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Abstract

Normalizing flows—a popular class of deep gen-
erative models—often fail to represent extreme
phenomena observed in real-world processes. In
particular, existing normalizing flow architectures
struggle to model multivariate extremes, charac-
terized by heavy-tailed marginal distributions and
asymmetric tail dependence among variables. In
light of this shortcoming, we propose COMET
(COpula Multivariate ExTreme) Flows, which de-
compose the process of modeling a joint distri-
bution into two parts: (i) modeling its marginal
distributions, and (ii) modeling its copula dis-
tribution. COMET Flows capture heavy-tailed
marginal distributions by combining a parametric
tail belief at extreme quantiles of the marginals
with an empirical kernel density function at mid-
quantiles. In addition, COMET Flows capture
asymmetric tail dependence among multivariate
extremes by viewing such dependence as induc-
ing a low-dimensional manifold structure in fea-
ture space. Experimental results on both synthetic
and real-world datasets demonstrate the effective-
ness of COMET Flows in capturing both heavy-
tailed marginals and asymmetric tail dependence
compared to other state-of-the-art baseline archi-
tectures. All code is available at https://github.com/
andrewmcdonald27/COMETFlows.

1 Introduction

Modeling multivariate extremes involves two main chal-
lenges at odds with the usual assumptions of independence
and Gaussianity in learning theory: (i) the challenge of mod-
eling heavy-tailed marginal distributions [Resnick, 20071,
and (ii) the challenge of modeling tail dependence within
the joint distribution [Joe, 2014]. In this work, we propose
COMET (COpula Multivariate ExTreme) Flows—a novel
deep generative modeling architecture combining Extreme
Value Theory and Copula Theory with normalizing flows—
in an effort to more accurately model multivariate extremes
exhibiting tail dependence.

Deep generative models estimate an unknown probability
distribution from an input data for the purposes of density
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Figure 1: Vanilla normalizing flows such as ReaNVP [Dinh et al.,
2017] struggle to model heavy-tailed, tail-dependent multivariate
probability distributions. COMET Flows succeed.

estimation and sampling. Popularized by advances in gener-
ative adversarial networks [Goodfellow et al., 2014], varia-
tional autoencoders [Kingma and Welling, 2014], autoregres-
sive networks and normalizing flows, deep generative models
offer a promising path forward as limits to labeled data con-
strains progress in supervised learning. Among deep gen-
erative models, normalizing flows set the gold standard of
tractability, allowing exact sampling and exact computation
of log-density by modeling a transformation between data
vectors x ~ p(x) and latent vectors z ~ p(z). Given suf-
ficient data and architectural complexity, normalizing flows
are universal density approximators [Kobyzev et al., 2020].

Yet, normalizing flows still struggle to address challenges
(i) and (ii)) when modeling multivariate extremes (Figure 1).
As discussed at length in [Wiese er al., 2019; Jaini et al.,
2020], vanilla normalizing flows mapping heavy-tailed data
distributions to light-tailed (e.g., Gaussian) latent distribu-
tions cannot be Lipschitz-bounded and hence become nu-
merically unstable in practice. Likewise, viewing tail de-
pendence among two or more dimensions as inducing a low-
dimensional manifold structure in a region of feature space,
we may reasonably expect vanilla normalizing flows to per-
form poorly in that region of space [Cunningham er al., 2020;
Brehmer and Cranmer, 2020; Kim et al., 2020; Horvat and
Pfister, 2021]. In this work, we address challenge (i) by
employing a copula transformation to decouple heavy-tailed
marginal distributions p; (z; ) from the joint dependence struc-
ture in p(x), and address challenge (ii) by using a conditional
perturbation of inputs during training to capture tail depen-
dence in a stable manner.

The value of addressing challenges (i) and (ii) is appar-
ent in a number of real-world applications, including cli-
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mate science and meteorology (Figure 2). Extreme weather
has become more frequent and severe in recent years due
to climate change. Of particular concern is the projected
increase in compound extreme events [Zscheischler er al.,
2018], in which simultaneous multivariate extremes pose
a greater risk to life and property than comparable uni-
variate extremes spread over time. Accurate deep genera-
tive models of such compound extremes allow one to ask
how likely an event is to occur, and may even be used to
simulate extremes and their effects under various climate
change scenarios [Puchko er al., 2019; Ayala et al., 2020;
Klemmer et al., 2021].
Our main contributions are as follows:

1. We demonstrate that vanilla normalizing flows param-
eterized by Lipschitz-bounded neural networks are un-
able to capture heavy-tailedness and tail dependence in
multivariate data;

2. We present COMET Flows, a novel architecture de-
signed to capture asymmetric heavy-tailedness and tail
dependence in multivariate data; and,

3. We empirically show that COMET Flows present a
promising approach for modeling multivariate extremes
using synthetic, climate, and benchmark data.

2 Preliminaries

Normalizing Flows Normalizing flows [Kobyzev et al.,
2020; Papamakarios et al., 2021] offer a systematic approach
to modeling multivariate probability distributions with deep
learning. In particular, normalizing flows facilitate tractable
sampling and density estimation under a d-dimensional prob-
ability distribution p(x) by parameterizing the transformation
of each data vector x € R? sampled from p(x) to a latent rep-
resentation z € R? following some simple probability distri-
bution p(z) using an invertible neural network fy : RY — R
The network is trained to maximize the log-likelihood of ob-
served data {x;}¥ ;, which may be computed in closed form
using the change-in-variables formula from calculus as a sum
of the log-likelihood of the latent vector z = fy(x) and the
log-Jacobian determinant log |dfy(x)/dx| of fp:

plx) = pta) | Lo m
= logp(x) = logp(z) + log df;ix) ' . Vx,z e R%

Following training, the normalizing flow fy may be used for
density estimation by evaluating p(x) under (1). Assuming fy
is invertible, we may sample from p(x) by sampling z ~ p(z)
and considering f, ' (z).

Architecturally, normalizing flows present two challenges:
(i) they must be invertible in order to allow sampling in the
generative (z — x) direction, and (ii) they must allow for
efficient computation of the Jacobian determinant |df (x)/dx|
in order to be trained and to allow density estimation in the
normalizing (x — z) direction. The model we propose in
this work satisfies both (i) and (ii) with a coupling-layer based
flow backbone [Dinh et al., 2017].
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Extreme Value Theory Extreme Value Theory [Coles, 2001;
Beirlant et al., 2005] characterizes the behavior of extremes
in precise statistical terms, and may be used to model the re-
alizations of a random variable greater than some threshold.
Indeed, under relatively mild assumptions [Coles 2001, The-
orem 4.1] one may show that the excesses of a univariate ran-
dom variable = ~ p(z) over some threshold u follows the
generalized Pareto (GP) distribution with probability density
function:

—1-1/¢
1 1 + E(z—p) é‘ 75 0
p(zlp,0.8) =7 [ e 2)
Lexp =) ¢=0.

Here, 0 > 0 is a scale parameter, £ € R is a tail heaviness
parameter, and p(z) has support on = € [u,00) for & > 0;
alternatively, on x € [u, u — o /€] for £ < 0.

Note that the GP distribution may be used to model left
excesses (i.e., values under a threshold 1) as right excesses
by transforming  — —x and u — —p. In this work, we
utilize the GP distribution to model heavy-tailed marginals of
the random vector x ~ p(x) in both left and right tails.

Copulas Copulas [Nelsen, 2006; Joe, 2014] describe the de-
pendence structure between uniform random variables, and
in particular may be used to model the d-dimensional depen-
dence between the components of a multivariate probability
distribution after transforming the marginals to be uniformly
distributed. Through the lens of Sklar’s Theorem [Nelsen
2006, Theorem 2.3.3], a copula C'(u) : [0,1]7 — [0,1]
is uniquely defined by a multivariate cumulative distribu-
tion function (CDF) F(x) : RY — [0, 1] having univariate
marginal CDFs F;(z;) : R — [0, 1] through the relationship

F(x) = C(F\(z1),...,Fa(zq)), xeR™L 3)

If F is continuous with well-defined marginal inverse CDFs
F!(x;), then (3) may be equivalently expressed as

C(u) = F(Fy (w1), ..., Fy (ua)), ueRL (4

Taking partial derivatives of (3) with respect to each compo-
nent gives us a similar expression relating p(x) : R? — R to
the copula density function c(u) : [0, 1]¢ — R which is often
more convenient in practice when we are interested in density
estimation:

04F (x) B C(Fy(x1), ..., Fa(za))
1 O0Tg Oxy - 0xq

p(x) = 3

d
= c(Fi(@1),. Falwa)) [T pilw:), x€R% ()

In this work, we leverage copulas to model heavy-tailed
marginals separately from the dependence structure of the
components of a multivariate probability distribution.

Tail Dependence Tail dependence [Joe, 2014] characterizes
the degree to which the behavior of two components of a
multivariate probability distribution p(x) coincide at high
(u — 17) and low (u — 0%) quantiles. More formally, let
p(x) be a multivariate probability distribution with joint CDF
F and marginal CDFs F;, i = 1, ..., d. Then the coefficients
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Figure 2: Multivariate extremes in climate science and meteorology—such as TXx, TXn, prcptot, and r10mm in the CLIMDEX [Sillmann
et al., 2013] dataset—often exhibit heavy-tails and tail dependence that vanilla normalizing flows struggle to model.

of upper and lower tail dependence )\%, )\{3 describing the tail
relationship of components ¢ and j are given by

j = lim P(a; > FHu) |2 > FHw) ©)
= lim Ple; < F7(u) |25 < FyH(w). ()

U
77
[0,1]. If )\% > 0, we say that components ¢ and j of p(x)
exhibit upper tail dependence; if )\iLj > 0, we say that com-
ponents ¢ and j of p(x) exhibit lower tail dependence.

In the extreme case of tail dependence between compo-
nents x; and x;, it is possible that Fi_l(u) =x; = =

Fj’l(u) foru < a~ 0oru > b~ 1, such that there exists

a local manifold structure of dimension R9~! embedded in
R? in the ij-th tail of p(x). More generally, if there exists
such co-linearity between k& components of x in the upper or
lower tail of p(x), the support of p(x) may be a manifold
of dimension R4~* with measure zero in R?. Such man-
ifolds are difficult to model using normalizing flows given
the requirement that the learned mapping fy : R? — R?
be invertible—in fact, if fy successfully maps a manifold of
dimension R?~* < R? to a latent space of R?, it neces-
sarily has an exploding Jacobian determinant. As a result,
the problem of manifold learning with normalizing flows re-
mains an active area of research [Cunningham et al., 2020;
Brehmer and Cranmer, 2020; Kim et al., 2020; Horvat and
Pfister, 2021]—yet to the best of the authors’ knowledge, this
work is the first to consider the connection between manifold
learning, normalizing flows, and tail dependencies in multi-
variate probability distributions.

As conditional probabilities, both A )\{3- take values in

3 Related Work

Extremes and Normalizing Flows [Wiese er al., 2019;
Jaini er al., 2020] prove the inability of normalizing flows
to capture heavy-tailed marginal distributions, showing that
any mapping of heavy-tailed distributions to light-tailed (e.g.,
Gaussian) distributions cannot be Lipschitz-bounded. To
address this issue, [Wiese et al., 2019] propose Copula &
Marginal Flows (CM Flows) which disentangle heavy-tailed
marginals from the joint distribution by employing a hybrid
deep-parametric marginal flow mapping inputs z; € R to
uniform space u; € [0, 1], followed by a RealNVP-inspired
[Dinh et al., 2017] copula flow, mapping the (non-uniform)
copula distribution to a latent uniform distribution. However,

the authors omit the implementation of marginal flows in ex-
periments, consider only synthetic bivariate data on [0, 1],
and suggest the use of Deep Dense Sigmoidal Flows [Huang
et al., 2018] for constructing marginal flows despite the fact
these are not analytically invertible and hence do not permit
easily tractable sampling.

Alternatively, [Jaini er al., 2020] propose Tail Adaptive
Flows (TAFs) which replace the latent isotropic Gaussian
p(z) with a latent isotropic Student’s ¢ distribution having
learnable degrees-of-freedom parameter v > 1, arguing
that mapping heavy tails of the input distribution p(x) to
heavy tails of the latent distribution will maintain Lipschitz-
boundedness. However, the degrees of freedom parameter v
and the log-likelihood of the data under the model (which de-
pend on one another) must be optimized simultaneously. Fur-
thermore, by using an isotropic Student’s ¢ distribution in la-
tent space, Tail Adaptive Flows implicitly assume symmetry
in tail heaviness and hence are unable to capture asymmetric
tail heaviness across dimensions.

Copulas and Normalizing Flows [Bossemeyer, 2020] de-
velops a generalization of CM Flows to higher dimensions
using vine copulas [Czado, 2019]. Orthogonally, [Kamthe
et al., 2021] present Copula Flows motivated by the task
of synthetic data generation, and utilize Neural Spine Flows
[Durkan ef al., 2019] to design a generative model able to
handle both discrete and continuous data. In [Laszkiewicz et
al., 2021], the authors propose to optimize a normalizing flow
against a copula distribution in latent space instead of a stan-
dard isotropic Gaussian. Other relevant works at the inter-
section of generative modeling and copulas include [Ling et
al., 2020], which considers deep estimation of Archimedean
copulas, and [Tagasovska et al., 2019], in which vine copulas
are fit upon the latent space of an autoencoder to construct a
generative model.

Manifolds and Normalizing Flows A novel contribution of
our work is to view tail dependence in multivariate proba-
bility distributions as inducing a local manifold structure in
feature space. Recent works on manifold learning in nor-
malizing flows entails density estimation on a d-dimensional
manifold embedded in D > d dimensional space. Noisy In-
Jective Flows presented in [Cunningham er al., 2020] utilize
stochastic inversion for sampling. M-Flows are developed in
[Brehmer and Cranmer, 2020] to carry out simultaneous man-
ifold learning and density estimation. SoftFlow [Kim et al.,
2020] estimates a conditional distribution of data given a per-
turbation noise level as input to the flow. This idea is ad-
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Figure 3: Architecture of COMET Flows, a normalizing flow architecture designed to capture asymmetric and heavy-tailed marginals in
fm, along with asymmetric and manifold-like tail dependence structures in f.. The composition f. o f,, allows for tractable log-density
estimation, while the composition of analytical inverses f,' o f. * allows for tractable sampling.

vanced by [Horvat and Pfister, 2021] who derive theoretical
conditions under which it is possible to recover the underly-
ing manifold using a noising inflation-deflation approach.

4 Proposed Framework: COMET Flows

Vanilla normalizing flows struggle to capture (i) the heavy-
tailed marginals and (ii) asymmetric tail dependencies in
multivariate probability distributions. To address these
weaknesses, we propose COMET (COpula Multivariate
ExTreme) Flows, a normalizing flow architecture that decou-
ples marginal distributions from the joint dependence struc-
ture within a multivariate probability distribution using a cop-
ula, models heavy-tailed marginals using a combination of
kernel density and generalized Pareto (GP) distribution func-
tions, and captures tail dependence by considering cases of
)\ZUJ» >0, )\iLj > 0 as inducing a low-dimensional manifold in
feature space.

COMET Flows has two main architectural components:
a marginal transform f,, : RY — [0,1]? mapping each
marginal distribution p;(z;) to a uniform distribution such
that the dependence structure among dimensions is expressed
as a copula, and a copula transform f, : [0,1]¢ — R? map-
ping this copula distribution to a tractable latent distribution.
Thus, COMET Flows define the normalizing flow (x — z)
by the composition f. o f,,, and the generative flow (z — x)
by the composition f;.;! o f-!. We describe the details of
each component in the following subsections, and present a
schematic diagram of COMET Flows in Figure 3.

Marginal Transform f,, In order to capture heavy-tailed
marginal distributions p;(z;), we construct the marginal
transform f,, as a semi-parametric mixture in which the
center of each marginal distribution is modeled using a 1-
dimensional Gaussian kernel density function, and the tails
are modeled using a parametrically-fitted GP distribution mo-
tivated by the threshold exceedance paradigm of EVT.

More formally, let a;,b; € [0, 1] be the lower and upper
quantiles beyond which to apply parametric GP tails in di-
mension ¢, and let oy, 5; € R be the values in data space
corresponding to a;, b; obtained through an inverse empirical
CDF transform. Then f,,, : RY — [0,1]? is defined to be a
decoupled mapping acting on each dimensioni = 1,...,d of
its input independently of other dimensions j # 4, with i-th
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component f,, ; given by

Ai(z) <
Imji(xi) = § Ki(xi) @ € o, Bi] ®)
Bi(x;) x> i

Here, A; and B; are the rescaled CDFs of parametric GP dis-
tributions fit to the data in the left and right tails of p;(z;),
respectively, and K is the rescaled CDF of a 1D kernel den-
sity estimate fit to points in the center of p;(x;):

Ai(x;) = ai(1 — Ai(a; — ;) 9
KZ<.’1%) = a; + (b, — CLZ‘) (M) (10)

Bi(z;) = b; + (1 — b;)Bi(z; — B;). (11)

Here, A;, K;, and B; refer to the original CDFs fit to
points z; < oy, x; € [og,Bi), and x; > [, respec-
tively. By construction, the inverse marginal transform fn;}i :
[0,1] — R is well-defined by the rescaled inverse CDFs
(14;17 K;l, B;l) on (Uz < a;, u; € [ai,bi], U; > bl)

Note that the only learnable portion of f,,, ; are the param-
eters of the GP distributions used to model each tail, which
can be fit using maximum likelihood estimation (e.g., us-
ing scipy.stats.genpareto.fit). This is by design,
and vastly simplifies the learning dynamics of the end-to-end
fe © fm model: the GP parameters of each f,, ; may be fit
and fixed before f. is trained. This comes in contrast to the
approaches of [Wiese et al., 2019; Bossemeyer, 2020], who
allow each f,, ; to be learnable flows but struggle to success-
fully train the coupled f. o f,, model.

Copula Transform f. Given a copula distribution in the unit
hypercube [0, 1]¢, we construct f. to be a normalizing flow
with codomain R?. To guarantee that the generative direction
(z — u) maps vectors into the unit hypercube, we apply a
logit transform as the first layer of f,. such that the last layer
in the generative direction comprises a sigmoid transform. As
the logit transform has no learnable parameters, we use f. to
refer only to the learnable transformation applied after the
logit transform in what follows.

The learnable transformation f. is implemented as a cou-
pling layer-based ReaNVP [Dinh et al., 2017], repeatedly
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alternating dimensions 1:k and k + 1:d and applying

Yik = X1k (12)
Vit1:d = Xi+1:d © exp(s(x1:q0)) +t(z1.0)  (13)

in each layer, where s,t : R 5 RF. 1 < k < d,and ©®
denotes elementwise multiplication. With I representing the
k x k identity matrix and * being any arbitrary (d — k) x k
matrix, the Jacobian of each coupling layer takes the form

I 0

J= x  diag(exp[s(x1.4)])

(14)

and has a readily-computable log determinant Ele $(X1:d)i-
Because this layer is invertible with tractable log-Jacobian de-
terminant regardless of the form of functions s and ¢, we im-
plement s and ¢ as concatsquash [Onken and Ruthotto, 2020]
networks conditioned on a contextual input o

5(X1:4,0) = S0 (0)52(X1:0) + 5p(0) (15)
t(X1;d7U) = tw(U)tw(Xl;d) + tb(a). (16)

To justify this construction, we recall that modeling multi-
variate extremes presents two main challenges: capturing (i)
heavy-tailed marginal distribution and (ii) asymmetric tail de-
pendencies. The marginal transform f,,, presented previously
addresses (i), leaving the copula transform f. to address (ii).
We accomplish this by viewing tail dependencies as inducing
a manifold structure within subspaces of the unit hypercube,
and draw inspiration from SoftFlow [Kim et al., 2020].

More precisely, we interpret the conditioning input o to the
concatsquash networks s, ¢ to be a noise level, and perturb in-
puts x to s and ¢ by x + € where € ~ N;(0, c1,) for a noise
level chosen uniformly at random o ~ U[0, 0ymax]. This noise
level o is passed to the flow as a conditioning contextual in-
put through networks s and ¢ throughout training, allowing
the network to learn the conditional distribution p(x|o) while
sidestepping the exploding gradients introduced by the man-
ifold structure of tail dependencies. Yet, this approach still
allows the network to recover such tail dependencies at infer-
ence time by setting o = 0.

5 Experimental Evaluation

5.1 Baselines

RealNVP A coupling layer-based ReaNVP [Dinh et al.,
2017] implementation optimized against an isotropic Gaus-
sian latent distribution.

SoftFlow A modified SoftFlow [Kim et al., 2020] implemen-
tation in which the FFJORD [Grathwohl et al., 2019] back-
bone is replaced with a ReaNVP backbone.

Tail Adaptive Flow (TAF) A modified TAF [Jaini ef al.,
2020] implementation composed of a ReaNVP flow back-
bone with an isotropic Student’s ¢ latent distribution, param-
eterized by degrees-of-freedom parameter v. We consider v
to be a fixed hyperparameter as no algorithm is presented to
learn v in the original work.

Copula Marginal Flow (CMF) A modified CMF [Wiese et
al., 2019; Bossemeyer, 2020] implementation in which the
unspecified tail distribution and non-analytically-invertible
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Figure 4: Samples from models trained on the 8D synthetic dataset.
Note that ReaNVP and SoftFlow blur the manifold structure of tail
dependence and exhibit light tails; TAFs generate noisy samples;
and CMFs capture structure well but exhibit light tails in comparison
to COMET Flows. Labels denote marginal (z;,z;), 1 < 1,5 < 8.

Deep Dense Sigmoidal Flows [Huang er al., 2018] used
for f,, are replaced with an analytically-invertible Gaussian
KDE and generalized Pareto tail mixture model for f,,,.

5.2 Data

Synthetic Data We design a synthetic dataset exhibit-
ing heavy tails and asymmetric, heterogeneous tail de-
pendence by sampling from a uniform distribution U on
[0, 1]® with probability 0.95, and from independent univari-
ate GP marginal distributions X parameterized by (u, 0,&) =
(0,1, 1) with probability 0.05. These samples are combined
such that x1, xo exhibit a heavy upper tail with tail depen-
dence; x3, x4 exhibit a heavy lower tail with tail dependence;
x5, x¢ exhibit heavy upper and lower tails, each with tail de-
pendence; and x7, zg are perfectly collinear with heavy upper
and lower tails. We generate 200,000 vectors in x € R® for
training, 25,000 vectors for validation, and 25,000 for a held-
out test set. Key bivariate marginals of this distribution are
shown in the rightmost column of Figure 4.

Climate Data To evaluate the practical applicability of
COMET Flows, we apply them to a subset of CLIMDEX!
extreme climate indices [Sillmann et al., 2013]. Motivated
by the projected increase in extreme temperatures and rainfall
under climate change, we extract data from a model run under
the RCP 8.5 scenario of continued high greenhouse gas emis-
sions, and aim to model the joint distribution of such extremes
over North America. We consider the region encompassing
25°N-75°N and 170°W-50°W and simulation data from the
years 2091-2100, in which the effects of climate change on
extremes will be most pronounced. We choose four indices of
extreme temperature (TXx, TNx, TXn, TNn), along with four
indices of extreme precipitation (prcptot, rimm, r10mm,
and r20mm), then add latitude and longitude to form a 10-
dimensional dataset characterizing joint extremes and their

"https://www.climdex.org/
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Model NLL
Name Copula Latent HT TD Synthetic CLIMDEX POWER GAS
RealNVP X Gaussian X X 7.483 11.036 5.754 7.425
SoftFlow X Gaussian X 7.563 10.765 5.790 7.484
Student (v = 16) 7.046 10.679 5.500 6.790
TAF X Student (v = 32) X 7.169 10.606 5.615 7.099
Student (v = 64) 7.483 10.568 5.690 7.252
(0.01, 0.99) -11.500 -5.847 -11.492  -16.349
CMF (0.05,0.95) Gaussian X -9.816 -3.072 -10.518  -15.354
(0.10, 0.90) -8.175 -1.482 -9.793 -13.424
(0.01,0.99) -9.592 -6.729 -10.955  -15.944
COMET  (0.05, 0.95) Gaussian -1.716 -3.723 -10.387  -15.051
(0.10, 0.90) -6.023 -2.300 -9.643 -13.116

Table 1: Comparison of baselines and proposed model performance, measured by average negative log-likelhood on a held-out test set. All
models are trained until validation loss fails to improve for two consecutive epochs. Standard deviations in NLL over three training runs for
each model were all < £0.1 and are omitted for space. Columns HT and TD denote whether each model is designed to handle heavy tails

and tail dependence, respectively.

spatial distribution. Indices are reported at every 0.94° lati-
tude and 1.25° longitude, giving a total of 97 x 53 = 5,141
vectors x € R0 per year. We use data from 2091-2098 for
training, 2099 for validation, and 2100 for testing. A subset
of this data was presented in Figure 2.

Benchmark Data To contextualize the performance of
COMET Flows, we consider the POWER and GAS bench-
mark datasets originally presented in [Papamakarios et al.,
2017]. We follow the standard preprocessing steps provided
in the MAF GitHub? repository. Note that we do not expect
our baseline results to match state-of-the-art negative log-
likelihood values reported in [Kobyzev ef al., 2020] due to
the simplified and adjusted architectures we implement.

5.3 Results

Synthetic Data As shown in Figure 4 and Table 1, the copula-
based CM and COMET models dominate in both the normal-
izing (x — z) and generative (z — x) directions on synthetic
data due to their functional form: by construction, they are
naturally able to account for the asymetrically heavy-tailed
margins of training data where vanilla normalizing flows can-
not, and where TAF are forced to assume symmetry in tail
heaviness. In particular, COMET’s ability to capture the low-
dimensional manifold structure in the upper tail region of fea-
ture space is highlighted by its qualitative performance in the
generative direction (Figure 4), and its ability to avoid the in-
stabilities and exploding gradients associated with manifold
structures in feature space by learning perturbed manifolds
conditional on noise is apparent by its quantitative perfor-
mance in the normalizing direction (Figure 1). COMET’s
edge over CMF is most evident in its ability to capture tail
dependence, though both significantly outperform TAF, Soft-
Flow, and RealNVP.

Climate Data COMET’s advantage in the normalizing di-
rection is more evident in this experiment. Key bivari-
ate marginals in Figure 2 appear to exhibit local manifold

*https://github.com/gpapamak/maf

structures (e.g., between tails of TXn and TNn), explaining
COMET’s superior performance. This observation suggests
that explicitly accounting for such manifold structures in the
joint tails of multivariate probability distributions is profitable
in practice, particularly when redundancy across dimensions
is likely to exist as an artifact of the latent physical processes
generating the observed data.

Benchmark Data COMET is not as performant as CMF on
the benchmark data in the normalizing direction, likely due
to the absence of heavy-tails and tail dependence in POWER
and GAS. Nevertheless, COMET outperforms TAF, Soft-
Flow, and RealNVP, suggesting that it remains competitive
even on datasets it is not explicitly designed to handle.

6 Conclusion

Modeling multivariate extremes involves two fundamental
challenges: (i) modeling heavy-tailed marginal distributions,
and (ii) modeling tail dependence within the joint distri-
bution. To address these challenges, we propose COMET
Flows, a novel normalizing flow architecture which draws
inspiration from Extreme Value Theory and Copula Theory,
and which views tail dependence as inducing a local mani-
fold structure in feature space. We demonstrate the efficacy
of COMET Flows through experiments on synthetic, climate,
and benchmark datasets, observing competitive performance
in sampling and density estimation.
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