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RESUME

Dans cet article on étudie le comportement en temps long de la solution des
équations de la MHD idéale linéarisées autour d’un champ de vitesses et d’un
champ magnétique cisaillés avec la condition de stabilité de Stern. On démontre
la convergence du champ des vitesses et celle du champ magnétique vers des états
de cisaillement lorsque le temps tend vers 'infini. On découvre aussi un nouveau
phénomeéne de deplétion : aux points critiques, les composantes horizontales du
champ de vitesse et du champ magnétique décroissent vers 0, quand le temps tend
vers Dinfini.
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1. Introduction

The appearance of large coherent structures is an important phenomenon in the magnetic fluid. The
study of the long-time behavior of MHD waves is a very active field in physics and mathematics [5,11,24].

1.1. The linearized MHD system

In this paper, we consider the magnetic fluid described by the two-dimensional incompressible ideal MHD
equations on the periodic domain T2 = {(x,y)|x € T,y € T}

OU+U- VU —H-VH+VP =0,
OMHAU-VH—H-VU =0, (1)
VU=0, V-H=0,

with initial data U(0, z,y) and H (0, x,y). Here U = (U, Us), H = (H1,H2) and P denote the velocity field,
magnetic field, and the total pressure of the magnetic fluid, respectively.

System (1) has an equilibrium U; = (u(y),0), Hs = (b(y),0), Ps = const.. We shall focus on the
asymptotic behavior of the linearized 2D MHD equations around this equilibrium, which take the form

0 Uy + ud, Uy + Opp +u'Us — b0, Hy — V' Hy = 0,

0 Us + ud,Us + ayp —bd,Hy =0,

8tH1 + uale + b/U2 — b@wUl — U/HQ = O, (2)
0¢Hy + u0,Ho — b0, Uy = 0,

V-U=0, V-H=0.

We introduce the vorticity w = 9,Us — 9,U; and the current density j = 0, Hs — 0,H; which satisfy the
following equations:

3)

Oyw + udpw — b0y j = u"Us — b Ho,
8tj + u@xj —bow = V'Uy — v Hy + u’ale — u’3yH2 + b’8yUg — b’@xUl.

We further introduce the stream function 1 and the magnetic potential function ¢, satisfying U =
Oy, —0z0), w = —AY and H = (0y¢, —0:¢), j = —A¢, which allow us to derive the following system,
satisfied by (¢, ¢):

(4)

By (AD) + udy (AY) — bIy(AG) = w010 — b0y,
O (AB) + udy(Ad) — bDy(Ah) = 1" Dpt) — 0 Oph — 20/ DpByb + 26/ D, D).

Taking the Fourier transform in = and inverting the operator (97 — a®), we rewrite the system as

0
¢
(U1, Us) = (80, —ia)), (Hy, Hy) = (8,6, —iad),

at(g)(t,a,y)mMa( )(t,a,y),

where o # 0 and

M, =-A!

[0

u” —ulg —b" + bA, (6
bAg + V" + 200, —ulg — " — 200, | )
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For the homogeneous equilibrium u = 0, b(y) = const., 172 and ﬁg satisfy a 1-D wave equation, which

is stable but exhibits no decay. There are few rigorous mathematical results on the non-flowing plasma
with inhomogeneous sheared magnetic field. In [18], Tataronis and Grossmann predicted that the vertical
components of velocity and magnetic field may decay by phase mixing, to which a mathematically rigorous
proof was given by Ren and Zhao in [15], under the condition that the magnetic field is positive and strictly
monotone. If the positivity assumption on the magnetic field is removed, which allows the direction of
the sheared magnetic field to change, then it turns out that magnetic reconnection occurs in infinite time,
generating the magnetic island. This phenomenon was predicted by Hirota, Tatsuno and Yoshida [6] and
later justified by Zhai, Zhang and Zhao [22]. For the flowing plasma u # 0, fewer mathematical rigorous
results are available. We refer to [6,14,22] for the long time behaviors of the solutions to the MHD equations
linearized around a flowing plasma.
Notations: Let us specify the notations to be used throughout the paper. We denote by A < B an estimate
of the form A < CB and by A ~ B an estimate of the form C~'B < A < CB, Where C is a constant. Given
a function f(x,y), we denote its Fourier transform in z-variable as f a,y) = 5- fT —waf(g y)dr, where a
is the wave number. We shall use the Japanese bracket notation (z) := \/|z|2 .

1.2. Vertical damping and horizontal depletion

In this paper, we focus on the long time behavior of the solution to the linearized MHD equation (5).
Our first main result states as follows:

Theorem 1.1 (Vertical damping). Let u,b € C3(T) be such that b > |u| > 0 and the critical points of
(u £ b) are non-degenerate. Let o # 0 be a fized wave number and let (1;, ;5) solve (5) with initial data

([b\o, (EO) € (H® x H3). Then the following space-time estimate holds:

|(%9)]

) =0.
Ly

(%0,00)] .- (7)

H}L?

In particular, lim H(ﬁg, ﬁg)‘
t—o0

Remark 1.2. The condition |u| < |b] is called Stern stability condition (see [16]).

Remark 1.3. Formally, the space-time estimate may indicate that H (UQ, Hg) H # with 8 > 5. The
study of the precise decay rate shall be our forthcoming work.

Remark 1.4. For the case of flowing plasma with constant velocity or non-flowing plasma (u = const.), it
holds that

1U ), H(t) mxrz ~ Vo, Hollgirz, k>0, (8)
which implies linear growth of vorticity and current density, i.e.,

lw®), i)z, < Ollwos Joll Lz -

The proof can be found in Appendix C. By (8), the total energy is almost conserved. Hence, the vertical
damping in Theorem 1.1 shows that energy is transferred from the vertical direction to the horizontal
direction. Whether similar energy conservation results are true for the flowing plasma with u # const.
remains an open question.
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The vertical damping is induced by a certain mixing mechanism similar to the vorticity mixing that leads
to inviscid damping for linearized Euler equations (see [9,10,19-21,23]). Readers may consult [2,4,7,8,12,13]
for recent progress in nonlinear inviscid damping.

To better illustrate the mixing mechanism, let us recall the system in terms of (Uy, Hy):

O H1 + w0, Hy — b0, Uy = Lo, (9)

{ 0yUy + udyUy — b0, Hy = L,
where (L1, L) := (b'H2 —uw'Usy — 20, A1 ('8, Hy — w0, Us), u' Hy — b'Ug) can be seen as nonlocal forcing
terms depending on Us and Hs.

By the incompressibility condition, we can check that

102U, 0 Hy) |l 2 g2 ~ [|(U2, Ha) |2z -

Then the mixing of (U; + Hy) would lead to the linear damping of (Us, Ha).
Let us consider a toy model, obtained by neglecting the nonlocal forcing terms (L, Lo) in the linearized
system (9), i.e.,
8tU1 +u8mU1 —bamH1 :0, (1())
O:Hi + u0,Hy — b0, U; = 0.

It is then easy to see that the Elsésser variables ZljE := U & H; satisfy certain transport equations and then

(171 + ﬁl) (t ) = B (o ge o@D

o _ (1)
(Ul - Hl) (tvaay) = Ziin(a,y)eila(qu )ta

with 2+

1,in
Regarding the toy model (10), we have the following conclusions.

denoting the initial data.

Lemma 1.5. Let u,b € C3(T) be such that u + b have only non-degenerate critical points. Then the solution
of (10) with initial data (Ut in, H1 i) satisfies

1
”(a:cUlv aacHl)”LgH;l ST ”(Ul,im H1,m) || (12)

~ 1 5
<t>2 HZ H}

Moreover, if the initial data (Ui in, H1m) vanish at all the critical points of (u £ b), then it holds that

1
H (8¢U1, 836H1) ”LgH;l 5 @ H(Ul,ina Hl,in)”}[;le- (13)
The proof of (12) can be found in [20]; via the same dual method one can prove (13). In fact, the decay
rate of /2 for the toy model (10) is optimal, as we know, via the classical stationary phase approximation
(see Chapter VIII of [17]), that there exists a class of initial data such that the corresponding solutions
satisfy

1
(t)>

The space-time estimate in Theorem (1.1), however, fails to hold for the toy model (10). Exploring

”(axUla ale)”LgH;l ~

the mechanisms behind the enhanced damping for the complete system (9), we found a new dynamical
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phenomenon apart from velocity mixing: the depletion of horizontal velocity and magnetic field (Uy, Hy) at
the critical points of u £ b. This leads to our second main result, which states as follows:

Theorem 1.6 (Horizontal depletion). Let u,b satisfy the same assumptions as in Theorem 1.1. Let yo be a
eritical point of (u+b) or (u —b), i.e., u'(yo) =V (yo) or v (yo) = —b'(yo). Let ([71, f[l) correspond to the

solution to (5) with initial data (120,250) € (H3 x H3). Then it holds that

lim ([717 ﬁl) (t7a,y0)‘ =0.
t—o0
Remark 1.7. From (11), we can see that the horizontal depletion in Theorem 1.6 is not true for the toy
model (10).

For a more precise description of the long time behavior of the horizontal components, we conjecture

that there exist some final states ZF_ and some x > 0 such that

1,00

(ﬁl + ﬁl) (t7a7y) ~ <§1+,<>o> (a7y)e—ia(u—b)t + O(t_n)7

o ; | (14)
(Ul — Hl) (tva’y) ~ (Zim) (a’y)e—wz(u-i-b)t + O(t—n).

Theorem 1.6 reveals that é\lioo vanish at all the critical points of (u=£b). Our conjecture (14) shall imply the

space-time estimate (7) and even a precise decay rate, provided that suitable regularity of the final states

could be proven.

The parallel phenomenon exists in the realm of hydrodynamics. Vorticity depletion for the linearized 2D
Euler equations around shear flows, first predicted by Bouchet and Morita in [3], was later mathematically
proven in [20] by Wei, Zhang and Zhao. A similar vorticity depletion result for the 2D Euler equation
linearized around a radially symmetric and strictly decreasing vorticity distribution is due to Bedrossian,
Coti-Zelati and Vicol [1]. As far as we know, this is the first paper studying the depletion of the horizontal
velocity and magnetic field for the linearized MHD equations.

Comparing the toy model (10) with the complete system (9), we observe at least three significant effects
of the nonlocal terms L and Lo:

1. Altering the final state, as é’\lim

21%00 on the right hand side of (14);
2. Causing Z\ftoo to vanish at the critical points of (u % b);

on the right hand side of (11) are changed into some other final state

3. Enhancing the damping.

This demonstrates that the nonlocal terms L; and Ls in (9) cannot simply be neglected or be regarded as
mere perturbations on the toy model.

Remark 1.8. The significance of the nonlocal terms can also be seen from the resolvent estimate. In-
deed, if we consider the toy model (10) instead, the Sturmian equation (16) in Section 3 would become
((u —c)? — b2) 0y® = F, which is much simpler and yields an obvious estimate

9,®] < (u—c)? 8| ",
Yet, as we shall see in Section 3, at any critical point yo of (u + b) or (u — b), the solution ® to the actual
Sturmian equation (16) enjoys a non-trivial estimate
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10,®(yo)| < [(u(yo) — ¢)* — b(y0)2|_%.

This %—improvement, resulting from the effects of L; and Lo, is the key to the depletion result. For more
details, we refer to Section 3 and 4.

We have the following comments on the results in Theorem 1.1 and Theorem 1.6.

Remark 1.9. The vertical damping and horizontal depletion results also hold for the case of finite channel
under slip boundary condition, provided that the critical points do not appear at the boundary.

Remark 1.10. To highlight the differences among the long time behaviors of the solutions to the linearized
MHD equations in various cases, we show the following table:

Conditions Results References
Monotonicity ~ Uniform Stern stability Other conditions
direction b > 0 Ju] < b

Yes Yes Yes u=0 Damping [15]

Yes No Yes u(0) = b(0) =0 Magnetic Island  [22]

Yes No No u=kiy, b= koy Damping [14]
ki > ko >0

No Yes Yes |u| < b Non-degenerate Damping & This paper
critical points Depletion

Comparing the results listed above, we have the following observations:

1. The first result of this paper, in comparison with those in [15] and [22], indicates that the unidirection-
ality of the sheared magnetic field, rather than the monotonicity, is responsible for the damping.

2. The stability condition |u| < b in this paper seems to indicate magnetism-driven mechanisms, whilst
the damping in [14] might be seen as fluid-driven.

1.3. Outline of the paper

The organization of the paper is as follows. In Section 2, we introduce the representation formula, which
is a contour integral of the resolvent. The study of the resolvent is then reduced to that of the Sturmian
equation. In Section 3, we study the Sturmian equation and establish a uniform estimate as well as the
limiting absorption principle. This is the most technical part of the paper as our assumptions include rather
general sheared velocity and magnetic field, which in turn results in a range of situations that need to
be discussed separately from each other. A novelty here is the use of ODE techniques in dealing with the
situation involving the critical points. In Section 4, we prove the main theorems by the resolvent estimate.

2. The Dunford integral and the Sturmian equation

The basic idea for the study of the long-time behavior of the solution to (5) is to acquire a precise formula
of (¥, ¢), which requires understanding the spectral properties of the linearized operator M,. Indeed, it is
easy to check that the spectrum o(M,) = Ran (u + b) U Ran (u — b). Then we have the Dunford integral

(g)(t,a,y) = % /e‘mtc(cl— Ma)_l(%\)(o,a,y)dc
o0 R (15)
= lim Qim / et (el — Marl(;ﬁs) (0, o, y)de,

00
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where © contains the spectrum o (M, ) and €. is the e-neighborhood of o (M, ). Here the last equality holds
due to the fact that for ¢ ¢ o(M,), the resolvent (cI — Ma)_l(g)(O,a,y) is analytic in c¢. With the

representation formula (15), we have reduced our problem to the study of the resolvent (eI — M,)~* and
the limit of the contour integral.
Assume that

~

~1( %o v,y
cl — M, <A)a, :( )047 ,C).
( ) (5, ) =g, )@
Then a direct calculation shows that (¥, ®1) solves the following system, for ¢ ¢ o(M,):

(U — C)Aa\ljl — u”lIJl — bAa(bl + b”(I)l = Aa’lZ(),
(U - C)(I)l - b‘Ifl = —¢0.

Here A, = 85 —a?. Let ®1(a,y,¢) = b(y)®(a, y,c), and then
l:[ll(aa Y, C) = (U(y) - C)(I)(a7 Y, C) + QZO(CY, y)/b(y)

Thus, we obtain

0y () = o = b)?) 9, 9,0)) = a? ((uly) = ) ~ b(»)?) B0y, 0)
(16)

= Aotola,y) — (u(y) — c)Aa <¢0b((024j)y)> +u” (y) do(e ) = F(a,y,c).

This is the so-called Sturmian type equation.
3. Uniform estimates and limiting absorption principle

Let Q, denote the eg-neighborhood of Ran (u+b) U Ran (u —b) in C. We shall study Equation (16) with
¢ € Q,. We introduce the Elsisser variables Zy := u + b. Hence, we can rewrite the equation of ®(«,y,c)
as

0y((Z- = e)(Zy — €)0y®) —*(Z_ — c)(Zy —c)® = F. (17)
This section is devoted to the proofs of the following propositions, which are crucial to our main results.

Proposition 3.1. There exists ¢ > 0 such that for ¢ € (Q, \ (RanZy URan Z_)), the solution to (17)
satisfies the following bound, uniform with respect to c

(v, -, )l + [(Z- = e)(Z4 = )3y ®(ex, s )| < Cl[F (e, ¢)[ -
The estimate on ® can be continued (in ¢) up to the boundary Ran Z, URan Z_.

Proposition 3.2. For ¢ € (Ran Z, URan Z_), there exist ®*(a,-,c) € L? such that as e — 0, ®(a,-,c+
i€) — ®*(a, -, ¢) in L™ with r € (1,2) and

2% (a,,0)|| > < CIF (e, 0)||ar-
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We shall prove Proposition 3.1 by contradiction. Suppose that the proposition is false, then there exists
a sequence {cn, Pp, F, 152, satisfying the equation

0y(Z- = en)(Z4 — )0y @) — *(Z- — ) (Z4 — cn) @y = By, (18)
such that

o ¢y € (R, \ (RanZy URanZ_)),
o N®nllre + 1(Z- = cn)(Z4 — cn)OyPullmr =1,
e« [, »0in H' as n — 0.

For convenience, we shall use the notation ¢, := (Z- — ¢,)(Z+ — ¢,)0,®,, from time to time in this section.
As |ep| < C and || Py]lL2 + l|gnll g = 1, we know that

e ¢, — c for some c € ), up to a subsequence,
e &, — & in L? up to a subsequence,
e g, — ¢ in H' up to a subsequence, for some q € H".

(For convenience, we shall simply use the original ¢, and ®,, to denote the elements in the subsequence.)
Moreover, ¢ = (Z- — ¢)(Z4+ — ¢)0,®, as seen from the identity

<Qna f>L2 :<(Z* - Cﬂ)<Z+ - Cn)ayq)m f>L2
=— (20, ZL(Zy —cu) [ +(Z- — Cn)Zfs-f +(Z- —cn)(Zy —cn)f')12, YV f € GG

We shall show in the following passages that

e the weak limit ® =0,
« in fact, strong convergences hold true, i.e., ®, — 0in L? and ¢, — 0 in H',

which contradict the very assumption that | @, r2 + [[(Z- — cn)(Z4 — )0y Pyl mr = 1.
Formally, by performing integration by parts on the limiting equation

0y((Z- —e)(Zy — )0, ®) —*(Z_ —¢)(Zy — c)® =0, (19)

we can see that the weak limit ® = 0. To prove this, we have to show that ® belongs to a space for which
the operation is allowed.

The limit ¢ belongs to either (Q, \ (RanZ; URanZ_)) or (RanZ; URan Z_).

Let us first consider the case when ¢, — ¢ = Rec+ ilmec ¢ (RanZ; URan Z_). In this case, it’s
straightforward to show that ®, — ® in L? and ¢, — ¢ := (Z_ — ¢)(Z+ — ¢)9,® in H', where ® is the
classical solution to (19). Taking the inner product with ®, integrating by parts and separating the real and
imaginary parts, we obtain

[ () = Reo* = 00))* - (n0)?) (9,800 ) + 0? (3. ) dy =0, (20)
T
and

/W@%ﬁﬁdﬂ%M%®F+ﬁ@@mﬁﬁw:0 (21)
T
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Multiplying (21) by 2Re ¢ and adding it to (20) lead to

/ (u(y)2 —b(y)? — (Rec)? — (Im c)2) (|3y<1>(y, o)* + a2|<b(y,c)|2) dy = 0.
T

The condition |u| < b then guarantees that ® = 0.

The difficult situation is when ¢, — ¢ € (RanZ; URanZ_) as n — oo, which renders Equation (18)
degenerate at the sets (Z.)7(c):={y €T :Z,(y) =c}and (Z_)"1(c) :={y €T : Z_(y) = c¢}. The con-
dition 0 < |u| < b ensures that Ran Z, N RanZ_ = . Hence, if ¢, — ¢ € Ran Z4, then ¢ ¢ Ran Z_, and
vice versa. In this section, we will always provide detailed proofs only for the case that ¢, — ¢ € Ran Z,
as those for the case ¢, — ¢ € Ran Z_ are essentially similar.

By our assumptions on (u 4 b), the sets (Z)~!(c), s = + or —, consist of two possible types of points:

1. points located in a monotone interval, i.e., {y € T : Zs(y) = c and |Z.(y)| > 0},
2. critical points, where Z! = 0 and |Z”| > 0.

In our analysis, the two situations require separate treatments. To better distinguish between the two, we
denote a critical point as yqg.

3.1. Weak convergence of {®,}5%1 to 0

In this subsection, we establish several lemmas implying that ®,, — ® = 0 as ¢, — c¢. As previously
mentioned, to this end we need to prove that ® is regular enough such that the desired integration by
parts is justified. This is clear when y ¢ (Z_)"'(c) U (Z4) *(c), as ® € HE (T \ (Z+) '(c)) thanks to

[(Z_ —¢)(Zy — ¢)| > C > 0. Therefore, our consideration starts from the case when y. € (Z5)~!(c) lies in
a region where Z; is strictly monotone, s = 4 or —.

Lemma 3.3. Let {c,}52; C (¢, \ (RanZ; URanZ_)) be such that ¢, — ¢ as n — oo for a certain
¢ € (RanZy URan Z_). Let the triple {cp, Ppn, Fn}52 satisfy the equation (18) along with the following
conditions

o« &, =@ in L? and (Z_ — cp)(Z4 — ¢n)0y®y, — (Z_- — ) (Z4 — )0, ® in H' in I,
e« F, > FinH inT,

for some interval T = [y1,ya] C T such that there exists y. € (Zs)"'(c) in T with |Z.(y.)| > 0;
Z'(ye)Zl(y) > 0,Vy € I, where s =+ or —.

Then ®,, — ® in L*(Z) and (Z- — cu)(Z4 — )0y ®pn — (Z— — ¢)(Z4+ — ¢)0y® in HY(T).

In particular, if F =0, then ® € HY(Z) and

- (o= azs - oper o [(Z - oz. - sy =0, i < 1 (D), (22)
T T

where H’Lll),o = {f eL?: ((y — yc)ayf) € L? and f|y:y1 = f|y:y2 = 0}-

Proof. To facilitate the proof, let us assume that ¢ € Ran Z,. Then for € < , there exists
N > 0 such that for any n > N, |¢,, — ¢| < e. Thus there exists C' > 0 such that |Z_ —¢,| > C~! > 0 for
n > N. Without loss of generality, let us also assume that n > N and Im¢,, > 0. Thus, there exists y., € Z

minyer b—||ullr oo
3

such that Z, (y., ) = Rec, and y., — y. as ¢, — c.
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We recall ¢, = (Z_- — ¢,)(Z4 — ¢n)0y®,, with ¢, € Qc, \ (Ran Z; URan Z_). Dividing (18) by (Z_ —
en)(Z4 — ¢,) and differentiating, we see that ¢, solves the following equation

w(T—entan) < (—z—a) 2 (T—aym—a) ™

By Equation (18), ¢, also satisfies

d, =F,+02(Z_ — c2)(Zy — cn) P, (24)
qr — a2q, = F) + 022" (Z1 — )P + a*(Z- — ) 2/, ®,,. (25)

From Equation (25) and the assumptions ®,, — ® in L?, ¢, — ¢ := (Z_ —¢)(Z4+ —¢)0,® in H' and F,, - F
in H', we can infer that

lqle < IFLl g + 0 (1Ballze + lanlli) (26)
which, along with the assumption that ¢, = (Z_ — ¢)(Z4+ — ¢)0,® in H', implies strong convergence, i.e.,
(Z- —co)(Zy — cn)0y®p — (Z- — ) (Z4 — )0y ® in H'.
By our assumption and Sobolev embedding, ||gn ||~ (z) < ||gnllm1(z) < C, it is true that
(¥ = Ye, )0y PullLr(z) < C, Vp < o0
Applying the compactness result from Appendix B, we have
o, — ¢ in L2

Now we consider the particular case F,, — 0 in H'. As ¢, satisfies, for f € C3(Z),

B I (duf +a2quf) (v) B 7 (Fuf')(y)
/ 7 —e)Zs —e) ¥~ / 7 =) (Zy —en) WV (27)

—T —1T

By the fact that

/ I(y) [ 1 Ty . [ 1 Ty
| T=atti=a dy/ﬂ 7 e | w7 e

—T

and

T T'(y) B [ 1 T(y)
_ /Log(Z+(y) - Cn)ay (m> dy = / T(y)z_‘r e dy,

—T —T

we obtain that the right hand side of Equation (27) can be estimated as

[ (Fuf)) [ 1 (B
/ - —en)(Zs —en) Y| ° / () 2 —cn

™ ™

A
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(Fnf")(y)

+| [ o8 (2 0) ), (%@)Z;(y)

K

)dy < e

Passing to the limit as n — oo, we can see that the right hand side of Equation (27) vanishes as F,, — 0 in
H', and we obtain

™

_ o [ +ataf) () o +a%af) (ye)
V= / Z- =9 -0 YT B 7 ()

—T

, Vf e CyT). (28)

Let x be a smooth cut-off function such that 0 < y < 1, x = 1 near y), and suppy € Z. Let

us specify a test function f(y) = x(¥)a(y)b(ye)Z’ (yc). The imaginary part of Equation (28) then reads
i (1¢' (ye)[* + @2|q(ye)[?) = 0, which in turn reveals that

q(ye) = q'(ye) = 0.

By the facts that 9,®(y,c) = 7 _qil)’(’CZ)Jr_c) ~ -, q(yc) = 0 and Hardy’s inequality, we have

||ay‘1>||L2(I) = C||ql||L2(I)~

Thus, we conclude that ®(-,c) € H(Z).
Multiplying both sides of Equation (17) by f € H,, 4(Z), passing to the limit as n — oo and integrating
by parts, we obtain the identity in (22). O

We proceed to prove the analogue of Lemma 3.3 for yg € (Z)~*(c) which is also a critical point of Z,
s =+ or —. There are several scenarios depending on how ¢,, approaches c.

(1) In the case that ¢ = Z4(yo) and Z”(yo) (Re ¢, — ¢) > 0, by the assumptions on u and b, the intersection
of (Zs)"'(Rec,) with a sufficiently small neighborhood of yg consists of two points yﬁn and y,. such that
yﬁn < yo <y, . (If ¢ = Recy, equality holds and the two points shrink into one.) Furthermore, it’s true
that modulo subsequences either |Rec, —¢| > [Ime¢,| or |[Rec, — ¢| < [Ime,|, Vn € N.

(2) In the case Z”(yo) (Rec, — ¢) < 0, any small neighborhood of yo no longer intersects (Zs) = (Recy,).
Instead, Re (Zs — ¢y,) is sign-definite as Re (Zs — ¢,) = (Zs — ¢) + (¢ — Recy).

We first consider the case (2) together with the case (1) when |Rec, — ¢| < |[Imc¢,|,Vn € N.

Lemma 3.4. Let {¢,}52; C (%, \ (RanZ; URanZ_)) be such that ¢, — ¢ as n — oo for a certain
c€ (RanZ; URan Z_). Let the triple {cn, ®pn, Fn 152, solve (18) and satisfy

o &, =& in L% and (Zy —cp)(Z— — ¢n)0yPn — (Z4 — ¢)(Z- — ¢)0,® in L? on Iy,
o F, = F in H' on Ty,

for some interval Iy := [y1,y2] C T such that for s =+ or —, one of the following situations occurs:
1. There exists yo € (Zs)"t(c) in Iy at which Z'(yo) = 0; Z!(y0)Z"(y) > 0,Yy € Iy. For n sufficiently
large, |Rec, — ¢| < [Ime,| and Z!(yo) (Rec, — ¢) > 0.
2. There exists yo € (Zs)"t(c) in Lo at which Z!(yo) = 0; Z!(y0)Z"(y) > 0,Vy € Zy. For n sufficiently
large, Z!(yo) Rec, —¢) < 0.

Then for n sufficiently large,
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L. (y —v0)0y®n € L?, (y — y0)9,® € L? and

- / (Zy = ¢)(Z — ) (0,0 + a2 f) dy = / Ffdy, vf € HL,, (20)

I() IO

where H&;p = {f €L?: ((y—y0)0yf) € L? and fly—y, = fly—y = 0};
2. there exists a constant C independent of c,, such that

1B, (y0)] < C1(Z4(y0) — en)(Z—(y0) — cn)| 7 5 (30)

3. there exists a constant C independent of ¢, such that

10y ®0 (10)] < C1(Z1(40) — n)(Z—(y0) — cn)| 7 . (31)

Proof. We recall that we shall only prove the part of the lemma for Z,(yo) = ¢, as the proof when
Z_(yo) = c is along the same lines. As Ran Z; NRan Z_ = (), we can find some constant C' > 1 such that
C~! < (Ree, — Z_) < C, provided that n is sufficiently large. Without loss of generality, we may assume
that Z// (yo) > 0, i.e., Z4(yo) is a local minimum.

We can choose h > 0 small enough independent of n so that Zop := [yo — 2h,yo + 2h] C Zy. We also
denote Ty, := [yo — h,yo + h]. Let us introduce a cut-off function x satisfying

1. x =1 on Z; and x = 0 outside Zyp,,
2. xeCland 0< x <1,

Integrating by parts, we have
/<I>n<1>_nx dy = — /(y —40)Pndy (Prnx) dy — /(y — 40)0y ®, P, x dy,
ZO Io ZO

which leads to

||ﬂ®n|‘L2(Zzh) < 2||(y - y0)8y¢nﬂ||L2(Izh) + H(I)"||L2(I2h\zh)' (32)

Multiplying Equation (18) by ®,,x, integrating by parts and taking the real part and the imaginary part
separately, we obtain the following identities

- / ((Zy —Reen)(Z- — Reey) — (Imen)?) (19,802 + a2 @,[2) x dy
Zo

(33)
= Re <Fn7X‘I>n>L2(IO) + Re / (Zy — cn)(Z- = ) P00y Py, X'dy,
Zon\In
— /Im cn(Zy + Z_- —2Recy) (10,@n” + o?|®,|%) x dy
Zo
(34)

= Im <Fn, X(I)7H>L2(Io) —|— Irn / (Z+ — Cn)(Z_ — C,L)anénx/ dy
Zop\In
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To estimate (34), we note that for h small enough and for n large enough, it holds that

|Z(y) — Recy| < Ch+dist(e,,Ran Z1) < ey + Ch < Ch, Yy € Lo,

which leads to the following bound:

1
Zi+7Z_ —2Rec, <Z_(y) —Recn +|Zy —Recy| < —C P+ Ch < — 55T
Hence, it follows from (34) that
1ol (VX0 nllEe ) + 02 IVX@nlE 2, )
- 2 (35)
~ ’FnX¢n| dy + ||(Z+ - Cn)(Z— - Cn)ay(bn”L?(IQh\Ih)'
I2h
In particular, (35) shows that H\/|Im cn |0y @y, 2
h
As (Zy(y) = Recyn) = (Z4(y) — Z+(yo) + ¢ — Recy,), we can write (33) as
[ (2:0) = Ze) (Rec = 22) (1,8, + (0, 7) xdy
Ton
=Re (F,, X®n)12(z,) + Re / (Zy —cn)(Z- — ¢p)®,0,P, X'dy (36)

Zon\Tn

+ / (Recy, — ) (Rec, — Z-) — [Imcy|?) (10y@n]? + o?@,]?) x dy.
Ion

For the case [Rec, —¢c| < [Imc,| and Z// (yo) (Rec, — ¢) > 0, we notice that the term on right hand side
of (36) containing (Reec, — ¢) can be dominated by the estimate of (34). Hence, we have

/ (Z4 () — Z4 (40)) (Reco — Z)[8, B x dy

< |Re /Fni)_ndy + |Re / (Zy —cn)(Z- — ¢)®,0,Pp X' dy
Lon, Zon\Tn

+ [Im ey / (Re ey — Z_) (10,002 + 02|, [?) dy
I2h

/SO / ‘an(b_n‘dy'i'c / ‘(Z-‘r _Cn)(Z— _Cn)q)—nayq)n’dya
Ion Zon\In

whereas in the case Z} (yo) (Rec, —¢) < 0, (¢ — Rec,) has the same sign as (Z4(y) — ¢), from which we

infer
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/ (Zo(y) — Z4(90)) (Reco — Z)[0,®,Px dy
Zon

< / |XF7L(I)—7L’ dy + / (Z+ - Cn)(Z— - Cn)q)—nayq)n X/dy .
Ton 20 \Zh

Using the fact that (Z, —¢) ~ (y — y0)? in Zy, we have, by (32) and (33),

1y = 90)9yPuv/X72(z,,) <C <||‘I’n|\%2(z%\zh) +1(Z+ — Cn)ay‘bnniz(z%\zh))

+ ClFall72(z,)-

(37)

Multiplying both sides of Equation (18) by f € H}(Zy) and passing to the limit as n — oo, we have
—/(Z+ —)(Z- =) (0,f + &*Pf) dy = /Ffdy, Vf e Hi(Ty).
To Zo

Estimate (37) ensures that (y — y0)9,® € L? and

1®nllzzo) S 1(Z+ = en)(Z- = )0y @ullL2@on\z) + 10l L2(Zoi\T) + ([ Fnll 2 (38)

Thus, by the density of Hj(Zy) in Hyg,,(Zo), Equation (29) holds.
It follows from Gargliardo-Nirenberg inequality and the fact that ||\/Irn cn()yfl)nH 2 < C that

1 1 _1 _1
[@n(yo)|l < [ Pnllzee S 10y PullZ2lPnllZ: S Mmen| ™ S 121 (yo) — cnl 7.

Thus, Estimate (30) holds.
As for Estimate (31), we can infer from the fact that (y—y)9,®,, € L? the existence of § € [yo —26,, Yo —

_3
5] such that |0, P, (y)| < Cdy, 2. We further set 6, = \/|c — ¢
Since ¢, € H?, as shown in (26), and F,, € H', we can integrate (18) from ¥ to yo, which results in

(Z+(yo) — ca)(Z-(y0) — n)0yPn(yo)
=((Z+() — o) + (¢ = n)) (Z-(Y) — )0y Pn(¥)

Yo Yo (39)
4 / Fo(y)dy + a? / (Zo(y) — n)(Z- () — ) (y) dy.

By Equation (39) and the fact that |Z,(7) — ¢| < C§2 = Clc — ¢, |, we have

le — cnl On

1Z(yo) — cal 62 12+ (W0) = enl ™| Z4 (9o) - cal

|0y P (yo)| < C 0 (40)

We then address the scenario when yo € (Zs)~*(c) with Z”(yo) (Rec, —¢) > 0, s = + or —, and
|Recn, — ¢ > [Imc,|. We recall that y5 and yZ are the two points in a sufficiently small neighborhood of
1o such that yﬁn <yo <y, and Rec, = Z; (yﬁn’) =Zs(e, )

Lemma 3.5. Let {c,}5%; C (Q, \ (RanZ; URanZ_)) be such that ¢, — ¢ as n — oo for a certain
c€ (RanZ; URan Z_). Let the triple {cpn, Ppn, Fn}52 solve (18) and satisfy
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o &, =& in L% and (Zy — cp)(Z— — ¢n)0yPn — (Z4 — ¢)(Z- — ¢)0,® in H' on Ty,
o F, = F in H' onTy,

for some interval Ty := [y1,ya] C T such that there exists yo € (Zs)~'(c) in Ly at which Z!(yo) = 0;
Z(yo)Z (y) > 0,Yy € Ip; |Recy, — ¢| > [Ime,| for sufficiently large n and ZY(yo) (Rec, —¢) > 0, where
s=+4 or —.

Then (y — yo)0,® € L? and

- [z a@- - @0r +aas) dy= [ Fray. vr et (41)
To To
where H},Jyo = {f € L?: ((y—0)9yf) € L? and fly=y, = fly=y, = 0}'

Proof. As in Appendix A, we can construct a solution, which we denote by cpfl (or ¢l), to the homogeneous
equation

O,((Zs — ea)(Z- — en)Oyp) — 0X(Z4 — ) (Z- — en)p =0, (12)
oWt ) =1, 9,0 (y,) =0 (or @y ) =1, 9y (y,) =0), (43)

on an interval [y, yo] (or (yo,yz], respectively).
We note that yf:n — 1o as ¢, — ¢, i = £ or r. In turn, we denote by ¢* (or ") the solution to

y(Zy — o) (Z- = c)0yp) — o*(Zy — ¢)(Z- — c)p =0,
¢ (yo) =1, Oyp (yo) = 0,

on [y1, o] (or [yo,y2], respectively).
We shall use the following properties of ¢ and ¢°, i = £ or r, as proven in Appendix A:

1 10,00 |l + [[€5 |z < C and ||0,¢"]| 1 + ||€]l = < C,
2. |¢h| > L and o' > 1,
3. |ei(y) — 1| <Cly—vi [, yelyvt,] (or [yr, . ye), respectively),
and [¢'(y) — 1| < Cly - yol®, ¥ € [y1.w0] (or [yo, 2], respectively),
4. lim ¢! ="
n—oo

For y € [y1,y. ] we can solve the inhomogeneous equation (18) explicitly by

- @fl(y) 0 ¢ f 1 ’
Enly) =i,y 2 ) +un<f)n(y)y/ (7 )7 —e) e Y
y (44)
y Sy (Faipr) (") dy” o
ol / (Zs — ea)(Z- —en) (b ()

as (18) is equivalent to

9, <(Z+ ) (Z- — ) (91)*0, (‘I’—T’» — Pl i=Lorr (45)

“n
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Here the coefficient p!, is given by

ph 1= (Ze () = ea) (2 () = ea) (2020 wn) = ((h) ) () - / (Fngn) ()dy.
We have for the last term in (44) that
h 5 (Fagh) (4")dy” ro1
/ Yen ’ - )
0 [ = ez e ™| <\ wra®
i V1 (46)
4
<Cln (—yyliyzn) € L (y1,y’ ).

For the second term on the right hand side of (44), we have the point-wise limit for y € [y1,yo),

Y/ / 1 / ¢ f 1 ’
#nlv) / (s —enZ- e )™ 7 ¢ W / (Z 0z — @)Y
The fact that Re (Z; — ¢) ~ (y — yo)? implies that
? f 1 ! 1 2
it / (97— @D )" ~ gy * L w0 7)

On the other hand, from the facts that || D, |12 < C, ||(Z4 —cn)(Z- —¢,)0y P || g < Cand ||Fy||p- < C,
we know that [|(Zy — cn)(Z= — )@l < C and {pf} " is bounded. Thus, we further infer that up to
a subsequence 11_)1&;o pt, = pt and that the second term on the right hand side of (44) converges pointwise.
Similarly, we c;n confirm the pointwise convergence of the third term on the right hand side of (44). We
can verify that the weak limit ® can be written as

Y fq@/ (F(pé) (y”)dy”
{4 Yo /
00 [ T amm v

Moreover, the assumption ®,, — ® in L? along with (46) indicates that the second term on the right
hand side of (48) is uniformly bounded in L2. According to (47), it is therefore necessary that

ue =0, ie., ,ufl — 0 up to a subsequence.
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Similarly, for y € [yl ,y2] we have

Y

B (y) =;”§(§’j) Ba(02) + 0000) [

1
(Zy = en)(Z- = cn)(@})?) (V)

dy’

Y2

r / fyyzln (Fnwy) (y")dy"”
+ @n(y) / ((Z+ _ Cn)(Zf — C”)(SDZP) (y/)

Y2

dy’,

with

Y2

ty, = (Z4(y2) — en)(Z-(y2) — en) (5 @) (12) — ((0}) @n) (12)) — / (Fugy) (y)dy,

yn
JCn

and we can show that p; — 0 up to a subsequence.
Thus, from the formula (48) and its analogue on [y.. ,y»], where wt =0 for i = £ or r, we know that

(¥ = 50)9y@| SI2(y1)10y0" (W)l + 1 Fll < 10y%" (W)l Loy — yol (In |y — yol + 1)
HF N o[l () =
As @, — @ in L? and (Z4 — ¢,)(Z- — ¢y)0y®,, — (Z4 — ¢)(Z- — ¢)0,® in H', multiplying Equation
18) by f € H}(Zy) and passing to the limit as n — oo, we have
0
f/(Z+ —o)(Z- —¢) (0,@f + *@f) dy = /Ffdy7 Vf € HY (Zo).
Io IO

The desired result (41) then follows from a density argument. O

In view of Lemma 3.3, Lemma 3.4 and Lemma 3.5, the use of sgn(Z; — ¢)(Z_ — ¢)® as a test function
and integration by parts can be justified. As F,, — 0 in H' as n — oo, it is not difficult to see that

®, —0in L*(T) and (Z4 — ¢,)(Z- — ¢,)0,®,, — 0 in HY(T).

We shall rigorously prove this claim in Section 3.3. To complete the proof of Proposition 3.1, it re-

mains to be shown that {®,}°°, and {(Z; — ¢,)(Z- — ¢,)0,®,}32, converges strongly in L? and

H?, respectively, throughout T, which amounts to proving the strong convergence of {®,}5°; and

{(Zy — cn)(Z- — ¢,)0y®,}5%, near the critical points in (Z4)7*(c) U (Z-)"!(c). Indeed, away from
(Z:)"YHe) U (Z-)"t(e), it is clear that

©, = 0in Hy,, (T\ ((Z4) ") U(Z22)7(0))) (49)

(Z4 = ca)(Z- = )0y @ — 0 in Hjpo (T\ ((Z+) ") U(Z-) (), (50)

and the case of points in (Z+)~!(c) at which |Z/| > 0 is already covered in Lemma 3.3.
3.2. Strong convergence of {®,,}52, near yo

As for strong convergence of {®,,}7%, and {(Z1 — ¢u)(Z- — ¢,,)0, P, }22, when ¢, — ¢ = Zs(yo) with
Z'(yo) = 0, s = 4+ or —, we note that for the scenarios in Lemma 3.4, by (38) and (49), it is not difficult to
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show that as F,, — 0 in H!, ®,, — 0 and (Z4 — ¢,)(Z- — ¢,)0y®,, — 0 in L?(Zy) and H'(Zy), respectively
via integration by parts, while a more delicate analysis is needed for the scenario in Lemma 3.5, i.e.,
Z"(yo) (Recy, —¢) >0, s =+ or —, and |Rec, —¢| > |Im¢,|. We shall postpone the proof for the scenarios
in Lemma 3.4 to Section 3.3 and focus primarily on that for the scenario in Lemma 3.5.

We shall prove the following lemma.

Lemma 3.6. Let yo € ((Z4) " (c) U (Z-)71(c)) be a critical point, i.e., Zl(yo) = 0, and the interval Iy :=
[y1,y2] be such that yo € Iy and Z!(y0)ZY(y) > 0, s = + or —. Let {(cn, ®pn, F)) 22, and @ satisfy the
conditions as in Lemma 3.5, then ®,, — ® in L? in Ty. In addition, the following estimates hold

1@ (y0)| < CUZ-(y0) — cn)(Z4(yo) — €n)| "1
10y@0(0)] < Cl(Z-(y0) — en)(Z+ (o) — cn)|™

Y
3
4.
To prove Lemma 3.6, we shall construct solutions to Equation (18) in Zy and obtain its explicit formula
using ODE techniques.
Without loss of generality, we may assume that the critical point yo = 0. Let Zy := [y1, y2] be such that
Zy (1) = Zy(y2) (or Z_(y1) = Z_(y2)) with y1 < 0 < y2. We shall rewrite Equation (18) by introducing

D, (y2) — P (y1)

(y2 — 1) (y —y1) — Pulyn),

Dy (y) == Pn(y) — Lo, (y) == Pu(y) —

which leads to

{f% (Zs = ea)(Z- = )0y @) = 02(Zy = c)(Z- — )P}, = F, (53)
(1) = 0} (y2) =0,
with
Fit) =Falo) — T =0 202 ) - )
= 2al2) = nlb1) (71 )47, (9) - ) + 03(Zs — )2 — cn)La, (1):
(Y2 — 1)
We can see that to study Equation (53) is to study an equation of the following type
{ay ((Zy — c)(Z- = €)0,8.) — aP(Zy — ¢.)(Z- — c.)®. = F, (54
Pu(y1) = u(y2) = 0.

Here ¢, € (Q¢, \ (Ran Z, URan Z_)) satisfies the conditions [Rec, — Z(0)| > [Imc,| and Z//(0)(Rec. —
Z,(0)) >0 (or |[Rec, — Z_(0)] > [Imc,| and Z” (0)(Re e, — Z_(0)) > 0), while F, € H'. For ¢* close enough
to Z4(0) (or Z_(0)), we can find exactly two points ¢, i = £ or r, in a sufficiently small neighborhood of 0
such that y¢ <0 <y’ and Z; (%) = Z(y7) =Rec* (or Z_ (y) = Z;(y}) = Rec,). It turns out that the
solution to Equation (54) enjoys the following estimate.

Lemma 3.7. Let O, be the solution to Equation (54). There exists some C > 0 independent of ¢, such that

1Pll 22 (y1.02) < CllE] L=
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Before we prove Lemma 3.7, we make some preparations. Recall that here we assume that 0 is a critical
point of Z, ie. Z! (0) = 0 (or Z’ (0) = 0) and that we restrict ourselves to the case ¢, — Z4(0) with
Imec, > 0, as the proofs for the other cases are along the same lines.

Without loss of generality, we may also assume that 2}/ (0) > 0, i.e., Z;.(0) is a local minimum. We define
o(c,) € C, which satisfies (0(cy))® = ¢z — Z4(0) with Im o (c,) > 0.

To this end, we proceed to introduce the notations. We define the function V(y) such that (V(y))* =
Z1(y) — Z4(0), ie,

/7)) = Z.(0 0],
Vi) = { VZ+(y) = Z:0) on [41,0] (55)
Z+(y) — Z4(0) on [0, y2].
2240
It can be verified via direct computations that V' € C?(Zy) is monotone, and V'(0) = +()

Denoting the solution to Equation (54) on [y, 0] by ® and that on [0, y2] by ®7, we notice that Equation
(54) is equivalent to

i\ 2 o] P
9, ((Z_ —e)(Zs — ) (¢1)° 9, (—)) — Pl j=torr, (56)
where ¢7 and ¢! are the solutions to the homogeneous equation
9y (Z- = ¢)(Zs — e)dy) — a2(Z- — e)(Zs — e)p. = O, (57)
s (o) = 1, Oy (y2) =0, for y € [y1,0], (58)
or @« (yz) = 1, dyeps (yi) = 0, for y € [0, 52], (59)

with 7 and % corresponding to condition (58) and corresponding to (59), respectively. The following
properties of ¢, j = £ or r, shall be useful —

L |¢l] > 3,

. .12
2 ¢hy) ~ 1< Cly =], yeln,0] (or 0,32)),
3. 10,01 (w)| < C |y = 4| y € [2,0] (or [0,2)).

We can integrate twice and obtain explicit solution formulae to Equation (54). On [0, y2], the solution to
Equation (54) is given by

L) / [ (Pugt)(2)dz
T E W ez w) e ()
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while the solution to Equation (54) on [y1, 0] is given by

y (Pl ()
() =t i dy’
(y) = (y)Z (Z_ (W) — ) Zo () — en) ()2
~¢ Fl(c V4 ! dy’
+ i [F(e)e (y)/(Z_(y,)_c*)(ZJr(y/)—c )W)

Here the coefficients p? [F.](c«), i/ [Fi](cx) and v7[Fi](c4), j = £ or r, are determined by F, and ¢, in a way
such that ®7 and ®¢ are well-defined and satisfy the conditions

@ﬁ(yﬁ =0, q’l(yZ) =0, (61)
©(0) = 24(0), 9,®(0) = 9,®%(0),
which gives us
prE(en) = 7 [F(e), pf[F(en) = B [F(e.),
I"(c)ur[F](e.) + V' [F)(e.) = ~T"[E](c.)
I(c)u (B () = v [F(e.) = T*[F](cs)
PL0)r[F(cx) — ¢L(0)v [F](e) = 0,
PO B (en) = L0 [F](ex) + (Z-(0) = e2)(Z4(0) — ) (pildy L) (0)v" [F](cx)
~(Z-(0) = e )(Z+(0) = ) (Lpldyl) (O [F](ex) = LIE(ex)
We rewrite the above set of equations in the form of matrix equation as
I 0 1 0 Wr[F] —T7[F,]
0 If 0 -1 pF] T*[F.]
0 0 ¢%(0) —¢5(0) V'IE] 0 ’
©L(0)  —¢L(0)  Holex)(9leldypl)(0) —Holen)(@hwldyel)(0)] L[] LIF.]
where Ho(cx) := (Z-(0) — ¢x)(Z+(0) — ¢x) and
0 1
If(¢,) = dy, 62
) y[(z_@)c 2 w) — ) (W) .
! dy (63)
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21
7 Sy (Frpl)(2)dz
T'[F(cy) : L s dy, 65
e / (Z-(y) — ) (Zs () — ) (£ ) o
i Sy (Feph)(2)dz
T"([F.(cy) == v dy. 66

e / (Z-() = e)(Z:(y) — ) (o))" o

And hereafter, we denote

D(c.) :=(Z-(0) = ¢.)(Z+(0) = el (0)95(0) (¢L(0)8y 0% (0) = L (0)Dyl (0)) I" ()T (c)
— (@2 (0)* I"(ex) = (££(0))° I (cu),
which is in fact the determinant of the matrix in the matrix equation above.
Continuing solving for the coefficients, we obtain
p'[F(ee) = i [Fu(e.)
= D(lc*) (Z-(0) = e)(Z1(0) = )@l (0)95(0) (BypL(0)7(0) = Byl (0)¢(0)) TT[F] ()T (ex)
67
- 5 (FLOLIEN ) @) + (L) TR (e) o
- B (S OLOTIR)
piF(e.) = B [F.)(c)
= B (Z-0) = ) (Z4(0) = e )L 06 0) (0,24 00210) = 0,2 (00 0) TR (e) I (c.)
68
+ g (FOLRIEIT @) = (10) TR o

+ Dl(cy) (¢7(0)5 (0)T"[F])(cy))

Pe) =g (AOLPN ) eI @) = O 0T Rl (c.) "
+ g (O TRl )
VIRI(e) =g (FHOLIPET ()1 () + SO OT 1)) .
+ g (FOP TR (@),
Thus, we can verify that
¢ cx) on |y, 0],
=) o

is well-defined and is the unique C'- solution to (54) on Z.
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To facilitate the estimation of I*(c,) for k = r or ¢, we introduce also the following quantities

) Y2 1 1 B Y2 1
W)= T ez m e ((@’;(y))Q 1) w0+ | =™

/ /
Ie(c):/0 ! ! -1 dy—i—/o ! dy
= | T e @ - \ ey J sz =
(Vi) —ole) o ( Imofe)
Lo(e)) == vt <|v<y2>+a<c>|> o) <|v<y2> Rea(c*>|)

*0/ o (g ) (T o)

‘ Imo(cy)
arctan
[V (y2) + Reo(cy)

)V (0)

i)
B(o(e.)) ::2b(y1):k/’(y1) " (:%3 T E ) <2b ) s (%) W
i)

) Imo(cy)

+ ——————— arctan
2b(y1)V'(y1) (|V(y1 )+ Reo(c.)|

N i arctan ( Imo(c,) ) B 24 N 2im
2b(y1)V' (y1) V(1) —Reo(e)l ) 2b(y1)V'(51) — 26(0)V'(0)’

where Log is the complex logarithm with the principal value of the argument in (—m,7].

We shall prove the following auxiliary estimates on I*(o(c,)), k = £ or 7 and D(c,) which will help us
characterize the behaviors of the coefficients u*[F.](c.), i*[F.](c.) and v*[F,](c.), k = £ or r, in the solution
formulae to Equation (54).

Lemma 3.8. Assume that Imc, > 0 and Imo(c,) > 0. It holds that

20(c) I (c,) = —m + 20 (c)I¥(c,) + I5(o(c.)), k=1 or . (71)

Moreover, there exist some 6y > 0 and a constant C depending only on «, such that if |o(cy)| < do, then
the following estimates are true for k=4£ orr

[If ()| < C, (72)
15 (0 (c.)| < Clo(e)]7, (73)
C~1 < 20(c)I¥(cs)| < C. (74)
In particular,
lim  20(c)I%(ce) = — il k={orr
cx—Z4(0) b(0)/227(0)
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Proof. Splitting the integral I"(c,) and utilizing the function V', we have

Y2

20 (ci) I (cy) :20(0*)/ L dy

Y2 Y2 1
+20(e) / B2 () —en) ¥~ 20(e) / 25) (2 (5) — )
Y2 1 Y2 1

Integration by parts yields

~ Log(V(y) —o(cs)) ‘y:yz N Log(V (y) 4 o(cy)) ‘y:yz

2o(en)l" (o) =20(ca) i (c2) 2(y)V'(y)  ly=0 20(y)V"(y)

y=0
Y2

1
“[o (77 ) (L8 (V) — o)) — Log (V) + o(c.)) o

=20(c (e,) — ! n |V(y2)—a(c*)\
=20l = gy V) ! <|v<y2>+a<c*>>

Imo(c,) )
[V (y2) + Reo(c.)]

)V (2)

arctan (
i arctan Imo(cy) B i
T ) V) <|V(y2) n Rea(c*>|> 26(0)V7(0)

26(0)V'(0)

=20(c.)I7 (cx) — + I3(o(cy)).

Similarly, we have

; 1 ; 1
y[ () (V () —o(e) U / B (V) + o))

Log(V(y) — a(cs))
2b(y)V'(y)

20 (¢, ) I(cy) =20(c)IE(cy) —

—20(e) I (cs) — =

Y=y

23
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0
1 Log(V/(y) + o(c.)) [v=0
* / % <2b(y)V’(y)> Log(V{y) —olen))dy + 20V (y)  ly=w

Y1

- /an (W) Log(V(y) + o(c.))dy

Y1

L In ( —
by)V'(y1)  \IV(y1) +o(cs)l

+fa (W) bog (%) W

Y1

=20(c)Ii(cs) + 5

— ; 7T — arctan Ima(c*) — arctan Img(c*)
260V (41) (2 ) 1 Reo(e)] N V) Rea(cm)
SR —7 + arctan fmo(c.) — arctan fmo(c.)
26(0)V'(0) ( T Reo(e] Reo(cm)
=20(c)If(ex) ~ gprrrgy T B(0(e):

(0)V(0)

We have thus shown (71).
We have the bound on If(c,), k = £ or r, in (72) for |o(c,)| < 89 < 1 by the fact that [¢¥| > & and
2
}901:(1/)—” §C|’U*yf} ,k="/lorr.
We proceed to prove (73). As [V'(y2)| > 0, by taking [Im (o(c,))| < |Re(o(cs))| < o, we obtain the
following

L arctan Imofe.) arctan Imoafe,) o(c
’2b(y2)V/('yQ) ( ’ |V (y2) — Reo(cs)| +arct V(y2) +Rea(c*)|)‘ < Clo(e)l. (75)
For sufficiently small dg and |o(cs)| < 0o, we have
N ETICO N
2b(y2) V' (y2) : <V(yz) +U(C*)|> < Clo(ed)l, (76)

as

1 1n(|V(y2)—0( .
2b(y2)V'(y2)  \[V(y2) + o(c)

a1 2V (y2)Reo(cx)
Ok (1 V{y2) + Reo(c)P 1 |im <a<c*>>|2) |

o
=
N—
|
[\}
S
—~
<
D
=~

We split the integral as follows —
i 1 V(y) - olc.)
0/ % () s (Vo ote )
1 V(y) — o(cs)
- E/ o) (Vo)

1 V(y) — o(cy)
* E/ 6y(2b<y>v'<y>)L°g (wz) T o<c*>> v

= Kl(U(C*)) + K2(J(C*))a
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where the set E is defined as E := {y €10,y2] : V(y) < M/ |a(c*)|} for sufficiently large M independent
of o(c,), while E€ := {y €10,y2] : V(y) > M\/‘O’(C*N}.

For |o(c.)| < o with sufficiently small dp, we have the estimate

[K1(o(c))l < CV/lo(e)l + CVlo(es)] < CV/Jo(es)], (77)

as Log (%) € L? in the set E, in particular,

V(y) —o(c) —1n V(y) —ole)] iar —o(cy)) —iar o(c
Log (952 ) =t ([T D) iarg(V () - o(e) — iare(V) + o (e)

Meanwhile, in the set E°, it holds that

tos (v aies) =" (wirrate) ~ = (v —Reow)

n
— iarctan ( |V(yI)ITPEZ*;(c*) ) ’

from which we infer that

[K2(0(cx))| < CV/o(e)l, (78)

when |o(c.)| < o for small enough dg.
Combining (75), (76), (77) and (78), we have

13 (o (e < C (Violea)] + lo(en)] +lo(e)]) < CVfole)]

1 V(y1)—o(cs) i Im (0 (c.)) .
We note that the terms FEIVED In (‘IV(ZiHa(rC:*)I‘) and v Arctan (WM) enjoy es-

timates similar to (76) and (75), respectively.

Introducing the sets

£ = {y € [y1,0]: V(y) < M |a(c*)|} and £° := {y €[y, 0: V(y) = M Icr(c*)I},

where M is supposed to be large and independent of o(c,), we split the integral in I%(o(c.):

0
1 o V(y) —o(cs) B 2im 2im . ol ol
y/ a”<2b<y>v'<y>)L g(v<y>+o<c*>>dy () V() | o)) (e Fhale(e),

where
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On the set &€, we have Log <%) € I? as

Log (M> =In (M) +iarg(V(y) — o(cs)) —iarg(V(y) + o(cy)).

V(y) +o(c.) V(y) +o(c.)l

For ¢ small enough, it holds that

IK1(o(c.))| < CVJo(cs)] + CV/|o(cs)] < CV/lo(cs)

On the £¢, we have

— garctan Im(o(c*)) — um
' <|V<y>+Re<a<c*>>|) 2

from which we can deduce that for §p small enough

IKa(o(cs))] < Cy/|o(cx)
It is then evident that
15(0(c.)) < C¥/|o (el
By (72) and (73), we have (74). O
From Lemma 3.8, we can deduce the following corollary.

Corollary 3.9. It holds that for |o(c.)| < 0o with dg > 0 small enough,

In addition, if Imc, > 0, then

lim U(C*)D(C*)ZL.
c.—24(0) b(0)/22'(0)

Recalling (60) and its counterpart on [y;, 0], we are ready to prove Lemma 3.7
Proof of Lemma 3.7. It is easy to check that
[LIE(ex)| < O (Jyil + lyel) I1F o=

We also have the following estimate for T[F,](c.),

2 fye F.(2)dz
y e < Yx
T [F) ()] < /(Z_(y)—c*)(z+(y)_c*)

(79)
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Y1
1
A *

<C (14 [ (Jyl)[) [1Fxll o=
Similarly,
IT"[Fe)(c)|l < C (1 + [In([yiD]) | Fell Lo

By Lemma 3.8, Corollary 3.9 and the fact that |y”| ~ |y¢|, we have the following bounds on the coefficients
p [Fu](cr), i [Fy(c.) and v9[F.](c.), j = Lor T,

W [F(ex)] < Clo(ed)] (1+ Ma(lyiD]) [ Fllze, (80)
[ [F](e)] < Clo(ed)| (1 + gz [ £l (81)
VI[E](en)| < € (14 My [ Fe ]l = (82)

We recall the explicit formula of @7 given by (60)

1

5dy’
Y) — e )(Z(y') —ex) (E(Y'))

¥L0) =V (R0 4 B [ o

S5 (R (2)dz

" sdy’ =1 Ji + Jo + J3, for 0,y5);
i (y)o/(Z—(y’)c*)(Z+(y’)c*)(<p’;(y’)) ! b fory )

and

1

5dy/
=) (Z+(Y') — c) (5(Y'))

0L(0) =7 Pl 0) [

Y2

’

Lo )/y Sl (Fugt)(2)d
P ) ) = e @) — o) (22W)

Y2

sdy =1 Ji + Jo, fory € (yl,yo).

From (82), it is clear that for y € (0,y}),

|1 < O (1 + I (jyZ D) [ Fullze < C (1A [ (jy))]) [[Eel| o

From (80) and the fact that (1+ |In (Jy7[)|) < |o(ci)| 77, 0 <y < 1, for ¢, close to Z,(0), we infer that

Yy
1 /

Jo| <C||Fy||pe|o(cs 1_7/ dy
Rl =N =T T e h )

Yy
1 83
<CIPulote)) | | oty (8)
0

1
<Clo(el Pl (= +1)
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which shows that ||.J5]| > < C||F.||r~. In a similar way, we can show that ||Jy |2 < C||Fyl|pe.
The term Js enjoys the following estimate

Y Y (Fagl)(2)dz
/ - Sy (B 24y | < | Fllz (1+ In(lyZ] + D)),
) (Z-(y)

=) (Z4(y') — ) (#i(Y)

and the estimate for jg is similar.
Therefore, it holds that

195N 22(0,00) < 1J1llz200,97) + I J2llL2 0,y + 13l L200,yr) + 11l 22 (yr o) + 192l 22 (47 ,40)
< Ol Fullze-

Similarly, we have [|®%||12(y, 0) < C||Fx||Lo, which concludes our proof. O

Remark 3.10. In the case that ¢, € Ran Z_ with Im ¢, > 0, without loss of generality, we may assume that
Z' (0) =0 and Z”(0) > 0. We can instead let V(y)? = Z_(y) — Z_(0) and (o(cs))? = c¢x — Z_(0). Then by
the same argument as in the proof of Lemma 3.8, we obtain

lim  20(c.)I%(c,) = M k=tlorr

corZ(0) b(0),/2Z"(0)’

and

lim  o(c)D(c.) = in

o7 (0) _b(O)\/T’(O)'
Proof of Lemma 3.6. Recalling Lemma 3.3, which asserts the strong convergence
®,, — ® in L? and (Z_ — ¢,)(Z4 — ¢n)0y Py — (Z- — c)(Z4 — )0, ® in H',
away from the critical points in Z;l(c)7 along with Equation (53), we know that

P(y2) — (v1)
WZ+(?J)(Z— (y) —¢)

- =R 1 ()22 0) - ) + 0221 - (2 - aly)

Ey — F =F(y) —
(84)

in H! from our assumption that F,, — F in H' as n — oo.
From Lemma 3.8 and Corollary 3.9, we know that as ¢, — ¢ and Ff — F% in H!,

Y

() o) /

Y2

1
(Z- = cn)(Zy — n) (p2(y)

Qdy/ — 0 in L2(07y2)7

whose analogues also hold for the terms corresponding to i‘[EF*](c,), u’[F¥](c,) and u"[F¥](cn)-
Therefore, we know from (60) that as ¢, — ¢ = Z,(0) and F* — F% in H',

oy) [V ¢ (FL o) ()dz i
O* — ®F in L?(yy1,12), with ®*_(y) := Y1 (Z-—¢)(Z1—o)(¢*(y")

r vy Jg (FLe")(2)dz
©"(y) Yo (Z,—Oc)(Z+—c)(4pr(y/))2dy/ on (0, 2],

dy’ on [y1,0),
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where ¢f and ¢" are the solutions to the corresponding homogeneous equation, as constructed in Ap-
pendix A. It is then evident that ®,, — ® in L?(Zp).
It follows from (60) and (82) that

[;,(0)] < " [F3](en)] < € (14 In (V1o = Z1(0))(en — Z-(O))|) 15
<O|(Z+(0) = ) (Z-(0) — )| 7F.
Differentiating (60) with ¢, = ¢, at y = 0 yields

|0y @5 (0)] = [0, %(0, ¢

0
T * T 1 T * * T

Nf=

1
<01+ (D i1
i’ <|(Z<o> e (Z4(0) — )| )

S CN(Z-(0) = en)(Z1(0) —ca)| *

We note that [(Z_ — ¢,)(Z+ —cp)| > C~1 > 0 at y; and ys as the two points are far away enough from
(Z+)71(c). By the facts

(Z- —cn)(Z4 — €n)0y®y, € L™ and @, € L?,

we know that |®,,(y1)| + |Pn(y2)| + [0y Prn(y1)| + [0y Pn(y2)| < C. The estimates on @7 (yo) and 9, P (yo)
then imply (51) and (52). O

3.3. Proofs of Proposition 3.1 and Proposition 3.2

As in previous proofs, we restrict ourselves to the case ¢ € Ran Z,. By our assumptions on « and b, given
c € Ran Z,, we can assume that

(Z+)_1(C) = {y0,17y0727 weoy Ye, k3 Y0,15 Y0,25 "'7y07m} )

where yc i, i = 1,2,...,k are the points at which Z, is monotone, i.e., |Z' (y.:)| > 0, whereas yo;, i =
1,2,...,m are the critical points, where Z’, (yo,;) = 0 (and [Z”/ (y0,:)| # 0).

For each . ;, there exists an interval Z; such that y.; € Z; and Z’, (y.:)Z', (y) > 0,Vy € I;, whereas for
each critical point yo ; we may find an interval Zo ; containing yo ; such that Z' (yo ;) 2" (y) > 0,y € Iy ;.
The rest of T, consisting of regions far away from the set (Z,)~!(c), can also be covered by finitely many
intervals, which we denote as {Z,;},. The intervals Z;, i = 1,2,...,k, Zo;, i = 1,2,....,m, and Z,,,
1=1,2,...,m, can be chosen in the way such that

[—m, 7] = (U, T;) U (U2 To ) U (U?:Ja,i) :

while each of the intervals overlaps only the ones next to it, with the size of the overlap not exceeding
1—10 ming <;< |Z;| and % ming<;<m |Zo,q|-

We can then construct a family of cut-off functions {x; }?:‘Ek+ﬁ forming a smooth partition of unity of T
such that each y; is supported in Z;, with Z; being one of the intervals from {Z;}X_; U{Zo;}™, U{Z, .} ;.
The choice of the intervals ensures that y; = 1 near (Z4)7(c).
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\ Graph of u + b

Fig. 1. Partition of [—=, 7].

See Fig. 1 for the partition of [—m,7].
The proofs of the propositions are as follows.

Proof of Proposition 3.1 We note that on the intervals {Z,;} ; we do not encounter any issue in integration
by parts. As a consequence of Lemma 3.3, q(yc) =q (yc) = 0 implies that 0,®(y.) = 0, allowing us to set
the test function to be f = sgn(Z; — ¢)®x; on Z; if Z; € {Z;}*_,, while Lemma 3.4 and Lemma 3.5 have
enabled us also to set 1 = sgn(Z; — ¢)®y; on Z; when Z; € {Zo,;}7,.

Summing all of the integral identities and noticing that the terms containing X;— cancel each other, we
have

m-+k

/|Z+—c| ZXJ 10,@|* 4+ ?|®[?) dy = 0,
that is,
/ |Z —|(Z- —¢) (|0y®]* + | @|?) dy = 0.

Hence, the fact that (Z_ — ¢) is sign-definite implies that ® = 0, and ®,, — 0 in L%

It remains to be shown that {®,}°2, and {(Z; — ¢,)(Z- — ¢,)9, P, }52, converge strongly in L? and
H*', respectively, which is clear outside the set (Z,)~!(c). Moreover, by Lemma 3.3 we already know that
the desired strong convergence result holds outside the critical points ¥o,1,%0,2; .-, Yo,k-

As for the critical points in (Z4)71(c), i€, Y0,15Y0.2, s Y0, k» if {Pn, Cn, Fn }5° satisfies the conditions in
Lemma 3.4, then by (37) and (49),

P, - & =0in L*(T).
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Recalling ¢, = (Z4 — ¢n)(Z- — ¢,)0y®,, which satisfies Equation (25), i.e.,
q — a?q, = F! + a? (ZQ_(Z_ —cn)+ 2" (Zy — cn)) D,
we have, from our assumptions ||®,||z2 + ||gn||zr1 = 1 and F,, — 0 in H!, that

lanllze S 1®nllzz + lgnllze + | Falla,
which together with the weak convergence ¢, — q implies ¢, — q in H*(Zy), that is,
(Zy —cn)(Z- = cp)0y®p — (Z4 — ) (Z- = ¢)0,® =0 in H (Zp).

Finally, if {®,,, ¢,,, F), }52  satisfies the conditions in Lemma 3.5 instead, we recall Equation (53), in which
both y1,y2 & (Z+) *(c) U (Z_)"1(c) are chosen uniform in n. Then by (49), we obtain that as n — oo,
|®,,(y1)| + |®n(y2)| — 0, and thus ||F*||z~ — 0. Lemma 3.7 then ensures that ®,, — 0 in L?(Zy). By the
same argument as above, we obtain that ¢, — ¢ in H'(Z).

Thus, we have shown that ®,, — 0 in L? and (Z4 — ¢,,)(Z- — ¢,)0y®,, — 0 in H', which contradicts the
assumption that ||®,[/r2 + ||(Z+ — ¢n)(Z- — ¢,)0y Py ||gr = 1. As the same argument applies to the case
¢ € Ran (Z_), it must be that the uniform estimate

12(s )z + [[(Z4 = ) (Z- = )9y @ )l ur < CIIF(, )|

holds true for ¢ € (2, \ (RanZ; URan Z,)). O

Proof of Proposition 3.2 Suppose that there exists some ¢ € Ran Z, for which the limit ®*(y, ¢) do not exist,
then we can find two sequences {c,, 1}52; and {c¢, 2}52; such that Imc, ; > 0 and Rec, ; = ¢, j =,1,2,
|en1 — ¢n2| = 0 as n — oo, while there exists some § > 0 such that

Hq)(a cn,l) - (I)(7 Cn,2)|

>0, 1<r<2 VneN.,
Up to a subsequence, ¢, ; — ¢ € Ran Z. By virtue of Proposition 3.1,
@G en )l + (21 = cni)(Z = en )0y @ cn )l < NFCen i)l < C,
from which we know by (25) that
(Z4 = eng)(Z— = nj)0y®(, cn ) € H?,
and that there exist ®.; € L? with ((Z4 — ¢)(Z- — ¢)9,®. ;) € H%, j = 1,2, such that up to a subsequence,
(-, cnj) = ®ey() in L j=1,2.

As before, the situation at points in the monotone regions and that at the critical points have to be
discussed separately.

As for y. € (Zy)"Y(c) at which Z, is strictly monotone, from the proof of Lemma 3.3 we have, for
Vf e ClZ) and j = 1,2, that

— p.v. / ( (qé,jf, + OéQQc,jf) (y) dy + i (qg,jf/ + ()Z(Jc,jf) (yc)

J (Z:(y) = )(Z-(y) ~ ) 20(ye) 2 (ye)

o Fly,o)f'(y) - Flye)f (9.)
- 'I/<Z+<y>c><2_<y>c>dy+ ve)Z
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where q.; = (Z_- — ¢)(Z4 — ¢)0y®. j, j = 1,2. Subtracting, we have

) ((q:;,l —qlo)f 4+ a*(ge — 4e2) f) (ye) _
dy i (5 Z) (v2) =0

e / (@ = ab2)f" + 0% (gen = de2)f) (v)
P (Z+(y) — )(Z—(y) - ¢)

whose imaginary part ensures that

(@1 — q2) (We) = (@1 — 43) (ye) = 0.

By Hardy’s inequality, we know that 9, (®.1 — ®.2) € L*(Z).
In the case of a critical point yo € Zy, from Lemma 3.4 and Lemma 3.5 we know that (y — yo)0y(®c,1 —
®.o) € L*(Zp) and

- /(Z+ —)(Z- =) (0y®ejf + a?®c ;i f) dy = /Ffdy, Vfe Hé’w(Io), j=1,2,
Zo Zo
which implies that
— /(Z+ —)(Z= =) ((0y ey — 0yPe2) f' + ®(Pey — Pe2)f) dy =0, Vf € Hy (o).
Zo

By setting f = sgn((Z+ — ¢)(Z- —¢)) (.1 — . 2) and integrating by parts, similar to the procedure in
the proof of Proposition 3.1, we can then conclude that ®.; — ®.2 =0 and

(®(-,en1) — @(y¢p2)) =0 in L2
We then aim to show that the weak convergence mentioned above is in fact strong. Away from the critical
points in (Z;)~1(c), this is ensured by Lemma 3.3.
Near yo, which can be any of the critical points yo,1,%0,2; ..., Yok, the situation resembles those covered

in Lemma 3.4, ie., [Imcy, ;| > |[Rec, ; —¢| for j = 1,2. (Note here Rec, ; = c.) Therefore, by Lemma 3.4,
we have

(Y — v0)0y®(y,cn j) € L? j=1lor2,

which by the compactness result in Appendix B, yields the strong convergence locally near yq in this case,
ie.

O(cn ) = Pej()in L7, 1<r<2, j=1,2.

Thus in both cases we have ®(-,¢,,1) — ®(-,¢n2) = Pe1(-) — Pe2() =0 in L7, which leads to a contra-
diction. O

4. Linear damping and depletion

Recalling that ¥y = (u — ¢)® + ‘%‘) and ®; = b® we have, by the formula in (15) and Proposition 3.1,
that
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<:/§> (t7a7y) = lim L e—iatc (gi) (Oéay7c) de

e—0+ 271
00,

. 1 —iat(c—ie) [ u— (c— i€) .
= 61_1>I(I)1+ 5.7 ( / e ( b D(a,y,c —ie)de
Ran (u+b)URan (u—b)

S e (s,
Ran (u+b)URan (u—b)

For ¢ € (Ran (u + b) URan (u — b)), we denote ¢, := ¢ + ie with —ey < € < 9. We recall that ®(«, y, ¢.)
solves

ay ((('I.L - Ce)2 - b2) 8y©(a7yace)) - a2 ((u - 06)2 - b2) CI)(CV, Y, Cé) = F(aayv Ce)v (85)
which can also be written as
Oy (Zy — ce)(Z- — c)0y®(a,y,ce)) — *(Zy — ce)(Z- — c)®(a, y,cc) = Fla,y,ce).

Let ®*(a,y,c) = lir(r)l+ ®(a,y,c + ie), as defined in Proposition 3.2. For convenience, let us denote
€E—>
®(a,y,c) := P (a,y,c) — P (a, y,c). Then by Proposition 3.1 and Proposition 3.2, we have
v (tayy) = lim —— [ emiote (1) (4 y o) de
& €0+ 27 ¢,
o0

€

R B (G L
Ran (u+b)URan (u—b)

Proof of Theorem 1.1 Differentiating (86) in ¢ yields

'LZ _ L / - —tatc (C - 71/1)&;
Oy (¢> (t,a,y) = 57 iace b (o, y,c)de. (87)
Ran (u+b)URan (u—b)

By Plancherel’s theorem, we have the following estimates —

O, @, -/ TG ()

- / / (1+ (ac)?)
T Ran (u+b)URan (u—b)

2 2
+ ‘ +
L%L%

2
) (t,a,y)dtdy

2
dedy.

<(u ;&)c)@) (a5, 0)

Invoking Proposition 3.2 and the boundedness of b, we have

1)

2

: v
| ()
L3212 ¢

<. [ IBaal
an (u+b)URan (u—b)

<CallFlp < H(zﬁ)
Y @0

L3212

2

3
H?J
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Proof of Theorem 1.6 Let yo be any critical point of v 4+ b or u — b. By the conclusion of Lemma 3.4, for
¢ € Ran (u + b) URan (u — b), it holds that

[®(r, o, ¢ £ de)] < O] ((u+ ) (wo) — (e %)) ((u— b)(wo) — (e i) |

|0,@(cx, o, ¢ £ i€)| < O ((u+b)(yo) — (c £ie)) ((uw—b)(yo) — (c £ie)) | *,

e Al

which implies uniform bounds on both ®(a, yo, - £i€o) in L2, p € [1,4) and 9, P (e, yo, - Li€) in LE, p € [1, %)
Thus, there exists a subsequence ¢, — 07 as well as AT € L? and ©F € LP such that as ¢, — 07,

@(aay()v == ie?b) - Ai(avy(h ')7
ayq)(a7 Yo, - + ZEn) - @i(a7 Yo, )

By (86), we have

o~

() (3 e

i 1 —iate Uy
= o / e 10, <¢>1> (a, 90, ¢) de
o0

€n

im -
en—0t 2773

1 _iate —¢)0,® +u'd
et (W b@?@er Vo > (@, 90, ¢) de

€n

—tatc - 07 — ®+
| (e L)) o
Ran (u+b)URan (u—b)

1 —iate "(A™ — A+
e~ bt <Z’((A_ —A+))> (e, 9o, ¢) de.

2mi
Ran (u+b)URan (u—b)

The desired conclusion follows from Riemann-Lebesgue lemma, as (0~ — ©7)(a,yo,-) € L and (A~ —
AN (a,y0,-) € LL. O

Appendix A. The homogeneous Sturmian equation

In this section, we shall first construct a regular solution to the homogeneous Sturmian equation on
[y1,y=2] which contains only one critical point yo, i.e. y1 < yo < ya:

9,((Z- = )(Zs — dy0) — a*(Z- — )(Zs — )p =0, (A1)

for ¢ in an ep-strip S, containing Z (yo):

S = {er i e € [min{Zy (yo), Zs (1)} max{ Zs (90), Z4 (y1)}], lel < eo }

with Z/, (yo) = 0 and Z4 (y1) = Z+(y2).
One may follow the same argument and construct a regular solution for the case c in an ep-strip S,
containing Z_(yo) with Z’ (yo) = 0. We omit the details here.
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We note that Z,(y) > C~ ' >0>-C~' > Z_(y), Zi(y1) = Z4(y2), Z/.(yo) = 0 for the critical point
Yo € (y1,42) and | Z) (y)| > 0 for y # yo. Let

Dy :={c € min{Z, (y0), Z+(y1)}, max{Z (y0), Z+(y1)}]}

and

Dey = {c=cr +ie, ¢ € min{Z(yo), Z4(y1) }, max{Z (y0), Z+ (y1)}],0 < |e[ < €0}

Then S., = Do U D, .
Given ¢, € [min{Z(yo), Z+(y1)}, max{Z(yo), Z+(y1)}], when restricted to [yo,yz2], we can find y" €
[0, y2] such that Z, (y") = ¢,. And when restricted to [y1,yo], we can find y* € [y, yo] such that Z, (y*) = c,.

Proposition Appendix A.1. 1. Forc € S,,, there exists a solution ¢"(y,c) € C([yo, y2] X Se,) of the Sturmian
equation (A.5) and 0y¢" (y, c) € C([yo, y2] X Se,). Moreover, there exists €1 > 0 such that for any ey € [0, €1)
and (ya C) S [y()’yﬂ X 8607

e (y,0) =1 < Cly =y,

| =

le"(y, c)| >

where the constants €1,C may depend on a.
2. For ¢ € Dy, for any y € [yo, y2], there is a constant C (depends on «) such that,

O (y,0) > " (Y e) > 1, for yo<y <y <y<wys or yo<y<y <y <.

Proposition Appendix A.2. 1. For c € S, there exists a solution ¢*(y,c) € C([y1, yo] X Se,) of the Sturmian
equation (A.5) and 0y (y,c) € C([y1, yo] X Sey). Moreover, there exists €1 > 0 such that for any € € [0, €1)
and (yvc) € [ylvy()} X 8607

;e (y,0) = 1] < Cly — o2,

DN =

¥ (y, )| >

where the constants €1, C' may depend on .
2. For c € Dy, for any y € [y1,Yo], there is a constant C (depends on «) such that,

Py e) > 'y e) > 1, for yi <y <y <y<wyo or ;1 <y<y <y’ <wo.

In the following, we only give the proof of Proposition Appendix A.1 and Proposition Appendix A.2 can
be similarly proved. To prove the existence result for Equation (A.1), we introduce the following adapted
norms.

Definition Appendix A.3. For a function f(y,c) on [yo, y2] X Se,, we define

B f(y,c)
1fllxo = sup cosh(A(y —y7))

(¥,¢)€[Y0,y2] X Se,

1
v e = 1 llxe + 4 19y Fllxo-

In order to give the solution formula, we introduce the following integral operators.

Definition Appendix A.4. Let y € [yo, y2]. The Sturmian integral operator S is defined by

FINZ-(y) = 2y = Of " )y
Sf(yac) = SOOSIf(y’@:[ (Z_(y/)_c)(Z+(y/)_C) dy’
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where

S (Z-(y") = )(Z(y") = ) f (¥, c)dy”
(Z-(y) = )(Z4(y) = ) '

Sof (y:c /fy Py, Sif(y,c) =

Lemma Appendix A.5. There exists a constant C' independent of A such that

C C C
IS0/ lxo < S Allx0s 15171x0 < ZNFlxos 18 11x0 < 35110

Furthermore, there holds

C
”SfHYo < EHf”YO

Proof. For ¢ € Dy, we shall only prove the part of the lemma for Z, (yo) = ¢, as the proof when Z_(yg) = cis
along the same lines. As Ran Z, NRan Z_ = (), we can find some positive C such that C~1 < |Z_(y)—¢| < C
for y € [yo, y2]. Firstly, by definition, we have

y
1 f(yl7c) /
Sof = sup —/cosh Aly —y")) ———L—dy
1507150 = orein® 1, | oAty — ) | AV T oman =)
o
f (A2)
< sup 5 [ comaw =y a7, |
(y,¢)€[yo,y2] x Do COSh yT
C
<— .
<1l
And due to |Z,(y") — o] < |Z4(y) —cf for yo <y" <y <o,
1 r [y o)
S1fllx, < sup —/coshAz—yr — 7 dy”
ISI1x0 % o 1 [coaly =) ] AT kA - ) "
yr .3)
C
<7 Ifllxo-
Composing inequalities (A.2) and (A.3), we have
C
15Fllx0 = —511Fllxo0- (A4)

On the other hand, direct calculation shows 9,Sf = S1f. By (A.3), we have
C
1855 Fllxo = S 1f11x0,

and then, combining with (A.4), it holds

C
15Fllye < —z 1 fllvo-

In similar ways we can prove the inequalities for ¢ € D.,. O
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Proof of Proposition Appendix A.l. For ¢ € S,, we can solve the homogeneous Sturmian equation on
[Y0, yal:

{ 0y((Z- = )2y = Noye") = a*(Z- = )(Z4 — )", w5
@T(yr’@ =1, ay(pT(yT’C) =0,

where Z, (y") = ¢,, as previously defined. Integrating twice yields ¢" = 1 + a?S¢". We choose A so that

< % | f|lve, the operator (I — aQS) is invertible in the adapted space Yy and the
solution to equation (A.5) is given by ¢" = (I — aQS)_l L As [[¢"[lve < 1llve +215¢" [lvy < C+2116" [lve
it holds that ||¢" ||y, < C.

We can rewrite S as

1 1
Sfy)=ly— oL / / P+ @ — 57t Ko(s, £y, c)dsdt,
0 0

where

(Z-(y"+(y—y")st) =) (Zy(y" + (y —y")st) — ¢)
(Z_(y"+ W=y )t) =) Zr(y"+ (y—y")t) —¢)

Since |Kp| < t and Ko € C ([yo,y2] X Se), S maps C([yo, y2] X Sey) to C ([yo,y2] X Se,). Thus, we can
deduce that ¢"(y,c) € C([yo, y2] X Se,) from the formula ¢ (y,c) = Y. a?kS*1 for ¢ € S,, and the uniform
k=0

K0(33t7yac) =t

convergence of the series.
Since S is a positive operator, ¢"(y,c) > 1 for ¢ € S.,. By the continuity of ¢"(y, c), there exists some

e € (0, o] such that for ¢ belonging to S, it holds that

€0

1
|30T(y7 C)| > 5

From the integral formula of S, we have

|%Or(y’c) _ 1| S(XQ//KOT(Z,C)‘ ‘ ((ZZ—((yy/:; :C)(Z+(y/’)_—cc)) dy//dy/

)(Z+(y)
<C (a, IIsDTHch([yo,yﬂxsm)) ly— o'
Appendix B. A compactness lemma

We prove a useful compactness result.

Lemma Appendix B.1. Let {y,}>2, C Z := [a,b] be such that y, — ‘ITH’. Let {fn}S2, be a family of
functions defined on T satisfying the uniform bound

I frllor + 11y = Yn)Oy fuller <C, 1 <7 <p < o0,

OO

then there exist foo € LP and a subsequence {fn] 2, such that as j — oo,

Jn; = foo in L™, 1 <71 <p.
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Proof. By virtue of Kolmogorov-Riesz theorem, the proof of the above compactness result amounts to
showing that the family {f,}5, is equicontinuous in L". Let Zj, := [yn—h, yn+h] and Zop, := [yn—2h, yn+2h]
(Note that Zyy, C Z for sufficiently small h.) We have

T

x+h
|\fn<x+h>—fn<x>|z7~:/ /fé(x’)dw’ dx+/\fn<x+h>—fn<x>r da
I\Ip | = Ih
=1 4 Ly

Noticing that |z — y,| > h for € T\ Zj,, we use Hardy-Littlewood maximal inequality to estimate I, as

follows —
x+h T
I, = / h" 1 /(a:’—y V() - 1 dz'| dx
i h e x/_yn
I\Ih T

<Cy [ G sty h7F e < 07072,

I\Tn

As for I,,, we let x be a smooth cut-off function such that x = 1 on Zy,. Integration by parts yields the
following identity —

2
z

[z == [w=wmialxas =5 [x=w) (FlP5+ 0 T1RIT) dn
A A

which, along with Sobolev inequality || fn| L \z,) < Cllfullwr.a\z,), ¢ > 1, leads to

”fn”ip(zh) < Cp”(y - yn)ayfn”[[),p + Ch”fﬂ”ﬁp(z\zh) <C.

Hence, we can simply estimate I., by Holder’s inequality —
r r r p=r -z
Lo < [ (ala 4 B + 1Fu@)) do < 20z, h "5 < CH'F.
Ih

Therefore, the desired compactness result is true. O
Appendix C. Proof of Remark 1.4

For u = 0, taking the Fourier transform in z, we get for o # 0,

.Uy +iap — iabHy — b Hy = 0,

0,Us + 0,p — iabHy = 0,

Oy Hy + V' Uy — iably =0, (C.1)
OyHy — iablUs = 0,

ialy +8,U, =0, iaH; +8,H, = 0.

And we can diagonalize it to obtain

{ 8“[72 + aQAaﬁz =0, (02)

Oy (Hy /b) + a2 Ay (Hy/b) = 0,
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where Ay = (97 — )71 (b%(9] — o) + 2bb'9,), and the details can be seen in [15]. In order to prove the
energy conservation law, we only need to prove the energy conservation on each frequency.
At first, we can show that

105 G113 + lla* T35 + ¥ a3 + lla (Hy — i(ab) ™% )13

= [l0*Uvinll7s + 10" Uzinll s + o Ha,inlZs + llo® (Hyim — i(ab) ™16 Ha,in) |72 (C.3)

Indeed, taking L? inner product of (C.2), with o2kd,(92 — o2)(H,/b), integrating by part, taking the real
part, we obtain

Re / a0y (Hy /b)ak0,(92 — a2)(Ha/b)dy
T

= —Re( / 00410 (Fz /b)ak 0,0, (Ha /b)dy + o>+ / (/D)0 (Ho /b)dy)
T T
1d 1d

= 5 g0 00, (Ha/b) 75 — 5 lla* T (Ha/b),

and

Re / Aa(Hz/b)a2k0,(02 — o) (Ha /b)dy
T

~ Re / (1P(02 — o?) + 200, (B /b)a? 0, (Ha/b)dy
T

— —Re( / o* b2, (Hy/b) k0,0, (Hy /b)dy + o+ / ﬁg@tﬁgdy)
T T
1d

T GOt A AT
and then
 (lk00, (B /D)3 + 0™ 0o D)3, + 040, (/D)3 + o™ a3, ) = 0.
By (C.1), we get (C.3) for a # 0. Finally, we prove that for some constant C' > 0 independent of ¢, a,
CY|H ||z < | Hy — i(ab) "6 Hy| g2 < C||H |12
By the condition that Hy(t,a,1) = Hy(t,a,2) = 0, we have HﬁQHLZ < C’||8yﬁ2||L§ < C||af[1||L§. Thus,
la™ %0, (Ha/b)l|2 < Clla™ "0, Hall1z + Clla™ ** Hal|rz < Clla*Hy |z
And on the other hand,
la* 7|2 < |lo®(Hy = i(ab)™"6 Ha)|[2; + [l (ab) 'V Ha 7

< Clla™ 0, (Ha /b)| 2 < [la*(Hy = i(ab) ™6 Ha)|[7:
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where we used the fact that —iab(')y(flg /b) = H, —i(ab)_lb’ﬁg in the last inequality. Since C' is independent
of t and «, we obtain the proof of Remark 1.4 by Plancherel identity.
For the vorticity and current density, we have that by taking Fourier transform in x,

~ s D
ato: = .zab/y\ b 'HQ,/\ R (C.4)
Oyj = 1abw — 2iab’' Uy + b Us.

By taking L? inner product of (C.4), with @ and (C.4), with ?, and taking the real part, we obtain that

1d = = N -~ =
% <||w||L2 + ||j||L2> = Re(f /b”ngdyf /Qzab'Uljder/b”Udey)

T T T

< 6" Hall 2 @112 + 120801122 71123 + 15" Tal oz 17112

And then, we get

d /- ~ ~ ~ N
S (0802 +1713) < (18l 2 + laTilluz + 10:]l.3).

by integrating in time, it holds

t
1125 + 15l < (1@ollog + [olz) +C [ (Vall + laDallog + Glzz ) dr
0

Thus by using (C.3), we obtain the linear growth result of vorticity and current density.

Note that when considering the non-flowing plasma case, the system can be diagonalized to one with a
self-adjoint operator A,.

For general case with constant background velocity (u = const.), we have

3t(71 + iauﬁl + iap — iabﬁl — b/ﬁg =0,
8&72 + iau(A]g + 89;3— iabﬁg =0,
ﬁtHl + zaqu + b U2 — zabUl =0,
atHQ + zauH2 — zabUg =0,
zozUl + 0y Ug =0, zaH1 + 0y H2 =0.
Let us introduce U = ot U, H i = et = eloulh and & = elouty, ; iUty then (
(C.1) and (@, j) solves (C.2).
Thus Remark 1.4 follows from the fact that

~
~ o~

,H,p) solves

Sy
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