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Abstract

Current theoretical models predict a mass gap with a dearth of stellar black holes (BHs) between roughly 50 M,
and 100 M, while above the range accessible through massive star evolution, intermediate-mass BHs (IMBHs)
still remain elusive. Repeated mergers of binary BHs, detectable via gravitational-wave emission with the current
LIGO/Virgo/Kagra interferometers and future detectors such as LISA or the Einstein Telescope, can form both
mass-gap BHs and IMBHs. Here we explore the possibility that mass-gap BHs and IMBHs are born as a result of
successive BH mergers in dense star clusters. In particular, nuclear star clusters at the centers of galaxies have deep
enough potential wells to retain most of the BH merger products after they receive significant recoil kicks due to
anisotropic emission of grav1tat10nal radiation. Using for the first tlme snnulatlons that include full stellar
evolution, we show that a massive stellar BH seed can easily grow to ~10°~10% M., as a result of repeated mergers
with other smaller BHs. We find that lowering the cluster metallicity leads to larger final BH masses. We also show
that the growing BH spin tends to decrease in magnitude with the number of mergers so that a negative correlation
exists between the final mass and spin of the resulting IMBHs. Assumptions about the birth spins of stellar BHs
affect our results significantly, with low birth spins leading to the production of a larger population of
massive BHs.

Unified Astronomy Thesaurus concepts: Astrophysical black holes (98); Black holes (162); Intermediate-mass
black holes (816); Stellar mass black holes (1611); Gravitational waves (678); Gravitational wave sources (677);

Gravitational wave detectors (676); Gravitational wave astronomy (675); Star clusters (1567)

1. Introduction

The LIGO/Virgo/KAGRA (LVK) Collaboration has recently
released the second Gravitational Wave Transient Catalog
(GWTC-2; Abbott et al. 2020a), which, together with results
from the first two observing runs (GWTC-1; Abbott et al. 2019),
comprises more than 50 events. These detections are transform-
ing our understanding of compact objects and gravitational-wave
(GW) physics (Abbott et al. 2020b, 2020c). Over the coming
years and decades, current (LIGO, Virgo, and KAGRA) and
future (e.g., LISA, the Einstein Telescope, and DECIGO) GW
detectors promise to provide an unprecedented number of
detections of black holes (BHs) and neutron stars (NSs).

The origin of binary mergers is still highly uncertain, with
several possible scenarios that could potentially account for most
of the observed events. These include mergers from isolated
binary star evolution (e.g., Dominik et al. 2013; Belczynski et al.
2016; de Mink & Mandel 2016; Chruslinska et al. 2018;
Giacobbo & Mapelli 2018; Spera et al. 2019; Breivik et al. 2020;
Bavera et al. 2021; Santoliquido et al. 2021; Tanikawa et al.
2021), dynamical formation in dense star clusters (e.g., Portegies
Zwart & McMillan 2000; Askar et al. 2017; Banerjee 2018;
Fragione & Kocsis 2018; Kremer et al. 2018, 2019; Rodriguez
et al. 2018, 2020; Samsing et al. 2018; Hamers & Samsing 2019;
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Rastello et al. 2019; Antonini & Gieles 2020; Di Carlo et al. 2020;
Fragione & Banerjee 2020; Fragione & Loeb 2021), mergers in
triple and quadruple systems (e.g., Antonini & Perets 2012; Arca-
Sedda et al. 2021; Grishin et al. 2018; Liu & Lai 2018, 2019;
Rodriguez & Antonini 2018; Fragione & Kocsis 2019; Fragione
et al. 2019a, 2019b, 2020; Martinez et al. 2020; Hamers et al.
2021), and mergers of compact binaries in galactic nuclei (e.g.,
O’Leary et al. 2009; Bartos et al. 2017; Petrovich & Antonini
2017; Stone et al. 2017b; Arca-Sedda & Gualandris 2018; Hamers
et al. 2018; Hoang et al. 2018; Fragione et al. 2019b; Liu et al.
2019; Rasskazov & Kocsis 2019; Gondan & Kocsis 2020;
McKeman et al. 2020; Tagawa et al. 2020a; Wang et al. 2021).
While several formation scenarios can account for some or even
all of the merger rate, the contribution of different channels will
hopefully be disentangled using a combination of the mass, spin,
redshift, and eccentricity distributions as the number of detected
events increases (e.g., O’Leary et al. 2009; Gondén et al. 2018;
Perna et al. 2019; Arca Sedda et al. 2020; Martinez et al. 2021; Su
et al. 2021; Tagawa et al. 2021b, 2021c; Wong et al. 2021; Zevin
et al. 2021).

One of the most interesting events in GWTC-2 is GW190521,
a binary black hole (BBH) consistent with the merger of two BHs
with masses of 91.47392 M, and 66.973° M, (The LIGO
Scientific Collaboration, & the Virgo Collaboration 2020a,
2020b). Stellar evolutionary models predict no BHs with masses
larger than about 50-70 M, (high-mass gap), resulting from the
pulsational pair-instability process that affects massive progeni-
tors. Whenever the preexplosion stellar core is in the range
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45-65 M., large amounts of mass can be ejected, leaving a BH
remnant with a maximum mass of around 50-70 M., (Heger et al.
2003; Woosley 2017). Recent studies have shown that the exact
lower boundary of the high-mass gap depends on the stellar
metallicity (Woosley 2017; Limongi & Chieffi 2018; Belczynski
et al. 2020; Vink et al. 2021); the upper boundary is around
125 M, whenever the metallicity is < 10~ (Spera & Mapelli
2017; Renzo et al. 2020).

BHs more massive than the limit imposed by the pulsational
pair instability can be produced dynamically in the core of a
dense star cluster. Here, three- and four-body interactions can
catalyze the growth of a BH seed through repeated mergers
with smaller BHs (e.g., Giiltekin et al. 2004; Antonini et al.
2019; Baibhav et al. 2020; Fragione & Silk 2020; Mapelli et al.
2021). A fundamental limit for hierarchical mergers comes
from the recoil kick imparted to merger remnants (e.g., Lousto
et al. 2010; Lousto & Zlochower 2011; Varma et al. 2019).
Depending on the mass ratio and the spins of the merging BHs,
the recoil kick can be as high as ~100-1000 km s~' and could
result in the ejection of the merger remnant if it exceeds the
local escape speed. However, if the host cluster hosts a
supermassive black hole (SMBH), or if the cluster does not
have an SMBH but it is massive and dense enough, as in
nuclear star clusters (NSCs) or the most massive globular
clusters (GCs), hierarchical mergers can build up BHs in the
mass gap and even form intermediate-mass black holes
(IMBHs), possibly explaining the formation of GW19052-like
events (e.g., Antonini & Gieles 2020; Fragione & Silk 2020;
Fragione et al. 2020; Baibhav et al. 2021; Mapelli et al. 2021;
Tagawa et al. 2021a, 2021c).

While interesting, repeated mergers are computationally
expensive to investigate in detail and over broad ranges of
initial conditions with full N-body simulations (e.g., Aarseth
2003; Giersz 2006; Pattabiraman et al. 2013). Therefore,
developing an alternative and more rapid method is highly
desirable. In this paper, we present a semianalytic framework to
investigate hierarchical mergers in dense star clusters, which
expands upon the method originally developed in Fragione &
Silk (2020). Our approach allows us to rapidly probe how the
outcomes of hierarchical mergers in dense star clusters are
affected by cluster masses, stellar densities, and metallicities
and by different assumptions on the BH-mass spectrum and
spins. Importantly, we have also integrated for the first time the
updated versions of the stellar evolution codes SSE and BSE
(Hurley et al. 2000, 2002), including the most up-to-date
prescriptions for stellar winds and compact object formation
(Banerjee et al. 2020). This provides more realistic BH-mass
spectra and spins and allows us to study the role of primordial
binaries.

This paper is organized as follows. In Section 2, we discuss
our numerical method to study repeated mergers, the formation
of IMBHs, and BH mergers in the mass gap. In Section 3, we
discuss the assembly of massive BHs through repeated mergers
and study the role of the cluster metallicity, primordial binary
fraction, and prescriptions for the remnant spin. Finally, in
Section 4, we discuss the implications of our results and draw
our conclusions.

2. Method

In what follows, we describe the details of the numerical
method we use to follow the evolution of a BH of seed mass
M, which undergoes mergers with other BHs. In Table 1, we
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Table 1
Description of Important Quantities Used in the Text
Symbol  Description
My, Cluster mass
pcL Cluster-mass density
PBH BH-mass density
ner, Cluster number density
nEH BH number density
ZeL Cluster metallicity
Vese Cluster escape speed
o Cluster velocity dispersion
OBH BH velocity dispersion
feu Fraction of the cluster mass in BHs
M Mass of the growing BH
My Mass of the stellar progenitor of the BH seed
Mini Mass of the BH seed
By Slope of stellar initial mass function for m, > 0.5 M,
Mimin, % Minimum mass of the stellar-mass function
Mimax, % Maximum mass of the stellar-mass function
Jox Primordial binary fraction for massive stars (m, > 20 M)
qx Mass ratio of the primordial stellar binary
ay Semimajor axis of the primordial stellar binary
Amin, % Minimum semimajor axis of the primordial stellar binary
Amax, * Maximum semimajor axis of the primordial stellar binary
ap % Hard-soft boundary for the primordial stellar binary
ey Eccentricity of the primordial stellar binary
Vnatal Natal kick imparted at BH formation
v Velocity dispersion of the Maxwellian distribution of natal kicks
X BH dimensionless spin parameter
XM Spin parameter of BH seed
Mmingy  Minimum mass of the BH-mass function
Mmax,u  Maximum mass of the BH-mass function
BH Slope of the BH-mass function
e Semimajor axis of the BH binary corresponding to ejection from
the parent cluster
agw Semimajor axis of the BH binary when GW emission takes over
€BH Eccentricity of the BH binary
TDF.% Dynamical friction timescale for the BH seed progenitor
TDE Dynamical friction timescale for the BH seed
T3bb Timescale for binary formation via three-body interaction
7 Timescale for binary formation via binary—single interaction
mediated by stellar binaries
T Timescale for binary formation via binary—single interaction
T Timescale to shrink the BH binary to max(aej, agw)
TGwW Timescale to merge via GW emission
Viick Recoil kick due to anisotropic GW emission
Méin Mass of the merger remnant
Xfin Spin parameter of the merger remnant

summarise the notation of the most important quantities
referenced to in this paper.

2.1. Cluster Properties

The characteristics of the host NSC are essentially
determined by its mass My, its half-mass radius ry,, and core
radius r.. We assume that the cluster density is described by a
three-parameter potential-density pair described in Stone &
Ostriker (2015),

= pc
(7210 + /i)

ey

PcL
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where

Mcy (ry + 1)
= a3 @

C
2mer n,

is the central density, r. is the core radius, and ry, is the half-
mass density radius when r, > r.. These models are designed
as an analytically tractable alternative to single-mass King
models. The escape velocity from the center is’

e = 2, 102C0/70) ( GMcr )‘/2
™ r'h — It

M V20 N2
~ 50 km sl( SCL ) ( h ) ; (3
10° M, 1 pc
and the core velocity dispersion is computed as
3(n* -8
o= %Veso “4)

Finally, the cluster metallicity, Zc;, determines the BH-mass
spectrum. The velocity dispersion and densities of BHs in the
core can be related to the corresponding quantities for the
background stars. Stellar and BH velocity dispersions are
related by

> (men) oy
e = TR, 5)

where (my)~0.5M. and (mpy) = 10 M, which quantifies
the deviation from energy equipartition between stars and BHs.
We fix £ =1/ V5, which gives timescales for BBH formation
consistent with the numerical study of Morscher et al. (2015).
When the BH population dominates the mass in the core, its

density is (Lee 1995; Choksi et al. 2019)

2 -2
L), 2 Jen Mcw
= —| — ~ — 6
PBH 2(rh).fBH Pe 47_[_2 rh3 ( )

where fgy = 0.01 is the fraction of the cluster mass in BHs.

Note that we assume that the masses and sizes of NSCs do
not evolve significantly during their lifetime. Observations
show that NSCs in general tend to have a wide range of stellar
ages, including young stellar populations (e.g., Rossa et al.
2006; Seth et al. 2006). Indeed, star clusters lose mass, expand
as a consequence of two-body relaxation, are continuously
supplied with stars and gas from the rest of the galaxy, and
accrete star clusters. For a more detailed discussion of the
possible effects of NSC evolution, see Section 4.

2.2. Population of Nuclear Star Clusters

To generate a population of NSCs, we start by sampling
galaxy masses from a Schechter function:

My gar | M ga
@(M*,gao«( A*j) exp(— A*ja ) @)

C C

where M, ., is the stellar mass of a given galaxy. We set
M.=10"""M_ and o, = 1.43, as extracted from the EAGLE
cosmological simulations in Furlong et al. (2015). We then use

7 We assume an average compactness parameter ry/r. = 10 (Georgiev &

Boker 2014).
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scaling relations for late-type galaxies from Georgiev et al.
(2016) to scale the galaxy mass to the NSC mass,

log(McL /c1) = ¢ X log(Mx gal/c2) + 1, (8)
and to draw the half-mass radius
log(rp/c3) = k x log(Mcr, /cs) + w, )

where ¢; =2.78 x 10° M, c; =3.94 x 10° M., ¢ = 1.00175:933,
Y = 0.0167992, and c3 =331 pc, c4=3.60x 10°M,, k=
03217003, w = —0.0117001}. In sampling from Equations
(8)—(9), we consider the scatter in the fit parameters.

2.3. Black Hole Seeds

To compute the initial BH seed mass My;, we first sample
the mass of its stellar progenitor, My, from the canonical initial
mass function (Kroupa 2001),

—-1.3
(ﬂ) 0.08 < ms/M., < 0.50,

E(my) = ki (10)

My —ﬂ*

where k;~0.62 is a normalization factor for 3, =2.35.
The mass of the BH seed progenitor is drawn from the range
[Mmin, % Mmax,*]s where Mmin,x = 20 M, and Mmax, % =
150 M., respectively, which roughly encompass the possible
masses of BH progenitors. We then evolve the progenitor mass
My at a metallicity Zcp using the stellar evolution code SSE
(Hurley et al. 2000). Our current version of SSE includes the
most up-to-date prescriptions for stellar winds and remnant
formation (see Banerjee et al. 2020 and references therein).
Alternatively, the initial BH seed mass M;,; can be fixed to a
specific value. One possibility is that the initial BH seed is the
result of runaway growth, and its mass is typically <1% of the
cluster mass (Portegies Zwart & McMillan 2002).

If the primordial binary fraction in high-mass stars, ﬁ)*, is
sufficiently high, the stellar progenitor, My, can be born in a
binary system. In this case, we sample the mass of the
companion using a uniform distribution in the mass ratio g,

consistent with observations of massive binary stars (Sana et al.
2012; Duchéne & Kraus 2013; Sana 2017):

f(gy) o< const. (11)

We draw the semimajor axis a, using a log-uniform
distribution, roughly consistent with the observational study
of Kobulnicky et al. (2014),

Flay) x ai (12)
ES

in the range [@min, Amax]- We fix the minimum semimajor axis
to 0.1 au, while the maximum semimajor axis is set to be the
hard—soft boundary, defined as

2 -2
ap = 800 au q*M*2 ( g ) . (13)
400 M2 J\30 km s~!

Finally, we sample the binary eccentricity, e, from a thermal
distribution (Heggie 1975).

The primordial binary is then evolved using BSE (Hurley
et al. 2002), which includes the most up-to-date prescriptions
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for stellar winds and remnant formation (see Banerjee et al.
2020 and references therein). There are three possible outcomes
of binary stellar evolution: (i) the binary components merge,
(i1) a binary BH is formed, and (iii) the binary disrupts as a
result of stellar evolution and/or natal kicks, which we assume
are imparted to the compact object remnant when the prog-
enitor star collapses due to mass loss and supernova explosion.
For simplicity, we only consider primordial binaries that lead to
the formation of a binary BH. Note, however, that recent results
have shown that subsequent mergers catalyzed by massive
binaries can produce massive BHs in the early phases of the
cluster evolution (Kremer et al. 2020a; Gonzalez et al. 2021).
At the moment, we do not model this scenario, which we leave
to a future study. We take the natal kick to follow a Maxwellian
distribution,

2 2
P (Vnatal) OX Vg € st/ V", (14)

with velocity dispersion v =265km s~ ', based on observations
of radio pulsars (Hobbs et al. 2005). BH natal kicks
are assigned assuming momentum conservation (Fryer &
Kalogera 2001); thus, the natal velocity of a BH of mass
mgy is lowered by a factor of 1.4 M, /mgy, with 1.4 M, being
the typical neutron star mass. Aside from unbinding the binary,
natal kicks can eject the BH seed, either as a single or in a
binary, from the parent cluster whenever they exceed the
cluster escape speed. For what concerns the BH natal spins x,
we consider two different models, where the prescriptions of
the GENEVA stellar evolution code (Eggenberger et al. 2008;
Ekstrom et al. 2012) and MESA stellar evolution code (Paxton
et al. 2011, 2015) are used, respectively. Alternatively, the
initial spin of BHs is assumed to vanish, consistent with the
recent findings of Fuller & Ma (2019).

2.4. Dynamical Interactions and Mergers

Whether the progenitor is born as a single or in a binary star,
it sinks to the cluster center from its initial position via
dynamical friction over a timescale (Chandrasekhar 1943)

3/2 1/2
Tar ~ 17 Myr 20 Mo R A;ICL , (15)
(I + g My J\1pc 10° M,

where R is the distance from the cluster center. In the previous
equation, g, =0 in the case where the seed progenitor is a
single. As a typical initial distance, we choose ry,, such that the
initial dynamical friction timescale is 74e(r,). As discussed,
compact objects are imparted a natal kick that could eject them
from the core of the parent cluster. Therefore, we check that the
natal kicks imparted to the system are below the cluster escape
speed, Ves.. If not ejected from the cluster, the system sinks
back to the cluster center over a dynamical friction timescale.

In the case where the BH seed was born with a companion,
stellar evolution and natal kicks can unbind the binary, leaving
the BH seed as a single. In the case where the binary remains
bound, the stellar evolutionary processes could produce a
binary BH, whose semimajor axis exceeds the hard—soft
boundary (see Equation (13)). Any interaction with a third BH
or star will tend to make the binary even softer and, eventually,
disrupt it, leaving two single BHs (Heggie 1975). In these
cases, where we simply keep following the further evolution of
the most massive BH, or in the case where the BH seed was
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born as a single star, a new BH companion can be found in the
core of the dense cluster via dynamical friction. The mass of m,
is drawn assuming that the pairing probability scales as
P o (M + my)P. We set Bgy=4, based on numerical
simulations of globular clusters (O’Leary et al. 2016), and
sample the secondary mass in the range [#min BH, Mmax.BH]> aS
appropriate for the BH-mass spectrum at metallicity Zcy .

Interactions to form a binary BH come in two flavors:
encounters between three single objects and encounters
between a single and a binary. The typical timescale for the
former is (e.g., Lee 1995)

106 pc3 )2
NBH

9 5
-1 g ZOM@)
8 (5 30kms—1)( M )’ (16)

where ngy = ppu/(mpy) is the number density of BHs near the
center. Formation of BBHs via exchange binary—single encoun-
ters are first mediated by stellar binaries, which, assuming an
overall stellar binary fraction of 0.05, happen over a timescale
(Antonini & Rasio 2016)

6 pe—3
7 =220 Myr 107 pe ( g )
ne 30kms~!

T3bb — 125 Myl'(

y 20 M, 1 a:ku ’ a7
M+ 2my )\ a,
where n.= p./(m,) is the stellar number density near the
center and
m : o -2
af =2 auf — ( ) (18)
1M, ) \30kms!

is the hard—soft semimajor axis for a stellar binary. In our
calculation, we assume m, = 0.5 M. Once BH binaries are
formed, they dominate the dynamics inside the cluster core and,
assuming a BH binary fraction of 0.01 (Morscher et al. 2015),
binary—single encounters between a single BH and a BH binary
occur on a timescale (Miller & Lauburg 2009; Antonini &
Rasio 2016)

6 -3
Tl:450Myr§1(10 pe )( 7 )

Ny 30 km s~!

X( 20 M, )(lau), (19
m; + M + my ap

where ms is the mass of the third BH taking part in the
interaction, which we set to 10 M, in our calculations.

We then compute the further evolution of a binary BH that is
dynamically assembled or that originates from a primordial
stellar binary (not unbound by stellar evolution or natal kicks).
We assume that the BH binary shrinks at a constant rate (see
Equation (24)), eventually to the regime where GWs take over
(Quinlan 1996). During any of the interactions, the binary
could receive a recoil kick high enough to be ejected, which
happens when (Antonini & Rasio 2016)

aej > AGw, (20)
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where

a;=0.2 au 400 M
o (M + ma)(m3 + M + my)

~1\2
« L 50 km s , @1
10 My, Vesc

with p being the reduced mass of the M — m; system, and

M+ my Y105 M, pe? 1o
20 M, PBH

o 1/5 g 1/5 -
X(30kms*1) ((1+q)2) ’ @2)

with ¢ = m, /M. Assuming that each interaction removes a
fraction 0.2m;3 /(M + m5) of the binary-binding energy (Quinlan
1996), the binary will shrink until reaching max (a.j, agw) over a
timescale (Miller & Hamilton 2002)

agw = 0.08 au(

~1
ms
S|l ————| my, 23
) (M—i—mz) 21 (23)
where
6 3
71 =20 Myr ¢1[ 12 ( g )
npy 30 km s~!
y 0.05 au ( 20 M, ) 24)
max(aej, agw) J\ M + m;

We sample all the relevant timescales from a Poisson distribution,
that is, exp(—t/©). In particular, © = min(73py, 77) is the mean
time after which the seed forms a BBH, while © = 7, is the mean
time after which the BBH shrinks to max(aj, agw). Finally, the
binary merges over a timescale (Peters 1964)

Tow = 250 Myr 8000—1‘4@
Mﬂ’lz(M + m2)
max(dej, agw) \' 2
X| ——— 1 — /2 25
( 0.05 au ) (= esu) (23)

where epy is the eccentricity, which we sample from a thermal
distribution (Jeans 1919; Heggie 1975). If a.j > agw, the binary
is ejected from the cluster, halting further growth, otherwise the
merger happens in the cluster.

2.5. Recoil Kicks and Merger Remnants

The merger remnant receives a recoil kick as a result of the
anisotropic emission of GWs at merger and can be ejected from
the host star cluster. This GW recoil kick depends on the
asymmetric mass ratio n = g/(1 + ¢)* and on the magnitude
of the dimensionless spin parameters |x;| = |x 1, and |xa|. In
our models, spin orientations are assumed to be isotropic, as
appropriate for merging binaries assembled dynamically. We
model the recoil kick as (Lousto et al. 2010, 2012)

Viick = Vm€L1 + vi(cosée | + sinée o) + vy, (26)

where

Vi = An2J1 — 4n(1 + Bn) 27
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Hn?

Vv = - 28
L 1t q(Xz,H C]X[,H) (28)
16n?2 ~ - ~
V” = —n[vl,l + VASH + VBSHZ + VCSHS]
1 +g¢
X X210 — gX1.11cos(ga — ¢). (29)

The L and || refer to the direction perpendicular and parallel to
the orbital angular momentum, respectively, while & ; and ¢ »
are orthogonal unit vectors in the orbital plane. We have also
defined the vector

§ X2 + ‘12X1’
(1 + ¢)*

¢, as the phase angle of the binary, and ¢, as the angle
between the in-plane component of the vector,

(30)

A= Mzile ;‘;X‘, 31)

and the infall direction at merger. Finally, we adopt A = 1.2 x 10*
kms ', H=69 x 10’ km s, B=—0.93, £ = 145° (Gonzilez
et al. 2007; Lousto & Zlochower 2008), and V; ; = 3678 km sfl,
V,=2481 km s, V3=1793 km s !, and Vo= 1507 km s~ !
(Lousto et al. 2012). We adjust the final total spin of the merger
product, Yg,, and its mass, Mg, using the results of Jiménez-
Forteza et al. (2017), which we generalized to precessing spins
using an approach similar to Hofmann et al. (2016).

Whenever vicx > Vese, the remnant is ejected from the host
cluster, while, if Vi < Vese, M Wwill be retained. After a
dynamical friction timescale (see Equation (15)), the merged
remnant sinks back to the center, eventually forming new
binaries and merging, further growing in mass.

2.6. Overview of the Method and Growth of a Black Hole Seed

We summarize the various steps of our method, which allow
us to study the evolution and growth of a black hole seed.

1. We sample the stellar mass of the seed progenitor, M,
from Equation (10). To decide whether the seed
progenitor was born in a binary system, we extract a
random number. If it is smaller than f;, .., we sample the
companion mass (Equation (11)) and the orbital proper-
ties of the binary. Finally, we compute the timescale for
the seed to sink to the cluster center (Equation (15)).

2. We evolve the seed progenitor using SSE, if it is a single, or
using BSE, if it is in a binary. If the seed is not ejected by
natal kicks (Equation (14)), we compute the timescale for
the seed to sink back to the cluster center (Equation (15)).

3. In the case where the BH seed, M, is a single or the
primordial binary and is disrupted as a result of stellar
evolution, leaving behind a single BH, we compute the
timescale (Equations (16)—(19)) to find a BH companion.
The mass of the companion, m,, is drawn assuming that
the pairing probability scales as P oc (M + m,)*.

4. After the BBH is formed, or in the case where the BBH is
the result of the binary stellar evolution of the primordial
binary, we compute the timescale (Equation (24)) for it to
shrink to max(a.j, agw).

5. If a.; > agw., the BBH is ejected from the cluster, halting
further growth. If a; < agw, we compute the timescale to
merge via GW emission (Equation (25)).
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Table 2
Model Parameters: Model Number, Star Cluster, Metallicity (Z), Primordial Binary Fraction of Massive Stars (f;, x), Spin Model, Initial Seed Mass (My;), Fraction of
Models that Produce a BH More Massive than 100 M., Fraction of Models that Produce a BH More Massive than 500 M., Fraction of Models that Produce a BH
More Massive than 1000 M,

Model Star Cluster ZcL Jox Spin Model Mini (M) fM > 100 M) fM > 500 M) f(M > 800 M)
1 NSC 0.0001 0.0 Fuller & Ma (2019) Stell. Evol. 1.4 x 107! 92 x 1073 29x%x1073
1E NSC 0.0001 0.0 Fuller & Ma (2019) Stell. Evol. 8.9 x 1072 23 %1073 1.1x1073
2 NSC 0.001 0.0 Fuller & Ma (2019) Stell. Evol. 8.7 x 1072 6.7 x 1073 20x1073
3 NSC 0.01 0.0 Fuller & Ma (2019) Stell. Evol. 1.1 x 1072 22 %107 0

4 NSC 0.0001 0.25 Fuller & Ma (2019) Stell. Evol. 1.4 x 107! 9.9 x 1073 48 x 1073
5 NSC 0.0001 0.5 Fuller & Ma (2019) Stell. Evol. 13 x 107! 9.1 %1073 42 %1073
6 NSC 0.0001 0.75 Fuller & Ma (2019) Stell. Evol. 1.3 x 107! 9.5x 1073 39 %1073
7 NSC 0.0001 1.0 Fuller & Ma (2019) Stell. Evol. 13 % 107! 7.6 x 1073 3.1%x1073
8 NSC 0.0001 0.0 GENEVA Stell. Evol. 92x 1073 0 0

9 NSC 0.0001 0.0 MESA Stell. Evol. 9.6 x 1072 6.9 x 1073 22x1073
10 NSC 0.0001 0.0 Fuller & Ma (2019) 50 5.6 x 107! 43 x 1072 2.1x1072
11 NSC 0.0001 0.0 Fuller & Ma (2019) 100 1 1.6 x 107! 1.1x 107!
12 NSC 0.0001 0.0 Fuller & Ma (2019) 150 1 28 x 107! 22x%x 107!
13 NSC 0.0001 0.0 Fuller & Ma (2019) 200 1 41 % 107! 34 x 107!
14 GC 0.0001 0.0 Fuller & Ma (2019) Stell. Evol. 3.5 %1072 0 0

15 GC 0.001 0.0 Fuller & Ma (2019) Stell. Evol. 1.5 %1072 0 0

16 GC 0.01 0.0 Fuller & Ma (2019) Stell. Evol. 0 0 0

6. We compute the recoil kick (Equation (26)) and the
remnant spin and mass. If it is not ejected, we compute
the timescale for the seed to sink back to the cluster
center (Equation (15)).

. If the seed is retained in the cluster and the total elapsed
time is smaller than 10 Gyr, we repeat step (3) to again
generate hierarchical mergers.

3. Results

In this section, we study repeated mergers, the formation of
IMBHs, and BHs in the mass gap in a population of NSCs.

We summarize in Table 2 the models we investigate in our
simulations. We explore the role of the host cluster metallicity,
primordial binary fraction in massive stars, and BH spin
models. We also consider the case where the initial seed mass
is fixed to four different mass values (50 M, 100 M, 150 M.,
and 200 M.). Finally, we run three models where the host
cluster mass and density are drawn from distributions that
describe a population of GCs. In our simulations, we assume
that spin orientations at merger are isotropic, as appropriate to
merging binaries assembled in a dynamical environment. We
integrate each simulation either up to 10Gyr or until the
growing seed is ejected from the host cluster, where further
growth is quenched. Each result we present is the average over
10* model realizations.

3.1. Formation of Intermediate-mass Black Holes

In Figure 1, we show an example of the growth
of ~1000 M, IMBHs in Model 1, where we plot the mass
evolution, the spin evolution, the mass ratio of mergers, and the
recoil kick imparted to the merger remnant as a function of
time. The trend in the recoil kick results from the fact that it
depends both on the asymmetric mass ratio and on the spins of
the progenitors (see Equation (26)), which we have set to zero
in Model 1. As the BH seed merges with other BHs and
increases its mass, the typical mass ratio decreases and so does
the recoil kick imparted to the growing seed, which remains
smaller than the escape speed of the host cluster, which is
around 200 km s~ in these examples.

Concerning the spins, we confirm the previous results that
found the spin of the growing seed decreases as a function of time
or its growing mass (Antonini et al. 2019; Fragione & Silk 2020).
The evolution of the seed spin is quite general, with the first
merger producing a remnant with a dimensionless spin parameter
of about 0.7 (starting from two slowly spinning BHs), which then
tends to decrease with subsequent mergers. In Figure 2, we show
the final BH spin as a function of its mass for Model 1. The spin
of the BHs tends to decrease with the number of mergers,
eventually producing a negative correlation between mass and
spin. The reason is as follows. After the first mergers, the seed
spin is about 0.7, if BHs are born slowly spinning. The angular
momentum imparted to the growing seed during each merger is
oxmy M, with the radius at the innermost stable circular orbit
(ISCO) rsco o< M, which causes the spin parameter to change
by ~m, /M. Because at early times m, can be comparable to M,
the initial variations in the remnant spins tend to be larger than the
ones at late times when M >> m,, as also seen in Figure 1.
Assuming an isotropic geometry of BBH mergers as appropriate
to a dynamical environment, the final inspiral and deposition of
angular momentum happen at random angles to the previous spin
axis of the growing seed. However, the growing seed undergoes a
damped random walk in the evolution of its spin because
retrograde orbits become unstable at a larger specific angular
momentum than do prograde orbits, so it is easier to decrease than
to increase the spin magnitude (Miller 2002; Hughes &
Blandford 2003; Mandel et al. 2008). So the random walk takes
the spin magnitude of the growing seed to small values eventually.
Indeed, we find that BHs growing to a mass 2 1000 M, have
dimensionless spin parameters <0.3.

3.1.1. Effect of the Cluster Metallicity

Figure 3 shows the final BH mass (top) and spin (bottom) for
different values of cluster metallicity (Models 1-3). In these
models, the cluster primordial binary fraction of massive stars is
set to fy+« =0, while BHs are assumed to be born nonspinning.
The metallicity of the progenitors leaves an imprint on the mass
spectrum as it impacts the typical cluster BH mass. We find that
the maximum mass that the BH seed can reach is about 1000 M,
for solar metallicity and about 3000 M, for Zc = 0.0001 and
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Figure 1. Example of growth of ~1000 M., IMBHs in Model 1. Different
colors represent different formation histories. In order from the top: mass
evolution, spin evolution, mass ratio of mergers, and recoil kick imparted to the
merger remnant. In these examples, the escape speed of the host cluster is
around 200 km s,

Zc1, = 0.001. Moreover, the peak of the distributions tends to
cluster around the maximum mass of the first-generation mergers,
which is smaller for higher metallicities. On the other hand, we
find that the host cluster metallicity has only a marginal effect on
the spin spectrum.
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Figure 2. Final spin of the growing BH seed as a function of its mass for Model
1. The spin of the BHs tends to decrease with the number of mergers (hence the
BH mass), and a correlation exists between the mass and spin of the BHs.

We note that our considerations depend also on the details of the
BH-mass spectrum. In our models, we have sampled the secondary
mass in the range [#min B, Mmax BHl, as appropriate to the BH-
mass spectrum at a metallicity Z¢; . To understand how our results
depend on this assumption, we rerun Model 1, drawing the
secondary masses in the range [#min g, M| (as recently assumed
in the models of Mapelli et al. 2021). This assumption might be
justified by the fact that there might be more than one growing
seed in a given cluster (Kremer et al. 2020a; Gonzélez et al. 2021;
Weatherford et al. 2021). While it might be reasonable at the
beginning of the cluster evolution, this assumption becomes less
justified when the seed mass grows to a few hundred solar masses.
We illustrate the outcome of this additional run in Figure 3. We
find that the main effect of this choice is to decrease by a factor of
~/7 the relative abundance of seeds that grow to masses = 500 M..,.
This trend can be justified by the fact that secondaries can be as
massive as M during the whole cluster lifetime when sampling in
the range [ min BH, Mmax,BH]- As a result, the mass ratio can be as
high as unity and the recoil kick can eject the growing BH seed.
On the other hand, the ejection of the seed is quenched when
sampling in the range [Mmin BH, Mmax.BH], @S appropriate to the
BH-mass spectrum at a metallicity Z¢. In this case, the mass ratio
becomes too small to lead to high recoil kicks after the seeds have
grown to sufficiently high masses (Fragione & Silk 2020).

3.1.2. Effect of Primordial Binary Fraction

In Models 4-7, we study the effect of the primordial binary
fraction for massive stars. In these models, the cluster metallicity
is fixed to Zc, =0.0001, and BHs are assumed to be born
nonspinning, but the primordial binary fraction for massive stars is
increased gradually all the way to f;, ;. = 1. The main motivation is
that bound stellar multiples are common, and surveys of massive
stars, which are the progenitors of BHs, have shown that more
than ~50% have at least one or two stellar companions,
respectively (e.g., Duquennoy & Mayor 1991; Raghavan et al.
2010; Sana et al. 2013; Sana 2017). We find that changing the
primordial binary fractions of stars that are BH progenitors does
not have a significant impact on the mass distribution or on the
relative outcomes (see Table 2).
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Figure 3. Final BH mass (top) and spin (bottom) for different values of cluster
metallicity. The dotted black line represents results from Model 1 when the
secondary BH masses are drawn in the range [mmingu, M]. The cluster
primordial binary fraction of massive stars is set to f;, = 0, while BHs are
assumed to be born nonspinning.

3.1.3. Effect of Black Hole Spin

In Models 8-9, we consider the impact of different
assumptions on the BH spin at birth. In particular, we use
the prescriptions of the GENEVA stellar evolution code
(Eggenberger et al. 2008; Ekstrom et al. 2012) and the MESA
stellar evolution code (Paxton et al. 2011, 2015) in Model 8
and Model 9, respectively. We show in Figure 4 the final BH
mass for different prescriptions for BH spins at birth, compared
to Model 1. The cluster metallicity is fixed to Z¢p, = 0.0001 and
the primordial binary fraction of massive stars is set to f, » = 0.
We find that, while Model 9 produces a mass spectrum that is
consistent with the mass spectrum from Model 1, Model 8 does
not produce BHs more massive than about 200 M. The reason
is that the GENEVA code predicts that most of the BHs form
with a high spin, while the MESA code leads to BHs of all
masses to form with a small residual spin, ~0.1.8 Therefore, the
recoil kicks after merger are typically larger than the cluster

8 This is because the GENEVA code does not include magnetic fields, so the

core-to-envelope angular momentum transport is purely convective and,
therefore, inefficient.
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Figure 4. Final BH mass for different prescriptions for BH spins at birth in
Models 8-9, compared to Model 1. The cluster metallicity is fixed to
Zcy, = 0.0001, and the primordial binary fraction of massive stars is set to f;, . = 0.

escape speed in Model 8, resulting in the ejection of the
growing seed. Note also that while Model 9 produces a mass
spectrum that is consistent with the mass spectrum from Model
1, the probability of forming massive BHs is about 1.5 times
smaller than Model 1. The reason has again to be found in the
typical BH spins, which are ~0.1 in Model 9, while BHs are
assumed to be born nonspinning in Model 1.

3.1.4. Initial Seed Mass

In Models 10-13, we consider how the final BH mass
depends on the initial seed mass M;,;. We assume that the
growing seed has an initial mass of 50 M., 100 M., 150 M.,
and 200 M., respectively. In these models, the cluster metallicity
is fixed to Zcp =0.0001, the primordial binary fraction of
massive stars to is set to f, « =0, and BHs are assumed to be
born nonspinning. We show the results in Figure 5. We find that
the larger the initial seed mass, the larger the final BH mass.
Moreover, about 2%, 11%, 22%, and 34% of the runs produce a
BH with final mass > 1000 M., for M;,; = 50 M., 100 M,
150 M., and 200 M., respectively (see Table 2). Therefore, if
clusters are born with a massive seed (e.g., Kremer et al. 2020a;
Gonzdlez et al. 2021; Weatherford et al. 2021), they can grow
efficiently to >10° M....

3.1.5. Cluster Evolution

In our approach, we have ignored the possible evolution of the
global properties of the NSCs. While there is not a straightforward
way to model the cosmic evolution of NSCs, we can adopt a
simplified model (Model 1E in Table 2) similar to what is
sometimes done for GCs, which experience a less complex
evolution. Specifically, we follow Hénon’s principle to model the
global properties of a cluster and assume that the heating rate from
BH binaries in the core has to balance the energy flow into the
whole cluster (Hénon 1961). We model the heating rate of the star
cluster as a function of time as (Gieles et al. 2011; Alexander &
Gieles 2012; Antonini & Gieles 2020; Antonini et al. 2019)
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Figure 5. Final BH mass for different values of the initial seed mass in Models
10-13. The cluster metallicity is fixed to Zcp = 0.0001, and the primordial
binary fraction of massive stars is set to f;, . = 0. BHs are assumed to be born
nonspinning.
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Hénon’s principle imposes that the required heating rate of the
cluster is balanced with the loss of energy from the BH binaries
in the core, and we assume that the binary containing the
growing seed dominates the heating at all times. Therefore, we
require that Ey;, (t) = —E (1), where Ey, (¢) is the rate of energy
loss from the binary. From the previous equation, it follows
that the timescale during which the binary exists and dynamical
interactions dominate the energy flow of the cluster is given by
(Antonini et al. 2019)

GMm,
2max(aej, agw)E (1)

(35)

Tbin =

Again, max(a., agw) (see Equations (21)-(22)) is the
semimajor axis at which the hardening interactions stop as a
result of either a merger or the ejection of the binary. Now, agw
is computed by requiring that the rate of energy loss due to
dynamical hardening equals that due to GW radiation’

® Note that we are ignoring the factor of (1 — eg)~7/1°, which is of order

unity.
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(Antonini et al. 2019):

(Mm2)>(M + m>) Ms(km s™1)2 Myr~! 1/5

M3 Epin(1)

acw = 0.01
(36)

From Equation (35), we estimate the timescale for the binary to
shrink to max(a.j, agw); if ae¢j > agw, the binary is ejected
from the cluster halting further growth, otherwise the merger
happens in the cluster. Note that in this framework the escape
velocity decreases as a function of time as the cluster evolves:

3 o~ -3
vesc(r)=vesc,o(E i +1) , 37)

where ves o 1s the initial escape velocity.

Figure 6 compares the final BH mass obtained in Model 1 to
the same model when a model (Equation (32)) for cluster
evolution is taken into account. We find that including cluster
evolution does not change significantly our results for
masses < 100 M. On the other hand, the likelihood of
producing a BH with a final mass of 22 100 M., decreases by
a factor of a few (see Table 2), owing to a typically longer
binary heating rate (with respect to the binary shrinking rate
computed with no cluster evolution) and decreasing cluster
escape velocity.

3.2. Black Holes in the Mass Gap

Here we show how our semianalytical framework predicts
BH mergers in the mass gap. As an example, we explore the
possibility that a system like GW190521 formed through
multiple mergers. We show in Figure 7 (top panel) the mass of
the secondary versus primary component of binary BH mergers
in Model 1, when the secondary BH masses are drawn from the
range [Mmin gu, /M]. This assumption is important because the
maximum BH mass, even at low metallicity, is around 50 M,
in our models, which requires the secondary of GW190521 to
be the product of a previous merger as well (e.g., Fragione et al.
2020; Kimball et al. 2020, 2021; Mapelli et al. 2021). We also
show the estimated component masses of GW190521 (Abbott
et al. 2020a). Our results confirm that repeated mergers in
dense star clusters are able to match the component masses of
GW190521. Recently, Nitz & Capano (2021) reanalyzed the
data of the LVK collaboration with a new waveform allowing
for more extreme mass ratios and found that GW190521 is
consistent with an intermediate-mass ratio inspiral with primary
mass 1687¢; M., and secondary mass 1673° M, (see also Mehta
et al. 2021). In this case, the primary mass is not inside the
mass gap, but it is in the IMBH regime, while the secondary
mass could be an ordinary (first-generation) stellar BH. As we
show in the bottom panel of Figure 7, GW190521 would then
be more consistent with Model 1 when the secondary BH
masses are drawn in the range [# i, BH, Mmax,BH], aS appro-
priate to the cluster metallicity Zcy .

3.3. Globular Clusters

For comparison, Models 14-16 represent GCs as host star
clusters. For these models we draw the total masses from a log-
normal distribution with mean (log,,(Mc1./ M)) = 5.3 and
standard deviation 0.4 (Harris 1996). Following Gnedin et al.
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Figure 6. Final BH mass in Models 1 without (black solid) and with (orange
dashed) cluster evolution. The cluster metallicity is fixed to Z¢p = 0.01, and the

primordial binary fraction of massive stars is set to f;, = 0, while BHs are
assumed to be born nonspinning.

(2014), we adopt the average density at the half-mass radius
103 M, pc—3

2
103(10?4M ) Mg pc=3 for10° M, < M < 10° M,
o

for M < 10° Mg

Pn =

10° M, pc3 forM > 10° M,

(38)
The above equation limits p, to 10°M.pc > in the most
massive clusters, which is about the highest observed half-mass
density. The cluster primordial binary fraction for massive
stars is set to f, 4 =0, while BHs are assumed to be born
nonspinning.

We show the final BH mass for different values of the cluster
metallicity for GCs in Figure 8 and compare to the results from
Models 1-3. We find that only about 3% and 2% of the runs
produce a BH more massive than 100 M, for Z¢ = 0.0001 and
0.001, while none in the case of solar metallicity (see Table 2).
The reason is of course that GCs have lower escape speeds
compared to NSCs and the recoil kick can eject the growing
seed easily, halting further growth.

4. Discussion and Conclusions

Our methodology is based on some approximations and
assumptions. We discuss them in the following section and
conclude with a brief summary of our main results.

4.1. Caveats against and Improvements in Current
Methodology

In our models, we have sampled the masses and half-mass radii
of NSCs from Equations (8)—(9), which are calibrated over
observations of NSCs in the local universe (Georgiev et al. 2016).
We have assumed that these properties have not evolved during
the lifetime of a given NSC. However, star clusters expand as a
consequence of two-body relaxation and lose mass (and expand)
as a result of dynamical ejections and stellar evolution. For
example, the fraction of mass in stars that turn into BHs is about

10
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Figure 7. Mass of the secondary vs. primary component of BBH mergers in
Model 1, when the secondary BH masses are drawn from the range
[MminBu, M] (top) and the range [ pmin BH, Mmax pul (bottom). We also report
the estimated component masses of GW190521 from the LVK collaboration
(Abbott et al. 2020a) and from Nitz & Capano (2021).

11% for a canonical (Kroupa 2001) IMF. For low metallicities,
about two-thirds of the progenitor mass will be lost during stellar
evolution, while this fraction is about nine-tenths for solar
metallicity (e.g., see Figure 1 in Fragione et al. 2020). Therefore, a
given cluster will lose about 7% and 10% of its initial mass for
low and solar metallicities, respectively, when BH progenitors
collapse and form BHs. This mass loss (along with the mass lost
by other stars) will cause the star cluster to expand during its
lifetime. Cluster expansion tends to lower the cluster mass and
density, which in turn could prevent the growth of a massive seed
(e.g., Antonini et al. 2019). However, episodes of core collapse
and of gravothermal oscillations could temporarily increase the
central density, which could result in an enhancement of the
growth of the BH seed (e.g., Breen & Heggie 2013). Therefore,
the overall effect of including the evolution of the NSC is difficult
to predict.

While the previous discussion essentially assumes that an NSC
is isolated, other important factors could be relevant to place a
population of NSCs in the proper galactic and cosmological
context. For example, we do not model the evolution of NSCs
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Figure 8. Final BH mass for different values of the cluster metallicity for NSCs
(solid) from Models 1-3 and GCs (dotted) from Models 14—16. The primordial
binary fraction in massive stars is set to f;, .. = 0, while BHs are assumed to be
born nonspinning.

using an N-body approach, as this is computationally expensive
and beyond what current codes can handle (e.g., Aarseth 2003;
Giersz 2006; Rodriguez et al. 2022). While there is not a
straightforward way to model the cosmic evolution of NSCs,
various simplified models could be adopted (Gieles et al. 2011;
Antonini et al. 2019). However, NSCs are not isolated
environments on a cosmological scale; as there can be a
continuous supply of stars and gas from the rest of the galaxy
(e.g., Vogelsberger et al. 2014), there could be ongoing star
formation and accretion of smaller star clusters (e.g., Anto-
nini 2014), and SMBHs could be delivered to this region
following galaxy collisions (e.g., Begelman et al. 1980). Note also
that the NSC evolution could be significantly affected by the
presence of an (single or binary) SMBH, especially if SMBH
seeds are formed via direct collapse in the early universe. For
example, SMBHs tend to create a cusp of stars and compact
objects (e.g., Bahcall & Wolf 1976; Hopman & Alexander 2006;
Alexander 2017; Fragione & Sari 2018) and could accrete gas
(e.g., Kroupa et al. 2020; Natarajan 2021), with an AGN
component that could be complementary in some cases (Tagawa
et al. 2021¢).

Finally, we note that we have not included star—star
collisions and stellar runaway mergers. These processes could
play a role because a massive BH seed could form from the
collapse of a very massive star and, eventually, further
accretion (e.g., Portegies Zwart & McMillan 2002; Inayoshi
et al. 2020; Kremer et al. 2020a; Tagawa et al. 2020b; Di Carlo
et al. 2021). These processes could possibly be enhanced in the
case of a large primordial binary fraction of massive stars
(Gonzilez et al. 2021) and in the case of a top-heavy initial
mass function (Weatherford et al. 2021). Tidal captures of stars
may also lead to the formation of a massive BH (Stone et al.
2017a). For the typical masses and sizes of the NSCs in our
sample, the timescales for this process and repeated mergers
could be comparable. However, the tidal capture process relies
on the assumption that a few BHs lurk in the core, which might
not be the case because the BH-burning process, which ejects
most of the cluster BHs, could last more than a Hubble time for
a typical NSC (e.g., Kremer et al. 2020b).
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Despite all of the above limitations, our model gives general
scenarios for the formation of massive BHs through repeated
mergers in dense star clusters and the population of ejected
BHs (see also Fragione & Silk 2020). Importantly, we have
drawn masses and half-mass radii of NSCs consistently with
observations (Georgiev et al. 2016), weighting their abun-
dances using the distribution of galaxies in the local universe
(Furlong et al. 2015). This procedure is crucial to ensure the
correct sampling and correlation of the distributions of NSC
parameters because their masses and sizes are closely related.
While our analysis still lacks a detailed prescription for the
evolution of the background cluster, we have included some
treatment of our dense star clusters as a multizone model,
using the three-parameter potential-density pair of Stone &
Ostriker (2015).

We have fully integrated for the first time a (single and binary)
stellar evolution code with the underlying dynamical model. We
note that our current stellar evolutionary code includes the most
up-to-date prescriptions for stellar winds and remnant formation
(Banerjee et al. 2020). This allows us to compute a realistic BH-
mass spectrum for any cluster metallicity and to determine BH
spins at birth from fits to stellar tracks (Eggenberger et al. 2008;
Paxton et al. 2011, 2015; Ekstrom et al. 2012). Both the
distributions of initial BH masses and spins are fundamental to
determine if a massive seed can grow as a result of hierarchical
mergers. For the sake of versatility, our method also includes the
possibility of including an initial BH seed (with a given spin),
which might be the end product of a very massive star formed
via stellar mergers (e.g., Portegies Zwart & McMillan 2002;
Kremer et al. 2020a; Di Carlo et al. 2021; Gonzalez et al. 2021).

Finally, we note that our scheme still lacks the time
evolution of the BH-mass spectrum, which can be modified
over time by the dynamical ejection of BHs. Also, we take into
account only mergers between our growing seed and first-
generation BHs, ignoring the possible contributions of
secondaries from a previous merger. Finally, we assume that
our processes take place after an average timescale, which
could be in principle be replaced by direct integration of the
few-body interaction continuously experienced by the growing
seed. We leave the detailed exploration and implementation of
each of these improvements to future work.

4.2. Summary

The mass spectrum of BHs is among the most hotly debated
topics in modern astrophysics. Current stellar evolution models
predict a dearth of BHs with masses 2> 50 M, and, even though
the LVK collaboration has detected almost 50 BBHs, the exact
shape of the BH-mass spectrum remains a mystery.

In this paper, we have presented a semianalytic framework to
investigate hierarchical mergers in dense star clusters, expand-
ing upon the method originally developed in Fragione & Silk
(2020). Our method allows us to rapidly study the outcomes of
hierarchical mergers in dense star clusters and probe how they
are affected by the cluster masses, densities, metallicities, and
primordial binary fractions and by the different assumptions on
the BH-mass spectrum and spins.

We have studied repeated mergers, BHs in the mass gap, and
the formation of IMBHs in a population of NSCs. We have
shown that a BH seed can grow up to ~10° M.~10* M, as a
result of repeated mergers with stellar BHs. We have found that
the smaller the cluster metallicity, the larger is the typical final
BH mass. Moreover, we have confirmed that the spin of the
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BHs tends to decrease with the number of mergers and, as a
result, more massive BHs have typically smaller spins. We
have also found that the primordial binary fraction in massive
stars does not have a significant impact on our results, while the
choice of the BH spin model is crucial, with low birth spins
leading to the production of a larger population of massive
BHs. We have also illustrated that GW 190521 can be born as a
result of hierarchical mergers in an NSC. Finally, we have
discussed that, unlike NSCs, GCs are not massive and dense
enough to retain the merger remnant after a recoil kick is
imparted, and a BH seed cannot grow significantly in mass via
repeated mergers with other BHs.
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