PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: May 18, 2022
REVISED: July 24, 2022
ACCEPTED: August 15, 2022
PUBLISHED: September 5, 2022

Orbifolds by 2-groups and decomposition

Tony Pantev,” Daniel G. Robbins,” Eric Sharpe® and Thomas Vandermeulen®
@ Department of Mathematics, David Rittenhouse Lab., University of Pennsylvania,
209 South 33rd Street, Philadelphia, PA 19104-6395, U.S.A.
b Department of Physics, University at Albany,
1400 Washington Avenue, Albany, NY 12222, U.S.A.
¢Department of Physics, Virginia Tech,
MC 0435, 850 West Campus Drive, Blacksburg, VA 24061, U.S.A.
E-mail: tpantev@math.upenn.edu, dgrobbins@albany.edu, ersharpe@vt.edu,
tvandermeulen@albany.edu

ABSTRACT: In this paper we study three-dimensional orbifolds by 2-groups with a trivially-
acting one-form symmetry group BK. These orbifolds have a global two-form symmetry,
and so one expects that they decompose into (are equivalent to) a disjoint union of other
three-dimensional theories, which we demonstrate. These theories can be interpreted as
sigma models on 2-gerbes, whose formal structures reflect properties of the orbifold con-
struction.

KEYWORDS: Discrete Symmetries, Sigma Models

ARX1v EPRINT: 2204.13708

OPEN AcCESS, (© The Authors.

Article funded by SCOAP?, https://doi.org/10.1007/JHEP09(2022)036


mailto:tpantev@math.upenn.edu
mailto:dgrobbins@albany.edu
mailto:ersharpe@vt.edu
mailto:tvandermeulen@albany.edu
https://arxiv.org/abs/2204.13708
https://doi.org/10.1007/JHEP09(2022)036

Contents
1 Introduction
2 Review: decomposition in ordinary orbifolds

3 Three-dimensional analogues of discrete torsion
3.1 Ordinary orbifolds
3.2 Manifolds with boundaries
3.3 Orientifolds

4 Orbifolds by 2-groups

4.1 General aspects
4.1.1 Notions of 2-groups and their gauging
4.1.2 Decomposition conjecture
4.1.3 Partition functions
4.1.4 Local operators

4.2 Example: G =1, K =7

4.3 Example: G =79 =K

4.4 Example: G = (Z2)3, K = Zs

4.5 Example: G = (Z3)? = K

5 Interpretation: sigma models on 2-gerbes

6 Analogues in other dimensions and other degrees
6.1 Decomposition in higher-dimensional orbifolds
6.2 Interpretation: higher-dimensional sigma models

7 Analogues in Chern-Simons theories in three dimensions
8 Conclusions

A Homotopy theory
A.1 Classification of bundles for central extensions
A.2 Classification of 2-group bundles
A.3 Computations on tori

B Decomposition as duality
B.1 Ordinary decomposition
B.2 Decomposition for two-group extensions

10
12

12
13
13
14
14
18
19
19
20
21

21

22
22
24

25

25

26
26
27
28

30
30
31



C Some results in group cohomology 32

C.1 Zo 33
C.2 Zz X ZQ 33
C.3 Z2 X ZQ X Zg 34
C4 (Zy)* 36
C.5 Dihedral groups 37

1 Introduction

Decomposition, the observation that a local quantum field theory is sometimes a disjoint
union of other local quantum field theories, has by now been extensively studied since its
initial observation in [1] in two-dimensional gauge theories with trivially-acting subgroups,
see for example [2-26]. A few reviews can be found in [27-31].

Although decomposition was originally observed in two dimensional theories, it has
also been observed in four-dimensional theories, see for example [7, 8]. The purpose of this
paper is to discuss examples in three dimensions, where it has not previously been studied.

Globally, decomposition is expected to take place in any theory in d spacetime dimen-
sions with a global (d — 1)-form symmetry (possibly realized noninvertibly) [7, 8]. One way
to produce such a symmetry is via a suitable gauging. In broad brushstrokes, gauging a
trivially-acting n-form symmetry results in a theory with a global (n + 1)-form symme-
try (distinct from the quantum symmetry), so one can hope to produce a d-dimensional
theories with a decomposition by gauging a trivially-acting (d — 2)-form symmetry.

For example, ordinary gauge theories with trivially-acting subgroups are a source of
examples in two dimensions, as mentioned above, because such theories have a global one-
form symmetry (distinct from the quantum symmetry, and tied specifically to the fact that
the group acts trivially).

In this paper, we study three-dimensional gauge theories with gauged trivially-acting
one-form symmetries. Gauging the trivially-acting one-form symmetry leads to a global
two-form symmetry, hence, in three dimensions, a decomposition.

Specifically, in this paper we describe orbifolds of three-dimensional effective! field
theories by 2-groups, which are extensions of ordinary (here, finite) groups by one-form
symmetries. (See for example [32] for a mathematical introduction to 2-groups. These
structures have a long history in both math and physics, see for example [33-58] for a few
older instances, and [59-72] for some more recent physics descriptions and applications of
2-groups.) When those one-form symmetries act trivially, gauging them results in a global
two-form symmetry, hence a decomposition as above, which we will check explicitly.

We begin in section 2 by reviewing two-dimensional orbifolds by central extensions of
G by trivially-acting K, and how a decomposition arises in such orbifolds. In particular,

"We emphasize that because we often discuss orbifolds of three-dimensional sigma models, we understand
those sigma models as effective field theories, not necessarily renormalizable theories. Our methods also
apply to more general three-dimensional theories, such as, for example, Chern-Simons theories.



decomposition implements a restriction on nonperturbative sectors. In an orbifold the
nonperturbative sectors are the twisted sectors, and in these orbifolds those twisted sectors
are restricted to those describing GG bundles satisfying a condition. The restriction is
implemented physically by a sum over G orbifolds, namely the decomposition, realizing
a ‘multiverse interference effect’ between the constituent G orbifolds (‘universes’). An
important role in that decomposition is played by discrete torsion, so in section 3 we
review three-dimensional analogues of discrete torsion, counted by H3(G,U(1)).

In section 4 we turn to the main content of this paper: we define and study orbifolds
by 2-group extensions of ordinary (finite) groups G by trivially-acting one-form symmetry
groups BK. Just as in two-dimensional cases, the nonperturbative sectors correspond to G
bundles satisfying a condition. We argue that, also just as in two-dimensional cases, that
restriction implies (and is implemented by) a decomposition of the three-dimensional the-
ory, with universes indexed by irreducible representations of K, which we study explicitly
in several examples.

In section 5 we interpret this structure formally in terms of a sigma model whose target
is a 2-gerbe. In section 6 we outline higher-dimensional analogues and their interpretations.

In section 7 we briefly outline analogous decompositions in Chern-Simons theories with
gauged one-form symmetry group actions, which will be further addressed in other work
to appear.

In appendix A, we give mathematically rigorous derivations of statements about bun-
dles of 2-groups. In appendix B we formally discuss decomposition as a duality transform,
as a type of Fourier transform. Finally, in appendix C we collect some results on group
cohomology that are used in computations in the main text.

Higher-dimensional orbifolds by ordinary groups have also been discussed in
e.g. [73, 74]. However, so far as we can determine, those papers do not discuss orbifolds
by higher groups, and do not discuss decomposition. We believe our observations in this
paper (regarding orbifolds by 2-groups and decomposition) are novel.

2 Review: decomposition in ordinary orbifolds

In this section we will review decomposition of two-dimensional orbifolds in which a central
subgroup of the orbifold group acts trivially. The fact that such orbifolds are equivalent
to (‘decompose into’) disjoint unions of other theories was worked out in [1]; however,
our presentation of the phenomenon here has not been previously published, and is the
prototype for our discussion of decomposition in 2-group orbifolds later.

Let X be a space, and G a finite group acting on X. Let I" be a central extension of
G by a finite abelian group K:

l— K —T — G — L (2.1)

Such extensions are classified by elements of H2(G, K). Briefly, the statement of decom-
position here is that [1]

QFT ([X/T)) = JT QFT ([X/GCl,w) (22)

peK



where K denotes irreducible representations of K, and p(w) € H?(G,U(1)) is the image
pow of the extension class w under p € K. (Decomposition is also defined for more general
orbifolds [1-3], but for our purposes in this paper, the special case of central extensions
above will suffice.)

Next, we establish this decomposition, by computing partition functions. First, recall
that the extension I' can be described set-wise as a product G x K, with product deformed
by an element [w] € H?(G, K). Let v € T, and write I' set-wise as the product G' x K,
then the product in I' is defined by

Y2 = (91, k1) (92, k2) = (9192, k1kow(g1, 92)) - (2.3)

In the partition function of a two-dimensional orbifold [X/I'] on T2, we sum over
commuting pairs of group elements in I', but clearly the condition for 1 and 7 to commute
is equivalent to g; commuting with g2 and

w(g1,92) _ (2.4)

w(g2,91)

Define
w(g1, 92)

€91,92) = —F/——, 2.5
( ) w(g2,91) (25)

then it is straightforward to demonstrate that
e(a,bc) = e(a,b)e(a,c), (2.6)

(and symmetrically,) so as a consequence, € is invariant under conjugation:?

e(hah™t, hbh™Y) = e(hah™', h) e(hah™t,b) e(hah™t, 1),
= e(hah™1,b),
(h,b) e(a, b) e(h™1,b),
(a,b). (2.7)

= €

= €

In particular, this descends to isomorphism classes of G bundles, which on T2 are classified
by Hom(71(T?),G)/G. We can view € as assigning a phase to each such bundle.

Thus, the partition function of a two-dimensional [ X /T"] orbifold looks like the partition
function of a [ X /G| orbifold but with a restriction on the allowed sectors. We can implement
that restriction on allowed sectors by inserting an operator

6(e—1)= |K\ z}:{ﬁp 91, 92), (2.8)
pE

where €, is the image of w(g1,g2)/w(g2,91) under p : K — U(1). This is the origin of
decomposition [1].

2We restrict to the same h on each input because € is only defined on commuting pairs.



Now, let us assemble these pieces. The partition function of a I' orbifold on T2 is,
universally,
Zr2 ([X/F Z Z 77 7 (29)
’Y>\ Ay
where the sum is over commuting pairs v, A € I', and Z(v, A) is the contribution from a
square with sides identified by v, A — known as the twisted sectors or partial traces. In
the present circumstances, since K C I acts trivially,

Z(v,A) = Z(g,h) (2.10)

where g = 7(v), h = m(A\), for 7 : I' = G the projection. Taking this into account, we
then have
K]
Zp2 ([X/T]) = T > Z(g,h),

| | gh=hg,e=1

IE? |G|
= Rl ZZTQ(X/G] @)

=Y Zp <X/G]p(w)) : (2.11)

peK

where
Zr2 (IX/Clo)) = 17 2= eol9sM)Z(9:h) (2.12)

gh=hg
is the partition function of the G orbifold on T2 with discrete torsion p(w) € H?(G,U(1)).
Thus, we see that partition functions are consistent with the prediction of decomposi-
tion (2.2).

In passing, note that in the case G = Zy = K, H*(G,K) = Zy (and hence has
nontrivial elements), but for all [w] € H?(G, K), and all commuting pairs,

w(91,92)

(g2, 91) =1 (2.13)

Thus, triviality of the ratio of cocycles can happen even if w is a nontrivial cohomology
class.

Our analysis above was specific to the case that the worldsheet is 72, but it generalizes
easily to other genus. Before considering general genus, let us next walk through the case
of genus 2. Let v; = (a;,k;) € T', \j = (b, z;) € T, i € {1,2}, obeying the condition

(1, A1) [y, Ao] = 1, (2.14)
for
l9,h] = ghg™'h™, (2.15)
and define
&1 = [a1,b1] = aybyay 'oy . (2.16)



Then, using the fact that
Nl = ( P w(ai,ai_l)’l), Al (bz_ 2w (bi;bi_l)71>’ (2.17)
it is straightforward to compute that
(71, A1] = ([al,bﬂ,w(al,bl)w(albl,afl)w(alblafl,bfl)
wlar,ar ) w(br, b)), (2.18)

[y, A1 [72, Ae] = ([ahbl][%52]700(@17bl)W(albl,afl)w(alblaflabfl)
w(&1,a2) w(€ras, ba) w(&rashs, ay ")
w(&rasbeay ', by )
w(ar,a;t) " wlag, a3 )

w(by, b ) w(be, b)), (2.19)

so we see that the closure condition (2.14) holds if and only if both

-1

la1,b1] [az, ba] = 1 (2.20)
and

1 = w(ay,by)w(aib,a; ) wlarbra;t, byt
w(&1,a2) w(éraz, b)) w (€1a252,a2_1) (§1a2b2a2_1:bz_1)
'w(alaal_l) ! (a2,a2 ) (blvbl ) (627b2_1)_1' (2'21)
Next, we generalize to arbitrary genus. Consider a Riemann surface of genus g, with

boundary conditions determined by v; = (a;, ki) € I', \j = (bi,zi) € I, i € {1,--- ,g}.
Define &; = [aj, b;], and

-1

Hw ag, a; Hw bi, by )| . (2.22)

The condition that the group elements must obey to define boundary conditions on the
Riemann surface is that

[’Yh )‘1] [725 )\2] T [’Yga )\g] =1, (223)

which implies that
[a1, b1] [ag, bo] -+ - [ag, be] =1 (2.24)

(which are required for a;, b; € G to close on the Riemann surface) as well as
for

€(ai, b;) = Xw(ay, by)w(aiby, al_l)w(alblal_l, bfl)w(ﬁl,ag)w(glag, ba)w(&1azbe, az_l)
w(&ragbaaz ', by Nw(ééa, as) - w(& - - Eg_1agbgay ', by ).



(This can be obtained either by direct multiplication or by triangulating the Riemann sur-
face into simplices and associating a factor of w with each simplex, as in [75].) Thus, as
before, the data required to define a I' orbifold on a genus g Riemann surface is a restric-
tion on the combinatorial data used to define a G orbifold on the same Riemann surface,
a restriction of the form e(a;,b;) = 1. As for T2, we can implement that restriction by
inserting a projection operator II, of the same form as before, with €, that are the image of
the genus-g € under an irreducible representation p. The resulting phases are the same as
the phases defining discrete torsion on a genus g Riemann surface (see ([75], eq. (15)), [76]),
again for discrete torsion given by the image of H?(G, K) under the irreducible represen-
tation p : K — U(1). Thus, we see the story for T2 generalizes immediately to other
Riemann surfaces.

For later use, we note that the discrete torsion here can equivalently be understood as
a coupling to a discrete theta angle, defined by a characteristic class z*w, for x : ¥ — BG
a map defining the twisted sector, in the notation of appendix A. One can rewrite such a
discrete theta angle coupling

/ (p;2*w) (2.26)
P

as a discrete torsion phase by triangulating the Riemann surface > and associating phases
to each simplex as reviewed above and in [75, 77].

So far we have considered central extensions. Decomposition also exists for orbifolds
by non-central extensions, see e.g. [1, 2]; however, its form is more complex. In this paper
we focus on (analogues of) central extensions.

3 Three-dimensional analogues of discrete torsion

We have seen that two-dimensional orbifolds with trivially-acting subgroups decompose into
disjoint unions of orbifolds with discrete torsion, a modular-invariant phase factor [1, 2].
Similarly, the three-dimensional version of decomposition will also generate theories twisted
by a three-dimensional version of discrete torsion. Such analogues of discrete torsion were
studied in [77] in the special case of orbifolds of points (forming Dijkgraaf-Witten theory),
and more generally in [78]. In this section, we briefly review those constructions here, in
both ordinary orbifolds and in orientifolds, to set up their appearance in three-dimensional
versions of decomposition.

3.1 Ordinary orbifolds

First, recall that in two dimensions, discrete torsion in a G orbifold is classified by group
cohomology, specifically H?(G, U(1)) with a trivial action on the coefficients. Similarly, in
three dimensions [77, 78], the analogue of discrete torsion in a G orbifold is classified by
H3(G,U(1)), again with a trivial action on the coefficients.

Furthermore, given [w] € H2(G,U(1)), one can derive coboundary-invariant phases
that weight Riemann surfaces. For example, on T2, a twisted sector is defined by two
commuting elements g, h € G, and the corresponding coboundary-invariant phase is

w(g, h)
w(h, g)’
Analogous expressions on higher-genus Riemann surfaces can be found in [75].

(3.1)



Analogous constructions exist in three dimensions, which use [w] € H?(G,U(1)) to
assign a coboundary-invariant phase to three-manifolds. One construction [77] proceeds as
follows. given a three-manifold Y, we pick a triangulation by simplices, and associate to
each simplex a cocycle. We then take an alternating product of those associated cocycles
(with exponent determined by orientation) to form a coboundary-invariant phase. For
example, the triangulation of a cube into six simplices can be visualized by viewing the
cube along a line through two corners, as

and then taking the tetrahedra cut out by the six interior lines projected through the
cube in the figure above. See also [78] for an alternative construction in terms of C' field
holonomlies.

For example, on T3, a twisted sector is defined by three commuting group elements
91, 92, 93,

g3

g2
g1

and here one multiplies Z(g1, g2, ¢g3) by the phase ([77], eq. (6.35)), [78]

w(g1,92,93) w(g3, 91,92) w(g2, 93, 91)
w(g2,91,93) w(g3, 92, 91) w(g1, 93, g2)

€3(91,92,93) = (3:2)
corresponding to [w] € H3(G,U(1)). As noted in ([77], footnote 5), perhaps the simplest
example in which this phase is nontrivial is the group G = (Zs)3.

As discussed in [77, 78], this phase factor is invariant under both coboundaries as well
as SL(3,7Z) transformations of T3, just as the discrete torsion phase factor is invariant
under both coboundaries as well as SL(2,Z) transformations of T2.

For another example, consider S x ¥ for ¥ a genus-two surface. Here, the associated
phase is

£ = w(a1,b1,9) w(v, a2, g) w(yaz, b2, g)
w(7b17a1>g)w(7abl>g) w(b27a2>g)
.w(7b17g>a1)w(77gab1) w(b27gva2)

w(ai,g,b1) w(7,9,az2) w(yaz, g, b2)
. w(g7a17b1) w(g,’y,az)cu(g,'yag,bg)
w(g,vb1,a1) w(g,7,b1) w(g, b, az)

(3.3)



where
v = alblal_lbl_l, ’yagbga;lbgl =1. (3.4)

and g commutes with all a;, b;. It can be shown that this expression is invariant under
coboundaries.
This expression is motivated by the two-dimensional genus-two phase ([75], eq. (15))

w(a,by) w(v, az) w(yaz, ba)
w(vb1,a1)w(v,b1) w(ba, az) '

(3.5)

Also, in the special case that v = 1, it correctly factorizes into the product of two T3
phases:

OJ((ll, blvg) w(blvg7al) W(g, ag, bl) . W(CLQ, b?)g) W(bg,g, CLQ) W(Q,CLQ, b2)

62 - W(bl, alvg) (JJ((I]_,g, bl) U.)(g, bla CL]_) w(bQ’aQ)g) W(CLQ,g, b2) W(g, b27 CLQ),

(3.6)

where without loss of generality we assume that the cocycle w is normalized (so that w =1
if any of its arguments is the identity).

In fact, it is also straightforward to conjecture the corresponding phase factor for
St x ¥, for ¥, a genus-h Riemann surface. Following [75], define

v = aibia; "0t Gi=my2 e viets (3.7)

then the two-dimensional discrete torsion phase is ([75], eq. (15))

& = w(a, br) hl:[l w(Gi, ai) w(Giai, bi) | w(Ch, an) w(Chan, bn) (3.8)
w(y1br, ar) wlyi, br) \ =5 w(Gibis ai) w(Civis bi) w(bn, an)
and we conjecture that the analogous three-dimensional phase on S! x %, is
€, = w(a1,b1,9) w(y1b1, g, a1) w(y1,9,b1) w(g,a1,b1)
w(y1b1, a1, g) w(y1,01,9) w(ai,g,b1) w(g,mb1,a1) w(g,71,01)
. hl:[l w(Gi, @i, g) w(Giai; b, g)  w(Givibi, g, ai) w(Givi, g, bi)
i W(Gibiy aiy 9) w(Civis biy g)  w(Gis g, ai) w(Giai, g, bi)
 w(g, G ai) w(g, Giai, bi)
w(g, Givibi, ai) w(g, Givi, bi)
w(Ch, an; g) w(Chan, b, g) w(bn, g, an)
W(bh,ah,g) W(Chagaah) W(Chah,g,bh)
‘w(g, Cn, an) w(g, Chan, bn) (3.9)
w(g,bn,an)

where g € G commutes with all a;, b;.

In passing, a general expression for S' reduction of such phases is discussed in ([79],
supplementary section), ([80], section V).

In two dimensions, discrete torsion phases obey multiloop factorization (target space
unitarity), which is the following constraint. If ¥ is any Riemann surface, corresponding
to a twisted sector of some orbifold, and ¥ can degenerate into a product of ¥; and X9



connected at one point (compatibly with the orbifold structure, in the sense that there are
no twist fields at the connection), then the phase associated to ¥ must equal the product
of the phases associated to ¥; and Y.

In two dimensions, for the genus-one phase

w(g, h)
ea(g, h) = , 3.10
201 = Lihg) (340
this is the property ([81], eq. (42))
ea(x,ab) = ea(x, a) ea(x, b), (3.11)
which can be demonstrated simply using
(dCU)(CL,J;,b) B 62(.%‘,&) 62($7b) ‘

for z, a, b all mutually commuting. When combined with the fact that ex(1, —) = e2(—,1) =
1, we see this means that ez is a bihomomorphism from commuting pairs in G to U(1).
In three dimensions, there is a simple analogue of multiloop factorization: if a three-
manifold S' x ¥ can degenerate into S x (X1 ][ 32), the phase assigned to S' x ¥ must
match the product of the phases assigned to S! x X1, S' x ¥5. On such grounds, one then
expects
es(x,y,ab) = es(x,y,a)es(x,y,b). (3.13)

In fact, it is straightforward to check that this is a consequence of the identity
(dw)(y, z,a,b) (dw)(a,b,y, ) (dw)(y, a,b,z) (dw)(z, a,y,b) (dw)(a, z,b,y) (dw)(a, y, z,b)

(dw)(z,y,a,b) (dw)(a,b, z,y) (dw)(x,a,b,y) (dw)(y,a,z,b) (dw)(a,y,b, z) (dw)(a,x,y,b)
= 1. (3.14)

(See also ([77], section 6), where a different argument is given for the same result.)

One can use multiloop factorization to argue that discrete torsion(-like) phases descend
to conjugacy classes. For example, in the case of the genus-one phase €, from (3.11), it is
easy to show that?

62(0“90’_1’ aha_l) = 62(aga_17a) 62(0“9@_1’ h) 62(0“9@_1’ a_l) = 62(aga_17 h)7
= GQ(CL, h) 62(9, h) 62((171, h),
= e2(g,h). (3.16)

Computing in exactly the same fashion, one can use (3.13) to show that

es(aga™t, aha™t, aka™t) = es3(g, h, k). (3.17)

3In fact, formally both this expression and its three-dimensional analogue appear to generalize to inde-

pendent conjugation on the parameters, as
ea(aga™ ", bhd™ ") = ea(g, h). (3.15)

However, €2(g, h) is only defined for commuting g, h, so we restrict to the case a = b. Identical remarks
apply to es.



3.2 Manifolds with boundaries

For completeness, let us also quickly outline the case of manifolds with boundary, that will
be of use in our subsequent works.

Let’s begin with an overview of how this works in two-dimensional theories and ordi-
nary discrete torsion, before describing an example in three dimensions.

Consider a genus-one correlation function in an orbifold [X/G] with a single insertion of
an operator associated to g € G. In effect, we have a T2 with a puncture corresponding to g.
If we let a,b € G denote group elements corresponding to the usual 72 boundary conditions,
then we can sketch the construction of the punctured torus as in the diagram below:

o
(3

Ab b

\LS)

with a hole cut out in the upper right corner, or equivalently,

bax - -
axse \g

\

!

a
abx

J
a
Tre—» bx

In the presence of the puncture, a and b no longer commute, but instead obey

abg = ba. (3.18)

Alternatively, we can say that if 3 is a punctured T2, then to specify an element of
Hom(m(X),G) we can first assign a group element g to the loop circling the puncture,
and then the group elements a and b assigned to the non-contractible cycles of the torus
will need to satisfy (3.18), since the cycle associated to a~'b~'ab is homotopic to the cycle
circling the puncture. Then bundles on ¥ are classified by Hom(7(X), G)/G, as usual.

One more perspective comes from consideration of topological defect lines. The a and
b twists on the 72 are implemented by wrapping a and b lines around the cycles. Saying
that our inserted operator is associated to g is equivalent to saying that it sits at the end
of a defect line labeled by g. The other end of that line must terminate somewhere on the
first two defect lines. The simplest possibility is to connect everything at a single junction
of degree five. In order for that junction to remain topological (i.e. to avoid an extra non-
topological insertion), we need the cyclic product of lines coming in to give the identity,
which again leads to (3.18).

In any event, the discrete torsion phase assigned to a punctured 72 is not the same
as that assigned to T? itself — the contribution to the boundary conditions from the

~10 -



puncture modifies the phase. Applying methods of [75], we see that the phase associated
to this diagram is

w(a,b)
= b,g). 3.19
gl,l w(b,a) (.U(G/ 79) ( )
Now, if we add a coboundary «, this phase changes:
§110 = &11a(g). (3.20)

This is not quite invariant under coboundaries; however, the coboundary «(g) can be
absorbed into the operator at the puncture, so taking that into account, the phase is well-
defined. Proceeding in this fashion, one is led to correlation functions, see e.g. [82] for
examples in the case of orbifolds of a point (Dijkgraaf-Witten theory).

Now, let us turn to three-dimensional analogues. We consider a T3 with a hole, of
boundary T2. If we let the three primary sides be related by g1, g2, g3, and the new edge
defining the hole by k, then graphically,

vk
j

a g2

The cut-out corner, seen edge-on, is the square

3T > kx =k
g A g3kw g3x
Ak kA
g3
xr > k‘l’

In order for the diagram to close, the four group elements g1, g2, g3, k € G obey

9193 = G391, 9293 = 9392, 9192k = 9291, g3k = kgs. (3.21)
Applying the same methods as [78], we find that the phase factor associated with this
diagram is
w(g1, 92, 93) w(93, 91, 92) w(92, 93, 91) w(g192, k, g3) w(93, 9192, k) (3.22)
W(QQ, g1, 93) W(gl, g3, 92) w(g?)a g2, gl) w(gng, 93, k;)
As for the T? with boundary, this is not quite coboundary-invariant, but rather picks up a
phase
a(k
olk.g3) (3.23)
a(gi’)a k)

which has the same appearance as the phase one would assign to a 72 with the same
boundary conditions. We interpret this as before, as a contribution that would be absorbed
by a defect inserted at the puncture, precisely in the spirit of anomaly inflow (see e.g. [83]).
It is also extremely reminiscent of the relationship between three-dimensional Chern-Simons
theories and WZW models on boundaries, see e.g. [84].
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3.3 Orientifolds

Now, consider the case that a subgroup of the orbifold group G acts, in part, by reversing
orientations, to form an orientifold. C' fields on orientifolds were analyzed in [85], section 6),
in the same pattern as in [78] for C fields on ordinary orbifolds and [85] for B fields on
orientifolds. Briefly, the conclusion was that the analogue of C field discrete torsion on
orientifolds is counted by H3(G,U(1)) with a nontrivial action on the coefficients, encoded
in a homomorphism € : G — Zy expressing whether a given element acts trivially.

One example discussed in ([85], section 6.2) is a cube, with sides identified by three
group elements g1, g2, g3 € G, in which one of the group elements reverses the orientation.
The three group elements must be related by

9293 = G392, 9193 = 9391, 91 = 929192, (3.24)

where of the three, g; reverses orientation, but the other two do not. It was argued there
that the corresponding partition function phase factor is

W(gl,gz_l, 93) W(g% g3>gl) w(g37.glv 92_1) w(g37927 92_1) w(927 92_1)
w(g2, g1, 93) w(g1, 93, 95 ) w(gs, g2, 91) w(g2, 93,95 ")

, (3.25)

which is invariant under coboundaries.

As another example, consider S' x RP2. Let g € G be orientation-reversing, with
g*> = 1, and h € G any other element that commutes with g. It was argued in ([85],
section 5.2) that on the real projective plane RP?, with sides identified by g, the discrete
torsion phase is w(g, g), which for g2 = 1 is easily checked to be coboundary-invariant. For
S x RP?, where the real projective plane is again constructed with g, the C field discrete
torsion phase can be shown to be

w(g,g,h)w(h,g,9)
w(g,h,9)

: (3.26)

which is easily checked to be coboundary-invariant.

4 Orbifolds by 2-groups

In this section we will discuss three-dimensional® orbifolds by 2-group extensions. We saw
in section 2 that an ordinary orbifold by a central group extension of G by trivially-acting
K involves a restriction on permitted G bundles, which is implemented by the sum over
universes. We shall see an analogous structure here: the 2-group orbifold will involve a
restriction on permitted G bundles, which is implemented by a sum over universes. In this
fashion we will derive a decomposition, which we will check in examples.

In passing, we should mention that just as Dijkgraaf-Witten topological field theory [77]
can be interpreted as an orbifold of a point, at least naively the Yetter model [33—-38] appears
to be interpretable as a 2-group (or higher) group orbifold of a point. We will not pursue
that in this paper, however.

4As also noted in the introduction, throughout we have in mind effective field theories as prototypes,
though our methods also apply more generally.
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4.1 General aspects
4.1.1 Notions of 2-groups and their gauging

A 2-group is, roughly, a group in which associativity holds only up to isomorphisms. In
this section we will outline orbifolds by 2-groups, and their decomposition.

Briefly, from ([32], section 8.3), given a group G and an abelian group K, to specify a
(coherent) 2-group one specifies an action « : G — Aut(K) plus an element of H3(G, K),
where the group cohomology is defined with the action of G on K given by a. In this
section we will restrict to the analogue of a central extension, for which the map « is
trivial, and for which H3(G, K) is defined with trivial action on the coefficients.

We will describe 2-groups as extensions of the form
l— BK —T — G — 1, (4.1)

for finite abelian K. These are classified by [w] € H*(G, K).
In broad brushstrokes, to gauge a 2-group I' means that the path integral

e sums over K gerbes, and within that, for each K gerbe,
o sums over G bundles twisted by the action of the K gerbe, in the sense of e.g. [86].

(In general there may also be other mutual twistings, as in e.g. ([64], egs. (1.10), (1.14)),
implementing a Green-Schwarz mechanism, in which case one would not have for example
precisely a path integral over ordinary K gerbes, but rather over slightly different objects
forming a torsor under K gerbes.) Examples in which the K gerbe acts nontrivially (via
the action of BK on line operators, for example) include the gauging that arose in [13],
and also in discussions of gauging BK in Chern-Simons theories for K the center of the
gauge group.

In this paper, we will be focused on the case in which the one-form symmetry group
being gauged acts completely trivially on the three-dimensional theory, meaning that line
operators are invariant® under BK, meaning for example that associated line operators
have no braiding with one another or with any of the line operators in the theory being
gauged. In this case, relevant for us in this paper, we will see that gauging a 2-group I'
means that the path integral (modulo mutual twistings subtleties as above),

e sums over K gerbes, and for each K gerbe,

e sums over ordinary GG bundles — no longer twisted by K, as BK now acts trivially,
but with a more subtle restriction on allowed G bundles, a shadow of the fact that
we are gauging a nontrivial extension of G by BK.

®For example, consider SU(2) Chern-Simons theory in three dimensions. This has a BZ» one-form
symmetry, inherited from the center of SU(2). However, that one-form symmetry multiplies Wilson lines
by phases, and so we would not characterize SU(2) Chern-Simons as invariant under this BZ. One could
in principle consider a different BZs, unrelated to the central Za, which leaves all Wilson lines invariant.
In that case, that BZ2 could be said to act trivially.
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These two cases can be subsumed into a more general picture which is most conve-
niently related by describing the 2-groups differently, in terms of what are called crossed
modules. In any event, in this paper we will gauge finite 2-group extensions involving
trivially-acting BK, for which the second notion of gauging is a more apt description. We

will study more general cases in upcoming work.

4.1.2 Decomposition conjecture

Consider, as above, gauging a 2-group I" described formally as an extension of a finite group
G by BK for K finite and abelian,

l1—BK —T — G — 1. (4.2)

This extension determines an element [w] € H3(G, K).

Because we are gauging a trivially-acting BK, one expects that the theory should
possess a global two-form symmetry (distinct from the quantum symmetry), and so should
decompose.

We conjecture that such three-dimensional theories decompose in the form

QFT ([X/T]) = QFT (H [X/G}p(m) : (4.3)
pEK

where p(w) € H3(G,U(1)) represents a discrete theta angle, formally involving a term in

the action of the form

| p.av), (4.4)

for *w as defined in appendix A.2. As we will discuss later, at least on Seifert fibered
three-manifolds, this can be rewritten as a discrete-torsion-like phase (of the form discussed
in section 3) given by the image of w under the map

H3(G,K) 25 H3(G,U(1)). (4.5)

This is a three-dimensional version of decomposition [1], whose existence reflects the fact
that [X/T] has a 2-form symmetry, due to the trivially-acting BK.

Next, we will justify this decomposition conjecture by computing partition functions
for gauged finite 2-groups, and also studying operator spectra. In subsequent sections we
will check the details in examples.

4.1.3 Partition functions

In this section we will compute partition functions for T’ orbifolds in three dimensions (for
I" a 2-group extension of a finite group G by a trivially-acting BK ). These are (weighted)
sums over G bundles restricted so that an invariant vanishes (see appendix A.2). We will
see that the resulting partition functions are equivalent to sums of partition functions of
ordinary G orbifolds, weighted by C field analogues of discrete torsion,

Z (IX/1)) = 3 2 ([X/Clpw)) (4.6)

peK

in accordance with decomposition (4.3).
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In general terms, this is a consequence of the fact, explained in appendix A.2, that
I’ bundles on three-manifolds M map to G bundles obeying the constraint z*w = 1 €

H3(M, K), where w € H3(G, K) determines the extension I', and 2 : M — BG determines
the G bundle. Such a constraint is implemented by a projector, proportional to

p%;{exp ( /M<p, x*w)) . (4.7)

Summing over p € K effectively cancels out contributions from any G bundle for which
x*w # 1. As we saw for ordinary central extensions in section 2, inserting such a projection
operator in a path integral is equivalent to working with a sum of theories, one for each
pE K, each of which is modified by a discrete theta angle defined by p € K and coupling
to z*w € H3(M, K). This gives rise to the present version of decomposition (4.3).

At least for Seifert fibered three-manifolds, it is straightforward to give this construc-
tion a much more concrete description, by describing z*w explicitly in terms of phases
derived from the group cocycle w. To do so, we follow the same® procedure used in ([77],
section 6.5). Briefly, given a triangulation of the three-manifold M, associate a phase
w(g1,92,93) to each simplex, and use an ordering to determine whether to multiply or
divide the phase. (We specialize to Seifert fibered manifolds solely because of potential
practical difficulties in explicitly construction a triangulation. Given a triangulation, the
method of [77] is otherwise general.) The result is that (p, z*w) can be identified with a
discrete-torsion-like phase [78], as described in section 3, for a class in H3(G,U(1)) given
by the image of w € H3(G, K) under p, or schematically,

H*G,K) 2 H*(G,U(1)),
w — pow=p(w). (4.8)

We have that on a connected three-manifold M,

Zu ([X/T]) = 3 Zu (X/Glyw)) » (4.9)

pEK

matching the prediction of decomposition 4.3, with the sum over universes implementing
the restriction to G bundles such that z*w = 1.

Next, we specialize to the case of M = T3. As everything can be computed explicitly
in this case, we will walk through all the details in order to better explain the idea.

Ordinarily, in a G orbifold on T3, one would sum over commuting triples g1, g2, g3 € G.
Here, however, because of the 2-group extension, only some triples are consistent, much
as we saw in the case of ordinary central extensions in section 2. As mentioned above,
and as described in detail in appendix A.2, the constraint on G bundles is that z*w =1 €
H3(T3 K).

5Our notations differ, but the procedure is identical. Specifically, the v : M — BG used in [77] is the
same as = : M — BG here, and the oo € H*(G,U(1)) used there coincides with w € H*(G, K) here. Their
analysis is done for U(1) coefficients, but essentially because K is abelian and in both cases, the group
action on the coefficients is trivial, the argument is otherwise the same.
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To understand the result, we outline here a slightly sloppy computation for the special
case of T3, which will reproduce the T° result derived rigorously in appendix A.3. To make
the 2-group I’ more concrete, we imagine associating K-valued wavefunctions Pg to g € G,
which can then be multiplied by K-valued cocycles, where associativity holds up to the
cocycle w as

¢9192¢g3 = W(gl’QZa 93) ¢g17/19293~ (4'10)

(Note that adding coboundaries to w merely multiplies the products by phases.) Then, we
can derive a consistency condition on commuting triples, as follows.

Vg19:Vg5 = Vgag1 Vg3
(92’91793 w92¢g1937

)
= w(g% g1, 93)¢92¢93917
W(927 g1, 93)
w(g2, 93, 91)
w(g2,91,93)

( )

W92, 91:93) 411
w92, 93, 91 9392700 ( )

It also equals

Yg19:Vgs = W(91, 925 93) Vg1 Vgags»
= w(g1,92,93) Vg1 Vgs g
S P
- m¢9391¢92,
= 581 g§:g3; (93, 91, 92)%gs Vg1 g5
= 281 522933 (93, 915 92)¥gs Vgagn
S e e iz

In order for these two expressions to match, we must require

w(g1, 92, 93) w(g3, 91, 92) w(g2, 93, 91) _
w(g1, 93, 92) w(g3, g2, 91) w(g2, 91, 93)

(4.13)

as an element of K, which is the same condition derived mathematically in appendix A.3.
(We suspect it may also be possible to use topological defect lines to give a simple argument,
but we leave that for future work.)

We can therefore understand a T’ bundle as a collection of K gerbes and G bundles on
T3 defined by commuting triples (g1, g2, g3) subject to the constraint

€(g91,92,93) = 1 (4.14)
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for
w(g1, 92, 93) w(g3, 91, 92) w(92, 93, 91)

w(g1,93,92) w(gs, 92, 91) w(g2, 91, 93)

For the same reasons as discussed for H3(G,U(1)) in section 3, it is straightforward to

€(91,92,93) = (4.15)

demonstrate that

€(91, 92, 9391) = €(g1, 92, 93)€(g1, 92, 94) (4.16)

(and symmetrically), hence using the same argument as in the two-dimensional case, € is
invariant under simultaneous conjugation,’

e(hglhilththlahggwhil) = 6(91792793)' (417)

The partition function of the I' orbifold on 73 then takes the form® [87]

- HYT3 K 1 /
Zrs ([X/FD - }ngTi’),K;} [HO(T3, Q)] > Y. Z(g91.92.93),

21,22,23€K g1,92,93€G

1 /
:W Z Z Z(91, 92, 93), (4.18)

21,22,23€K g1,92,93€G

where the prime indicates that the sum over triples in G is constrained to commuting
triples such that €(g1,92,93) = 1.
Now, we can enforce the condition that ¢ = 1 by inserting a projector

1
m Z 69(91792593) (419)
peK

where €, is the image of € under p : K — U(1). The partition function then has the form

1

- 1
Zrs ([X/F]) = W'KP Z @ Z €p(91,92,g3)Z(91,92793)>
91,92,93€G peK
=3 Zrs ([X/C)e,) (4.20)
peK
where 1
Zrs ([X/G]ep)> el > epl91,92,93)Z (91,92, 93), (4.21)
91,92,93€G

using a standard normalization (compare e.g. ([73], eq. (5.14))). Each factor €, is precisely
a C field analogue of discrete torsion, as reviewed in section 3, and coincides with the
quantity we earlier labelled p(w).

Thus, we see that for the special case of T3, partition functions are consistent with the
decomposition conjecture 4.3. As outlined at the beginning, the same argument applies for

"We restrict to the same h on each factor because € is only defined on commuting triples, meaning each
pair obeys ¢ig; = g;9i-

8The overall factor of 1/|G| is standard in orbifolds and ultimately reflects the fact that the sum is
counting bundles with automorphisms, see e.g. ([73], eq. (5.14)). The factors involving K can be found in
e.g. ([38], eq. (5.20)), ([88], egs. (2.31), (2.32)) ([89], eq. (9.1)).
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any three-manifold. The only real difference on other three-manifolds is that there may
be dilaton-type Euler counterterm shifts, as discussed in e.g. [1], which vanish on T3 as
x(T3) = 0. Modulo such trivial counterterms, on any connected three-manifold,

Z ([X/1)) = 3 Z ([X/Gl,)- (4.22)

pEK

This is precisely the statement of decomposition (4.3), at the level of partition functions.

To summarize, we see that inserting a projection operator to enforce the constraint
on G-twisted sectors makes manifest the statement that the partition function of the 2-
group orbifolds equals the partition function for a sum of three-dimensional orbifolds, each
twisted by an €, which is [78] a three-dimensional analogue of discrete torsion. In this
fashion, we recover decomposition (4.3), at the level of partition functions, in close analogy
with the description in section 2 of decomposition in two-dimensional orbifolds.

As an aside, previously in two-dimensional theories with a one-form symmetry given by
a trivially-acting K, we saw universes enumerated by irreducible representations of K, see
e.g. [1]. Here, since we have a 2-form symmetry and trivially-acting BK, one might have
naively guessed that universes would be enumerated by representations of BK, at variance
with the conjecture above. However, we examine decomposition for both 1-form and 2-
form symmetries formally in appendix B, and observe there that in both cases, universes
appear to be enumerated by representations of K, so the form of the conjecture above is
consistent.

4.1.4 Local operators

So far we have given a general justification of the decomposition conjecture for gauged
2-groups using partition functions. Let us briefly outline an analogous argument using
local operators. In two dimensional orbifolds with trivially-acting subgroups, the twist
fields associated to trivially-acting group elements form dimension-zero operators, and the
projectors (onto universes) are constructed from linear combinations of those projectors.
In three dimensions, when gauging a one-form symmetry, from the general theory of topo-
logical defect lines, the theory contains monopole operators, which play an analogous role.
Briefly, the monopole operators are endpoints of real codimension two lines corresponding
to the gauged one-form symmetry, just as gauging an ordinary (zero-form) symmetry re-
sults in real codimension one walls. Two-spheres surrounding the monopole operators have
K gerbes, just as circles surrounding two-dimensional twist fields carry bundles.

In any event, given a trivially-acting gauged BK symmetry, the resulting three-
dimensional theory will contain monopole operators, which are closely analogous to two-
dimensional twist fields, and can be used to build projectors.

For example, in a gauged BZj, the monopole operators will generate Z; gerbes on
S? which are classified by H?(S?,Zy) = Zy. As those gerbes on S? are all generated by
powers of one gerbe, there will be one monopole operator which generates the others, call
it 2, and which obeys 2¥ = 1. Given such operators, one can build projectors, as linear
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combinations of the form
k—1
1

I, = — gmzi, 4.23
kj;f z (4.23)

for ¢ = exp(2mi/k), which from 2¥ = 1 are easily checked to obey

k—1
Opdly = nbpn, > i =1 (4.24)

m=0
4.2 Example: G=1, K =Z»

Let us consider the orbifold [X/BZs| for a moment, where the BZs acts trivially, in the
sense that all line operators in the theory are invariant under the BZo.

Then, at a path integral level, the orbifold [X/BZs] involves a sum over Zg gerbes,
but each of the gerbe sectors is identical, much as in a two-dimensional orbifold by a group
that acts completely trivially.

At the level of operators, gauging the BZs results in monopole operators, which gen-
erate Zo gerbes on spheres surrounding the operators, much as twist fields generate branch
cuts and hence bundles on surrounding circles in two-dimensional theories.

Since the BZo acts trivially, the monopole operators commute with all local operators
present in the original theory, we see that the full set of operators in the gauged theory is
just two copies of the operators of the original theory. Furthermore, since the monopole
operators generate Zy gerbes on surrounding 52’s, and the product of a nontrivial Zy gerbe
with itself is trivial, we see that if 2 denotes a monopole operator, then 22 = 1, and so we
can build projection operators

1
=2 (1+2), (4.25)

which implement a decomposition.

In particular, in these circumstances,
[X/BZs) = X [] X, (4.26)

as expected from decomposition (4.3). (Here, we use the fact that p(w) = 1 for all p € K,
as w itself is trivial.)

4.3 Example: G =7 =K

Let us begin with a very simple example. Consider the case of a two-group extension of
the form
1 — BZy — T — Zy — 1. (4.27)

As discussed in appendix C.1, H3(Zz, Zs) = Zs2, so there is a nontrivial 2-group extension
T of this form.

In this case, it is straightforward to check that €(g1, g2, ¢g3) is the identity in Zg for all
triples g1_3 € Zs, so there is no additional constraint on G bundles on 7 (beyond pairwise
commutivity) to lift to a I bundle.
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It is then straightforward to compute the T partition function from (4.18), yielding

Zrs ([X/f]) = |K|§|G| > > Z(g1, 92, 93),

21,22,23€K g1,92,93€G

K
= u Z Z(gl7g2vg3)7

‘G’ gl,g?vQSEG

= Zps (H[X/G]) : (4.28)
K

as expected from decomposition (4.3).

In this case, p(w) = 1 for all p € K. Although H3(G,U(1)) = Zs for G = Zs, the group
G = Zs is in some sense too small to have any nontrivial phases resulting from analogues
of discrete torsion.

The reader should also note that we get this decomposition for both 2-group extensions
I indexed by H %(Zs, 7o) = Zs, implying that they are physically equivalent to one another.
(Analogous relations were seen in decomposition of two-dimensional theories with one-form
symmetries in [1], in which different gerbes are described by the same physical theory.)

4.4 Example: G = (Z2)3, K =7,

Write G = (Z3)? = (a,b,c). Let us pick an extension of G by BK corresponding to the
element of H3(G, K) given by (—)%%2% in appendix C.3.

Then, the commuting triples g1_3 for which €(g1, g2, g3) # 1 € K include, for example,
(ax, by, cz) and their permutations, where

x € {l,b,c,bc}, ye€{l,a,c,ac}, z€{1,a,b,ab}. (4.29)
The partition function of [X/I'] then has the form

Zoo (/) = o S S Zlgn ) = L S Z(gn ), (430)
[K*IG z1-3€K g1-3€G Gl g1-3€G
where the prime indicates that some of the G-twisted sectors are omitted.

For the trivial representation 1 € K, (91,92, 93) = 1, but for the nontrivial representa-
tion 1 € K, €p(91, 92, 93) corresponds to the discrete-torsion-like phase (3.2) corresponding
to the cocycle wy € H3(G,U(1)) listed in appendix C.3, essentially because the wy cocycle
has the same form as the chosen element of H3(G, K) above: w4(g1, g2, g3) = (—)*%2% also.
That discrete-torsion-like phase equals —1 on precisely the triples that are omitted from
the [X/I] orbifold, namely sectors of the form (ax,by,cz) and their permutations, for z,
y, z as in (4.29). Sectors that are not omitted include (g, g, g) for g any element of (Z)3.

Putting this together, we see

Zs (IX/T)) = Zos (1X/G) 11X/ Gl (431)

matching the prediction of decomposition (4.3) for this case. The sectors that are omitted
in the T orbifold cancel out between the two G orbifolds, realizing a ‘multiverse interference
effect’ as usual.
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4.5 Example: G = (Z)? =K

In this case, it is straightforward to check that the discrete-torsion-like phase factors w(p)
are all trivial for any extension class in H3(G, K) and any p € K, hence in this case our
conjecture (4.3) predicts

pEK

QFT ([X/T]) = QFT (H [X/G]) . (4.32)

We can check this by computing the 7% partition function. In this case, for G =
K = (Z3)?, it is straightforward to check that e = 1 holds automatically for every [w] €
H3(G, K), so there is no constraint on commuting triples (g1, go,93). Then, from the
general formula (4.18),

Zrs ([X/f]) = |K]§|G\ > > Z(g1, 92, 93),

21,22,23€K g1,92,93€G

K
= u Z Z(.gl?ngg?))a

|G’ 91792793€G
= |K|Zrs ([X/G)), (4.33)

which is consistent with the prediction of decomposition.

5 Interpretation: sigma models on 2-gerbes

These orbifolds by 2-groups have a more formal description as realizations of sigma models
on 2-gerbes, closely analogous to sigma models on gerbes as described in [90-92].

Briefly, gerbes are closely analogous to principal bundles. A n-(G-)gerbe is essentially
a fiber bundle whose fibers are ‘groups’ B"G of higher-form symmetries. As a result, a
sensibly-defined sigma model with target such a gerbe should admit a global B"G symme-
try, corresponding to translations along the fibers of the gerbe.

Because the ‘group’ BG = [point/G], a G-gerbe — a fiber bundle with fiber BG —
can be locally presented as a quotient in which a subgroup acts trivially. This was utilized
in the previous work [90-92] to construct sigma models on gerbes, presented as orbifolds
and gauge theories with trivially-acting subgroups.

Now, this glosses over a number of subtleties, including questions about non-uniqueness
of presentations (dealt with by identifying a sigma model on a stack or gerbe with a uni-
versality class of RG flow), potential modular invariance and unitarity issues in orbifolds,
seeming moduli mismatches, and most important for decomposition, violations of the clus-
ter decomposition axiom, which were discussed in [1, 90-92].

In any event, from the same reasoning, orbifolds by 2-groups with trivially-acting one-
form symmetries appear to be presentations of sigma models on 2-gerbes, just as sigma
models on ordinary gerbes are realized in terms of gauge theories with trivially-acting
(ordinary) subgroups [90-92].
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As discussed in ([22], section 2), a map f:Y — G, for G a (banded) G-gerbe over M
(G assumed finite), defines” a map f:Y — M with a trivialization of f*G. If dimY = 2,
this gives a restriction on the degree of f. Explicitly, let 7 : G — M be projection, then
f=mof,and f*G has a canonical trivialization. This trivialization may be clearer to the
reader in the closely related case of bundles. Given a map g : Y — E for some bundle
m: FE — M, we can define § = 7*¢, and then as

GE={(y,e) €Y x E[g(y) =m(e)}, (5.1)

there is a trivialization Y — g*FE given by y — (y,d(y)). The same analysis applies to
gerbes.

So, we have that a map f : Y — G defines a map f : Y — M such that f*G is
trivializable. As discussed in ([22], section 2), if dimY = 2, this implies a restriction on
degrees. If the characteristic class of G is w € H?(M,G) (G finite), then f*w = 0 €
H?(Y,G). For example, if Y = P! and M = PV, with f : P' — PV of degree d, and
G = 7y, then f*w = dw, and dw = 0 € H?(PN,7Z;) means dw = 0 mod k, that the
product of d and the characteristic class is divisible by k.

If the dimension of Y is not two, then one still has a constraint that f*G is trivializable,
which does restrict the possible maps f ; however, that restriction will not be describable
as simply as a restriction on map degrees.

Briefly, the same formal arguments apply to (banded analogues of) 2-gerbes. Just
as for ordinary gerbes, a map f : Y — G, for G a 2-(G-)gerbe over M, from essentially
the same argument as before, one gets a map f : Y — M with a restriction on degrees,
following from the statement that f*G is trivializable (and so has vanishing characteristic
class in H3(Y, G)).

6 Analogues in other dimensions and other degrees

6.1 Decomposition in higher-dimensional orbifolds

In this section, we make some conjectures for how this program could be continued into
higher dimensions, by observing that the arguments we have applied to ordinary central
extensions and 2-group extensions also apply, with only minor modifications, to higher-
group extensions.
Consider orbifolds in d dimensions. Specifically, consider gauging a higher-group ex-
tension
1 — B7?’K T — G — 1, (6.1)

for K a finite abelian group, classified by an element [w] € H*(G, K). The orbifold [X/I]
has the structure of a [X/G] orbifold but with a restriction on the G sectors, namely
that they trivialize a coboundary-invariant constructed from w, or explicitly z*w = 1 in
the notation of appendix A. For example, on T% we require that commuting d-tuples
g1, ,gq also obey

(g1, ,94) =1 € K, (6.2)

9In fact, the map f is equivalent to the map f plus a specific choice of trivialization of f*G.
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for
g, 90) = I woq)y 90", (6.3)
perm’s o
as outlined in appendix A.3.
The reader should note in passing that the phase € above, for coefficients in any abelian
group, obeys standard properties of discrete-torsion-like phases, specifically,

e the phase € is invariant under coboundaries, and so is well-defined on cohomology
HYG,U(1)),

e the phase € is a homomorphism in the sense that

e(ab, g3, agd-i-l) = e(a, g3, agd—‘rl) E(ba g3, agd—‘rl)a (64)

(and similarly for products in other positions, from the antisymmetry of €), as can
be verified from the identity

! sgn o
H (dUJ) (go(l)a T aga(d—l-l)) =1, (65)
perm’s o
for permutations of the (d + 1)-tuple (a,b, g3, -+ ,gq+1), where the prime indicates
that we restrict to permutations preserving the order of a, b,

o the phase €(g1,- - ,gq) is invariant under SL(n,Z) actions on the group elements, as
is straightforward to verify from the homomorphism property.

Returning to partition functions, the restriction above on G bundles can be imple-
mented by inserting a projector, which (as discussed previously) is equivalent to a decom-
position into universes [X/G] weighted by a discrete theta angle coupling to z*w, in the
notation of appendix A.

In the special case of T?, the restriction above to d-tuples obeying (6.2) is equivalent
to inserting a projection operator in an ordinary [X/G] orbifold, with projector which on
T? takes the form !

W Z ep(glv"' 7gd)7 (66)
peEK
where €, € U(1) is the image of € under p : K — U(1). The resulting T¢ partition
function is the same as that of a sum of partition functions of [X/G]| orbifolds, each with
a discrete-torsion-like phase factor defined by e,,.

Thus, in higher dimensions, based on the partition function analysis above, we expect

that the [X/I'] orbifold decomposes:

QFT ([X/T]) = QFT ( I1 [X/G}p@) : (6.7)

pEK

(for p(w) indicating a discrete theta angle p coupled to z*w,) which at least in special cases
can be expressed in the form

QFT ([X/I]) = QFT (H [X/G]p@) : (6.8)

peK
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for p(C) expressing elements of higher-dimensional analogues of discrete torsion. (In-
terpreted literally as a sigma model, this theory should only be understood as a low-
energy effective action, of course, though this should also be a prototype for theories in d
dimensions.)

It is also straightforward to outline the origin of projectors in this language. In two
dimensional orbifolds, the projectors onto the universes are constructed as linear com-
binations of the twist fields associated to trivially-acting group elements. Now, in a d
dimensional theory, if we gauge a p-form symmetry, then in the language of topological
defect lines (see e.g. [93]), one gets a real codimension (p + 1) object that generalizes the
branch cuts of an orbifold, and which terminates on a real codimension (p + 2) object,
which is the analogue of a twist field.

So, work in d dimensions, and gauge a (trivially-acting) (d — 2)-form symmetry. In
principle, this should result in a theory with a global (d — 1)-form symmetry, and hence a
decomposition. Because we have gauged a (d—2)-form symmetry, we get a real codimension
(d — 1) object, an analogue of the two-dimensional branch cut, which terminates at a real
codimension d object (an analogue of a twist field), which in d dimensions is pointlike.
Those pointlike objects, those analogues of twist fields, could then be used to construct
projectors.

6.2 Interpretation: higher-dimensional sigma models

In this paper we have discussed how maps from 2-manifolds into ordinary gerbes and
maps from 3-manifolds into 2-gerbes define maps into spaces with restrictions on degrees
(following from the constraint that the pullback of the gerbe be trivial).

There is a very closely analogous story for higher gerbes, which we outline in this
section (slightly generalizing ([22], section 2)). Maps into (m-)G-gerbes are closely related
to maps into underlying spaces with restrictions on degrees. Consider a map f from a
space Y into a (m-)gerbe G — M. Composing with the projection gives a map f:Y - M.
The map f defines a section of f*G, almost by definition, hence it trivializes f*G.

As a consequence, the map f induces

f*: H"N (M, G) — H™(Y,G). (6.9)

The characteristic class of the m-gerbe G must be in the kernel of that map, hence there
is a restriction on possible maps f.

In particular, a map f : Y — G is equivalent to a map f : Y — M, trivializing
the characteristic class of the gerbe, together with a specific choice of trivialization of the
m-gerbe f*G, which is an (m — 1)-gerbe over B.

Depending upon the circumstances, this may imply a restriction on the map f. For
example, if G is an m-gerbe and dim Y < m, the map f is unconstrained, since the pullback
of the characteristic class is an element of H™1(Y,G) = 0, so all maps are in the kernel.

On the other hand, suppose we have an m-gerbe and dimY > m. (For example, a
four-dimensional low-energy effective sigma model mapping into a 1-gerbe, 2-gerbe, or 3-
gerbe.) In this case, the map f is constrained, but depending upon the relative values of
m and dim Y, the restriction may be on e.g. lower homotopy.
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7 Analogues in Chern-Simons theories in three dimensions

It is well-known that gauging the BZs central symmetry of SU(2) Chern-Simons theory
in three dimensions results in an SO(3) Chern-Simons theory. Briefly, the path integral
sums over Zg gerbes and gerbe-twisted SU(2) bundles with connection, for which bundle
transition functions only close up to gerbe transition functions on triple overlaps; the
resulting path integral is precisely a path integral over SO(3) bundles with connection, for
which the second Stiefel-Whitney class ws coincides with the gerbe characteristic class, and
the third Stiefel-Whitney class is determined by a Steenrod square as w3 = Sq'(ws).

In that case, the BZy acted nontrivially on line operators, specifically as phases deter-
mined by the n-ality of the representation (partially) defining the Wilson line.

We could consider more general situations, in which the one-form symmetry group
maps to an action on the center, but with a nonzero kernel. In general, consider a 2-group
I’ defined by a crossed module {d : A — H}, where A is abelian and the image of d
is contained within the center of the group H. If we let K denote the kernel of d, and
G = H/im A, then

l— K —A—H — G—1, (7.1)

which defines an element w € H3(G, K). In principle, if G is, for example, a Lie group,
but we are only concerned with flat bundles, then the same homotopy computations of
appendix A.2 imply that (flat) T" bundles map to (flat) G bundles obeying the constraint
that ¢*w = 0.

Such a constraint can be implemented via a decomposition, and flat bundles arise in
Chern-Simons theories, so we have a prediction:

Chern-Simons(H)/BA = H Chern-Simons(G)g, (7.2)
0K

where the 6 are discrete theta angles coupling to ¢*w, and for levels such that the Chern-
Simons theories are defined.

For example, consider an SU(2) Chern-Simons with an action of BZ4, which maps to
the central one-form symmetry of SU(2), with a BZy kernel which leaves all line operators

invariant. In this case, we predict
Chern-Simons(SU(2))/BZ4 = Chern-Simons(SO(3)) + H Chern-Simons(SO(3))-. (7.3)

This form of decomposition will be discussed in detail in upcoming work.

8 Conclusions

In this paper we have discussed 2-group orbifolds and their decomposition. Because these
theories involve the gauging of a trivially-acting one-form symmetry, they possess a global
two-form symmetry, implying a decomposition. The pattern followed is very similar to two
dimensions: the twisted sectors of the 2-group orbifolds look like twisted sectors of ordinary
orbifolds obeying a constraint, and that constraint is implemented by the decomposition.
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In our analysis, we specialized to 2-groups that were analogues of central extensions,
defined in part by trivial group actions of G on K. It would be interesting to consider more
general cases; such analyses are left for future work.

One direction that would be interesting to pursue would be to deform 2-group orbifolds
by turning on C' field flux, in the same way that one can turn on discrete torsion to deform
ordinary two-dimensional orbifolds. Decomposition in orbifolds with discrete torsion was
discussed in [2]. A related direction that would be interesting to pursue would be analogues
of quantum symmetries in 2-group orbifolds, generalizing the results of [3].
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A  Homotopy theory

In this section we will give more rigorous justifications of statements appearing in the main
text that various I' bundles project to G bundles obeying a restriction, utilizing homotopy
theory. We first describe such restrictions in the case of ordinary central extensions, as a
warm-up exercise for the reader, then turn to 2-group extensions.

A.1 Classification of bundles for central extensions

Let w € H*G, K), for G and K finite groups and K abelian, and associate a central
extension I':
l— K —T —G— 1. (A1)

We want to understand I" bundles, which is to say, Map(M, BT').
Now, from the surjective map in the central extension, there is a map BI' — BG.
Furthermore, since I is a central extension of G by K, I' — G is a principal K bundle,
hence classified by a map G — BK, meaning that I' is the fiber product

I' —— point (A.2)
G —— BK
Taking B, we get the fiber product
BT point (A.3)

|

BG —“~ K(K,?2)
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Put another way, if we apply the functor B(—) to the short exact sequence (A.1) we get that
BT — BG is a BK principal bundle, and so classified by a map BG — B?K = K(K,?2),
which gives the diagram above.

In passing, if K is abelian but not central, then the G action on K gives a twisted form
of K, a sheaf of groups ' — BG which is locally isomorphic to K x BG. The extension
class w is then an element of H?(BG, K) (instead of H?(BG, K)), equivalently a section of
I'(BG, K (K,2)). In this case, BI" is the homotopy intersection of this section and the zero
section of K(K,2).

Returning to central extensions, one has the diagram

Map(M, BT') Map(M, point) = point (A.4)

| |

Map(M, BG) — Map(M, K (K,2)) = H*(M, K),

where the bottom map sends x € Map(M, BG) +— z*w. An element x € Map(M, BG)
will be in the image of an element of Map(M, BT) precisely when x*w = 1 € H*(M, K).
We will examine the implications of this on tori in section A.3.

It may be helpful to observe that z*w can also be understood as the image of the
isomorphism class of the G bundle in H'(M,G) under the Bockstein homomorphism

HYM,G) — H*(M,K). (A.5)

If we momentarily drop the assumption that G be finite, then for G = SO(n), I' = Spin(n),
the quantity we label z*w would coincide with the second Stiefel-Whitney class of the
G bundle.

A.2 Classification of 2-group bundles

Now, let us repeat that analysis for bundles of 2-groups constructed analogously as exten-
sions.
Let w € H3(G, K) = H3(BG, K). Associated to this is a 2-group, which we describe
as a crossed module T,
I, ={I1 -5 Ty}, (A.6)

which sits in the sequence
1K —T 5Ty — G — 1. (A.7)
The classifying 2-stack BI'. is connected, with homotopy groups
mo(BTe) =0, m(BTle) =G, m(BT,) =K. (A.8)

Let M be a compact oriented manifold. We want to understand Map(M, BT,).
To that end, note that there is a map

BT, — BG, (A.9)
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arising as the first stage of the Postnikov tower of BI',, and in fact Bl is a fiber square

BT, point (A.10)

]

BG —~K(K,3),

(from the definition of BT’y as a homotopy type). In the bottom map, we interpret w €
H3(G, K) by writing

H3(G,K) = H3(BG,K) = Map (BG, K(K, 3)). (A.11)
From the fiber square above, we derive the square

Map(M, BT',) Map(M, point) = point (A.12)

| |

Map(M, BG) — Map(M, K(K,3)) = H3(M, K).

which constrains possible maps (hence possible G bundles on M).
Note that since

w € H*G,K) = H*(BG,K) = Map (BG, K(K, 3)), (A.13)

we see x*w € Map(M, K (K, 3)) = H3(M, K), so the restriction above is that z*w is trivial
as an element of H3(M, K):
rw=1. (A.14)

We will examine the implications of this on tori in section A.3.
Furthermore, the fiber in Map(M, BT) over such as z is just the fiber of the Postnikov
tower, namely
Map(M, K(K,2)) = H*(M, K). (A.15)

Thus, fibered over every G bundle are the K gerbes, much as one would expect physically
when gauging a 2-group.

A.3 Computations on tori

So far we have argued that for both ordinary central extensions and 2-group central exten-
sions of a finite group G, for a G bundle to be in the image of a bundle whose structure
group is the extension, the G bundle must have the property that x*w = 1, where w is an
element of group cohomology characterizing the extension, and x € Map(M, BG) encodes
the G bundle.

In this section we will unpack that conclusion for the case that M is a torus.

Recall that for a torus 7' (of any dimension) we have

H*(T,7) = Hom(A*H, 7.), (A.16)
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where H = Hy(T,7Z), and the right hand side above can be viewed as skew-symmetric
abelian group maps from the direct product of k£ copies of H — Z.

Another way to say this is as follows. The cochains C*(T,Z) are the group of poly
linear maps H*¥ — Z, and the cocycles Z*(T,Z) are the subgroup of maps killed by the
Hocschild differential. Each cocycle is cohomologous to a unique skew-symmetric cocycle
and that skew-symmetric cocycle gives a preferred representative in the corresponding
cohomology class.

This works up to torsion with arbitrary coefficients. In particular if K is a finite abelian
group we have the universal coefficient theorem short exact sequence

0 — Ext'(H,_1(T,2),K) — H™T,K) — Hom(A*H,K) — 0. (A.17)
However, note that Hy_1(T,Z) is a free finitely generated abelian group and so
Ext'(Hy,_1(T,7),K) =0, (A.18)

which implies
H*(T,K) = Hom(A\*H, K). (A.19)

Thus, for a K-valued cocycle, on the torus T its cohomology class is uniquely determined
by its projection to its skew-symmetric part.

Now, let us consider particular examples. Earlier in section A.1 we argued that a
G bundle arose from a I'" bundle for I" an (ordinary) central extension determined by
w € H?*(G, K) if and only if z*w = 1 € H?(M, K). From the analysis above, we see that if
M = T?, z*w is trivial if and only if

w(g1, 92) -1 (A.20)
w(g2,91)
for commuting pairs g1, g2 € G defining a G bundle (up to isomorphism). In this fashion
we recover the constraint described earlier in section 2.
For 2-groups and w € H3(G, K), we can proceed similarly for M = T3, and see that
x*w = 1 implies that

w(g1, 92, 93) w(g3, 91, 92) w(92, 93, 91)

=1 A.21
w(g1, 93, 92) w(gs, 92, 91) w(g2, 91, 93) (421
as previously outlined in section 4.1.
Concretely, given k£ and I' defined by a central extension
1 — B2 K T — G — 1, (A.22)

on a torus T% with H = H(T*,Z), with central extension corresponding to a class [w] €
H*(G, K), we have

Hom(H,T') — Hom(H,G) — Hom(A"H, K), (A.23)

where AFH 22 7. and so the homomorphism A*H — K is determined by the element of K
which is the image of 1 € A*H = Z. That element of K is the total skew-symmetrization
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of the cocycle w when evaluated on the commuting k-tuple of elements of G describing an
element of Hom(H, ). In other words, for k = 2, the image of the generator of A2H is

w(g1, 92)
7w(g2, )’ (A.24)

and for k = 3, the image of the generator of A3H is

w(g1, 92, 93) w(93, g1, g2) w(g2, g3, 91) (A.25)
w(g1, 93, 92) w(93, 92, g1) w(g2, g1, 93)

We have focused on ordinary groups and 2-groups, but formally analogous results arise
for k > 3. In particular, for a k-torus 7" and a degree k cohomology class [w] € H*(G, K),
we will have a similar statement. From the same analysis as above, for any k, the image
of the generator of A*H

sgn o
H w (90(1)7 95(2)) """ >gcr(k)) ) (A26)
permutations o
for [w] € H*(G, K).
In mathematics, discussions of bundles for higher groups and related notions can be

found in e.g. [96] and references therein.

B Decomposition as duality

In this appendix we describe decomposition, formally, as a kind of Fourier transform, and
then apply that idea to three-dimensional examples to argue that in orbifolds [X/T], where
I' is an extension of G by BK, the universes are indexed by representations of K rather
than BK, which is what we observe physically.

B.1 Ordinary decomposition

In this section we will describe decomposition as a form of duality. This is a special case
of the duality discussed in [97]; see also [98].
Let T" be a central extension

l1— K —T — G —1, (B.1)

where both G and K are finite. Note [X/I'] — [X/G] is a K gerbe, a principal BK bundle.
Now, because K is abelian, BK = K[1] is a stacky abelian group, and so a principal BK
bundle is a torsor over BK, classified by a class in H'([X/G], BK) = Ext[lx/G] (Z, BK).
Hence the extension (B.1) can be interpreted as a complex of sheaves of abelian groups on
[X/G] which is an extension of Z by BK (over [X/G]).

Let X be that extension. It is a family of (complexes of) abelian groups over [X/G]|
which sits in an exact sequence

l— BK — X — Z — 1. (B.2)
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Note that this means X, as a space (rather than an abelian group) is a disjoint union of
stacks &, over [X/G], where X, is the preimage of n € Z. Each &, is a K gerbe. For
example,

Xy = [X/G] x BK, X1 =[X/T), (B.3)

and for n > 1, X, is the nth power of X} = [X/T'] as a K gerbe over [ X/G].
Now, we can dualize, by taking homomorphisms into Z. (Note that the usual dual of K
is Hom(K, Z), whereas the Pontryagin dual of K is Hom(K, S'). Also note S' = BZ=7][1].)
So, take the short exact sequence (B.2), and dualize to BS!. This becomes

1 — Hom(Z, BS') — Hom(X,BS') — Hom(BK,BS') — 1. (B.4)

(More generally, there are higher Ext’s on the right, which can be shown to vanish here.)
Define the dual group X = Hom(X, BS!), and use the fact that

Hom(Z, BS') = BS?, (B.5)
Hom(BK, BS') = Hom(K, S'), (B.6)

to rewrite the sequence above as
1 — BS' — X — Hom(K,S') — 1. (B.7)

Since Hom(K, S') is just the characters of K, we see that Xisa family of abelian groups,
extending the characters by BS!, hence is decomposed by characters:

X =], (B.8)
A

where X is an S Lgerbe on [X/G] x A, for any character A\. The part corresponding to X
is X, for A the tautological character.

So far we have discussed ordinary decomposition at a very formal level as a mathe-
matical duality. This description has two ingredients:

e The data labelling components of the dual, namely characters of K, and
o the classes of St gerbes on [X/G] x A, which are

— images under A of the original extension class of I,

— images under A of the characteristic class of the principal BK bundle [X/T] —
[X/G], an element of H?(G, K),

— images under \ of the extension class of Z by BK, namely Ext!(Z, BK).

B.2 Decomposition for two-group extensions

In this section we will outline a formal understanding of the decomposition appearing
elsewhere in this paper. In particular, we will argue that, for at least one version of
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decomposition for two-group extensions, the universes should be classified by irreducible
representations of K, and not'® BK.
Consider the 2-group extension

l1—BK —T — G — 1. (B.9)

Here, [X/T] — [X/G] is a principal B2K bundle.

Note BK = K[1], B2K = K[2).

As in section B.1, the extension given by formula (B.9) is equivalent to specifying a
complex of abelian groups X on [X/G] given as an extension

1 — K2] - X — Z — 1. (B.10)

Now, we can dualize, but there are several possible targets, such as Z, Z[1] = BZ = S,
Z[2] = BS', 7Z[3] = B2S'.
We will ‘dualize’ by taking Hom’s into Z[3]. Applying this to sequence (B.10), we get

1 — Hom(Z,Z[3]) — Hom(X,Z[3]) — Hom(K|[2],Z[3]) — 1. (B.11)
Define X = Hom(X, Z[3]), and note

Hom(Z,Z[3]) = Z[3], (B.12)
Hom(K[2],Z[3]) = Hom(K,Z[1]) = Hom(K, S"), (B.13)

to simplify that sequence to

~

1 — Z[3] — X — Hom(K,S') — 1, (B.14)

so we see that /'?Ais fibered over characters of K, just as in the previous case. Note
furthermore that X is an S! 2-gerbe over each component, exactly as expected.

In this section we have made one choice of dualization, dualizing by taking Hom’s to
Z[3], to understand decomposition. In principle, there exist other dualizations, to Z[k] for
other k. We leave an examination of the physical interpretation of such duals, if any, for
future work.

C Some results in group cohomology

In this appendix we collect some results on group cohomology of various groups, which are
used in the main text.

For reference, recall in group cohomology that coboundaries are determined in degree
two by

g1 - (g2, 93) a(g1, 9293)
o) (g1, go, = ) C1
( )(gl g2 93) 04(9192,93) Oé(gl,QQ) ( )

108ee e.g. ([52], appendix A), [94, 95] for perspectives on representations of BK.
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and in degree three by

g1 - w(92, 93, 94) w(g1, 9293, g4)
w(g9192,93,94) w(9g1,92,9394)

(6w) (91, 92, g3, g4) = w(g1,92,93)- (C.2)

As most of the computations in this paper involve group cohomology with trivial action
on the coefficients, we will assume so unless otherwise noted. That said, orientifolds do
involve group cohomology with nontrivial action on the coefficients, so on occasion we will
use that group cohomology instead.

C1l Z

In this section we will collect some useful results on the group cohomology of Zy, which will
be useful in setting a pattern for results later in this appendix for more general products
of Zs’s.
First,
H"(Zy, 7o) = Zo (C.3)

for all (positive) n, where the group cohomology has trivial action on the coefficients,
which is assumed throughout this appendix. Writing the elements of Zy as {0, 1}, the only

possibly nonzero normalized cochains are x = w(1,1,---,1). In this case,
2 dd
dw(1,1,~-,1):{ v oed (C.4)
0 neven.

However, for Zo coefficients, 2x = 0, hence dw = 0 in all cases.
Note that for U(1) coefficients, for example, H*V"(Zy,U(1)) = 0, so the existence of
these cocycles is tied to Zs coefficients specifically.

C.2 ZQ X Z2

In this section we will collect some useful results on the group cohomology of Zgo X Zo.
First, consider the group

H*(Zo x Ty, Zy) = (Z2)3. (C.5)

We represent the elements as Zs-valued normalized!! cocycles C(g,h), g,h € Zo x Zs.
Write
Ty X Ty = {1,a,b, ab}, (Cﬁ)

and let z,y,z denote the generators of each of the three Zs’s in the cohomology group,
then normalized cocycles are listed in table 1.

In particular, for Zs coefficients and normalized cocycles, C(g,g) is coboundary-
invariant, and from table 1, we see that

C(a,a) =z, C(b,b) =1y, C(ab,ab) =z (C.7)

naturally encode the generators of each of the three Zy’s in H 2(22 X Lo, ZL2).

HThroughout this paper, a normalized cocycle is one which is the identity if any group element among
its arguments is the identity.
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1 a b ab
1 1 1 1
a |l «=x 1 =
b |1 zyz y =xz
ab |1 yz y =z

Table 1. Representative normalized cocycles for H?(Zo x Zsa,Zs). For example, C(a,b) =
C(b,a) = zyz.

The cohomology groups of Za x Zy also include
H*((Z2)?,U(1)) = Z2, H*((Z2)?,U(1)) = (22)*, H'((Z2)*,U(1)) = Z2 x Zs.  (C.8)

Degree three cohomology was recently discussed in detail in [4] and ([5], appendix A), giving
both representatives as well as invariants that distinguish different cohomology classes.

For use elsewhere, let us characterize the elements of H*(Za x Z, U(1)) more precisely.
Let « denote a normalized 4-cocycle, meaning (g1, g2, g3, 94) = 1 if any ¢g; = 1. (In effect,
this is a gauge choice, which requires in evaluating coboundaries that 3-cochains equal 1 if
any of their arguments is 1.)

If we write each g € Zy X Zgy as g = (x,y) for x,y € {0, 1}, then normalized cocycles
o,... 3 representing different elements of H*(Zy x Zs,U(1)) are as follows:

ao((z1,91), (22, y2), (3, y3), (T4, 94)) = +1, (C.9)
ar((z1,v1), (T2, y2), (73, 3), (T4, y4)) = (—1)71¥2¥594, (C.10)
az((z1,91), (T2, y2), (23,Y3), (T4, y4)) = (—1)"172739%, (C.11)
as((z1,01), (22, 2), (23, ys), (w4, ya)) = (—1)71va(raratuass), (C.12)

As elements of Zo X Zo, oy is the identity and ag = ajas.
For any pair (g,h) € Zg X Zs, we can define an invariant A(g,h) of normalized 4-
cocycles, invariant under coboundaries, as

a(g,9,9,h) alg, h,g,9)
Aloh) = a(g,9,h,9) a(h,g,9,9) (€.13)

Applying these invariants to the normalized cocycles above, and writing Zs X Zo =
{1,a,b,ab}, with a = (1,0), b = (0,1), we compute invariants corresponding to ele-
ments of H*(Zy x 73, U(1)) as in table 2. This can be useful in distinguishing elements of
H*(Za x 75,U(1)), as cocycles are only defined up to coboundaries.

C.3 ZQ X ZQ X ZQ

Write I' = (22)3 = <(I, b, C>7 G=2Zy= <a>, K = (ZQ)2 = <b, C>.
Now,
H(T,U(1)) = (Z2)", (C.14)
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a | A(a,b) A(a,ab) A(b,a) A(b,ab) A(ab,a) A(ab,b)
g +1 +1 +1 +1 +1 +1
aq +1 +1 -1 -1 -1 -1
Qs -1 -1 +1 +1 -1 -1
a3 -1 -1 -1 -1 +1 +1

Table 2. Invariants computed from elements of H*(Zy x Za, U(1)).

which we can understand as arising from the Lyndon-Hochschild-Serre spectral se-

quence a512
H3(K,U(1)) = (Zy)3, (C.15)
HY (G, H*(K,U(1))) = H (Za,Zs) = Z, (C.16)
H*(G,H'(K,U(1))) = H*(Z3,(Z2)*) = (Z2)?, (C.17)
H3(G,U(1)) = Zo. (C.18)

Thus three of the generators of H3(I',U(1)), call them wy, we, w3, are pullbacks from
H3(K,U(1)) under the projection I' = G x K — K.
Another generator, call it wy, is similarly a pullback from H3(G, U(1)), and is given by

wr((a1,b1,c1), (az, bz, c2), (as, bs, cz)) = (—1)419293 (C.19)

where here we identify a, b, c € {0, 1}.
One more generator, call it wy, comes from H'(G, H*(K,U(1))) and can be repre-
sented as

wy = (—1)mb2es, (C.20)

The final two generators of H3(T,U(1)), call them wsg, come from
H?(G, HY(K,U(1))), and can be represented as

ws = (—1)"2%, (C.21)

wg = (—1)"*. (C.22)

One can check that all of the w;’s are co-closed and that they are not cohomologous
(they differ on coboundary invariants w(g, g, g) for some g € I"). Furthermore, it is also easy

to check that the C field discrete torsion phase (3.2) on T° are nontrivial for w, evaluated
on triples of the form (ajz,boy, c32)} and their permutations for

S {1,()1,61,[)161}, RS {1,@2,02,&262}, S {1,&2,()2,&2[72}. (023)

The group
H3((Z2)3, Zy) = (Z)'°. (C.24)

12Gince T is just a direct sum, the extension class vanishes, and so all of the maps d, in the spectral
sequence are trivial and so the sequence stabilizes at E5 L
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From Lyndon-Hochschild-Serre as before, we can write this as

HY (K, Zs) = H¥(Z2)?, Z) = (Za)*, (C.25)
HY(G,H*(K,Zy)) = Hom(Zy, (Z3)*) = (Z2)?, (C.26)
H*(G,HYK,Z2)) = H*(Zy, (Z2)*) = (Z2)?, (C.27)
H3(G, Zy) = Zs. (C.28)
C4 (Zy)*
In this appendix we give a basis of cocycles for H™((Z2)*,Zs) for any n, k.
Represent g € (Z2)* as g = (2!, - -+, 2¥) with 2% € {0,1}. Pick k nonnegative integers
ma1,--- ,myg such that
There will be
n+k—1
N = C.30
(" ca0)
possibilities, each of which corresponds to a cocycle. In particular, we will see that
H™(Zo)*, Zg) = (Za)" . (C.31)
Define a function
fm: {L,---n} — {1,--- [k} (C.32)
(me{l,---,N}) by
fm(a) =j (C.33)
for j such that
mi+mo+---+mi1<a<mpt+me+---+m; (C.34)
(in conventions in which mg = 0).
Then define
wm(gl, T ;gn) = (_)a (035)
for .
a= H zfm(@), (C.36)
a=1

For example, consider H"(Zg, Z2). In this case, N =1 for all n, and fi(a) = 1 for all
a €{1,---,n}. In each case, if we write Zs = (a), then a normalized cocycle for H"(Z2, Z2)
is (—)?, for any n.

For another example, consider the group cohomology of (Z2)? = (a,b), starting with
H?((Z2)?,Z5). Here, N = 3, corresponding to the three sums

1+1, 240, 0+2. (C.37)

Corresponding respectively to those three sums we have the functions

finn(1) =1, fi11(2) =2,
faro(1) =1, for0(2) =1, (C.38)
for2(1) =2, for2(2) =2,
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which correspond to the three cocycles
(=)mtz, (=)mez, (=), (C.39)
One can compute H3((Z2)?, Z2) similarly. Here, N = 4, corresponding to the four sums
2+1, 1+2, 3+0, 0+ 3, (C.40)

and corresponding to those sums are the functions

for1(1) =1, for1(2) =1, for1(3) =2,
firo(1) =1, fi42(2) =2, fi4203) =2, (C.41)
faro(1) =1, f310(2) =1, f310(3) =1,
fors(1) =2, fo43(2) =2, foi3(3) =2.

The corresponding cocycles are

w1 = ()19, wiyp = ()M, wyig = (2)MRY, woys = (—)120 (C42)

For another example, for (Z2)3 = (a, b, c), there is a basis of cocycles given by

HY((Z5)3,Zs) = {(—)% (=)% (=)} (3 elements), (C.43)
H?((Zs)?, L) = {(=1)"1%2, (=1)01%, (=1)M12, (=1)"P2, (1)1, (~1)712}
(6 elements), (C.44)

H ((Zg) ) {( )a1a2a3’ (_1)(11¢121737 (_1)@1&263’ (_1)a1b2b3’ (_1)(111)203’ (_1)a102c3’
( )b1b2b3 (_1)b1b2637 (_1)b162837 (_1)016263}
(10 elements). (C.45)

Furthermore, H"((Z3)?,7Zs) has a basis of

(n—2l—2):(n+1)2(n+2) (C.46)

cocycles.

C.5 Dihedral groups
Let D,, denote the dihedral group of order 2n. Then,

Zgn n Odd,

4
(Z2)? x Zy, 1 even. (C.47)

H?(Dn,U(1)) = {

Below we give an explicit cocycle for H?(Dy, Z3) = (Z2)3. The group D, is presented
in terms of generators a, b, with relations

a?=1=0b% aba=0b"1=103 (C.48)

and the results are expressed in terms of x, y, z which generate each of three Zs’s in table 3.
The corresponding invariant phases €(g,h) only depend on one of the generators, z, as
shown in table 4.
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1 b v ¥ a ba ba ba
1 /1 1 1 1 1 1 1
b |1 1 1 =« 1 1 x
i1 1 z =z 1 T T
¥Bll 2 = z 1 = T T
a |1 y = y =z yz x2 Y2
ba |1 xy x y 2z xyz xTZ Y2
Val|ll zy 1 y 2z ayz 2 Yz
WBal|l 2y 1 zy 2z zyz 2z ayz

Table 3. Table of cocycles representing elements of H?(Dy,7Zs) = (Z3)3. The variables z, vy, z
generate the three Zs’s.

1 b b ¥ a ba ba ba
1 ]/1 1 1 1 1 1 1 1
b |1 1 1 1 — - - —
¥l1 1 1 1 =z = x x
Bl 11 1 - - - =
a |1 — =z — 1 - x —
ba |1 — = — — 1 — T
all — =z — =z -— 1 —
¥Wal|l — =2 — — x — 1

Table 4. Table of invariant phases e(g, h) = C(g, h)/C(h, g) using the cocycles in table 3. An entry
‘—’ indicates a non-commuting pair.
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