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ABSTRACT: The Eulerian multifluid mathematical model is developed to describe the marine atmospheric boundary layer
laden with sea spray under the high-wind condition of a hurricane. The model considers spray and air as separate continuous
interacting turbulent media and employs the multifluid E–ò closure. Each phase is described by its own set of coupled conser-
vation equations and characterized by its own velocity. Such an approach enables us to accurately quantify the interaction
between spray and air and pinpoint the effect of spray on the vertical momentum transport much more precisely than could
be done with traditional mixture-type approaches. The model consistently quantifies the effect of spray inertia and the sup-
pression of air turbulence due to two different mechanisms: the turbulence attenuation, which results from the inability of
spray droplets to fully follow turbulent fluctuations, and the vertical transport of spray against the gravity by turbulent eddies.
The results of numerical and asymptotic analyses show that the turbulence suppression by spray overpowers its inertia several
meters above wave crests, resulting in a noticeable wind acceleration and the corresponding reduction of the drag coefficient
from the reference values for a spray-free atmosphere. This occurs at much lower than predicted previously spray volume
fraction values of ∼1025. The falloff of the drag coefficient from its reference values is more strongly pronounced at higher
altitudes. The drag coefficient reaches its maximum at spray volume fraction values of ∼1024, which is several times smaller
than predicted by mixture-type models.

KEYWORDS: Fluxes; Turbulence; Tropical cyclones; Air-sea interaction; Hurricanes/typhoons; Numerical analysis/
modeling; Marine boundary layer

1. Introduction

Over the past several decades, substantial evidence based on
measurements and theoretical analysis has emerged that sea
spray strongly affects the dynamics and structure of tropical
cyclones (TCs) by modifying the vertical heat (the thermody-
namic effect of spray) and momentum (the mechanical effect of
spray) fluxes throughout a marine atmospheric boundary layer
(MABL). The spray presence also influences the balance
between heat influx and momentum outflux through the ocean
surface, which are the wind accelerating and decelerating fac-
tors, respectively. Despite the effort made over the past years to
quantify various spray influences (e.g., Ling and Kao 1976; Mes-
tayer and Lefauconnier 1988; Fairall et al. 1994; Lighthill 1999;
Makin 2004; Barenblatt et al. 2005; Bianco et al. 2011; Rastige-
jev et al. 2011; Toffoli et al. 2011; Rastigejev and Suslov 2014,
hereinafter RS14; Veron 2015; Wu et al. 2015; Rastigejev and
Suslov 2016; Tang et al. 2017; He et al. 2018; Rastigejev and Sus-
lov 2019; Ma et al. 2020; Peng and Richter 2020; Vanderplow
et al. 2020), their full understanding is still lacking largely due to
significant difficulties with mathematical and computational
modeling of large-scale turbulent multiphase flows.

In this work we present a study of the spray effect on the air–
sea momentum exchange. Momentum transfer in turbulent

flows seeded with particles have been studied via direct
numerical simulation (e.g., Dritselis and Vlachos 2008, 2011;
Richter and Sullivan 2013, 2014). Unfortunately, such studies
require very heavy computational resources and currently
have to be limited to flows characterized by the values of
Reynolds number that are many orders of magnitude smaller
than those corresponding to realistic MABL flows occurring at
hurricane speeds and on the oceanic wavelength scale. Tradi-
tionally, such studies employ Eulerian mixture-type models
(Andreas 2004; Makin 2004; Barenblatt et al. 2005; Kudryavtsev
2006; Rastigejev et al. 2011; RS14). A common assumption that
mixture-type models use is that the horizontal velocity compo-
nents of air and spray droplets are equal while the vertical ones
differ by the value of the droplet terminal velocity in quiescent
air. This results in the governing equations for mixture-type
model being similar in form to the ones used for a single-phase
flow. In particular, a single momentum equation is solved for
both air and spray. The mixture-type models for the MABL
flow configuration are frequently simplified further compared
with those for a general turbulent multiphase flow. Specifically,
the vertical momentum equation may be omitted (Rastigejev
et al. 2011; RS14) since it becomes identical to the spray conti-
nuity equation and, hence, redundant. While the mixture-type
approach is much simpler than the multifluid one, generally it
does not allow a consistent description of the interaction
between air and spray in a turbulent flow and may lead to inac-
curate results.Corresponding author: Yevgenii Rastigejev, ye_rast@yahoo.com
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To address these shortcomings, we have developed an
Eulerian multifluid model of a spray-laden MABL. In this
approach, spray and air are considered separately. Each phase
is described by its own set of coupled equations for mass,
momentum, and turbulent kinetic energy (TKE) and is char-
acterized by its own velocity. Such an approach enables us to
accurately quantify the interaction between spray and air and
pinpoint the effect of spray on the vertical momentum trans-
port in MABL much more precisely compared with a more
traditional mixture-type approach. In this paper we compare
the results of the newly developed multiphase model with the
previous mixture model (RS14). This comparison enables us
to judge the importance of additional physical factors cap-
tured by the multiphase model.

In particular, the multifluid approach enables us to quantify
consistently the suppression of turbulence intensity in the air
due to two different mechanisms: the turbulence attenuation
(TA), which results from the inability of spray droplets to
fully follow turbulent fluctuations (Hetsroni and Sokolov
1971; Danon et al. 1977; Levy and Lockwood 1981), and the
vertical transport of spray against gravity by the turbulent
flow (Barenblatt 1953; Barenblatt et al. 2005), also known as
gravity lubrication (GL). Both GL and TA effects lead to
the increase of the airflow velocity due to the reduction of the
vertical turbulent transport. Hence, they are referred to as the
“accelerating” effects. Even though the GL effect was
accounted for within the RS14 mixture model, its quantitative
description could be insufficiently accurate since spray vertical
profiles, which define the magnitude of GL, produced by mix-
ture-type and the multifluid models differ noticeably. The magni-
tude of the turbulent energy dissipation caused by TA due to the
interaction between air and spray droplets depends sensitively
on the details of their relative motion. Therefore, the spray-
caused TA and the related suppression of air turbulence can be
quantified consistently only within the multifluid framework that
accurately models such a relative motion. The multifluid model
accounts for two decelerating effects of spray inertia. The first
one is caused by the relatively high spray concentration near the
ocean surface that increases the mass density of the air–spray
mixture, which leads to the local wind speed reduction compared
to the reference logarithmic profile. The second decelerating
effect is due to the transfer of the air momentum to accelerating
sea spray torn from the wave crests. The former effect can be suf-
ficiently accurately described by mixture-type models, as indeed
has been done in RS14. However, such models are incapable of
capturing the latter effect since this requires taking into account
the local velocity difference between the injected spray and the
surrounding air–spray mixture.

Our multifluid model also revealed that the local terminal
speed of spray droplets decreases in a turbulent flow compared
with that in the quiescent air due to a larger air–droplet drag.
This decrease in the local terminal speed causes a higher spray
concentration below the wave-crest level since a slower down-
ward motion of spray droplets leads to their accumulation in
this region. Our calculations show that for the same intensity of
spray sources the spray concentrations at the wave-crest level
predicted by the multifluid model can be twice as high as that
predicted by mixture-type models that assume that the droplet

terminal speed remains equal to that in quiescent air. Taking
into account such an increase of spray concentration is impor-
tant since the magnitude of both thermodynamic and mechani-
cal spray effects depends strongly on it.

The numerical and analytic results obtained for a spray-
laden MABL using the multifluid model show that the spray
lubrication and inertia balance each other in the vicinity of
the wave-crest level, where the spray source is located and the
concentration of spray is high. However, several meters above
wave crests the lubrication effect starts dominating over spray
inertia. As a consequence, wind becomes stronger and the
drag coefficient decreases compared with its reference value
for a spray-free atmosphere. A noticeable reduction of the
drag coefficient occurs for spray volume fraction as low as
∼1025. The drag coefficient continues to fall off its reference
value as the wind speed increases, reaching its maximum at
spray volume fraction ∼1024. The range of spray concentra-
tion values, ∼1025

–∼1024, for which the above effects are
detected is significantly lower than that predicted by mixture-
type models (Rastigejev et al. 2011; RS14). The actual flow
speed at which the drag coefficient reaches its maximum
depends on the adopted correlation law between the wind
speed and the spray production intensity. The developed
model also confirms that the degree of the wind speed
increase and the behavior of the drag coefficient vary with
altitude. Therefore, the spray influence on the turbulent flow
cannot be conclusively characterized by the value of the drag
coefficient at any one level. Rather, it should be considered as
a sensitive function of the elevation above the sea level.

While the current multifluid model formulated in sections
2–4, with technical derivation details given in the appendix, is
capable of describing the air–spray interaction more accurately
than the mixture model developed in RS14 with just a moderate
increase of a computational cost, it does not make RS14 obso-
lete. Rather, it states its findings, complements them with new
features, and puts them on a solid physical foundation. In turn,
a simpler RS14 model, which, as we show in section 5, corre-
sponds to the limiting fine-spray case of the current model, pro-
vides a qualitative validity check for the current model. In
section 7 the asymptotic analysis of the current model is carried
out for droplets with radii �200mm at hurricane wind speeds
and for small spray concentrations. It enables us to obtain
approximate analytic expressions for the vertical spray distribu-
tion and spray velocity profile that are used to define the inter-
face condition for spray concentration at the wave-crest level
required for a numerical implementation of the model. Predic-
tions made using the current model and the newly detected
effects not captured by RS14 that follow from the model analy-
sis reported in section 6 are discussed in section 8. The summa-
rizing discussion of the new results and their comparison with
those of RS14 are given in section 9.

2. Governing equations

a. Mass and momentum conservation

We consider a horizontally homogeneous spray-laden tur-
bulent flow in MABL at high wind speeds with the spume
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spray generated at the average wave-crest level zw. For
mathematical description of such a flow we employ an Eulerian
two-fluid-type model that considers both gas (air) and liquid
(water droplet) phases as separate interpenetrating continuous
media. Three-dimensional continuity and momentum equations
for this model are given in section a of the appendix. For sim-
plicity of notation we omit the overbars and hats for ensemble-
average and mass-weighted average values introduced there
and denote them by tildes in the text below.

It is shown in the appendix that the continuity equations for
air and spray reduce to the following algebraic relationships

w̃a 5 0, s̃w̃w 5 2 a0s0H̃z̃2zw , (1)

where z̃ is the vertical coordinate; a0 is the droplet terminal
speed in quiescent air; s0 is characteristic value of the spray
volume fraction; w̃a and w̃w are the mass-weighted average
vertical velocities of air and spray, respectively; and s̃ is the
ensemble average spray volume fraction. The spray produc-
tion distribution source function H̃z̃ is defined in section a of
the appendix.

The momentum conservation equations for the vertical and
horizontal directions are written separately for air and spray
as

d
dz̃

k̃a
dũa

dz̃

( )
1

s

t̃d
s̃ ũw 2 ũa( )5 0, (2)

d
dz̃

k̃ws̃
dũw

dz̃

( )
2 s̃w̃w

dũw

dz̃

1
s̃
t̃d

ũa 2 ũw( )1 U2 ũw( )a0s0d̃ z̃2zw 5 0, (3)

d
dz̃

4
3
k̃ws̃

dw̃w

dz̃
2

2
3
s̃ẽw

( )
2 s̃w̃w

dw̃w

dz̃
2 s̃g

1
s̃
t̃d

w̃d 2 w̃w( )1 W2 w̃w( )a0s0d̃ z̃2zw 5 0, (4)

where Eqs. (2)–(4) describe the variation of the average
horizontal air (ũa) and spray (ũw) and vertical spray (w̃w)
velocities, respectively. Here k̃a and k̃w are turbulent eddy
viscosities of air and water phases, respectively; U and W
are the horizontal and vertical injection velocity compo-
nents of spray droplets entering the air at the wave-crest
level, respectively; t̃d is the droplet relaxation time over
which droplets adjust their velocity to the local condition
of force equilibrium; g is the gravity acceleration; and
s5rw=r̃a is the ratio of water and average air densities.

b. Turbulence model

We employ a multiphase E–ò (aka k–ò) model for the tur-
bulent kinetic energy of air (ẽa) and its dissipation rate (~òa):

ae
d
dz̃

r̃ak̃a
dẽa
dz̃

( )
5 r̃a ò̃a 2 p̃a( )2 q̃ae, (5)

aò
d
dz̃

r̃ak̃a
dò̃a
dz̃

( )
5 r̃a d̃aò 2 p̃aò

( )
2 q̃aò, (6)

where

q̃ae 5
s̃rw
t̃d

q̃aw 2 2ẽa 1 ũr · ũd
( )

, k̃a 5
aẽa( )2
ò̃a

,

p̃a 5
dũa

dz̃
k̃a

dũa

dz̃

( )
1 d̃awg

rw
r̃

ds̃
dz̃

, r̃ 5 r̃a 1rws̃,

p̃aò 5Cò,1
ò̃ap̃a

ẽa
, d̃ò 5Cò,2

ò̃2a
ẽa
, q̃aò 5Cò,3

ò̃aq̃ae

ẽa
:

The air and droplet turbulent energies and the air–droplet
fluctuating velocity covariance are given by

ẽa 5
1
2
̂̃u′
akũ′

ak, ẽw 5
1
2
̂̃u0wkũ0wk, q̃aw 5̂̃u0wkũ′

ak,

respectively. Note that, unlike equations of the E–ò model con-
sidered in our previous works (RS14; Rastigejev and Suslov
2016, 2019), equations of the modified model (5) and (6) contain
additional terms q̃ae and q̃aò (Elghobashi and Abou-Arab 1983)
that represent the influence of droplets on the air turbulence
due to the air–droplet interaction (Gore and Crowe 1989).

c. Turbulence closures

The expressions for the drift velocity ũd, which accounts for
the dispersion of droplets by the turbulent air motion, and the
turbulent diffusion velocity of spray ũf , which is the difference
between the mass and ensemble average velocities of spray,
read (Simonin and Viollet 1990)

ũd 5
s′u′a
s̃

5 2 d̃aw
=s̃
s̃
, ũf 5

s′u′w
s̃

5 2 d̃w
=s̃
s̃
: (7)

The turbulent diffusion coefficients are derived in Simonin
(1991) as

d̃aw 5
1
3
q̃awt̃

t
aw, d̃w 5

2
3

ẽat̃taw, k̃a 5
2
3
ẽat̃ta,

k̃w 5
1
3
t̃taws

t
0q̃aw 1 t̃dẽw

( )
: (8)

The turbulent energies, the characteristic times of turbulent
exchange, the droplet relaxation times, and the droplet
Reynolds number are given by

q̃aw 5 2c1ẽa, ẽw 5 c1ẽa, t̃taw 5 c0t̃ta,

t̃ta 5
3a2

2
ẽa
ò̃a

, t̃d,st 5
2r2s
9n

,

t̃d 5 t̃d,st 11 0:15Re0:687d

( )2 1
, Red 5

2r〈 ũr| |〉
n

, (9)

where

c0 5
1

st
0

												
11Cbj

2
r

√ , c1 5
t̃taw

t̃d 1 t̃ taw
, jr 5

〈 ũr| |〉						
2
3
ẽa

√ ,

Cb 5 0:451 1:35 sin2u, sinu5
ũw| |2 2 ũa · ũw
ũw 2 ũa| | ũw| | : (10)

Here a simple analytical expression developed in Tchen’s the-
ory of discrete particle dispersion (Hinze 1975) is employed
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to define turbulent energy ẽw of spray droplets and the air–
droplet fluctuating velocity covariance q̃aw via turbulent
energy of air ẽa. Factor c1 , 1, which is the ratio of the eddy
time to the sum of that and the droplet relaxation time, quan-
tifies the capacity of the carrier phase (air) to transfer turbu-
lent kinetic energy to the carried dispersed phase (droplets).

The turbulent eddy–droplet interaction time t̃ taw is obtained
by multiplying turbulent eddy time t̃ta by c0, which accounts
for the so-called crossing-trajectories effect (Yudine 1959;
Csanady 1963) when droplets do not remain trapped by the
successive eddies but rather pass through them due to their
inertia. The coefficient Cb in expression for c0 depends on the
angle u between vectors ũw2 ũa and ũw.

The particle relaxation time t̃d is given by a commonly
used semiempirical analytical expression (Clift et al. 1978).
The root-mean-square (RMS) of the local relative air–droplet
velocity 〈 ũr| |〉 is defined as follows:

〈 ũr| |〉5 																																		
ũr · ũr 1 2 ẽa 1 ẽw 2 q̃aw( )√

5
																										
ũr · ũr 1 2ẽa 12 c1( )√

, (11)

where ũr is the mass average relative velocity between water
and air phases defined by (A5). The values of parameters
entering the modified E–ò turbulence model are (Simonin and
Viollet 1990)

a5 0:3, ae 5 1, aò 5 0:77, st
0 5 0:67,

Cò,1 5 1:44, Cò,2 5 1:92, Cò,3 5 1:

After substituting the expression for mass-weighted aver-
age velocity w̃w (1) and the z component of the diffusion
velocity (7) into (A7) we obtain the expression for the ensem-
ble average vertical velocity of spray droplets

w̃w 5
d̃w

s̃
ds̃
dz̃

2
a0s0
s̃

H̃ z̃2zw : (12)

d. Boundary conditions

To close the problem formulation we have to specify boundary
conditions both at the upper and lower edges of MABL. How-
ever, the region below the wave-crest level, z, zw, is periodically
flooded with ocean water and modeling it, even qualitatively, is
beyond the reach and scope of the current study. Instead, we
consider this region rather formally using minimalistic approach
with the sole goal of coming up with a plausible interface condi-
tion at z 5 zw so that the solution above the wave-crest level,
which is of interest here, can be obtained. Having said this, we
formally require that at some level z̃5z0c, z̃0, z̃0c,zw, where
z̃050:015u2★=g, the model solution satisfies

ũa 5
u★
kp

ln
z̃0c
z̃0

5 ũw, ẽa 5
u2★
a

, ò̃a 5
u3★

kpz̃0c

: (13)

Since we do not aspire to model the sub-wave-crest region, in
computations the value of z̃0c is chosen to avoid a very steep
velocity gradient existing at the bottom edge of the logarithmic

velocity profile. The condition ũw5 ũa is obtained from the
asymptotic analysis of (3) that will be given in section 7. The last
two conditions reflect the assumption that the turbulent kinetic
energy and its dissipation rate under the wave-crest level obey
standard distributions corresponding to theE–ò turbulence model.

The boundary conditions at the upper edge of MABL
z̃5 z̃‘ are

k̃a
dũa

dz̃
5u2★, ũw 5 ũa, w̃w 5 0,

dẽa
dz̃

5 0,
dò̃a
dz̃

5 2
ò̃a
z̃‘

: (14)

They represent the assumptions that the airflow above
MABL is uniformly turbulent with the vertical momentum
flux parameterized by the square of the friction velocity u2★
and that the distribution of the turbulent kinetic energy and
its dissipation rate are given by the E–ò model.

3. Nondimensional equations

The nondimensionalization is done using the following scalings:

z̃5 zwz, s̃5 s0s, p̃a 5
u3★
zw

pa,

(ũa, ũw,U,W, ũr, 〈 ũr| |〉, w̃d
w)5u★(ua,uw,u,w, ur, 〈 ur| |〉,wd

w),
w̃a, ŵw, w̃w( )5 a0 wa,ww,ww( ),
ẽa, ẽw, q̃aw( )5u2★ ea, ew,qaw( ), ò̃a 5

u3★
zw

òa,

t̃d 5td0td, (t̃ta, t̃taw)5
zw
u★

tta, t
t
aw

( )
,

(k̃a, k̃w, d̃w, d̃aw)5u★zw ka,kw, dw,daw( ), (15)

where td0 5 a0/g and w̃w is an ensemble average spray veloc-
ity defined in section a of the appendix. Note that variable td
can be interpreted as the nondimensional local droplet relaxa-
tion time or the absolute value of the nondimensional local
droplet terminal speed. Below we refer to it both ways
depending on the context.

Expressions (1) take the form

wa 5 0 , sww 5 2Hz21, (16)

After substituting expression for ww from (16) into (3) and (4)
the governing equations become

d
dz

ka
dua
dz

( )
2p18s

ua 2uw( )
td

5 0, (17)

d
dz

kws
duw
dz

( )
1p1

duw
dz

Hz21 1
s

p17

ua 2uw( )
td

1p1 u2uw( )dz21 5 0, (18)

4
3
d
dz

kw
d lns
dz

Hz21 1 dz21

( )[ ]
2

2
3p1

d
dz

sew( )

2p1
d
dz

Hz21

s

( )
2

s
p17

1wdz21

1
1

p17td

s
p1

wd 1Hz21

( )
5 0, (19)
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ae
d
dz

ka
dea
dz

( )
5 òa 2pa 2qae, (20)

aò
d
dz

ka
dòa
dz

( )
5 daò 2paò 2qaò, (21)

where

qae 5p18
s
td

qaw 2 2ea 1 ur · ud
( )

, ka 5
aea( )2
òa

,

pa 5
dua
dz

ka
dua
dz

( )
1 pag, pag 5p12

daw
r

ds
dz

,

paò 5Cò,1
òapa
ea

, dò 5Cò,2
ò2a
ea

, qaò 5Cò,3
òaqae
ea

,

r5 11ss0s, (22)

and (u, w) are the horizontal and vertical components of the non-
dimensional velocity with which spray droplets are injected into
MABL at the wave-crest level. Our computations showed that
numerical results are virtually insensitive to the choice of the u
and w values up to 2–5 m s21. Thus, to reduce the dimensionality
of the explored parametric space we set u5 w5 0 when report-
ing numerical results in the subsequent sections. The nondimen-
sional quantities in (7)–(12) are given by

ud 5 2daw
=s
s
, uf 5 2dw

=s
s
,

daw 5
1
3
qawttaw, dw 5

2
3
eattaw,

kw 5
1
3
ttaws

t
0qaw 1p17tdew

( )
, ka 5

2
3

eatta,

qaw 5 2c1ea, ew 5 c1ea,

ttaw 5 c0tta, tta 5
3a2

2
ea
òa

, td 5
11 0:15Re0:687d0

11 0:15Re0:687d

,

Red 5Red★〈 ur| |〉, c1 5
ttaw

p17td 1ttaw
,

jr 5 〈 ur| |〉
					
3
2ea

√
, 〈 ur| |〉5

																										
ur · ur 1 2ea 12 c1( )√

,

ur 5 uw 2ua,p1ww 2wd
( )

,

ww 5 2
Hz21

s
1

dw
p1

1
s
ds
dz

, (23)

where

Red★ 5
2ru★
n

, Red0 5
2ra0
n

:

The nondimensional boundary conditions are

ua 5
1
kp

ln
z0c
z0

5uw, ea 5
1
a
, òa 5

1
kpz0c

, (24)

at z 5 z0c and

ka
dua
dz

5 1, uw 5ua, ww 5 0, (25)

dea
dz

5 0 ,
dòa
dz

5 2
òa
z‘

, (26)

at z5 z∞.

The independent p parameters are defined as follows

p12 5
gss0zw
u2★

, p17 5
td0u★
zw

5
a0u★
gzw

,

p18 5
zwss0
td0u★

5
ss0
p17

: (27)

For convenience we also use

p1 5
p12

p18
5

a0
u★

: (28)

Parameters p1 and p12 are defined as in Rastigejev and Suslov
(2016, 2019) (with as set to 1). Parameters first introduced in
this paper have indexes starting with 17 to ensure consistency
and continuity with our previous articles.

4. Further simplification of the mathematical model

Given that spray is produced in a very thin layer near the
wave-crest level, it is reasonable to parameterize the spray
production source assuming that dz21 and its integral 1 2

Hz21 are Dirac and Heaviside functions, respectively. Then
each of the spray momentum conservation equations (18) and
(19) can be written as two separate equations for the regions
below (z , 1) and above (z . 1) the wave-crest level, respec-
tively, coupled via the interface boundary conditions enforc-
ing the continuity of distributions of various physical
quantities across the wave-crest level z 5 1 but allowing the
jump in its derivatives (fluxes) that occurs due the presence of
a localized spray source. For z, 1 we then have

d
dz

kws
duw
dz

( )
1p1

duw
dz

1
s

p17

ua 2uw
td

5 0, (29)

4
3

d
dz

kw
d lns
dz

( )
2

2
3p1

d
dz

sew( )1 p1

s2
ds
dz

2
s

p17
2

1
p17td

daw
p1

ds
dz

2 1
( )

5 0, (30)

while for z. 1

d
dz

kws
duw
dz

( )
1

s
p17

ua 2uw
td

5 0, (31)

2
3
p17

d
dz

sew( )1p1s1
daw
td

ds
dz

5 0 : (32)

The interface conditions are

duw
dz

∣∣∣∣∣
z5 11

2
duw
dz

∣∣∣∣∣
z5 12

1p1
u2 uw
kws

∣∣∣∣∣
z5 1

5 0, (33)
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2
4kw
3

dlns
dz

∣∣∣∣∣
z5 12

1
p1

s 1( ) 1w5 0; (34)

s 1( )5 1
td 1( ) , (35)

where z 5 16 denotes values just above or below z 5 1. Note
that while the interface conditions (33) and (34) are obtained
by integrating (18) and (19), respectively, in z between 12 and
11, the derivation of the interface condition (35) requires
asymptotic analysis that will be given in section 7.

5. Relationship between the current and RS14 models

The majority of known Eulerian models for spray- or parti-
cle-laden atmospheric boundary layer flows use mixture-type
approach (Barenblatt and Golitsyn 1974; Wamser and Lykos-
sov 1995; Rastigejev et al. 2011; RS14) that does not fully
account for the interphase momentum and TKE exchange.
One such mixture-type E–ò has been developed in RS14. It
takes into account the spray inertia effect and the suppression
of turbulent energy due to the vertical transport of spray by
the turbulent flow. Below we show that the RS14 model is a
limiting case of light droplets (for which droplet relaxation
time td is much smaller than other characteristic hydrody-
namic times) of the broader theoretical description that we
present here and that incorporates an accurate account of
the momentum and TKE exchange between air and spray.
Note that other ocean spray models mentioned above are
also developed for this case. Specifically, in this limit the
parameters, variables, and coefficients approach the follow-
ing values

p17,p1,qae( ) → 0, ur → 0,

c1, td( ) → 1, kw → ka, c0 → 1
st
0
:

(36)

In this limit the momentum conservation equations (17)–(19)
reduce to

uw 5 ua, kar
dua
dz

5 1,
daws
p1

ds
dz

1 s5Hz21: (37)

The asymptotic momentum equations (37) and turbulence
model equations (20) and (21) with qae 5 0 are identical to
the corresponding governing equations used in RS14.

All known mixture-type models that employ momentum con-
servation equations (37) assume that droplets have the same hor-
izontal speed as the air but slip with terminal speed a0 relative to
air in the vertical direction, that is 〈 ur| |〉5a0. This also means
that p1 should have a finite value in such models, which contra-
dicts the asymptotic limit (36). Yet, despite this inconsistency
such an assumption allows one to account for the spray mass flux
balance. The expression for c0 in this case takes the form

c0 5
1
st
0

																
2a

2a1 3p2
1Cb

√
, Cb 5 1:8: (38)

In conclusion of this section, we also note that in the pre-
sent multifluid model the quantity s0 represents the intensity
of the spray source located at the wave-crest level and it is not
necessarily equal to the spray concentration at this location.
In our previous publications (Rastigejev et al. 2011; RS14;
Rastigejev and Suslov 2016, 2019) the mixture-type model
corresponding to the asymptotic limit (36) was employed. In
this limit spray concentration at the wave-crest level is equal
to s0. For this reason, in our past papers the scaled spray con-
centration at z 5 1 was always s(1) 5 1 while here its value
varies depending on the choice of other problem parameters.

6. Mechanisms of turbulence suppression by
spray droplets

The suppression of the turbulence intensity in a spray-laden
airflow is caused by two different effects, TA and GL, that are
due to the air–droplet interaction and the upward transport of
spray against gravity by the turbulent flow, respectively. The
TA and GL intensities are given in Eq. (22) by terms qae and
pag, respectively. Substituting the expressions

qaw 2 2ea 5 2ea c1 2 1( )5 2
2p17tdea

p17td 1ttaw

≈ 2
4p17td
3a2kpz

,

ur · ud 5 2 (wd)2,
valid for z . 1 into the expression for qae [see Eq. (22)] and
taking into account that wd 5 p1Cw, where Cw ∼ 1, and that
p17 ,, 1, we obtain the estimate for the TA source

qae ≈ 2p18
s
td

p2
1C

2
w 1p17

4td
3a2kpz

( )
: (39)

Similarly, we obtain the estimate for GL source for z. 1

pag 5 2p12
swd

r
≈ 2p12p1

Cws
r

: (40)

From (39) and (40) we evaluate the ratio of TA and GL
intensities

R ≡ qae
pag

≈ r

td
Cw 1

p17

p2
1

4td
3a2kpCwz

( )

5
r

td
Cw 1

4u3★td
3a2kpCwa0gzwz

( )
: (41)

Note that R�1 because r ∼ 1 and td ∼ 1, which means that
the TA effect is at least as strong as GL one for all values of
parameters. At high altitudes R ∼ 1. Thus, both TA and GM
are expected to make comparable contributions into the TKE
reduction there. However, in the vicinity of the wave-crest
level (z ∼ 1), the ratio R can be quite large reaching R ∼ 10
for hurricane speeds u★ ∼ 4m s21 and droplets with sizes
smaller than 100 mm. Thus, the TA effect is expected to domi-
nate over the GL one near wave crests.
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7. Asymptotic analysis

Here we employ the method of matched asymptotic expan-
sions (Van Dyke 1964; Nayfeh 2008) to derive approximate
model solutions valid for small values of Stokes number
p17 ,, 1. Formally, this limit corresponds to MABL laden
with fine spray for which the droplet terminal velocity a0
remains small. The droplet relaxation time required to reach
this velocity is much smaller than the time scale of turbulent
eddies. In practice, asymptotic solutions are expected to
remain accurate for p17 � 0:120:2. However, the actual
degree of their accuracy is problem-specific: for some cases
the acceptable accuracy can be retained up to p17 � 1.

It follows from the definition of p17 that a05p17gzw=u★. In
turn, the droplet terminal velocity a0 depends on the droplet
radius r as described in Rastigejev and Suslov (2016, their
appendix B). This enables us to compute the p17 5 const. con-
tours in the u★, r( ) plane that are shown in Fig. 1. The asymp-
totic solutions derived here are expected to be accurate at
least below the solid line in the figure.

If spray concentration s0 is small, then TKE suppression
due to gravity lubrication and turbulence attenuation by drop-
lets slipping relative to surrounding air is negligible. There-
fore, expressions for the nondimensional TKE, its dissipation
rate, the characteristic turbulent time, and the turbulent vis-
cosity coefficients are given by

ea 5
1
a
, òa 5

1
kpz

, tta 5
3
2
akpz, ka 5kpz: (42)

We derive asymptotic solutions for the vertical distributions
of spray concentration and its horizontal velocity next.

a. Vertical spray distribution

We start with deriving the boundary condition for spray
momentum conservation equation (30) at the lower edge of the
computational domain. Newton’s second law of motion for spray
droplets falling vertically with the ensemble-average droplet
velocity, time and droplet relaxation time nondimensionalized as
~ww5td0gww, t̃5td0t, and t̃d z( )5td0td z( ), respectively, reads

dww

dt
1

ww

td z( ) 1 15 0 , (43)

where the first term is the ensemble-average vertical droplet
acceleration and the second and third terms are the negatives of
the air–droplet ensemble-average drag and gravity forces per
unit mass of a droplet, respectively. It is shown in section b of
the appendix that td(z) reaches its maximum at the location
zmax 5 1 2 h1, where h15O

					
p17

√
lnp17

( )
. Hence, with high

degree of accuracy it can be regarded as a constant in the vicin-
ity of this maximum: td(z) ≈ td(1) ≡ td1 over the vertical coordi-
nate range 12 h1 , z, 1. Therefore, here (43) becomes

dww

dt
1

ww

td1
1 15 0 and ww 5 w0 1td1( )exp 2

t
td1

( )
2td1,

(44)

where w0 is the initial ensemble-average vertical velocity com-
ponent of droplets. Here we assume that w0 is of the same

order or smaller than the droplet terminal speed td1, i.e.,
w0| |� td1. It follows from (44) that below the wave-crest level
droplets reach their local terminal speed 2td1 at nondimen-
sional time t ∼ td1 ∼ 1 after traveling downward a nondimen-
sional distance td1{t 2(w0 1 td1)[1 2 exp(2t/td1)]} ∼ 1. Note
that here the length scale is defined as t2d0g in contrast to zw
used in (15). Thus, to express the distance h2 traveled by a
droplet downward before it reaches its terminal speed in
terms of zw we multiply its nondimensional value by the factor
t2d0g=zw to obtain h2 ∼ t2d0g=zw5p17p1 ∼ p17.

After reaching their terminal speed 2td1 at z ∼ h2 droplets
continue to travel with that terminal speed a distance h1 ..

h2, thus using the expression in the last line of (23) we obtain

ww 5 2
1
s
1

dw
p1

1
s
ds
dz

5 2td1, (45)

for 12h1 � z � 12h2. Relationship (45) is adopted as the
boundary condition for the spray momentum conservation
equation (30) and is applied at z5 12 h1. Next, we substitute
an (outer) asymptotic expansion

so z( ) ∼ so0 z( )1p17so1 z( )1 · · · , (46)

into (30) and collect terms involving similar powers of p17.
The equation

kpzc0
p1

dso0
dz

1tdso0 2 15 0 (47)

arising at the leading order has a general solution

so0 z( )5 C0

F 1, z( ) 1
�z

1

v h( )F z,h( )
h

dh, (48)

where

F a,b( )5 exp
�b

a

v h( )td h( )
h

dh

[ ]
, v h( )5 p1

kpc0 h( ) ,

and C0 is the integration constant.

FIG. 1. The guaranteed validity region of asymptotic solutions is
below the solid line.
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Note that for a limiting case of very small droplets p17 → 0,
which implies that td(z) 5 td1 and c0 z( )51=st

0, Eq. (47) has a
well-known solution s 5 1/td1, corresponding to the case of
droplets uniformly falling with a constant terminal speed
2td1. By matching this solution with the form

so0 z( )5 1
td1

1 z2p1s
t
0td1=kp C0 2

1
td1

( )
, (49)

that (48) takes in this limiting case we obtain C0 5 1/td1.
The (outer) solution (46) breaks down in the vicinity of z 5

1, where a fast variation of quantities caused by the presence
of a localized spray source occurs [this region is frequently
referred to as “boundary layer” in mathematical literature
dealing with perturbation methods (Nayfeh 2008), which
should not be confused with physical MABL investigated
here]. To overcome this difficulty, we introduce the stretched
coordinate j 5 (z2 1)/p17 and consider an (inner) solution

si j( ) ∼ si0 j( )1p17si1 j( )1 · · · : (50)

Then Eq. (30) and boundary conditions (35) and (45) become
to the leading order

d
dj

4kiw0
3

d lnsi0
dj

( )
2

1
tid0

diaw0
p1

dsi0
dj

5 0, (51)

dsi0
dj

∣∣∣∣∣
j→2‘

5 0,
dsi0
dj

∣∣∣∣∣
j5 02

5 0: (52)

The solution of (51) subject to (52) is constant. Then the
matching condition (Van Dyke 1964)

lim
z→1

so0 5 lim
j →2‘

si0

leads to si051=td1.
The leading-order composite asymptotic solution valid

throughout the complete domain then is

s z( ) ≈ 1
td1F 1, z( ) 1

�z

1

v h( )F z,h( )
h

dh: (53)

By setting z 5 1 in (53) we obtain interface boundary condi-
tion (35).

For small values of p1 or v(h) ,, 1, which corresponds to
strong winds and/or light droplets, solution (53) simplifies fur-
ther and becomes

s z( ) ≈ 1
td1

1

�z

1

v h( ) 12td h( )=td1[ ]
h

dh:

Since v ,, 1 in this case, the droplet concentration remains
nearly constant below the wave-crest level, i.e., s(z) ≈ 1/td1
even though td(z), which is a nondimensional local terminal
speed of a droplet, may vary with z.

For z . 1 the spray momentum conservation equation is
given by (32) subject to boundary condition obtained by set-
ting j 5 0 in (50):

s 1( )5 1
td1

1p17si1 0( )1 · · · :

The leading-order asymptotic solution in this case is

s z( ) ≈ 1
td1

exp 2

�z

1

v h( )td h( )
h

dh
[ ]

: (54)

b. Horizontal spray velocity

If spray concentration is sufficiently small, its influence on
the logarithmic air velocity profile is negligible. The expres-
sions for the horizontal spray velocity obtained from the
momentum conservation equations (29) and (31) subject to
the interfacial and boundary conditions (33), (24), and (25).
After substituting the outer asymptotic expansion for the hor-
izontal spray velocity

uow z( ) ∼ uow0 z( )1p17uow1 z( )1 · · · , (55)

into (29) and (31) and solving the equation at order of p0
17, we

obtain the leading-order outer solution

uow0 z( )5 ua z( )5 1
kp

ln
z
z0

( )
· (56)

Similar to the vertical spray distribution the outer solution for
the horizontal spray velocity component breaks down in the
vicinity of z 5 1 and to overcome this problem we introduce
coordinate stretching near z 5 1, which, however, has a differ-
ent scaling j5 z21( )= 					

p17
√

. Equations (29) and (31) and the
interfacial condition (33) transform into

d
dj

kws
duiw
dj

( )
1

					
p17

√
p1

duiw
dj

1 s
ua 2uiw

td
5 0, j, 0, (57)

d
dj

kws
duiw
dj

( )
1 s

ua 2uiw
td

5 0, j. 0, (58)

duiw
dj

∣∣∣∣∣
j5 01

j5 02

1
					
p17

√
p1

u2 uiw
kws

∣∣∣∣∣
j5 0

5 0: (59)

Substituting the corresponding inner asymptotic expansion

uiw j( ) ∼ uiw0 j( )1 					
p17

√
uiw1 j( )1 · · · , (60)

into (57)–(59) and matching the coefficients of like powers of
p17 we obtain equations and interfacial conditions for individual
ascending orders of a small parameter starting with zeroth
(these equations for the zeroth- and first-order terms, uiw0 j( )
and uiw1 j( ), respectively, are given in section d of the appendix).
After solving these equation and matching the inner and outer
solutions we obtain the leading-order composite solution

uw z( ) ≈ ua z( )1
					
p17

√
p1t

3=2
d1 u2ua 1( )[ ]

2
										
kpst

0c01
√

3 exp
6 z2 1( )																			

kpp17td1s
t
0c01

√[ ]
, (61)
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where c01 ≡ c0(1). The plus and minus signs in (61) correspond to
z , 1 and z . 1, respectively. Note that the leading-order
approximation depends on the droplet relaxation time td1 at the
wave-crest level, where the spray is produced, but it does not
depend on the vertical distribution of td(z). However, the
higher-order approximations do depend on the vertical variation
of the droplet relaxation time. Note that it follows from (61) that
uw(z) ≈ ua(z) for z � 12

																			
kpp17td1s

t
0c01

√
. Hence, relationship

ũw z( )5 ũa z( ) is adopted as the lower boundary condition (13).

8. Results

Similar to RS14, all results reported in this section are computed
for parameters evaluated for zw 5 5 m and z0c 5 0.4. The model
equations are solved numerically using a standard MATLAB
boundary-value problem routine bvp5c. The computational grid is
chosen automatically to achieve the prescribed absolute numerical
tolerance of 1025. Equations for regions z91 (see section 4) are
solved separately with the intermediate boundary condition uw 5

Auua at z5 1, where 0, Au , 1 is a constant, the value of which
is found iteratively to satisfy the interface condition (33). To

reduce computational time and ensure the stability of convergence
a parametric continuation is used when the output from one com-
putational run is supplied as an initial guess for the next run with
varied governing parameters. With such a strategy most of solu-
tions are obtained within less than 2 min using a standard 6-core
laptop computer with the Intel Core i7 processor.

a. Asymptotic solutions

To validate our numerical code and estimate the limits of
validity of the developed asymptotic solutions we compare the
numerical and asymptotic results for spray droplets of various
radii and for various friction velocities in Fig. 2. The vertical pro-
files of several distributions are presented for regions below
(z, 1) and above (z. 1) the wave-crest level. The upper (Figs.
2a,b) and lower (Figs. 3c,d) panels show asymptotic solutions
(53) and (54) for the spray volume fraction and distributions
(61) for the horizontal spray velocity, respectively.

For z , 1, the difference between the two sets of results for
spray volume fraction distribution does not exceed 0.5% for small
droplets with r 5 50 mm. For large droplets with r 5 200 mm the
error increases but still does not exceed a few percent. A similar

FIG. 2. Vertical distributions of the (a),(b) spray volume fraction s and (c),(d) horizontal spray velocity uw for s0 5
1025 and various values of droplet radius r and friction velocity u★. Shown are the (left) s and (right) uw distributions
below (z , 1) and above (z . 1) the wave-crest level. The lines and symbols depict asymptotic and numerical solu-
tions, respectively.
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trend is observed for the horizontal spray velocity component—the
difference between the numerical and asymptotic results is ∼0.04%
for r5 50 mm but it increases up to 1% for r5 200 mm. Since the
asymptotic solution for z , 1 is not valid for lower part of the
domain, its deviation from the numerical solution increases at small
z. This trend becomes more pronounced for large droplets.

For z . 1, the difference between the asymptotic and numeri-
cal distributions of spray volume fraction does not exceed 1% of
its corresponding value at the wave-crest level for r5 50 mm and
2%–3% for r 5 200 mm. The difference for the horizontal spray
velocity component varies between ∼0.02% for r 5 50 mm and
1% for r 5 200 mm. The increase in the difference between
numerical and asymptotic solutions with the droplet radius is
expected because the expansion parameter p17, and thus the
error of the asymptotic approximation, increases with the droplet
size. The observed good agreement between asymptotic and
numerical solutions the reliability of asymptotic expressions (53),
(54), and (61) for droplets with radius as large as 200 mm.

b. Vertical spray distribution

Expressions (53) and (54) show that the vertical distribution
of spray volume fraction predicted by the present model for
small spray concentrations (when the TKE suppression effects
due to spray presence are negligible) differs noticeably from

s z( )5 1, z# 1,
z2l0 , z. 1,

{
(62)

l0 5
p1s

t
0

kp

															
11

3Cbp2
1

2a

√
, Cb 5 1:8 (63)

reported in RS14. Specifically, the present model predicts that the
spray concentration s(z) below the wave-crest level is nonuniform.
It is 20%–50% higher than that predicted in RS14 for relatively
small droplets with radius r 5 50 mm and about twice as high for
large droplets r 5 200 mm (see Fig. 2). This discrepancy occurs
because the present model accounts for the increase of the air–
droplet drag and hence for the decrease in the droplet terminal
speed td in a turbulent flow. A slower downward motion of drop-
lets in turn leads to their accumulation below the wave-crest level
and the increase of their concentration s ∼ 1/td there.

For z . 1, we rewrite expression (54) for the vertical distri-
bution of spray concentration in the form convenient for fur-
ther analysis

s z( )5 1
td1

exp 2

�z

1

l h( )
h

dh
[ ]

: (64)

Note that l0 and l(z) may differ noticeably (e.g., by a factor
of 2 for r 5 200 mm) for the same values of the problem
parameters. This occurs primarily because of the higher tur-
bulent air–droplet drag taken into account by the present
model compared to that in quiescent air. Computations reveal
that l(z) monotonically increases or decreases with z and

lmin #l z( )#lmax , (65)

for 1 , z , z∞. From (64) and (65) we obtain

z2lmax

td1
# s z( )# z2lmin

td1
: (66)

Computational results also show that lmax2lmin � 0:1p1 ,, 1
for droplets with radius r� 200mm. This means that the values
of exponents of the bounding power functions are close. Thus,
for droplets with radii r� 200mm the vertical distribution of
spray concentration can be sufficiently accurately approxi-
mated by a power function. The error of such an approxima-
tion rapidly decreases with droplet’s radius. Therefore, the
vertical spray distribution above the wave-crest level for such
droplets is still approximately described by a power law as in
(62) with somewhat different scaling factors and exponents.
However, for larger droplets the power function approxima-
tion may not be accurate.

c. TKE reduction due to the air–droplet slip

Figure 3 shows the comparative distributions of MABL charac-
teristics obtained when the turbulence attenuation due to the air–
droplet interaction is absent (qae 5 0) and present (qae Þ 0) in
Eqs. (20) and (21) for fine- (r 5 50 mm) and large-droplet (r 5
200 mm) spray with source intensity s05 1024 and friction velocity
u★54m s21. The figure demonstrates a very strong turbulence
suppression by the air–droplet interaction that in turn leads to a
significant reduction of turbulent viscosity and, subsequently, to
the airflow acceleration, see the solid and dashed lines in Figs. 3d,
3e, and 3a, respectively. In contrast, when TA due to air–droplet
interaction is removed from the turbulence model by prescribing
qae5 0, the TKE suppression due to vertical transport of the spray
against the gravity is substantially weaker so that the turbulent vis-
cosity and air velocity profiles remain close to the distributions
given by the standard spray-free E–ò model, see the dash–dotted
and dotted lines in the same panels. When qae Þ 0, Fig. 3d shows
that TKE reaches its minimum value eamin ≈ 2.16 at z ≈ 2.64 and
eamin ≈ 2.26 at z ≈ 2.56 for droplets with r 5 50 and 200 mm,
respectively. The corresponding TKE values at the same locations
computed by setting qae 5 0 (the dash–dotted and dotted lines in
Fig. 3d) are ea ≈ 3.23 and 3.06. Therefore, suppression due to TA
given by the difference ea 2 eamin is much stronger than that due
to GL that is characterized by a 2 ea. Indeed,

ea 2 eamin

a2 ea
≈ 10:3 and 2:9,

for droplets with r 5 50 and 200 mm, respectively, the result
consistent with estimates (41). This ratio reduces with z (see
Fig. 3c) consistently with (41).

Remarkably, the turbulence suppression and airflow accel-
eration due to the spray presence observed for nonzero TA
remain strong even though the concentration of spray, which
is known to lead to such an effect according to the mixture-
type model RS14, reduces with the altitude much faster when
qae Þ 0, see Fig. 3c. This demonstrates that turbulence attenu-
ation due to air–droplet interaction plays the major role in
defining the dynamics of MABL. Figure 3b shows the vertical
distribution of the horizontal spray velocity component uw.
For all cases uw is a few percent smaller than that of the air-
flow ua around z 5 1 due to the difference between the veloc-
ity u of injected droplets and that of airflow (in these
calculations the droplet injection velocity is taken to be zero).
However, droplet velocity approaches that of the air short dis-
tance ∼ 																			

kpp17td1s
t
0c01

√
[see (61)] away from wave crests.
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Figure 3f shows that the distribution of the turbulent viscosity
kw of spray generally follows the same trends as those for the
air ka (cf. with Fig. 3e), but as intuitively expected the sensitiv-
ity of kw to the droplet size is more pronounced than that of

ka. The plots show that the vertical turbulent transport is con-
siderably weaker in the TA case qae Þ 0.

Figure 4 demonstrates the vertical distribution of TKE in sev-
eral representative regimes. Consistently with the conclusions

FIG. 3. Vertical distributions of MABL quantities: (a) airspeed, (b) average spray droplet speed, (c) spray concentra-
tion, (d) turbulent kinetic energy, (e) turbulent viscosity of air, and (f) turbulent viscosity of droplets for u★54m s21

with (qae Þ 0) and without (qae 5 0) turbulence attenuation caused by air–droplet interaction for 50 and 200 mm spray
droplets. Spray source intensity s0 5 1024 for all computations. The two qae 5 0 curves are visually indistinguishable at
the plot scale in (a) and (b). In (a) they also overlap with the reference logarithmic velocity profile for spray-free air.

R A S T I G E J E V AND SU S LOV 109JANUARY 2022

Authenticated cgarrison@ametsoc.org | Downloaded 01/21/22 02:27 PM UTC



made in RS14 using a simpler model, we observe that fine spray
permanently suppresses turbulence throughout MABL, see the
solid line, while large-droplet spray suppresses TKE mostly
near the wave-crest level: the dash–dotted line indicates gradual
recovery of TKE at high altitudes, where the concentration of
heavy droplets is close to zero, see the dashed line in Fig. 3c.
The transition between the two regimes occurs when the value
of parameter l0 defined by (63) approaches 1, see the dashed
line in Fig. 4. Also, note that when the turbulence intensity char-
acterized by u★ and the associated turbulent diffusion increase,
more spray droplets reach higher altitudes leading to greater
turbulence attenuation there. Therefore, the increase of MABL
turbulence caused by high-altitude driving processes (parame-
terized by u★) also leads to its stronger relative suppression in
MABL, compare the dashed and dash–dotted curves in Fig. 4.

In Fig. 5 we show the distributions of spray concentration s̃
at the wave-crest level z̃w and of the drag coefficient
Cd51=(u2a101ss0su2w10) 10 m above the average sea level. In
our current model the friction velocity u★ and the spray
source intensity s0 are taken as independent governing param-
eters. Since the meaning of s0 here is different from the spray
concentration at the wave-crest level that we used in our pre-
vious publications (Rastigejev et al. 2011; RS14; Rastigejev
and Suslov 2016), to enable a meaningful comparison map-
ping s0,u★( ) → s̃ z̃w( ) is computed and shown in Fig. 5a by the
labeled contour lines. It shows that the spray concentration at
the wave-crest level increases with both the spray source
intensity s0 and the friction velocity u★ [the thin solid contour
lines representing the constant values of s̃ z̃w( ) slope down at
larger values of u★], which is due to the facts that s̃ ∼ s0=td
and that td decreases with u★ according to (23) and (A11).
The dependence of drag coefficient Cd on s0 and u★ is shown
in Fig. 5c by labeled contour lines. It increases with u★ (from
left to right in the figure) but decreases with s0 (the constant
Cd contours have positive slopes). When considered as a func-
tion of ũ10, as seen from Fig. 5d the variation of the drag coef-
ficient is nonmonotonic and depends on the path in the
s0,u★( ) plane. Several correlations relating the spray concen-
tration at the wave-crest level and the airspeed have been
reported in literature. Here we consider the exponential and
power law relations suggested in Andreas (1998) and Fairall
et al. (2009), respectively. The former is given by

s̃ z̃w( )5A exp d ua10 2ur( )[ ]
, (67)

where A 5 2 3 1027, d 5 0.2 2 0.6 s m21 and ur 5 22 m s21,
while the latter reads

s̃ z̃w( )5Anun★ : (68)

The mappings of these correlations for the typical values of
d 5 0.2 and 0.3 s m21 (RS14) and n 5 3 and A3 5 3.9 3

1026 s3 m23 (Rastigejev and Suslov 2019) in the s0,u★( ) plane
are shown in Figs. 5a and 5c by the thick solid, dashed, and
dash–dotted lines, respectively. The corresponding variation
of the wave-crest spray concentration s̃ and the drag coefficient
Cd along these lines are shown in Figs. 5b and 5d, respectively,
as functions of velocity ũ10 registered 10 m above the mean
sea level. As expected, the values of the spray concentration

increase monotonically (see Fig. 5b) and this increase is
steeper for larger values of d. Yet, the values of the wave-crest
concentration corresponding to maximum value of the drag
coefficient s̃max do not exceed 7 3 1025 and 1.4 3 1024 for
exponential and power laws, respectively, which remains in the
plausible range. However, even at the modest spray concentra-
tion values ∼1025 a significant deviation of the drag coefficient
behavior from that shown by the dotted line for spray-free
atmosphere with the logarithmic velocity profile is observed
(see Fig. 5d). Such a behavior of the drag coefficient (reach-
ing the maximum and then starting to decrease with u10) has
been observed in various field and laboratory measurements
(Donelan et al. 2004; Powell et al. 2003; Black et al. 2007;
Haus et al. 2010; Zhao and Li 2019; Sun et al. 2021). It signals
a strong influence of spray on the acceleration of air due to
turbulence suppression. Our computations with qae 5 0 show
that in this case all Cd curves collapse onto the reference dot-
ted line demonstrating that the TA effect is primarily respon-
sible for the increase in the predicted wind speed. It is
noteworthy that the deviation of Cd from the reference value
was predicted by our previous modeling reported in RS14 but
it was detected at an order of magnitude higher spray concen-
tration ∼1024. The main difference between our previous and
current models is that here we take into account the turbu-
lence attenuation due to spray slip relative to the surrounding
air. Therefore, we confirm once again that such an effect
plays a major role in the air–spray interaction in MABL.

In Fig. 6 similar distributions to those in Fig. 5 are shown
but for much larger spray droplets. The figure reveals similar
trends as for smaller droplets but the values of spray concen-
trations s̃max corresponding to the maximum value of the drag
coefficient Cd are somewhat higher, 1.0 3 1024 and 1.8 3

1024 for exponential and power laws, respectively. The maxi-
mum values of the drag coefficient are also larger by 4–5 and
10% than those for smaller droplets for exponential and
power laws, respectively. At the first glance this observation

FIG. 4. The vertical distributions of nondimensional turbulent
kinetic energy ea for s0 5 1024 and various droplet sizes and friction
velocities. The estimated values of parameter l0 defined by (63) are
0.09, 0.99, and 3.28 for the distributions shown by the solid, dashed,
and dash–dotted lines, respectively.
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appears to be counterintuitive since spray slip relative to the
surrounding air is not as pronounced for small droplets.
Therefore, turbulence attenuation is stronger for large drop-
lets. However, this is offset by their smaller concentration
above the wave-crest level for the same s0 compared with that
of smaller droplets (see Fig. 3c). As a result of that, large
droplets lead to a weaker turbulence suppression at high alti-
tudes, and the flow laden with such droplets is characterized
by a larger drag coefficient.

Figure 7 demonstrates that the drag coefficient dependence
on the wind speed varies with the elevation above the sea
level. Regardless of the used form of a spray–production cor-
relation, the drag coefficient deviates from its reference values
faster at higher altitudes. The value of ũ10 at which the maxi-
mum of Cd is detected also shifts toward lower values with
altitude. Such an altitude dependence of the drag coefficient
has been detected and reported previously in RS14 and the
more complete current model that takes into account spray
slip relative to the air confirms this general conclusion.

The dependence of the drag coefficient on the altitude for
droplets of various radii compared to the variation of the ref-
erence drag coefficient for spray-free atmosphere character-
ized by the logarithmic wind speed profile is shown in Fig. 8.
The behavior of Cd for spray-laden atmosphere follows the
reference one only for the first few meters above the wave
crests. Starting from about 8 m above the average sea level
the Cd values for spray-laden flows noticeably decrease rela-
tive the reference distribution due to the turbulence suppres-
sion caused by spray. Such an effect is stronger for fine spray
that is carried by the turbulent eddies to higher altitudes.
Again, this is consistent with findings reported in RS14.

9. Discussion and conclusions

We have developed a multifluid model of spray-laden
MABL that considers air and dispersed in it sea spray drop-
lets as two different interacting phases that generally have

FIG. 5. Distributions of (a) spray concentration s̃ z̃w( ) at the wave-crest level and (c) of the drag coefficient Cd as
functions of the friction velocity u★ and spray source intensity s0; (b),(d) the same quantities as functions of the speed
at the 10-m level assuming the exponential and power law correlation between s̃ z̃( ) and u★ (Andreas 1998; Fairall
et al. 2009) mapped as shown by the thick solid, dashed, and dash–dotted lines in (a) and (c) for the average droplet
radius r5 50 mm.
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different velocities and can slip relative to each other. This is
particularly so near the wave-crest levels, where the spray
droplets are generated. The multifluid model enables us to
consistently take into account the accelerating and decelerat-
ing influences of ocean spray due to its turbulence suppression
effect and inertia, respectively. Subsequently, we carried out
numerical and asymptotic analyses of the structure and
dynamics of a MABL under high-wind conditions of a hurri-
cane. Under such conditions the ocean spray is primarily gen-
erated by strong wind ripping off the droplets from the wave
crests. It has been found that both the TA and GL effects
make comparable contributions to turbulence dissipation for
low wind speeds and large droplets. However, TA dominates
by an order of magnitude or more for large wind speeds and
small droplets. Remarkably, while the GL effect has been
studied closely by several authors, the stronger TA effect that
is primarily responsible for flow acceleration has not received
the due attention to date. This is not surprising considering
that GL can be sufficiently accurately described by a simple
one-equation turbulence model or a model based on Moni-
n–Obukhov similarity (Rastigejev et al. 2011) within a frame-
work of the mixture-type approach, while a meaningful

description of TA requires a much more complicated multi-
fluid consideration coupled with a higher-order turbulence
model.

The conclusions regarding the mechanical effect of spray
on MABL made based on our previous mixture-type model
reported in RS14 are qualitatively consistent with those of the
current multifluid model, particularly so in the limiting case of
light droplets. However, when droplet slip becomes signifi-
cant, the two models have produced noticeably different
results. In particular, our calculations show that spray droplets
characterized by large values of parameter l0 ∼ a0=u★�1,
where a0 and u★ are the terminal droplet and friction veloci-
ties, respectively, tend to remain in a thin layer near the ocean
surface and cause stronger suppression of turbulence there
than that predicted by the mixture model of RS14. However,
at higher elevations that cannot be reached by heavy droplets
TKE tends to recover in a way consistent with that described
in RS14. Small droplets with l0 � 1 are carried by the turbu-
lent flow to higher altitudes permanently suppressing turbu-
lence there. This is fully consistent with conclusions of RS14,
however, with quantitatively much stronger turbulence reduc-
tion than that reported in RS14.

FIG. 6. As in Fig. 5, but for r5 200 mm.
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Both RS14 and the current multifluid models corroborate
that the mechanical effect of spray on the airflow is highly
nonuniform in the vertical direction. This is because such an
influence is determined by the balance between spray inertia
and TKE suppression that vary dissimilarly with the altitude.
The effect of droplet inertia is strong near the ocean surface,
where spray is injected into MABL with a small velocity com-
pared to the local wind speed. In the mixture model of RS14,
the air and spray velocities are taken to be the same. There-
fore, the inertia of slow-moving droplets dominates over the
spray lubrication (turbulence suppression) effect near the bot-
tom of MABL and the wind speed predicted there by RS14 is
noticeably smaller than that of the reference logarithmic pro-
file. The current multifluid model treats the momentum
exchange process between air and spray droplets in this region
much more realistically. According to it both the spray inertia
effect on the wind and the lubrication effect due to the
enhanced TKE suppression caused by TA are stronger com-
pared to those predicted by the mixture model. Near the wave-
crest level the two effects compensate each other. Therefore,
the air velocity predicted by the multifluid model remains
almost unchanged there compared to the reference logarithmic

profile. However, a few meters above wave crests the spray
lubrication dominates and the airflow accelerates.

Another important observation is that the multifluid model
predicts noticeable wind acceleration and the corresponding
reduction of the drag coefficient from the reference values for a
spray-free atmosphere at spray volume fraction ∼1025, which is
an order of magnitude lower than the similar value predicted by
the mixture model. The falloff of the drag coefficient from its
reference values becomes quicker for higher spray concentra-
tions and is stronger pronounced at higher altitudes. The drag
coefficient reaches its maximum at spray volume fraction ∼1024

that is several times smaller than the mixture model prediction.
To conclude, while both mixture-type model of RS14 and

the current multifluid model are designed to quantify the
mechanical effect of sea spray on the tropical cyclone dynam-
ics, the latter provides a more accurate account of interphase
momentum and TKE exchange in the air–spray turbulent
flow. This produces quantitative difference between the
results produced by the two models that is attributed to the
influence of inertial droplet slip that is not captured by mix-
ture-type models.

Finally, we note that the uniformity of the local distribution
of heavy particles in vortical flows can be disrupted by centri-
fuge effects. A combination of asymptotic and numerical
methods has been used to investigate such a swirl effect in the
past (e.g., Druzhinin 1995a,b) but no attempt to take it into
account was made in the current study. It was argued by
Eaton and Fessler (1994) that particle clustering in swirling
flows remains weak for particles characterized by small Stokes
numbers (p17) such as fine sea spray droplets considered here.
However, large droplets that are also generated during hurri-
canes may still be affected. Investigation of the effect of such
large droplet clustering may be a logical continuation of the
current study.

FIG. 7. The drag coefficient Cd for spray containing r 5 50 mm
droplets as a function of the horizontal wind speed at the 10 m level
for the exponential and power law correlation between s̃ z̃( ) and
u★. The data are presented (from top to bottom) for z̃510, 20, and
100 m.

FIG. 8. The drag coefficient Cd for spray containing r5 50 and 200
mm droplets as a function of altitude z for s0 5 1024 and u★5

4m s21. The reference distribution Cd log51=u2log5k2p=ln
2 z=z0
( )

for
the spray-free atmosphere is shown by the dotted line.
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APPENDIX

Equations and Asymptotic Expressions

a. Derivation of the governing equations

Below we use bars (·) and hats (̂·) for ensemble and mass-
weighted averages, primes (·′) and double primes (·0) for tur-
bulent fluctuations about ensemble and mass-weighted aver-
age values, respectively, and tildes (·̃) for other dimensional
variables. We assume that the average volume fraction of
spray (also referred to as spray concentration) s is much
smaller than that of air 12 s, i.e., s ,, 1. This implies that
the mass-weighted average of the air velocity is equal to its
ensemble average ûa5ua. Consequently, u0a5u′a.

1) CONTINUITY EQUATION

The averaged continuity equations for air and spray are

­

­x̃k
rauak( )5 0 , (A1)

­

­x̃k
sûwk( )5 q̇1,w , (A2)

where s, ra, uak, ûwk, and q̇1,w are the average volume frac-
tion of spray, the mass density of air, the kth components
of air and spray velocities, and the rate of production of
spray per unit mass due to spume breakup, respectively.
The mass-weighted average spray velocity ûwk is defined as

ûwk 5
suwk
s

5 uwk 1
s′u′wk
s

:

Here and below repeated indexes follow the Einstein sum-
mation convention.

2) MOMENTUM EQUATIONS

The averaged momentum equations for air and spray
read (Jakobsen 2008)

raual
­uak

­x̃l
52

­p
­x̃k

1
­

­x̃l
ra k̃a

­uak

­x̃l
1
­ual

­x̃k

( )[ ]{ }

2
2
3

­

­x̃k
r̃a ẽa1k̃a

­ual

­x̃l

( )[ ]
1ragk1rwFk, (A3)

sûwl
­ûwk

­x̃l
5 2

1
rw

s
­p
­x̃k

1
­

­x̃l
k̃ws

­ûwk

­x̃l
1

­ûwl

­x̃k

( )[ ]

2
2
3

­

­x̃k
s ẽw 1 k̃w

­ûwl

­x̃l

( )[ ]
1 sgk 2Fk

1 Uk 2 ûwk( )q̇1,w, (A4)

where p, gk, k̃a, and k̃w are the pressure, the gravity accelera-
tion, and the turbulent viscosity coefficients in air and spray,

respectively. Note that the pressure term in Eq. (A4) is usually
negligibly small because of the large water–air density ratio,
but we keep it for completeness. The kth components of the
average air–droplet interaction force Fk, the average local rela-
tive interphase ûr

k and drift ũd
k velocities are given by

Fk 5
sûr

k

t̃d
, ûr

k 5 ûwk 2
suak
s

5 ûwk 2 uak 2 ũd
k,

ũd
k 5

suak
s

2 uak 5
s′u′ak
s

:

Here a conventional closure model of the Reynolds stresses
based on the eddy-viscosity hypothesis, also known as the
Boussinesq hypothesis (Boussinesq 1897), has been adopted
for both air and spray. This hypothesis assumes a linear rela-
tionship between the Reynolds stress and the average strain
rate. Such an approach may potentially yield an inaccurate
description of complex turbulent flows (e.g., flows with a
sudden change in the mean strain rate, flows over curved
surfaces or in rotating fluids, etc.). However, it produces sat-
isfactory results for simple shear turbulent flows (Wilcox
2006) similar to the one considered in this study.

3) MARINE ATMOSPHERIC BOUNDARY LAYER FLOW

For the MABL flow that is homogeneous in the horizon-
tal directions, the expressions for horizontal spray and verti-
cal air velocities take the forms

ûw 5 uw 1
u′ws′
s

5uw, wa 5 0,

and the average spray production source is

q̇1,w 5q0d̃ z̃2zw , (A5)

where d̃ z̃2zw is some suitably defined distribution function
with a sharp maximum at z̃5zw. Expressing q0 using the
characteristic value of the spray volume fraction s0 ≡ q0/a0
and substituting (A5) into (A2) yields

d
dz̃

sŵw( )5 a0s0d̃ z̃2zw , (A6)

where a0 is the terminal speed of spray droplets in quies-
cent air and

ŵw 5ww 1
w′

ws′
s

≡ ww 1
w′

ws′
s

(A7)

(for future convenience, here we introduced a different
notation for the ensemble-average vertical spray velocity
ww ≡ ww). After integrating the spray continuity equation
(A6) with respect to z̃ we obtain

sŵw 5 2 a0s0H̃z̃2zw , H̃z̃2zw 5

�‘

z̃2zw
d̃j dj·

b. Approximate expression for droplet relaxation time td

Here we derive an approximate expression for the nondi-
mensional droplet relaxation time td(z) for light droplets
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characterized by p17 ,, 1. It follows from (23) that td
depends only on the RMS of relative velocity 〈 ũr| |〉 defined
by (11). The vertical component of the relative velocity can
be expressed in terms of ww and ww [defined by (15)] as
follows

wr 5p1ww 2wd 5p1ww 2 c1wf

5p1ww 2 c1p1 ww 2ww( )
5p1 12 c1( )ww 1 c1ww

[ ]
: (A8)

Substituting the expression (16) for ww into (A8) and taking
into account that ww ≈ 2td for p17 ,, 1 we obtain

wr ≈ p1 c1 2 1( )Hz21

s
2 c1td

[ ]
: (A9)

Substituting (A9) into (11) we obtain the following expres-
sion for the RMS of relative velocity

〈 ur| |〉 ≈
{[

c1 2 1( )Hz21

s
2 c1td

]2
p2
1

1 ua 2 uw( )2 1 2ea 12 c1( )
}1=2

: (A10)

Substituting estimations td(z) ≈ td1 for the particle relaxa-
tion time and s(z) ≈ 1/td1 for the spray concentration below
the wave-crest level and

c1 ≈ 3akpz
2p17td1s

t
0 1 3akpz

obtained from (10) and (42) into (A10) yields

〈 ur| |〉 ≈ c2td1p1( )2 1 ua 2uw( )2 1 4p17td1s
t
0

a 2p17td1s
t
0 1 3akpz

( )[ ]1=2
,

(A11)

where c2 5 1 for z , 1 and c2 5 c1 for z $ 1. The differ-
ence ua 2 uw is evaluated using (61).

c. Maximum of td(z) for z , 1

Below we prove that when p17 ,, 1, td(z) always has a
single maximum at some location zmax below the wave-crest
level z , 1 where dtd/dz 5 0. This results in the equation
for zmax

exp
zmax 2 1					
p17

√
C1

( )
5

					
p17

√
C2

p17C3 1 zmax( )2 ,

where

C1 5
1
2

														
kpc01td1st

0

√
, C2 5

16c01st2
0 C1

3p2
1a

2t2d1 u2 ua 1( )[ ]2 ,
C3 5

2td1st
0

3kpa
,

with solution

zmax 5 2
					
p17

√
C1W

exp
					
p17

√
C3

2C1
1

1
2

					
p17

√
C1

( ) 				
C2

√

2
					
p17

4
√

C1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2p17C3, (A12)

where W is a Lambert function (Olver et al. 2010). The
asymptotic analysis of (A12) for p17 ,, 1 yields

zmax 5 11O
					
p17

√
ln p17

( )
, 1: (A13)

It is easy to show that

d2

dz2
td zmax( )5O

					
p17

√( )
, 0: (A14)

Thus, zmax is indeed the maximum point.

d. Asymptotic equations for spray horizontal velocity

The asymptotic decomposition of (57)–(59) in powers of
parameter p17 yields the following equations and interface
conditions at zeroth and 1/2th order of the parameter

O 1( ) : k2ptd1st
0c01

d2uiw0
dj2

2kpuiw0 5 lnz0, (A15)

duiw0
dj

∣∣∣∣∣
j5 01

j5 02

5 0; (A16)

O
					
p17

√( )
: k2ptd1s

t
0c01

d2uiw1
dj2

2kpuiw1 1j5 0, (A17)

p1td1
kpst

0c01
u2 uiw0 0( )[ ]

1
duiw1
dj

(01 )2 duiw1
dj

(02 )5 0: (A18)

Note that Eqs. (A15) and (A17) are valid for both negative
and positive values of variable j in the region just above
and below the wave-crest level.
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