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The focus of this work is on the measurement and analysis of the radiative properties of 

polycrystalline SiO2 particle beds with various layer thicknesses. The particles are polydispersed 

with average diameters of 222 m, 150 m, and 40 m. The spectral, directionalhemispherical 

reflectance and transmittance of the particle bed are measured at wavelengths from 0.4 m to 1.8 

m using a monochromator, and the reflectance measurement is extended to 15 m using a 

Fourier-transform infrared spectrometer. Particles are closely packed between two transparent 

windows for measuring the radiative properties. In the visible and near-infrared region up to 1.8 

m, the inverse adding-doubling method yields the effective absorption and scattering coefficients. 

The results suggest that short wavelength absorption needs to be included in modeling the behavior 

of particle beds due to multiple scattering. A discrete-scale Monte Carlo ray-tracing method is 

developed to model the radiative properties by assuming monodispersed spherical particles, and 

the simulated results compare well with measurements. The effective absorption and scattering 

coefficients of the particle beds obtained from the independent scattering theory are compared to 

those from the inverse method. The impact of dependent scattering on the packed beds is observed 

for smaller sized particles. 
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Nomenclature 

a    absorption coefficient, m1 

abs,C   absorption cross section, m2 

sca,C    scattering cross section, m2 

d   effective particle diameter, m 

g   asymmetry factor 

L   particle bed thickness, m 

N   particle number density, 1/m3 

n   complex refractive index 

n   real part of the refractive index 

R   directionalhemispherical reflectance 

 0r    center of sphere location based on FCC 

 cr    center of sphere location after randomization 

S   specularity 

 s  location vector of a photon bundle 

T   directionalhemispherical transmittance 

 v = direction vector of a photon bundle 

   half of the clearance for particles between layers, m 

   step size of a photon bundle, m 

  = intercept distance, m 

   imaginary part of the refractive index 

   wavelength, m 

  side length of a unit cell, m 

   reflectivity at the surface 

   (isotropic or reduced) scattering coefficient, m1 

,true   (true) scattering coefficient, m1 

d   optical thickness over a particle diameter 4 /d d    

v   particle volume fraction 

   uniformly distributed random number between 0 and 1 

   scattering albedo 

 

Subscripts 

bw  particle bed combined with the backside window 

s  windowed particle bed sample 

w  window 

  spectral 
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I. Introduction 

Radiative transfer in nonhomogeneous media including particle beds and porous structures 

plays an important role in the overall heat transfer processes for numerous aerospace and industrial 

applications (e.g., coatings [1], combustion or nuclear reaction furnaces [2,3], thermal barrier 

coatings [4], building and cryogenic insulation [2,5], and particle receiver and thermal energy 

storage in concentrated solar power [68]). For relatively small particles in a dilute suspension, 

the continuous-scale radiative transfer equation (RTE) is often applied to the participating medium 

(involving absorption, scattering, and emission) without considering inhomogeneity [9,10]. The 

absorption and scattering properties of individual particles (i.e., point scatters) are captured by the 

Mie theory, considering diffraction effect and then superimposed to obtain the properties of the 

medium according to the independent scattering theory [1113]. When the particles are placed in 

close proximity, dependent scattering due to wave interference and near-field effects becomes 

important such that the simple superposition approach breaks down [1416]. While RTE may be 

independently derived by performing an energy balance in a volume element along the ray 

propagation direction, it is essentially a far-field approximation of the rigorous electromagnetic 

wave theory [17,18]. 

Particle beds and porous media with particle/pore sizes from several tens to hundreds of 

micrometers are of great significance to contemporary technologies [13,1925]. For relatively 

large particles or pores with dimensions much greater than the visible or infrared wavelengths, 

geometric optics is valid and the radiative properties can be modeled using the ray-tracing 

approach. The discrete-scale Monte Carlo method based on a stochastic sampling process is 

commonly applied to trace a large number of photon bundles (considering reflection/refraction at 

the interface and absorption inside an individual phase) to obtain the radiative properties of 
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particulate media [2628]. More complicated models have been developed to include absorption 

by the hosting matrix (or semitransparent medium) [2933]. The RTE is frequently applied to 

model the radiative properties by treating the particulate media as homogeneous with effective 

absorption and scattering properties. For spherical particles, the absorption and scattering cross 

sections as well as the scattering phase function of a single particle are commonly estimated by a 

Monte Carlo ray-tracing method. Then, the absorption and scattering coefficients of the particle 

beds are calculated using the independent scattering theory, similar to the situation with small 

particles [34,35]. However, even in the geometric-optics regime, multiple scattering or volume 

scattering due to the geometric proximity effect can also give rise to strong dependent scattering 

[28,36-39]. Some scaling factors have been suggested for the extinction coefficient or scattering 

albedo of particle beds with opaque spheres; however, no correlations or a clear trend exist for 

semitransparent spheres [3638]. Hence, spatial or volume averaging techniques are often 

necessary to account for the dependent scattering effect for dense and complex structures 

[34,35,4043]. Researchers have also used computer-assisted x-ray tomography to obtain 3D 

images of the microstructures in order to retrieve the effective absorption and scattering properties 

of an element volume [21,41].  

Most studies are based on numerical simulations and comparisons between different 

models [21,2832,4043]. Experimental investigations have been limited, especially for particle 

sizes much greater than the wavelengths of interest. Brewster and Tien [14] and Yamada et al. [15] 

measured light scattering at two visible wavelengths for polymer particle bed with particle 

diameters of 80 nm, 2 m, and 11 m with varying volume fractions. Agarwal and Mengüç [12] 

gave a summary of earlier experimental researches on light propagation in participating media and 

performed an extensive theoretical and experimental study of the angle-resolved scattering by 
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mono- and poly-dispersions of suspended particles. Kamiuto et al. [37,44] measured the extinction 

coefficient, albedo, and phase function of packed spherical particle beds with both opaque and 

transparent particles of diameters near 1 mm. Their results provide experimental evidence of 

dependent scattering due to volume scattering effect for large spheres in the geometric optics 

regime. A number of studies are based on the inverse solutions to retrieve the absorption and 

scattering coefficients and/or phase function from experimental data for porous ceramic [4,4548], 

open-cell foam insulation [49,50], aerogel [5], bubbles in fused quartz glass [20], sintered porous 

plastics [51,52], and turbid media or biological skins and tissues [53,54]. The inverse methods 

include the simple two-flux model, three-flux model, the discrete-ordinates method (DOM), the 

addingdoubling (AD) method, among others [9,10,13,53]. The experimental data that are most 

frequently used are the spectral, directionalhemispherical reflectance and transmittance of the 

specified media in a flat plate or disk geometry [48,52]. Researchers have also used collimated 

transmittance and/or angle-resolved scattering properties [12,14,51,5557].  

Radiative properties of particle beds with configurations that facilitate practical 

applications with polydispersed, mixture types, and irregular shapes have also been investigated 

[5861]. Lipiński et al. [58] and Jäger et al. [59] measured the transmittance of polydispersed 

packed beds with a mixture of SiO2, ZnO, and C particles of different sizes and volume fractions 

at a wavelength of 632.8 nm. As more ZnO and C contents are added into the SiO2 bed, the 

measured transmittance reduces rapidly, and the absorption is expected to increase. To determine 

the scattering phase function, Coray et al [60] and Marti et al. [61] performed spectral angle-

resolved measurements of packed beds of ZnO particles and SiC particles, respectively. The effect 

of hosting medium was examined by embedding the SiC particles in an epoxy resin [61].  
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Further investigation of the radiative properties of polydispersed particle beds is necessary, 

especially in the semitransparent region and at mid-infrared wavelengths. Outstanding questions 

remain as to whether simplified models are adequate to explain the measured spectral, 

directionalhemispherical transmittance and reflectance, whether isotropic scattering model can 

be used in the continuous-scale modeling, and whether it is appropriate to use spherical particles 

with an average diameter to represent the packed bed with irregularly shaped particles for 

prediction of the hemispherical radiative properties. The impact of dependent scattering on the 

radiative properties for semitransparent particles and the influence of impurity on the absorption 

need to be further analyzed based on experimental findings.  

In this work, the room-temperature spectral radiative properties of packed beds made of 

polydispersed, irregular particles in the wavelength () region from 0.4 m to 15 m are measured 

using a windowed method with two spectrometers. Polycrystalline SiO2 particles are selected 

because they are mechanically and chemically stable, transparent to visible to near-infrared light, 

commercially available in various sizes. SiO2 particles are also used to form many technologically 

important particles such as ceramic and mullite particles [79,24,25]. Three types of particles with 

average diameters (d) of 222 m, 150 m, and 40 m are used to form densely packed (volume 

fractions from 60-72%) particle beds whose thicknesses (L) vary from approximately 1 mm to 6 

mm. In the shorter wavelength region from 0.4 mto 1.8 m, the particle bed is semitransparent. 

The absorption and scattering coefficients of each type of particles are extracted from the measured 

transmittance and reflectance using an inverse method. For opaque particle beds (L = 6.2 mm), the 

reflectance is measured up to  = 15 m. The radiative properties of the particle beds are modeled 

with a discrete-scale Monte Carlo method assuming monodispersed spheres with a specularity 

parameter (S) to partially account for the shape and size irregularity. The simulated results are 
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compared with the measurements to examine the applicability and limitations of the Monte Carlo 

modeling. To understand the dependent scattering effect, the absorption and scattering coefficients 

are also obtained from the independent scattering theory based on the particle volume fraction, 

average diameter, and the scattering and absorption cross sections predicted by the Monte Carlo 

model for a single sphere. 

 

II. Methodology 

The particle characterization and sampling method used in the spectroscopic measurements 

are described in Secs. II.A and II.B, respectively. An inverse solution technique that combines the 

(forward) adding-doubling and inverse adding-doubling (IAD) methods is employed to obtain the 

absorption and scattering coefficients in accordance with the continuous-scale RTE from the 

measured transmittance and reflectance, as outlined in Sec. II.C. The discrete-scale Monte Carlo 

simulation provides a direct and more intuitive simulation of the radiative properties of the particle 

bed, and the algorithm used in the present study is elaborated in Sec. II.D. 

 

A. Particle Characterization 

Polycrystalline SiO2 particles of different sizes are used to form the packed bed samples 

with different thicknesses. Three types of particles are chosen based on the average diameters:  (1) 

Type A (d = 222 m), (2) Type B (d = 150 m), and (3) Type C (d = 40 m). Type A particles are 

round grain silica sand manufactured by Wedron Silica Co. (Wedron 410), with ~99.65% purity. 

The Wedron 410 particles are jet milled to produce power with an average diameter of ~40m, 

which are identified as Type C in this study. Type B particles are obtained from US Research 

Nanomaterials, Inc. They were manufactured the airflow crushing method from large quartz 
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particles with a purity >99.5%. The microscopic images of these particles are shown in Fig. 1. It 

can be seen that Type A particles are more uniform and spherical, Type B particles exhibit more 

irregularities and contain additional impurities, and Type C particles are powder-like with irregular 

fragments and flakes. The diameters for Type A or B particles are determined by volume averaging 

using the sieve filtration method. A nominal diameter based on microscopic images is used for 

Type C particles. A small fraction of other oxides (i.e., Al2O3, TiO2, and Fe2O3) is present, resulting 

in weak absorption in the visible and near-infrared regions.  

 

B. Windowed Method 

The particles are encased in a windowed sample holder, consisting of two transparent 

layers (front and back) and a spacer ring of various thicknesses, as shown in Fig. 2a with fused 

quartz windows for measurements from 0.38 m to 1.8 m using a monochromator. For mid-

infrared measurements using a Fourier-transform infrared spectrometer (FTIR), ZnSe windows are 

used to hold the particles. The directionalhemispherical transmittance or reflectance is measured 

by placing the sample at the front or back of an integrating sphere, as shown in Fig. 2b, with 

suitable references. The windowed method was calibrated and used by the authors to measure 

bauxite particles [25]. To measure the reflectance, the sample holder is tilted by ~7 so that the 

specular component is also included. Once the sample holder is filled with particles, the particle 

bed has the same thickness as the spacer ring with nominal thicknesses: L = 1.0 mm, 1.6 mm, 3.4 

mm, and 6.2 mm. The actual spacer thicknesses are 0.97±0.01 mm, 1.61±0.02 mm, 3.37±0.03 mm, 

and 6.23±0.03 mm as measured with a caliper. Only nominal thicknesses are referred to hereafter 

for clarity. The particle volume fractions ( v ) are measured and averaged over all thicknesses for 

each type of particles and the results are tabulated in Table 1. Due to irregular shapes, 
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polydispersed condition and different sample fabrication processes, no apparent relation between 

v  and d is observed. Nevertheless, the particles are densely packed and a validation by Monte 

Carlo ray-tracing method showed a very small impact for the range of v  studied in this work. 

Reflectance and transmittance measurements are performed on multiple spots of the sample and 

the averaged results are used to mitigate the impact of localized packing unevenness.  

 The net radiation method is used to determine the (directionalhemispherical) reflectance 

and transmittance of the particle bed. Since the packed bed is considered as semitransparent, the 

recursive formulation is used to obtain the properties of the particle bed from the measured 

properties of the “sample” that include the particle bed sandwiched between two windows. For a 

packed bed layer on a window only, the reflectance and transmittance of the “bed/window” may 

be expressed, respectively, as [10] 

  

2
w

bw
w1

R T
R R

R R
 


 and w

bw
w1

T T
T

R R



   (1) 

where T and R without subscripts are for the packed bed, subscript w signifies window, and 

subscript bw stands for the bed/window composite. The measured sample reflectance and 

transmittance as functions of the properties of the window, packed bed, and bed/window are given, 

respectively, by [10]  

 2
bw w

s w
w bw1

R T
R R

R R
 


   and w bw

s
w bw1

T T
T

R R



   (2) 

With the predetermined wR  and wT  of the window material, Eq. (2) is solved for bwR  and bwT  

using the measured sR  and sT . The calculated results are then plugged into Eq. (1) to obtain the 

radiative properties of the particle bed, R and T. Note that all R’s and T’s are 
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directionalhemispherical properties at a specified wavelength with the subscript  being omitted 

for simplicity. 

When the transmittance of the particle bed is negligibly small, the above equations reduce 

to the following for an opaque packed bed: 

 2
w

s w
w1

T R
R R

R R
 


     (3) 

Measurements are performed on two spectrometric instruments that in combination cover 

the spectral range 0.4 m ≤   ≤ 15 m. A grating monochromator uses a 200-mm-diameter 

integrating sphere whose inner surface is made of polytetrafluoroethylene (PTFE), and a Si and 

Ge photodetector for the visible and near-infrared measurements up to  = 1.8 m. A 10-mm-thick 

sintered PTFE plate is used as the reflectance reference. A liquid-nitrogen-cooled MCT detector 

is used together with the FTIR and a 150-mm-diameter gold-coated integrating sphere to measure 

the directionalhemispherical reflectance for 1.6 m ≤   ≤ 15 m. A gold-plated reference is 

used with 95% diffuse reflectance. Data averaging is used in the measurement to analyze the results 

from both instruments in order to increase the signal-to-noise ratio. The uncertainties associated 

with the measurements at 95% confidence level are 0.01 in transmittance and 0.02 in 

reflectance for the monochromator measurements, and 0.03 in reflectance for the FTIR 

measurements. A detailed description of the two instruments may be found from Refs. [25,52]. 

 

C. Forward and Inverse Adding-Doubling Methods 

 For a cold medium (without emission) with layered geometry (each layer is homogenous), 

the AD method allows the directionalhemispherical radiative properties to be evaluated with 

similar accuracy as the DOM in solving RTE using much less computational time and memory 
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[53,54]. In the doubling method, the reflection and transmission of a slab twice as thick is found 

by placing two identical thin slabs and adding the contributions from each slab where the 

reflectance and transmittance are obtained by integrating over all angles. The adding algorithm 

extends the method to dissimilar materials used in each layer. The AD method takes into 

consideration of surface reflection/refraction and anisotropic scattering, providing a more accurate 

solution than the two-flux model. The input parameters for a single slab or particle bed are the 

(effective) absorption coefficient ( a ), scattering coefficient (  ), refractive index, and the 

scattering phase function. For anisotropic scattering, the simple HenyeyGreenstein (HG) phase 

function is often used to distinguish the contributions of the forward and backward scattering with 

an asymmetric factor (g) [9,56]. In the present study, the effective refractive index of the bed is 

assumed to be unity and boundary reflections are neglected. 

Alternatively, if R and T and thickness are known, the inverse method can be used to 

retrieve a  and   [48,5254]. A set of a ,  , and g based on the initial guess is used to 

perform the AD calculation (g = 0 corresponds to isotropic scattering). The R and T calculated 

from AD are compared with the measurements to update the parameters iteratively until the 

difference between the AD prediction and the measurement is smaller than a preset tolerance. In 

the absence of angular resolved measurement (e.g., the collimated or normal-to-normal 

transmittance of the slab], no unique set of parameters a ,  , and g can be determined as only 

two input parameters R and T for a given thickness are available. Details of the AD and IAD 

algorithm and software can be found online [62]. For highly scattering media, a scaling effect is 

present such that R and T depend only on the absorption coefficient and reduced scattering 

coefficient. The reduced scattering coefficient is defined as ,true(1 )g    , which may be 
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viewed as equivalent scattering coefficient for isotropic scattering. Here, ,true  is the “true” 

scattering coefficient to go with the HG phase function. By setting g = 0 in the IAD, the equivalent 

scattering coefficient   is then obtained (which is the same as ,true  for isotropic scattering 

case). The IAD calculation potentially yields multiple solutions due to measurement uncertainty 

for very small T (<5%). Hence, care must be taken to determine the physically correct set of 

solutions (i.e., a  and  ). 

 

D. The Monte Carlo Method 

 The discrete-scale Monte Carlo simulation is based on tracing the rays (or photon bundles) 

through the inhomogeneous medium considering reflections and refractions at the boundary and 

absorption inside the particle. A randomly packed SiO2 particle bed is generated assuming that all 

the SiO2 particles are spherical with equal diameter. The generation of the spheres starts with the 

basic arrangement scheme of a face-centered cubic (FCC) cell [63] with a default vector 

0 0 0 0, ,x y zr  at each sphere center. The particle volume fraction is given by 

  

3
2

3
v

d




 
  

 
      (4) 

where  is the length of a unit cell that contains four spheres. The adjacent particles (or spheres) 

in a standard FCC arrangement touch each other, resulting in v  = 74%. The particles no longer 

touch and the volume fraction decreases when  is extended. Other basic schemes may also be 

used such as the simple cubic and body-centered cubic [28]. However, the FCC arrangement 

produces the highest v  without overlapping spheres. 
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 Since the x-y dimension is much larger than the beam spot, it is assumed to be infinitely 

extended. In the modeling, period boundary conditions are applied to ensure that each photon 

bundle only terminates by absorption or exiting from the top layer (reflected) and bottom layer 

(transmitted). A unit column (   d) is constructed layer-by-layer along the z-direction until 

the thickness reaches the prescribed bed thickness. If the photon bundle hits the side of the unit 

column before exiting, it is reintroduced to unit column via the periodic boundary condition until 

it is either absorbed or escapes. The center of each sphere is randomly shifted in the x-y plane 

within the margins for a bed that is not closely packed. The new central location c c c c, ,x y zr  

is calculated by 

 

 
c 0

c 0

c 0

2 1

2 1

x x

y y

z z

 

 

  


  
 

      (5) 

where   denotes a random number from 0 to 1, and   is half of the clearance between particles 

in adjacent layers from an FCC arrangement to ensure no overlapping of particles. The 

randomization is applied simultaneously for all particles on one layer with different random 

numbers for each direction, and a new set of random numbers is regenerated for each subsequent 

layer to ensure no overlapping particles along with a certain degree of randomness. Without 

randomization, even beds of high particle volume fraction permit direct light transmission in 

regular FCC arrangement. To further ensure the randomness of the bed, after a certain number of 

photon bundles been traced, say 10, the random bed is regenerated according to Eq. (5).  

In this work, the photon bundles are launched above the unit column (analogy to particle 

bed when viewed as periodic structure) with 7 incidence along z-axis at a random location on the 

x-y plane confined by the cell side length . This angle is chosen to be consistent with the 
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reflectance measurement by the integrating sphere. The results for incidence angles from 0 to 10 

are essentially the same (within the statistical uncertainty). The gas medium (air) is assumed non-

participating. Photon bundles travel within the bed and are subject to interception by particles or 

side boundaries of the unit column. The path of a photon bundle is described by the starting point 

with coordinates , ,x y zs s ss  and a direction unit vector , ,x y zv v vv . Interception by a side 

boundary, ( , ) (0,0),  (0, ),  ( ,0),  or ( , )x y     , triggers periodic boundary condition. 

Interceptions by particles (spherical surface) are modeled by reflection or refraction at the interface. 

The determination whether the photon bundle is reflected or refracted is realized by calculating 

the surface reflectivity,  , averaged from two polarizations based on the Fresnel equations using 

the complex refractive index of the particle ( n n i  ) [63]. A newly generated   is compared 

with   such that reflection occurs when    and otherwise refraction occurs. For refracted 

photon bundles that enter the particle, a similar process is followed with the next interception on 

the spherical surface. Due to the crystalline nature of SiO2, the photon bundle travels in a straight 

line inside of the particle. The attenuation is governed by the absorption index () and the step size 

of a photon bundle is calculated from  

 ln
4


 


        (6) 

where   denotes a step size that a photon bundle may travel during each sub-level iteration within 

the sphere, and  is a newly generated random number. When absorption is negligible (i.e.,    0 

and    ), the photon bundle may experience multiple reflections within the sphere but will 

eventually escape the sphere.  

 When tracing photon bundles outside of a particle (while still in the particle bed), the 

interception distance to a specific particle is calculated as: 
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       
22 2 2

,new ,c ,new ,c ,new ,c / 2x x y y z zs r s r s r d          (7) 

 ,newx x xs s v   , ,newy y ys s v   , and ,newz z zs s v    (8) 

where   is an intercept distance, and ,new ,new ,new, ,x y zs s s  denotes the new location vector. 

These relations reduce to a quadratic equation with two solutions (including the complex numbers 

and negative numbers) of  for each sphere in the unit column. Since  must be a real positive 

number, the smallest value corresponds to the closest particle that intercepts the photon bundle 

along the direction of propagation. The photon bundle may be intercepted by the side of the unit 

column before reaching a sphere; in such case, the periodic boundary condition is applied to 

redirect the photon bundle to the unit column. This is to say that 0  sx (or sx,new)   and 0  sy (or 

sy,new)  , regardless of their actual location in the global coordinates. 

Tracing rays in a highly absorbing sphere (e.g., near a phonon mode) becomes difficult as 

the refracted wavevector has significant imaginary component and the refraction angle becomes 

complex. Therefore, an optical thickness based on the diameter is defined as 4 /d d    to 

determine whether the particle medium is regarded as opaque or semitransparent since the internal 

transmissivity is exp( )d  for a path length of d. For 1d  the particle is considered as 

opaque and refraction is treated as absorption without further tracing. The surface reflectivity is 

calculated using the complex refractive index. For 1d  in general,   << n; hence, only n  is 

used when calculating the surface reflectivity and the refraction angle. The real refraction angle 

enables further ray tracing inside the particle following Eq. (6) to account for internal absorption. 

Due to irregular shapes of particles and polydispersed nature of the particle bed, a 

specularity parameter [0,1]S  is introduced to partially account these effects by allowing the 
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photon bundles to specularly or diffusely reflect. A random number is compared with S to 

determine specular (   S ) or diffuse (   S ) reflection and refraction when launching a photon 

bundle. The surface condition is then regarded as perfectly specular or diffuse until the next photon 

bundle is generated. The total number of photon bundles used in the calculation is typically 105. It 

takes 10 runs to obtain the average and standard deviation in order to check the statistical variation 

and ensure reasonable outcome. In the semitransparent region, it takes a much longer time to 

perform the ray tracing for each photon bundle. Therefore, the total number of photon bundles is 

reduced to improve the calculation speed without significantly reducing the computational 

accuracy. 

 

III. Measurement Results, Analysis, and Comparison with Modeling 

 The measured reflectance spectra for particle beds of different types are compared with a 

plate sample to illustrate the scattering and size effects on the radiative properties as discussed in 

Sec. III.A. The absorption and scattering coefficients obtained from the IAD method and the 

comparison of the calculated radiative properties with measurements are presented in Sec. III.B.  

The Monte Carlo simulation results are compared with experiments in Sec. III.C.  

 

A. Measured Reflectance Spectra 

 The reflectance in the spectral region 0.4 m <   < 15 m of the particle bed with L = 6.2 

mm is shown in Fig. 3 for all three types of particles, identified by the average particle diameter. 

At such thickness, the particle beds are essentially opaque. Note that R is deduced from the 

measured windowed sample reflectance considering properties of the fused quartz or ZnSe 

windows in different spectral region [25]. Due to the difference in measurement uncertainty and 
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decreased signal-to-noise ratio near the spectral limits of the instruments, the results for 0.4 m < 

  < 1.8 m are based on monochromator measurements, and results for 1.9 m <   < 15 m 

are based on the FTIR measurements. A linear interpolation is used for 1.8 m <  1.9 m to 

smoothly merge the two spectra. For comparison purpose, the calculated R for a 6.2-mm-thick flat 

SiO2 plate is shown in Fig. 3, considering the ordinary and extraordinary effective dielectric 

functions of -quartz [25,63]. The optical constants are mainly taken from Philipp [64] with some 

modifications on  from 2.7 m to 5.0 m, considering impurity absorption [6567].  

 In the region for 0.4 m <   < 5 m, the plate sample is transparent or semitransparent 

with a low R (< 10%) because of the small refractive index of the polycrystalline silica (n < 1.6). 

When n decreases to unity at    7.3 m, R = 0 (i.e., the Christiansen effect) [63]. Particle 

scattering causes significant enhancement in R at short wavelengths, especially with Type C 

particles (d = 40 m). This is a well-known phenomenon: a high reflectance (99%) has been 

demonstrated using micron-sized glass spheres for daytime radiative cooling purpose [68]. Due to 

impurity absorption, R for the particle beds drops quickly toward shorter wavelengths when  < 

1m. This is not observed for pure -quartz plate samples. There is a dip for 2.7 m <   < 3.4 

m in R due to OH stretching [67]. Scattering causes high R for 3 m <   < 5 m and even near 

the Christiansen wavelength for Type C particles.  

Near the phonon reststrahlen absorption band (8 m <   < 10 m),  > n and surface 

reflectivity becomes very high. All particles and plate samples are considered as opaque in this 

region since the photon penetration depth, /(4), is less than 1 m. The opaque particles form 

cavity structures that traps the incoming photons, enhancing absorption [63]. Smaller particles with 

more irregularities effectively trap more photons. In addition, wave effects also potentially play a 

role at longer wavelengths. This provides a qualitative explanation of the reduction of reflectance 
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with the particle bed, especially for smaller sized particles. The features at   > 10 m are more 

complicated and not easily explainable. For the plate sample, additional phonon resonances exist 

and the effects appear to be evened out with the particle beds. Wave effects cannot be neglected, 

and the reflectance does not vary monotonically as a function of the particle size.  

 

B. Absorption and Scattering Coefficients Obtained from IAD 

 Both R and T are measured from 0.4 m to 1.8 m to further characterize the particle beds 

of different thicknesses. The effective absorption and scattering coefficients (i.e., a  and  ) are 

retrieved from the measured R and T for a given thickness using IAD as described previously. For 

Type A particles, the obtained a  and   are averaged at each wavelength for L = 1.0 mm, 1.6 

mm, and 3.4 mm, and then fitted to a polynomial function to obtain smooth functions. Due to the 

low transmittance at shorter wavelengths, the results for L = 6.2 mm is excluded. For Type B 

particles, T is measured only for L = 1.0 mm since it is very low for other thicknesses and 

completely opaque when L = 6.2 mm. For Type C particle, T is negligibly small when L  1.6 mm. 

Therefore, the IAD is only applied to the packed beds with L = 1.0 mm for Type B and C particles 

to obtain a  and  . The polynomial coefficients obtained from fitting are listed in Table 1 for 

all samples. 

 The measured R and T for Type A particles are shown (dashed lines) in Fig. 4, and the 

results calculated with AD using the fitted a  and   are also shown (solid lines). The 

measurements exhibit some discontinuities about  = 1 m due to the switching between the Si 

and Ge photodetectors and associated filter and grating sets. A dip is observed near  = 1.4 m in 

both T and R, presumably due to defect absorption of these particles. Deviations between the 
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measured and calculated results are mainly attributed to sample-to-sample variations, experimental 

uncertainties, and regression errors. The root-mean-square deviation (RMSD) between the 

measurement and calculation is 0.031 in T with L = 1.6 mm, and 0.016 if the R and T for all 

thicknesses are considered. In general, both R and T decrease towards shorter wavelengths, 

indicating a strong impurity absorption feature especially for  < 1 m. The R value for L = 6.2 

mm is very close to that for L = 3.4 mm and is, therefore, not shown in Fig. 4a. As shown in Fig. 

4b, T for the L = 6.2 mm bed is negligibly small in the visible region and less than 8% for  up to 

1.8 m. For L = 1 mm at  = 0.4 m, R ~ 0.41 and T ~ 0.23, resulting in an absorptance (1 – T – 

R) of 0.36. In the visible region, increasing L gives rise to an increase in R with a faster decrease 

in T. The net result is an increase in the absorptance as L increases until the packed bed becomes 

opaque.  

Similar results for Type B and C particles are shown in Fig. 5. For Type B, R slightly 

increases from L = 1 mm to L = 6.2 mm, as shown in Fig. 5a.  For Type C particles, R is only 

shown for L = 1.0 mm because it is essentially the same for L = 6.2 mm. For smaller sized particles, 

T is very low even with L = 1 mm, as shown in Fig. 5b. Both R and T increase quickly from  = 

0.4 m to 0.8 m. Note that R for Type C is much higher than that for Type A and B due to the 

stronger scattering effect with smaller particles. The RMSD is 0.01 with Type B and C particles. 

The absorption and scattering coefficients calculated using the polynomial coefficients 

listed in Table 1 are plotted in Figs. 6a and 6b, respectively. For all three type of particles, a  

increases rapidly towards shorter wavelengths. The relatively large values for Type B particles (d 

= 150 m) indicates that Type B particles possess more impurity than Type A and C particles. The 

absorption coefficient for Type C particles is almost the same as for Type A particles for 1.2 m 

<  < 1.8 m but much larger towards the shorter wavelengths. At  = 0.4 m, a  = 0.28 mm1 
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and 0.8 mm1 for Type A and C particles, respectively, even though the intrinsic properties of the 

particles for Type A and C are the same. As seen from Fig. 6b,   is almost independent of the 

wavelength for Type A and B; however, it increases towards shorter wavelengths for Type C and 

is much larger than those of Type A and B. The IAD solutions inherently account for any 

dependent scattering effects or wave effects, though it does not treat them separately. The effect 

of dependent scattering will be addressed in Sec. IV.  

The magnitude of   is 2 to 3 orders of magnitude higher than a . The scattering albedo 

( )a       is shown in Fig. 6c with a scale minimum of 0.88. It can be seen that  

increases towards longer wavelengths and reaches 0.98 with Type A and B particles. With Type 

C particles,   0.99 at  = 0.4 m and increases to 0.999 at  = 1.8 m. The implication of the 

effective absorption and scattering properties is that a forward calculation may be employed to 

model radiative transfer in packed beds of similar particle type and volume fractions for the 

calculation of solar absorptance and effective conductivity of densely packed beds [68]. 

 

C. Monte Carlo Simulation and Comparison with Measurements 

The input parameters for the Monte Carlo simulation of spherical particles are d, v , L, S, 

and the complex refractive index of SiO2. Pure SiO2 with a bandgap near 9.5 eV is highly 

transparent from the ultraviolet to the near-infrared (150 nm to 2.5 m) [64,65]. The effective 

absorption index  of the SiO2 particles is estimated in the short wavelength region to account for 

impurities. A trial-and-error process is performed on the L = 1 mm case of Type A and B to obtain 

 at a prescribed wavelength. Type C particles are assumed to possess the same optical constants 

as Type A. In the visible region from 0.4 m to 0.7 m, the average  is 5  106 for Type A and 
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9  106 for Type B. Higher  values for Type B particles are consistent with the higher absorption 

coefficient of the packed bed observed in Fig. 6. The photon penetration depth inside SiO2 varies 

from about 4-40 mm for 0.4 m <  < 1.4 m. The absorption is greatly enhanced due to scattering, 

causing a reduction of the transmittance of the packed bed with small particles. 

The specularity parameter S is also treated as a fitting parameter that is independent of the 

wavelength but dependent on the particle type and thickness of the bed thickness. For Type A, S 

= 0.45 is used for L = 1.0 and 1.6 mm, and S = 0.25 is used for L = 3.4 and 6.2 mm to obtain good 

agreement between the simulated and measured T and R for 0.4 m <  < 1.8 m. Jeong et al. [56] 

measured the scattering phase function of a single layer of Wedron 410 particles (i.e., Type A), 

and obtained S = 0.8 by fitting the phase function with a Monte Carlo modeling. The dependence 

of S on the layer thickness manifests a geometric multiple scattering effect in the packed bed. The 

decreased S suggests that particles scatter more diffusely for thicker beds when scattering tends to 

become more isotropic. The assumption of spherical particles in a FCC arrangement does not fully 

represent the actual topography and arrangement of particles. Hence, S is taken as an adjustable 

parameter that enables better agreement between the simulation and the experiments. For Type B 

and C particles, S = 0 (completely diffuse) is obtained due to their large irregularities.  

The comparison results are shown in Fig. 7 for all samples with the Monte Carlo simulation 

(model) shown as solid lines and experiments as dashed lines. Since R for L = 6.2 mm with Type 

A is very close to that for L = 3.4 mm, it is not shown. Some fluctuations is observed in the model 

due to statistical noise. The RMSD between the model and experiment is typically ~0.02, which 

is comparable with the experimental and numerical uncertainties. However, the model overpredicts 

T when the measured transmittance is relatively low. The reason is attributed to the blockage and 

additional scattering by polydispersed particles with shape irregularities in the actual packed bed 
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that is not fully captured by the Monte Carlo model. Despite the simplifications, the discrete-scale 

Monte Carlo model allows quantitative prediction of the radiative properties in the visible and 

near-infrared region. 

The Monte Carlo method is also used to model R up to   15 m using the previously 

obtained S. Only the cases of L = 6.2 mm are measured with FTIR at longer wavelengths. The 

measurement and model are compared in Fig. 8. As previously seen from Fig. 3, due to the 

competing effect of absorption and scattering by particles of different sizes, R is similar for Type 

A and B when   < 1.8m. Whereas smaller particles tend to scatter more and produce higher 

reflectance, the absorption in Type B particles are stronger due presumably to the additional 

impurities. For 2.7 m < λ  < 5 m, the absorption bands of -quartz are rather complicated [66,67]. 

For this reason, the value of  is slightly adjusted for Type A to achieve a better agreement in R 

between the model and measurement. These values are used for Type B and C due to insufficient 

information or reasoning necessary to fine tune the parameters for matching. The trend correlates 

well between the model and measurement as shown in Figs. 8b and 8c. Another notable feature is 

that, in the phonon resonance band between 8 m and 10 m, the model produces a much higher 

R that is almost independent of the particle size. Based on the geometric optics, because the SiO2 

particle is opaque in this region (the photon penetration depth is less than 2 m), scattering occurs 

by surface reflection in the top few layers until the beam is completely blocked. Multiple 

reflections occur on rough or curved surfaces that enhance absorption via the cavity effect 

[9,10,63]. The monodispersed spheres used in the Monte Carlo model do not represent the actual 

geometry very well. Other effects (e.g., the effective graded index near the surface and wave 

interference) are not included in the Monte Carlo model [48,63]. Some of the features beyond   > 

10 m observed in the experiments are similar to the model. For Type C, the diameter is 
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comparable to wavelength where Mie scattering plays an integral role. In general, due to irregular 

shapes of particles and polydispersed packing condition, the simple Monte Carlo model only 

achieves qualitative agreement in the mid-infrared. Nevertheless, it helps explain the absorption 

effect and trend of reflectance in this region. Note that the effect of polydispersion on the radiative 

transfer has recently been considered by a multiphase radiative transfer model in which particle 

groups within specified size intervals are treated as individual components [69]. 

 

IV. Discussion: Effect of Dependent Scattering 

While the Monte Carlo method is a direct approach to obtain radiative properties of particle 

beds, it requires large computational resources that could be hard to meet especially when dealing 

with conjugated heat transfer problems. In addition, the physical representation of the particle bed 

in a Monte Carlo model is usually simplified to obtain qualitative results. The IAD calculation 

provides an easy access to the absorption and scattering characteristics, which is favored by 

available forward solutions of RTE. However, the experimental results (reflectance and 

transmittance) that are the inputs to IAD are not always available. Therefore, it is useful to examine 

whether single particle properties, which are generally available in various literatures or are 

relatively easy to calculate, can be used to approximate overall absorption and scattering 

characteristics of the packed bed. The absorption and scattering properties, including phase 

function, of a single particle can be obtained via the Monte Carlo method [56]. By summing up 

forward scattered and backscattered rays, the scattering efficiency can be calculated, and the 

absorption efficiency is obtained by subtracting it from unity.  

 The independent scattering theory assumes that light scattering from one particle is not 

affected by other particles and that all particles contribute equally to the overall absorption and 
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scattering characteristics. Therefore, the absorption and scattering coefficients of the packed bed 

can be calculated as follow: 

 abs,a NC    (9) 

 sca,NC    (10) 

where 36 / ( )vN d   is the number density (number of particles per volume), and abs,C   and 

sca,C   are the absorption and scattering cross sections of the particle, respectively, obtained from 

the Monte Carlo method. The same optical constants and specularity are used in modeling single 

particles. 

The phase function is also determined from the Monte Carlo method using the angular 

information of scattered photon bundles and fitted to an HG phase function to obtain the 

asymmetry factor g. To compare with the IAD, the anisotropic (or true) scattering coefficient given 

in Eq. (10) is multiplied by (1 – g) to obtain the reduced (isotropic equivalent) scattering coefficient, 

as listed in Table 2 (using the same symbol as  ). The absorption coefficient from the model is 

obtained from Eq. (9) and listed in Table 2 at three wavelengths. The model gives results for 

independent scattering while the IAD takes into consideration any dependent scattering effect.  

In addition to comparing the values of a  and  , the resulting T and R for L = 1.0 mm 

with different sized particles are calculated and compared in Table 2 at  = 0.7 m, 1.0 m, and 

1.7 m. The agreement is very good for Type A albeit some differences in a , indicating that 

dependent scattering effect is negligible and independent scattering model can produce reasonable 

results. For Type B, the model overpredicts 10-20% in a  and underpredicts 30-40% in  , 

resulting in an absolute error of about 0.07 in R and +0.04 in T. At  = 1 m, the relative error in 
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T is 34%. For Type C, the model overpredicts 10-25% in a  and underpredicts 60-130% in  . 

At  = 1 m, the model yields a scattering coefficient that is nearly half of the IAD. However, for 

L = 1 mm, the measured T is nearly zero and R exceed 0.86, the model yield a lower reflectance 

with a relative error of 4-9% and a much higher transmittance. The ratio of transmittances 

calculated by AD using a  and   values from the model and from the IAD is 7.5, 3.2, and 1.7 

at  = 0.7 m, 1.0 m, and 1.7 m, respectively. It becomes clear that dependent scattering effects 

are significant for Type B particles and even stronger for Type C. The impact of dependent 

scattering in Type B particles mainly results from the geometric multiple scattering. For Type C, 

the modeled   is only a weak function of , while   obtained from IAD tends to increase 

rapidly toward shorter wavelength; this is a wave scattering effect which generally predicts a 

stronger scattering toward short wavelengths. As shown in Fig. 1c, Type C particles contains 

smaller sized fragments or voids that could give rise to such wave scattering effect. 

 

V. Conclusions 

 The directionalhemispherical reflectance and transmittance of packed beds of 

polydispersed and irregular-shaped SiO2 particles with different average diameters and bed 

thicknesses are measured and analyzed using both continuous-scale and discrete-scale modeling.  

The effective absorption and scattering coefficients obtained for different sized particles 

from IAD in the visible and near-infrared may be applied for solution of RTE under similar 

conditions. The absorption by impurities of SiO2 in the particle beds becomes significant at 

wavelengths from 0.4 m to 1.8 m, even though it is often negligible in bulk materials. The 
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scattering albedo is shown over 98% for all particles in the wavelength region between 1.0 m and 

1.8 m. 

A discrete-scale Monte Carlo method is developed to model the radiative properties by 

assuming monodispersed spherical particles using a specularity parameter. The model generally 

agrees with the measurement at wavelengths from 0.4 m to 1.8 m, except when the transmittance 

is very low. The trend in the reflectance up to 15 m is also predicted. Cavity effects increase the 

absorption in the phonon resonance band from 8 m to 10 m, especially with smaller sized 

particles.  

Using independent scattering theory, the absorption and reduced scattering coefficients are 

obtained and compared with IAD to demonstrate dependent scattering effect in Type B and C 

particles. It is shown that for Type A particles with an average diameter of 222 m that is relatively 

round with small size variation, the independent scattering theory is appropriate for modeling the 

hemispherical radiative properties of particle beds. Since the packed bed is already dense, this 

conclusion should also be applicable when the bed is not densely packed. 

Future studies that consider polydispersion and irregular shapes, along with a mixture of 

different materials, may help better understand the radiative properties of real systems.  
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Table 1. Particle information and polynomial fitting parameters 

Sample identification Type A Type B Type C 

Average diameter, d (m) 222 150 40 

Particle volume fraction, 
v   0.68 0.60 0.72 

Polynomial fitting of absorption and scattering coefficients 

  2
0 1 2or ...a b b b         in μm  

Fitted parameter 

(all in mm1) 
   Type A 

λa  
 

λ  
Type B 

λa  
 

λ  
Type C 

λa  
 

λ  

Degree of 

polynomial 4 4 6 4 6 2 

0b  0.90700 3.395 12.726 10.739 8.5780 80.624 

1b  –2.4610 –2.440 –64.934 –9.8200 –43.566 –43.224 

2b  2.6400 2.736 137.47 11.507 93.325 11.449 

3b  –1.2650 –1.399 –152.68 –6.2870 –105.98  

4b  0.22600 0.2700 93.631 1.2910 66.818  

5b    –30.057  –22.107  

6b    3.9480  2.9950  
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Table 2. Absorption coefficient and reduced scattering coefficient obtained from 

independent scattering model and from experiments using IAD, along with the calculated 

transmittance and reflectance using AD for a 1.0 mm thickness particle bed 

 
  

(m)  
λa  

(mm
1

) 
  

(mm
1

) 
R T 

Type A 

Model 0.7 1.15E-01 2.61 0.485 0.329 

IAD 0.7 9.78E-02 2.61 0.498 0.341 

Model 1.0 4.77E-02 2.64 0.538 0.377 

IAD 1.0 4.65E-02 2.56 0.532 0.385 

Model 1.7 2.01E-02 2.63 0.561 0.401 

IAD 1.7 2.55E-02 2.54 0.547 0.406 

Type B 

Model 0.7 1.76E-01 5.31 0.587 0.145 

IAD 0.7 1.57E-01 7.66 0.660 0.099 

Model 1.0 1.24E-01 5.35 0.625 0.168 

IAD 1.0 1.04E-01 7.43 0.695 0.125 

Model 1.7 7.16E-02 5.40 0.671 0.197 

IAD 1.7 5.87E-02 7.19 0.732 0.156 

Type C 

Model 0.7 1.53E-01 24.48 0.798 0.015 

IAD 0.7 1.39E-01 55.98 0.867 0.002 

Model 1.0 6.65E-02 24.54 0.858 0.032 

IAD 1.0 6.25E-02 48.85 0.902 0.010 

Model 1.7 2.64E-02 24.52 0.898 0.049 

IAD 1.7 1.97E-02 40.23 0.932 0.029 
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Fig. 1. Digital microscope images of the three types of SiO2 particles: a) Type A with d = 

222 m; b) Type B with d = 150 m; c) Type C with d = 40 m. 

 



36 

 

 

 

 

 

Fig. 2. Measurement of windowed particle bed: a) a picture of particles in a windowed 

sample holder; b) schematic illustration of the integrating sphere measurement of 

directionalhemispherical transmittance and reflectance of the sample. 
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Fig. 3. Measured reflectance spectra of SiO2 particle beds at L = 6.2 mm, and the 

calculated reflectance spectrum for a flat plate having the same thickness. 
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Fig. 4. Measured and modeled radiative properties of packed beds for Type A particles (d 

= 222 m) with different thicknesses: a) reflectance; b) transmittance. 
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Fig. 5. Measured and modeled radiative properties of packed beds for Type B and C 

particles (d = 150 m and 40 m): a) reflectance; b) transmittance. 
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Fig. 6. Parameters retrieved from the IAD method for the three types of particles: a) 

absorption coefficient; b) scattering coefficient; c) scattering albedo. 
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Fig. 7. Measured and modeled radiative properties of the particle beds using the Monte 

Carlo method for L = 1.0 mm: a) reflectance for Type A; b) transmittance for Type 

A; c) reflectance for Type B and C; d) transmittance for Type B and C. 
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Fig. 8. Measured and modeled reflectance of SiO2 particle beds using the Monte Carlo 

method for L = 6.2 mm: a) Type A; b) Type B; c) Type C. 

 


