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Abstract: In this paper, we develop a multi-agent model for opinion dynamics that offers rich
behaviors of opinion formations. The states of the model are the opinions of the agents which
are designed to evolve on a unit-sphere. The model is novel in that the input to the system
is designed based on a correlation matrix of the opinions of neighboring agents. Interestingly,
the model demonstrates both stable consensus as well as stable bipartite dissensus behaviors
using an unsigned communication graph. This is different than existing results where stable
dissensus can only be achieved via a signed graph. We present various stability results about
the different equilibrium configurations. Additionally, we provide simulation results for a 2-
dimensional system demonstrating the different resulting behaviors of the system.
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1. INTRODUCTION

In social networks, individuals often exchange opinions
with each other on certain matters and update their own
opinions based on the shared information Proskurnikov
and Tempo (2017, 2018). During this process of opinion
formation, individuals will agree or disagree with others
and they gradually reach a consensus or dissensus on
their opinions. Researchers have been investigating models
for opinion dynamics to understand the evolution and
convergence of opinion formation Franci et al. (2021);
Bizyaeva et al. (2021); Amelkin et al. (2017).

There are various types of opinion dynamics in the lit-
erature. For linear opinion dynamics, the opinion states
evolve in the Euclidean space and are updated based on
a weighted average of neighbors’ opinions Olfati-Saber
et al. (2007). Opinion dynamics have also been described
on nonlinear manifolds such as the unit-sphere and the
orthogonal group SO(n), as in Sarlette and Sepulchre
(2009), Sepulchre (2011) and Markdahl et al. (2017).

In this paper, we consider one kind of opinion dynamics
where opinion states are modeled as unit-length vectors
which correspond to points on the unit sphere. The di-
mension of each opinion state corresponds to the number
of options or perspectives about a certain subject. The
evolution of the state vector represents the change of
opinions for each agent. Such evolution is affected by the
opinions of neighboring agents.

The novelty of our proposed model is that we allow the
influence from the neighboring agents to be modeled by a
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correlation matrix of the opinion states of the neighbors.
This is different from existing work where the opinions
from neighbors are (weighted) averaged Proskurnikov et al.
(2015); Xia et al. (2016); Shi et al. (2019); Caponigro et al.
(2015). Interestingly, our model accomplishes both stable
consensus as well as stable bipartite dissensus behaviors
using the same unsigned communication graph. This has
not been observed in the literature. Most existing results
Altafini (2013); Ma et al. (2018) report stable dissensus
via a signed graph, while stable dissensus cannot be
achieved by an average consensus algorithm on unsigned
graphs Caponigro et al. (2015). In our recent work Zhang
et al. (2021), we have shown that stable dissensus can be
achieved under unsigned graphs while using a specially
designed covariance matrix of the opinions from neighbor-
ing agents. However, this algorithm cannot attain a stable
consensus using the same unsigned graph. This paper
reports the first results for the bi-stability of the consensus
and dissensus states on unsigned communication graphs.

Our model is inspired by the Oja PCA flow Oja (1982);
Wei-Yong Yan et al. (1994); Yoshizawa et al. (2001), where
unit vectors on a sphere converge to the eigenvectors of
a constant matrix. In contrast, the flow dynamics in our
formulation deal with a time-varying correlation matrix
determined by the opinions of neighboring agents. The
time-varying correlation matrix brings theoretical chal-
lenges in characterizing the equilibrium sets and analyzing
their stability properties.

The main contributions in this paper are as follows. The
first contribution is proposing novel modeling for opinion
dynamics on the sphere using a correlation matrix formed
by neighboring opinions. The second contribution is char-
acterizing three equilibrium sets, which are consensus,
bipartite dissensus, and orthogonal dissensus. The third
contribution is the linearization-based stability results,
and the construction of a Lyapunov function to estimate
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the region of attractions for the bi-stable equilibrium sets.
Additionally, simulation results for both consensus and
bipartite dissensus behaviors have been provided for a 40-
agent opinion dynamics on the circle S1.

The rest of the paper is organized as follows. The problem
formulation is given in Section 2. The characterization
of different equilibrium sets is presented in Section 3.
Local stability analysis and Lyapunov stability analysis
for different types of equilibrium sets are given in Section
4 and Section 5, respectively. Lastly, simulation results
are provided in Section 6 and concluding remarks are
presented in Section,7.

2. PROBLEM FORMULATION

Consider a group of N ≥ 2 agents exchanging opin-
ions about given options. The opinion of any agent i =
1, 2, ..., N is represented by a unit-length vector vi ∈ Rd,
∥vi∥2 = 1. Each opinion state evolves on the surface of
the unit sphere Sd−1 according to the nonlinear dynamics
(Caponigro et al. (2015); Markdahl et al. (2017))

v̇i = (I − viv
⊺
i )ui, ∀i, (1)

where I ∈ Rd×d is the identity matrix and ui =
ui(v) ∈ Rd is a control input for agent i, where v =
[v⊺

1 , · · · ,v
⊺
N ]⊺ ∈ RNd is a vector containing the opinion

states of all agents. The matrix (I−viv
⊺
i ) projects ui onto

the tangent space of vi and hence v̇i is always normal to
vi. This implies that the length of each vector is preserved
and thus if for each agent ∥vi(0)∥2 = 1, then all vi(t) will
evolve on the unit-sphere Sd−1 for all t > 0.

The interactions between agents are described by an
unsigned graph G = (V, E) where V is the set of all agents
with cardinality |V| = N and E is the set of all edges.

Assumption 1. The graph G = (V, E) formed by the group
of agents is undirected and fully connected, i.e. (i, j) ∈ E
and (j, i) ∈ E for any i, j ∈ V , i ̸= j.

Assumption 2. The graph G = (V, E) formed by the group
of agents is unweighted and unsigned, i.e., agents treat
opinion states from other agents with equal weights, and
there are no antagonistic interactions among the agents.

Define M(v(t)) ≜ 1
|V|

∑
k∈V vk(t)vk(t)

⊺ as the correlation

matrix. Note that M(v(t)) ∈ Rd×d can be either a positive
definite or positive semi-definite matrix. In this paper, all
vi(t) are time-varying variables, and for simplicity, in what
follows we will drop the time argument t.

Consider the control input for agent i as

ui = M(v)vi =
1

|V|
∑
k∈V

⟨vk,vi⟩vk, ∀i ∈ V , (2)

where ⟨·, ·⟩ represents the inner product. Substituting (2)
into (1) leads to the closed loop opinion dynamics

v̇i = (I − viv
⊺
i )M(v)vi, ∀i ∈ V . (3)

In this paper, we aim to study the behavior of the time-
varying correlation-based opinion dynamics (3). The first
goal is to characterize the equilibrium configurations of
(3). The second goal is to derive theoretical conditions
under which the system will pursue either a consensus or
a dissensus behavior.

Fig. 1. Different opinion behaviors in S2.
3. CHARACTERIZATION OF EQUILIBRIUM SETS

In order to characterize the equilibrium configurations of
the closed-loop opinion dynamics (3), we first introduce
in this section definitions of several behaviors of opinion
formations.

Definition 3. (Consensus Behavior). The opinion states
are said to be in consensus if the states belong to the
the consensus set C ≜ {v = [v⊺

1 , · · · ,v
⊺
N ]⊺ ∈ RNd|vi =

vj , ∥vi∥2 = ∥vj∥2 = 1, ∀(i, j) ∈ E}, where E is the set of
all edges in the graph.

Definition 4. (Bipartite Dissensus Behavior). The opinion
states are said to be in bipartite dissensus if they belong
to the bipartite dissensus set B ≜ {v = [v⊺

1 , · · · ,v
⊺
N ]⊺ ∈

RNd|vi = ±vj , ∥vi∥2 = ∥vj∥2 = 1, ∀(i, j) ∈ E} \ C.
Remark 5. Note that the notion of “bipartite dissensus”
was introduced as “bipartite consensus” in Altafini (2013).
We changed the notion for the convenience of this paper.

Definition 6. (Orthogonal Dissensus Behavior). The opin-
ion states are said to be in orthogonal dissensus if they
belong to the orthogonal dissensus set O ≜ {v =
[v⊺

1 , · · · ,v
⊺
N ]⊺ ∈ RNd|⟨vi,vj⟩ ∈ {−1, 0, 1}, ∥vi∥2 =

∥vj∥2 = 1, ∀(i, j) ∈ E} \ (C ∪ B).
Remark 7. Bipartite dissensus and orthogonal dissensus
behaviors are two special types of dissensus behavior.

Lemma 8. The consensus, bipartite dissensus, and orthog-
onal dissensus behaviors correspond to different equilib-
rium sets of the opinion dynamics (3).

Proof. If the opinion states are in consensus, then vi = v∗
c

for all i ∈ V where v∗
c is the consensus value. Hence,

M(v) ≜ 1
|V|

∑
k∈V vkv

⊺
k = v∗

cv
∗⊺
c . This implies that

v̇i = (I − viv
⊺
i )M(v)vi = (I − v∗

cv
∗⊺
c )v∗

cv
∗⊺
c v∗

c = 0 for
all i ∈ V . Hence, the consensus behavior is an equilibrium
configuration.

If the opinion states are in bipartite dissensus, then vi =
v∗
b for all i ∈ V1 and vi = −v∗

b for all i ∈ V2 where

v∗
b is one bipartite dissensus value. Hence, M(v) ≜
1
|V|

∑
k∈V vkv

⊺
k = v∗

bv
∗⊺
b . This implies that v̇i = (I −

viv
⊺
i )M(v)vi = (I − v∗

bv
∗⊺
b )v∗

bv
∗⊺
b (±v∗

b ) = 0 for all i ∈ V .
Hence, the bipartite dissensus behavior is an equilibrium
configuration.

If the opinion states are in orthogonal dissensus, then
there exist S non-empty sets V1, · · · ,VS and vi =
±v∗

s for i ∈ Vs where v∗
s is one orthogonal value

and v∗
s1 ⊥ v∗

s2 for all s1 ̸= s2. Hence, M(v) ≜
1
|V|

∑
k∈V vkv

⊺
k = 1

|V|
∑S

s=1 |Vs|v∗
sv

∗⊺
s . This implies that

if i ∈ Vs, then v⊺
i v

∗
s′ = 0 for all s′ ̸= s, and v̇i = (I −

viv
⊺
i )M(v)vi = (I − viv

⊺
i )

1
|V|

∑S
s=1 |Vs|v∗

sv
∗⊺
s vi = (I −
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v∗
sv

∗⊺
s ) 1

|V| |Vs|v∗
sv

∗⊺
s (±v∗

s ) = 0 for any s = 1, · · · , S. Hence,

the orthogonal dissensus behavior is an equilibrium con-
figuration. ■

4. LOCAL STABILITY ANALYSIS

In this section, we use the linearization method to obtain
local stability results for three different types of equilib-
rium sets (consensus, bipartite dissensus, and orthogonal
dissensus).

4.1 Linearization of the Dynamics

Let v̇i ≜ fi(v) where the function fi(v) : RNd 7→ Rd is as
defined in (3) and v = [v⊺

1 , · · · ,v
⊺
N ]⊺ ∈ RNd. Define the

block-diagonal matrixM ′ = diag([M , · · ·M ]) ∈ RNd×Nd.
On the other hand, define the block-diagonal projection
matrix P ≜ diag([P1, · · ·PN ]) ∈ RNd×Nd where Pi ≜ I −
viv

⊺
i . Then, we can write v̇ = PM ′v ≜ f(v), where the

matrix P projects the vector field M ′v on to the tangent
space of (Sd−1)N .

Lemma 9. The Jacobian matrix of the system v̇ = f(v) is

given by ∂f
∂v =

[
∂fi

∂vk

]
∀i,k

∈ RNd×Nd, in which the diagonal

terms, for all i ∈ V , are given by
∂fi

∂vi
=

1

N
viv

⊺
i + (

1

N
− v⊺

i Mvi)I + (I − 2viv
⊺
i )M (4)

where M = M(v) = (1/N)
∑N

j=1 vjv
⊺
j , and the off-

diagonal terms, for all i, k ∈ V , k ̸= i, are given by
∂fi

∂vk
=

1

N
(vkv

⊺
i + v⊺

kvi(I − 2viv
⊺
i )). (5)

Proof. The diagonal terms are given by

∂fi

∂vi
=

∂(Mvi)

∂vi
− ∂(viv

⊺
i Mvi)

∂vi
. (6)

Taking the partial derivative of Mvi we obtain

∂(Mvi)

∂vi
=

1

N
(
∑
j ̸=i

vjv
⊺
j + I) = M +

1

N
(I − viv

⊺
i ). (7)

Taking partial derivative of (viv
⊺
i Mvi) we have

∂(viv
⊺
i Mvi)

∂vi
= v⊺

i MviI + 2viv
⊺
i M − 2viv

⊺
i /N. (8)

Substituting (7) and (8) into (6) leads to the claimed
equation (4). The off-diagonal terms are

∂fi

∂vk
= (I − viv

⊺
i )

∂Mvi

∂vk
. (9)

However,

∂Mvi

∂vk
=

∂

∂vk

1

N

N∑
j=1

vjv
⊺
j vi =

1

N
(vkv

⊺
i + v⊺

kviI). (10)

Substituting (10) into (9) leads to the claimed equation
(5). ■

4.2 Local Stability for Equilibrium Sets

In this part, we apply the general linearization results in
(4) and (5) to three special types of equilibria, consensus,
bipartite dissensus, and orthogonal dissensus. Stability
analysis based on eigenvalues will be provided for the three
cases respectively.

Lemma 10. The consensus equilibrium set C is locally
attractive.

Proof. Evaluating (4) and (5) at the consensus equilib-
rium leads to

∂fi

∂vi
= −N − 1

N
(v∗

cv
∗
c
⊺ + I), ∀i ∈ V , (11)

and
∂fi

∂vk
=

1

N
(I − v∗

cv
∗
c
⊺), ∀i, k ∈ V , k ̸= i. (12)

Then the Jacobian matrix ∂f
∂v has 3 different types of

eigenvalues λ1 = 0, λ2 = − 2N−2
N and λ3 = −1, with

algebraic multiplicity of d − 1, N , and Nd − N − d + 1
respectively. The derivation of negative eigenvalues for the
Jacobian matrix at the consensus equilibrium is provided
in Appendix. A.

We can find d − 1 linearly independent vectors perpen-
dicular to v∗

c , denoting by wl such that wl ⊥ v∗
c for

all l = 1, · · · , d − 1. We can construct d − 1 linearly
independent vectors xl =

[
wl⊺,wl⊺, · · · ,wl⊺

]⊺ ∈ RNd

l = 1, · · · , d− 1 such that

∂f

∂v
xl =

[
(
∑

k ̸=i
∂fi

∂vk
wl) + ∂fi

∂vi
wl

]
∀i

=
[
(
∑

k ̸=i
1
N (I − v∗

cv
∗
c
⊺)wl)− N−1

N (v∗
cv

∗
c
⊺ + I)wl

]
∀i

=
[
N−1
N wl − N−1

N wl
]
∀i = 0. (13)

Thus, x1, · · · ,xd−1 are the d − 1 linearly independent
eigenvectors corresponding to λ1 = 0. These eigenvectors
are all perpendicular to the consensus [v∗

c
⊺,v∗

c
⊺, · · · ,v∗

c
⊺]⊺.

This corresponds to the constraint that all opinion states
are unit vectors on the sphere. Meanwhile, local pertur-
bations along these eigenvectors xl will not disturb the
consensus state. which means that the eigenvalue λ1 = 0
will not affect the stability for consensus set C.
Since the other eigenvalues are all negative, then the
consensus set C is attractive. ■

Remark 11. Set C is composed by all consensus equilibria
and has dimension d−1, which is the same as the algebraic
multiplicity of λ1 = 0 for the Jacobian matrix ∂f

∂v . If all
consensus opinion states are perturbed locally in the same
orthogonal direction, then the opinion states will stay in
consensus and move to a new consensus state in C together.

Lemma 12. The bipartite dissensus set B is locally attrac-
tive.

Proof. Evaluating (4) and (5) at the bipartite dissensus
equilibrium leads to

∂fi

∂vi
= −N − 1

N
(v∗

bv
∗
b
⊺ + I), ∀i ∈ V , (14)

and
∂fi

∂vk
=

aik
N

(I − v∗
bv

∗
b
⊺), ∀i, k ∈ V , k ̸= i, (15)

where aik ∈ {±1} is defined as aik = 1 if vk = vi and
aik = −1 if vk = −vi. According to the definition of aik,
we can have aii = 1, aij = aji and aij = aikakj for all
i, j, k.

Then the Jacobian matrix ∂f
∂v has 3 different eigenvalues

λ1 = 0, λ2 = − 2N−2
N , λ3 = −1 with algebraic multiplicity

of d − 1, N,Nd − N − d + 1 respectively. The derivation
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of negative eigenvalues for the Jacobian matrix at the
bipartite dissensus equilibrium is almost the same as that
for consensus equilibrium. We will not provide details for
this case.

We can find d − 1 linearly independent vectors perpen-
dicular to v∗

b , denoting by yl such that yl ⊥ v∗
b for all

l = 1, · · · , d− 1. We can construct d− 1 linearly indepen-
dent vectors xl =

[
a11y

l⊺, a12y
l⊺, · · · , a1Nyl⊺

]⊺ ∈ RNd

l = 1, · · · , d− 1 such that

∂f

∂v
xl =

[
(
∑

k ̸=i
∂fi

∂vk
a1ky

l) + ∂fi

∂vi
a1iy

l
]
∀i

=
[
a1i(

∑
k ̸=i

∂fi

∂vk
aiky

l) + a1i
∂fi

∂vi
yl
]
∀i

=
[
a1i((

∑
k ̸=i

1
N (I − v∗

bv
∗
b
⊺)yl)− N−1

N (v∗
bv

∗
b
⊺ + I)yl)

]
∀i

=
[
a1i

N−1
N yl − a1i

N−1
N yl

]
∀i = 0. (16)

Thus, x1, · · · ,xd−1 are the d − 1 linearly independent
eigenvectors corresponding to λ1 = 0. These eigen-
vectors are all perpendicular to the bipartite dissensus
[±v∗

b
⊺,±v∗

b
⊺, · · · ,±v∗

b
⊺]. This corresponds to the con-

straint that all opinion states are unit vectors on the
sphere. Meanwhile, local perturbation along these eigen-
vectors xl will not disturb the bipartite dissensus state,
which means that the eigenvalue λ1 = 0 will not affect the
stability for the bipartite dissensus set B.
Since the other eigenvalues are all negative, then the
bipartite dissensus set B is stable. ■
Remark 13. Set B is composed by all bipartite dissensus
equilibria and has dimension d−1, which is the same as the
algebraic multiplicity of λ1 = 0 for the Jacobian matrix
∂f
∂v . If opinion states from same group are perturbed
locally in the same orthogonal direction while opinion
states from different groups are perturbed locally in the
opposite orthogonal direction, then the opinion states will
stay in the bipartite dissensus and move to a new bipartite
dissensus state in B.
Lemma 14. Suppose all opinion states are in orthogonal
dissensus. Then the orthogonal dissensus equilibrium is
locally repulsive.

Proof. The diagonal terms of the Jacobian matrix ∂f
∂v

for all i ∈ V are give by (4). For off-diagonal terms, if

vk ⊥ vi then ∂fi

∂vk
= 1

N vkv
⊺
i , and if vk = ±vi then

∂fi

∂vk
= 1

N v⊺
kvi(I−viv

⊺
i ). Consider the orthogonal dissensus

where the set of nodes are partitioned by S non-empty
sets (2 ≤ S ≤ d) V1, · · · ,VS and vi = ±v∗

s for i ∈ Vs

where v∗
s is one orthogonal value and v∗

s1 ⊥ v∗
s2 for all

s1 ̸= s2. Define λs ≜ v∗⊺
s Mv∗

s ∈ [ 1N , 1]. We can choose
two different node sets Vs1 ,Vs2 . Then the Jacobian matrix
∂f
∂v has one positive eigenvector (λs1 + λs2). More details
on the derivation of eigenvalue can be found in Appendix
B.

Therefore, the orthogonal dissensus equilibrium is locally
repulsive. ■

5. LYAPUNOV STABILITY ANALYSIS

In this section, we use Lyapunov techniques to study the
stability of the considered equilibrium configurations and
estimate the regions of attraction.

5.1 Stability of the Consensus Configuration

Theorem 15. Consider the opinion dynamics (3), suppose
at time t = 0, ⟨vi(0),vj(0)⟩ ∈ (0, 1], ∀(i, j) ∈ E . Then the
consensus set C is asymptotically stable.

Proof. Define the set Ω1 = {v|⟨vi,vj⟩ ∈ (0, 1], ∥vi∥2 =
∥vj∥2 = 1, ∀(i, j) ∈ E}. Define the function

W =
1

2

∑
(i,j)∈E

(1− ⟨vi,vj⟩2), (17)

where W ≥ 0 and W = 0 if and only if vi = vj for all
vi,vj ∈ Ω1. Let Xi = viv

⊺
i . Then, we obtain

Ẇ = −
∑

(i,j)∈E

⟨vi,vj⟩[⟨vi, (I −Xj)uj⟩+ ⟨vj , (I −Xi)ui⟩]

= −
∑
i∈V

∑
j∈V

⟨vi,vj⟩⟨vj , (I −Xi)ui⟩

= −N
∑
i∈V

⟨ui, (I −Xi)ui⟩

= N
∑
i∈V

[⟨ui,vi⟩2 − ∥ui∥22] ≤ 0, (18)

where, in Ω1, Ẇ = 0 if and only if vi = vj , for all i, j.
Define

Q =
1

2

∑
(i,j)∈E

⟨vi,vj⟩2. (19)

In virtue of (17) and (18), we can see that Q̇ = −Ẇ .
Consider the Lyapunov candidate function

V1 =
W

Q
, (20)

where V1 ≥ 0, and, in Ω1, V1 = 0 if and only if vi = vj , for
all i, j. Additionally, V → ∞ if ⟨vi,vj⟩ → 0 for any i, j.
Then we obtain

V̇1 =
(Q+W )

Q2
Ẇ ≤ 0, (21)

where V̇1 = 0 if and only if vi = vi, for all i, j. Additionally,
V̇1 → −∞ if ⟨vi,vj⟩ → 0 for any i, j. This along the fact
that V1 → ∞ whenever any ⟨vi,vj⟩ → 0 implies that Ω1

is forward invariant and thus the consensus equilibrium is
asymptotically stable. ■

Remark 16. Since the matrix M(v) in (3) is time-varying,
the existing constant-matrix convergence analysis of the
Oja PCA flow in Yoshizawa et al. (2001) does not hold
for our problem. Under the initial conditions described
in Theorem 15, the states converge to a stable consensus
equilibrium. This is a major distinction from the Oja PCA
flow where the states converge to the principal eigenvectors
of the underlying constant matrix.

5.2 Stability of the Bipartite Dissensus Configuration

Let us partition the edge set E into two sets: E1 and E2
such that E1 ∩ E2 = ∅, E1 ∪ E2 = E . Then, for the bipartite
dissensus we have the following result:

Theorem 17. Consider the opinion dynamics (3), suppose
at time t = 0, ⟨vi(0),vj(0)⟩ ∈ (0, 1], ∀(i, j) ∈ E1 and
⟨vi(0),vj(0)⟩ ∈ [−1, 0), ∀(i, j) ∈ E2. Then the bipartite
dissensus set B is asymptotically stable.
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Proof. Define the set Ω2 = {v|⟨vi,vj⟩ ∈ (0, 1] ∀(i, j) ∈
E1, ⟨vi,vj⟩ ∈ [−1, 0) ∀(i, j) ∈ E2, ∥vi∥2 = ∥vj∥2 =
1 ∀(i, j) ∈ E}. That is, the bipartite dissensus is the only
equilibrium in Ω2. Then the same Lyapunov function (20)
can be used to show that the set Ω2 is forward invariant.
In particular, we can show that, in Ω2, it holds that V̇ ≤ 0,
where V̇ = 0 if and only if vi = vj for all (i, j) ∈ E1, and
vi = −vj for all (i, j) ∈ E2. Additionally, V̇ → −∞ if
⟨vi,vj⟩ → 0 for any i, j. This along the fact that V → ∞
whenever any ⟨vi,vj⟩ → 0 implies that Ω2 is forward
invariant and thus the bipartite dissensus equilibrium is
asymptotically stable. ■

5.3 Instability of the Orthogonal Dissensus Configuration

Theorem 18. Under the opinion dynamics defined in (3),
the orthogonal set O is unstable.

Proof. Suppose the opinion states at orthogonal equi-
librium can be divided into S groups V1, · · · ,VS such
that vi = ±v∗

s for i ∈ Vs where v∗
s is one orthogonal

value and v∗
s1 ⊥ v∗

s2 for all s1 ̸= s2. Hence, M(v∗) =
1
|V|

∑S
s=1 |Vs|v∗

sv
∗⊺
s . Define γij = ⟨vi,vj⟩2 for i ∈ Vs and

j ∈ V \ Vs for all s = 1, · · · , S, where γij ∈ [0, 1] and
γij = 0 if and only if ⟨vi,vj⟩ = 0. Define an edge set Eo

such that (i, j) ∈ Eo if i ∈ Vs1 , j ∈ Vs2 and s1 ̸= s2. Define
γ ∈ R|Eo| to be the vector that contains all γij .

Consider the Lyapunov candidate

V2 =
1

2

∑
s

∑
i∈Vs

∑
j∈V\Vs

γij =
1

2

∑
s

∑
i∈Vs

∑
j∈V\Vs

⟨vi,vj⟩2,

(22)

where V2 ≥ 0 and V2 = 0 if and only if γij = 0 i.e.
⟨vi,vj⟩ = 0 for i ∈ Vs1 , j ∈ Vs2 and s1 ̸= s2. Then

V̇2 =
∑
s

∑
i∈Vs

∑
j∈V\Vs

[⟨vi,vj⟩⟨vi, (I − Vj)uj⟩

+ ⟨vi,vj⟩⟨vj , (I − Vi)ui⟩]
= 2

∑
s

∑
i∈Vs

∑
j∈V\Vs

⟨vi,vj⟩⟨vj , (I − Vi)ui⟩

= 2
∑
s

∑
i∈Vs

∑
j∈V

⟨vi,vj⟩⟨vj , (I − Vi)ui⟩ (23)

= 2N
∑
i∈V

[∥ui∥22 − ⟨ui,vi⟩2] ≥ 0.

Define the set U = {γ ∈ B|V2 > 0} where B = {γ ∈
R|Eo||∥γ∥2 ≤ 2|Eo|}. Note that the nonempty set U is

contained in B. This implies that V̇2 > 0 for all points in
U . Therefore, all the conditions in Theorem 4.3 in Khalil
(2002) are met, and hence the equilibrium γ = 0, or the
orthogonal dissensus equilibrium is unstable. ■

6. SIMULATION RESULTS

In this section, we simulate (3) using 40−agent system. We
consider two types of initial conditions: (1) The opinion
states satisfy ⟨vi(0),vj(0)⟩ > 0 for all i, j ∈ V ; (2) The
opinion states satisfy that there exist some i, j ∈ V such
that ⟨vi(0),vj(0)⟩ < 0.

As shown in Fig. 2, when the initial conditions satisfy
⟨vi(0),vj(0)⟩ > 0 for all i, j ∈ V , then the opinion states

Fig. 2. Evolution of opinion states towards consensus for a
40-agent system in S1 when ⟨vi(0),vj(0)⟩ > 0 for all
i, j. The red dots represent the opinion states.

Fig. 3. Evolution of opinion states towards bipar-
tite dissensus for a 40-agent system in S1 when
⟨vi(0),vj(0)⟩ < 0 for some i, j. The red dots represent
the opinion states.

are converging to the consensus configuration. Driven
by the time-varying correlation-based opinion dynamics
described in (3), the geodesics between opinion states
gradually decrease until the opinion states settle on the
consensus value.

For the example shown in Fig. 3, the initial opinion states
are chosen such that there exist some i1, i2, j1, j2 where
⟨vi1(0),vj1(0)⟩ < 0 and ⟨vi2(0),vj2(0)⟩ > 0. Then, under
the opinion dynamics (3), the opinion states are gradu-
ally forming two groups which become distinguishable at
around time t = 0.2s. The opinion states within each group
converge to a consensus, while the consensus values from
the two groups are opposite to each other, leading to the
bipartite dissensus behavior of the entire 40−agent system.

7. CONCLUSION

In this paper, we develop novel modeling of opinion dy-
namics on the sphere using a time-varying correlation
matrix. Our stability analysis reveals that stable consensus
and stable bipartite dissensus behaviors can be reached
with an unsigned graph. Since in this paper we restrict
the analysis on complete graphs, in the future we will
consider incomplete graphs to study the role of the graph
on shaping the system equilibrium configurations as well
as convergence behaviors.
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Appendix A. DERIVATION OF NEGATIVE
EIGENVALUES FOR CONSENSUS JACOBIAN

MATRIX

Here we provide the details on how to derive λ2 = − 2N−1
N

and λ3 = −1 for the Jacobian matrix at the consensus
equilibrium.

We can construct N linearly independent vectors ym =
[ym

1
⊺,ym

2
⊺, · · · ,ym

N
⊺]⊺ ∈ RNd with ym

n ∈ Rd where ym
m =

v∗
c and ym

n = 0 if n ̸= m for m,n = 1, · · · , N . Then

∂f

∂v
ym =

[
(
∑

k ̸=i
∂fi

∂vk
ym
k ) + ∂fi

∂vi
ym
i

]
∀i

=
[
(
∑

k ̸=i
1
N (I − v∗

cv
∗
c
⊺)ym

k )− N−1
N (v∗

cv
∗
c
⊺ + I)ym

i

]
∀i

=
[
− 2N−2

N ym
i

]
∀i = −2N − 2

N
ym, (A.1)

where we use (I − v∗
cv

∗
c
⊺)0 = 0, (I − v∗

cv
∗
c
⊺)v∗

c = 0,
(v∗

cv
∗
c
⊺ + I)0 = 0 and (v∗

cv
∗
c
⊺ + I)v∗

c = 2v∗
c . This means

that λ2 = − 2N−2
N has algebraic multiplicity of N .

Denote z1, z2, · · · , zN to be vectors in Rd. For any vector
z = [z⊺

1 , z
⊺
2 , · · · , z

⊺
N ]⊺ ∈ RNd perpendicular to xl and ym

for all l = 1, · · · , d− 1 and m = 1, · · · , N , z satisfies N +
d−1 linearly independent equality constraints. This means

that
∑N

i=1 z
⊺
i w

l = 0, ∀l = 1, · · · , d − 1 and bmz⊺i v
∗
c =

0, ∀i = 1, · · · , N , which implies that
∑N

i=1 zi = 0. Then

∂f

∂v
z =

[
(
∑

k ̸=i
∂fi

∂vk
zk) +

∂fi

∂vi
zi

]
∀i

=
[
(
∑

k ̸=i
1
N (I − v∗

cv
∗
c
⊺)zk)− N−1

N (v∗
cv

∗
c
⊺ + I)zi

]
∀i

=
[
(
∑

k ̸=i
1
N zk)− N−1

N zi
]
∀i = [−zi]∀i = −z. (A.2)

Since z satisfies N + d − 1 linearly independent equality
constraints, the eigenvalue λ3 = −1 has algebraic multi-
plicity Nd−N − d+ 1.

Therefore, the Jacobian matrix ∂f
∂v has eigenvalues λ2 =

− 2N−2
N with algebraic multiplicity of N and λ3 = −1 with

algebraic multiplicity Nd−N − d+ 1.

Appendix B. DERIVATION OF POSITIVE
EIGENVALUES FOR JACOBIAN MATRIX OF

ORTHOGONAL DISSENSUS

Construct a vector x = [x
⊺
1 ,x

⊺
2 , · · · ,x

⊺
N ]

⊺ ∈ Rd with

xi ∈ Rd for all i as follows,

xi ≜


biλs2v

∗
s2 , if i ∈ Vs1 ,

ciλs1v
∗
s1 , if i ∈ Vs2 ,

0, otherwise,

(B.1)

where bi ≜ v⊺
i v

∗
s1 ∈ {±1}, ci ≜ v⊺

i v
∗
s2 ∈ {±1}. For

i /∈ (Vs1 ∪ Vs2), xi = 0 and vi ⊥ v∗
s1 ,vi ⊥ v∗

s2∑
k ̸=i

∂fi

∂vk
xk +

∂fi

∂vi
xi =

∑
k∈Vs1∪Vs2

1

N
vkv

⊺
i xk = 0. (B.2)

For i ∈ (Vs1 ∪ Vs2), suppose i ∈ Vs1 . Then xi = biλs2v
∗
s2∑

k ̸=i

∂fi

∂vk
xk +

∂fi

∂vi
xi

= (λs1 −
1

N
)xi + λs1xi + (

1

N
− λs1 + λs2)xi

= (λs1 + λs2)xi. (B.3)

If i ∈ Vs2 ,
∑

k ̸=i
∂fi

∂vk
xk + ∂fi

∂vi
xi = (λs1 + λs2)xi.

Then ∂f
∂vx =

[
(
∑

k ̸=i
∂fi

∂vk
xk) +

∂fi

∂vi
xi

]
∀i

= (λs1 + λs2)x.

Therefore, the Jacobian matrix ∂f
∂v has one positive eigen-

value (λs1 + λs2).
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