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A B S T R A C T

Digital Rock Physics has reached a level of maturity on the characterisation of primary
properties that depend on the microstructure – such as porosity, permeability or elastic
moduli – by numerically solving field equations on μCT scan images of rock. After small
deformations or at depth though, most rocks eventually reach their limit of elasticity and
the complementary plastic properties are needed to describe the full mechanical behaviour.
Currently, determination of a rock’s yield surface from its microstructure is often restricted
to semi-analytical criteria derived by limit analysis or numerical simulations performed on
idealised geometries. Such simplification lacks representativeness, particularly for processes
that affect directly the pore-grain interface such as the cementation phenomenon, happening
during diagenesis. Eventually, only direct numerical simulation of elasto-plasticity performed on
digitalised microstructures can be used to assess the strength of different cemented materials and
its evolution with the alteration of the microstructure. In this study, we provide a comprehensive
parametric study on the impact of cementation on rock strength for real microstructures of
cemented granular materials. Compared to most previous studies, the whole yield surface is
determined numerically (using Finite Element Method) in order to assess the influence of
cementation for different stress-paths. The previously known tendency of rock to strengthen
with increasing cementation volume is verified. New results on the influence of cement property
namely Young’s modulus, friction and cohesion on the rock’s yield surface are explored. The
envelopes obtained are compared to the ones obtained by experimental data and existing
models. The framework presented in this study showcases the wider possibility of determining
any rock’s or porous material’s yield surface from its microstructure.

. Introduction

The characterisation of rock properties has been revolutionised by the emergence of the discipline of Digital Rock Physics (DRP).
he concept of such workflow is to infer various rock properties from numerical simulations performed on real microstructures
btained from μCT scans of the rock considered (Andrä et al., 2013; Dvorkin et al., 2011). It relies on the fact that past a given
ample size, named Representative Elementary Volume (REV), which depends both on the microstructure and the property studied,
he property homogenised on this small sample is representative of the rock at the larger scale of interest (Hill, 1963). This approach
elies on non-destructive testing which can become a considerable advantage when the rock sample is difficult to obtain in large
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quantities (Arns et al., 2004). Additionally, different types of tests can be performed on the same sample which prevents errors
inked to the spatial variability of heterogeneous rocks (Andrä et al., 2013). Lastly, the flexibility of numerical methods allows to

set up more complex analysis than experiments (Dvorkin et al., 2008).
With the everlasting development of numerics, DRP is reaching new heights. After the large improvement of μCT scan images

characterisation (Cnudde and Boone, 2013; Sarker and Siddiqui, 2009), permeability computation on μCT scan images is also
ttaining its scientific maturity (Blunt et al., 2013; Saxena et al., 2018). In turn, this leaves place to the discovery of new properties
hat could be obtained with DRP. We are interested in this contribution in the upscaling of mechanical properties of rocks. While
he upscaling of the elastic moduli is already heavily studied (Arns et al., 2002; Saxena and Mavko, 2016; Liang et al., 2020),
ontributions relating to the upscaling of plastic properties remains scarce, despite the rising importance for the characterisation
f a rock’s plasticity, in parallel with the development of unconventional resources exploitation, or the underground storage of
uclear waste and CO2 (Hueckel and Pellegrini, 2002). In those environments where the risk of triggering plastic deformations of
he rock is higher than usual due to the conditions of pressure and temperature at depth, safe operations can only be ensured with
he knowledge of rock strength and its evolution with the alteration of the microstructure.

For that reason, the role of the structure of the rock needs to be directly accounted for, when simulating plasticity. Indeed, the
ranular origin of most rocks entails interaction forces between those grains. Those contact forces are commonly modelled with the
iscrete Element Method (DEM) (Cundall and Strack, 1979). While the advantage of this technique lies undeniably in its scalability,

he approximation of the grains as idealised spheres remains its strong limitation. Still, Level-Set Method (coupled with DEM) was
sed to compensate this weakness (Kawamoto et al., 2018). The other possibility is to rely on the Finite Element Method (FEM),
hat allows to take into account the exact microstructure from μCT scan images. The algorithms have been already introduced and
sed in Lesueur et al. (2017, 2020b). FEM allows additionally for a simple coupling of the mechanics with different physics such
s chemical reactions (Lesueur et al., 2020a; Guével et al., 2020) necessary for the cementation in this contribution. In light of the
omplexity elaborated in this paragraph, Lesueur et al. (2021) showed that simulations of plastic deformations could be lighter in
erms of knowledge and computational resources if the upscaling of the material’s plastic properties was narrowed down to the yield
trength. We follow this direction in this contribution.

In a more general context, the yielding of porous materials has already earned a lot of interest in other fields of materials
cience. Yield criteria have been developed on idealised models of porous materials, starting with the hollow sphere model (Gurson,
977), that consists of one single spherical pore. The advantage of using those simple models, is that semi-analytical solutions
an be derived (Chen, 1975). While Gurson was the first one to propose such yield criterion, his model was greatly improved
fterwards (Needleman and Tvergaard, 1987) and is still extended to various configurations (Besson, 2009). Examples of notable
mprovements are the consideration of more complex pore shape (Gologanu et al., 1993; Madou and Leblond, 2012), interactions
etween pores or dual porosity matrix (Vincent et al., 2014; Shen and Shao, 2016), void size effect (Wen et al., 2005), or the effects
f hydrostatic stress and the third invariant of stress deviator (Gao et al., 2011). This discipline was developed originally for metal
heets, dealing with void nucleation and growth (Needleman and Tvergaard, 1987) and is still widely used nowadays (Reddi et al.,
019; Leclerc et al., 2020; Meade et al., 2021). Inversely, the difference gap between the idealised models of pore structure (Fritzen
t al., 2012) and the heterogeneous nature of real rock microstructure prevents these theories to be applied as often on rocks. Yet, two
pecific features are making this research become more and more valuable for rock mechanics. The first one is the consideration of
he pressure sensitivity of the matrix in the yield criterion (Shen et al., 2017, 2020). Indeed, most geomaterials are highly pressure-
ensitive (Jaeger, 2007) and this particularity influences greatly the shape of the yield surface (Drucker and Prager, 1952). The
econd is the derivation of the full surface of the yield envelope, from the tensile cut-off to pure shear and finally to the compaction
ap. Studies on the evolution of rock strength was for a long time restricted to the sole consideration of the Uniaxial Compressive
trength as it is easier to assess experimentally (Bienawski, 1974). However, with unconventional resources being found deeper and
eeper, subsurface operations can now reach the cap of the rock’s yield surface in compaction. In that case, an extension to the
haracterisation of the entire yield envelope instead becomes necessary.

By using DRP, this contribution fills the gap from previous yield criteria of accounting for the exact microstructure of rocks. To
he authors’ knowledge, while most contributions still focus on extending Gurson-type criteria to more complex but still idealised
icrostructure (for example Cao et al., 2018), only Liu et al. (2017) simulated the real microstructure, yet they only looked at the
omogenisation of frictional properties. Our suggested framework allows to compute the whole yield surface of a given digital rock
ample, which will help further understand the influence of the rock microstructure on its yield surface. In order to go one step
urther and make use of the full capabilities of the framework presented, we extend the classically static studies to dynamic and
haracterise the evolution of the yield surface due to the alteration of the microstructure. The alteration process we are interested
n is one that is known to influence greatly rock strength, a rock’s cementation.

Cemented granular materials is a general class of geomaterials composed of grains connected by cement partially or completely
illing the void in-between the grains. After deposition and consolidation phases of the sediments, cementation happens during
iagenesis when mineral matter precipitates at the pore-grain interface (Worden and Burley, 2009). This process is known to increase
he strength of the geomaterial by creating a cohesion between the particles (Bernabé et al., 1992; Yin and Dvorkin, 1994; den Brok
t al., 1997). As such, it is critical to characterise for material stability applications in geotechnical engineering and geophysical
rocesses. Unfortunately the phenomenon is complicated to reproduce at laboratory scale (Huang and Airey, 1998), because it takes
lace at a geological timescale. Instead research focuses on the production of artificially cemented materials that can achieve levels
f strength similar to naturally cemented materials (Bernabé et al., 1992; Yin and Dvorkin, 1994; Delenne et al., 2009).

Several constitutive models have been developed to describe the behaviour of cemented granular materials at the continuum
2

evel based on elasto-plasticity (Gens and Nova, 1993; Nova et al., 2003; Rattez et al., 2018), but the link between the internal
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Fig. 1. Two cubic samples of the LV60 A sandpack, of respective size 0.8 mm (80 pixels) and 1.2 mm (120 pixels).

variables and the microstructural processes was not clear. To this end, Tengattini et al. (2014) have proposed a model describing the
mechanical behaviour of cemented geomaterials relating grain breakage and cement damage at the microstructure to the evolution of
inelastic strain, but the microstructure geometry was only described in this model by the porosity, a grading index and grain/cement
volume fractions. Prioritising on the general applicability of the model, accuracy may still be lost on a case by case basis because
cementation depends heavily on the rock microstructure (Leroueil and Vaughan, 1990) and the initial distribution of chain forces.
Eventually, only direct numerical simulation of elasto-plasticity performed at the micro-scale level and coupled with microstructure
evolution can be used to determine the strength of the cemented material. A few studies have already started the investigation
using DEM with idealised microstructures (Gao and Kang, 2017; Estrada and Taboada, 2013), and provide valuable insight into the
ehaviour of cemented geomaterials at the microstructural level, but they cannot to capture the full complexity of these materials
ue to a lack of proper description of the microscale failure mechanisms and representative microstructal geometry.

We suggest using micro-scale mechanical simulations to reproduce the cementation happening during burial of rocks and predict
he change of mechanical properties of the system. Particularly in this contribution, we are interested in the influence of the
ementation on the yield surface of the material and how the mechanical properties of the cement affect it.

. Numerical homogenisation of yield surface from digital rock

.1. Finite element framework for digital rock mechanics

In this section we present the Finite Element framework used to simulate a mechanical loading on a digital rock.
Digital rock samples are reconstructed from a stack of 2D segmented μCT scans, following the methodology presented in Lesueur

t al. (2017). For geometry consistency, each voxel of the 3D μCT scan corresponds to an element of the mesh. The result is a
tructured mesh of the cubic sample of rock microstructure. Compared to Lesueur et al. (2017) that studied hydromechanical
ouplings, we do not need the pore space in this contribution and it is therefore removed from the mesh to improve memory
onsumption. In this contribution, we exclusively use the LV60 A sandpack (Imperial College Consortium On Pore-Scale Modelling,
014), whose microstructure is shown in Fig. 1 for different sample sizes. The mean grain diameter of this sand is 250 μm, which
orresponds to a sandstone of medium grain size following the Udden Wentworth grain-size scale, when those grains are cemented.

Mechanical loading is simulated in Finite Element by solving the momentum balance of a boundary value problem. We solve,
n the grains, the divergence of stress,

∇𝜎̃ = 0. (1)

n the outer faces of the sample, transient Dirichlet boundary conditions of displacement are imposed, to reproduce velocity-
ontrolled loading. Note that the grains are assumed in this modelling not to undergo relative displacement at the intergranular
ontacts because we are interested in cemented rock. The cementation (implemented in the following section) prevents any possible
ovement. Linear elasticity is assumed, defined by a Young’s modulus and a Poisson’s ratio. For the selection of the plastic model,
e first note that in our configuration, the stress is exclusively located at the grain contacts as can be seen in Fig. 2. Indeed, grain

ontacts are the weakest point in a granular structure, which is the reason why they enter plasticity first. For simulating plasticity
t the grain contacts, two models are commonly used: J2 and Drucker–Prager. The J2 criterion is expressed as

𝑞 = 𝐶 , (2)
3
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𝑣

Fig. 2. Highlight (in red) of elements in plasticity at yielding state. Plasticity is assessed by finding elements for which 𝑞 = 𝑞𝑦. Corners were cropped to remove
boundary effects for clear visualisation. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

with 𝑞𝑦 the Von Mises stress at yield and 𝐶𝑔 the cohesion of the grains. The material is assumed pressure-independent and can only
fail in shear. This behaviour is representative of unconsolidated media. The Drucker Prager criterion is expressed as

𝑞𝑦 = 𝐶𝑔 + 𝑡𝑎𝑛(𝜙𝑔)𝑝̃𝑦, (3)

with 𝑝̃𝑦 the mean stress at yield and 𝜙 the friction angle. This is a continuum model of frictional contacts. In this contribution
focused on cementation, we assume J2 plasticity for the grains as they are commonly stronger than the cement and will therefore
experience only limited plastic deformation.

2.2. Numerical homogenisation scheme

Values of stress in laboratory experiments are measured as best as it possibly can be. Because stress is a virtual concept, its
measurement can only be made through the displacement of a loading cell of which the relationship between stress and strain is
known. For this reason, only an averaged value of the stress on the top face of the sample, (on which the loading cell is applied)
can be measured. This is however a poor representation of the total stress experience by the full sample. With direct numerical
simulations instead, the values of stress are known for each element constituting the mesh and the stress can this time be averaged
on the whole sample. Through a rigorous homogenisation scheme, representative values can therefore be obtained. Specifically, the
simulation needs to respect the Hill–Mandel condition (Hill, 1963) which postulates that the integral of the local mechanical work
should be equal to the global mechanical work of the full sample.

⟨𝜎̃𝑖𝑗⟩𝛺⟨𝜀̃𝑖𝑗⟩𝛺 = ⟨𝜎̃𝑖𝑗 𝜀̃𝑖𝑗⟩𝛺 (4)

with ⟨⋅⟩𝛺 = 1
|𝛺|

∫𝛺 ⋅𝑑𝑉 , 𝛺 being the grains. In short, this lemma describes a conservation of energy across the scales. The two
paragraphs below describe the set-up of our specific problem for this Hill–Mandel condition to be respected in terms of strain and
stress.

Regarding the strain, we first note that the loading condition is actually specific to the homogenisation theory itself, as the
sample has to be subjected to an homogeneous macroscopic rate of deformation 𝐷𝑖𝑗 . Consequently, we impose the velocity
̃ = 𝐷 𝑥 ∀𝑥 ∈ 𝜕𝛺, the external surface. As a result, we can write the homogenised strain for the structure as 𝜀 = 𝐷 𝑡.
4
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Fig. 3. Yield surface determination: (a) Offset method on the stress–strain curve of one loading; (b) Reported yield stress point on the yield surface, in comparison
to its stress-path.

The corresponding macroscopic stress is defined as the average of the stress over the total volume 𝛺𝑡𝑜𝑡. Since the material is
onsidered dry, the pore space is not pressurised. This translates to a traction-free boundary at the inner surface which is directly
mposed through the natural boundary conditions emerging in the weak form when using the divergence theorem on the divergence
f stress. Eventually the macroscopic stress can be expressed in terms of the porosity as

𝜎𝑖𝑗 = ⟨𝜎̃𝑖𝑗⟩𝛺𝑡𝑜𝑡
= (1 − 𝑛)⟨𝜎̃𝑖𝑗⟩𝛺 (5)

ith 𝑛 the porosity. In order to visualise the yield surface of the material, we are particularly interested in the mean stress 𝑝 = 𝜎𝑖𝑖
nd the Von Mises stress of the material, defined as 𝑞 =

√

3
2 𝑠𝑖𝑗𝑠𝑖𝑗 with 𝑠𝑖𝑗 being the deviatoric stress tensor. Note that all values of

tress in this contribution are normalised with the Young modulus of the granular phase.
It was verified by Lesueur et al. (2020b) that these definitions along with proper boundary conditions resulted in the equivalence

f local and global work defined in Eq. (4).

.3. Yield surface measurement

In this contribution, we follow the typical procedure to determine the yield surface of the material. Multiple loadings of different
tress paths are simulated until they reach the yield stress, measured with the offset method on the stress–strain curve as an arbitrary
eviation of linear elasticity. This marks one point on the yield surface on the material. The full surface can then be interpolated
rom all the different points gathered. We note that this numerical determination of the yield presents a large advantage compared
o the alternative experimental method. The yield surface of one specific sample can be easily obtained. Instead for the destructive
xperimental method, multiple different samples have to be destroyed in order to obtain one yield surface and leads to errors due to
he spatial variability of microstructure within a rock. The use of kinematic boundary conditions provides us with an upper bound
alue of the yield stress, obtained from the state of maximum entropy production (Veveakis and Regenauer-Lieb, 2015). We note
hat a more quantitative study should also perform the study with stress-imposed boundary conditions to obtain the corresponding
ower bound value.

In order to map the yield surface in the 𝑝−𝑞 space, we need to impose different stress paths while still respecting a homogeneous
acroscopic rate of deformation to comply with the Hill–Mandel condition. A conventional triaxial loading does not respect this

ondition. We choose to follow the loading function used by Fritzen et al. (2012) analysis and have the velocity imposed on the
phere expressed as:

𝑣𝑥 = 𝜀̇0(𝛼 + 𝛽)𝑥, (6)
𝑣𝑦 = 𝜀̇0(−𝛼 + 𝛽)𝑦, (7)

𝑣𝑧 = 𝜀̇0𝛽𝑧 (8)

ith 𝜀̇0 the reference loading strain rate and 𝛼 and 𝛽 parameters controlling the triaxiality of the stress path, governed by the ratio
𝛼
𝛽 .

Positive values of 𝜀̇0 corresponds to an extension of the sample while negative values correspond to its compression. This type of
boundary condition allows to simulate both extension and compression in the same manner. This is an impossible task experimentally
and most yield surfaces of rock are therefore only measured in compression which is the simpler process. This methodology presents
therefore a great opportunity to explore all the different regimes of rock deformation. Note that the loading described by Eq. (8)
has a principal axis of loading in x. By setting 𝜀̇0 negative, the principal axis of loading becomes y. To prevent this, 𝑣𝑥 and 𝑣𝑦 are
switched when changing the sign of 𝜀̇0. Otherwise the anisotropy of the sample would prevent the positive and negative parts of
5

the yield surface to connect. This anisotropy is showcased in Fig. 4. We can observe a slight difference of the yield surface shape
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Fig. 4. Comparison of yield surfaces computed either with a compression in the 𝑋-axis (as followed in this contribution) or 𝑌 -axis.

Table 1
Example of different combinations of 𝛼 and 𝛽 values that correspond to loading
paths of different triaxiality ratios following Eq. (8). The loadings vary from pure
shear on the left to almost isotropic on the right.

Alpha 1 1 1 1 1 0.9 0.5 0.2
Beta 0.0 0.1 0.3 0.5 0.7 1 1 1

(almost negligible because sandpack is known to be isotropic) and the non-alignment of the point indicates that the homogenised
elastic modulus is also different. The insignificance of the difference could be inferred from the known isotropy of a sandpack.

The different combinations of 𝛼 and 𝛽 used to map the yield surface, from pure shear to isotropic compression or extension
can be found in Table 1. Note that isotropic extension or compression do no seem to produce sensical results in this contribution
and are therefore not presented. Since (Lesueur, 2020) managed to get good results for the isotropic compression using the same
methodology on the hollow sphere but with a conforming mesh, we can only infer that the problem comes from our non-optimised
structured mesh.

Examples of the yield surfaces obtained with this methodology can be seen in Fig. 5, which shows the differences obtained by
selecting a different grain model as discussed in the previous subsection.

2.4. REV size

Homogenised results at the micro-scale can be representative of global rock properties if the homogenisation is carried out at
a sample size bigger than the REV size. Indeed, rock properties converges to a unique value past a certain sample size considered
for the homogenisation. This size corresponds to containing a large enough number of grains that can represent the global granular
behaviour of a even larger sample.

The REV size should be assessed in regards to the property studied. It has been shown for example that the convergence of
the porosity does not necessarily suffice to reach the REV size of other properties (i.e. permeability Mostaghimi et al., 2012). In
ur case, we assess the convergence of the desired yield surface, for the LV60 A sandpack. Cubic samples of size 0.8 to 1.2 mm
re tested, which are meshed at image resolution with 80 to 120 elements per length. Both end members are shown in Fig. 1.
ote that all samples are selected from the same position in the μCT scan. For each sample size, the yield surface is computed
nd plotted in Fig. 6a. We can observe that the yield surface monotonously shrinks with increasing sample size. To quantitatively
ssess convergence, we look at the evolution of the error to the final yield surface computed. The results are obtained first for the
acro-cohesion, interpolated to 𝑝 = 0 and plotted in Fig. 6b. Then, to obtain an overall convergence of the whole yield surface,
e compute the error made per triaxial ratio, i.e. for every loading path considered, with regards to the distance from the origin.
e then plot in Fig. 6c the error averaged over the whole yield surface and the error bounds. We can observe that the error from

oth figures is steadily decreasing with a convergence trend indicating that the REV size would be soon reached, that we estimate
6

round a length of 150 voxels.



International Journal of Plasticity 156 (2022) 103338M. Lesueur et al.

c
2
i

v
I
b
q
F

3

t
p

3

c
e
t
l
e
i

Fig. 5. Comparison of yield surfaces obtained with either a yield criterion J2 or Drucker–Prager for the granular skeleton.

Fig. 6. Assessment of REV convergence.

As mentioned earlier, we note that for all samples, the REV size of porosity has already been reached, equal to ≈ 38.6% as
onfirmed by Mostaghimi et al. (2012). Additionally, the REV size of permeability is reached at ≈ 100 voxels (Mostaghimi et al.,
012; Lesueur et al., 2017). The new result that the REV size of the yield surface corresponds to an even larger size emphasises the
nteresting notion that REV convergence should be assessed for the specific property measured.

For computational purposes, we select the cubic sample of 80 voxels length for all the simulations in this contribution. We
erified in this section that the sample selected retains the shape of the final yield surface at REV size without significant variations.
n that sense, the sample still qualifies as Statistical REV (Zhang et al., 2000), defined as the size after which variations remain
ounded and decrease monotonously with increasing size. Not selecting a sample past the REV size prevents us from providing
uantitative results. However, this contribution is a qualitative study about the influence of certain parameters on the yield surface.
or that purpose, the trends shown in this paper remain correct.

. Parametric study of cementation on rock yield surfaces

This section focuses on the study of the influence of cementation on rock yield surfaces. Having introduced in the previous section
he framework to upscale yield surfaces from rock microstructure, we now present the algorithm used to simulate the cementation
rocess. Then, parametric studies are conducted.

.1. Digital rock cementation algorithm

Cementation is known to be stress-dependent and preferably occurs at the grain contacts. However, uniform cement growth is
ommonly assumed instead, as a first approximation (Mousavi and Bryant, 2013). The simulation of this process is done with the
rosion algorithm from Lesueur et al. (2020b). This algorithm was used to simulate uniform dissolution/precipitation and simplifies
he problem to changing the domain of the layer of elements at the pore-grain boundary from pore to grain or vice versa. Different
evels or volumes of cementation can be obtained by running the algorithm a multiple number of times. In this contribution, we
xtend this previous algorithm to additionally change the nature of the element layer at the pore-grain interface to a cement phase
nstead of the original rock phase.
7
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Fig. 7. (a) Visualisation of the digital rock with one cement layer in red. (b) Cross section of the digital rock after three steps of cementation. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Influence of one cement layer on the yield surface, using the sample of Fig. 7a.

The rock selected for cementation is a sandpack, which is an uncemented rock made of sand grains artificially consolidated. A
cemented sandpack is similar to a sandstone in the sense that the cementation of a sandpack rock reproduces the natural diagenesis
of a sandstone (Worden and Burley, 2009). A visual representation of the digital rock after running the algorithm once can be seen
in Fig. 7a, with the cement layer coloured in red. In contrast to the rock phase, we consider the cement to obey a frictional-cohesive
response, as typical in debonding approaches where the cement is undergoing brittle/shearing failure (Baek and Park, 2018). To
this end, the cement is assumed to follow a Drucker–Prager yield criterion. Values of Young’s modulus, cohesion and friction for
the cement are discussed in the following sections. Due to the cement, we can observe in Fig. 8 that the cemented rock becomes
pressure sensitive. The cemented rock also appears stronger which is the well-known consequence of cementation.

3.2. Influence of cementation volume

We first look at the influence of the volume of cementation 𝑉𝑐 on the yield surface of the rock. Three levels of cementation are
investigated, representing 11%, 21% and 28% of the total sample’s volume and corresponding to the first three consecutive layers
8
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Fig. 9. Influence of increasing cementation volume on the yield surface.

f cementation following the methodology presented in Section 3.1. The corresponding yield surfaces of the cemented material are
lotted in Fig. 9a. We observe that the increase of cementation does not change the macro-friction angle. However, the increase in
ementation does result in an increase of strength. This is a verification of the expected behaviour of cementation (Bernabé et al.,

1992; Yin and Dvorkin, 1994; den Brok et al., 1997), that we mentioned in the introduction.
We also derive the yield surface of the fully cemented rock for comparison. Since the two materials, grains and cement, are

onsidered to have the same elastic properties in this section, the composite material at full cementation will experience the same
tress in both phases. Therefore, the envelope will follow the minimum between the yield functions of the rock and cement phase.
s seen in Fig. 9, the resulting yield surface follows the Drucker–Prager of the cement until it reaches 𝑞 = 0.1 at which point it is
apped by the J2 yield criterion of the grains. With increasing cementation volume, the total porosity of the material decreases and
eaches zero at full cementation. We know from the theoretical study of Gurson (1977) that porosity is fundamentally responsible
or the existence of the compaction cap. Hence, the fully cemented rock does not display a compaction cap anymore. This implies
hat the compaction cap of the partially cemented rock will stretch infinitely towards null porosity.

.3. Influence of cement’s mechanical properties

.3.1. Young’S modulus
We start logically this subsection with elasticity, studying first the influence of the cement’s rigidity on the yield surface. We

ssume that the cement cannot be more rigid than the grain skeleton (𝐸𝑔
𝜎0

= 200). Therefore, we select three different of the cement’s
oung’s modulus, 𝐸𝑐

𝜎0
= 200, 100 and 50. Using each of those, we compute the corresponding yield surface, which are all plotted

n Fig. 10. The upscaled friction of the material does not change with elasticity. We can observe that a decrease of the cement’s
oung’s modulus shifts the entire yield surface towards extension.

.3.2. Cohesion
Moving on to plastic properties of the cement, we then study the influence of its cohesion 𝐶𝑐 . Similarly to the elasticity, we

assume that the cement cannot be stronger than the grains. Therefore, we decrease the cohesion starting from the strength of the
grains, 𝐶𝑐 = 0.1 to 0.025. The corresponding yield surfaces are plotted in Fig. 11. Once again, the macro-friction coefficient is not
affected by the parameter studied. We can see that the yield surfaces are shrinking when decreasing the cement’s cohesion. Counter-
intuitively, the cement’s influence does not decrease when the cement is made weaker. Instead, it reduces the overall strength of
the cemented material.

3.3.3. Friction
The last parameter studied is the cement’s friction 𝜙𝑐 . We have already shown in Section 3.1 that the presence of a pressure-

sensitive cement will turn the cemented material pressure-sensitive, with the appearance of a measurable macro-friction. In this
section, we study more in details the effect of the parameter 𝜙𝑐 on the yield surface. Three angles are tested: 30, 45 and 80 degrees.
The corresponding yield surfaces are plotted in Fig. 12. We can observe that 𝜙𝑐 directly affects the macro-friction and in turn,
changes all the other parameters of the yield surface – macro-cohesion and isotropic compression yield pressure.
9
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Fig. 10. Influence of the cement’s Young’s modulus.

Fig. 11. Influence of the cement’s cohesion.

4. Interpretation of results

In this section, we interpret and discuss the results of the parametric studies presented in the previous section.

4.1. Frictional part

It has been observed previously in this contribution that the cemented rock presents a Drucker Prager yield surface in the shearing
regime, due to the presence of pressure sensitive cement. Except for the obvious exception of the study on the evolution of the
cement’s friction, all the different realisations produce the same macro-friction. Particularly, the macro-friction is the same for the
fully cemented rock or for the one with only one layer of cement. This means that the macro-friction only depends on the rock and
the cement’s friction angle. This result is in agreement with experimental observations (Abdulla and Kiousis, 1997; Clough et al.,
1981) that observed a change in the cohesion and not the friction angle by changing the cement content for cemented sand tested
10

in a triaxial cell. Note that Lade and Overton (1989) have observed a change in the peak friction angle with the cement content, but
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Fig. 12. Influence of the cement’s friction angle.

Fig. 13. Linear fitting of the macro-friction angle evolution with the cement’s friction angle. The coefficient of determination of the linear regression is superior
han 0.99.

his modification could be attributed to grain rearrangement close to the peak when bonds are damaged and the different amount
f fines introduced for the different specimens with different cement contents.

Furthermore, we observe a linear evolution of the macro-friction angle with the cement’s friction in Fig. 13.
In contrast, the macro-cohesion is varying in every realisation of the parametric studies. Fig. 14 summarises the evolution of the

acro-cohesion for all the studies. It evolves non-linearly with increasing cementation volume until it reaches its maximum value
t full cementation. The evolution is also nonlinear with the cement’s Young’s modulus. In this case, it is indeed more interesting
o interpret the evolution of the yield surface as a horizontal translation as we pointed out in Section 3.3.1. Eventually, we only
bserve a linear evolution of the macro-cohesion with both the cement’s cohesion and friction.

In summary, we found that the plastic properties of the cement (friction’s angle, cohesion) have a direct, linear impact on the
lastic properties of the cemented rock, in the frictional part.

.2. Transition from frictional regime to compaction cap

From all the realisations shown in this contribution, we can clearly observe a transition from the Drucker Prager described in
he previous section to the compaction cap. To be able to pinpoint with more precision where this transition occurs on the yield
11
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Fig. 14. Evolution of the macro-cohesion during the parametric study of Section 3.1. Linear regressions of (c) and (d) have a coefficient of determination
superior than 0.999.

surface, we require a more quantitative assessment. We proceed to measure the evolution of the yield stress with the triaxial ratio
angle 𝜃 (0◦ < 𝜃 < 180◦), where the yield stress corresponds now to a distance from the origin 𝑟, as shown for an example in Fig. 15a.

In our parametric study, we observe that each point of the yield surface is aligned with the points on the other surfaces obtained
with the same loading function. This is achieved on two conditions. The first one is that our loading paths all start from a null
deviatoric and mean stress, as can be seen from Fig. 3a. The second is that the yield, corresponding to the limit of linear elasticity,
does not deviate much from the stress-path of linear elasticity, as can be seen from Fig. 3b. A change of alignment would therefore
only happen when the elastic properties of the sample are evolving during the study. Taking advantage of this interesting property
resulting from our specific set-up, we understand that each loading function corresponds to one angle 𝜃. For each loading function,
we can therefore look at the evolution of the remaining varying polar coordinate 𝑟 with the given studied parameter, which can
be seen plotted for an example in Fig. 15b. In order to detect at the first order a qualitative change of behaviour, the evolution of
𝑟 with a given parameter for a specified loading path is interpreted as a simple linear evolution with coefficients 𝑎 and 𝑏. And by
extracting the linear coefficient obtained for each loading function, we can finally plot its evolution in function of the angle 𝜃 in
Fig. 16.

This method is quite compelling because originally each parametric study corresponds to a 3D data set, where each point is
defined by p, q and the value of the parameter studied. By switching to polar coordinates 𝑟, 𝜃 and using an approximation of first
order, we are able to reduce our data set to 2D, defined by the triaxial ratio angle 𝜃 and a linear coefficient 𝑎. This method finds a
way of quantifying the evolution of the whole yield surface, which appreciation is otherwise completely subjective, and provide a
simple 2D plot of the evolution in Fig. 16.

The results obtained with this methodology on every parametric study ran are presented in Fig. 16. We noted previously the
restriction of having a constant linear elasticity and the limitation to a linear interpolation. In our parametric study on the cement’s
elasticity in Fig. 10, we can observe that the points at every angle 𝜃 are only slightly misaligned therefore we still consider the
results obtained on this study, however with caution. With regards to the approximation of linear interpolation, we note first that
the coefficient of determination 𝑅2 is always above 0.95 in the frictional part. It was proven in the previous section that the macro-
cohesion is evolving linearly for most parameters of the study. This behaviour can be extended to the entire frictional part since we
have shown that the frictional part of the yield surface corresponds to a Drucker Prager linear slope. The linear fit in the compaction
cap is probably not adequate as the coefficient of determination drops below 0.9 but we believe that it still allows us to capture a
qualitative description of the yield surface evolution.
12
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Fig. 15. Example of application of the linear scaling method for the cement’s cohesion study. (a) Each yield point can be determined by its distance to the
origin 𝑟 and a triaxial ratio angle 𝜃 which corresponds for our set-up to a given loading function. (b) For each triaxial ratio angle 𝜃, the evolution of 𝑟 with the
parameter studied can be interpolated by a linear function.

Fig. 16. Evolution of the linear scaling coefficient with the triaxial ratio angle computed with the methodology explained in Section 4.2, for the different
parametric studies of Section 3.1: (a) Cementation volume (b) Young’s modulus (c) Cohesion (d) Friction angle. The linear scaling coefficients are normalised
by their respective maximum value.

All the plots from Fig. 16 present a change of behaviour between two regimes. This transition is the most clearly observed in
Fig. 16d and corresponds to an angle of 67◦. We note that the results is only approximate as it is subject to the discretisation of the
yield surface. This angle value is confirmed in the rest of the plots where the same angle corresponds to a change of behaviour from
a predominantly dilatant shear failure at low-confinements to compacting shear failure at higher confinements. At the transitional
angle of 67◦ the material seems to deform in an incompressible way, in a response akin to the critical state typically observed in
porous media (Wood, 1990). While this angle value, separating dilatant shear failure to compactive shear failure, can remind of the
critical state line, it needs to be noted though, that in our case the transition is not always correlated with the peak deviator stress,
13

owing to the presence of the soft cement.
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Fig. 17. Superposition of the compaction caps of all realisations from the parametric study of Section 3.1, normalised by their respective peak stress.

.3. Compaction cap

Around the angle found in the previous section, we can clearly observe the yield surfaces transitioning from the shearing regime
ith a Drucker Prager to the compaction with a cap. This compaction cap is present already for the uncemented rock as it exists as

oon as the porosity is non null. From the study in the previous section, we discovered that the compaction cap is not expanding
inearly from the origin. Because the compaction cap starts from a different point of transition, studied in the previous section, it is
ifficult to visually interpret the evolution of the shape of the compaction cap. For this reason, we first proceed to a normalisation
f all the compaction caps. The value chosen for the normalisation is the peak stress of the yield surface, a bit before which the
ompaction cap already starts appearing. The normalised yield surfaces are then translated so that the peak stress value corresponds
o the origin of the normalised mean stress. The result for all the realisations from the parametric studies of Section 3.1 are
uperposed on the same plot, Fig. 17. To our surprise, the compaction caps that looked all different now display the same shape
nd fall on top of each other after the normalisation, with the exception of the rocks cemented with additional layers of cement.
n this specific case, we have shown that the isotropic compression yield pressure will tend to stretch infinitely. While Fig. 9 could
nly lead us to this interpretation, it is now visually confirmed in Fig. 17 as we see the grey normalised yield surfaces stretching
pen.

The conclusion of this study is that the compaction cap shape does not depend on the cement’s mechanical properties. It is
owever scaled, to be a transition of the frictional part. Instead, the compaction cap shape depends solely on the microstructure
hich also explains why the shape is changing for increasing cementation volume as this precipitation of cement changes the
icrostructure. This result concurs with Gurson (1977) that formulated a generic yield criterion (consisting of a pure compaction

ap in his case) depending solely of the medium’s porosity, scaled with a reference stress.
Linking all parts together, the yield surface macro-friction and macro-cohesion can be determined from the simple relationships

hey have with the cement’s properties, determined in Section 4.1. The transition point from the frictional regime is found from the
ntersection of the friction slope with the line leaving the origin of the graph at the angle established in Section 4.2. Starting from
he point, we can fit the compaction cap, scaled to the transition point, which shape has been determined in Section 4.3. Eventually,
t appears that our interpretation provides a full modelling of the cemented yield surface.

. Comparison with existing models and experimental data

In this section we place back our study in the context of existing literature and compare our results with existing models or
xperimental data.

.1. Theoretical yield criteria

As discussed in the introduction, the determination of the yield surface of porous materials in material science is primarily done
ith theoretical yield criteria, derived on idealised model of porous materials. The most common one is Gurson’s criterion (Gurson,
14

977) derived on the hollow sphere model. Gurson had only interest only in metallic materials. Therefore, he considered a von Mises
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Fig. 18. Comparison of the yield surface obtained by the analytical expression of Shen et al. (2017) for two different porosities and the yield points obtained
numerically (𝑉𝑐 = 0.11, 𝜙𝑐 = 45◦ and 𝐶𝑐 = 0.025). Yield surface stresses are normalised by their respective macro-cohesion.

yield criterion for the microstructure which resulted in a pure compaction cap similarly obtained in our study for the uncemented
rock skeleton, shown for example in Fig. 8. In order to compare a Gurson type model with our data generated for cemented materials,
we select one of the extension of Gurson’s criterion, which considers a Drucker–Prager yield surface for the microstructure. The
model was developed by Shen et al. (2017) and is expressed as:

𝑞2𝑦 =
(

−2𝑛 𝑐𝑜𝑠ℎ
(2𝑀 − 𝑆𝑖𝑔𝑛(𝑝𝑦)

2𝑀
𝑙𝑛(1 + 3𝑀𝑝𝑦)

)

+ 1 + 𝑛2
)(

1 +
3𝑀𝑝𝑦
1 − 𝑛

)2

(9)

ith 𝑀 is the pressure sensitivity coefficient which is physically related to the internal friction angle of solid matrix 𝜙𝑐 by
= 𝑡𝑎𝑛(𝜙𝑐 )∕3, and 𝑛 is the porosity of the porous medium.
In Fig. 18 is plotted one of the yield surface previously computed in Section 3 (𝑉𝑐 = 0.11 which corresponds to a porosity of 0.27,

𝜙𝑐 = 45◦ and 𝐶𝑐 = 0.025) against Eq. 9, calculated for the same porosity of the cemented sample and using a macro-friction calibrated
on the macroscopic response of the digital rock. Both models are normalised by their respective cohesion for the sake of comparison.
While the frictional parts are matching well, the compaction caps are not. The analytical expression from Shen et al. (2017) extends
urther than the one of our digital rock, meaning that the model predicts the rock to be stronger in compaction. This can be easily
nderstood by the difference of structures that the two yield surfaces correspond to. Compared to the rock microstructure, highly
eterogeneous and yielding quickly at the contact point between grains, the homogeneous hollow sphere has no localised points of
eakness and is therefore more resistant. Interestingly, this influence of structure shape has been pointed out already by Tvergaard
nd Needleman (1984), soon after the publication of Gurson’s criterion (Gurson, 1977). To solve for this difference of what they
efer to as ‘‘void shape’’, their proposed model includes a shape coefficient ‘‘X’’ by which the porosity is multiplied. When applying
uch concept to Eq. 9, i.e. replacing the porosity by an effective porosity, we can now find a value of the shape coefficient that fits
he compaction much better, as seen in Fig. 18 and the value of the void shape coefficient used here is approximately 2.2. Note that
his match means that the yielding of our digital rock structure is equivalent to the one of a hollow sphere with an effective porosity
f 60%, showing how much more resistant this idealised model is, in comparison to a real rock microstructure. This particularly
ood fit proves that idealised models can capture the correct mechanical behaviour of yielding of porous materials. Nonetheless,
he existence this shape coefficient emphasises the necessity to use direct numerical simulations in order to quantify the influence
f the exact microstructure.

.2. Asymmetric Cam–Clay model

We consider the analytical expression introduced by Samudio (2017), denominated as the asymmetric Cam–Clay model that
efines the yield surface expressed in the invariants von Mises and mean pressure space. This model presents several important
eatures compared to the numerous yield surfaces existing in the literature, namely: isotropic caps at both traction and compression
ith vertical tangents, a flexible contractant-dilatant behaviour and real function values for all real stress states. The mathematical
xpression of the yield surface is similar to the classical modified Cam-Clay model and introduces an additional parameter that
llows to break the symmetry of an ellipse and tend to a yield surface that is closer a Drucker–Prager at low confining pressure and
cap for higher pressures. Compared to the analytical expression of Eq. 9, this model does not use parameters of the microstructure,
ut macroscopic parameters like the yield pressure in isotropic traction and compression that are easier to assess from experimental
haracterisations. In this case, a fit of the numerical results from Section 3 with this model would allow us to obtain the evolution
f these experimental parameters with the cement properties. The expression is:

𝑞𝑦 =

√

𝑀2(𝑝𝑐 − 𝑝𝑦)(𝑝𝑦 + 𝑝𝑡)𝑒
−𝑘

(2𝑝𝑦+𝑝𝑡−𝑝𝑐 )
(𝑝𝑡+𝑝𝑐 ) (10)

where 𝑘 is a parameter that controls the asymmetry of the yield surface, 𝑝𝑐 and 𝑝𝑡 are the yield pressures of isotropic compression and
traction respectively. Note that when 𝑘 = 0 and 𝑝 = 0, we retrieve the symmetric modified Cam-Clay model. 𝑀 is a parameter that
15
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Fig. 19. Fit of yield surfaces obtained numerically for different volume of cement in Fig. 9 (points) with the asymmetric Cam-Clay model (full line).

Fig. 20. Plot in logarithmic scale of the isotropic compression yield stress (𝑝𝑐 ) as a function of porosity (𝑛) ×grain size (𝑅𝑔) from the numerical data of the
influence of the cementation volume fitted with the asymmetric Cam-Clay model in Fig. 19 (points) compared with the best fit obtained by the least-square

ethod (full line) and experimental observations (dashed lines).

ontrols the height of the yield surface in the 𝑞𝑦-direction of the 𝑝𝑦−𝑞𝑦 space. The surface is determined by the 4 parameters 𝑘, 𝑝𝑐 , 𝑝𝑡
nd 𝑀 which define a full yield surface, including the frictional part and the compaction cap, with a single equation instead of one
or each regime, as commonly found in the literature (Wong et al., 1997). This model therefore allows for a continuous transition
etween regime which is more realistic. Specifically, the model has been shown to fit well the full yield surface for carbonate
ocks (Abdallah, 2019). In Fig. 19, the yield surfaces obtained numerically for different volumes of cement are successfully fitted
y the asymmetric Cam-Clay model, using nonlinear global optimisation.

As a parameter extracted from the model during the fitting exercise, we can access the evolution of the isotropic compression
ield pressure 𝑝𝑐 , characterising the cap, with the cementation volume 𝑉𝑐 . It has been shown experimentally that 𝑝𝑐 follows a power

law of the product of initial porosity 𝑛 and grain radius 𝑅𝑔 . Wong et al. (1997) found the exponent to be equal to −1.5, but a
ecent study integrating more data from the literature found a lower value of −1.09 (Rutter and Glover, 2012). These values can
e compared with the one we calculate from the 𝑝𝑐 values extracted from our fit with Eq. (10) in Fig. 19. For that, we consider a
ean grain radius of 0.125 mm for the LV60 A sandpack (Talabi et al., 2009). Note that as the cementation volume increases, the

rain size increases as well. We take this effect into account by adding to 𝑅𝑔 for each level of cementation the value of the layer
hickness which corresponds to one grid voxel with our erosion algorithm. The results of the comparison are plotted in Fig. 20, in
ogarithmic scale for a clear assessment of the power law which appears as a linear slope in this scale. The exponent fitted on our
umerical results equals −1.2 which is close to the value found by Rutter and Glover (2012), showing a good agreement of our
umerical simulations with experimental observations.
16
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Fig. 21. Comparison between yield surfaces obtained experimentally for Bassanite (Bedford et al., 2018) and sandstone (Wong et al., 1997), and a yield surface
obtained numerically in our study. All datasets are normalised by their respective isotropic compression yield pressure.

5.3. Experiments

In order to broaden comparisons of the yield surface computed with our method, we consider real observations obtained
experimentally using a triaxial apparatus. Bedford et al. (2018) have performed conventional triaxial experiments at different
confining pressures on porous Bassanite, a material formed from the dehydration of gypsum. They have obtained the yield surface
for different porosities of this material. One of our yield surface is plotted alongside their data in Fig. 21. Note that we selected the
yield surface that best compares to Bedford’s data as no data on the mechanical behaviour of the cement or grains individually is
available. It corresponds to the yield surface produced in Section 3.3.2. Its parameters for the cement are 𝐸𝑐 = 200, 𝐶𝑐 = 0.025 and
𝑐 = 45◦ and its porosity is 0.27. All datasets are normalised by their respective isotropic compression yield pressure in order to
ompare only the shapes of the yield surfaces. We can observe in the experimental data for Bassanite that the increase of the porosity
nduces an increase of the maximum normalised von Mises stress reached by the yield surface. Our yield surface also follows this
rend and lies higher than Bedford’s data that has a lower porosity. While there is limited experimental data in the frictional regime,
e can extrapolate that the friction angle is quite similar to our simulated yield surface.

Instead of Bassanite, the cemented microstructure generated by using our numerical erosion algorithm on a sandpack rock would
ndoubtedly be closer to the one of a sandstone. Therefore, we also add data of two different sandstones on Fig. 21: Adamswiller with
porosity of 0.22 and Boise II with a porosity of 0.35 (Wong et al., 1997). We can observe that the yield surface from our numerical

tudy lies in between the real data of these two sandstones, in accordance with the trend unveiled by Bedford et al. (2018). The
esemblance of our yield surfaces, obtained from direct simulation on the microstructure, with the real ones, obtained traditionally
rom destructive triaxial tests, increases the level of confidence about our modelling of macroscopic yielding of cemented materials.

. Conclusion

This contribution introduced a numerical method to homogenise the yield surfaces of rocks. Based on simulations of elasto-plastic
echanical loadings on digital rocks, the full yield surface, both in compression and in tension, can be upscaled. The yield surfaces
roduced are shown to reproduce the shape obtained in experiments and, oppositely, match as well the more theoretical yield
riteria developed for porous materials. This framework allows for the study of the rock microstructure’s influence on its yield. We
ound that this complex structure is weaker in comparison to the single spherical pore structure. For this reason, theoretical yield
riteria on idealised pore models end up overestimating the strength of rocks. This aspect legitimise the usage of direct numerical
imulations to estimate the yield surface of rocks instead of structure-agnostic criteria.

One advantage of this numerical method is to be able to easily follow the evolution of the yield surface from the variation of
rbitrarily chosen parameters. This is particularly suited to study dynamical processes such as the one chosen in this contribution,
ementation. Using this feature, we could first verify that rock strength increases during cementation, due to an accumulation
f cement at the pore-grain interface. Furthermore, new trends were discovered that link the yield surface shape properties with
he cement’s mechanical properties. Cement stiffness only translates the yield surface along the mean stress axis. In the frictional
egime, linear relationships were found between the cement’s plastic parameters (cohesion, friction) and the plastic parameters of
he macroscopic response. The existence of a clear separatrix between the frictional and compaction regime was established. We
xpect this to correspond to the critical state line but only a further investigation on the matter can confirm this assumption. Finally,
e determined that the shape of the compaction cap can solely be attributed to the rock microstructure and does not depend on the

ement mechanical properties. This last result can prove particularly useful for the quantitative estimation of a rock yield surface.
ndeed, only the isotropic compression yield pressure needs to be determined in supplement to the compaction cap numerically
17

omputed on the μCT scans of the rock to be able to evaluate the real compaction cap of this rock.
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As demonstrated, implementing a rigorous homogenisation procedure is not trivial. Particularly, one needs to be careful about
especting Hill’s lemma which requires specific boundary conditions and a proper averaging of stresses and strain. However, more
epresentativeness is eventually achieved compared to surface averaging in standard experimental set-up. While this study remained
ualitative for the single purpose to uncover a few mechanical trends, we still pointed out one strong requirement necessary for
uantitative estimation of the rock yield surface, which is the consideration of a sample larger than the REV size. In our study, it
as shown that the REV size would only be reached with a bigger sample than considered. At the given REV size, the problem then

emains the usual compromise of the digital rock modeller between resolution and computational cost.
This paper illustrated non-exhaustively the innovative capabilities linked to our method of yield surface homogenisation of a

igital rock. With it, we hope to better understand the shape of rock yield surfaces and be able to attribute some of its features
o mechanical properties or morphological parameters. Going further than characterisation, this study on cementation can be of
nterest for civil engineering design in the novel field where material strength is optimised using a bio-cementation process (Cui
t al., 2017; Iqbal et al., 2021). Still, cementation served as an example to study processes affecting the yield surface by altering
he microstructure but the list can be extended to many more, namely hydraulic, mechanical, chemical or thermal. The upscaling
f the yield surface should be considered as a first step towards the upscaling of the entire plastic behaviour. Indeed, it requires
imulation of some plastic deformation, to reach the macroscopic yield. Such framework opens the door to further homogenisation
f macroscopic plastic properties and therefore to an extension of Digital Rock Physics towards including more geomechanics.
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