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Collisional magnetized shock waves: One-dimensional full particle-in-cell simulations
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Although collisional electrostatic shock waves have been investigated extensively via theory, simulations,
and experiments, there are comparatively few studies about collisional magnetized shock waves. We investigate
collisional magnetized shocks by performing one-dimensional full particle-in-cell simulations that incorporate
ion-ion, electron-electron, and ion-electron Coulomb collisions, for perpendicular and quasiparallel shock waves.
The effect of Coulomb collisions is to drive a shock wave into a more laminar state. For a perpendicular shock,
the magnetic overshoot becomes small because the electron pressure perpendicular to the magnetic field is
isotropized and decreases due to electron-electron collisions. For the quasiparallel case, we find that ion-electron
collisions severely suppress the standing whistler wave, which is present in the form of large amplitude waves in
a collisionless shock wave.
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I. INTRODUCTION

Collisional electrostatic shock waves have been investi-
gated extensively in recent years due to advanced technologies
for plasma shock experiments. It has been confirmed that
collisional shock waves can form due to the head-on or
oblique merging of plasma jets produced by pulsed-power-
driven rail guns [1–3]. A comprehensive study of ion heating
in collisional shock waves revealed that the peak ion tem-
perature agrees well with a theoretical model for several ion
species [4]. Laser-driven collisional shock waves have been
measured for the first time in Rinderknecht et al. [5] when
they observed ions streaming at speeds in excess of the shock
velocity, which contributes to the heating of upstream cold
plasma.

Several theoretical and simulation studies indicate that
binary Coulomb collisions play an important role in the
formation of collisional electrostatic shock waves. Hybrid
simulations, in which ions and electrons are solved for an
extended Fokker-Planck equation and electronic temperature
equation, revealed that collisional electrostatic shock waves
possess a precursor region due to hot ion streaming that
leads to electron heating via ion-electron collisions [6,7].
This results in a shock transition scale much wider than ex-
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pected from fluid theory [8]. Recently, this feature has been
confirmed in full particle-in-cell (PIC) simulations [9]. Even
for electrostatic collisionless shock waves, Turrell et al. [10]
suggested ultrafast ion heating due to Coulomb collisions
between two different ion species can occur.

Although several investigations about collisional elec-
trostatic shock waves exist, our knowledge of collisional
magnetized shock waves remains very limited despite the
possibility that a background magnetic field may modify the
shock structure. Magnetized shock waves have been stud-
ied broadly for collisionless plasma in the context of space
plasma for decades [11–14], and it is thought that the shock
obliquity (defined as the angle between the shock normal and
the background magnetic field upstream of the shock) is a
critical parameter in determining shock structure. When the
shock obliquity is perpendicular (i.e., a perpendicular shock),
the shock transition scale is limited to approximately the
ion gyro radius for high Mach number shocks due to ions
reflected by the cross shock potential [13]. On the other hand,
when the shock obliquity is parallel (i.e., a parallel shock),
some reflected particles can stream into the upstream plasma
flow along the background magnetic field in parallel shock
waves [14]. These two distinct shock obliquities can result
in very different physical mechanisms being responsible for
dissipation of the incoming plasma. In this paper, we address
how the inclusion of a background magnetic field modifies the
structure of collisional shock waves.
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Our approach is to investigate collisional magnetized shock
waves using one-dimensional (1D) full PIC simulations. A
full PIC simulation is one of the best approaches to study
the dissipation process and the formation of a shock wave ki-
netically since the velocity distribution functions of electrons
and ions are solved in a self-consistent manner coupling to
Maxwell’s equations. In Sec. II, we describe the simulation
methods and parameters. The simulation results are shown in
Sec. III. We provide summary and discussion in Sec. IV.

II. METHOD: 1D FULL PIC SIMULATION

A. Coulomb collisions

We incorporate small-angle scattering due to Coulomb col-
lisions between particles in a standard 1D full PIC code [15].
This module can be classified as a Monte Carlo method
and was developed by Sentoku et al. [16] and Sentoku and
Kemp [17]. It represents an extension for relativistic binary
collisions based on a nonrelativistic collision model [18]. This
approach incorporates collisions between electron-electron,
ion-ion, and ion-electron pairs and randomly chooses pairs of
two particles for all particles in a cell. We can estimate the
scattering angle θ from the variance,

〈tan2(θ/2)〉 = Ncναβ�t, (1)

where Nc is the number of time steps between the calculation
of the collision and the next calculation, ναβ is the frequency
of Coulomb collisions between particle species α and β, and
�t is the time step. Finally, we calculate the momentum of
the two particles after the collision so that the total energy is
conserved.

The collision frequency ναβ can be written as [17,19]

ναβ = 4π (eαeβ )2nlL

m2
αβv3

rel

, (2)

where eα(β ) is the charge for particle α(β ), nl is the smaller
density of the two densities nα and nβ , mαβ = mαmβ/(mα +
mβ ) is the reduced mass, and vrel is the relative velocity.
Here L is the Coulomb logarithm, and we use the form L =
ln(λDmαβv2

rel/|eαeβ |) [17] where λD is the Debye length. The
collision frequency can be normalized by the electron plasma
frequency ωpe,

ναβ

ωpe
= (e′

αe
′
β )

2n′
l

m′2
αβv′3

rel

ln




, (3)

where eα(β ), n′
l ,m

′
αβ , and v′

rel are normalized by the elementary
charge, the upstream electron density (n0), the electron mass,
and the upstream electron thermal speed, respectively. We as-
sume a constant value for the plasma parameter 
 = 4πn0λ3

D0
and use L � ln
 for simplicity. Here, λD0 is the Debye length
defined by the upstream plasma parameters. We can character-
ize small-angle Coulomb scattering in the full PIC simulation
by setting a value for the plasma parameter 
.

B. Simulation setup and parameters

We employ the injection method to produce a shock wave.
A plasma is injected with a constant speed vinj from the left
boundary and reflects off a rigid wall placed at the right

boundary. A shock wave forms due to the interaction of
the incoming and reflected plasma and then propagates left-
ward. The simulation frame, therefore, corresponds to the
downstream-rest frame. The background magnetic field lies
in the x-z plane, defined asB = B0(cos�Bn, 0, sin�Bn) where
B0 is the magnitude of the background magnetic field and �Bn

is the shock obliquity.
We use an ionic charge state Z = 1 and a reduced mass

ratio, mi/me = 400 where mi(e) is the ion (electron) mass.
We use the following dimensionless parameters to determine
the magnitude of the background magnetic field B0, upstream
ion and electron temperature, and Coulomb collision fre-
quency, respectively:�ce/ωpe = 0.1, βi = βe = 0.5, and
 =
175. Here, �ce = eB0/mec is the electron cyclotron frequency
and βi(e) = 8πkBTi(e)/B2

0 the ion (electron) plasma beta. With
this choice of 
, the ion-electron collision to the electron
plasma frequency ratio, for instance, becomes νie/ωpe ∼ 0.03,
νie/�ce ∼ 0.3 by assuming v′

rel ∼ 1. In the same way, the
ion-ion collision frequency is νii/ωpi ∼ 0.12 and νii/�ci ∼ 24
using the ion thermal speed as the relative speed. These pa-
rameters are defined using upstream plasma parameters. We
use 500 particles per cell. The injection speed is vinj = 0.02c
where c is the speed of light in vacuum and the corresponding
Alfvén Mach number is MA,inj = 4. The grid size is �x =
0.05λe, where λe = c/ωpe is the electron skin depth, and the
time step is �t = 0.05ω−1

pe . To reduce the computational cost,
we choose Nc = 10. We consider two cases to discuss the
effect of shock obliquities on collisional magnetized shock
waves: (i) a perpendicular shock wave, �Bn = 90◦, and (ii)
a quasiparallel shock wave, �Bn = 30◦. We use a different
simulation size, Lx = 500λe and 1000λe, for the perpendicular
and quasiparallel case, respectively. Here, we choose these
physical parameters so that we can compare collisional shock
waves with collisionless shock waves which have been inves-
tigated in detail.

III. RESULTS

A. Perpendicular shock: �Bn = 90◦

Figure 1 shows the spatiotemporal evolution of the compo-
nent of the magnetic field Bz together with cuts of Bz and the
electrostatic potential 
 at T = 8.6�−1

ci , from top to bottom.
The left and right panels correspond to the collisionless and
collisional cases, respectively. For the collisionless case, the
shock speed is estimated as vsh ∼ 0.0125c. A strong over-
shoot (Bz ∼ 6B0) has developed by T = 7 and 8.6�−1

ci as
illustrated in the top-left panel. This is the typical structure for
supercritical perpendicular shock waves [20–23]. Considering
in Bz, the scales of the foot (the region between the first
two vertical dashed lines) and ramp (the region between the
second and third vertical dashed lines) regions are 33λe and
9λe, respectively. The maximum strength of the magnetic field
is ∼6B0 and there are other clear overshoots at X = 320λe

and 450λe and undershoots at X = 280λe and 390λe. The
electrostatic field at the shock front is roughly estimated as
Ex/B0 ∼ φmax−φmin

�L ∼ 0.003 38 where φmax ∼ 0.135, φmin ∼ 0,
and �L = 40λe (the distance between the two dashed lines).
The shock-jump condition for the magnetic field component
Bz derived from the Rankine-Hugoniot condition yields a
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FIG. 1. From top to bottom, the spatiotemporal evolution of Bz, the profile of Bz, and the electrostatic potential at T = 8.6�−1
ci from top to

bottom for the collisionless (left) and collisional (right) cases.

value of 3.45 (the horizontal dashed line in the middle panel).
The simulated profile deviates from the jump condition due to
the overshoots and undershoots.

Coulomb collisions play a role in rendering a shock wave
laminar. For the collisional case, the shock speed is 0.01c,
which is slightly slower than the collisionless shock wave.
From the top-right panel of Fig. 1, it is clear that the shock
is quite stationary and laminar in the spatiotemporal plot.
The profiles of Bz and 
 are cuts taken at the same time
T = 8.6�−1

ei , and it is clear that the overshoots and under-
shoots are less significant. The downstream magnetic field
is almost constant at 3B0. The maximum magnitude of Bz is
around 4B0, and the foot and ramp scales are 51λe and 8λe, re-
spectively. The electrostatic potential corresponds to a weaker
electrostatic field at the shock front with Ex/B0 ∼ 0.001 78
where φmax ∼ 0.105, φmin ∼ 0, and �L = 59λe. The weaker
Ex reduces the number of reflected ions. The shock-jump
condition for the magnetic field component Bz derived from
the Rankine-Hugoniot condition is 3.37 (the horizontal dashed
line in the middle panel). The simulated profile becomes
closer to the jump condition since Coulomb collisions tend to
suppress overshoots and undershoots. It is worth mentioning
that the mean free path of ion-ion collisions becomes ∼232λe

upstream using the injection speed as the relative speed in
Eq. (3). This is much larger than the shock transition scale.

Figure 2 shows the ion phase space for the three velocity
components vx, vy, and vz from top to bottom for the colli-
sionless (left panels) and collisional (right panels) cases at
T = 8.6�−1

ci . For both cases, we observe that some ions are
reflected at the shock front. The downstream state of the colli-

sional shock is more thermalized than that of the collisionless
shock thanks to collisional effects rapidly equilibrating the
plasma. The X − vz space of the collisionless case shows no
significant change across the shock wave because the shock
angle is strictly perpendicular, and the plasma motions parallel
and perpendicular to the background magnetic field are com-
pletely decoupled. On the other hand, it can be seen from the
X − vz space of the collisional shock that the plasma is heated
parallel to the magnetic field in both the foot region and the
downstream region due to Coulomb collisions. Electrons are
also heated parallel to the magnetic field thanks to ion-electron
collisions (not shown here).

The absence of a strong overshoot in the collisional case
is a consequence of a decrease in the electrostatic shock po-
tential. As mentioned in [24], the magnetic overshoot at the
shock front is thought to be the region where most of the
incoming ions are stopped and reflected. Therefore, if there is
a strong electrostatic potential (or field) at the shock front that
acts to strongly decelerate incoming ions, the magnitude of an
overshoot can become large. The electrostatic potential in a
shock wave can be written in the following form by assuming
a massless electron fluid [25,26]:

e
(X ) = e
∫ X

−∞

1

c
VeyBzdx +

∫ X

−∞

1

n

∂Pe⊥
∂x

dx, (4)

where Vey is the y component of the electron mean velocity
and Pe⊥ is the electron pressure perpendicular to the magnetic
field. The top panel of Fig. 3 shows a potential calculated
using Eq. (4) with simulated values. We plot the first and
second terms for both the collisionless and collisional cases,
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FIG. 2. From top to bottom, the ion phase space density for three velocities vx , vy, and vz for the collisionless (left) and collisional (right)
case at T = 8.6�−1

ci .

separately. The second term (the gradient of the electron pres-
sure perpendicular to the magnetic field) of the collisional
shock is smaller than that of the collisionless shock while the
first terms have the same value at the overshoot (X ∼ 150λe).
This illustrates that the change in the potential is due to the de-
crease of the electron perpendicular pressure in the collisional

FIG. 3. Top panel: electrostatic potential calculated according to
Eq. (4). Bottom panel: electron parallel and perpendicular pressures.

case compared with that of the collisionless case. This is
further supported in the bottom panel of Fig. 3 that shows the
electron parallel (black) and perpendicular (orange) pressures
for the collisionless (dashed line) and collisional (solid line)
shocks. The difference in the electron perpendicular pres-
sure is caused by electron-electron collisions that isotropize
the electron parallel and perpendicular pressures, which were
initially anisotropic because reflected ions preferentially heat
electrons in the perpendicular direction. This can be confirmed
from the dashed lines in the bottom panel. Therefore, in
the collisional shock, the perpendicular electron pressure is
isotropized, and then the gradient of the pressure decreases.
This leads to a decrease of the electrostatic potential and hence
the suppression of a strong overshoot.

B. Quasiparallel shock: �Bn = 30◦

Figure 4 displays the spatiotemporal evolution of the fluc-
tuating Bz, i.e., the departure of the z component of the
magnetic field from the background magnetic field Bz0 =
B0 sin�Bn (top panel) and magnetic field components By and
Bz at T = 11�−1

ci (bottom panel) for a collisionless (left) and
collisional (right) shock case. For the collisionless case, the lo-
cation of the shock wave is around X = 800λe at T = 11�−1

ci .
Large-amplitude waves are excited in front of the collision-
less quasiparallel shock wave and extend upstream until X =
200λe at T = 11�−1

ci . The amplitude roughly ranges from
1B0 to 3B0, and the waves are excited in both By and Bz (the
bottom panel).. Figure 5 shows the hodogram of By and Bz

from X = 300λe to 400λe at T = 11�−1
ci , and confirms that

the excited waves are circularly and right-handed polarized.
The density profile upstream of the shock wave is approxi-
mately constant, indicating that the waves are incompressible
(not shown here). The wavelength is λw ∼ 30λe and corre-
sponds to a wave number kw = 2π/λw ∼ 0.21λ−1

e . Since the
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FIG. 4. Spatiotemporal evolution of Bz (top) and the cut of Bz at T = 11�−1
ci (bottom) for the collisionless (left) and collisional (right)

cases.

phase speed of the excited waves corresponds to about 0 in
the simulation frame, it gives ω/kw ∼ 0.02c in the shock-rest
frame by estimating the shock speed as 0.02.

The large-amplitude waves are whistler waves that phase-
stand ahead of the shock wave. The dispersion relation for

FIG. 5. Hodogram of By and Bz from X = 200λe (red point) to
400λe (black point) at T = 11�−1

ci .

low-frequency whistler waves in the cold-plasma limit is [27]

2R = 1 + (1 + z2) cos2 �Bn

+
√

{1 + (1 + z2) cos2 �Bn}2 − 4 cos2 �Bn, (5)

where R = ω2/(kv2
A0) and z = k2c2/ω2

pi with vA0 representing
the upstream Alfvén speed and ωpi the upstream ion plasma
frequency. The simulated wave number and frequency satisfy
the condition (5). A condition for the presence of precursor
whistler waves is given by MA < Mw [28] where

Mw = | cos�Bn|
2μ1/2

. (6)

Here, μ = me/mi. Using the simulation parameters, we see
that Mw ∼ 8.7, meaning that the condition for precursor
whistler waves is satisfied in our simulation. Moreover, the
theoretical wave number for phase-standing whistler waves is
given by [29,30]

kw � μ1/2

(
M2

A − 1
)1/2

cos�Bn

ωpe

c
. (7)

Substituting the simulation parameters into the above equa-
tion, we obtain kw ∼ 0.22, which agrees well with the wave
number obtained in the simulation. Therefore, we conclude
that the observed waves are whistler waves.

For the collisional case, the excitation of whistler
waves upstream of the shock is severely suppressed. The
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FIG. 6. Dispersion relation of the whistler mode with a colli-
sional effect [the solution of Eq. (8)]. The real and imaginary parts
of the wave frequency are ωr and γ , respectively.

spatiotemporal evolution of Bz (the right panel, Fig. 4) shows
that the shock evolution is similar to the collisionless case.
However, no evident wave excitation is seen upstream. Al-
though some waves can be observed at T = 4�−1

ci and 8�−1
ci ,

they are found only in the vicinity of the shock and the am-
plitude is much smaller than the collisionless case. We can
confirm that the y component of the waves is also small in the
bottom panel. As described above, the downstream state of a
collisional shock wave is considerably laminar more than the
collisionless parallel case.

The suppression of the whistler waves is likely due to
the collisional damping of the whistler mode. The dispersion
relation of the whistler mode when Coulomb ion-electron

collisions are included is given by [31–33]

c2k2

ω2
= 1 − ω2

pe

ω(ω + iνie − �ce cos�Bn)
. (8)

Solutions of the lower-frequency whistler mode dispersion
relation (8) using the simulation parameters are plotted in
Fig. 6. Here, the frequency ω = ωr + iγ with ωr (γ ) the real
(imaginary) part. Since the simulated wavelength of whistler
waves in the collisionless case is kw = 0.21, this gives a
damping rate γ ∼ −5�ci. This corresponds to an imaginary
to real frequency ratio γ /ωr ∼ 0.3. Comparing other possible
damping mechanisms [34], such as Landau and cyclotron
damping, the obtained ratio is much stronger than the other
mechanisms and is the fastest mechanism to suppress whistler
waves.

As discussed in several previous studies [27,35–37], pre-
cursor whistler waves contribute to the dissipation of an
incoming plasma at a shock wave. From top to bottom, Fig. 7
shows ion phase spaces for the three velocities vx, vy, and
vz in the collisionless case (left) and collisional case (right).
We can see an apparent ion beam from X = 0–400λe in
the collisionless case. Furthermore, several ion holes form
over X = 400λe–600λe due to ion trapping by the whistler
waves [27]. In the region X = 600λe–800λe, the amplitude
of the waves becomes strong enough to dissipate the core
ion, and then the plasma develops into a downstream state.
Excited whistler waves play an important role in dissipating
the incoming plasma.

On the other hand, in the collisional case, Coulomb col-
lisions are a dominant process and thermalize the ion beam
rather than excited whistler waves. In the right panels of
Fig. 7, we can confirm that some ions stream upstream against
the incoming plasma even though they are thermalized due to
Coulomb collisions between ions and electrons. We also see
that ion holes are completely absent in the collisional case.

FIG. 7. Ion phase space density for three velocities (vx , vy, and vz from top to bottom) for the collisionless (left) and collisional (right) case
at T = 11�−1

ci .
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IV. SUMMARY AND DISCUSSION

We have investigated collisional magnetized shock waves
using 1D full PIC simulations and incorporated small-angle
scattering due to ion-ion, ion-electron, and electron-electron
Coulomb collisions. We considered two cases: (i) a perpendic-
ular shock (�Bn = 90◦) and (ii) a quasiparallel shock (�Bn =
30◦). The Alfvén Mach number in the shock rest frame is
MA ∼ 6 and 4.8 for the perpendicular and quasiparallel shock
case, respectively. Common parameters are the ion and elec-
tron plasma beta βi = βe = 0.5, ωpe/�ce = 10, and for the
Coulomb collisions, we choose the plasma parameter 
 =
175, which gives, for example, the ratio νie/ωpe ∼ 0.03.

For the perpendicular shock case, we find that a collisional
shock wave tends to be more laminar, unlike a collision-
less shock wave. Overshoots and undershoots observed in
the collisional shock are less significant, and the maximum
value of Bz at the shock front is 0.4 (0.6 for the collisionless
shock). No cyclic behavior with a strong overshoot is seen
in the collisional shock. This is because anisotropy between
the electron parallel and perpendicular pressure (Pe‖ < Pe⊥) is
isotropized by electron-electron collisions, causing a potential
drop according to Eq. (4).

For the quasiparallel shock case, the most important find-
ing is that ion-electron Coulomb collisions suppress the
whistler wave excitation. In a collisionless quasiparallel
shock, large amplitude whistler waves are observed ahead
of the shock wave. These waves trap the ion beam and are
eventually dissipated by the core ions. On the other hand,
Coulomb collisions thermalize the ion beam in the collisional
shock and ion trapping by whistler waves is unnecessary. The
suppression of whistler waves in the collisional case is due to
collisional wave damping.

Let us consider a parameter dependence on a colli-
sional perpendicular shock wave. As pointed out by Scholer
et al. [23], when the ion beta becomes low (βi � 0.4), cyclic
reformation at the shock front is noticeably present and occurs
with a timescale of 1 − 2�−1

ci . If Coulomb collisions were
strong enough to thermalize reflected ions during the reforma-
tion process, the reformation process might be expected to be
suppressed, with the result that the shock structure becomes
stationary and laminar. It may be helpful to compare the
“slowing-down” collisional timescale [18] to the reformation
timescale to see whether such suppression occurs.

Coulomb collisions might have a significant effect at
particle acceleration on quasiparallel shock waves. Wave exci-
tation, especially upstream of a parallel shock wave, is critical
to enable pitch-angle scattering of particles for producing
energetic particles in the context of the diffusive shock ac-
celeration (DSA) [38–42]. Nicolas [43] shows that Coulomb
collisions between ions can suppress the magnetic streaming
instability induced by an ion beam since collisions provide the
heating of the ion beam. Moreover, as we showed in the colli-
sional shock with �Bn = 30◦, Coulomb collisions suppressed
whistler wave excitation by collisional wave damping. These
waves may contribute to accelerate particles to be injected into
the DSA process [44,45]. In this case, particles are unlikely
to be energized, and we can expect that particles will not be

accelerated to very high energies in a collisional shock wave.
This may have important implications for the acceleration of
cosmic rays by supernova remnant shock waves in a colli-
sional interstellar medium.

The rippling of collisionless shock waves, which is seen
in multidimensional simulations, is expected to be suppressed
when effects of Coulomb collisions are significant. The shock
rippling can be the consequence of the Alfvén ion cyclotron
(AIC) instability driven by temperature anisotropy at the
shock front [46]. However, if Coulomb collisions isotropize
the temperature anisotropy at the shock transition region faster
than the growth rate of the AIC instability, shock rippling is
suppressed, and one-dimensional simulations can be valid for
a wide range of shock parameters. Since it has been pointed
out that the presence of ripplings may change the efficiency of
particle acceleration [47], Coulomb collisions introduce the
possibility of modifying the efficiency from this perspective.

Collisional effects may also mediate low Mach number
(subcritical) shock waves. In this paper, we only consider
supercritical shock waves in which reflected ions play an
important role to provide an additional dissipation. However,
since reflected ions are not significant in subcritical shock
waves, the dissipation process in the transition region is only
due to microinstabilities for collisionless shock waves [11]. If
collisional effects are significant, it is possible that collisions
suppress the onset of microinstabilities. In this case, the length
scale of the shock transition region can be determined by
the collisional length scale and results in a broader transition
region [48]. We also expect that the effect of the background
magnetic field can be ignored when a collision frequency is
much faster than the gyrofrequency since the gyro motions
are scattered by collisions. It is possible to verify this by using
an artificially high collisionality in the full PIC simulation.

Finally, we comment on a point related to the scaling
behavior of the collision frequency. Since the ion-electron
collision frequency, for instance, scales as νie ∝ Z2 where
Z is the ion charge state, ion-electron collisions can be im-
portant for the structure of a shock wave when multicharged
ions are considered. On the other hand, the ion-ion collision
frequency for heavy ions scales as νii ∝ Z4/�2 where � is
the ratio of the ion mass to the proton mass. Therefore, the
collision frequency can be low for large �. This situation is
often encountered in laser-shock experiments [49–53]. In this
case, reflected ions from a shock front can be thermalized on
the ion cyclotron timescale and might be expected to form
a precursor region as discussed for electrostatic collisional
shock waves [9]. Note that this structure still forms without
ion-ion collisions [9].
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