the viscosity, (1 = % and p; = % are the chemical potentials,

f) =F @) =93 — ey, frac(W) = Fl.c(¥) = B(¥| — ¥)¥, M is the relaxation mobility, A is a positive constant (see
[26]). The equations for ¢q, 1, ¢2, o are derived by taking the variational gradient flow approach to the free energy
E(¢1,¢2) in the H™! space, i.e.,, the Cahn-Hilliard dynamics.

Remark 2.1. We can also expand the two linear operators L2 and L% in (2.9) and (2.11) to the following open format:

M1 _)L(A ¢1+ 2a1Adq +a1¢l + = L 1202 + f(P1) + fvac(d1) + V¢1¢2) (214)

2 =A%y + 20, Ad + a5 + L 201+ f(@2) + frac(d2) + v did2).
Since we expect to establish a decoupling scheme, in Section 3, we will use this open format for the two linear operators
L? and L2.
The initial conditions of the system (2.8)-(2.13) read as

| =0y = u°, $1l=0) = ¢, P2lt=0) = #3, Plt=0) = p°. (2.15)

We also consider the following boundary conditions:

ulye =0, Ind1]se = Ind2loe = nAP1l9e = nAd2l9e = Ini1lse = Ini2]se =0, (2.16)

where n is the unit outward normal on the boundary. Note that it is also very common to assume that all variables meet
periodic boundary conditions in the existing work, see [34,24,10,8,25,35,26,2,9,12,23,1,11,37,38,18,4,46,50].

It is easy to derive that the total free energy of the system (2.8)-(2.13) follows an energy dissipation law, which is shown
in the following Lemma.

Lemma 2.2. The PDE system (2.8)-(2.13) holds a law of energy dissipation:

d
g Frot (W, 61, 62) = —=M(| V11 12+ IViall®) — v[Vu|? <0, (217)
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where

1
Etor(u, 91, ¢2) = Ellllll2 + AE(¢1. 42). (2.18)

Proof. First, taking the L? inner product of (2.8) with 1, of (2.9) with —¢1,, of (2.10) with 3, of (2.11) with —¢y;, using
integration by parts and combining the four obtained equations, we obtain

d
hor / (L1, d2) + N($1. ¢2)) dx = =M V11> = M| V2]l = (V - (un), 1) — (V - (). ). (219)
Q

Second, by taking the inner product of (2.11) with u in L2, and using the divergence-free condition (2.12) and integration
by parts, we derive

d 1

o | FIurdx=—vIVul? — (- V) ) — (@1 Vi W) = (¢2 Vo, w). (2220)
Q

By combining (2.19) and (2.20) and using (2.21) of Remark 2.2, we deduce the law of energy dissipation (2.17), where

Etor(u, ¢1, ¢2) is the total free energy for the model (2.8)-(2.13). From Lemma 2.1, the total energy E;x(u, ¢1, ¢2) can be

guaranteed to be bounded from below. O

Remark 2.2. Remarkably, in the process deriving (2.17), we utilize the following three equations:

which can be verified by applying integration by parts, the boundary conditions of (2.16) and the divergence-free condition
(2.13). In the energy law derivation process of Lemma 2.2, the final elimination of these three terms means that they will
not have any impact on the energy law of the governing system. This feature of “zero-contribution-energy” (see also in
44,47,40,43,41,42]) prompts us to construct a scheme with a decoupling structure, as shown in the next section.

2.2. Equivalent reformulation of the model

As discussed in the introduction, none of the traditional methods can achieve linearity, decoupling, second order accuracy
in time, and unconditional stability at the same time for the sophisticated target model of this paper. Therefore, in this paper
we need to develop a new method, which additionally defines local/non-local variables inspired from various ideas and uses
them to reconstruct the above PDE system into a desired form. This extra effort is particularly paid to overcome the major
difficulty in designing the first fully discrete numerical scheme, which is capable of achieving all of the above four desired
properties simultaneously for the flow-coupled binary PFC model proposed in this paper. On the other hand, the features
of this reformulated model and our ideas of the new numerical scheme in the next section will eventually lead to solving
a few decoupled constant-coefficient elliptic equations only at each time iteration step. That is, the extra effort and the
complexity of the reformulated model is traded off for the efficiency of the numerical implementation and the algorithm’s
capability of simultaneously achieving the above four desired properties. Therefore, in this subsection we will first focus on
the model reformulation by using the newly defined critical auxiliary variables.

First, in order to force the original energy potential to be “quadratic”, which comes from the IEQ method developed for
the no-flow version of the PFC model in [46,50], we define an auxiliary variable (local type) U(x,t) as

G, G, S S
U, t)= ?¢1+?¢2+N(¢15¢2)_5¢1_§¢2+B, (2.22)

2 2
where S > 0 and B > 0 are two predetermined constants. Note that the term in the square root, a—ld)f + %q}% + N(p1, ¢2) —

%(b% — %qﬁ% is always bounded from below. This is because all the negative terms, including the cubic polynomial terms in
Fyac(¢1) and Fyqc(¢2), the negative quadratic terms related to S, and the negative quadratic terms in F(¢1) and F(¢2), can
be always bounded by the fourth-order terms contained in F(¢1) and F(¢;) from below. The reason for using a predeter-
mined constant B is that we are trying to make the term in the square root always positive.

Using the new variable U (x,t) and defining ¥ = A¢1, Y2 = A¢a, V1 = L12¢p1, W2 = L12¢2, we reformulate (2.8)-(2.11)
as the following form:

$1e + V- (up1) = MA U, (2.23)

1
M1 =A(AY + 2a1y +§L12‘1/2+5¢>1 + HqU), (2.24)
¢+ V- (ug) = MA Uy, (2.25)
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MZZK(AI/f2+2021/f2+%L12\111 + S¢ + HaU), (2.26)
Y1 = A1, Y2 = Ao, V1 = L12¢1, W2 = L12¢h2, (2.27)
1
U= E(Hld’n + Ha¢ar), (2.28)
Ult=0) =U(x,0), (2.29)
where

Gp1 + f($1) + Frac($1) + Y $195 — S
Hi 2 2 ’

F67+ 403+ N1, ¢2) — 567 — 3¢5 + B 230)
Hy = G221 @) + fuac(d2) + ¥ 9id2 — S

a? a '
T+ F03 + Np1.¢2) — 307 — 3¢5 +B
The equivalence between (2.8)-(2.11) and (2.23)-(2.29) is straightforward since a simple integration of (2.28) together with
the initial condition (2.29) can recover (2.22). Therefore (2.9) and (2.11) are obtained by using (2.24) and (2.26).

Second, we introduce the most critical auxiliary variable Q (t) (nonlocal type) for the effort of model reformulation, and
define a special ODE for it:

Q= (u-Viu,u) + (V- (1), u1) + @1V, w) + (V- (ugy), 2) + (¢2Viez, u)
+A(H1U, ¢1t) — A(H1¢1¢, U) + A(HU, ¢2r) — A(Hadpze, U), (2.31)
Ql¢=0) =1,

where the variables u, ¢1, 11, ¢2, 2 follow the boundary conditions given in (2.16), and u also satisfies the divergence-free
condition. Thus, from (2.21), it is easy to see that the ODE (2.31) is actually Q; =0, Q|¢=0) = 1, which simply means a
trivial solution of Q (t) =1.

Remark 2.3. Note that all inner product terms contained in (2.31) cancel each other out in the continuous case. That is, the
equation (2.31) is a trivial ODE (Q; = 0) in the continuous case. However, this trivial ODE with such a special form can help
us achieve the desired form of the algorithm that we expect in the discrete case, that is, a fully-decoupled scheme. By using
different discrete methods for the two inner product terms that can cancel in the continuous case, we can simultaneously
achieve second-order accuracy, full decoupling, linearity, and unconditional energy stability, as detailed below.

By replacing (2.9) and (2.11) with (2.24)-(2.29), and combining with the ODE (2.31) for Q, we get a new (but temporary)
PDE system as

$1e + V- (up1) = MApu, (2.32)
1 =A(AY1 + 2a191 + %le\l’z + S¢1+ H1U), (2.33)
¢+ V- (ug) = MA Uy, (2.34)
M2=K(A¢2+202W2+%L12‘P1 + 5S¢+ HyU), (2.35)
Y1 =A¢1, Y2 = Ay, V1 = L12¢1, Y2 = L12¢2, (2.36)
Ur= %(Hw&u + Hadae), (2.37)
Q= (- V)u,w) + (V- (ug1), n1) + (p1Vier, W) + (V- (ud), n2) + ($2Vir2, w) (2.38)
+A(H1U, ¢11) — AM(H1¢11, U) + A(H2U, ¢2r) — A(H2a¢p2t, U),
U+ @-VYu—vAu+Vp+¢p1Viur + ¢aViur =0, (2.39)
V.u=0, (2.40)

with Q|¢=0) =1 and U|=0) = U(*,0). It is straightforward to see that the new system (2.32)-(2.38) is equivalent to the
original system (2.8)-(2.13).
Third, we reformulate the system (2.32)-(2.38) through the nonlocal variable Q into the following final form:
$1:+ QV - (up1) =MAu, (2.41)
N————

Q—reform
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1
w1 =AAY1 +2a191 + LoV 4+ S+ QH U ),
2 ———

Q-—reform
¢+ QV - (up) = MAU,,
————
Q-—reform
1
W2 = A(AY2 +2a292 + - L12W1 + Sg2 + QHLU),
2 S——
Q—reform

Y1 = Ag1, Y2 = Ay, V1 = L12¢1, Y2 = L12¢2,
1
U= 5 (QH1¢1c + Q Ha¢p2t),

Q—reform
Qe=((u-Viu,u) + (V- (up1), u1) + @1V, w) + (V- (Ugy), n2) + (¢2Vio, u)
+A(H1U, ¢1¢) — A(H11t, U) + A(H2U, ¢p2r) — A(Ha ¢3¢, U),
U+ Q- Viu—vAu+Vp+ Qo1Vir + Q¢ Vi =0,
N ——’

Q—reform Q-—reform

V.-u=0,

with the boundary conditions

ulye =0, Ind1lse = Ind2loe = nAd1lse = InAd2l9e = Ini1lse = Ini2lse =0,

and the initial conditions

ul(t=0) = U, ¢1l(c=0) = B3, b2l (t=0) = ¢35 Pl(t=0) = P°, Ul(t=0) = U(*, 0), Q =0 = 1.
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(2.42)

(2.43)

(2.44)

(2.45)
(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

Remark 2.4. In the process of the third reformatting to obtain (2.41)-(2.49), since Q (t) =1, those under braced terms in
(2.41)-(2.49) by multiplying with Q (marked as “Q-reform”) will not be changed. Hence, from the detailed reformulation
process mentioned above, it is easy to see that the finally obtained system (2.41)-(2.49) is equivalent to the original system
(2.8)-(2.13).

In the following two lemmas, we show that the reformulated equivalent system (2.41)-(2.49) obeys the law of energy
dissipation, and the total free energy is bounded from below.

Lemma 2.3. The reformulated equivalent system (2.41)-(2.49) holds the law of energy dissipation as

where

Proof. By taking the inner product of (2.41) with 11 in L? and using integration by parts, we obtain

By taking the inner product of (2.42) with —¢q, in L? and using integration by parts, we have

d .
g Frot (@1, 92,91, 2, W1, W2, 0, Q, U) = — MUVl + IV2l?) — vi[Vu|? <0,

A 1 1
Bror (91,92, Y1 v2, W1, W2, w, Q. U) = a2+ 3 { 112 + 12l + (1, w)

2 2 2 2 2, 1 o 1
—2a1[[Vé1” = 2a2[Vé2[” + Sl llI” + Slig2|| }+kIIUII +31Q17 =5 — Bl

2

(D16, 1) = —MIIVia 2 —Q (V- (ugr), 1)

I

1 1. d
—(u1, ¢10) = — A1, Ade) — 20a1 (Y1, d1) — 5)»(‘1’2, Liad1e) — =2 (Sl 1®) —AQ (H1U, ¢1) .

2 dt

By taking the L2 inner product of (2.43) with u, and using integration by parts, we derive

(b2r, 12) = =M V2ll> —=Q (V - (ugh2), 2) -
1l

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)
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By taking the L2 inner product of (2.44) with —¢y; in L2 and using integration by parts, we get

1 1 d
— (U2, ¢2t) = — M2, Agae) — 2ha2 (Y2, P2r) — EM%’ L12¢por) — EXE(SMZ %) =2 Q (H2U, ¢r) . (2.57)
V1

By taking the time derivative of the four equations in (2.45), we have

Vit = Ad1e, Yor = Adoe, Wir = L1ad1e, Wor = L12¢e. (2.58)

By taking the L2 inner product for the first equation in (2.58) with Ay, and the second equation in (2.58) with Ay, we
obtain

1xd 2 (A 1xd 2 _nA 2.59
5 all%ll = A(Ad1t, V1), 2 Ellx/lel = A(Ag2t, V2). (2.59)

By taking the L? inner product of the third equation in (2.58) with %A\IJZ, of the fourth equation in (2.58) with %)»\Iﬁ, we
obtain

1 1 1 1
E)L(‘ylts W) = EML”d’“’ vy), EK(\I’zt, W) = ik(Lu(l)zr, Wp). (2.60)

By taking the L2 inner product of the first and second equation of (2.45) with —2ia;¢1; and —21ay¢y;, respectively, we get

1 d 2 1 d 2
=2xa1 (Y1, p10) = ika(Zm IVo1ll©), —2iay (Y2, dpar) = ila(ZflzIIVszll ) (2.61)
By taking the inner product of (2.46) with 21U, we obtain
d
)\E”UHZ:)LQ(H1¢1BU)+)\Q(H2¢2MU)~ (2.62)
Vi Vi

By taking the inner product of (2.48) with u in L%, and using (2.49) and integration by parts, we obtain

d (1

5 | FMPdx=—vIVul’? Q@1 Vi1, 1) —Q (> Vie, W) —Q (U VIu W) (2.63)

Q VI VI 1X;

By multiplying (2.44) with Q, we obtain

d /1
—(51QP) = Q- V), w+ QT (Wgn). 1) + Q1 Vit W+ Q(V - (o). 1) + Q (2 Visa, 0)

de\2
X, I Vil 1, VI, (2.64)
+AQ(H1U, ¢p1t) —AQ (H1¢1¢, U) +1Q (HaU, ¢2¢) — A Q (Haepp, U) .
I Vy IV, Vi,

After taking the combination of (2.54)-(2.57), (2.59)-(2.64), and noting that all terms under braced with the same Roman
numerals (e.g., I; and I, etc.) are canceled out, we derive the energy dissipation law (2.52). O

Lemma 2.4. If S satisfies the following condition
% 2 2 E 2 2
S zmax(za]2 + 4ay, 2a]2+4a2), (2.65)
then the free energy Ecot (01, b2, Y1, Y2, W1, W2, u, Q, U) given in (2.53) is bounded from below.

Proof. We only need to show that the terms in {} of (2.53) are bounded from below. First, similar to Lemma 2.1, we
estimate the term (W1, W;) as follows by using the Cauchy-Schwarz inequality:

(W1, W) = (W1 — Y1, ¥2) + (Y1, W2)
= a2, (P1, ¢2) + a12(81, ¥2) + 121, d2) + (Y1, ¥2)

(2.66)
a? c 1 ¢ 1 1 1
2 =5 1911+ 1620°) = Z vl = 2 afalldnl” = 2l = zataligzll® = 1val = S vl

Second, we estimate the negative terms —aq || V1 ||2 — az || V2| as follows

8
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—201||Vn |7 — 202V ||? = —2a1(Vep1, Vo) — 2a2(Vepa, Vo)
=2a1(A¢d1, P1) + 2a2(Ag2, ¢2)
=2a; (Y1, 1) + 202 (2, ) (2.67)

n 2 45 0 N 2 4o 02
> —— — —a - = — —a .
z—y Il n 1l 1 lY2 |l n 5112l
Hence, we deduce

191112 + 192l1? + (W1, W2) — 2a1(|Ve1 |12 — 2a2[|Vea||* + Slip1 11> + Slig2 |12

1 ¢ n 2 1 ¢ n 2
> (G- 5= D+ G~ 5 = Diwal (2.68)
az, 1 4 a, 1 4
+(S- % - Ea%z - Ea%)”(f’l 1P+ (s - % - Ea%z - 5a§)||¢2||2.

It is easy to see that the total free energy is bounded from below as long as the condition (2.65) is satisfied, which
means we choose { =1 =1 in (2.68). O

Remark 2.5. The difference between the proof of the Lemma 2.2 and the proof of the Lemma 2.3 in the derivation of
energy dissipation law fully explains why we need to transform the original system (2.8)-(2.13) to a new equivalent form
(2.41)-(2.49) in such a special manner.

We take the advective term V - (u¢;) and the surface tension term ¢V in the original system (2.8)-(2.13) as an
example to illustrate the reason. In the process of Lemma 2.2, we notice that the inner product term (¢1Vu1,u) in (2.20)
(term IV) will be offset by the term (V - (u¢), 1) (term I) contained in (2.19). This means that the discretization of the
advective term V - (u¢1) and the surface tension ¢V must be handled in some way, thereby leading to a coupled type
scheme.

While for the newly modified system (2.41)-(2.49), in the Lemma 2.3, the term I; in (2.54) and VII; in (2.63) do not
need to cancel each other, because the term I, in (2.64) can cancel Ij, and the term VII; in (2.64) can cancel VII;. This
means that when developing a numerical scheme, one can use different discretization methods to deal with the convection
term QV - (¢qu) in (2.41) and the surface tension term Q ¢V in (2.48), which makes it possible to build a complete
decoupling type scheme.

3. Numerical methods

To construct a fully discrete numerical scheme for the flow coupled binary PFC system (2.8)-(2.12), we introduce a new
method to realize the decoupled calculation. Instead of investigating each nonlinear term of the original model to distinguish
whether to use implicit or explicit methods for discretization, the key idea is to discretize the above reformulated system.

3.1. Numerical scheme

In this subsection, we develop a fully-discrete algorithm for the system (2.41)-(2.49), which is an equivalent system of
the hydrodynamically-coupled binary PFC model (2.8)-(2.13).

Some finite-dimensional discrete subspaces are introduced here. Suppose that the polygonal/polyhedral domain 2 is dis-
cretized by a conforming and shape regular triangulation/tetrahedron mesh 7} that is composed by open disjoint elements
K such that @ = UKeﬁ K. We use P, to denote the space of polynomials of total degree at most | and define the following
finite element spaces:

Yp = [¢ e COQ) bl € Py, (K). VK € 77,], V= [v e o) : vl e P, (K)!, VK € 771} NHL )Y,

(3.1)

0p = {q € CO() 1 qlx € P_1(K), VK € Th} NI2(Q), Xy = {u e COQ) : Uk e Py (K)! VK € Th] ,
where H}(Q) = {u € H/(Q) : ulye = 0} and L3(Q) = {g € L*(Q) : [, qdx = 0}. Hence,

Yi c HY(RQ), Vi C HY(R)?, 05 C LE(R), X C L2(Q). (3.2)
Besides, we assume the pair of spaces (Vy, Oy) satisfy the inf-sup condition [15]:

V-v,q)
Bligll < sup —=——, Vqe€ Oy,
vev, [IVV]

where the constant 8 only depends on €.
The semi-discrete formulations of the system (2.41)-(2.49) in the weak form read as: find ¢1, @1, ¢2, U2, ¥1, ¥2, ¥1,
Wy e HI(Q), U € L2(Q), ue HY(Q)4, p € L3(Q), such that
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(@16, w1) — Q (U1, Vwy) = —M(Vur, Vwy), (33)
(1, ©1) = —=A(Vr1, VO1) + 2ha1 (Y1, ©1) + %A(L%Z‘IJLL]%ZQO +AS(¢1,01) + 2Q (H1U, ©1), (34)
(¢2r, w2) — Q (g2, Vwy) = —M(Vua, Vwy), (3.5)
(12, 02) = ~A(V, VO3) + 22022, @) + 3 MLy W1, L;02) 41562, ©2) +1.Q (HaU, 0), (36)
(Y1,61) =—(Vé1,Vé1),  (¥2,86) =—(Ver, V&), (3.7)
W1, x0) = Udr, Lhxn), (W, x2) = (L, Ly 1), (38)
U, V) = %Q(H1¢>1t, V) + %Q(Hztbm, V), (3.9)
Q= ((w-Viu,u) — (upy, Viur) + (91 Vur, w) — (ug, Vo) + ($2Viz, u) (3.10)
+A(H1U, ¢1t) — A(H11t, U) + A(HaU, ¢2r) — A(Hagze, U),
U, v) + Q((u-V)u, v) +v(Vu, Vv) — (p, V- v) + Q($1 V1, V) + Q(¢2Vu2, v) =0, (3.11)
(V-u,q)=0, (3.12)

1
for ®1, wi, @2, w2, &1, &, x1, X2 € HU(Q), V € L2(Q), v € H} ()%, g € L3(), where the linear operator associated with L,
is defined as

(LL 9. 15,0) = —(V§, V) + an (. ©). (313)

We let §t > 0 be a time step size and t" =ndt for 0 <n < N with T = Nét, and use llf;? to denote the finite element

+3 . .
2= %(urrl +uE), and for any other variables

approximation for the function (-, t) at t = t™. For convenience, we define l:lz
@, we define "3 = (@M1 4 o),
Using the second-order Crank-Nicolson type formula for time marching, a fully discrete numerical scheme to solve the

system (3.3)-(3.12) can be constructed as follows. Find ¢};", wit, @5, pltt, it i H @t Wit e vy Ut e
n+1

Xp, @1 € Vi, pt! € Op, and one nonlocal scalar Q"' € #, such that

$in' — 1 - _n+d

(P wan) = Q2 (W Vwin) = —M(VAy, T Vi), (314)
—nty Tty *

(L *> ©10) = —A (Vg ©, VO1) + 20a1 (Y, O1n) (3.15)

LY R an N S@m Q" E (HIU*
+5)‘( 12 %20 1201h) +A (d)]h »O1p) +AQ ( 1 » O1n),
o — O
]

( st ’
_n+l -n+l "

(Lo, ©5 O2p) = —A(VYry, ©, VOap) + 20a2(Yy, O2p) (317)

— 1 _n+l
Wan) = Q3 (W95, Vwan) = —M(Viiy, 2, Vwap), (316)

1 Tonyl -n+1 SR (NI
+§)\(L12\I’1h 7L12®2h)+)\5(¢2h » O2p) +AQ Z(HZU , O2n),

W en) = — (VI Ve, (Ut &an) = —(Vl! Vi), (3.18)
1 1 1 1
W i) = L85 Ly xan), (U5 xan) = (L85 LE, xon), (3.19)
UZ-H_UZ 1 Antd s ok 1 Antd o oppx ok
(F = vh) = 3 QT (High Vi 4+ 5 Q™ (H3 05 V. (3.20)
Qn+] — Qn =n+1 _n+d =n+1
S = (@ VG, — (@ Vi, ) + @V Gy ) (321)
_n+d =n+1 ¢)n+1 - ¢)n —n+l
—(u 3, Vo) D)+ ($3V s, Ty 2) + A(HIU™, %) — M(Hi¢t,, U 2)
n+1 _ n B
gy, Pt o Pan) 305 07,
ﬁzﬂ - “2 = =+l
(T, Vh) + QM2 ((u" - Vy)ut, vp) +v(Vay, 2, V) + (Vph, vi) (3.22)

=nil =npl
+Q 2@V UL, Vi) + QT2 (@5 Vs, Vi) =0,

10
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2 -
(VR = PR, Van) = == (V- 8 an), (3.23)
- ot
uy =0 = (Vo = Vpp), (3.24)

for all ® 1y, W1p, O2n, Wan, &1ns E2n> X1hs X2h € Yi, Vi € Xn, Vi € Vi, g € Op, where

3 1 -1 3 1 -1 3 1 -1
PR e
1 -1

Ui = il/ffh - iw?h Y3 = Ewg” B fwg” ’

3 1,4 3 1,4

MT=§M7h_§Mqh v/L;:EMgh_EMgh )

Hi = H1(¢7. ¢3), H5 = H2(¢7, ¢3).

agy, — bgiy " + gl
25t

(3.25)

agy, — gl " +cgl

,a=2,b=3,¢=1.
25t

¢Tr =

*
sy =

Remark 3.1. In the above scheme (3.14)-(3.24), we adopt the time marching strategy based on the second-order Crank-
Nicolson formula. All nonlinear terms are discretized using the second-order extrapolation method in turn, while the
nonlocal auxiliary variable Q in (3.14), (3.15), (3.16), (3.17), (3.20), and (3.22) is discretized in an implicit manner, i.e.,
Q"Jr%. Meanwhile, the initialization of the scheme (3.14)-(3.24) requires the values of all variables at t! = st, t2 = 28t which
can be obtained by using the first-order scheme, namely, setting @ =b =2, ¢ =0 in practice.

Remark 3.2. The second-order pressure-correction scheme is used to decouple the computation of the pressure from that
of the velocity. This projection method was analyzed in [29], where it is shown (discrete in time, continuous in space) that
the scheme is second-order accurate for velocity but only first-order accurate for pressure. The loss of pressure accuracy
is caused by the artificial Neumann boundary condition imposed on the pressure [7]. The final solution u’*! satisfies the

h
discrete divergence-free condition, which can be deduced by taking the L? inner product of (3.24) with Vqy € Oy, that is

. at
™, Van) = @ Van — S (Vo = o). Van). (3.26)

From the boundary condition of ﬁﬂ*l

from (3.23), we derive

~n+1

, we derive (ﬁﬁ“, Vqp) =—(V-w,"", qp) by applying integration by parts. Therefore,

(uz+1, th) —=0. (327)
3.2. Decoupled implementation using the nonlocal splitting method

In this subsection, we introduce a nonlocal splitting method to obtain the decoupling implementation process for the
scheme (3.14)-(3.24).

— Antd sooon4+1  on+1 o n+l  on+1 o ndl a4l gndl g n+l o . P
Step 1: using Q""2, we split ¢y, , Wy, > Dop s Mo ¥ o ¥on - Vip - Yo, into a linear combination form as

n+1 _ n+l | An+d n+l n+1 _ , n+1 | An+d nt1
b1 =% +Q f¢12h’ Mip =My +Q Pz
n+l ikl |, Andl n n+l _ontl | Antd onF
b =y +Q 21¢22h’ Mo =My +Q 2'?2211’
n+l_ ondl | Antd [ ntl nel ol Andd ntd
Vin =V T Q7 2V, Yo =Voq Q7 2955,

n+1 _ gn+1 | Antdgntl n+1 _ gn+1 | An+dgn+l
Wip =W T Q7 2V, Wy =Wy, £ Q7205

(3.28)

We solve ¢fit!, wiht!, w1, Wit for i =1,2, as follows.

Using (3.28), we replace [, ult! yit!, W i =1,2 in the system (3.14)-(3.19), and decompose the obtained equa-
tions according to Q’”% into the following four subsystems:

1 1
5 @1 Win) + S MV, Vwig) = Gy,
1 1 1
(T ©1m) = =A(VYT, VOm) + AL Vol L Om) +AS@H, Om) + Ga, (3.29)

1 1
(WL En) = — (VI HL Ve, (W5 H xan) = (L0t L2 xan).

11
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1 1
§<¢?2+,3, Wip) + 5M<w';;,‘, Vwip) = *¢}, Vwip),
1 1 1
(i3> O1m) = =AYz, VOm) + S a(LipWagy', LpOm) +AS@13,, O1m) + 2A(HTU, O1p), (3.30)
1 1
Wit Em) = — (Vo Ve, (Wt xon) = (L2055 1 LE, xon),
1 1
+1 +1 _
§(¢§]h , Wap) + 5M(w§1h , Vth)l— Gs,
1 1
(a1 Oan) = =A (VY33 VOm) + (LW, L Oon) +AS@, O1m) + Ga, (3.31)
1 1
(bl Eon) = — (Vi l, V), (WL xan) = = (L300 L2, xn),
1 1
+1 +1 _
g(d’ng, , Wap) + EM(VMQZh , Vth)l— (@3, Vwap),
1 1
(Ha3h > Oan) = =2 (V! VOm) + AL Wiy, Ly Oon) +AS (@3, Oan) + 24 (H3U™, Oap), (3.32)
1 1
WL Ean) = —(VOIEL Vi), (W11 xan) = (L300 L, xan),
where
1 n 1 n
G1= g((ﬁ]ha Wip) — EM(vﬂqhs VWwip),
1 1 1
Ga = — (. O1h) = AV, VOI) + S ALH WS, L Om) + S @y, O1n) +4rar (¥, O1n),

1 1 (3.33)
G3 = g(qbgh, Wap) — iM(Vﬂgh, Vwap),

1 1 1
Ga = —(5y. O2n) — MV, VOop) + EK(sz‘lfqh, L3,O2m) + AS(@5,, O2p) +4raz (Y5, Oap).

Note that (3.29) and (3.31) are coupled together, and so are (3.30) and (3.32). The following tips can help us realize their
decoupling calculations. We take (3.29) and (3.31) as an example to describe the process.
We define
_ n+1 n+1 _ o+l n+1 _ gt n+1 _ ., nt+l n+1
ba=b1qp +pup s Ya= Vi + Vorp - o= Wigp + Worp s Ma = Kaqp + Koqp s
_ ntl n+1 _ g+l n-+1 _ gl n-+1 _ 1 n+1
bb =10 — Porn - Yo =Vian — Youn > Wb = Wann — Wain s Mo = M1y — Hagp -
We choose Wi = Wop = Wy, O1p = Oy = Op, &1p = &on = &h, X1n = X2n = Xn and add (3.29) and (3.31) together to form
the following two decoupled systems:

(3.34)

%(tﬁa, wp) + %M(V,ua, Vwp) =Gy +Gs,

(Ha: O0) = ~1(Viho, YOR) + 3 ALy ¥a, L O + 1B, O) + G + G, (3:35)
(s 1) = —(Vba VEn). (W, 1) = (Liycbar Ly ).

%(%, wp) + %M(vﬂbv Vwp) =G1 — Gs,

1 1 1
(14, On) = =2V, VOR) = SA(Li;Wh, LizOn) + A4S, On) + G2 — Ga, (3.36)

1 1
(. &n) = —(Vop, V&), (Wp, xn) = (L{ydp. LTy Xn)-

These two decoupled systems can be solved independently. Once we obtain the solution of them, we can update

Pl @t it gl e L gl e ikl from (3.34) (for example, ¢! = 5% @tEl — ¢odb) (330 and (3.32)

can be solved in the similar manner. For the sake of brevity, we omit the details here.

| . . . A
Step 2: using Q"*2, we split U,’;H into a linear combination form as

n+1 _ pn+1 | Antd g+t
uptt=ul QU (3.37)
We then decompose (3.20) into the following two equations:
n+1 n

(U‘“ vh>=(ﬁ Vi) (3.38)
st St ’ ’
+1

(Ugh Vi) = S(HIdh, Vi) + ~(H3¢3,. Vi) (3.39)
5t’h_2 1P1t> Vh 5 292t Vih)- :

12



X. Yang and X. He Journal of Computational Physics 467 (2022) 111448

These two equations are easy to solve because all the terms on the right are known.
R | . . . R
Step 3: using Q"*2, we split uZ“ into a linear combination form as

~n+1 _ ~n+1 | An+d~ntl
u =0, + QM (3.40)

We solve ﬁ'}f , ﬁgh“ as follows.

~n+1 n

u 1 - u 1

(%, vy) + iy(qu;1, V) = (—8? ,Vp) — Ev(VuZ, V) — (sz, Vi), (341)
TN 1

(_2’; V) + Ev(Vug,jl, Vvp) = —((* - V)u*, vp) — (TVLT, Vi) — (93 VU3, Vh). (3.42)

It is very easy to solve (3.41) and (3.42), since they are linear and elliptic equations with only constant coefficients.

Step 4: we solve Q"*7 in (3.21). By using the linear combination forms for the variables AR VAR U N TUAS I

ﬁ;“ in (3.28), (3.37), (3.40), we formulate (3.21) into the following form:
2 AN+ 2 n
< b= 2 , 3.43
(5 ~mQ 5 T (3.43)
where we use Q"1 — Q" =2(Q"% — Q"), and ni,i=1,2 are given by
1 . 1 1 .
n =((u* - V)u*, 5(u’}h“ +up)) — (o, 5V(M’1’T,f + 1) + (7 Vi, E(U'}h“ +u}p))
1 1
— W95, SV (G 15+ @5 VaS, SV + )
¢n+l _ ¢n 1
+ AU, “HE ) — A (H g7, - (UG + UR)

ot

s (3.44)

_ ¢n 1
+ AU, 22 — A(H39%,, S (UG + UR),

1. 1 1. 1 1.
2 =((u* - V)u*, ) — ('}, EVM’{;,]) +(¢7Vui, sy — (u*gs, EVMZ;,]) + (¢5Vus, —uhth

2 2 ?
Sl 1 n+ Ooon Ly
e, 22 e, g s, P2 e, Jugh,

It is very easy to solve (3.43) since all terms contained in 77 and 7, are already obtained from Steps 1, 2, and 3 (solvability
of (3.43) is given below). Once Q"*? is obtained from (3.43), we can update @**!, oI, It i, 5+ and UM from
(3.28), (3.37), and (3.40).

Now we further prove the solvability of (3.43) by showing Z — 12 # 0. By setting v, = 3}/ ' in (3.42), we deduce

1. 1. 1. 1 . 1 -
—((u - Vyur, S — (@7 Vi, S — (@3 Vs, S = — a1+ S vagt2, (3.45)
2 2 2 26t 4
By setting wqp = %M'gh], O1p = —zl&ﬂ;;, &p = %&1//?;11 in (3.30), yin = 4%;[‘1’2;,1 in (3.32), and combining the four ob-

tained equations, we get

1 1 Pl 1 12, 12, * 12, * 1 1
(W', 5 Viiy) = AHTUT, =2y = - MIVRRT P + S 100 12 + S i 12 + o (vl wagh. (3:46)
By setting wo, = bt @ = — o @il o = St in (3.32), xon = W1, in (3.30), and combining the four ob-
tained equations, we get
* gk 1 n+1 oy qbg;rhl 1 n+1,2 AS n+12 A n+1,2 A n+1 g n+1 (3.47)
(u ¢27 EV’MZZh ) — )\(HZU ’ T) = ZM“vMZZh ” + ﬁ“(bZZh ” + ﬁ“lpzzh ” + ﬁ(quzh s lIleh ) :
By setting Vi, = AUS! in (3.39), we deduce
**111+1 **anrl A n+1,2
A(H 1 EUZh )+ A(H3¢3;, EUZh )= gllUZh - (348)

Combining (3.45)-(3.48), we deduce

13
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1 . 1 - 1 1 A
- = ﬁnugf 1% + Zv||Vu;;,T‘ 1% + ZMMW';;,J 12+ ZMIIVMZIJ 1 + gnug,;“ |12

(3.49)
A
o (SIOT5 I + SIO5 12+ 1! 12+ sl 12 + (i Wit ).
From Lemma 3.1, assuming S satisfies the condition (2.65), we obtain —7; > 0. Thus (3.43) is always solvable.
Lemma 3.1. [f the constant S satisfies the condition (2.65), then the following inequality holds
Slpin 17 + SUohn 17 + 15 12 + 19y 17 + (W3, Whzy) = 0. (3.50)
1
Proof. From (3.30), (3.32), and the definitions of L{, in (3.13), we deduce
(Wt — W &) = an @3 &), (Wa3) — Vo' &) = ara (e &n). Vén € Y. (3.51)

By using a process similar to Lemma 2.1 or Lemma 2.4, we estimate (lllqzrhl, \Pg;}) as

n+1 n+1y _ n+1 n+1 n+1 n+1 n+1
(Wian > Woon ) = (Wigp = Vgn » Woou ) + (U » Yoo )
_ gt _ ntl gn+l1 o n+l n+1 _ o, n+1 ., n+1 n+1 \gyn+1 _ n+1 n+1 . n+l
- (qJ]Zh 1¢12h 1’ qj22h wZZ]h ) + (]qjlzh 1'012h ]’ 1’022111) + (W12hl’ \p22h1 w22h ) + (wth ’ wZZh )
_ 2 n+ n+ n+ n+ n+ n+ n+ n+
= a12(¢12h s ¢22h ) + a12(¢12h s w22h ) + a]2(¢12h s ¢22h ) + (1’01211 s w22h )

a%z n412 n+1 2 Coontiy2 12 nt1y2 (3.52)

z =t 17+ 103 1) = 21053 1° = Zaba oy |
¢ 1 1 1

— 2l = —ad, i 2 — S w2 — Sl 2
4 ¢ 2 2
Hence, we deduce
SIGTSIZ + Slgha 12 + I 12 + It 12 + (Wi widh)
1 ¢ 1 ¢ @, 1 a, 1
= G = P 1P G = PIVEIP + (5 =52 = Zab Il 1P + (5 = 32 — 2aba )l 1™
(3.53)

Therefore, as long as the condition (2.65) is satisfied, we deduce (3.50), where we choose ¢ =1 in (3.53). O

Step 5: we update u*! and p}*! from (3.23) and (3.24).
As seen from the above implementation process, the computation process of the developed scheme is completely decou-

pled for all variables, and all nonlinear terms will not bring any variable coefficients, which means very efficient practical
calculations.

3.3. Energy stability

In this subsection, we show that the fully discrete scheme (3.14)-(3.24) is unconditionally energy stable. We will use the
following two identities repeatedly:

2(a—b)a=l|a)®> — |b|* + |a — b|?, (3.54)
1 1 1
_ o= (1a12 — Z1g _p12) _ 2 L2y b 2
(@—b,3b—c) (|a| Sla—b| ) (|b| Slb—c ) Sla—2b+cl. (3.55)
Theorem 3.1. When S satisfies the condition (2.65), the fully-discrete scheme (3.14)-(3.24) follows the following discrete energy dissi-
pation law:

_n+3 _n+3

=n+1
22 = MIIV g, 211> = MV iy, *1I* <0, (3.56)

1
g(Eg“ —E})=—v|Va,

where EZ“ is bounded from below and defined as
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Ez+1 “ n+1” Ty l”1/fn+1” +”1//n+1” +(‘th+],q1”+1)
—2‘11||V¢>"“II —2ay VPR 12 + SI@NHI + Sl 12 }

1 (3.57)
+= a1||V¢>”+1 wm,u += azIIV¢"+1 ws;‘h||2+x||tf“+‘||2+§|Q"+‘|2

||Vp"+1 12— = - BIQ|.

Proof. We now prove the dissipative law (3.56) as follows. The property of boundedness (from below) of the discrete energy
E}*! will be shown in Theorem 3.2.

_ngl
Taking vj, = 25tﬁZ+2 = (St(ﬁz+1 +up) in (3.22), and using (3.54) and integration by parts, we obtain

n+3

2 — (ol |1 + 28t Va, +2|| +28t(Vp iy, )
+28tQ”+7((u*-V)u*,uh )+25tQ“+z(¢l vuiu +2)+26tQ”+2(¢2V,u§,ﬁh+2)=O. (3.58)
We rewrite (3.24) as
! — gt = V(p'“rl —ph. (3.59)

Taking the L? inner product for the above equation with uﬁ“ and using (3.27), we derive

a2 — a2+ ot — a2 =o. (3.60)
We further rewrite (3.24) as
n+1+uh —(Vpn'H Vph)_2~ +2'

Taking the L? inner product for the above equation §tV pz and using (3.27), we derive
28 :n+% v n _8 v n+1 V _ n+1 V n,2 36-1
t@, >, Vpp) =—Vpy > = VPRI IIVP pull* (3.61)
By taking the square of (3.59), we deduce

— [l — a2 = ||Vp”“ Vi3 (3.62)

By combining (3.58), (3.60), (3.61) and (3.62), we derive

=n+31

a2 — )1 + (||Vp”+1|| — IVP}II?) = —2v5t|| Vi, 2||
3.63
25rQ”+z((u Yyt dy ) —26tQM I (gF vty 2 ) 28tQ”+2(¢2V,u2,uh+2). (3.63)

I 114 111
1
Taking wqp = 28t,&?;{2 in (3.14), we derive
+1 _n+d _n+l An+l _nl

25 — ¢l gy 2) == 28tM ||V iy, * 12 +286Q "2 (w*et, Vi, 2) . (3.64)

1V

Taking ©1, = —2(¢];}' — ¢",) in (3.15), we find

—zw"“ Pt — ¢1h)—2x(wm : V(¢>"+1 oh)) — drar (¥, ¢"+1 o)

AL L@ — 8~ 205@ry L 6l ol (3.65)
2)\,Qn+2(H*U* ¢Tl+1 ¢?h)

Vi

15
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1
Taking wyp = 28tﬁ;:2 in (3.16), we derive

_n+2

202y = 26tMIV T2 42800 (w3, Vi

2040 — g "3

v

Taking Oy, = —2(¢ ! — ¢,) in (3.17), we find

—zwﬁ,fz PN — Gy = 20 (Vi : V(5! —¢2h)>—4xaz(w2 oo — )

x(L *2 L22<¢>”+‘ ¢2h>>—2AS<¢2h2 G — gy —22.Q"TE (HRU, ¢l — gl

Vil

We apply the two equations in (3.18) to two consecutive time nodes at t", t"~! to get

Gyl — vl &) = 200, E1n) = — (VBT — ¢, VEm),
Gy, — Vo Ean) = 2(¥5, Ean) = —(V(3eG, — o5 1), Vo).

Taking &1y = —22a1 (@]} — @), Ean = —22a2(d5 " — @) in (3.68), we get

4 (P, P — ¢l = 20a1 (VB — ¢l ), Vol — Vel
=2a1(| VLTI ——||V¢>"+1 Vol I%)

— 22a1(|VI, 112 = = ||V¢]h — VI3 — 2xa1 5 ||V<z>"+1 — 2V, + Vol

—4ay (Y5, oot — @) = 20a2(V (39, — ¢ D, Vit — veh)
=210, (| Vel I ——||V¢”“ Vb, I1%)

_ 1 _
— 22a2(| V3, 112 — 5 Vs, — Vi 1113 — 2ray 5 Vst —2veh, + Vi !

We apply the four equations in (3.18) and (3.19) to two consecutive time nodes at t"*1 " to obtain

W =yl g = — (V(«p"“—qb]h) vslh) W =yl Eon) = — (W«p”“—qbgh),vszh),

1
W -t xlh>—(L22<¢”“ oL, szlh) (W — m)—(ﬁz(qs"“ 5. Ly xan).

_ 1 _ 1 _ 1 _ 1
Taking &, = 29, 2, &ap = 200y 2, x1n =AWy 2, xon = AW}, 2 in (3.69), we get

20y — wlh,wﬁZ)—x(uW“n — WP = —2A(V (@1 — ¢, wﬁZ)
20yt — th,%*Z)—x(uw”“n — 5117 = =22V (@5 — @5, vw2+2>
AT g B L 2<¢”“ o). Luw”+2>

B L@ — gl LT

+1 n+
A(\P" ‘-IJZh, Z)

il
Taking Vj = 4A8tUZ+2 in (3.20), we obtain

1
—n+3
)—

Ut —up, o THEY

250.Q" (HI U1 7) 125000 (3. 0

VI X1
By multiplying (3.21) with 28tQ”+% and using (3.54), we obtain
20Q™1 — Qn)QnJr%

_ —n+l _
— 25t (e yur &) —250Q gy, VD) 2660 v

)

I 1V, 11,
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—25Q™ g, VD) + 2860 @5V, B D) 4200 (HUT, 6T — gl

Vi 11, vy
—25th”+2(H1¢1t U"+2)+2AQ”+2(H2U* Pt —¢gh)—2arxé"+%(H;¢;, gn+y. (3.73)
VIII, Vil Xy

Hence, by combining (3.63), (3.64), (3.65), (3.70)-(3.72), using (3.54), and noticing that all under braced terms with the
same Roman numerals are canceled, we arrive at

St2
a1 12— ® + <||Vp"“|| —IvVpiI%)
+A<||w"“|| - IlehII 2+ AR = 1P + AW, \v"“) — (W, Wl
— 2xa1 (|| Vo2 ——||V¢"+‘ Vol I%) + 2xa1 (IV,II? —§||V¢?h—V¢l,:l||2) (3.74)
: ' .
— 23a2(| Ve, II* — —||V¢"“ VOSI) + 241V 95,17 = S 1V5, — Vg, 1)
+AS(lIh? - ||¢>1h|| 2) £ AS (|12 —||¢3h||2>+zx<||ug+1||2—||U,':||2>
Jr

~+2”

_n+d _
+(1Q™? — Q") = —28tv |V — 26tM|V iy, 2 |2 — 26tM |V iy, 2 2.

Finally, by dividing 2 of (3.74) and dropping some unnecessary positive terms, we obtain (3.56). O

Theorem 3.2. If the constant S satisfies the condition (2.65), then the discrete energy EZ“ given in (3.57) is bounded from below.

Proof. From the definitions of le in (3.13) and (3.18)-(3.19), we deduce

(W — g g = aga (@l &),

(3.75)
(WD — g 8 = ana (@ &), Ven € Y.
Using the Cauchy-Schwarz inequality, we estimate (W}, w21) as
(w¥:1’wn+1)_(\pn+l 1/,”"1‘] w”+])+(l//n+l \Iln+1)
(\I,n+1 w”"(‘] L]I"'H wn‘f‘l)_i_(an"r] wn‘f‘l wn‘f‘l)
- 1h
+(¢ n+1 \anr] Wﬂ+1)+ (wn+1 1an)
1h
_a12(¢?:1’¢n+1)+a12(¢n+1 wn+l)+a]2(wn+l ¢n+l)+(]//n+1 wnJrl) (3.76)
>— 12(||¢>"“|| + g5 12 )——W“n - - 12||<z>““||
- —W“+1 12— —a12||¢"+1|| - —W““ 12— —||1/x”“|| :
Second, we estimate the negative terms —ay ||V¢”+1 1> - a2||V¢”+1 1> as follows
=201V} — 2a2|| Vel |12 = —za1<w>?h“ V¢"“>—2az(V¢§;1,V¢”“>
||x/f"“|| ——al ||¢"“|| ——W"“M ——a2||¢"“|| :
where we use (3.18) and the Cauchy-Schwarz inequality.
Hence, we deduce
T2 + Iy )2 +(w’1‘,,“,\1ﬂ“>—a1||w”“|| — a2l VORI + SIL 12 + Slgh 12
1 ¢ n+1 ¢ n+1
>(— — = — )i e 4+-(—- — = — —
> -7 24)W I +( : >||vf ||2 (3.78)
a 1 a 1
stz _ 12 a) n+1 (S—L——az a) 12
(5= 52— g @Il P+ (5= 52— cad T a) o

Therefore, as long as the condition (2.65) is satisfied, the energy EZ“ is bounded from below, where we choose ¢ =n =1
in (3.78). O
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(a) Spatial error. (b) Temporal error.

Fig. 4.1. Convergence order tests for spatial and temporal discretization, where the numerical errors at t =1 for all variables are computed. (For interpreta-
tion of the colors in the figure(s), the reader is referred to the web version of this article.)

4. Numerical simulations

In this section, the accuracy, energy stability of the proposed explicit-IEQ scheme (3.14)-(3.24) (denoted by EIEQ, for
short) will be investigated. Various numerical tests will be carried out, including binary crystal growth affected by the
imposed shear flow acting on the wall boundary and the sedimentation process of many particles of binary alloys under the
action of gravity. We use Taylor-Hood elements [15] for V, and Oy that satisfy inf-sup condition and set the finite element
spaces (3.1) with [y =1,1 =2,13=1.

4.1. Accuracy and stability test

We first verify the convergence rate of the EIEQ scheme by conducting 2D simulations for the flow-coupled binary PFC
model. The computational domain is set as © = [0, 27r]2. By setting some suitable forcing functions, we assume the exact
solution of the system read as
d1(x, y,t) = cos(2x)cos(2y)cost, ¢a(x,y,t) = cos(x)cos(y)cost, p(x,y,t)=cos(x)cos(y)sint, 1)

u(x, y.t) = (U, y. ), v(x, y, 1)) = cos(t)(sin(2y)sin® (x), —sin(2x)sin*(y)). '

The boundary conditions are specified in (2.16), and the model parameters are set as a1 =ay =1,a12=12,6=0.1,v=1,
S=4,M=1,y =05, =10, A =0.01, B=1e5.

In Fig. 4.1(a), we first verify the spatial convergence order by plotting the error in various norms which are computed
using various grid size h. We choose 8t to be small enough (8t = 1e—5) so that the errors are dominated by the spatial
discretization error. We can see that the second-order convergence rate is followed by the H!-error for the velocity, L%-error
of the pressure p, and L2-error of the two phase-field variables ¢ and ¢,. The third-order convergence rate is observed for
L2 error of the velocity. These results fully agree with the theoretical expectation of accuracy for P2/P1 element of (u, p)
and P1 element of ¢1 and ¢».

In Fig. 4.1(b), we verify the temporal convergence order by fixing the grid size h = 2Z

555+ 10 this way, the spatial grid size
is small enough and the spatial discretization errors are negligible compared with the time discretization error. The L*-
errors between the numerical solution of ¢, u, p and the exact solution at t =1 are plotted, where various time step sizes
from 8t = 0.01 to 8t = 0.01/2° (with factor of 2) are used. It can be observed that the scheme EIEQ gives the second-order
time accuracy of u and ¢, and the first-order time accuracy of p (note that the pressure is only first-order accurate for the
particular projection type scheme used in this article due to the boundary layer phenomenon, see the theoretical/numerical
evidence in [36,20,7,29,17]).

To further test the energy stability of the developed scheme, we use the well-known phase separation (spinodal decom-
position) example of the vacancy PFC model (see also in [5]). The 2D computational domain is set as € = [0, 20012, and the
initial conditions read as follows:

#Y(x, y) =0.07 + 0.001rand(x, y), ¢39(x, y) =0.07 4 0.001rand(x, y),

4.2
u’(x,y)=0,p°x,y) =0, (42)
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(a) Free energy evolution computed by various time steps. (b) Energy comparisons: modified and original.

Fig. 4.3. (a) Time evolution of the free energy (2.18) computed by using various time step sizes; and (b) the energy evolutions of the free energy (2.18)
(original form) and (3.57) (modified discrete form) computed by using the scheme EIEQ and two different time steps 6t =1 and %

where rand(x, y) is the random number in the range [—1, 1]. The model parameters are set as a; =a; =1, a;2 = 1.2,
e=09,v=1 S=4 M=1, y =0.5 g=3000, » =0.01, B=1e5, t=0.01, h= %. We plot the snapshots of the
configuration profile ¢; — ¢, at different times in Fig. 4.2. We observe that the final steady state shows clusters of binary
particles with vacancies in the entire region, which is qualitatively consistent with the simulations shown in [2,5].

Further numerical simulations are carried out to verify the time marching energy stability. The time evolution of the
free energy (2.18) computed using various time steps (from §t =1 to §t = 31—2 with the factor 1/2) are shown in Fig. 4.3 (a).
We observe that all obtained energy curves show monotonic decays, thus verifying the unconditional stability of EIEQ. In
Fig. 4.3 (b), we plot the time evolution of the free energy in the original form (2.18) and the discrete energy (3.57) using the
time step size 6t =1 and §t = 31—2 We find these two energies have almost invisible differences.

4.2. Crystal growth in a shear flow regime

In this example, for the no-vacancy model (8 = 0), we study how the fluid flow affects the dynamical growth of binary
crystal particles. We refer to [10,37,16,39] for single-phase crystal growth simulation, in which the model set does not
involve the vacancy potential and flow field.

We carry out numerical simulations in 2D with the computed domain [0, 512]%. The model parameters are set as a; =
ap=1,0a12=12,6=005v=1,5S=4M=1,y=0.1, =0, A =0.01, B=1e5, 6t =0.01, h = 1. We set the boundary
condition (2.16) along the y-direction and assume that the x-direction satisfies the periodic boundary condition.

We first simulate the no-flow situation (i.e., u =0, p =0) to study how a small binary core gradually forms an ordered
pattern to the entire domain. In order to obtain the initial configuration of one or more tiny crystal nuclei as seeds, we
implement EIEQ for sufficiently long enough time and cut out a small circular patch from the designated area. See below
for the detailed process of obtaining the initial conditions of qﬁ? *x,y9),i=1,2.

First, we define two functions ®;(x,y) (i=1,2):

Di(x,y) = NE V3 (43)

b, else,

_ . . 20 . o
¢+ q(cos(%y;)cos(px}) - 0.5cos(—iy;)), if (x,y) €2,
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b

(a) No flow case, snapshots of ¢1 — @, are taken at + = 0,500, 1000, 1500, 1700.

(b) Shear flow case with snapshots taken at # = 1000. From left to right, u,, = 0 (no shear) and u,, = 3,5,7,11.

Fig. 4.4. 2D simulations of crystal growth with one initial crystal nucleus deposited at the center of the domain, in which, (a) snapshot of c at different
times for the no-flow case and (b) snapshots of ¢1 — ¢, at t = 1000 for various shear flow magnitude.

where & represents a small circular patch in the center of the domain that is given as Z = {(x,y)
(x — 256)2 + (y — 256)2 < 10}, (¢, ¢, q) = (0.285,0.66, 0.446), and (x!, y!) defines a local Cartesian system obtained using
1Y
local affine transformation that reads as follows:

(*, y}) = (xsin(8") + ycos(8'), —xcos(8") + ysin(8")), (4.4)

with 6; = i% for i =1, 2. By using these two functions ®;(x, y) as the initial conditions, we implement EIEQ scheme for a

long time (t =2000) to obtain the intermediate profiles of d;(x, ).
Then, we cut out a small circular region ¢ from the intermediate configuration profiles ®;(x, y), and use them as the
true initial conditions of ¢>?(x, y), e,

®, else.

By using the initial condition ¢l°, i =1,2 obtained from the above process (the profile of ¢? — q’)g is shown in the first
subfigure in Fig. 4.4), the scheme EIEQ is carried out to investigate how a small crystal nucleus evolves in the absence of
the flow field. From the snapshots of ¢1 — ¢, taken at t =0, 500, 1000, 1500, 1700 shown in Fig. 4.4(a), we can see that
the tiny nucleus grows gradually and forms an ordered pattern, in which two different atoms are closely aligned together
to form the FCC (face-centered-cubic) lattice structure.

We further impose the shear flow on the wall boundary. For y-direction, the following shear flow boundary conditions
are assumed for the velocity field u= (u, v):

ul(y=0,512) = FlUw, V|(y=0,512) =0, (4.6)

where u,, is the magnitude of the shear flow imposed on the wall boundary. Using the same initial conditions (4.5), we
change the size of the wall velocity u,, and plot snapshots of ¢1 — ¢» at t = 1000 in Fig. 4.4(b). We find that under the
condition of applying a flow field, the FCC structure formed by the close arrangement of binary atoms still appears. But due
to the influence of the shear flow field, the shape of the outer edge of the particles has been deformed as a whole. When
the size of the shear flow field becomes larger (u,, is set as 3,5, 7,9), the deformation becomes more significant.

Next, using the same method in the above example, we obtain three randomly placed crystal nuclei as the initial con-
ditions of the seed, as shown in the first subfigure of Fig. 4.5(a). For the case which does not involve the flow field, the
complete dynamic process of binary crystal growth is shown in Fig. 4.5 (a). We can see that due to the different orientations
of the three binary crystal nuclei, three dislocation lines have been formed and elongated over time. To show the effect of
the shear flow field on crystal formation, we also plot snapshots of ¢1 — ¢ at t = 1000 in Fig. 4.5 (b). It can be seen that as
the wall velocity u,, increases, the tilt angle of the dislocation line changes greatly, and some obvious vacancies are formed
inside the cluster of binary atoms.
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(a) No flow case, snapshots of ¢; — ¢, are taken at r = 0,400,720, 1000, 1500.

(b) Shear flow case with snapshots taken at + = 1000. From left to right, u,, = O (no shear) and u,, = 3,5,7,9.

Fig. 4.5. 2D simulations of crystal growth with one initial crystal nucleus deposited at the center of the domain, in which, (a) snapshot of ¢; — ¢, at
different times for the no-flow case and (b) snapshots of ¢1 — ¢, at t =100 for various shear flow magnitude.

Fig. 4.6. 2D simulations of sedimentation process of many binary particles under the action of gravity force. Snapshots of ¢; — ¢, are plotted at t =0, 200,
500, 1000, 1500, 2000, 2500, 3000, 3500, 4000, 5000, and 10000.

4.3. Sedimentation process of binary particles under gravity

In this example, using the model with the vacancy potential (8 # 0), we numerically simulate the sedimentation process
of heavier particles under the gravity force in 2D and 3D. We assume that the density difference between the crystal
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Fig. 4.7. 3D simulations of sedimentation process of many binary particles under the action of gravity force. Snapshots of the isosurfaces {¢y = 0.3} (cyan)
and {¢, = 0.3} (red) are plotted at t =0, 1200, 2000, 3000, 4000, 5000, 6000, 7000, 8000, 10000, 12000, and 20000.

atoms and the surrounding fluid is small, and use the so-called Boussinesq approximation to introduce gravity to the fluid
momentum equation (see [45,30]). Thus, the momentum equation (2.11) is replaced by the following form

U+ (u- V)u—vAu+Vp +¢Vu = (o1 — p2)80 (1 + ¢2), (4.7)

where go = (0, go) for 2D and gp = (0, 0, go) for 3D, go is the pre-assumed gravity constant, p; is the density of the lighter
fluid medium, and p» is the density of the heavier particles.

We set the computed domain €2 to be [0, 256]2 for 2D and [0, 256]3 for 3D, and the model parameters to be a; =a; =1,
a12=12,6=09,v=1,S=4,M=1, y =05, 8 =3000, A =0.01, B=1e5, §t =0.01, h = 1. For 2D, we use the boundary
conditions (2.16) along the y-direction and use the periodic boundary conditions along the x-direction. For 3D, the boundary
conditions (2.16) are assumed along the z-direction and the periodic boundary conditions are used for x, y-directions.

To obtain the initial configuration of many particles near the top wall, we define the function ®;(x),i=1,2 as a constant
value with small perturbations ®;(x) = 0.07 4+ 0.001rand(x) (same as (4.2)). We implement EIEQ sufficiently long enough
(t =2000) to obtain the intermediate configuration profile of &;(x). Then we cut out a small strip patch D from ®;(x) near
the top wall, and use it as the true initial condition of ¢>P (x), namely,

4.8
0, else, (48)

o0 = [ci)i(x), ifxe 9,

where ¥ = {200 < y < 256} for 2D and & = {200 < z < 256} for 3D represent the strip patch near the top.

Using the initial conditions shown in the first subfigure of Fig. 4.6 for 2D and Fig. 4.7 for 3D, we implement the developed
scheme EIEQ to obtain the sedimentation dynamics of many binary particles. For 2D, snapshots of ¢1 — ¢, are plotted at
various times (shown in Fig. 4.6), where the Rayleigh-Taylor instability and fingering are observed. After long-time chaotic
sedimentation, the particles finally evolve to the BCC (body-centered-cubic) structure. For 3D, we show snapshots of the
isosurfaces {¢1 = 0.3} and {¢, = 0.3} at various times in Fig. 4.7 as well. These obtained 2D and 3D sedimentation dynamics
are consistent with the 2D simulations given in [26] using the single-phase flow-coupled PFC model, qualitatively.
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5. Concluding remarks

The goals of this paper include two folds, namely, (i) we formulate the Navier-Stokes coupled binary phase-field crystal
model and prove its energy law, and (ii) we design a fully discrete finite element scheme to solve the model. When designing
the algorithm, we utilize special characteristics satisfied by those coupling terms (zero contribution to the dissipation law
of energy). Based on this special feature, we construct special ODEs so that the original system is formulated in a form
that is conducive for time discretization. In this way, the system becomes easy to be discretized, by using a linear scheme
with the full decoupling structure and unconditional energy stability. We also provide a detailed practical implementation
method and strictly show its solvability and energy stability. To the authors’ best knowledge, the developed scheme is the
first fully discrete, linear, fully decoupled algorithm for the flow-coupled phase-field crystal model, with second-order time
accuracy and unconditional energy stability. Finally, we numerically demonstrate the effectiveness of the developed scheme
by simulating many 2D and 3D numerical examples, including the crystal growth with/without shear flow, and sediment
process of heavier binary particles.
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