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Joint ranking statistics are used to distinguish real from random coincidences, ideally considering whether
shared parameters are consistent with each other as well as whether the individual candidates are distinguishable
from noise. We expand on previous works to include additional shared parameters, we use galaxy catalogues as
priors for sky localization and distance, and avoid some approximations previously used. We develop methods
to calculate this statistic both in low-latency using HEALPix sky maps, as well as with posterior samples. We
show that these changes lead to a factor of one to two orders of magnitude improvement for GW170817-GRB
170817A depending on the method used, placing this significant event further into the foreground. We also
examined the more tenuous joint candidate GBM-GW150914, which was largely penalized by these methods.
Finally, we performed a simplistic simulation that argues these changes could better help distinguish between
real and random coincidences in searches, although more realistic simulations are needed to confirm this.

I. INTRODUCTION

Multi-messenger events are an important aspect of mod-
ern astronomy, potentially giving more information about an
event than just individual detections. This was first shown
with the joint optical and neutrino burst detection of super-
nova SN1987A, which helped confirm supernova models and
provided upper limits on both neutrino flavors and mass [1–
3]. Astronomers have also long expected gravitational waves
(GW) from binary neutron star (BNS) systems to be accom-
panied by prompt short gamma-ray bursts (GRB) [4–6]. This
was also confirmed with the joint detection of GW170817
[7, 8] and GRB 170817A [9]. This BNS-GRB detection was
the culmination of the e�ort of joint searches over the years
[10–14] and has prompted new searches to look for similar can-
didates in sub-threshold data [15–18]. Identifying additional
joint BNS-GRB detections would potentially help constrain
the speed of gravity [8], neutron star equation of state [19, 20],
Hubble constant [21], and GRB jet models [22].

One area of active research for joint searches has been the
ranking statistic used, whose function is to rank candidates
based on how likely they are to have a real joint origin rather
than be randomly associated, an especially di�cult task in
the sub-threshold regime. The types of statistics that have
been used include modified signal-to-noise ratios [18], false
alarm rates [13, 14], and other generic ranking statistics [15].
Among this last group, Ashton et al. [23] put forward a gen-
eral methodology that considered the overlap of time and sky
localizations as the primary determiners of significance. This
seems intuitive since real coincidences must share the same
underlying parameters. Next, Stachie et al. [17] improved this
by considering additional noise hypotheses and including the
significance of the individual candidates, albeit with some ap-
proximations. This allowed them to start to extend this method
to the sub-threshold regime, where many coincidence events
may still be distinguishable from noise [24].

In this work we expand on these methods further by con-
sidering the overlap of additional parameters (distance and
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inclination for BNS-GRBs) and show that filtering using co-
incidence models emerges naturally, shown by avoiding ap-
proximations until warranted by specific use cases. We also
demonstrate the use of a galaxy catalogue as a prior for sky
localization and distance in the case of GW-GRBs. Although
this statistic will be inevitably more computationally expensive
than previous, we derive a version with minimal additional
computational cost and intended to be used in low-latency
targeted searches, as well as a best-possible version using pos-
terior samples given from parameter estimation.

This work is meant to be a Bayesian derivation of the odds
ratio for whether two events are correlated (real coincidence)
versus non-correlated (random coincidence), primarily based
on the results of Ashton et al. [23] and Stachie et al. [17] while
similarly applying this method specifically to GW-GRB coin-
cidences. We note that other Bayesian approaches have been
developed for multi-messenger searches in the context of GW-
neutrino bursts [25, 26]. We will first write out the odds ratio
using Bayes rule, expand on the Bayes factors and prior odds,
write out these terms in the context of GW-GRB candidates,
and then conclude with a number of example demonstrations
of this statistic.

II. DERIVATION

The joint ranking statistic of interest here will be the odds
ratio between whether two candidates are truly correlated (Hc),
meaning they have the same underlying shared parameters
✓ [23], or whether they are uncorrelated (Huncor), meaning
the association is from random chance. To understand the
uncorrelated hypothesis as described in Stachie et al. [17], let
us first consider a single isolated astrophysical event candidate.
This candidate has only a couple of possibilities for its origin:
either this event is from the intended astrophysical source (Hs)
or is an artifact of noise (Hn), instrumental or otherwise.
Next, if we consider two unrelated candidates detected by
di�erent observatories, then the joint hypothesis between them
is then comprised of the two individual hypotheses. In other
words, since either of the two events could be an unrelated
astrophysical signal or a noise transient, this means the joint
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candidate could be any of the four permutations HXY where
X,Y 2 {s, n}. Therefore the total uncorrelated hypothesis is
the combination of these four possibilities, although they may
be not all have the same probability and thus require di�erent
relative weights.

We can write out the odds ratio between the correlated and
uncorrelated hypothesis generally as

Oc/uncor =
P (Hc|xa, xb)

P (Huncor|xa, xb)
(1)

where xa and xb are independent data sets (e.g. data from a
GW and a GRB candidate respectively). Using Bayes’ theorem
this can be refactored to

Oc/uncor =
P (xa, xb|Hc)

P (xa, xb|Huncor)

P (Hc)

P (Huncor)

= Bc/uncor(xa, xb)
P (Hc)

P (Huncor)
(2)

where this first term Bc/uncor(xa, xb) is the joint Bayes fac-
tor, and the second is the prior odds. Next we will expand
these two factors in terms of statistics that can be provided by
astronomical experiments.

A. General multi-messenger candidate

Let us first work with the joint Bayes factor. Since the four
components of Huncor are mutually exclusive of each other, we
can write the total probability as the sum of each part [17]. We
do this by first using Bayes’ theorem and writing

P (xa, xb|Huncor) =
P (Huncor|xa, xb)P (xa, xb)

P (Huncor)
(3)

=

P
X,Y 2{s,n} P (HXY |xa, xb)P (xa, xb)

P (Huncor)
. (4)

Now using Bayes’ theorem again, we get

P (xa, xb|Huncor) =

P
X,Y 2{s,n} P (xa, xb|HXY )P (HXY )

P (Huncor)
(5)

Thus the total uncorrelated likelihood can be written as the
prior weighted sum of each component likelihood. Next let
us examine the correlated hypothesis in (2), where we can
marginalize over the set of all shared parameters ✓ between xa

and xb to get

P (xa, xb|Hc) =

Z

⇥c

P (xa, xb|✓,Hc)P (✓|Hc)d✓ . (6)

We note that we have restricted our domain of ✓ to the subset
⇥c where P (✓|Hc) > 0.

Let us expand the first term in the integrand as

P (xa, xb|✓,Hc) = P (xa|✓,Hc)P (xb|✓,Hc) (7)
since xa and xb are independent data sets. Now using Bayes’
Theorem we get

P (xa, xb|✓,Hc) =

P (xa|Hc)P (✓|xa,Hc)

P (✓|Hc)

P (xb|Hc)P (✓|xb,Hc)

P (✓|Hc)
. (8)

It’s worth noting that we have used Hc in conjunction with
data sets from a single experiment here, which still has a clear
meaning since the parameter spaces for correlated and generic
detections are not identical. We will expand further on such
terms in section II C. Putting the above equation back into (6),
we are left with

P (xa, xb|Hc) = P (xa|Hc)P (xb|Hc)

⇥
Z

⇥c

P (✓|xa,Hc)P (✓|xb,Hc)

P (✓|Hc)
d✓ (9)

where we will refer to this integral as the overlap integral
I✓(xa, xb), as similarly derived in Ashton et al. [23].

Since the likelihoods in (5) are composed of the independent
individual likelihoods of each experiment, we can write these
as the product

P (xa, xb|HXY ) = P (xa|HX
a )P (xb|HY

b ) . (10)

We can then write out the overall Bayes factor in (2) using (5)
and (9) to get

Bc/uncor(xa, xb) =
P (Huncor)P

X,Y 2{s,n} BXY/c(xa, xb)P (HXY )
(11)

where each individual Bayes factor, defined as the ratio of (10)
and (9), is given by

BXY/c(xa, xb) =
P (xa|HX

a )

P (xa|Hc)

P (xb|HY
b )

P (xb|Hc)
/I✓(xa, xb)

= BX/c(xa)BY/c(xb)/I✓(xa, xb) (12)

and where we have reduced this to the Bayes factor of each
individual event along with the overlap integral between their
shared parameters. Note that the noise vs coincidence Bayes
factor can be separated out as

Bn/c(xa) = Bn/s(xa)Bs/c(xa). (13)

with Bn/s(xa) being the noise vs signal Bayes factor, which
can be determined using the event and properties of the de-
tector, while Bs/c(xa) is the uncorrelated signal vs correlated
signal Bayes factor, which can be determined by whether the
measured parameters are consistent with a given coincidence
model. If we plug (11) into (2), using (12) and (13), we get
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Oc/uncor(xa, xb) =
P (Hc)I✓(xa, xb)Bc/s(xa)Bc/s(xb)

P (Hss) +Bn/s(xa)P (Hns) +Bn/s(xb)P (Hsn) +Bn/s(xa)Bn/s(xb)P (Hnn)
. (14)

The terms in (14) are worth discussing in more detail. This
statistic can be interpreted as having contributions from three
distinct parts: 1.) the significance of the individual candidates
weighted by their priors, 2.) the overlap of the shared parame-
ters between the candidates, and 3.) the evidence for whether
the data for each candidate favors a coincident model rather
than a generic detection model. We see in the limit where each
candidate is infinitely significant, there is still the possibility
that they are randomly associated (i.e. Hss), leaving the over-
lap integral I✓(xa, xb) and coincidence Bayes factors as the
sole determiners of joint significance. Previous methods have
have not considered these coincidence Bayes factors and have
set Bc/s(xa) = 1 [17, 23]. However this is not strictly correct,
as there are regions of parameter space with di�erent expec-
tations of whether a coincidence is possible. We will discuss
these specific terms using a specific example in section II C.

B. GW-GRB candidate

We will next focus on writing down the various terms in
(14) for the specific case of GW-GRB coincidences, starting
with the prior terms. The probability of detecting a single
event should follow a Poisson distribution [13, 23] so that

P (HX) = RXTe�RXT . (15)

where T is the co-observing time and Rx is the rate. If we
consider the co-observing time T for an individual candidate
as the co-observing time window �t, typically at least two
orders of magnitude higher than the corresponding rate, we
can take the approximation that

P (HX) ⇡ RXT. (16)

For the case of two independent events, the probability that
they both occur is the product

P (HXY ) ⇡ RXRY T
2. (17)

Meanwhile the noise vs signal Bayes factor Bn/s(xa) can be
supplied by the given experiment or calculated by using a proxy
detection statistic once a number of events have been collected
[17]. Another example of this is calculated by ligo.skymap,
although this assumes Gaussian noise rather than the non-
stationary noise artifacts typically found in LVK data.

The overlap integral I✓(xa, xb) derived in (9) measures the
overlap between the common set of parameters ✓ of two exper-
iments. For joint GW-GRB detections (under the Hc hypoth-
esis) this is

I✓(xgw, xgrb) =

Z

⇥c

P (✓|xgw,Hc)P (✓|xgrb,Hc)

P (✓|Hc)
d✓ (18)

=

Z

⇥c

dDLd◆d⌦dtc
P (DL, ◆,⌦, tc|xgw,Hc)

P (DL, ◆,⌦, tc|Hc)

⇥ P (z(DL), ✓v(◆),⌦, tc + td|xgrb,Hc) (19)

where the shared parameters are ✓ = {DL, ◆,⌦, tc}. More ex-
plicitly, DL is the luminosity distance, ◆ the inclination angle,
⌦ the sky location of the source and tc the coalescence time.
We note that the overlap in distance has been used before in
the case of GW190521-ZTF19abanrhr [27]. The parameter td
is the time delay between the the GW and GRB arrival times,
which we allow to span the possible range of tl before to th af-
ter the coalescence time, meaning the total co-observing time
window is �t = |th � tl|. If the observations are disjoint,
with inconsistent measurements of the parameters, the overlap
integral above will be negligible and thus will heavily weight
against the correlated hypothesis. From the generic overlap
integral I✓ we can separate out the overlap in time

Itc =

(
T/�t (tl < td < th)

0 (otherwise)

as in Ashton et al. [23] and Stachie et al. [17] to write (14) as

Oc/uncor(xgw, xgrb) =
Rc

gw,grbI⌦,DL,◆(xgw, xgrb)Bc/s(xgw)Bc/s(xgrb)

�t
h
Rs

gwR
s
grb +Bn/s(xgw)Rn

gwR
s
grb +Bn/s(xgrb)Rs

gwR
n
grb +Bn/s(xgw)Bn/s(xgrb)Rn

gwR
n
grb

i

(20)

where the Rn
a terms are the rates of noise triggers that are

considered in a given joint search, the Rs
a terms are expected

rates of detected real astrophysical triggers, and Rc
a,b is the

expected rate of detected real coincidences. We note that (20)
in principle should perform well in sub-threshold searches

because for a joint candidate to have a higher significance, both
individual candidates need a higher individual significance.
This e�ect will be more pronounced than in Stachie et al.
[17] due to the inclusion of rates, helping to penalize obvious
noise events and potentially bring real coincidences to the
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foreground.
We consider (20) the primary result of this paper and later

detail how to calculate this for specific examples in section III.

C. Coincidence Bayes Factors

The presence of coincident vs signal Bayes factorsBc/s(xa)
in (20) is one way that di�erentiates this statistic from previous
e�orts. This was claimed in [14] to always be unity, but
ignored the di�erences in priors between coincidences and
generic detections. We can see this by expanding over the
parameters ✓a

Bc/s(xa) =

R
P (xa|✓a,Hc)P (✓a|Hc)d✓aR
P (xa|✓a,Hs

a)P (✓a|Hs
a)d✓a

(21)

using the likelihood P (xa|✓a,Hs
a) and prior P (✓a|Hs

a). The
coincidence Bayes factor should be interpreted has how much
the measured parameters of an individual experiment supports
a coincidence by comparing between coincidence and generic
detection models. For example, if the masses of a GW can-
didate are both above 5M� we would think the progenitor is
a binary black hole system and not capable of producing a
GRB, hence we could set Bc/s(xgw) = 0. For GRBs, an
example would be placing a cuto� on the duration and require
T90  2.0s as to only consider short GRBs. This is already
possible to include in multi-messenger searches by simply
screening out candidates that don’t meet certain parameter re-
quirements. In other words, one could define Bc/s(xa) as a
convolution of step functions by giving 1 if the parameters
fall within expected bounds and 0 if not, an especially useful
method for a low-latency search. However, a more explicit
calculation could be used to gain more sensitivity and we will
show such an example by using posterior distributions in the
next section.

III. EXAMPLES

Let us test our method by applying (20) to a number of situ-
ations, including a couple of known GW-GRB coincident can-
didates, GW170817-GRB 170817A and GBM-GW150914, as
well as a simulation of many coincidences. If the individual
events are significant enough so that the noise-to-signal Bayes
factors Bn/s(xa) ⇡ 0, then our odds ratio from (20) simplifies
to

Oc/uncor(xgw, xgrb) ⇡
Rc

gw,grb

Rs
gwR

s
grb�t

I⌦,DL,◆Bc/s(xgw)Bc/s(xgrb), (22)

where this result is similar to that in Stachie et al. [17] with the
addition of the coincidence Bayes factorsBc/s(xgrb) and over-
lap I⌦,DL,◆ with distance and inclination. Let us briefly detail
the various fixed values in (22) in the case of GW170817-
GRB 170817A. The measured expected rate of BNS triggers
in O2 was Rs

gw ⇡ 0.8/year while the expected rate of signif-
icant GW-GRB coincidences was Rc

gw,grb ⇡ 0.14/year [28].

We also take the detected rate of Fermi-GBM short GRBs to
be Rs

grb ⇡ 40/year [28], although including additional GRB
experiments would increase this. The coincidence window
we consider is the standard GW-GRB [�1,+5]s centered on
the merger time, which means �t = 6s [12]. We also make
the approximation P (xa|✓a,Hc) ⇡ P (xa|✓a,Hs

a) since co-
incident parameter estimation may not be available for many
events (these in practice usually just assume a fixed sky po-
sition) and su�ciently interesting joint candidates should al-
ready have support in coincident parameter regimes. This also
gives terms like (21) a clear interpretation: the coincident hy-
pothesis has more support if the likelihood favors the more
constrained coincident prior.

A. GW170817-GRB 170817A: Using 3D sky maps

In order for this statistic to be useful in a low-latency targeted
search, it must only use information immediately available to
these searches and itself be calculable in low-latency. To
this end we restricted ourselves to only using HEALPix sky
maps, with the GW sky map including distance information
[29, 30]. We also used the GLADE v2.4 galaxy catalogue
as a prior over sky-localization and distance, both with the
motivation of being more astrophysically motivated and also
to speed up the calculation, although the latter depends on
the sky area for a particular joint event [31]. While loading
even partial catalogue may take some time, to the point of
possibly requiring to load this prior, we find evaluating on
these galaxies is much faster. We have ignored inclination in
this case since this information isn’t currently available to these
searches using BAYESTAR, but requires posterior samples
produced from much higher latency.

We can write the joint sky-localization/distance overlap in-
tegral (19) as

I⌦,DL =

Z
d⌦dDL

p(⌦, DL|xgw,Hs
gw)

p(⌦, DL|Hs
gw)

⇥
p(⌦|xgrb,Hs

grb)

p(⌦|Hs
grb)

p(⌦, DL|Hc) (23)

where we assume the GRB has no distance information and let
p(⌦, DL|Hc) be the galaxy catalogue prior, written as

p(⌦, DL|Hc) =

NgalX

j=0

wj�(⌦� ⌦j)�(DL �DL,j) . (24)

Here wj are the weights to the j-th galaxy and Ngal is the total
number of galaxies in the catalogue within the priors. Note
if we used uniform weights then wj / 1/Ngal, or we could
weight each galaxy by its luminosity so thatwj / Lj/

P
k Lk.

If we assume the priors on individual localizations are uniform,
we convert from sky coordinates to pixel space, and then nor-
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malize the galaxy catalogue prior we get

I⌦,DL = N2
pix

NgalX

j=0

wjP (⌦j |xgw,Hs
gw)P (⌦j |xgrb,Hs

grb)

⇥
p(DL,j |⌦j , xgw,Hs

gw)

p(DL,j |Hs
gw)

(25)

where Npix is the number of pixels in an individual sky map
andP (⌦j |xa,Hs

a) is the probability in a given HEALPix pixel.
We used a D2

L prior from 10 Mpc to 60 Mpc and calcu-
lated the line of sight distance posterior using the conditional
posteriors in ligo.skymap [32]. We stress that the choice of
the distance prior needs to follow the probability distribution
fairly tightly, as setting the maximum distance too large will
artificially increase the overlap in distance. One way to test
that this was done properly is ensuring that I⌦ ⇡ I⌦,DL using
a uniform catalogue, where each pixel contains one galaxy and
the distance is sampled from the D2

L prior. We also explored
the utility of making distance and luminosity cuts, as well as
weighting each galaxy by its luminosity [33], which we found
improved our measurement.

While the inclusion of the overlap in distance may seem
strange since we assume the GRB will not have a distance
measurement, we o�er another explanation. Considering now
just the terms including distance in (23), we see that these
are measuring whether the posterior over distance supports
the galaxy catalogue vs the general D2

L prior. This di�erence
might be quite significant when the localization is small, as is
the case with GW170817, and we see support of the catalogue
in tables I and II. Also in the situations where there is a distance
measurement from afterglow measurements or else, as may be
in the case of a detection by Swift [34], this could be included
and likely would improve this calculation.

The results of this method are summarized in table I. If
we include galaxies from the whole GLADE catalogue after
distance and luminosity cuts, we get I⌦,DL ⇡ 284. This is a
notable improvement over using a non-informative (uniform)
galaxy catalogue (I⌦,DL ⇡ 36.9), where each pixel contains
one galaxy and the distance is sampled from the prior. We
should note that the non-informative case is numerically con-
sistent with and analytically simplifies to the spatial overlap
integral used in the RAVEN pipeline [13, 14] and separately
calculated in Ashton et al. [23]. If we only include NGC 4993
in our catalogue, the galaxy that GW170817 was localized to
[35, 36], we find thatI⌦,DL ⇡ 380, 000. An interesting double
check and alternate application of this method is to rank galax-
ies as hosts using (25). If we only consider sky-localization,
we find that the host galaxy NGC 4993 is ranked 5th in the
catalogue, while including distance information changes this
rank to 3rd.

Using (22) we can directly compare with the results of
Ashton et al. [23], albeit using updated rates and sky maps.
We will ignore the coincident Bayes factors Bc/s(xa) mo-
mentarily as is in Ashton et al. [23]. We find we get
Oc/uncor(xgw, xgrb) ⇡ 6, 500, 000 compared to the previous
method Oc/uncor(xgw, xgrb) ⇡ 870, 000, an improvement of a
factor of about 7.5 due to the inclusion of distance and the
galaxy catalogue prior.

Galaxy Catalogue I⌦ I⌦,DL

Uniform 37.7 36.9
GLADE (un-weighted) 152 217

GLADE (LB > .05LB⇤) 197 284
Only NGC 4993 210,000 380,000

TABLE I. Overlap integrals for GW170817-GRB 170817A using the
low-latency method from (25). We see that including distance, with
the exception of uninformative uniform catalogue, improves signif-
icance due to galaxy clustering around areas of higher probability.
Also including luminosity cuts of GLADE where LB > .05LB⇤,
which gives us near 100% completeness at 60 Mpc [33], in addition
to weighting based on B-band luminosity improves this further.

B. GW170817-GRB 170817A: Using posterior samples

We can also calculate (22) using posterior samples to
see how well our statistic performs using the best available
information. We used the low-spin posterior samples for
GW170817 from Abbott et al. [37] since these samples as-
sumed a uniform sky prior. However, posterior samples aren’t
typically produced for GRBs, so we were limited to using the
sky localization and instead used models for the remaining
shared parameters. Since inclination information is available
from GW samples, we can go through a similar derivation to
(25) again with this additional parameter to find

I⌦,DL,◆ = N2
pix

NgalX

j=0

wjP (⌦j |xgw,Hs
gw)P (⌦j |xgrb,Hs

grb)

⇥
Z

d◆
p(DL,j , ◆|⌦j , xgw,Hs

gw)

p(DL,j |Hs
gw)

p(◆|DL,j , xgrb,Hs
grb)

p(◆|Hs
gw)

.

(26)

We took p(◆|Hs
gw) as a uniform prior over sin ◆ ranging from

0 to ⇡ while we modeled p(◆|DL,j , xgrb,Hs
grb) similarly ex-

cept now constrained by the maximum viewing angle given by
the distance, as done in [28]. This relationship between max-
imum viewing angle and distance is both dependent on the
GRB jet model and on the properties of the the specific GRB
experiment, and we note that this is somewhat circular as the
parameters from the GRB jet model used in Howell et al. [28]
are constrained themselves by GW170817-GRB 170817A. In
the future, jet models will be improved and made more robust
with additional GW-GRB joint detections [22]. To check ro-
bustness against this jet model, we also calculated the overlap
using a constant maximum viewing angle of 25� and found
generally similar results. The conditional GW distance/incli-
nation posterior was calculated using a 4-dimensional kernel
density estimation (KDE), checked to match the original pos-
terior samples using resampling. The GW HEALPix sky map
was calculated from the samples using ligo.skymap.

Since ◆ is not directly measured by GRB experiments we
could instead calculate its contribution using the GW coinci-
dent Bayes factor Bc/s(xgw) by expanding over ◆. This should
be an equivalent approach because both the overlap integral
and coincidence Bayes factor enter (22) similarly. We obtained
the likelihood in equation (21) by re-weighting the posterior
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Galaxy Catalogue I⌦ I⌦,DL I⌦,DL,◆

Uniform 37.7 35.9 113
GLADE (un-weighted) 152 248 671

GLADE (LB > .05LB⇤) 197 322 1080
Only NGC 4993 210,000 478,000 1,190,000

TABLE II. Overlap integrals for GW170817-GRB 170817A using the
posterior sample method from (26). As in table I, including distance
and using the GLADE catalogue both increases significance. Also,
the inclusion of inclination improves the overlap further due to the
samples favoring a higher inclination.

samples using the inverse of the inclination prior as weights.
Similar to what is done with the overlap integral, we used a
sin(◆) prior bounded to less than the maximum viewing an-
gle 25�. This gave us the result of Bc/s(xgw) = 2.7 for the
GW coincident Bayes factor. From table II we can see that
this is roughly the factor between I⌦,DL and I⌦,DL,◆, so we
should be fairly indi�erent where we include this contribu-
tion. In principle a similar calculation could also be done for
other parameters such as mass using a combined BNS, binary
black holes (BBH), and neutron star-black hole (NSBH) mass
population model.

We also calculated a contribution from the GRB coincident
Bayes factor Bc/s(xgrb) by expanding over the duration T90,
which for GRB 170817A was measured atT90 = 2.0±0.5s [9].
We estimated the likelihood as a Gaussian with these values.
We used a KDE over T90 values from Fermi on HEASARC
for the general prior [38] and restricted these to T90 < 2.5s
events for the coincident prior, giving us Bc/s(xgrb) = 12.9.
As in the case of GWs, doing similar calculations for other
parameters could improve this statistic further.

Using this method with posterior samples we find
that Oc/uncor(xgw, xgrb) ⇡ 25, 000, 000 if we neglect
the coincident Bayes factors, while including these gives
Oc/uncor(xgw, xgrb) ⇡ 320, 000, 000, leading to an improve-
ment of a factor of 29 and 370 respectively. This implies
candidates might be better stratified, as the highly significant
joint event GW170817-GRB 170817A is pushed much further
out into the foreground compared to the more abundant uncor-
related joint candidates that will typically fail to have overlap
in their parameters.

C. GBM-GW150914

In addition to the very confident joint detection of
GW170817-GRB 170817A, we also wanted to test with a
more tenuous association in order to find the limitations of
this method. We therefore computed the significance of the
first binary black hole (BBH) GW detection GW150914 with
the corresponding temporally coincident Fermi-GBM GRB
candidate [39]. The astrophysical nature of this GRB has been
called into question [40], so we will be wary as we make an
evaluation of this joint event using similar methods as in sec-
tion III B. We used the GW150914 posterior samples given
in the O1 data release [41] and the GRB candidate sky map

Galaxy Catalogue I⌦ I⌦,DL I⌦,DL,◆

Uniform 7.07 7.03 36.5
GLADE (un-weighted) 5.13 8.02 25.7

GLADE (weighted) 3.58 5.52 20.9
GLADE (LB > 2LB⇤) 2.98 4.49 18.5

TABLE III. Overlap integrals for GBM-GW150914 using the pos-
terior sample method similar to table II. In general we see that
increasing catalogue information decreases the significance of this
coincidence in contrast to GW170817-GRB 170817A, a potential ad-
ditional argument this may not be a real coincidence. We also used a
LB > .05LB⇤ cut, as was done in table II, but this returned identical
values to the weighted full GLADE catalogue due to only to very
close galaxies being cut, which had no support from the posterior
samples. We note that none of the cuts here give 100% complete-
ness, but in the case of LB > 2LB⇤ we wanted to show the e�ects
of an extreme cut.

produced by the Fermi-GBM team [39].
Unlike in section III B, we should be cautious about the use

of a galaxy catalogue as a prior due to the amount of incom-
pleteness at these distances. Nonetheless we used a number
of luminosity cuts and weights to see how this method fairs,
detailed in table III. We can see that in general this coincidence
is less significant than GW170817-GRB 170817A, which is
expected given the general lack of confidence in comparison.
We also see that including distance and inclination information
generally improves confidence by the same factors as in table
II, implying this information may be shared generally among
significant gravitational wave candidates and could possibly
not be helpful in distinguishing between joint candidates, al-
though more investigation is needed to confirm this.

In conclusion for this event, we note that despite some non-
negligible overlap in the parameters, our statistic should return
Oc/uncor(xgw, xgrb) ⇡ 0 here. This is because there is little
expectation of a significant joint BBH-GRB detection rate and
we could set Bc/s(xgw) = 0 just due to the measured masses
of GW150914, even before including the lower significance of
the GRB candidate [40].

D. Simulation

Lastly, we performed a simplistic simulation of a joint GW-
GRB search to quantify the potential improvements compared
to previous methods. We modeled the Bayes factorBs/n(xgw)
as Gaussian distributions in log space with means of 1 and 10
for the random and real sets respectively, and standard devia-
tions of 101 and 101.5 respectively. For the other Bayes factor
Bs/n(xgrb), we instead used power laws of of �2 and �1 for
the random and real sets respectively, with a lower bound at
zero. Finally, we modeled the sky map overlap integral I⌦ as
Gaussians in log space with means 10�1 and 10 for the random
and real sets respectively, and both with standard deviations of
10. These were chosen to roughly match the outputs expected
from pipelines based on our preliminary investigations of do-
ing a more robust simulation. We also used the rates detailed
earlier in section III. We didn’t use many of the additional



7

FIG. 1. Results for the simulations described in section III D, using
the statistics from Ashton et al. [23], Stachie et al. [17], and equation
(20) in this work. The horizontal axis is the fraction of random
coincidences above a given statistic value while the vertical axis is
the fraction of real coincidences above this value. The statistics here
vary only whether or not they include the significance from individual
candidates, weighted based on rates in the case of equation (20). We
see generally that given a false alarm probability, our statistic returns
more real coincidences.

terms introduced in this work, such as the additional overlap
integrals, the galaxy catalogue prior, or the coincidence Bayes
factors; the only di�erence between the statistics tested was
the rate-weighted denominator in equation (20), compared to
the weightless detection Bayes factors Stachie et al. [17] and
unity Ashton et al. [23]. This was done in order to show how
this simple change could greatly increase sensitivity.

We can see the results of this simulation in figure 1. At
most given false alarm probabilities, equation (20) recovers
more real injections compared to previous methods. We also
tried a number of reasonable parameters for our injected dis-
tributions and this trend tended to hold. This likely occurs
because (20) tends to downweight random coincidences com-
pared to previous because of this stricter condition of requir-
ing individual candidates to be more significant. In general,
we found that (20) outperformed the others in cases where
the individual detection Bayes factors distributions were more
distinct and performed worse when these Bayes factors were
not informative, although we argue the former case is more
realistic since random coincidences are dominated by lower
significance noise events (Hnn). We should be a bit wary
of these results since this simulation is rather simplistic, and
we emphasize that more robust simulations are required to
definitively establish that this statistic should be preferred to
previous iterations.

IV. CONCLUSION

We derived a joint ranking statistic in a similar manner
to Ashton et al. [23] and Stachie et al. [17] while adding
additional parameters in the overlap integral, using a galaxy

catalogue as a prior, and including the previously neglected
coincidence-vs-signal Bayes factors, while presenting some
evidence that this statistic may perform better than these
previous iterations. This statistic placed GW170817-GRB
170817A farther into the foreground by a factor of 7.5� 370,
based on the method used. We showed that this statistic
minimized the significance of the more dubious association
of GBM-GW15091, while also present some possible short-
comings in this case. We performed a basic simulation that
argues in favor of this statistic, although an additional study
simulating real and background joint events is needed to con-
firm this and to determine which additional terms will be most
useful for searches.

We acknowledge that some of the new terms introduced with
equation (20) may not be helpful in distinguishing between real
and random coincidences in real searches. We showed in the
case of GRB-GW150914 that including distance and inclina-
tion information improved the joint significance similarly to
GW170817-GRB 170817A, meaning that this improvement
may be shared by significant GW detections. We also note
that results from the coincident Bayes factors would be shared
with other reasonable joint candidates, Bc/s(xgrb) with any
other short GRB, and Bc/s(xgw) with other close face-on can-
didates, so the addition of these could be ignored and replaced
by filter in an actual search such as in Stachie et al. [17]. If
an EM redshift is available, as may be in the case of Swift
XRT follow-up [34], there will likely be an improvement in
the distance overlap. However in the case of other experiments
such as Fermi-GBM [42], the approach detailed in this work is
likely the best we can do at the moment. We also note that more
care could be given to distinguishing between the coincidence
and generic detection terms, as well as towards more informa-
tive priors (e.g. using antenna factors in the sky localization).
Finally, although there are estimates for the coincident rates
in our priors, there are significant uncertainties due the poorly
constrained BNS rate [8, 28] and GRB jet models [22]. We ar-
gue that while including detection rates improves significance
as in section III D, the exact numbers that should be used are
rather uncertain until more observations are done and instead
could be replaced with the expected ratio of rates.
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