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Single-particle excitations
in the uniform electron gas
by diagrammatic Monte Carlo

Kristjan Haule'* & Kun Chen'-?

We calculate the single-particle excitation spectrum and the Landau liquid parameters for the
archetypal model of solids, the three-dimensional uniform electron gas, with the variational
diagrammatic Monte Carlo method, which gives numerically controlled results without systematic
error. In the metallic range of density, we establish benchmark values for the wave-function
renormalization factor Z, the effective mass m*/m, and the Landau parameters Fj and F§ with
unprecedented accuracy, and we resolve the long-standing puzzle of non-monotonic dependence

of mass on density. We also exclude the possibility that experimentally measured large reduction of
bandwidth in Na metal can originate from the charge and spin fluctuations contained in the model of
the uniform electron gas.

The uniform electron gas (UEG) is the most fundamental model for understanding the electronic properties of
metallic materials. The ground-state properties of the model have been very precisely calculated by quantum
Monte Carlo methods', and this allowed one to build approximate density functionals*?, which are at the heart
of the ab-initio approaches in material science and modern theory-driven materials design. The knowledge of
the low energy excitations of the same model remain challenging to evaluate accurately*°, even though such
calculations are important for building more sophisticated density functionals''*"%, and these excitations are
directly measured in experiments on simple metals, such as alkaline materials. Some aspects of the excitation
spectra, such as the quasiparticle renormalization amplitude, were recently determined by extention of the vari-
ational Monte Carlo method in Ref.', which turn out to be in very good agreement with our current results.

In the metallic regime, the low-energy properties of the electron liquid are dominated by the long-lived qua-
siparticles near the Fermi surface, and their dynamics is described by a handful of the Fermi liquid parameters.
These parameters completely characterize the low energy excitation spectra of the metallic state. Unfortunately,
they are very challenging to calculate by a first principle approach, therefore they are usually treated as phenom-
enological parameters requiring input from experiments.

Here we develop an extension of the recently introduced variational diagrammatic Monte Carlo (VDMC)
method"?, which fills this void, and allows us to determine the single-particle excitations of UEG with unprec-
edented accuracy. In this letter, we calculate the single-particle excitation spectra, and in particular, we give
controlled values of the wave-function renormalization factor Z, the quasiparticle effective mass ratio m*/m
and also the Landau Fermi liquid parameters F§ and F;. Our computed values are free of systematic error, and
their uncertainty is mainly controlled by the statistical error, and hence our established value can be used as a
precise benchmark for new method development. Moreover, these precise Fermi liquid parameters are also useful
for building more sophisticated density functionals. Finally, the method we develop here can be used to solve
more sophisticated models, and can also be used in the ab-initio framework on models of realistic materials, a
development which is currently underway'®.

Results

The Feynman expansion algorithm. The VDMC method" is a flavor of diagrammatic Monte Carlo
method (DMC)'-%, which samples high-order Feynman diagrams with a Monte Carlo importance sampling.
The novelty of VDMC is two-fold: (1) it optimizes the starting point of the perturbative expansion in such a way
that the expansion converges very rapidly with the increasing perturbation order. (2) it efficiently combines an
exponentially large number of Feynman diagrams, which mostly cancel among themselves due to alternating
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Figure 1. Feynman diagrams for the self-energy in terms of the three leg vertex I's, Wthh is expanded in bare
series in terms of Gﬁ and partially screened interaction vq = 87 and counter-terms (& o Y (B oy T _\N+1 The

dressed Wgq was computed in Ref. *, and GN ™V = ((G%)~! Z(N Dy=1is determined from previous order
> ®™N-1 which is stored and reused.

fermionic sign so that the groups of diagrams can be efficiently sampled with the Monte Carlo importance sam-
pling hence avoiding the explosion of statistical error with perturbative order.

In Ref. I* we computed the spin and the charge response functions of the UEG model with VDMC by evalu-
ating the Feynman diagrams for the polarization function. A similar type of Feynman expansion in terms of
non-interacting single-particle Green’s function, and statically screened Coulomb interaction does not converge
rapidly enough to establish a reliable infinite order result, hence we here develop an alternative approach.

In this work, we show that extremely rapid convergence with perturbation order can be achieved by using
a Hedin-type equation, in which we first compute the numerically exact screened interaction Wy (previously
developed in Ref. 1*), and we then expand only the three-point vertex function I's in powers of the bare electron
propagator GY, and statically screened interaction v,(2), with proper counter terms defined in the Method section.
Here the screened Coulomb interaction v,4(4) has a Yukawa form, characterized by the inverse screening length 4.
This screening parameter has to be determined by the principle of minimal sensitivity in order to achieve rapid
convergence of the perturbative series, so that the extrapolation to infinite order is possible. Figure 1 shows the
sketch of the corresponding Feynman diagrams up to the third order. Below we apply the algorithm to the UEG
model, although the method is completely general and could as well be carried out for realistic material in the
ab-initio framework.

The single particle excitations. We first present the single-particle excitation spectral results. Figure 2a—c
show how the wave-function renormalization factor Z depends on the screening parameter / in our theory. To
determine the optimized parameter 4, we scan Z (1) for each rs, and determine it with the principle of minimal
sensitivity. For efficiency, we here sample the self-energy only at the Fermi wave vector kr and at the two lowest
Matsubara frequencies, which is sufficient to determine Z. We notice that for the first two orders, no counter
term in the parameter 4 occurs, therefore the curve Z(7) displayed in Fig. 2 does not have extremum, while
all higher-order terms have a well-defined maximum, which broadens and develops into a broad plateau with
increasing order. The insets of Fig. 2a—c show optimized Z versus perturbation order, where the first two orders
are evaluated at the optimal / of the third order, and for later orders, we take the value in the maximum. We also
display the value of / used at each order. From Fig. 2 it is apparent that beyond order three the rate of conver-
gence to limiting value of Z is extremely fast, and therefore we can confidently determine the first three digits
of Z. The values and the estimated error-bar from the extrapolation and statistical errors are shown in Table 1.

In Fig. 2d we compare our computed Z(r;) with the previous best available estimates, obtained by vari-
ous flavors of Monte Carlo (MC) methods, which are reproduced from Ref.'*. Note that all these published
MC methods rely on fixed node approximation and the thermodynamic limit extrapolation, hence they have
an inherent systematic error, nevertheless they turn out to be in very good agreement with current VDMC
results. The VDMC method has well controlled numerical error which can be made very small. It originates from
the statistical error due to MC sampling, and the error due to extrapolation from finite order to infinite order
of expansion, which is well behaved in the metallic regime r,<4. We note that VDMC has no systematic error.
We notice that previous MC results are broadly consistent with our results, with SJ-VMC method predicting
slightly too large and BF-VMC and BF-RMC slightly too small value. It is also well known that GOWO predicts
quite accurate Z values, however, we can now confidently claim that in the range of metallic densities, GOW0
consistently underestimates Z.
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Figure 2. The wave-function renormalization factor Z versus screening parameter A for various perturbation
orders N = 1..5and for rs = 1,2, 3 and 4. The insets show the convergence of Z with perturbation order N
when its value is taken at the extremal 4. The numbers next to each point show the value of 1 used for each
calculated point. Panel d) compares current VDMC results with prior Monte Carlo results from Ref.'* and
GOWO from Ref.”.

rs z m*[m Fy F;
0.8725(2 0.955(1) —0.171(1) —0.209(5)
0.7984(2 0.943(3) —0.271(2) —0.39(1)
0.7219(2 0.965(3) —0.329(3) —0.56(1)
0.6571(2 0.996(3) —0.368(4) —0.83(2)
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Table 1. Landau liquid parameters: The wave-function renormalization factor Z, effective mass m*/m, and the
Landau parameters Fg, Fj for various values of the density parameter r; with the estimated error.

Once the extremal value of 4 is determined, we compute the entire momentum and frequency dependence
of the self-energy, which allows us to determine also the momentum derivative of the self-energy, and hence the
effective mass of the electron through the relation

ﬂ—Z 1_|_ﬂd2](kp,a):0)
—— ke dk M

The convergence of the effective mass ratio m™ /m with perturbation order is shown in Fig. 3a, and its depend-
ence on r; is displayed in Fig. 3b.

The dependence of the effective mass m™/m on r; has been controversial for many decades. Some theories
predict that the ratio is monotonically decreasing with increasing "%, while others predict the existence of
a turning point 26231 at which the trend is reversed. Our controlled results confirm the correctness of the
later theories. Furthermore, we compare our controlled VDMC results with previous best estimates, which are
based on the theory of many-body local field factors?. This theory includes vertex corrections associated with
charge and spin fluctuations, extracted from available Monte Carlo data. We notice that GOWO overestimates
the effective mass in the entire range of metallic densities. The density fluctuations beyond RPA are included in
theory with G local field corrections, which reduce the mass substantially and bring it very close to our VDMC
results at small 7,. However, beyond r; > 3 our VDMC results are closer to the theory which contains both the
charge and the spin fluctuations (G4 &G_), hence we can infer that at moderate correlations strength, the spin
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Figure 3. Electron effective mass: The upper panel shows our calculated effective mass versus perturbation
order for r; = 1 — 4 (the statistical error-bar is smaller than the size of the symbols). The lower panel compares
the r; dependence of the effective mass of this work (VDMC) with the prior analytic and numeric work from
Ref. %.
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Figure 4. The spectral function and Zy—((w) at 7, = 4 and k = 0 as relevant for bandwidth of Na metal. The
vertical dotted line marks the peak position of the non-interacting model. The thick and thin lines correspond to
two different methods of analytical continuation, the maximum-entropy and Pade method, respectively.

fluctuations start to play an important role, and charge fluctuations are no longer sufficient in determining the
mass of the electron gas.

The Landau liquid parameters. With precisely calculated effective mass, as well as the spin and charge
susceptibility determined i 1n our IPrewous work15 we can calculate Landau parameters F§ and F;, which are
obtained from ;‘ = and i— Here xsand P, are the spin susceptibility and charge polariza-

m 1+F“ = 1+F$
tion, while 2 and PV are their non- mteractlng analogues. In Table 1 we list our calculated Landau parameters F§
and Fj, together with the estimation of their error, which mostly comes from error in determining spin and
charge susceptibility in Ref. °. While the Landau parameters, which determine the interaction between quasi-
particle, have been estimated by various approximate numerical methods before’, to our knowledge their

numerically controlled value has not be obtained before.

The spectral function and the bandwidth. The present VDMC algorithm also allows us to compute a
numerically controlled value for the dynamic self-energy on the imaginary axis. Analytic continuation is needed
to obtain the self-energy on the real frequency axis. In contrast to physical quantities computed from the imagi-
nary axis data, the analytic continuation is not a numerically controlled method in which precise error bars
would be available. We use the maximum entropy as well as the Pade method, to compute the quasiparticle
energy at the k = 0 point, which determines the bandwidth of the electron dispersion, i.e., the energy differ-
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ence between the Fermi level and the lowest possible quasiparticle energy. The difference between these two
standard analytic continuation methods gives a rough estimate of the error bar for the bandwidth. In Fig. 4 we
display the self-energy, as well as the spectral function at momentum k = 0 and finite frequency. We notice that
the imaginary part of the self-energy starts to grow rapidly when the energy of the single-particle excitations
exceeds the plasma frequency w, ~ 1.881EF. Consequently, there appears a strong pole at w < —2EF due to
such plasma excitations, and makes quasiparticle approximation invalid at a frequency below w < —EF, as the
real part of the self-energy is no longer a linear function of frequency. However, around Ef the real-part of ¥ is
still quite close to a linear function, and only minor deviations are noticed. Consequently, the renormalization
of the dispersion can not substantially deviate from our earlier estimation of m*/m, which is valid at the Fermi
level. Our numerical estimation based on the analytically continued self-energy is that the spectral function
atrs = 4 and k = 0 has a peak around —0.96Er (maximum-entropy method) —0.93Er (Pade method), which
deviates from the non-interacting value by 4-7%, hence the bandwidth reduction due to interactions at r; = 41is
approximately 4-7%. This value is much smaller than the experimental estimation of the bandwidth reduction
in Na metal, in which the measured ARPES bandwidth appears to be renormalized for about 18-25%>%. How-
ever, our estimated bandwidth is definitely not substantially larger as compared to the non-interacting band-
width, in contrast to several other many-body calculations™*, and is neither substantially smaller as in early GW
calculations®™ or GW with paramagnon vertex corrections®. Based on our very precise estimation of the single-
particle self-energy, we can confidently exclude a possibility of such a dramatic reduction of the bandwidth in the
model of electron gas due to correlation effects at the density corresponding to Na metal. This large reduction of
the effective mass in ARPES thus requires an alternative explanation, which was assigned to the interaction in
the final states®® in ARPES, surface effects’’, and possibly the lattice effects, i.e, deviation of Na metal from the
continuous model of the uniform electron gas.

In summary, we established the low energy excitation spectrum of the uniform electron gas at metallic den-
sity using recently developed VDMC. Controlled values of Z, m* /m, Fj, and F{§ are given, which agree with the
state of the art calculations in the field, but here we provide much more precise values than previously known.

Methods
The Hamiltonian of UEG problem is

~ AgoA 1 8 ~ A A A
A= (=il + 55 D 5 Vikige Vg0 o Vi
ko q ;é 0 q (2)
kk'co’
where /¢t are the annihilation/creation operator of an electron, y is the chemical potential controlling the
density of the electrons in the system, and the long-range Coulomb repulsion is 877/4?, as we measure the energy
in units of Rydbergs, and the wave number k, g in units of inverse Bohr radius.

The expansion in terms of the bare interaction is divergent, therefore we first transform the original problem
into an equivalent but a more appropriate problem for power expansion, which describes the emergent degrees
of freedom at the lowest order, and the corrections are perturbatively included with very rapid convergence.
Motivated by the well-known fact that the long-range Coulomb interaction is screened in the solid and that the
effective potential of emerging quasiparticles differs from the bare potential, we introduce the screening param-
eter Aq and an electron potential vy into the quadratic part of the emergent Lagrangian L of the form

)
LO_Zwko<7_M+k2+Vk(§—1))Wka+z¢— qs—'_ q¢q,. (3)
q#0

We then add the following interacting part to the Lagrangian

=D U OV —§ D bq g+ VE m LS (Gapa + paba)- @

ko q#0 q7#0

so that, when the number & is set to unity, L(§) = Lo(§) + AL(§) is Lagrangian of UEG. Indeed integrating
out the bosonic fields ¢ from Lagrangian L, we get the Lagrangian correspondmg to the original Hamiltonian
Eq. (2). Here pq is the den51ty fluctuation of the problem pg = >y . 1//k o Vktqo- Note that the first two terms
in AL are the counterterms® which exactly cancel the two terms we added to Ly above. We use the number & to
track the order of the Feynman diagrams so that order N contribution sums up all diagrams carrying the factor
£N. We set £ = 1once we enumerate all the diagrams of a certain order.

The emergent screening length /4 and effective potential vy are not a-priory known and need to be properly
optimized to achieve an optimal speed of convergence. We note in passing that determining those parameters
self-consistently, i.e., Aq from the self-consistent polarization, and vi from the single-particle self-energy, is not
the most optimal choice for the speed of convergence. Determining them by the principal of minimal sensitiv-
ity is a much better choice, as pointed out by Kleinert and Feynman®-*2. They showed that when an effective
parameter of a theory is optimized with this principle, the perturbative expansion converges very fast, and can
succeed even when the interaction is strong, and regular perturbation theory fails.

To make algorithm sufficiently simple to implement, we take 4 to be q independent constant (4), which
is already sufficient for rapid convergence of the series. We emphasize that for any choice of these parameters
we are guaranteed to converge to the same answer, provided that the series converges. Furthermore, we found
that the convergence of the expansion is best when the Fermi surface of both the dressed Gy and the bare G
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Green’s function at each order is fixed with the Luttinger’s theorem so that the density and the Fermi sur-
face volume is not changed with the increasing perturbation order. We therefore, expand vk in power series
v = (5 (4) — fF (A) + E 51 + £2s5 - - -, and we determine sy so that all contributions at the order &N do not
alter the physical volume of the Fermi surface. Similarly to optimizing /4, we found that it is sufficient to take sy
constants independent of the momentum. Since the exchange (Xy) is static and is typically large, we accommo-
date it at the zeroth-order into the effective potential, so that at the first order we recover the GW type self-energy
with Gy at the screened Hartree-Fock (screened by screening length 4) and exact Wy,

As mentioned before, the algorithm depicted in Fig. 1 needs a numerically exact (converged) Wy, which is
first computed with the algorithm of Ref. !*. It was shown in Ref. '° that the most rapidly converging scheme for
charge and spin-susceptibilities is the so-called vertex correction scheme, in which we add an infinite sum of
ladder diagrams on both sides of a polarization Feynman diagram. To do that, we first precompute the three-point
ladder vertex and then attach it to both sides of a polarization Feynman diagram while the diagrams are sampled,
and at the same time, we eliminate all ladder-type diagrams from the sampling, to avoid double-counting of
diagrams. Next, we use Hedin’s type equation depicted in Fig. 1 in which one fermion propagator is dressed and
requires self-consistent G. It easy to see that it is sufficient to use bold G of the lower order N — 1when evaluating
self-energy at order N, to avoid the expensive self-consistent calculation. Finally, we use the finite temperature
imaginary-time formalism, and we set the temperature to T = 0.04 E, which is sufficiently below the Fermi
liquid scale, so that is essentially equivalent to zero temperature.

Note added

During the refereeing of this article, an alternative method based on the diffusion Monte Carlo (using fixed
node approximation) has been used to compute the effective mass of the same model in Refs. . Their results are
substantially different from ours, and show monotonically decreasing effective mass with increasing correlation
strength (increasing rs) reaching m* /m = 0.85atr, ~ 4, which is consistent with previous fixed node approxima-
tion work on Na metal®, that showed a considerable increase of the bandwidth in Na metal as compared to the
LDA, in stark contrast to our results and even larger deviation from ARPES experiments of Refs. *>*. In the MC
work on Na metal®* the increase of the bandwidth was ascribed to the fixed node approximation, in which the
quality of the nodal surface deteriorates at the bottom of the band, and hence leads to systematic error. An even
more problematic issue in extracting the effective mass using diffusion Monte Carlo method was explained in
Ref. * (see discussion around Fig. 23.3). Namely, the diffusion MC method uses a finite-size system simulations
(in contrast to our method defined in the thermodynamic limit), in which the momentum resolution near the
Fermi wave vector is limited, hence some further approximate assumptions are needed to extract the effective
mass on the Fermi surface. This issue led to two very different extractions of the effective mass in the 2D electron
gas (compare Ref. ** and Ref. *°) using almost identical Monte Carlo data. In light of our controlled results for
the effective mass of the 3D electron gas, it would be desired to revisit the analysis of variational MC data using
the method of Ref. %, which uses only the excitations in a narrow window of the Fermi level when extracting the
effective mass, which would hopefully, be more consistent with our data and those of analytical theories which
include charge and spin vertex corrections to GW?.

Data availability
The source code has been made available for download under gnu license at: https://github.com/haulek/ VDMC.

Received: 4 February 2021; Accepted: 24 January 2022
Published online: 10 February 2022

References
1. Ceperley, D. M. & Alder, B. J. Ground state of the electron gas by a stochastic method. Phys. Rev. Lett. 45, 566-569. https://doi.
org/10.1103/PhysRevLett.45.566 (1980).
2. Jones, R. O. & Gunnarsson, O. The density functional formalism, its applications and prospects. Rev. Mod. Phys. 61, 689-746.
https://doi.org/10.1103/RevModPhys.61.689 (1989).
3. Perdew, J. P,, Burke, K. & Ernzerhof, M. Generalized gradient approximation made simple. Phys. Rev. Lett. 77, 3865-3868. https://
doi.org/10.1103/PhysRevLett.77.3865 (1996).
4. Simion, G. E. & Giuliani, G. F. Many-body local fields theory of quasiparticle properties in a three-dimensional electron liquid.
Phys. Rev. B77,035131 (2008).
5. Takada, Y. Inclusion of vertex corrections in the self-consistent calculation of quasiparticles in metals. Phys. Rev. Lett. 87, 226402.
https://doi.org/10.1103/PhysRevLett.87.226402 (2001).
6. Yasuhara, H., Yoshinaga, S. & Higuchi, M. Why is the bandwidth of sodium observed to be narrower in photoemission experi-
ments?. Phys. Rev. Lett. 83, 3250-3253. https://doi.org/10.1103/PhysRevLett.83.3250 (1999).
7. Yasuhara, H. & Ousaka, Y. Effective mass, landau interaction function and self-energy of an electron liquid. Int. J. Mod. Phys. B
06, 3089-3145. https://doi.org/10.1142/50217979292002401 (1992).
8. Zhu, X. & Overhauser, A. W. Plasmon-pole and paramagnon-pole model of an electron liquid. Phys. Rev. B 33, 925-936. https://
doi.org/10.1103/PhysRevB.33.925 (1986).
9. Richardson, C. E & Ashcroft, N. W. Dynamical local-field factors and effective interactions in the three-dimensional electron
liquid. Phys. Rev. B 50, 8170-8181. https://doi.org/10.1103/PhysRevB.50.8170 (1994).
10. Kukkonen, C. A. & Overhauser, A. W. Electron-electron interaction in simple metals. Phys. Rev. B 20, 550-557. https://doi.org/
10.1103/PhysRevB.20.550 (1979).
11. Perdew, J. P, Kurth, S., Zupan, Acv & Blaha, P. Accurate density functional with correct formal properties: A step beyond the
generalized gradient approximation.. Phys. Rev. Lett. 82, 2544-2547. https://doi.org/10.1103/PhysRevLett.82.2544 (1999).
12. Tran, F. & Blaha, P. Accurate band gaps of semiconductors and insulators with a semilocal exchange-correlation potential. Phys.
Rev. Lett. 102, 226401. https://doi.org/10.1103/PhysRevLett.102.226401 (2009).
13. Sun, J., Ruzsinszky, A. & Perdew, J. P. Strongly constrained and appropriately normed semilocal density functional. Phys. Rev. Lett.
115, 036402. https://doi.org/10.1103/PhysRevLett.115.036402 (2015).

Scientific Reports |

(2022) 12:2294 | https://doi.org/10.1038/s41598-022-06188-6 nature portfolio


https://github.com/haulek/VDMC
https://doi.org/10.1103/PhysRevLett.45.566
https://doi.org/10.1103/PhysRevLett.45.566
https://doi.org/10.1103/RevModPhys.61.689
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1103/PhysRevLett.87.226402
https://doi.org/10.1103/PhysRevLett.83.3250
https://doi.org/10.1142/S0217979292002401
https://doi.org/10.1103/PhysRevB.33.925
https://doi.org/10.1103/PhysRevB.33.925
https://doi.org/10.1103/PhysRevB.50.8170
https://doi.org/10.1103/PhysRevB.20.550
https://doi.org/10.1103/PhysRevB.20.550
https://doi.org/10.1103/PhysRevLett.82.2544
https://doi.org/10.1103/PhysRevLett.102.226401
https://doi.org/10.1103/PhysRevLett.115.036402

www.nature.com/scientificreports/

14.
15.
16.

17.
18.

19.
20.

21.
. Deng, Y., Kozik, E., Prokof’ev, N. V. & Svistunov, B. V. Emergent bcs regime of the two-dimensional fermionic hubbard model:

23.
24.
25.
26.
27.
28.

29.
30.

31.
32.
33.
34.
35.
36.
37.

38.

44,
45.

46.

Holzmann, M. et al. Momentum distribution of the homogeneous electron gas. Phys. Rev. Lett. 107, 110402. https://doi.org/10.
1103/PhysRevLett.107.110402 (2011).

Chen, K. & Haule, K. A combined variational and diagrammatic quantum Monte Carlo approach to the many-electron problem.
Nat. Commun. 10, 3725. https://doi.org/10.1038/s41467-019-11708-6 (2019).

Haule, K. & Mandal, S. All electron gw with linearized augmented plane waves for metals and semiconductors. arXiv preprint
arXiv:2008.07727 (2020).

Prokof’ev, N. V. & Svistunov, B. V. Polaron problem by diagrammatic quantum monte carlo. Phys. Rev. Lett. 81, 2514 (1998).
Prokof’ev, N. & Svistunov, B. Fermi-polaron problem: Diagrammatic monte carlo method for divergent sign-alternating series.
Phys. Rev. B77, 020408 (2008).

Van Houcke, K. et al. Feynman diagrams versus fermi-gas feynman emulator. Nat. Phys. 8, 366 (2012).

Houcke, K. V., Kozik, E., Prokof’ev, N. & Svistunov, B. Diagrammatic monte carlo. Phys. Proc.6, 95 — 105 (2010). Computer Simula-
tions Studies in Condensed Matter Physics XXI.

Kozik, E. et al. Diagrammatic monte carlo for correlated fermions.. EPL (Europhysics Letters) 90, 10004 (2010).

Ground-state phase diagram.. EPL (Europhysics Letters) 110, 57001 (2015).

Rossi, R. Determinant diagrammatic monte carlo algorithm in the thermodynamic limit. Phys. Rev. Lett. 119, 045701. https://doi.
org/10.1103/PhysRevLett.119.045701 (2017).

Rossi, R., Ohgoe, T., Van Houcke, K. & Werner, F. Resummation of diagrammatic series with zero convergence radius for strongly
correlated fermions. arXiv preprint arXiv:1802.07717 (2018).

Hedin, L. New method for calculating the one-particle green’s function with application to the electron-gas problem. Phys. Rev.
139, A796-A823. https://doi.org/10.1103/PhysRev.139.A796 (1965).

Simion, G. E. & Giuliani, G. F Many-body local fields theory of quasiparticle properties in a three-dimensional electron liquid.
Phys. Rev. B77,035131. https://doi.org/10.1103/PhysRevB.77.035131 (2008).

Lam, J. Thermodynamic properties of the electron gas at metallic densities. Phys. Rev. B 5, 1254-1260. https://doi.org/10.1103/
PhysRevB.5.1254 (1972).

Hubbard, J. The description of collective motions in terms of many-body perturbation theory. Proc. R. Soc. Lond. A 240, 539-560
(1957).

Rice, T. The effects of electron-electron interaction on the properties of metals. Ann. Phys. 31, 100-129 (1965).

Hedin, L. & Lundqvist, S. Effects of electron-electron and electron-phonon interactions on the one-electron states of solids. vol. 23
of Solid State Physics, 1 - 181 (Academic Press, 1970). http://www.sciencedirect.com/science/article/pii/S0081194708606153.
MacDonald, A. H., Dharma-wardana, M. W. C. & Geldart, D. J. W. Density functional approximation for the quasiparticle proper-
ties of simple metals: i: Theory and electron gas calculations. J. Phys. F Metal Phys. 10, 1719-1736 (1980).

Jensen, E. & Plummer, E. W. Experimental band structure of na. Phys. Rev. Lett. 55, 1912-1915. https://doi.org/10.1103/PhysR
evLett.55.1912 (1985).

Lyo, L-W. & Plummer, E. W. Quasiparticle band structure of na and simple metals. Phys. Rev. Lett. 60, 1558-1561. https://doi.org/
10.1103/PhysRevLett.60.1558 (1988).

Maezono, R., Towler, M. D, Lee, Y. & Needs, R. ]. Quantum monte carlo study of sodium. Phys. Rev. B 68, 165103. https://doi.org/
10.1103/PhysRevB.68.165103 (2003).

Northrup, J. E., Hybertsen, M. S. & Louie, S. G. Theory of quasiparticle energies in alkali metals. Phys. Rev. Lett. 59, 819-822.
https://doi.org/10.1103/PhysRevLett.59.819 (1987).

Shung, K. W. K. & Mahan, G. D. Calculated photoemission spectra of na. Phys. Rev. Lett. 57, 1076-1079. https://doi.org/10.1103/
PhysRevLett.57.1076 (1986).

Shung, K. W. K., Sernelius, B. E. & Mahan, G. D. Self-energy corrections in photoemission of na. Phys. Rev. B 36, 4499-4502.
https://doi.org/10.1103/PhysRevB.36.4499 (1987).

Wu, W, Ferrero, M., Georges, A. & Kozik, E. Controlling feynman diagrammatic expansions: Physical nature of the pseudogap in
the two-dimensional hubbard model. Phys. Rev. B 96, 041105 (2017).

. Stevenson, P. M. Gaussian effective potential: Quantum mechanics. Phys. Rev. D 30, 1712 (1984).

. Stevenson, P. M. Gaussian effective potential: ii—/g 4 field theory. Phys. Rev. D 32, 1389 (1985).

. Stevenson, P. M. & Tarrach, R. The return of Ap4. Phys. Lett. B 176, 436-440 (1986).

. Kleinert, H. Path Integrals in Quantum Mechanics Statistics and Polymer Physics (World Scientific, 1995).

. Azadi, S., Drummond, N. D. & Foulkes, W. M. C. Quasiparticle effective mass of the three-dimensional fermi liquid by quantum

monte carlo. Phys. Rev. Lett. 127, 086401. https://doi.org/10.1103/PhysRevLett.127.086401 (2021).

Martin, R. M., Reining, L. & Ceperley, D. M. Interacting Electrons: Theory and Computational Approaches (Cambridge University
Press, 2016).

Drummond, N. D. & Needs, R. J. Diffusion quantum monte carlo calculation of the quasiparticle effective mass of the two-
dimensional homogeneous electron gas. Phys. Rev. B 87, 045131. https://doi.org/10.1103/PhysRevB.87.045131 (2013).
Holzmann, M., Bernu, B., Olevano, V., Martin, R. M. & Ceperley, D. M. Renormalization factor and effective mass of the two-
dimensional electron gas. Phys. Rev. B 79, 041308. https://doi.org/10.1103/PhysRevB.79.041308 (2009).

Acknowledgements

This work was supported by the Simons Foundation through Simons fellowship and Simons Collaboration on
the Many Electron Problem. KH acknowledges supported of NSF DMR-1709229. The Flatiron Institute is a
division of the Simons Foundation.

Author contributions
K.C. and K.H. Both developed two independent codes to crosschecked the results, K.H. wrote the first draft of
the manuscript and K.C. and K.H. contributed to the manuscript and approved the text.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to K.H.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Scientific Reports |

(2022) 12:2294 | https://doi.org/10.1038/s41598-022-06188-6 nature portfolio


https://doi.org/10.1103/PhysRevLett.107.110402
https://doi.org/10.1103/PhysRevLett.107.110402
https://doi.org/10.1038/s41467-019-11708-6
http://arxiv.org/abs/2008.07727
https://doi.org/10.1103/PhysRevLett.119.045701
https://doi.org/10.1103/PhysRevLett.119.045701
http://arxiv.org/abs/1802.07717
https://doi.org/10.1103/PhysRev.139.A796
https://doi.org/10.1103/PhysRevB.77.035131
https://doi.org/10.1103/PhysRevB.5.1254
https://doi.org/10.1103/PhysRevB.5.1254
http://www.sciencedirect.com/science/article/pii/S0081194708606153
https://doi.org/10.1103/PhysRevLett.55.1912
https://doi.org/10.1103/PhysRevLett.55.1912
https://doi.org/10.1103/PhysRevLett.60.1558
https://doi.org/10.1103/PhysRevLett.60.1558
https://doi.org/10.1103/PhysRevB.68.165103
https://doi.org/10.1103/PhysRevB.68.165103
https://doi.org/10.1103/PhysRevLett.59.819
https://doi.org/10.1103/PhysRevLett.57.1076
https://doi.org/10.1103/PhysRevLett.57.1076
https://doi.org/10.1103/PhysRevB.36.4499
https://doi.org/10.1103/PhysRevLett.127.086401
https://doi.org/10.1103/PhysRevB.87.045131
https://doi.org/10.1103/PhysRevB.79.041308
www.nature.com/reprints

www.nature.com/scientificreports/

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2022

Scientific Reports |  (2022) 12:2294 | https://doi.org/10.1038/s41598-022-06188-6 nature portfolio


http://creativecommons.org/licenses/by/4.0/

	Single-particle excitations in the uniform electron gas by diagrammatic Monte Carlo
	Results
	The Feynman expansion algorithm. 
	The single particle excitations. 
	The Landau liquid parameters. 
	The spectral function and the bandwidth. 

	Methods
	Note added
	References
	Acknowledgements


