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Effects of Remote Boundary Conditions on
Clamping Loss in Micromechanical Resonators

James M. L. Miller , Gabrielle D. Vukasin , Ze Zhang, Hyun-Keun Kwon ,

Arun Majumdar, Thomas W. Kenny, and Steven W. Shaw

Abstract—Clamping loss in micromechanical resonators can
strongly depend on the boundary conditions far away from the
actual vibrating structure because the acoustic wavelength greatly
exceeds the device dimensions. We demonstrate a scheme for
post-fabrication tuning of the clamping loss in flexural-mode and
bulk-mode resonators by modifying the boundary conditions of
the chip with the frame. The measured quality factor increases
by more than an order-of-magnitude for the microcantilevers
and more than a factor of three for the bulk-mode resonators
when frame contact is minimized via suspension of the chip
by wirebonds. We propose a two-degree-of-freedom fluctuation-
dissipation model to describe the thermomechanical noise and
forced response in the presence of this tunable anchor damping.
By studying the thermomechanical displacement spectrum with
tunable clamping loss, we show that variable clamping loss
tunes the mechanical quality factor, modifying both the resonator
transfer function and thermomechanical noise force. We delineate
the dependence of the tunable clamping loss mechanism on micro-
cantilever beam length and ambient temperature from 300 K
down to 40 K, and observe potential temperature dependence to
clamping loss with reducing temperature. [2021-0141]

Index Terms—MEMS, microresonators, clamping loss, anchor
damping, thermoelastic dissipation, fluctuation-dissipation
theorem.
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I. INTRODUCTION

M ICRO- and nanoelectromechanical (MEM/NEM) res-
onators are widely used in sensors [1] and oscilla-

tors [2]. Perhaps the most important attribute in MEM/NEM
resonators is the quality factor, Q, which characterizes the
dissipation in the mechanical mode. A variety of dissipation
mechanisms contribute to determining the Q in MEM/NEM
resonators, such as clamping loss (Qclamp), thermoelastic
dissipation (QT ED), surface loss (Qsur f ), gas damping (Qgas),
and phonon loss (Qphon). These mechanisms are linked to
the mechanical quality factor of the resonator, and thus their
tuning modifies both the transfer function and thermomechan-
ical noise force acting on the resonator. The quality factors
associated with these dissipation mechanisms sum in inverse
to determine the total inverse mechanical quality factor:
1
Q

= 1
Qclamp

+ 1
QT ED

+ 1
Qsur f

+ 1
Qgas

+ 1
Qphon

+ · · ·
(1)

The mechanical quality factor Q is determined by the var-
ious actual dissipation mechanisms in Eq. 1. In contrast to
Q, a variety of feedback or pumping techniques have been
developed to tune the “effective” quality factor, Qef f [3].
Effective quality factor tuning modifies the resonator dynamics
by pulling energy out of or feeding energy into the mode,
resulting in modal “cooling” or “heating” [4]–[8]. If sufficient
energy is fed into the mode, Q−1

e f f becomes negative and
self-sustained oscillations commence [9]–[12]. During self-
sustained oscillations, the nonlinearities govern the vibrational
response [13]–[17]. Qef f tuning has no influence on the
thermomechanical noise force that acts on the resonator; this
noise force has a white amplitude spectral density Fth =√
4kBTmω0Q−1, where Q is the mechanical quality factor,

kB=1.3807× 10−23 J K−1 is Boltzmann’s constant, T is the
thermal bath temperature, ω0 is the modal angular resonance
frequency, and m is the modal lumped mass. In contrast,
the larger the mechanical quality factor (Q), the weaker the
coupling between the mode and the thermal bath, resulting in
a weaker thermomechanical noise force acting on the mode
and typically a better signal-to-noise ratio (SNR) for the
corresponding resonant sensor or oscillator.

Clamping loss (also known as anchor loss or support loss)
occurs when elastic energy in the resonator radiates through
the supports into the substrate. Clamping loss is often a domi-
nant damping mechanism in MEM/NEM resonators, degrading
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Q and resulting in a larger thermomechanical noise force.
The earliest resonator innovation which reduced clamping
loss was the double-ended tuning fork design for musical
instruments. The out-of-phase mode of the two vibrating
elements in a DETF have zero net force and moment at
the supports, which results in a significantly higher Q value
than a corresponding cantilever of similar dimensions due to
reduced clamping loss [18]. More recent innovations for reduc-
ing clamping loss include engineering the tether geometry
[19]–[32] and integrating phononic crystals into the resonator
or anchors [33]–[53].

Because the wavelengths of acoustic waves at radiofrequen-
cies are often much larger than the MEM/NEM resonators
that radiate them, the boundary conditions away from the
actual vibrating structures can also influence the clamping
loss. Preliminary measurements in this direction suggest that
chip mounting conditions do influence clamping loss in sil-
icon nitride membranes [54], [55] and double-ended tuning
forks [56], [57]. The advantage of modifying the chip mount-
ing conditions over the phononic crystal or engineered tether
methods is that it enables post-fabrication tuning of clamping
loss [58]. This is useful for increasing the post-fabrication
mechanical quality factor of doubly-clamped beams [20],
thermal-piezoresistive oscillators [6], [59]–[63], and other
resonator geometries that require multiple attachment points
via rigid anchor tethers. The boundary-condition-dependence
is also important because many computational models for
clamping loss rely on energy loss through a perfectly-matched
layer, which do not necessarily properly account for interfaces
at the boundary of the chip, and are thus unlikely to provide
accurate predictions of clamping loss [29], [56]. In this work,
we experimentally show that modifying the post-fabrication
chip-substrate boundary conditions can tune the clamping
loss by over an order-of-magnitude. The chip-frame boundary
conditions are important because the acoustic wavelength
of vibrations can dramatically exceed the size of the chip
for micromechanical resonators vibrating at radiofrequencies,
as illustrated in Table I.

II. THE DEVICES

This Article experimentally studies the influence of remote
boundary conditions on radiofrequency clamping loss in
micromechanical flexural-mode and bulk-mode resonators.
The tested microcantilevers and square plate resonators are
hard clamped to the anchors with relatively short support
beams [56], [68], so clamping loss is expected to play a
large role in the dissipation. The oscillation frequency varies
from 100 kHz to 10 MHz for these devices, as demarcated
in Table I. The resonators are individually vacuum-sealed
in their own wafer-scale hermetic packaging to eliminate
gas damping and surface loss [69], [70]. When the device
chip containing the microcantilever is floated by wirebonds,
we observe a repeatable increase in quality factor by over
an order-of-magnitude relative to bonding the chip to the
frame, associated with a sharp reduction in microcantilever
clamping loss. By measuring the temperature-dependence of
the dissipation down to cryogenic temperatures, we observe

TABLE I

WAVELENGTH (λ = 2πvs/ω0) OF RADIATED ACOUSTIC WAVES AS A
FUNCTION OF VIBRATION FREQUENCY (ω0/2π ) FOR MECHANICAL
RESONATORS FABRICATED FROM SILICON [64], SILICON
NITRIDE [65], AND LITHIUM NIOBATE [66]. THE SPEED OF
SOUND (vs =

√
K/ρ ) IS LISTED FOR EACH MATERIAL AND

IS CALCULATED FROM THE BULK MODULUS (K ) AND
MASS DENSITY (ρ) [67]. THE RANGE OF ACOUSTIC
WAVELENGTHS CONSIDERED IN THIS WORK IS

HIGHLIGHTED IN GREEN

Fig. 1. (a) A chip in the “fixed” configuration. The chip is bonded to
the frame, providing a large sink for acoustic radiation. (b) A chip in the
“floating” configuration. The chip is suspended above the frame by wirebonds,
eliminating a path for acoustic radiation. (c) An optical microscope image of
an encapsulated chip in the floating configuration. The structural wirebonds
are denoted with arrows. (d) The measurement schematic for the in-plane
mode of the flexural devices under test. Measurement electrodes above the
microcantilever (not depicted) are used to transduce the out-of-plane mode.
L corresponds to the microcantilever support beam length.

clear signatures of clamping loss in the fixed chip resonators
and thermoelastic dissipation in the floating chip resonators,
for both the in-plane and out-of-plane flexural modes.

Figure 1(a,b) illustrates the approach used to modify
the clamping loss. By suspending the chip containing the
microresonator with wirebonds, the quality factor associated
with the clamping loss can be tuned relative to fixing the chip
to the frame. Floating the chip eliminates the major path for
acoustic vibration: direct transmission from the chip into the
substrate through the bonded surface under the chip. This is
implemented in practice in Fig. 1(c), where wirebonds around
the periphery of the chip act to simultaneously suspend and
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Fig. 2. A lumped model for a micro/nanoelectromechanical (MEM/NEM)
vibrational mode in the presence of tunable clamping loss. x , m, k, and c
are the displacement, lumped mass, stiffness, and viscous damping of the
MEM/NEM mode. f is the force applied to the MEM/NEM mode. x2 is the
displacement of the chip, m2 is the lumped mass of the chip, and c2 accounts
for the dissipation due to phonon tunneling from the chip into the frame.

stabilize the chip. Separate wirebonds connect the electrodes
of the microresonator to the printed circuit board for electrical
readout. The devices under test are encapsulated microcan-
tilevers, illustrated in Fig. 1(d), and encapsulated square-plate
resonators, illustrated in Fig. 8(a) and discussed in Section V.

The microcantilevers consist of a 400 µm long, 100 µm
wide, 60 µm thick proof mass cantilevered by a wide beam
and a narrow beam. This geometry enables tuning of the
effective quality factor via the thermal-piezoresistive pumping
mechanism, which is not considered in this work. This geom-
etry is interesting here because it is strongly clamping-loss-
limited in the fixed configuration. Clamping loss is expected
to play a large role in limiting the Q in these devices because
of the asymmetric anchor design. The microcantilevers are
sensed capacitively via a custom low-noise transimpedance
amplifier scheme [71], which enables direct measurement
of the thermomechanical noise spectrum to characterize the
tunable clamping loss. An optional capacitive drive is used
for the cryostat experiments, to measure the quality factor via
a frequency sweep across resonance or a ring-down response.
Electrodes are located on either side of the microcantilever
in-plane to measure the in-plane mode, and on the top surface
of the encapsulation layer to measure the out-of-plane mode.
No electrical current flows through the microcantilever.

III. MODEL FOR TUNABLE CLAMPING LOSS

To describe the dependence of quality factor on the chip
boundary conditions, we consider the two-degree-of-freedom
(2DOF) model presented in Fig. 2. To analyze this system,
we apply Newton’s second law to the MEM/NEM vibra-
tional mode degree-of-freedom and chip degree-of-freedom
and express the resulting system of differential equations in
matrix form as:
[
m 0
0 m2

] [
ẍ
ẍ2

]
+

[
c −c

−c (c + c2)

] [
ẋ
ẋ2

]

+
[
k −k

−k k

] [
x
x2

]
=

[
f
0

]
, (2)

where m, k, and c are the lumped mass, stiffness, and viscous
damping of the MEM/NEM vibrational mode, m2 is the

chip mass, and c2 accounts for the additional clamping loss
introduced by fixing the chip to the frame.

Substituting x(t) = X (ω)eiωt , x2(t) = X2(ω)eiωt , and
f (t) = F(ω)eiωt into Eq. 2 and rearranging, we obtain the
following matrix equation.

A = G−1(ω)F, (3)

where

A(ω) =
[
X (ω)
X2(ω)

]
, (4)

F(ω) =
[
F(ω)
0

]
, (5)

G−1(ω) =
[
G−1

11 G−1
12

G−1
12 G−1

22

]
, (6)

and where

G−1
11 = 1

ω%+

[
k−m2ω

2 + iω(c + c2)
]
, (7)

G−1
22 = 1

ω%+

[
k−mω2 + iωc

]
, (8)

G−1
12 = 1

ω%+
[k + iωc] , (9)

%± = ωα(ω)± iβ(ω), (10)

α(ω) = ω2mm2−cc2 − k(m + m2), (11)

β(ω) = kc2 − ω2(mc + mc2 + m2c). (12)

The undamped angular resonance frequency of the
MEM/NEM vibrational mode is determined from the lumped
stiffness and masses of the MEM/NEM mode and chip as:

ω0 =
√

k
m

(
1+ m

m2

)
. (13)

A. Thermomechanical Response

The fluctuation-dissipation theorem can be employed to
derive the thermomechanical displacement power-spectral-
density (PSD) of the MEM/NEM mode using the real part
of the admittance Y (ω) as [72]–[74]:

Sxx(ω) =
4kBT
ω2 Re [Y (ω)] . (14)

We define the admittance Y (ω) in terms of the relative velocity
between the MEM/NEM mode and the chip as

Y (ω) = V (ω) − V2(ω)
F(ω)

= iω
(
G−1

11 − G−1
12

)
, (15)

where V (ω)= iωX (ω) and V2(ω)= iωX2(ω) is the velocity
of the MEM/NEM mode and chip in frequency space, respec-
tively. This yields:

Sxx (ω) =
4kBT [−c2α(ω) − m2β(ω)]

%+%−
, (16)

which has units of m2 Hz−1. In the measured 2DOF system,
the voltage amplitude-spectral-density (ASD) at the amplifier
output is thus:

S1/2vv,2D(ω) =
√
R2(ω)Sxx (ω)+ Sn(ω), (17)



MILLER et al.: EFFECTS OF REMOTE BOUNDARY CONDITIONS ON CLAMPING LOSS 207

which has units of V Hz−1/2. R is the amplifier responsivity in
units of V m−1 and Sn is the amplifier noise spectrum in units
of V2 Hz−1. The amplifier noise is assumed to be uncorrelated
with the thermomechanical displacement fluctuations of the
MEM/NEM mode, and both displacement quadratures of
motion are assumed to be averaged into S1/2vv,2D(ω).

The thermomechanical noise ASD of the MEM/NEM mode
can alternately be described by the one-degree-of-freedom
(1DOF) fluctuation-dissipation model [72]. This corresponds
to the limiting case of the 2DOF model for m/m2 = 0. The
1DOF model is useful for defining a resonance frequency and
a quality factor for comparing to the literature, and agrees well
with the 2DOF model for typical values of m and m2. For the
1DOF system, the tunable anchor damping must be accounted
for by varying the damping parameter c. The admittance of
the 1DOF system is:

Y (ω) = cω2 + iω(k − mω2)

(k − mω2)2 + (cω)2
. (18)

Substituting Eq. 18 into Eqs. 14 and 17, defining an angular
resonance frequency ω0 = √

k/m and quality factor Q =
mω0/c, and simplifying yields:

S1/2vv,1D(ω) =

√√√√√√R2(ω)
4kBT

(
ω0
Qm

)

(
ω2 − ω2

0

)2 +
(

ωω0
Q

)2 + Sn(ω). (19)

B. Forced Response

The 2DOF and 1DOF models in the previous section can be
adapted from the case of thermomechanical noise forcing to
the case of an external forcing. Including a feedthrough signal
A f t (ω) between the forcing and the resonator displacement
response, and a proportionality constant between amplifier
output and forcing, C in V m−1, the amplitude response
A2D(ω) for the 2DOF model is:

A2D(ω) =
√

C2|F(ω)|2
(
ω2m2

2 + c22
)

%+%−
+ A2

f t (ω), (20)

and the amplitude response A1D(ω) for the 1DOF model is:

A1D(ω) =
√√√√√C2|F(ω)|2 1/m2

(
ω2 − ω2

0

)2 +
(

ωω0
Q

)2 + A2
f t (ω).

(21)

This model disregards the frequency-dependent phase between
the resonator displacement and feedthrough signal, so is
only accurate close to resonance and with low feedthrough
signal.

IV. MICROCANTILEVER MEASUREMENTS

A. Thermomechanical Spectra

Figure 3(a) shows the measured room-temperature ther-
momechanical noise ASD of the vibrations for the in-plane
mode, and Fig. 3(b) shows the thermomechanical ASD for
the out-of-plane mode, of a microcantilever with a 10 µm

Fig. 3. (a) The thermomechanical noise amplitude-spectral-density (ASD)
for the in-plane mode of the microcantilever, in the fixed (red squares) and
floating (blue circles) configuration. (b) The thermomechanical noise ASD
for the out-of-plane mode of the microcantilever, in the fixed (red squares)
and floating (blue circles) configuration. %ω/2π corresponds to the spectral
frequency offset from resonance in the floating configuration. The ASD for
the two-degree-of-freedom model (Eq. 17, gray curve) and the one-degree-
of-freedom model (Eq. 19, dashed black curve) are fitted to the measured
ASD to extract the parameters in Table II. For both modes, floating the
chip narrows the transfer function and reduces the thermomechanical noise
force. The left inset in (a) and (b) shows a zoom-in of the experimental
points and model curves in the fixed configuration. The right inset in (a) and
(b) shows a zoom-in of the experimental points and model curves in the
floating configuration. The two-degree-of-freedom and one-degree-of-freedom
models are essentially identical in the floating configuration, and slightly
differ in the fixed configuration because the large c2 value slightly lowers
the resonance frequency. The ambient temperature is T = 298 K for these
measurements.

support beam length in the fixed and floating configurations.
Hardened photoresist is used to fix the chip to the frame in the
fixed configuration. Soaking the chip with acetone dissolves
the photoresist without disturbing the wirebonds, enabling the
chip to be suspended by structural wirebonds located at each
corner, as depicted in Fig. 1(c). The displacement for the in-
plane mode is measured differentially using the electrodes on
either side of the microcantilever. This eliminates the common
mode noise in the amplifier and increases the signal due
to the thermomechanical vibrations. The out-of-plane mode
is measured using the electrodes in the top encapsulation
layer above the microcantilever. The small electrode area



208 JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 31, NO. 2, APRIL 2022

TABLE II

EXTRACTED PARAMETERS FOR THE TWO-DEGREE-OF-FREEDOM MODEL
AND THE ONE-DEGREE-OF-FREEDOMMODEL FOR THE IN-PLANE AND

OUT-OF-PLANE MODES OF THE L=10 µM MICROCANTILEVER

used to sense the out-of-plane mode partly accounts for the
lower amplifier responsivity compared to the in-plane mode
in Table II.

In order to extract the parameters for the two-degree-
of-freedom and one-degree-of-freedom models in Eqs. 17
and 19, respectively, these equations are fitted to the measured
thermomechanical noise ASD in Fig. 3, for both the floating
and fixed configurations and both the fundamental in-plane
and out-of-plane modes of the microcantilever. Because the
in-plane and out-of-plane cantilever modes are well-separated
in frequency space, the 2DOF and 1DOF models can be
employed for each MEM/NEM mode independently [75]. For
both the 2DOF and 1DOF model, the lumped modal mass m
is computed using COMSOL Multiphysics. The mass of the
chip m2 is computed using a chip width, length, and thickness
of 2 mm, 2 mm, and 500 µm and a silicon density of 2330 kg
m−3. The viscous damping c in the 2DOF model is computed
using the linewidth of the thermomechanical noise ASD in
the floating configuration, setting c2 to zero. c2 is used to
fit the 2DOF to the noise ASD in the fixed configuration,
holding c constant. The lumped stiffness k in the 2DOF
model is computed from the resonance frequency in the fixed
and floating configurations, assuming the zero damping case
c = c2 = 0 kg s−1 and using Eq. 13. The justification for
using k as a frequency fitting parameter is that floating the
chip potentially releases residual stress in the anchors. The
1DOF model is simultaneously fitted to the noise ASD to
extract the associated quality factor Q and angular resonance
frequency ω0 in the floating and fixed configurations. For both
the in-plane and out-of-plane modes in the floating and fixed
configurations, the amplifier responsivity R is used as a fitting
parameter.

In the floating configuration, the chip phonon tunnel-
ing parameter is set to zero (c2 = 0 kg s−1), so the
2DOF model matches the 1DOF model almost exactly

Fig. 4. (a) The thermomechanical noise amplitude-spectral-density (ASD)
for the in-plane mode of the microcantilever, in the floating (blue circles)
configuration. (b) The thermomechanical noise amplitude-spectral-density
(ASD) for the in-plane mode of the microcantilever, in the fixed (red squares)
configuration. The solid black line curve corresponds to Eq. 19 by asserting
that clamping loss tunes the mechanical quality factor, and the dashed green
line corresponds to an improper use of Eq. 22 by incorrectly asserting that
clamping loss tunes the effective quality factor. The right inset in (a) shows
a zoom-in of the experimental points and model curves in the floating
configuration. The two models are identical in the floating configuration
(Q = Qef f ). The dashed green curve deviates significantly from the black
curve and experimental data in the fixed configuration (Q $=Qe f f ).

near the MEM/NEM mode resonance for both the in-plane
and out-of-plane modes. For both the in-plane mode and
out-of-plane mode in the fixed configuration, the fitted 2DOF
model has a slight frequency detuning relative to the measured
ASD and the 1DOF model. This is attributed to a shift in
the damped resonance frequency away from the undamped
resonance frequency in Eq. 13 at the large c2 value required to
fit the 2DOF model to the measured thermomechanical ASD in
the fixed configuration. Because the increase in clamping loss
in the fixed configuration is more pronounced for the in-plane
mode than the out-of-plane mode, the damping-induced shift
in resonance frequency is larger for the in-plane mode than
the out-of-plane mode.

Clamping loss tunes the mechanical quality factor in Eq. 1,
not the effective quality factor like thermal-piezoresistive
pumping and the other effective quality factor tuning mech-
anisms [3]. We can confirm this experimentally using the
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measured thermomechanical ASD and Eq. 19. Tuning the
mechanical quality factor with variable clamping loss modifies
both the resonator transfer function in the denominator and the
thermomechanical noise force PSD in the numerator of Eq. 19.
The PSD of the thermomechanical noise forcing applied to the
MEM/NEM mode is accounted for by the Q in the numerator
of Eq. 19.

The measured thermomechanical noise spectrum for effec-
tive quality factor tuning is given by:

S1/2vv,Qef f
(ω)=

√√√√√√R2(ω)
4kBT

(
ω0
Qm

)

(
ω2 − ω2

0

)2+
(

ωω0
Qef f

)2 + Sn(ω), (22)

Equation 22 differs from Eq. 19 because effective quality
factor tuning does not modify the thermomechanical noise
force PSD.

Figure 4 shows the measured thermomechanical ASD for
the in-plane mode of the microcantilever in the floating and
fixed configurations, along with Eqs. 19 and 22. Fixing the
chip to the substrate causes the linewidth to increase and
the noise force to increase, consistent with an increase in
mechanical quality factor associated with increasing clamping
loss. This is properly accounted for by decreasing Q in
Eq. 19. Incorrectly attempting to fit Eq. 22 to the noise
ASD by assuming that variable clamping loss only varies the
effective quality factor results in a peak that is too narrow
compared to the measured thermomechanical ASD in the
fixed configuration. Variable clamping loss thus modifies the
mechanical, not effective, quality factor. This result is similar
to the recent experiments by Bousse et al., which showed
that electrical damping due to dissipation across a capacitively
coupled resistor reduces the mechanical quality factor, not the
effective quality factor [76].

B. Dependence on Support Beam Length

Figure 5 shows measurements of the quality factor and
resonance frequency for the in-plane mode and out-of-plane
mode for a set of microcantilevers with varying support beam
length from L=10 µm to L=100 µm, in both the fixed and
floating configuration. The thermomechanical noise spectra are
measured for both modes at a microcantilever bias voltage
of 120 V with respect to the adjacent sense electrodes.

The substantial increase in quality factor in the floating
configuration compared to the fixed configuration is demon-
strated in Fig. 5(a), and is consistent for both the in-plane and
out-of-plane modes, for all of the measured microcantilevers.
For a given type of boundary condition, there is significant
variability in the measured quality factor between the in-plane
and out-of-plane modes, and variability with varying support
beam length. In the fixed configuration, the quality factor
increases slightly as the beam length is increased, which
can be explained by the decreasing stress gradients near the
attachment points of the support beams with the anchors for
the longer beams. Simulations of the quality factor arising
from thermoelastic dissipation are performed using COMSOL,
and show that the quality factor is TED-limited for both modes

Fig. 5. (a) The measured quality factor of the in-plane mode in the fixed
(upward red triangles) configuration and the floating (blue circles) configura-
tion, and the out-of-plane mode in the fixed (downward yellow triangles) and
floating (purple squares) configuration. The simulated Q due to thermoelastic
dissipation is overlaid for the in-plane mode (dashed black curve) and the out-
of-plane mode (dotted black curve). (b) The measured resonance frequency of
the in-plane and out-of-plane mode in the fixed and floating configuration. The
simulated eigenfrequencies as a function of support beam length are overlaid
for the in-plane mode (dashed black curve) and out-of-plane mode (dotted
black curve). The plot markers follow the same convention as in (a). (c) The
measured frequency difference δω0/2π =(ω0, f loated −ω0, f ixed )/2π for the
in-plane mode (blue circles) and out-of-plane mode (purple squares). The thick
dashed black line demarcates a positive and negative frequency difference.

of the floated microcantilevers with short support beams, but
remains slightly clamping-loss-limited for the in-plane mode
as the beam length is increased. The variability in quality
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Fig. 6. (a) The measured quality factor of the in-plane mode in the fixed
(upward red triangles) and floating (blue circles) configuration. The simu-
lated quality factor curves corresponding to thermoelastic dissipation (TED)
only (dashed black curve) and combined TED with constant clamping loss
Qclamp = 48k (solid black curve) are overlaid. (b) The measured resonance
frequency of the in-plane mode in the fixed (upward red triangles) and floating
(blue circles) configuration. The simulated resonance frequency (black curve)
is overlaid.

factor in the floating long support beam resonators could be
due to the remaining clamping loss, which in turn depends on
the residual stress in the anchors and the several encapsulation
layers in the chip.

The measured resonance frequency for the microcantilever
modes are plotted as a function of support beam length in
Fig. 5(b), and the corresponding simulated eigenfrequency
curves are overlaid. The eigenfrequency simulations include
250 nm of over-etch in the support beams and proof mass
relative to the nominal dimensions [71], and electrostatic
softening to the adjacent side and top electrodes with a device
bias voltage of 120 V, an in-plane electrode gap of 850 nm,
and an out-of-plane gap of 2.5 µm.

The resonance frequency difference for a given microcan-
tilever mode between the floating and fixed configuration
is plotted as a function of beam length in Fig. 5(c). After
floating a chip, the resonance frequency shifts upward by
roughly 100 Hz to 300 Hz for both modes fairly consistently.
The frequency upshift with floating does not exhibit any clear
dependence on support beam length.

C. Temperature Study

Figures 6 and 7 present measurements of the quality factor
and resonance frequency for the in-plane and out-of-plane

Fig. 7. (a) The measured quality factor of the out-of-plane mode in the
fixed (downward yellow triangles) and floating (purple squares) configuration.
The simulated quality factor curves corresponding to thermoelastic dissi-
pation (TED) only (dashed black curve) and combined TED with constant
clamping loss Qclamp =270k (solid black curve) are overlaid. (b) The mea-
sured resonance frequency of the out-of-plane mode in the fixed (downward
yellow triangles) and floating (purple squares) configuration. The simulated
resonance frequency (black curve) is overlaid.

modes of a microcantilever with a support beam length of
L = 10 µm. The temperature measurements are performed
in a closed-cycle helium cryostat, for temperatures ranging
from 40 K to 300 K. A low-noise cryostat feedthrough enables
the use of the capacitive readout to detect the vibrations of the
in-plane and out-of-plane modes. At each cryostat temperature,
the resonance frequency is extracted using the peak center in
the directly driven response, and the quality factor is extracted
by fitting a decaying exponential function to the ring-down
response.

COMSOL simulations of the temperature-dependent
thermoelastic dissipation and resonance frequencies were
additionally performed to estimate QT ED and ω0/2π
for the in-plane and out-of-plane modes. The anisotropic
silicon model was employed with a temperature-dependent
coefficient of thermal expansion and set of elastic moduli. The
temperature-dependent coefficient of thermal expansion used
in the simulations was reported by Middelmann et al. [77].
Temperature-dependent elastic moduli up to second-order
in temperature, as measured by Ng et al. for a phosphorus
doping concentration of 6.6 × 1019 cm−3, were used [78].
The total quality factor is estimated by assuming that
only clamping loss and TED contribute to Eq. 1, and that
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clamping loss is constant with temperature. The simulated
resonance frequency curves are shifted to overlay on top
of the measured resonance frequencies, to account for the
static shift in resonance frequency arising from electrostatic
softening and over-etch of the geometry.

The measured resonance frequency decreases with decreas-
ing temperature for both the in-plane mode and out-of-plane
mode, and yield a good agreement with the simulated reso-
nance frequency down to 100 K. At this temperature, third-
order doping-dependent temperature coefficients of elasticity
would be necessary to yield a good agreement between the
measurements and simulations. In the fixed configuration for
both modes, and also the floating configuration for the in-plane
mode, the room-temperature resonance frequency actually
increases with decreasing temperature, in disagreement with
the simulated frequency dependence based on temperature-
dependent elasticity. This negative temperature-coefficient-of-
frequency (TCF) near room-temperature most likely arises
from the residual stress in the anchors. Floating the chip
releases some of the residual stress, reducing the magnitude
of the negative TCF for the in-plane mode and reversing the
sign of the TCF for the out-of-plane mode. The much larger
measured quality factors in the floated out-of-plane mode
compared to the floated in-plane mode at 125 K suggests some
relationship between the trapped residual stress in the anchors
and the tunable clamping loss.

For both the in-plane mode and out-of-plane mode, clamp-
ing loss limits the quality factor over all temperatures in
the fixed configuration. In the floating configuration, the
quality factor is limited by TED from room temperature
down to 200 K for the in-plane mode and 150 K for the
out-of-plane mode. Below these temperatures, the clamping
loss is once more the limiting dissipation mechanism in the
floating configuration. Assuming a constant clamping loss,
Qclamp ≈ 48k for the in-plane mode and Qclamp ≈ 270k
for the out-of-plane mode. In both modes, a decrease in
Qclamp with decreasing temperature below 100 K appears
to be necessary to track the drop in quality factor at low
temperatures, suggesting that clamping loss does not remain
constant in the microcantilevers over varying temperature.
Another possibility is that a different damping mechanism
is becoming prominent below 100 K, but at least to the
author’s knowledge, the other possibilities, such as increasing
gas damping, surface loss, Akhiezer dissipation, electrical
damping, or dissipation due to two-level defects are not likely.
The quality factor due to gas damping is known to increase
with decreasing temperature [79]. Surface loss is believed
to be negligible for these devices because of the hermetic
vacuum encapsulation, as well as the relatively low surface-
to-volume ratio compared to the nanomechanical resonators
for which surface loss is prominent [80]. Akhiezer-limited
Q is routinely reached in silicon encapsulated bulk-mode
micromechanical resonators that attain resonance-frequency-
quality-factor products >1013 [32], [81], [82]. The measured
products in Figs. 6 and 7 are several orders of magnitude
below this limit, so Akhiezer dissipation is not expected
to play a role. Slight electrical damping occurs in the first
stage feedback resistor of the thermomechanical-noise-limited

amplifier above 140 V bias for the microcantilever geometry,
however the operating voltage is well below 140 V, a low
gain amplifier is used for the cryostat experiment, and the
amplifier is located outside of the cryostat and remains at room
temperature. Recent measurements in silicon nanomechanical
resonators suggest that the dissipation due to two-level defects
may become observable below 10 K for mechanical quality
factors in excess of ≈ 109 [51], [83], however the measured
quality factors in Figs. 6 and 7 are more than 4 orders
of magnitude lower than those measurements and are at
substantially higher temperatures. One plausible explanation
for the temperature-dependent Qclamp is that the differential
expansion of the various layers in the resonator encapsulation
modifies the interfacial impedance at the resonator anchors
through varying stress, which imparts a temperature depen-
dence to the clamping loss and resonance frequency.

V. BULK-MODE RESONATOR MEASUREMENTS

In this section, we demonstrate tunable clamping loss in
a bulk-mode resonator, and fit the model for tunable clamp-
ing loss to extract the parameters in the model presented
in Section III. The measured square plate resonator has a
length and width of 400 µm, and a thickness of 42.5 µm.
The square plate has an adjacent electrode on each side for
transduction of the Lamé mode at a resonance frequency of
approximately 10 MHz. The device is anchored at each corner,
corresponding to nodes in the Lamé mode shape, by 3.5 µm
wide by 8.2 µm long beams. Fig. 8(a) illustrates the Lamé
mode shape and electrical setup. Because the opposite sides
are in-phase for the Lamé mode shape, the transduction setup
capacitively drives one pair of electrodes with a harmonic
voltage and capacitively senses the resulting motional current
through the other pair of electrodes via a transimpedance
amplifier. At 10 MHz frequencies, the signal-to-noise ratio
of the capacitive readout is not large enough to detect the
thermomechanical fluctuations of the Lamé mode, so the
driven response is employed to measure the quality factor and
resonance frequency.

This square plate resonator is limited by clamping loss,
as was previously determined through measurements of quality
factor for this geometry over the temperature range from 110 K
to 300 K [32]. Separate finite element simulations predict
QT ED to be greater than 108. The Akhiezer limit for the Lamé
mode at ω0/2π = 10.07 MHz is Qphon = 2.6M. This device
was tested at room temperature in both the fixed and floating
configurations, yielding measured quality factor values of 317k
and 1.35M, respectively. In agreement with the flexural mode
resonator tested in Section IV, by removing the direct acoustic
radiation sink arising in the bonded chip configuration, the
clamping loss is reduced.

In a similar procedure to fitting the 1DOF and 2DOF models
to the microcantilever thermomechanical response, the forced
response 1DOF and 2DOF models (Eqs. 20 and 21) from
Section III.B are fitted to the driven response of the Lamé
mode of the square plate resonator. The 2DOF model, in grey,
is fitted to the driven responses in the fixed and floating
configurations in Fig. 8(b). The 1DOF model, in dashed black,
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Fig. 8. (a) The measurement schematic for the Lamé mode of the
square plate resonator. The resonator is biased at 120 V with respect to
the electrodes, and is driven using two opposing electrodes (in blue) and
sensed with the complementary two opposing electrodes (in red). (b) The
driven response for the Lamé mode of a square plate resonator in the floated
and fixed configurations, with the forced responses in Eqs. 20 (gray curve)
and 21 (dashed black curve) overlaid. The left inset shows a zoom-in of
the experimental points and model curves in the fixed configuration. The
right inset shows a zoom-in of the experimental points and model curves in
the floating configuration. The ambient temperature is T = 298 K for these
measurements.

is fitted to the driven responses in the fixed and floating
configurations. In the fixed case, c2 for the Lamé mode
increases to 444.5 mg s−1.
Because the resonance frequency and quality factor of the

Lamé mode is nearly two orders of magnitude larger than the
microcantilever fundamental flexural modes, c for the Lamé
mode of the square plate resonator is about three orders of
magnitude lower than both modes of the microcantilever to
yield a similar linewidth for all three modes in the floating
configuration. The impact of fixing the chip to the substrate
on the damping can be compared for the flexural modes
and bulk mode via the ratio c2/c; a larger ratio corresponds
to a relatively larger impact of the modified chip boundary
conditions on the clamping loss. c2/c = 1267 × 103 for
the Lamé mode, c2/c = 1207 × 103 for the out-of-plane
microcantilever mode, and c2/c=3854× 103 for the in-plane
microcantilever mode. The c2/c ratio for the Lamé mode and
out-of-plane microcantilever mode differ by less than 5%,

TABLE III

EXTRACTED PARAMETERS FOR THE TWO-DEGREE-OF-FREEDOM MODEL
AND THE ONE-DEGREE-OF-FREEDOM MODEL FOR THE LAMÉ MODE

OF THE SQUARE PLATE RESONATOR

while c2/c for the in-plane microcantilever mode is three times
larger than for the other modes. The larger c2/c ratio, along
with the lower quality factor near 125 K in Fig. 6(a) and
the negative TCF near room temperature in Fig. 6(b) in the
floating configuration, suggests that clamping loss plays the
largest role in the in-plane microcantilever mode. This could
be because the asymmetric support beams result in the largest
shear and bending stress in the anchors for the in-plane mode
during vibrations, and make the clamping loss for this mode
particularly sensitive to residual stress in the encapsulation
layers.

These measurements make it clear that boundary conditions
far away from the vibrating structure can have a large impact
on dissipation in a wide variety of radiofrequency microme-
chanical resonators. We also note that the tunable clamping
loss for the microcantilevers and Lamé mode resonators with
varying chip boundary conditions does not depend on the
method used to measure quality factor; separate ring-down
measurements on these devices corroborate the quality factor
values presented in Tables II and III. If clamping loss is a
limiting dissipation mechanism in a MEM/NEM resonator,
modifying the boundary conditions of the chip with the frame
can substantially improve the post-fabrication Q. For many
applications, clamping loss can be minimized at the anchors
through symmetric anchors [18], compliant tethers [26], [29],
[32], or soft-clamping [41], [43]. For the resonator designs
that are often limited by clamping loss, modifying the chip
boundary conditions as is demonstrated in this work can be
used to improve Q.
Recent measurements show that the choice of mounting

adhesive between the chip and frame can alter the clamping
loss [56]. This suggests that a mounting adhesive could be
developed which dramatically alters the interfacial impedance
between the chip and the frame in response to an applied
stimulus, such as an applied electric or magnetic field, which
could modify the clamping loss of the on-chip resonators.
Such an adhesive could enable in-situ tuning of the clamping
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loss in MEM/NEM resonators without the difficulty of floating
the chip or the fragility of the wirebond suspension. Another
approach for in-situ tuning of clamping loss is the precise
positioning of an atomic force microscope tip at the anchors
to modify the mechanical impedance mismatch of the res-
onator with the environment [58]. At present, perhaps the
easiest strategy for in-situ tuning of the mechanical quality
factor across a variety of MEM/NEM resonators is electrical
damping, which only requires a static voltage to control the
vibration-induced dissipative current through the resonator
or an external resistor [76], [84], [85]. For force sensing
measurements, high Q is desirable for a high signal-to-noise
ratio while the resonator transients can be damped out via
Qef f suppression without increasing the thermomechanical
noise force [3], [86], [87]. So for sensing applications limited
by the resonator thermomechanical vibrations, the Qef f tuning
mechanisms should be utilized in lieu of mechanical Q tuning
such as clamping loss to avoid degrading the SNR.

VI. CONCLUSION

In this Article, we demonstrate tunable clamping loss in
encapsulated micromechanical resonators, by adjusting the
boundary conditions of the chip with the frame. We propose
and experimentally confirm a two-degree-of-freedom model
to describe this effect via an additional viscous dissipation
channel through the frame. By comparing the measured ther-
momechanical noise to the fluctuation-dissipation theorem,
we show that the variable clamping loss in these devices
modifies the mechanical, not effective, quality factor. We show
that varying the chip boundary conditions can tune the quality
factor of a flexural-mode resonator by more than an order of
magnitude, and the quality factor of a bulk-mode resonator
by more than a factor of three. This work shows that for
radiofrequency micromechanical resonators, boundary condi-
tions far away from the actual vibrating elements can have a
large impact on the clamping loss, and that clamping loss may
exhibit temperature-dependence via stress-induced mechanical
impedance mismatching.
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