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Abstract. In this paper, we consider the field model for complex ionic fluids with an
energy variational structure, and analyze the well-posedness to this model with reg-
ularized kernels. Furthermore, we deduce the estimate of the maximal density func-
tion to quantify the finite size effect. On the numerical side, we adopt a finite vol-
ume scheme to the field model, which satisfies the following properties: positivity-
preserving, mass conservation and energy dissipation. Besides, series of numerical ex-
periments are provided to demonstrate the properties of the steady state and the finite
size effect by showing the equilibrium profiles with different values of the parameter
in the kernel.
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1 Introduction

Nearly all biological processes are related to ions [7]. The electrokinetic system for ion
transport in solutions is an important model in medicine and biology [1,4]. The transport
and distribution of charged particles are crucial in the study of many physical and bio-
logical problems, such as ion particles in the electrokinetic fluids [14], and ion channels in
cell membranes [3,8]. In this paper, we consider the field equations for complex ionic flu-
ids derived from an energetic variational method EnVarA (energy variational analysis)
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which combines Hamilton’s least action and Rayleigh’s dissipation principles to create a
variational field theory [7].

In EnVarA, the free energy of the field systems which is denoted by F for complex
ionic fluids is written in the Eulerian framework

M
J-“(cm(-,t)):/Q{ Zlcmlogcm+¢gs(-)+lliFSE(')}dx, (1.1)

where ¢, = ¢y (x,t), m=1,---,M, is the concentration of the m-th ionic species where
x € O C R? indicates the location and t > 0 indicates the time [7]. The first part of the
right hand of (1.1) is the entropy term which describes the particle Brownian motion of
the ions. And the second part ¢gs(-) is the electrostatic potential where the electric field
is created by the charge on different ionic species in most cases we considered. In addi-
tion, we focus on the steric repulsion arising from the finite size of solid ions [2,9,15,21],
which is the last term of (1.1). Here all physical parameters are set as 1 for simplicity
in representation. Furthermore, additional free energy due to physical effects such as
screening [6] can also be included in (1.1), which leads to different field equations. The
field equations might either be defined on the whole domain R"” or a bounded domain
() equipped with certain physical boundary conditions. However, proposing an appro-
priate boundary condition is a task of great difficulty as well as an interesting research
subject. In this paper, we consider only the unbounded domain IR"” and focus on the gen-
eralised field model. We remark that, there have been other ways of modeling ionic and
water flows when considering voids, polarization of water, and ion-ion and ion-water
correlations [18,19].

The chemical potential 1, of the m-th ionic species is described by the variational
derivative
0F (em(-t))

S (1.2)

Ym=

and is referred to in channel biology as the “driving force” for the current of the m-th
ionic species [7]. Then EnVarA gives us both the equilibrium and the non-equilibrium
(time dependent) equations for complex ionic fluids as follows,

equilibrium: 0=V-(¢,,V¢y,), m=1,---,M, (1.3)
non-equilibrium (time dependent): 9;c;,, =V - (¢, V), m=1,---, M.  (1.4)

In this paper, we consider the steric repulsion in the following form

yrsi () = 50(x) (W 56) (x),

where the total density 8(x):=Y" _, c,, and the electrostatic potential

prs() = 5p(3) (C0) (),
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where the charge density p(x):=YM ,z,.c,, with z,, € Z being the valence of the m-th
ionic species. Then the free energy (1.1) of the field model for complex ionic fluids is
given by the following functional

M
Flenl) =1 [ cuogendit [ p(x)(Cxp)(¥)dxty [ 0x)OV0)(x)dv. (15)

Kernel £C(x) in (1.5) represents the effect of the electrostatic potential while kernel W(x)
represents the effect of the steric repulsion arising from the small size. Here, explicit
write out (1.4) using K(x),W(x),0(x) and p(x) etc. In fact, the convolution terms make
it difficult to derive explicit differential equations between the field functions and the
charge density p(x) except when the kernel is Newtonian, i.e.

—%ln]x], d=2,
K(x)= (1.6)

1
>
Jd—Da@ap? 2

in which case, the electrostatic field potential function @ (x) related to the concentrations
of the ions is determined by Gauss’s law, i.e.

— APy (x) =p(x). (17)

Whereas, for the steric repulsion there is no clear way to reformulate the convolution
with the help of an auxiliary potential equation. Hence, in this work, without loss of
generality, we focus on the Cauchy problem of the field model for complex ionic fluids
and the initial conditions can be given as follows,

cm(x,O):cQH(x), m=1,---,M. (1.8)

We aim to investigate the transport of ions modeled by EnVarA both theoretically and
numerically.

It is worth emphasizing that the Poisson-Nernst-Planck (PNP) equations, which are
widely used by many channologists [8] to describe the transport of ions through ionic
channels and by physical chemists [3], can be derived by such variational method as
well, simply by setting psg () =0. The PNP equations describe the transport of an ideal
gas of point charges. However, due to the lack of incorporating the nonideal properties of
ionic solutions, the PNP equations can not describe electrorheological fluids containing
charged solid balls or some other complex fluids in biological applications properly.

In contrast to the limited studies and the partial understanding of the Cauchy prob-
lem of the field model ((1.4), (1.8)), on one hand, as for the nonlinear nonlocal equations
with a gradient flow structure, Carrillo, Chertock and Huang [5] proposed a positivity
preserving entropy decreasing finite volume scheme. On the other hand, for the initial
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boundary value problem of the PNP equations without small size effect, there have been
quit a few numeric studies in the recent years. For instance, Liu and Wang [16] have
designed and analyzed a free energy satisfying finite difference method for solving PNP
equations in a bounded domain that are conservative, positivity preserving and of the
first order in time and the second order in space. Later, a discontinuous Galerkin method
for the one-dimensional PNP equations [17] has been proposed. Both of them satisfy the
positivity preserving property and the discrete energy decay estimate under a parabolic
CFL condition At = O((Ax)?). Furthermore, Flavell, Kabre and Li [10] have proposed
a finite difference scheme that captures exactly (up to roundoff error) a discrete energy
dissipation and which is of the second order accurate in both time and space. Besides, a
finite element method using a method of lines approached developed by Metti, Xu and
Liu [20] enforces the positivity of the computed solutions and obtains the discrete en-
ergy decay but works for the certain boundary while the scheme developed by Hu and
Huang [12] works for the general boundaries. etc.

In this paper, besides the basic properties of the equilibrium and non-equilibrium
state of the field model ((1.4), (1.8)), such as positivity-preserving, mass conservation and
free energy dissipation, we also analyze the existence of the solutions to this model and
the properties of the steady state and estimate the maximal density function to quantify
the finite size effect theoretically, while to supplement this, reliable numerical simula-
tions are necessary to explore such phenomenon. We consider a finite volume scheme
to the field model ((1.4), (1.8)) to preserve the basic physical properties of the ionic fluid
equations. The small size effect can also be demonstrated by such numerical scheme. The
scheme is of the first order in time and the first order in space while the generalization
to higher order schemes in space is of no difficulty. Also higher order in time can be ob-
tained by the strong stability preserving (SSP) Runge-Kutta methods. Another challenge
in numerical simulation of our field model ((1.4), (1.8)) is the handling for the high order
singularity of the kernel IC(x) and W(x). Here we just deal with the singularity prelim-
inarily so as to grasp the effect of the finite size effect. More appropriate methods will
only be discussed in future papers.

When considering the way of modeling ionic and water flows in [18], the correlated
electric potential is obtained by making some modifications to the electrostatic poten-
tial function ®x (x) and taking W =0 at the same time. We show the proposed scheme
also applies to such a modeling scenario with little extra effort, and some preliminary
numerical explorations are provided.

The rest of the paper is organized as follows. The field model for complex ionic fluids
we considered in this paper is recalled and analyzed in Chapter 2. We show the basic
properties of the Cauchy problem of the field model (1.3) or ((1.4), (1.8)). Furthermore,
the well-posedness of the model ((1.4), (1.8)) is captured when we take the electrostatic
potential ¢s(-) and the repulsion of finite size effect psg(-) as Newtonian and Lennard-
Jones form respectively. In Chapter 3, we consider a finite volume scheme to the field
system ((1.4), (1.8)) in 1D in the semi-discrete level, and prove its properties : positivity-
preserving, mass conservation and discrete free energy dissipation. In the same section,
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the fully discrete scheme, and the extension to the 2D cases are also discussed. In Chapter
4 we verify the properties of our numerical method with numerous test examples and
provide series of numerical experiments to demonstrate the small size effect in the model.
Concluding remarks and the expectations in the following research are given in Chapter
5.

2 Field system and its properties

Considering the free energy functional (1.5), the chemical potential ¢, of the m-th ionic
species is described by the variational derivative (1.2) which is calculated as follows:

5'7 m '/t
P = % =1+logcm +zm®Pic (x) + Dy (x)

=T1+logem+zm(Kxp)(x)+(Wx0)(x), m=1,--,M.  (2.1)

With proper initial conditions (1.8), which we recall here for convenience, the field system
for complex ionic fluids are given by

Iicm(x,) =V - (cnV (1+logen+zu(Kxp) (x) +(W*0)(x))), m=1,--M,  (22)

M M
p(x) = Z ZmCm, 0(x)= Z Cm, (2.3)
m=1 m=1
cm(x,0)=c%(x), m=1,---,M. (24)

2.1 Basic properties for the multi-ionic species case

Here we show some properties of the field model (2.2)-(2.4) for complex ionic fluids.
The first two properties are related to the positivity-preserving and the conservation
of mass.

Proposition 2.1 (Positivity-preserving). Let initial data &, m=1,---,M, be non-negative
functions. Then solutions c;, to (2.2)-(2.4) are still non-negative.

Proposition 2.2 (Mass conservation). Let ¢, m=1,---,M, be non-negative solutions to
(2.2)-(2.4). Then the field model has the following conservation of mass

/cm(x,t)dxz/ A (x)dx=:m, 1y =: 1. (2.5)
RRY R?

Here the notation 77 represents the mass of the m-th ionic species and 17 represents
the total mass of all kinds of the ionic species for m=1,---,M.

The proofs for these properties above are standard, which we omit in this paper. And
the third property is to give the energy-dissipation relation for total free energy.
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Proposition 2.3 (Free energy-dissipation relation). Let c¢,,, m =1,---,M, be solutions to
(2.2)-(2.4). Then the following energy-dissipation relation holds that

d

SFen(-0)(+D=0, 26)
where the dissipation
M 2
D= Z/ Cn | Vipm | du. (2.7)
m=1 R4

Proof. In fact, we only need to take %jﬂ) as a test function in the both sides of (1.4).
Consequently, using integration by parts, we have

d ac
SF (el Z/Rd =~ 2/ | Vi 2 dx <0, (2.8)
This completes the proof. O

Next four equivalent statements for the steady solutions are shown.

Proposition 2.4 (Four equivalent statements for the positive steady state). Assuming that
CneL'NLlogL is bounded with [,Cpdx=M, C € C(R%), C,,>0in R? and C,, decays
at infinity for all m. Then the following four statements are equivalent:

o Equ111br1um (def1n1t10n of weak steady solutions): §,, € H' (R¥) and V- (C,, lem) =
0in H'(R%),V m=1,---,M, where ¢, =14+1log Cp,+z, Kxg+ W40, p=yM z,C
0= Emzl C :

e No dissipation: Y ; [1:Con|Vu|>dx=0.
o (Cy,---,Cy) is a critical point of F (¢, (+,t)).
e |, is a constant, Vm=1,---,M.
Proof. At first, we prove (i)=>(ii). Since P, € H' (R?),V-(C,, Vi, )=0in H~! (R?), C°(RY)

is dense in H'(R) and C,, is bounded, one has

0= /q)m (CuV i) d /c VnuPdy, Vm=1,--,M. 2.9)

Hence (ii) holds.
Next we prove (iii)< (iv). Notice that C,, is a critical point of F(cy,(+,t)) if and only if
d

de

F(Cpted)=0, VpeCP(RY) w1th/ x)dx=0. (2.10)
e=0
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Equivalently,
‘/d¢m¢dx:0, Ve CP(RY), (2.11)
R

which implies ¢, is a constant, V. m=1,---,M.

Then we prove (ii)=(iv). Suppose Y™, JgaCon| VP |*dx=0. It follows from C,, >0
at any point xg € R that Vi,, =0 in R? and thus §,, is a constant for all m=1,---, M.

Hence we complete the proof for (ii)=-(iii) and (iii)=-(iv).

Finally we prove (iv) = (i). Since ¢, is a constant in RY, (i) is a direct consequence of
(iv). O

2.2 Well-posedness with the regularized kernels

In this subsection, the well-posedness of the field model (2.2)-(2.4) is presented provided
that we describe the inter-ion repulsive force by the regularized Lennard-Jones type po-
tential and the electrostatic force by the regularized Newtonian potential. Specifically,
with constant parameters a >0 and 7 >0, we set the kernel K(x) and W/ (x) in the follow-
ing form

—%log(|x|2+az), d=2,

K(x)=K,(x):= 1 (2.12)
R Y d>2,
([x[*+a%) 2
and
W(x) =Wy(x)i=—L— d>2, d—2<k<d. (2.13)

(Ix[2+a2)
By classical parabolic theory, we know that there is a global smooth solution for the field
model (2.2)-(2.4) with the kernels K(x) and W(x) defined by (2.12) or (2.13), which is
given by the following theorem without the proof.

Theorem 2.1 (Existence for the multi-ionic species case). Assume that ¢, L} NLlogL(R?),
02(0) < oo and F(0) <oo. Then for any T >0, there is a global smooth solution (c1,---,cp) to the
field model (2.2)-(2.4).

The next property for the regularized field model (2.2)-(2.4) is concerned with the
boundedness of the second moment which is essential for showing the tightness of c;,,
m=1,---,M. Here

M M )
@@:Z#@:ZAMMMx
m=1 m=1

Proposition 2.5 (Boundness of the second moment). Letc,,, m=1,---,M, be non-negative
solutions to (2.2)-(2.4). If 02(0) < co, then we have

o (t)<Ct, for d>2, (2.14)

where C is a constant that only depends on d,k,%,a,z,,,m=1,---,M, and the initial data.
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Proof. In fact, taking |x|? as a test function in the equations of c,,, integrating them in R?,
we have

i/ |x|c dx = 2dml 2/ (VICa%p) (x)zpmcmdx— 2/ (VW,%0)(x)c,dx, (2.15)

where IC,(x) and W,(x) are defined in (2.12) or (2.13). Summing (2.15) for m from 1 to
M, we obtain

%0’2 2dmo—2/ (VEaxp)(x)p(x)dx— 2/ (VW,0)(x)8(x)dx. (2.16)
(1) For d > 3, notice that
x x
VEi(x)=—(d-2)————, VW,(x)=—kj—————. (2.17)
B Lt VT e e
By the symmetry of the potentials, it follows
2
—2/ (VI *p)(x)p(x // x=y[p z)dydx,
R (3 yrz+a2>z
2
—2/ (YW, %6) (x)0(x) dx = kn// [x—y[0(x (y)d dx
RYJR? (|x —y|?>+a2)2
Thus,
d
G020 <2dmo+ (kya ™ 4+ (d=2)@  max{lar], - eml}?) ()P <C. - (218)

(2) For d =2, noticing that

_2/ (VI %p)( )p(x)dx:/le [x—y*o(x)p(y) dydx,

2 ([x—yl*+a?)
—2/ (VW) (x)0(x)dx = M@/Rd ||’; yy’yziaz (i)l dydx,
we have
L oa(t) <ot (kp-+ )ymax{leal, -z} ()2 (2.19)
Hence (2.18) and (2.19) imply that (2.14) holds. O

Using Proposition 2.5 and the free energy-dissipation relation (2.6), we can also pro-
vide the estimate on the maximal density function. A maximal density function defined
by DiPerna and Majda [13] associated to a measure u(x) is given by

M, (u) =sup u(y)dy.
x,t JB(xr)

Then the estimate on the maximal density functions M, (¢, ), m=1,---,M, is in the follow-
ing lemma.
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Lemma 2.1 (Estimate on the maximal density function). Assume that ¢, € L1 NLlogL(IRY),
m=1,---,M, F(0) < oo and 05 (0) < oo, then we have

ﬁ M, (cn(-1)) <C((2r)2+a%)5, (2.20)
m=1

where C is a constant dependent on the initial data.

Proof. Since

(212 +a2)% cm(yt)dy | < ————cm(y,t)em(z,t)dydz
((2r)2+a2)? ( B(xr) (1) dy B(x,r)/B(z,r)((Zr)2 a2t (yt)em(zt)dy
1

</Rmd((y—z>—2+a2)’%c’”(y’t>cm(“>dydz. (2.21)

Using the energy-dissipation relation (2.6) and the property of the second moment, we

have
1

S ,t ) dydz<C,
Josens Ty o Den )y
where C is a constant dependent on the initial data. Hence by (2.21), we have
/ en(y,£)dy <C((2r)*+a)1.
B(x,r)

This completes the proof. O

Lemma 2.1 shows that qualitatively as k increases, the small size effect is stronger.
However, as the estimates are not sharp, nor feasible quantitative measurements, we
shall numerically explore such phenomenon.

3 Numerical schemes

In this section, we propose the first-order finite volume schemes both in space and time
for the field model (2.2)-(2.4) in one-dimension and two-dimension and prove the posi-
tivity preserving and entropy dissipation properties.

3.1 First-order scheme for one-dimensional case

Consider the computational domain as [—L,L] and give the grid arrangement —L =
X M1 < X Mo+l << X, < XMyl = L. Then we define the cell average of ¢, m =

1,---,M,oncell C;= [xj of a small space mesh size Ax; as

s

5m,j(t):LLCm(x/t)dx/ m=1,---,M, (3.1)

j
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where Ax; = x;_1 and we set the maximum mesh size Ax = max;Ax;. A semi-
2

. . . ]+ z ] .
discrete finite volume scheme can be given as

dc,,;(t)  Fujp1(t)=F, ;1 (t)

1
_ 2 —1... 2
T B, , m=1,---,M, (3.2)

where the numerical flux E, i+ 1 is defined in the following form

Eyis1(t)= u;’H% (£)Cm,j(t) U (£)Cj1(t)- (3.3)

We denote the velocity u, = =V, then the discrete velocity u,, ; 1 in one-dimension

can be denoted by the negative difference quotients of the discrete chemical potential ,,,
which is

_ wm,j+l (t) - lpm,j(t)

um,j-i—% (t) = ij . (34)

Ui 1 equals its positive part minus the absolute value of its negative part, i.e.

—yt g
M d =y ™ Yy (35)
where the positive and the absolute value of the negative part of u,, ; 1 which are u;; i
, j+d
and u;n]. 1, can be written respectively as
T2
+ _ — _ .

umﬁ% —max{umﬁ%,O} , umﬁ% = mm{umﬁ%,O} . (3.6)

The discrete chemical potential ¥, ;, the discrete charge density p,, ; and the discrete total
density 6,, ; are denoted respectively by

Yij=10gCm;+1+Y Ax; 22K ipi+Wi_i6i], (3.7)
i

M

Pj= Z ZmCm,js (3.8)
m=1
M

0j=)_ Cn,j (3.9)
m=1

where the discrete kernel K;_; =K (x;—x;) and W;_; =W (x;—x;).

It is worth stating that although we present the scheme for arbitrary grids, we imple-
ment with only uniform grids.

Next, we show the positivity preserving and entropy-dissipation properties of the
one-dimensional semi-discrete finite volume scheme (3.2)-(3.4).
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Theorem 3.1 (Positivity-Preserving). Consider the one-dimensional semi-discrete finite volume
scheme (3.2)-(3.4) of the system (2.2)-(2.4) with initial data ¢%,(x) >0,V m=1,---,M. If we
discretize the ODEs system (3.2) by the forward Euler method, which is

Conj(t+ D) —Cpyj(t)  Fijrt () =Fy i a1 (f)

. 72 m=1,---,M. (3.10)

At Ax]- !

Then, the cell averages ¢,,; >0,V m=1,---,M,V j, provided that the following CFL condition is
satisfied

< BY Ax
2 umax

} withu ™" o and u_ it ) defined in (3.6).
T2

At (3.11)

where Unmax =max,, j {u TRV
Proof. Take A;j=At/Ax;, then A= At/Ax:m1njAj. For all given t >0, from (3.10) we have

(8 = ()= A [E i 1 (D —=F, 4 (1)]

=i (D=2 [} (D () =10, (D (8)]

+A[ L Dana O -, (D8,(0)]
Aj m]+1(t) mj+1( )+Au m,j %(t)cm] 1(t)
(1A (=g, () (0. (3.12)

We can conclude that the cell average cm,j(t—l—At) >0, m=1,---,M, V j from the fact that

both u;Hl and u. il for all j are non-negative and that the CFL condition (3.11) is
]t 5 JT3
satisfied. O

Next we calculate the discrete form of the free energy F defined in (1.5) and of the
dissipation D defined in (2.7) by

ZZAx]Cm]10g0m1+ ZAx]sz (Kj-ipipj+W;-i0:8;], (3.13)
m=1 j
and
M 2
= leij (#74) mmin {Ejnoa}- (3.14)
m=1 j

Theorem 3.2 (Free energy-dissipation estimate). Consider the one-dimensional semi-discrete
ﬁnite volume scheme (3.2)-(3.4) of the system (2.2)-(2.4) with initial data ¢%,(x) >0, m =
1,---,M. Assume that there is no flux boundary condition on [—L,L], ie. the discrete bound-

ary conditions satisfy F, _ 1=F, 11 =0, m=1.-M, where L can be big enough. Then
we have P
—EA(t) <—Da(t) <0, Vt=0. (3.15)

dt



J.-G. Liu et al. / Commun. Comput. Phys., 30 (2021), pp. 874-902 885

Proof. Differentiating (3.13) with respect to time, we have
d

aEA( )
1 d d
_mz:lZAx] ogcm]dtcm]+dtcm]
]
+ZAXiji Ki-i szfm,i szaém,i +W, i me,i Z Efm,i
ij m=1 m=1 m=1 m=1
M d
= ZZAx] 1+logcm]+ZAxl zmkj—i Z:zmcmZ +W;i ZE ¥ Ec'm]
m=1 j =1 m=1
d _
- Z ZijEbm,jacm,j- (3.16)
m=1 j
According to (3.2), we have
d M
ZEa(t) Z:: ZJ:[%J it Fui1)] (3.17)
Using Abel’s summation formula, we obtain
d
%EA mz:l;[ wm] ¢m1+1) m]+2}
= ZZ[ lzbm] lzbm]—&-l)( mj+ 1 m] —u j+15m,j+1)]
m=1 j T
=— Z ZAXJ [ m]+1 j %Em,]‘—u;,j+%c_m,j+1)]
m=1 j
M 2
= leij (#1) min {@j Conja } = —Dalt), (3.18)
m=1j
that is to say
%EA( t)<—Da(t)<0, Vi=0. (3.19)
This completes the proof. O

3.2 First-order scheme for two-dimensional case

Similarly, define the cell average of ¢;;, m=1,---,M, on cell C; ;= [x]-_%,x]-Jrl] X [y]-_ %,y],rl]

of a small space mesh size Ax; and Ay as
1
Ax]-Ayk

Cmji(t) = /C cm(x,y,t)dxdy, m=1,---,M, (3.20)
7k
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where ij =X 1
2
max;Ax;j, Ay =max; Ayy. A semi-discrete finite volume scheme for two-dimensional case

can be given as

X1, Ay = Yirl = Ye-1 and we set the maximum mesh size Ax =

x X Y _ry
ATy, k(1) _ _Fm,jJr%,k(t) Pm,jf%,k(t) B Fm,j,k+% () Fm,j,kf%(t) m=1, M, (321)
dt Ax]- Ayk ! Lo '

where the upwind flux is as follows,

anfl/j+%/k(t) - u:’:l,j+%’k(t)c_m,]‘,k(t) _u;/jJr%/k(t)Em,j“rl,k(t)/

y i i " i (3.22)
B 0= Onis() =0, (Dnjaia ()
. . T.
The discrete velocity (u,, Lk Vm ik +%) is denoted by
y — e _ P j 1k~ Pmjk
mjtak = Ptk Cmjrdk Ax; ’
(3.23)
o — ot o N Y jk+1— P,k
. 1= . —_ . =
m,jk+5 m,],k+% m,],k+% Ayk ,

where the positive and the abstract of the negative part of u and v, ikl are de-

m,j+3k
scribed as before.

The two-dimensional discrete chemical potential ¢, ; x, the two-dimensional discrete
charge density p;,jx and the two-dimensional discrete total density 6,,, are denoted

respectively by

P jje=14+108 8k + Y AXiAY (20K i 1051+ Wi—ix—10i1], (3.24)
il
M
Pjk= Z ZmCrm,j ks (3.25)
m=1
M
0= Y_ Cm,jk (3.26)
m=1

where the discrete kernel K;_; ;=K (x;—x;,yx—y;) and W;_j 1 =W(xj —x;,yx—y1)-

For the two-dimensional case, we give the positivity preserving and entropy dissipa-
tion properties. Since the proofs are quite similar to the one dimensional cases, we thus
omit the proofs here.

Theorem 3.3 (Positivity-preserving). Consider the two-dimensional semi-discrete finite vol-
ume scheme (3.21)-(3.23) of the system (2.2)-(2.4) with initial data ¢,(x,y) >0, m=1,---,M.
If we discretize the ODEs system (3.21) by the forward Euler method, which is for all m=1,---,M,

y y
Conjk(EHAE) = ji(H) B rpa—E 1, () By (B —F ey ) (3.27)

At Ax]- Ayk
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Then, the cell averages Crn,jk = 0, m=1,---,M, V j,V k, provided that the following CFL condition
is satisfied

Ax Ay
At< ) 2
e { 4 Unnax 4 Vinax } 529

_ L - _ ot -
where Upax =Mmaxy, j k {um,].Jr%’k,um,]._ 1k b Vinax =max, j x {Um,j,k+%’vm,j,k—% )

Define the discrete form of the free energy F of the two-dimensional case defined in
(1.5) and of the dissipation D defined in (2.7) as

M

Ea(t)= Y Y Ax;Ayy 6k logCo ]
m=1jk

1
+ 5 Z AxAX DY DY) i k10107
ikl

1
+ 2 Z AxjAxi Ay Ay Wi—ik—10:10; ks (3.29)
ikl

and

M 2 21 ) B
Da(t) = lep}Afoyk{(”m,j%k) +(”m,j,k+%) ]mm{Cm,j,kfcm,jﬂ,kfcm,j,kﬂ}~ (3.30)
m=17j,

Theorem 3.4 (Free energy-dissipation estimate). Consider the two-dimensional semi-discrete
finite volume scheme (3.21)-(3.23) of the system (2.2)-(2.4) with initial data ¢J,(x) >0, m =
1,---,M. Assume that there is no flux boundary condition on [—Ly,Ly| X [~Ly,L,] i.e. the discrete
boundary conditions satisfy Fm,—Mx—%,ﬁ:(My-i-%) :Fm,Mx-i-%,:i:(My-i-%) =0, m=1,---,M, where L,
and Ly, can be big enough. Then we have

d

ZEa())<—Da(1)<0, Vix0. (3.31)

4 Numerical experiments

In this section, we give several one- and two-dimensional numerical examples and verify
the properties of the numerical schemes and explore the finite size effect numerically. In
the following numerical examples, we add some additional external field into the original
model (2.2)-(2.4) to make sure the steady states are effectively localized, which is to say,
the system we consider becomes for m=1,---,M,

9t (x,£) =V - [cny V (1+10gCm + 2Kk 0+ W0+ Vexe )], 4.1)
Cm(%,0) =y, (%), (4.2)

where V. is the added external potential.
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4.1 Comparison of kernel functions

At first, we plot the two- and three-dimensional kernel functions /C(r) and W(r) in the

form (2.12) and (2.13) with the parameters =1, a:%, k=2 and the grid size Ax=0.0097656
in Fig. 1 respectively, which is, for the two-dimensional case

1 1
lC(r):—Elog<r2+Z>,

(4.3)
Wi(r)=—

:—2 _’
re+g

in Fig. 1(a) and for the three-dimensional case

1
K(r)=——,
2
4z
1 (4.4)
"y
in Fig. 1(b).
4 ‘ ‘ kern?l Kand \(v with A( = 0.0097656 i . kernel K and W with Ax = 0.0097656
“ kemel K I kerel K
I kernel W | kernel W
3t 1 ]
|

(a)

4.2 Convergence test

(b)

Figure 1: Comparison of kernel functions: (a): The two-dimensional kernel functions IC(r) and W(r) with the

mesh size Ax being 0.0097656. (b): The three-dimensional kernel functions IC(r) and W(r) with the mesh size
Ax being 0.0097656.

Consider Eq. (4.1) for complex ionic fluids in one-dimension with the kernel W(x) =
xz#ﬁz,e =1, K(x) =exp(—|x|), Vext(x) = 2x%. Note that, the electrostatic kernel K(x) in
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-0.5 0 0.5 1 1.5 2 25 3 35 4
log Az~t

Figure 2: Convergence Test: The loglog plot of errors with the mesh size Ax being 1.2500, 0.6250, 0.3125,
0.15625, 0.078125, 0.0390625, 0.01953125 at time t=1.

one-dimension is not physically relevant, and thus this numerical example is a toy model,
which only serves the purpose of the convergence test. The initial conditions (4.2) with
which Eq. (4.1) equipped are given by

)2

c1(x,0)= _;nexp <_(x 22) > with z;=1,
2

Cz(x,O)Z\/%exp <—(XJ;2) > with zp,=—1.

Here, take the computation domain as [—2L,2L], L =10, then the results of the conver-
gence of error in [, I' and /> norms at time t =1 is shown in Fig. 2 where we take the
uniform mesh size Ax be 1.2500, 0.6250, 0.3125, 0.15625, 0.078125, 0.0390625, 0.01953125
(N be 25,26,27,28 29 210 711) ' At is determined by (3.11), here At =Ax /(2 Umax). And we
omit it in other one-dimensional examples. Meanwhile, we define the errors of numerical
solutions

M P
lle||;e ::ni}iajx|cm,j—crnf,fj , el = <Z AxZ]cm,j—c;ie,fj]p> , p=12 (4.5)
’ m=1 j

Here cfﬂefj is the reference solution of the m-th species on mesh with mesh size Ax =

0.0048828125 (N =213). The first order convergence in space can be observed in Fig. 2.
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4.3 Multiple species in one-dimension

4.3.1 Steady state

In this part, we study the steady state of a one-dimensional example. Consider Eq. (4.1)

in one-dimension with the kernel W (x) = 1€ = i, K(x) =exp(—|x]), Vext(x) = 322

and the initial conditions (4.2) are given by the following form

)2
cl(x,O):%exp <_(x 22) > with z1=1,
(4.6)
1 (x+2)2 .
cz(x,O):\/T_nexp -3 with zp=—1.

In this part, we take the parameter 17 =1, the computation domain as [-2L,2L], L=10
and the uniform mesh size Ax=0.01953125 (N =2!1). The results with which we are con-
cerned are on the domain [—L,L]. Then Fig. 3 shows the transport of the ionic species: the
concentrations of the positive ions and the negative ions move towards each other due to
the electrostatic attraction with time t and the concentrations converge to the equilibrium.
According to the fact that every individual part of the free energy F has its own physical
effect, we can define the internal energy i, the field energy />, interaction energy F3,
external field energy F4 of the model (4.1)-(4.2) respectively as

M
fl(t):/d Z cmlogendx,
R

m=1
R =3 [, [ Ka—p@p)dxdy,

X 4.7)
Fg(t):E/W/]RdW(x—y)G(x)G(y)dxdy,

M
A=Y /IR Veu(x)ends,
m=1

then the total free energy F defined by (1.5) equals the sum of the energy Fi,F,,F3 and
Fa,
F(t)=F1(t)+Fa2(t) +F5(t) + Fult). (4.8)

Fig. 4(a) shows how the discrete forms of the energy F1,F>,F3,F1,F change with time ¢
and Fig. 4(b) shows the chemical potential ¢, m=1,2, at time t=23. It's observed that ¢,,
goes to a constant while the model goes to the equilibrium for all 7 and the discrete form
of F decays with time t. The results are consistent with our conclusions in this paper.

4.3.2 Finite size effect

As we mentioned before, the kernel )V (x) represents the steric repulsion arising from
the finite size, the strength of which is indicated by the parameter 7. The larger 7 is, the
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Figure 3: Multiple species in one-dimension: The space-concentration curves with the mesh size Ax
0.01953125 and the time t changing from 0 to 14.
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Figure 4: Multiple species in one-dimension: (a): The time-energy plot of the model (4.1) equipped with the
initial conditions (4.6) with the mesh size Ax being 0.01953125. (b): Discrete chemical potential at time =23
with the mesh size Ax being 0.01953125.

stronger the nonlocal steric repulsion effect is, and thus the less peaked the concentrations
of the steady state are. And =0 means steric repulsion vanishes. Here we aim to explore
this phenomenon by different values of the parameter #. Let 7= %,%,‘ . ,zé—é,O and the
mesh size Ax = 0.0390625, Fig. 5 shows different steady state solutions with different
values of 17, here the density solutions c,,, m=1,2, of time t =14 approximate steady state
solution, where we can find that the finite size effect makes the concentrations c;,;, m=1,2,

not overly peaked.

4.3.3 Boundary value problem

If we retake the initial conditions (4.2) as

c1(x,0)=10"° with z1 =1,
1 (x+2)2> . (4.9)
cr(x,0)= exp| ———* with zp=-1,
2( ) \/E p < > 2
and the left boundary flux of c; as
1 (t—5)2>
()= ——exp| — , 4.10

then Fig. 6 shows how the density solutions c,,, m=1,2, develop with time ¢t and converge
to the equilibrium.

Similarly, Fig. 7(a) shows how the discrete forms of the energy F1, 55, F3,F4,F changes
with time t and Fig. 7(b) shows the discrete chemical potential ¢,, at time t =23, which
goes to a constant while the model goes to the equilibrium for all m.
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Figure 5: Multiple species in one-dimension: The steady state density solutions c;; with different 7.

4.4 Multiple species in two-dimension

4.4.1 Steady state

Here we consider the two-dimensional kernel W(x,y)= Wleﬂ r=y/X2+y?, €= %, K(x,y)=
—log(V/r2+€2), Vex(x,y) = 37> and the initial conditions (4.2) are given by the follow-

ing form
92 92
c(l):\/lz_exp<—(x 2) ;(y 2)> with z1=1,
7T

4.11

o 1 (x+2)2+(y+2)? . @1

Cy=—=exp| — with z, =—1.

V271 2

Here, we retake # =1, the computation domain as [—L,L| x [—L,L], L=10 and the mesh
size Ax=Ay=0.0390625, At is determined by (3.28), here At=max { 5 ﬁ[’; —/5 ‘A/zax } And we
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Figure 6: Multiple species in one-dimension: The space-concentration curves with the mesh size Ax being
0.01953125 and the time t changing from 1 to 23.

omit it in other two-dimensional examples. Fig. 8 and Fig. 9 show how the concentrations
of the m-th ionic species c,,, m=1,2, change with time ¢ respectively. And Fig. 10 shows
the relation between the time t and the discrete forms of the energy F,F1,F2,F3,F4.
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Figure 7: Multiple species in one-dimension: (a): The time-energy plot of the model (4.1) equipped with
the initial conditions (4.9) and the boundary condition (4.10) with the mesh size Ax being 0.01953125. (b):
Discrete chemical potential at time t =23 with the mesh size Ax being 0.01953125.

t=0 t=2
0.025
8 035 8
6 6
03 0.02
4 4
025
2 2
>0 02 >0 0015
2
0.15 2
4 -4
01 001
6 6
s 0.05 s
0,005
8 6 4 20 2 4 6 8 8
X
t=4
0.025 0.025
8 8
6 6
0.02 0.02
4 4
2 2
>0 0015 >0 0015
2 2
-4 -4
001 001
6 6
8 8
0,008 . . . . . . . . . 0.008
8 6 4 2 0 2 4 6 8 4 6 4 2 0 2 4 6 8
X X

Figure 8: Multiple species in two-dimension: The space-concentration ¢ curves with both the mesh size Ax
and Ay being 0.0390625 and the time t=0,2,4,6.

4.4.2 Finite size effect

The strength of the steric repulsion arising from the finite size is indicated by the param-

eter 77 in the kernel W(x). Let n=1, %,- . ,%,O and the mesh size Ax=Ay=0.1562, Fig. 11
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Figure 9: Multiple species in two-dimension: The space-concentration ¢y curves with both the mesh size Ax
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Figure 10: Multiple species in two-dimension: The time-energy plot of the model (4.1) equipped with the initial

Energy

60

30

20

t=2

-------- Internel Energy

— — Field Energy
Interaction Energy
External Field Energy
===== Total Energy

L T T LLLLLL]

conditions (4.11) with both the mesh size Ax and Ay being 0.0390625.

,"”" 4
i&
3
0 1 2 3 4 5
t

0025

0015

0.005

0025

0015

0.005



J.-G. Liu et al. / Commun. Comput. Phys., 30 (2021), pp. 874-902 897

o, foreta=1 o, foreta=1/4 c, foreta=1/16

i

& & b % o v & o

i
b & b % o v & o @
& & b /% o v & o

c, for eta = 1/64 ¢, foreta = 1/256 ¢, foreta=0

y

& 5 A % o m & o

& 5 A % o m & o
& &5 A % o m & o o

Figure 11: Multiple species in two-dimension: The steady state density solutions c; with different 7.

shows different steady state solutions with different values of 7, where we can find that
the finite size effect makes the concentrations c,,, m=1,2, not overly peaked.

4.5 Example 3

4.5.1 Steady state

Consider Eq. (4.1) in one-dimension with the kernel W (x) e=15, K(x)=exp(—|x|),

=i
Vext(x) = 2x? and the initial conditions are given by

1 (x—2f> _
exp| ———— with z;=1,
V21 P < 2 !

2
c2(x,0)= \/%exp <—@> with zp=—1.

In addition, we add a constant electric field whose field intensity is 2 to the solutions to
observe the behavior of the ionic species, i.e. the field system (4.1)-(4.2) becomes

c1(x,0)=

atcm<x1t) =V [Cmv (1+10ng +Zm}C*P+W*0+VeXt ~+Zm Velectric field)]/

; 4.12)
cm(x,0)=c;,(x), m=1,---,M,

where Velectric field = 2X.
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Figure 12: Example 3: The space-concentration c;; curves with the mesh size Ax being 0.0390625 and the time
t changing from 0 to 14.

Here, take 7 =1, the computation domain as [—2L,2L], L =10, where we are con-
cerned with the results on domain [—L,L] and the mesh size Ax =0.0390625 (N =219),
Fig. 12 shows how the concentrations c¢,,, m=1,2, change with time . For positive electric
charges, the velocity concerned with the constant electric field vp = —9x(zm Velectric field) =
—2z,, <0, which means the positively charged ions are driven towards the left boundary
while the negative electric charges are driven towards the right boundary.

4.,5.2 Finite size effect

Next we aim to investigate this phenomenon numerically that such electric field can make
positive and negative electric charges gather on different ends and how the nonlocal
repulsion modifies the profile of the steady states. Let 17 = %,%,---,%,0 and the mesh
size Ax =0.0390625, Fig. 13 shows different steady state solutions with different #, here
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Figure 13: Example 3: The steady state density solutions c;, with different 17 with the mesh size Ax being
0.0390625.

the density solution of time f =14 approximates steady state solution. In conclusion, it’s
observed that the positive and negative particles move in different directions and the
finite size effect makes the concentrations c,,, m=1,2, not overly peaked like before.

4.6 Example 4

As for another way in [18,19] to model ionic and water flows which includes voids, polar-
ization effect of water, and ion-ion and ion-water correlations in electrolyte solutions, the
correlated electric potential ®(x) can be considered as a convolution of potential ®x (x)
obtained from (1.7) with the exponential van der Waals potential kernel [11,19,22,23]

W gf|x|/lc
xX)=——,
(x) 7L
where [, is the correlation length, i.e.
i 1 / / /
CD(x)—/]RdEW(x—x)CD,C (x')dx'. (4.13)

We rewrite @i (x) (1.6) (1.7) in the convolution form and then (4.13) becomes

CD(x):/]Rd%W(x—x') /]RdlC(x'—x")p(x”)dx"dx'. (4.14)
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Figure 14: Example 4: The steady state density solutions ¢, with different ..

Next we apply our numerical method to a one-dimension example to show a simple
numerical exploration on such modeling phenomenon. The test model is not physically
relevant in one-dimension, and thus this numerical example is a toy model. However, it
is easy to extend it to high-dimensional cases, where we omit it in this paper.
Consider the kernel
e~ X/ 1 1,

K(x)=exp(=|x]), W(x)= Vel T Vext(x) = 5%
and the initial conditions (4.2) are given by (4.6). In this part, we take the parameter
l.= 7.44,1,61—4, the computation domain as [-2L,2L]|, L =10 and the uniform mesh size
Ax =0.0390625 (N =21%). The results with which we are concerned are on the domain
[—L,L]. Then Fig. 14 shows different steady state solutions with different values of ..
The concentrations of the positive ions and the negative ions move towards each other
due to the electrostatic attraction with time ¢ and the concentrations move more closely
to each other near x =0 for smaller [, = 6%1 when they converge to the equilibrium and on
the contrary, the concentrations of the steady state move a little further away from each
other near x =0 for larger [, =7.44.

5 Conclusion

In this paper, we focus on the model for complex ionic fluids proposed by EnVarA
method and analyze the basic properties of the Cauchy problem of it different forms
of the electrostatic potential and the steric repulsion of finite size effect and capture the
well-posedness with certain regularized kernel. Then a finite volume scheme to the field
system in 1D and 2D cases is proposed to observe the transport of the ionic species and
verify the basic properties, such as positivity-preserving, mass conservation and discrete
free energy dissipation. We also provide series of numerical experiments to demonstrate
the small size effect in the model. More appropriate methods will be discussed in the

following papers.
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