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Stability threshold of two-dimensional Couette flow
in Sobolev spaces

Nader Masmoudi and Weiren Zhao

Abstract. We study the stability threshold of the two-dimensional Couette flow in Sobolev spaces
at high Reynolds number Re. We prove that if the initial vorticity �in satisfies k�in � .�1/kH � �

"Re�1=3, then the solution of the two-dimensional Navier–Stokes equation approaches some shear
flow which is also close to Couette flow for time t� Re1=3 by a mixing-enhanced dissipation effect,
and then converges back to Couette flow when t ! C1.

1. Introduction

In this paper, we consider the two-dimensional incompressible Navier–Stokes equations
in T � R: 8̂̂<̂

:̂
@tV C V � rV CrP � ��V D 0;

r � V D 0;

V jtD0 D Vin.x; y/;

(1.1)

where � denotes the viscosity, which is the multiplicative inverse of the Reynolds num-
ber Re. We denote by V D .V 1; V 2/ and P the velocity and the pressure of the fluid
respectively. Let � D @xV

2 � @yV
1 be the vorticity, which satisfies

�t C V � r� � ��� D 0: (1.2)

The Couette flow .y; 0/ is a steady solution of (1.1).
Now we introduce the perturbation: let � D ! � 1 and V D .y; 0/C .U x ; U y/; then

! D @xU
y � @yU

x satisfies´
@t! C y@x! � ��! D �U � r!;

!jtD0 D !in.x; y/;
(1.3)

and U D .U x ; U y/ D .�@y ; @x / with � D !.
The study of (1.3) for small perturbations is an old problem in hydrodynamic stability,

considered by both Rayleigh ([37]) and Kelvin ([28]), as well as by many modern authors
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with new perspectives (see e.g. the classical texts [19, 45] and the references therein).
Rayleigh and Kelvin both studied the linearization of (1.3), which is simply8̂̂<̂

:̂
@t! C y@x! � ��! D 0;

� D !;

!jtD0 D !in.x; y/:

(1.4)

Indeed, if we denote by y!.t; k; �/ the Fourier transform of !.t; x; y/, then the solution of
(1.4) can be written as

y!.t; k; �/ D y!in.k; �C kt/ exp
�
��

Z t

0

jkj2 C j� � ks C kt j2 ds

�
;

y .t; k; �/ D
�y!in.k; �C kt/

k2 C �2
exp

�
��

Z t

0

jkj2 C j� � ks C kt j2 ds

�
;

(1.5)

which gives

k@yP¤ kL2 C htik@xP¤ kL2 � C hti�1e�c�t3

kP¤!inkH 2 ;

kP¤!kL2 � CkP¤!inkL2e�c�t3

;
(1.6)

where here we denote by P¤f D f .x; y/ � 1
2�

R
T f .x; y/ dx the projection to nonzero

mode of f . The first inequality in (1.6) is the inviscid damping and the second one is the
enhanced dissipation. These two results are both related to the vorticity mixing effect.

In [36], Orr observed the important phenomenon that the velocity will tend to 0 as
t ! 1, even for a time reversible system such as the Euler equations (� D 0). This
phenomenon is so-called inviscid damping, which is the analogue in hydrodynamics of
Landau damping found by Landau ([29]), which predicted the rapid decay of the electric
field of the linearized Vlasov equation around homogeneous equilibrium. Mouhot and Vil-
lani ([35]) made a breakthrough and proved nonlinear Landau damping for perturbation in
the Gevrey class (see also [8]). In this case, the mechanism leading to the damping is the
vorticity mixing driven by shear flow or the Orr mechanism ([36]). See [2, 22, 38, 39, 44]
for similar phenomena in various systems. We point out that inviscid damping for general
shear flow is a challenge problem even at the linear level due to the presence of the nonlo-
cal operator for general shear flow. For linear inviscid damping we refer to [20,26,41,46]
for the results of general monotone flows. For nonmonotone flows such as Poiseuille flow
and Kolmogorov flow, another dynamic phenomenon should be taken into consideration,
which is the so-called vorticity depletion phenomenon, predicted by Bouchet and Morita
([12]) and later proved by Wei, Zhang and Zhao ([42, 43]). Due to possible nonlinear
transient growth, it is a challenging task extending linear damping to nonlinear damp-
ing. Even for Couette flow there are only a few results. Moreover, nonlinear damping
is sensitive to the topology of the perturbation. Indeed, Lin and Zeng ([32]) proved that
nonlinear inviscid damping is not true for perturbation of Couette flow in H s for s < 3

2
.

Bedrossian and Masmoudi ([7]) proved nonlinear inviscid damping around Couette flow
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when the perturbation is in Gevrey class 2�. Recently, Deng and Masmoudi ([17]) proved
the instability for initial perturbations in Gevrey class 2C. We refer to [23, 25] and refer-
ences therein for other related interesting results. We also refer to the very recent papers
[24,33], which show that nonlinear inviscid damping holds for general linear stable mono-
tone shear flows. Moreover, it is also observed by Orr that, if we rewrite the linearized
system using the change of coordinates f .t; z; y/ D !.t; z C ty; y/, then the Fourier
transform of the stream function �.t; z; y/ D  .t; z C yt; y/ is

y�.t; k; �/ D
Of .t; k; �/

.� � kt/2 C k2
: (1.7)

The denominator of (1.7) is minimized at t D �
k

which is known as the Orr critical time.
The second phenomenon — enhanced dissipation — is sometimes referred to by mod-

ern authors as the “shear-diffusion mechanism”. This decay rate is much faster than the
diffusive decay of e��t . The mechanism leading to the enhanced dissipation is also due to
vorticity mixing.

However, for the nonlinear system the Orr mechanism is known to interact poorly
with the nonlinear term, creating a weakly nonlinear effect referred to as an echo. The
basic mechanism is straightforward: a mode that is near its critical time is creating most
of the velocity field and, at this point, it can interact with a part of enstrophy which is
already mixed to transfer enstrophy to a mode which is un-mixing. When this third mode
reaches its critical time, the result of the nonlinear interaction becomes very strong (the
time delay explains the terminology “echo”). There are two necessary ways to control
(compete against) the echo cascades. One is to assume enough smallness of the initial per-
turbations such that the rapid growth of the enstrophy may not happen before the enhanced
dissipative time scale ��

1
3 . The other is to assume enough regularity (Gevrey class) of the

initial perturbations that one can pay enough regularity to control the growth caused by
the echo cascade.

In this work, we are interested in the first method to stabilize the system and studying
the long time behavior of (1.3) for small initial perturbations !in. We aim to find the
largest perturbation (threshold) in Sobolev spaces below which Couette flow is stable.
More precisely, we are studying the following classical question:

Given a norm k � kX , find a � D �.X/ such that

k!inkX � ��
) stability;

k!inkX � ��
) instability:

Another interesting question that is related to this problem is nonlinear enhanced dissipa-
tion and inviscid damping, which can be proposed in the following two ways:

1. Given a norm k � kX .X � L2/, determine a �D �.X/ such that for k!inkX � ��

and for t > 0,

k!¤kL2
x;y

� Ck!inkXe
�c�

1
3 t and kV¤kL2

t;x;y
� Ck!inkX ; (1.8)



N. Masmoudi and W. Zhao 248

or the weak enhanced-dissipation-type estimate

k!¤kL2
t L2

x;y
� C��

1
6 k!inkX (1.9)

holds for the Navier–Stokes equations (1.3).

2. Given �, is there an optimal function space X � L2 so that if the initial vorticity
satisfies k!inkX � ��, then (1.8) or (1.9) holds for the Navier–Stokes equations
(1.3)?

These two problems (find the smallest � or find the largest function space X ) are related
to each other, since one can gain regularity in a short time by a standard time–weight
argument if the initial perturbation is small enough.

We summarize the results as follows:

• For�D 0, Bedrossian, Masmoudi and Vicol ([9]) showed that ifX is taken as Gevrey-
m with m < 2, then Couette flow is stable and (1.9) holds.

• For � D
1
2

, Bedrossian, Vicol and Wang ([10]) proved that Couette flow is stable, as
well as nonlinear enhanced dissipation and inviscid damping for perturbation of initial
vorticity in H s , s > 1.

• For � D
1
2

, recently in [34], we proved nonlinear enhanced dissipation and inviscid
damping for perturbation of initial vorticity in the almost critical space H log

x L2
y �

L2
x;y .

Let us also mention some other recent progress on the stability problem of different
types of shear flows in different domains:

• Three-dimensional Couette flow in T � R � T : If X is taken as a Sobolev space,
then � D 1 gives stability ([3–5, 40]). Also see the very recent paper [15] for three-
dimensional Couette flow in a finite channel.

• Two-dimensional Couette flow in a finite channel: If X is taken as a Sobolev space,
then � D

1
2

gives stability ([6, 13, 14, 18]).

• Other shear flows: See [16, 20, 21, 30, 31, 43].

In this paper, we find a smaller � (D 1
3

) such that Couette flow is stable, and nonlinear
enhanced dissipation and inviscid damping hold, whenX is taken as a Sobolev space. Our
main result is stated as follows:

Theorem 1.1. For � � 40, � > 0, there exist 0 < "0; �0 < 1, such that for all 0 < � � �0

and 0 < " � "0, if !in satisfies k!inkH � � "�
1
3 , then the solution !.t/ of (1.3) with initial

data !in satisfies the following properties:

1. Global stability in H � ,

k!.t; x C ty Cˆ.t; y/; y/kH � � C"�
1
3 ; (1.10)

where ˆ.t; y/ is given explicitly by

ˆ.t; y/ D

Z t

0

e�.t��/@2
y

�
1

2�

Z
T
U x.�; x; y/ dx

�
d�:
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2. Inviscid damping,

kP¤U
x
k2 C htikU y tk2 �

C"�
1
3

h�t3i
hti�1: (1.11)

3. Weak enhanced dissipation,

kP¤!.t/k2 �
C"�

1
3

h�t3i
: (1.12)

The constant C is independent of � and ".

Remark 1.2. By replacing D.t; �/ by D.t; �/˛ with ˛ � 1 in the proof and assuming
� large enough (depending on ˛), one can obtain stronger enhanced dissipation of the
following form:

kP¤!.t/k2 �
C"�

1
3

h�t3i˛
: (1.13)

However, weak enhanced dissipation of the same decay rate as in Theorem 1.1 is enough
for the proof of Sobolev stability. Both (1.12) and (1.13) are far from the exponential
decay of the linear case.

It is natural to ask whether the exponent 1
3

is sharp for stability with perturbations
of finite regularity. In the proof, we show some evidence for the sharpness. There are
two basic mechanisms leading to asymptotic stability: one is enhanced dissipation, the
other is inviscid damping. Both will help us to estimate the accumulation of errors from
the nonlinear interactions. We also face the following two facts: (1) Enhanced dissipation
happens when t� ��

1
3 . (2) We need to pay regularity to obtain inviscid damping. In order

to prove stability with perturbation of finite regularity, we cannot use inviscid damping for
free. So, roughly speaking, if we assume the perturbation is of size "��, then the nonlinear
term is of size "2�2� and this error will accumulate in the time interval. This is the time
interval before the enhanced dissipation starts. Thus, if we want the perturbation to stay of
the same size as the initial data "��, we need "2�2�� 1

3 � "��, which gives us � �
1
3

. Of
course, one can also allow the perturbation to grow to a different size. Indeed, from our
proof (see (2.23)) one finds that the size of the coordinate system grows from �

1
3 to �

1
6 .

For two-dimensional Couette flow in the finite channel T � Œ�1; 1�, in [14] the authors
proved that � D

1
2

gives stability in Sobolev space, when the boundary effect is taken
into consideration. It remains a very interesting problem whether the threshold can be
improved to � D

1
3

in the finite channel case.
Let us now outline the main ideas in the proof of Theorem 1.1. First, we provide a

(well-chosen) change of variable that adapts to the solution as it evolves and yields a new
“relative” velocity which is time integrable. Second, we will construct a new multiplier
that can be regarded as a ghost weight in phase space and that will help us control the
growth caused by echo cascades.
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2. Proof of Theorem 1.1

In this section we will present several key propositions and complete the proof of Theorem
1.1 by admitting those propositions.

2.1. Notation and conventions

See Section A.1 for the Fourier analysis conventions we are taking. A convention we gen-
erally use is to denote the discrete x (or z) frequencies as subscripts. By convention we
always use Greek letters such as � and � to denote frequencies in the y or v direction and
lowercase Latin characters commonly used as indices such as k and l to denote frequen-
cies in the x or z direction (which are discrete). Another convention we use is to denote
M , N , K as dyadic integers M;N;K 2 D, where

D D
®

1
2
; 1; 2; 4; 8; : : : ; 2j ; : : :

¯
:

When a sum is written with indices K, M , M 0, N or N 0 it will always be over a subset
of D. We will use the same A for Af D .A.�/ Of .�//_ or A Of D A.�/ Of .�/, where A is a
Fourier multiplier.

We use the notation f . g when there exists a constant C > 0 independent of the
parameters of interest such that f � Cg (we define g & f analogously). Similarly, we
use the notation f � g when there exists C > 0 such that C�1g � f � Cg.

We will denote the l1 vector norm jk; �j D jkj C j�j, which by convention is the norm
taken in our work. Similarly, given a scalar or vector in Rn we denote

hvi D .1C jvj2/
1
2 :

We use similar notation to denote the x or z average of a function:

hf i D
1

2�

Z
T
f .x; y/ dx D f0:

We also frequently use the notation f¤ D P¤f D f � f0. We denote the standard L2

norms by k � k2. The norm of the Sobolev space H � is given by

kf kH � D k.h�i� Of /_k2

The norm space-time Sobolev space Lp
T .H

� / is given by

kf kL
p
T .H � / D

8̂̂<̂
:̂

sup
t 02Œ1;t�

kf .t 0/kH � ; p D 1;�Z t

1

kf .t 0/k
p
H � dt

0

� 1
p

; 1 � p <1:

For jmj D 0; 1; 2; : : : ; and m� � 0, let

tm;� D
2�

2mC 1
: (2.1)
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We then use
Im;�

def
D Œtm;�; tm�1;�� (2.2)

for m D 1; 2; : : : ; to denote any resonant interval and its left and right parts with
� � .2m C 1/m. For j�j � 3, we denote by E.

p
j�j/ the largest integer satisfying

.2E.
p
j�j/C 1/E.

p
j�j/� j�j and thenE.

p
j�j/�

p
j�j. Let t .�/D 2�

2E.
p
j�j/C1

�
p
j�j

be the start of the resonant interval. Then we denote by

It .�/
def
D Œt .�/; 2j�j� D

E.
p

�/[
mD1

Im;� (2.3)

the whole resonant interval.
For a statement Q, 1Q or �Q will denote the function that equals 1 if Q is true and 0

otherwise.

2.2. Coordinate transform

We will use the same change of coordinates as in [9], which allows us to simultaneously
“mod out” by the evolution of the time-dependent background shear flow and treat the
mixing of this background shear as a perturbation of Couette flow (in particular, to under-
stand the nonlinear effect of the Orr mechanism).

The change of coordinates used is .t; x; y/! .t; z; v/, where z.t; x; y/D x � tv.t; y/

and v.t; y/ satisfies

.@t � �@yy/.t.v.t; y/ � y// D hU x
i.t; y/;

with initial data limt!0 t .v.t;y/� y/D 0, and where hU xi.t;y/D 1
2�

R
T U

x.t; x;y/dx.
We define the following quantities:

C.t; v.t; y// D v.t; y/ � y; (2.4)

v0.t; v.t; y// D .@yv/.t; y/; (2.5)

v00.t; v.t; y// D .@yyv/.t; y/; (2.6)

Œ@tv�.t; v.t; y// D .@tv/.t; y/; (2.7)

f .t; z.t; x; y/; v.t; y// D !.t; x; y/; (2.8)

�.t; z.t; x; y/; v.t; y// D  .t; x; y/; (2.9)

Qu.t; z.t; x; y/; v.t; y// D U x.t; x; y/: (2.10)

Thus we get

�t�
def
D @zz� C .v0/2.@v � t@z/

2� C v00.@v � t@z/� D f; (2.11)

and
@tf C Œ@tv�@vf � �v00t@zf C v0r?

z;vP¤� � rz;vf D ��tf; (2.12)

where r?
z;v D .�@v;@z/, rz;v D .@z ;@v/,P¤�D� � h�i, Qu0.t;v/D

1
2�

R
T2�

Qu.t;z;v/dz.
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We also obtain

@t Qu0 C Œ@tv�@v Qu0 C hv0r?
z;vP¤0� � r Qui D ��t Qu0: (2.13)

Define the auxiliary function

g.t; v/ D
1

t
. Qu0.t; v/ � C.t; v//;

which implies that

Œ@tv� D g C �v00;

v0@vC.t; v/ D v0.t; v/ � 1;

@tC C Œ@tv�@vC D Œ@tv�;

v0@vv
0
D v00 D �tC;

and that g satisfies

@tg C
2g

t
C g@vg D �

v0

t
hr

?
z;vP¤� � rz;v Qui C �.v0/2@vvg: (2.14)

If we denote h D v0 � 1, we get

@thC g@vh D
�f0 � h

t
C � z�th: (2.15)

Let Nh D
�f0�h

t
; thus we obtain

@t
NhC g@v

Nh D �
2

t
NhC

v0

t
hr

?
z;vP¤� � rz;vf i C � z�t

Nh: (2.16)

It gives
@tf C u � rz;vf D � z�tf; (2.17)

where

u.t; z; v/ D

�
0

g

�
C v0r?

z;vP¤�

and z�tf D @zzf C .v0/2.@v � t@z/
2f .

By the change of the coordinates we reduce our problem to studying the following
system: 8̂̂̂<̂

ˆ̂:
@tf C u � rz;vf D � z�tf;

u.t; z; v/ D

�
0

g

�
C v0r?

z;vP¤�;

�t� D f; v00 D v0@vv
0; h D v0 � 1;

(2.18)
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ˆ̂̂<̂
ˆ̂̂̂̂̂:

@tg C
2g

t
C g@vg D �

v0

t
hr

?
z;vP¤� � rz;v Qui C �.v0/2@vvg;

@t
NhC

2

t
NhC g@v

Nh D
v0

t
hr

?
z;vP¤� � rz;vf i C �.v0/2@vv

Nh;

@thC g@vh D NhC �.v0/2@vvh;

Qu D �v0.@v � t@z/�:

(2.19)

2.3. Main energy estimate

In light of the previous section, our goal is to control the solution to (2.18) and (2.19)
uniformly in a suitable norm as t ! 1. The key idea we use for this is the carefully
designed time-dependent norm written as

kA� .t;r/f k2
2 D

X
k

Z
�

jA�
k .t; �/

Ofk.t; �/j
2 d�;

where A�
k
.t; �/ is defined in (3.9).

We also introduce another time-dependent norm for 8 � s � � � 10:

kAs
E .t; @k ; @v/f k

2
2 D

X
k¤0

Z
�

jAs
E .t; k; �/

Ofk.t; �/j
2 d�;

which quantifies the enhanced dissipation effect with

As
E .t; k; �/ D hk; �isD.t; �/;

with
D.t; �/ D

1

3
�j�j3 C

1

24
�.t3 � 8j�j3/C:

Here E stands for enhanced dissipation.
We define our higher Sobolev energy:

E� .t/ D
1

2
kA� .t/f .t/k2

2 C Ev.t/; (2.20)

where

Ev.t/ D kgk2
H � C �

1
3 khk2

H � C �
1
3 k Nhk2

H � C khk2
H ��1 C k Nhk2

H ��1 : (2.21)

By well-posedness theory for two-dimensional Navier–Stokes equations in Sobolev
spaces we may safely ignore the time interval (say) Œ0; 1� by further restricting the size of
the initial data. That is, we have the following lemma.

Lemma 2.1. For " > 0, � > 0 and � � 40, there exists "0 > 0 independent of � such that
if k!inkH � � "0�

1
3 , then

sup
t2Œ0;1�

E� .t/ � ."�
1
3 /2:
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We define the following controls referred to in the sequel as the bootstrap hypotheses
for t � 1.

Higher regularity: main system.

kA�f .t/k2
2 C �

Z t

1



p��LA
�f .t 0/



2

2
dt 0 C

Z t

1

CKw.t
0/ dt 0 � .8"�

1
3 /2; (2.22)

where the CK stands for “Cauchy–Kovalevskaya”,

CKw.t/ D
X

k

Z
@twk.t; �/

wk.t; �/
jA�

k .t; �/
Ofk.t; �/j

2 d�:

Higher regularity: coordinate system.

htikgkH � C

Z t

1

kg.t 0/kH � dt 0 � 8"�
1
3 ;

t3kA� Nh.t/k2
2 C

Z t

1

t 03







s
@tw.r/

w.r/
A� Nh







2

2

dt 0

C
1

4

Z t

1

t 02kA� Nhk2
2 dt

0
C
1

4
�

Z t

1

t 03k@vA
� Nhk2

2 dt
0
� 8"."�

1
6 /2;

kh.t/k2
H � C �

Z t

1

k@vh.t
0/k2

H � dt
0
� 8.10"�

1
6 /2:

(2.23)

Lower regularity: enhanced dissipation.

kAs
Ef .t/k

2
2 C

2

5
�

Z t

1



p��LA
s
Ef .t

0/


2

2
dt 0 � .8"�

1
3 /2: (2.24)

Lower regularity: decay of the zero mode.

hti4
kg.t/k2

H ��6 C �

Z t

1

t 04k@vg.t
0/k2

H ��6 dt
0
� .8"�

1
3 /2;

hti4
k Nh.t/k2

H ��6 C �

Z t

1

t 04k@v
Nh.t 0/k2

H ��6 dt
0
� .8"�

1
3 /2; (2.25)

kf0k
2
H s C

t�

2
k@vf0k

2
H s C �

Z t

1

�
k@vf0.t

0/k2
H s C

t 0�

2
k@vf0.t

0/k2
H s

�
dt 0 � .8"�

1
3 /2:

Assistant estimates.

htik NhkH ��1 C

Z t

1

k Nh.t 0/kH ��1 dt 0 � 8"�
1
3 ;

kh.t/k2
H ��1 C �

Z t

1

k@vh.t
0/k2

H ��1 dt
0
� 8.10"�

1
3 /2:

(2.26)
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The next proposition follows from the bootstrap hypotheses, elliptic estimates and the
properties of the multipliers A� and As

E .

Proposition 2.2. Under the bootstrap hypotheses, the following inequalities hold:

kf kH � C �
1
2



p��Lf




L2
T .H � /

C







s
@tw.r/

w.r/
f







L2

T .H � /

. "�
1
3 ; (2.27)

kf¤kH s C �
1
2



p��Lf¤




L2
T .H s/

.
"�

1
3

h�t3i
; (2.28)

and the inviscid damping results

kP¤�kH ��4 .
"�

1
3

ht2i
; k Qu¤kH ��3 .

"�
1
3

hti
: (2.29)

This proposition together with Lemma A.2 implies Theorem 1.1.

Proof. By Lemma 3.3, we getA�
k
.t;�/�hk;�i� . Thus we have kA�f k2 �kf kH � which

implies (2.27).
By Lemma 3.4, we getD.t; �/ & �t3, thus kAs

Ef k2 & �t3kf kH s which gives (2.28).
The inviscid damping result (2.29) follows from Lemmas 4.1 and 4.2.

For enhanced dissipation and inviscid damping in the Sobolev norm, we also have the
following remark.

Remark 2.3. Under the bootstrap hypotheses, it holds that

k!¤.t; x C ty Cˆ.t; y/; y/kH s .
"�

1
3

h�t3i

and

kU y.t; x C ty Cˆ.t; y/; y/kH ��4 .
"�

1
3

ht2i
;

kU x
¤
.t; x C ty Cˆ.t; y/; y/kH ��4 .

"�
1
3

hti
:

Recall that

f .t; z.t; x; y/; v.t; y// D !.t; x; y/

) !.t; x C ty Cˆ.t; y/; y/ D f .t; x; v.t; y//;

Qu.t; z.t; x; y/; v.t; y// D U x.t; x; y/

) U x.t; x C ty Cˆ.t; y/; y/ D Qu.t; x; v.t; y//;

@z�.t; z.t; x; y/; v.t; y// D U y.t; x; y/

) U y.t; x C ty Cˆ.t; y/; y/ D .@z�/.t; x; v.t; y//:

The remark follows directly from (2.28), (2.29), the composition Lemma A.2 and the
bootstrap hypotheses for the regularity of the coordinate system.
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By Lemma 2.1, for the rest of the proof we may focus on times t � 1. Let I � be
the connected set of times t � 1 such that the bootstrap hypotheses (2.22)–(2.26) are all
satisfied. We will work on regularized solutions for which we know E� .t/ takes values
continuously in time, and hence I � is a closed interval Œ1; T �� with T � � 1. The boot-
strap is complete if we show that I � is also open, which is the purpose of the following
proposition, the proof of which constitutes the majority of this work.

Proposition 2.4. For � � 40, � > 0 and 8 � s � � � 10, there exist 0 < "0; �0 < 1, such
that for all 0 < � � �0 and 0 < " � "0, such that if on Œ1; T �� the bootstrap hypotheses
(2.22)–(2.26) hold, then for any t 2 Œ1; T ��, we have the following properties:

1. Vorticity boundedness:

kA�f .t/k2
2 C �

Z t

1



p��LA
�f .t 0/



2

2
dt 0 C

Z t

1

CKw.t
0/ dt 0 � .6"�

1
3 /2:

2. Control of coordinates system:

htikgkH � C

Z t

1

kg.t 0/kH � dt 0 � 6"�
1
3 ;

t3kA� Nh.t/k2
2 C

Z t

1

t 03




r@tw

w
Nh





2

H �

dt 0

C
1

4

Z t

1

t 02kA� Nhk2
2 dt

0
C
1

4
�

Z t

1

t 03k@vA
� Nhk2

2 dt
0
� 6"."�

1
6 /2;

kh.t/k2
H � C �

Z t

1

k@vh.t
0/k2

H � dt
0
� 6.10"�

1
6 /2:

3. Enhanced dissipation:

kAs
Ef .t/k

2
2 C

2

5
�

Z t

1



p��LA
s
Ef .t

0/


2

2
dt 0 � .6"�

1
3 /2;

4. Decay of the zero mode:

hti4
kg.t/k2

H ��6 C �

Z t

1

t 04k@vg.t
0/k2

H ��6 dt � .6"�
1
3 /2;

hti4
k Nh.t/k2

H ��6 C �

Z t

1

t 04k@v
Nh.t 0/k2

H ��6 dt � .6"�
1
3 /2;

kf0.t/k
2
H s C

t�

2
k@vf0k

2
H s C �

Z t

1

�
k@vf0.t/k

2
H s C

t 0�

2
k@vf0.t

0/k2
H s

�
dt 0 � .6"�

1
3 /2:

5. Assistant estimate:

htik NhkH ��1 C

Z t

1

k Nh.t 0/kH ��1 dt 0 � 6"�
1
3 ;

kh.t/k2
H ��1 C �

Z t

1

k@vh.t
0/k2

H ��1 dt
0
� 6.10"�

1
3 /2;

from which it follows that T � D C1.
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The remainder of the paper is devoted to the proof of Proposition 2.4, the primary step
being to show that on Œ1; T ��, we have the following estimates:

kA�f .t/k2
2 C �

Z t

1



p��LA
�f .t 0/



2

2
dt 0 C

Z t

1

CKw.t
0/ dt 0

� 2kA�f .1/k2
2 C C"3�

2
3 ; (2.30)

htikgkH � C

Z t

1

kg.t 0/kH � dt 0 � 2kg.1/kH � C C"2�
1
3 ; (2.31)

t3kA� Nh.t/k2
2 C

Z t

1

t 03




r@tw

w
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2

H �

dt 0 C
1

4

Z t

1

t 02kA� Nhk2
2 dt

0

C
1

4
�

Z t

1

t 03k@vA
� Nhk2

2 dt
0
� 2k Nh.1/k2

H � C C"4�
1
3 ; (2.32)

kh.t/k2
H � C �

Z t

1

k@vh.t
0/k2

H � dt
0
� 2kh.1/k2

H � C C"3�
1
3 ; (2.33)

kAs
Ef .t/k

2
2 C

2

5
�

Z t

1



p��LA
s
Ef .t

0/


2

2
dt 0 � 2kAs

Ef .1/k
2
2 C C"3�

2
3 ; (2.34)

hti4
kg.t/k2

H ��6 C �

Z t

1

t 04k@vg.t
0/k2

H ��6 dt
0
� 2kg.1/k2

H ��6 C C"."�
1
3 /2; (2.35)

hti4
k Nh.t/k2

H ��6 C �

Z t

1

t 04k@v
Nh.t 0/k2

H ��6 dt � 2k Nh.1/k2
H ��6 C C"."�

1
3 /2; (2.36)

kf0.t/k
2
H s C

t�

2
k@vf0k

2
H s C �

Z t

1

�
k@vf0.t/k

2
H s C

t 0�

2
k@vf0.t

0/k2
H s

�
dt 0

� 2kf0.1/k
2
H s C �k@vf0.1/k

2
H s C C"3�

2
3 ; (2.37)

htik NhkH ��1 C

Z t

1

k Nh.t 0/kH ��1 dt 0 � 2k Nh.1/kH ��1 C C"2�
1
3 ; (2.38)

kh.t/k2
H ��1 C �

Z t

1

k@vh.t
0/k2

H ��1 dt
0
� 2kh.1/k2

H ��1 C 8k Nhk2
L1

T .H ��1/
C C"3�

2
3 ;

(2.39)

for some constant C independent of "; � and T �. If " is sufficiently small then (2.30)–
(2.39) implies Proposition 2.4.

It is natural to compute the time evolution of the following quantities:

EH;f D kA�f .t/k2
2; EH;g D tkgkH � ; EH; Nh D t3kA� Nhk2

H � ; EH;h D kh.t/k2
H �

and

EL;¤ D kAs
Ef .t/k

2
2; EL;g D t4kg.t/k2

H ��6 ; EL; Nh D t4k Nhk2
H ��6 ;

EL;0 D kf0.t/k
2
H s C

t�

2
k@vf0k

2
H s

and

Eas; Nh D t2k Nhk2
H ��1 ; Eas;h D kh.t/k2

H ��1 ;
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whereH stands for the highest regularity,L stands for the lower regularity and “as” stands
for assistant.

The most difficult part in the proof is to control the energy EH;f . Here we present the
calculations of the time evolution of EH;f . The calculations of the time evolution of EH;g ,
Eas; Nh, Eas;h, EH; Nh and EH;h are in Section 9.1. The calculations of the time evolution of
EL;g and EL; Nh are in Section 9.3. The calculations of the time evolution of EL;¤ and EL;0

are in Section 10.
The rest of this section will give an outline of the proof of (2.30).
The proof of (2.31) can be found in Section 9.1.1.
The proofs of (2.32) and (2.33) can be found in Section 9.2.
The proof of (2.34) can be found in Section 10.1.
The proof of (2.35) can be found in Section 9.3.1.
The proof of (2.36) can be found in Section 9.3.2.
The proof of (2.37) can be found in Section 10.2.
The proofs of (2.38) and (2.39) can be found in Section 9.1.2.
From the time evolution of EH;f we get

1

2

d

dt

Z
T�R

jA�f .t/k2 dv dz

D �CKw �

Z
A�fA� .urf / dz dv C �

Z
A�fA� .z�tf / dz dv; (2.40)

where, as before, CK stands for “Cauchy–Kovalevskaya”,

CKw D

X
k

Z
@twk.t; �/

wk.t; �/
jA�

k .t; �/
Ofk.t; �/j

2 d�: (2.41)

To treat the second term in (2.40), we haveZ
A�fA� .urz;vf / dz dv D �

1

2

Z
r � ujA�f j2 dv dz

C

Z
A�f ŒA� .u � rf / � u � rA�f � dz dv:

Notice that the relative velocity is not divergence-free:

r � u D @vg C @z�@vv
0
D @vg C @zP¤�@vh:

The first term is controlled by the bootstrap hypothesis (2.25). For the second term we
use the elliptic estimates, Lemma 4.1, which show that under the bootstrap hypotheses we
have

kP¤�kH ��4 .
"�

1
3

hti2
: (2.42)
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Therefore, by the Sobolev embedding, � > 40 and the bootstrap hypotheses,ˇ̌̌̌Z
r � ujA�f j2 dv dz

ˇ̌̌̌
. krukL1kA�f k2

2

.
�
kgkH 2 C .1C khkH 2/kP¤�kH 3

�
kA�f k2

2

.
"�

1
3

hti2
kA�f k2

2: (2.43)

To handle the commutator,
R
A�f ŒA� .u � rf /� u � rA�f �dz dv, we use a paraproduct

decomposition. Precisely, we define the three main contributors: transport, reaction and
remainder: Z

A�f ŒA� .u � rf / � u � rA�f � dz dv

D
1

2�

X
N�8

TN C
1

2�

X
N�8

RN C
1

2�
R; (2.44)

where

TN D 2�

Z
A�f ŒA� .u<N=8 � rfN / � u<N=8 � rA�fN � dz dv;

RN D 2�

Z
A�f ŒA� .uN � rf<N=8/ � uN � rA�f<N=8� dz dv;

R D 2�
X

N2D

X
1
8 N�N 0�8N

Z
A�f ŒA� .uN � rfN 0/ � uN � rA�fN 0 � dz dv:

Here N 2 D D ¹
1
2
; 1; 2; 4; : : : ; 2j ; : : :º, gN denotes the N th Littlewood–Paley projection

and g<N means the Littlewood–Paley projection onto frequencies less than N .
For the last term, we get
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Z
A�fA� .z�tf / dz dv D �

Z
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� �

Z
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D ��
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A�f¤A
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2f¤/ dz dv

� �

Z
A�f0A

� ..1 � .v0/2/@2
vf0/ dv
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p��LA

�f


2

2
CE¤

CE0: (2.45)

The next four propositions, together with (2.43), imply (2.30). First, we deal with the
dissipation term. In Section 5 we will prove the following proposition.
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Proposition 2.5. Under the bootstrap hypotheses,

�

Z t

1

�Z
A�fA� .z�tf / dz dv

�
dt 0 � �

7

8
�

Z t

1



p��LA
�f .t 0/



2

2
dt 0 C C"3�

2
3 :

Next we control the transport part. In Section 6 we will prove the following proposi-
tion.

Proposition 2.6. Under the bootstrap hypotheses,Z t

1

X
N�8

jTN .t
0/j dt 0 . " sup

t 02Œ1;t�

kA�f .t 0/k2
2:

Next we control the remainder. In Section 7 we will prove the following proposition.

Proposition 2.7. Under the bootstrap hypotheses,

jR.t/j .
"�

1
3

hti2
kA�f k2

2:

Finally, we control the reaction part. In Section 8 we will prove the following propo-
sition.

Proposition 2.8. Under the bootstrap hypotheses,Z t

1

X
N�8

jRN .t
0/j dt 0 . " sup

t 02Œ1;t�

kA�f .t 0/k2
2 C "

Z t

1

CKw.t
0/ dt 0 C "3�

2
3 :

Let us admit the above propositions and finish the proof of (2.30).

Proof of (2.30). We then get by (2.40) that
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Thus, by (2.43) and the above propositions we have
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kA�f .t 0/k2
2 C C"

Z t

1

CKw.t
0/ dt 0:

Thus, by taking " small enough we have proved (2.30).
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3. Toy model and nonlinear growth

In this section we study nonlinear growth. For simplicity of notation, in this section we
usually take �; k > 0 but the work applies equally well to �; k < 0. Note that modes where
�k < 0 do not have resonance for positive times.

3.1. The toy model

According to the change of coordinates, the relative velocity now is time integrable. The
growth may come from the reaction term. In each time interval Im;� which contains only
one Orr critical time t D �

m
, it is necessary to study the following toy model:

@t
Of .t;m; �/C �.k2

C .� �mt/2/ Of .t;m; �/

D

Z
j���j�1

X
m�lD˙1

˙�

l2 C .� � lt/2
Of .t; l; �/ Of .t;˙1; � � �/ d�;

@t
Of .t;m˙ 1; �/C �..m˙ 1/2 C .� � .m˙ 1/t/2/ Of .t;m; �/

D

Z
j���j�1

�

m2 C .� �mt/2
Of .t;m; �/ Of .t;˙1; � � �/ d�:

Since the Of .t;˙1; � � �/ is restricted to the lower frequency j� � �j � 1, we can regard it
as a constant in the � variable. Moreover, Of .t;˙1; � � �/ also has enhanced dissipation.
As t 2 Im;� , .m˙ 1/2 C .�� .m˙ 1/t/2 �

�2

m2 , thus we deduce the following simplified
toy model:

@t
Of .t;m; �/C �.m2

C .� �mt/2/ Of .t;m; �/ D
�e�c�

1
3 tm2

j�j
Of .t;m˙ 1; �/; (3.1)

@t
Of .t;m˙ 1; �/C

��2

m2
Of .t;m˙ 1; �/ D

�j�je�c�
1
3 t

m2.1C . �
m
� t /2/

Of .t;m; �/; (3.2)

where � stands for the smallness assumption of the initial data. Our goal is to find the
largest � such that we can control the total growth caused by the toy model. Thus we

assume the enhanced dissipation is e�c�
1
3 t .

The next step of the simplification is based on the following observations:

• When t � ��
1
3 , the enhanced dissipation will offer a small coefficient which makes

the Orr mechanism weaker. So we focus on the region of time t . ��
1
3 . The resonant

time region is It .�/ � Œ
p
j�j; 2j�j�. We are interested in the case j�j . ��

2
3 so that

It .�/ \ Œ1; C�
� 1

3 � ¤ ;. During this region of time, e�c�
1
3 t � 1.

• The rapid growth of Of .t;m˙ 1; �/ happens when jt � �
m
j � 1.

• The coefficient in front of Of .t; m; �/ on the right-hand side of (3.2) is much bigger
than the coefficient in front of Of .t;m˙ 1; �/ on the right-hand side of (3.1). It means
that Of .t; m˙ 1; �/ will grow faster than Of .t; m; �/. We may replace Of .t; m; �/ by
Of .t;m˙ 1; �/ in the second equation.
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• Since j�j . ��
2
3 , when jt � �

m
j � 1, the dissipation coefficient in (3.2), ��2

m2 . �
1
3 �

m2 , is

not bigger than the coefficient of the right-hand side if � � �
1
3 . Thus we can remove

the dissipation term.

Thus we deduce to the following toy model:

@t
Of .t;m˙ 1; �/ D

�j�je�c�
1
3 t

m2.1C . �
m
� t /2/

Of .t;m˙ 1; �/:

For t 2 Im;� , let � D t � �
m

; then � 2 Œ�D�
m;�; D

C
m;��, where D�

m;� D
�

.2mC1/m
D

�
m
� tm;� and DC

m;� D
�

.2m�1/m
D tm�1;� �

�
m

for m � 1; then D˙
m;� �

�

m2 .
Finally, we use the following model to control the entropy growth in each critical time

region: 8̂<̂
:@�gm D h�

1
3 tm;�i

�.1Cˇ/
�

1
3

�

m2

1C �2
gm;

gm.�D
�
m;�/ D 1:

(3.3)

We need to point out that in the toy model, e�c�
1
3 t is replaced by h�

1
3 tm;�i

�.1Cˇ/, with
0 < ˇ �

1
2

, owing to some technical reasons when we deal with the zero mode (see (8.6)).
The condition ˇ > 0 ensures the total growth is bounded (see Lemma 3.3).

For m� > 0 and jmj 2 Œ1; E.
p
j�j/�, with j�j � 3, we define for 0 < ˇ �

1
2

,

gm.�; �/ D exp
�
h�

1
3 tm;�i

�.1Cˇ/ �
1
3 �

m2
.arctan.�/C arctan.D�

m;�//
�
I (3.4)

then gm solves (3.3).
Then we have

gm.D
C
m;�; �/ D Gm.�/ gm.�D

�
m;�; �/„ ƒ‚ …

D1

;

with

Gm.�/ D exp
�
h�

1
3 tm;�i

�.1Cˇ/ �
1
3 �

m2
.arctan.DC

m;�/C arctan.D�
m;�//

�
:

Otherwise, we let gm.�; �/ D 1.

3.2. Key multiplier

In this subsection we will define the key multiplier that governs the growth.
We define w.t; �/ in the following way:

• for t � t .�/, w.t; �/ D 1;

• for t 2 Ij;� with jj j 2 Œ1; E.
p
j�j/� and j� > 0, we have w.t; �/ D w.tj;�; �/�

gj .t �
�
j
; �/;

• for t � 2j�j, we have w.t; �/ D w.2j�j; �/.
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According to the definition of gm, we get

@tw.t; �/

w.t; �/
�

h�
1
3 ti�.1Cˇ/�

1
3

�

m2

1C .t � �
m
/2

1t2Im;� �
h�

1
3 ti�ˇm�1

1C .t � �
m
/2
1t2Im;� : (3.5)

Next, form� > 0 and jmj 2 Œ1;E.
p
j�j/�, with j�j � 3, we will construct a continuous

function %.m; �/ � m
jmj

max¹jmj; j�jº. First, let �.x/ be a bounded smooth function such
that

�.x/ D

8̂̂<̂
:̂
1; x �

1
10
;

smooth connected; x 2 Œ 1
20
; 1

10
�;

0; x �
1

20
:

(3.6)

We also let � satisfy Z 1
10

1
20

�.x/ dx D
1

20
:

Let �k.x/ D �. x
jkj
/ and for k� � 0,

wk.t; �/ D w.t; %.k; �//; (3.7)

where

%.k; �/ D

8̂<̂
:
jkj

20
C

Z j�j

0

�k.x/ dx; k ¤ 0;

j�j; k D 0:

(3.8)

Then we get that for j�j � jkj
20

, we have %.k; �/ D jkj
20

and wk.t; �/ D w.t; k
20
/, and for

j�j � jkj
10

, we have %.k; �/ D j�j and wk.t; �/ D w.t; �/.

Lemma 3.1. It holds that
%.k; �/ � hk; �i:

For jk � l; � � �j � 1
100

jl; �j, it holds that

j%.k; �/ � %.l; �/j . jk � l; � � �j:

Proof. It is easy to obtain that %.k; �/ . hk; �i. The lower bound follows from the fact
that for jkj

20
� j�j � jkj

10
, we have %.k; �/ & jkj

20
�

j�j
2

.
If j�j � jl j, then

jk � l; � � �j �
1

50
j�j; j�j �

49

50
j�j and jkj � jk � l j C jl j �

51

50
j�j � 2j�j:

Thus,
j%.k; �/ � %.l; �/j D j� � �j:

If j�j � jlj
100

, then

jk � l; � � �j �
101

10000
jl j; jkj �

9899

10000
jl j and j�j � j�j C j� � �j �

201

10000
jl j �

jkj

20
:
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Thus,

j%.k; �/ � %.l; �/j D
1

20
jk � l j:

Then we only need to focus on j�j � jl j � j�j � jkj. Thus,

j%.k; �/ � %.l; �/j D

ˇ̌̌̌
jkj

20
�

jl j

20
C jkj

Z �
k

0

�.x/ dx � jl j

Z �
l

0

�.x/ dx

ˇ̌̌̌
. jk � l j C jk � l j

Z �
k

0

�.x/ dx C

ˇ̌̌̌
l

Z �
l

�
k

�.x/ dx

ˇ̌̌̌
. jk � l j C

j�l � �kj

jkj
. jk � l j C

j�; kj jk � l; � � �j

jkj

. jk � l; � � �j:

Thus we have proved the lemma.

With wk.t; �/, we can now define our key multiplier A�
k
.t; �/,

A�
k .t; �/ D

hk; �i�

wk.t; �/
: (3.9)

3.3. Basic estimate for the multiplier

The following lemma expresses that the critical times are well separated.

Lemma 3.2 ([7]). Let �, � be such that there exists some ˛ � 1 with ˛�1j�j � j�j � ˛j�j

and let k; n be such that t 2 Ik;� \ In;� ; then k � n and, moreover, at least one of the
following holds:

(a) k D n;

(b) jt � �
k
j �

1
10˛

�

k2 and jt � �
n
j �

1
10˛

�

n2 ;

(c) j� � �j &˛
j�j
jnj

.

Now we will present a lemma about the upper and lower bound estimates for w.t; �/.

Lemma 3.3. It holds that
w.t; �/ � 1:

As a consequence, A�
k
.t; �/ � hk; �i� .

Proof. We have for any t; �,

1 � w.t; �/ �

1Y
mDE.

p
j�j/

Gm.�/

� exp
� 1X

mDE.
p
j�j/

��
1
3 �

m2
.1C �

1
3 tm;�/

�.1Cˇ/

�
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.

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

exp
�
C

1X
mDE.

p
j�j/

�
1
3 �

m2

�
; �

1
3 � � 1;

exp

 
C

E.
p
j�j/X

mD�
1
3 �

�
1
3 �

m2
C C

1X
mD�

1
3 �

m�1Cˇ

.�
1
3 �/ˇ

!
; 1 � �

1
3 � � E.

p
j�j/;

exp
�
C

1X
mDE.

p
j�j/

m�1Cˇ

.�
1
3 �/ˇ

�
; 1 � E.

p
j�j/ � �

1
3 �;

.

8̂̂̂̂
<̂
ˆ̂̂:
�

1
3 � . 1; j�j . ��

1
3 ;

1; ��
1
3 . j�j . ��

2
3 ;

1

.�
1
3

p
j�j/ˇ

. 1; ��
2
3 . j�j:

Thus we have proved the lemma.

The above lemma gives that for all t ,

A�
k .t; �/ � hk; �i� : (3.10)

Next we introduce several lemmas related to the properties of D. The first lemma can
be found in [9], which will be useful in the proof of the commutator estimate in Section 10.

Lemma 3.4 ([9]). Uniformly in �, �; � and t � 1 we have

D.t; �/ & �max¹j�j3; t3º

and
D.t; �/

D.t; �/
. h� � �i3; jD.t; �/ �D.t; �/j .

D.t; �/

h�i C h�i
h� � �i3:

In the next lemma we will introduce the product lemma related to D which is a
Sobolev-type estimate comparable to [9, Lemma 3.7].

Lemma 3.5. The following holds for all q1 and q2 and 
 > 1:

kD.q1q2/kH 
 . kq1
kH 
C3kDq2

kH 


and
kD.r?q1

� rq2/kH 
 . kq1
kH 
C5kDq2

kH 
 C kDq1kH 
 kq2kH 
C5 :

Proof. We use the dual method. By Lemma 3.4, we get

kD.q1q2/kH 
 D khri

D.q1q2/kL2

D sup
k'kL2D1

ˇ̌̌̌X
k;l

Z
�;�

y'k.�/hk; �i

D.�/ Oq1

k�l .� � �/ Oq
2
l .�/ d� d�

ˇ̌̌̌
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. sup
k'kL2D1

X
k;l

Z
�;�

jy'k.�/jhk; �i


h� � �i3

j Oq1
k�l .� � �/j jD.�/ Oq

2
l .�/j d� d�

. sup
k'kL2D1

X
k;l

Z
�;�

1jk�l;���j
�jl;�j

jy'k.�/jh� � �i
3
j Oq1

k�l .� � �/j jD.�/hl; �i


Oq2
l .�/j d� d�

C sup
k'kL2D1

X
k;l

Z
�;�

1jk�l;���j
>jl;�j

jy'k.�/jhk � l; � � �i

h� � �i3

j Oq1
k�l .� � �/j

� jD.�/ Oq2
l .�/j d� d�

. k'kL2kDq2
kH 
 kq1

kH 
C3 :

In the last inequality we use the fact that k OqkL1 . khk; �i
 OqkL2khk; �i�
kL2 . kqkH 


for 
 > 1.
We also have

kD.r?q1
� rq2/kH 


D sup
k'kL2D1

ˇ̌̌̌X
k;l

Z
�;�

y'k.�/hk; �i

D.�/ Oq1

k�l .� � �/ Oq
2
l .�/.��C �; k � l/ � .l; �/ d� d�

ˇ̌̌̌
. sup

k'kL2D1

X
k;l

Z
�;�

1jk�l;���j
�jl;�j

jy'k.�/jjD.� � �/ Oq
1
k�l .� � �/j jh�i

3
hl; �i
C2

Oq2
l .�/j d� d�

C sup
k'kL2D1

X
k;l

Z
�;�

1jk�l;���j
>jl;�j

jy'k.�/jhk � l; � � �i
C2
h� � �i3

j Oq1
k�l .� � �/j

� jD.�/ Oq2
l .�/j d� d�

. k'kL2kDq2
kH 
 kq1

kH 
C5 C k'kL2kDq1
kH 
 kq2

kH 
C5 :

Thus we have proved the lemma.

4. Elliptic estimate

The purpose of this section is to provide a thorough analysis of �t .

Lemma 4.1. Under the bootstrap hypotheses, for � sufficiently small and s0 2 Œ0; 2�, it
holds that for 2 � 
 � � � 1,

kP¤�kH 
�s0 .
1

htis0
kh@zi

�s0f¤kH 
 ;

and for 
 � � � 1,

k�L�
�1
t P¤f kH 
 D k�LP¤�kH 
 . kP¤f kH 
 :
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Proof. For s0 2 Œ0; 2� and s � 0 we get

kP¤�k
2
H s D

X
k¤0

Z
�

hk; �i2s
j y�.k; �/j2 d�

�

X
k¤0

Z
�

hk; �i2sh
�
k
i2s0

h
�
k
i2s0.k2 C .� � kt/2/2

j b�L�.k; �/j
2 d�

.
X
k¤0

Z
�

hk; �i2sC2s0

k2s0.1C t2/s
0 j
b�L�.k; �/j

2 d�

.
1

.1C t2/s
0 kh@zi

�s0�LP¤�k
2

H sCs0 : (4.1)

We write �t as a perturbation of �L via

�LP¤� D P¤f C .1 � .v0/2/.@v � t@z/
2P¤� � v00.@v � t@z/P¤�:

Thus we get

k�LP¤�kH 
 � kP¤f kH 
 C Ck.1 � .v0/2/.@v � t@z/
2P¤�kH 


C Ckv00.@v � t@z/P¤�kH 
 I

then by using the fact that v00 D .hC 1/@vh, (A.3) and the bootstrap hypotheses, we get

k�LP¤�kH 
 � kP¤f kH 
 C CkhkH ��1.1C khk��1/k�LP¤�kH 


C C.1C khk��1/khkH � k�LP¤�kH 


. kP¤f kH 
 C C"�
1
6 k�LP¤�kH 
 ;

which implies k�LP¤�kH 
 . kP¤f kH 
 . The lemma follows from (4.1) with s D

� � 2 � s0.

As .1 � .v0/2/ and v00 are the zero mode, by the same argument as the proof we can
easily get that for 
 � � � 1,

kh@zi
��


h@vi

�L�

�1
t f¤k2 . kf¤kH � . kA�f k2: (4.2)

Lemma 4.2. Under the bootstrap hypotheses, it holds that

krLP¤�kH ��2 C k Qu¤kH ��2 .
1

hti
kf¤kH ��1 ;

and 
 � � � 1,
krL Qu¤kH 
 . kf¤kH 
 :

Proof. By the definition of Qu we get

Qu¤ D �.1C h/.@v � t@z/P¤�:



N. Masmoudi and W. Zhao 268

Here we use the same argument as (4.1) and we get

k.@v � t@z/P¤�k
2
H s D

X
k¤0

Z
�

hk; �i2s
j� � kt j2j y�.k; �/j2 d�

�

X
k¤0

Z
�

hk; �i2sh
�
k
i2j� � kt j2

h
�
k
i2.k2 C .� � kt/2/2

j b�L�.k; �/j
2 d�

�

X
k¤0

Z
�

hk; �i2sh
�
k
i2

h
�
k
i2.k2 C .� � kt/2/

j b�L�.k; �/j
2 d�

.
X
k¤0

Z
�

hk; �i2sC2

k2.1C t2/
j b�L�.k; �/j

2 d�

.
1

1C t2
kh@zi

�1�LP¤�k
2
H sC1 : (4.3)

Then by Lemma 4.1 and the bootstrap hypotheses, we have

k Qu¤kH ��2 . .1C khkH ��2/k.@v � t@z/P¤�kH ��2

.
.1C khkH ��2/

hti
k�LP¤�kH ��1 .

1

hti
kf¤kH ��1 :

The first inequality follows from (4.3) with s D � � 2.
We also have

@z Qu¤ D �.1C h/.@v � t@z/@zP¤�;

.@v � t@z/ Qu¤ D �.1C h/.@v � t@z/
2P¤� � @vh.@v � t@z/P¤�:

Therefore, by Lemma 4.1 and the bootstrap hypotheses, we get

krL Qu¤kH 
 . .1C khkH ��1/k�LP¤�kH 
 . kf¤kH 
 :

Thus we have proved the lemma.

Lemma 4.3. Under the bootstrap hypotheses, it holds that

krL Qu¤kH � . k�L�
�1
t f¤kH � . kf¤kH � C

"�
1
3

htih�t3i
k@vhkH �

and 



r@tw

w
�R�L�

�1
t f¤






H �

.




r@tw

w
f¤






H �

C
"2�

1
2

h�t3i
:

Proof. We have

�L�
�1
t f¤ D �LP¤� D P¤f C .1 � .v0/2/.@v � t@z/

2P¤� � v00.@v � t@z/P¤�:
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Thus we get

k�L�
�1
t f¤kH � . kf¤kH � C k.1 � .v0/2/kH 3k.@v � t@z/

2P¤�kH �

C k.1 � .v0/2/kH � k.@v � t@z/
2P¤�kH 3

C k.1C h/@vhkH 3krLP¤�kH � C k.1C h/@vhkH � krLP¤�kH 3

. kf¤kH � C "�
1
3 k�L�

�1
t f¤kH � C "�

1
6 kf¤kH 3 C "�

1
6 krLP¤�kH 3

C k@vhkH � krLP¤�kH 3

. kf¤kH � C "�
1
6 k�L�

�1
t f¤kH � C hti�1

k@vhkH � k�LP¤�kH 4

. kf¤kH � C "�
1
6 k�L�

�1
t f¤kH � C

�
1
3

htih�t3i
k@vhkH � :

We also have

@z Qu¤ D �.1C h/.@v � t@z/@zP¤�;

.@v � t@z/ Qu¤ D �.1C h/.@v � t@z/
2P¤� � @vh.@v � t@z/P¤�:

Therefore by Lemma 4.1 and the bootstrap hypotheses, we get

krL Qu¤kH � . .1C khkH � /k�LP¤�kH � :

By taking " small enough, we get the first inequality.
In what follows we use the shorthand

G.�/ D 31 � .v0/2.�/;
and thens

@twk.t; �/

wk.t; �/
1t2Ik;�

1k¤0.k
2
C .� � kt/2/�k.t; �/

D

s
@twk.t; �/

wk.t; �/
1t2Ik;�

1k¤0fk.t; �/

�

s
@twk.t; �/

wk.t; �/
1t2Ik;�

1k¤0

Z
j�j�j���j

G.�/.� � � � kt/2 y�k.t; � � �/ d�

�

s
@twk.t; �/

wk.t; �/
1t2Ik;�

1k¤0

Z
j�j�j���j

G.� � �/.� � kt/2 y�k.t; �/ d�

� i

s
@twk.t; �/

wk.t; �/
1t2Ik;�

1k¤0

Z
j�j�j���j

�v00.�/.� � � � kt/y�k.t; � � �/ d�

� i

s
@twk.t; �/

wk.t; �/
1t2Ik;�

1k¤0

Z
j�j�j���j

�v00.� � �/.� � kt/y�k.t; �/ d�

D

s
@twk.t; �/

wk.t; �/
1t2Ik;�

1k¤0fk.t; �/CE1
HL CE1

LH CE2
HL CE2

LH :
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We have t � tk;� �
�
k

and then

@twk.t; �/

wk.t; �/
D

h�
1
3 tk;�i

�.1Cˇ/�
1
3

�

k2

1C . �
k
� t /2

.
1

k
h�

1
3 ti�.1Cˇ/�

1
3 t .

1

k
:

Thus we get

kE1
HLkH � . kGkH � k.@v � t@z/

2P¤�kH 4

. khkH � .khkH 3 C 1/kf¤kH 4

.
"2�

1
2

h�t3i
:

For E1
LH we get

@twk.t; �/

wk.t; �/

wk.t; �/

@twk.t; �/
�
1C j

�
k
� t j2

1C j
�
k
� t j2

. h� � �i2:

Then we get

kE1
LHkH �

.




hk; �i�

s
@twk.t; �/

wk.t; �/
1t2Ik;�

1k¤0

Z
j�j�j���j

yG.� � �/.� � kt/2 y�k.t; �/ d�






L2

.




1t2Ik;�

1k¤0

Z
j�j�j���j

h� � �i yG.� � �/.� � kt/2hk; �i�

s
@twk.t; �/

wk.t; �/
y�k.t; �/ d�






L2

. kGkH 6





r@tw

w
�R�L�

�1
t f¤






H �

. "�
1
3





r@tw

w
�R�L�

�1
t f¤






H �

;

and similarly we have

kE2
LHkH �

.




hk; �i�

s
@twk.t; �/

wk.t; �/
1t2Ik;�

1k¤0

Z
j�j�j���j

�v00.� � �/j� � kt j y�k.t; �/ d�






L2

.




1t2Ik;�

1k¤0

Z
j�j�j���j

h� � �i�v00.� � �/j� � kt jhk; �i�

s
@twk.t; �/

wk.t; �/
y�k.t; �/ d�






L2

. kv00kH 6





r@tw

w
�R�L�

�1
t f¤






H �

. "�
1
3





r@tw

w
�R�L�

�1
t f¤






H �

:

Finally, we deal with T 2
HL: we have

q
@t wk.t;�/
wk.t;�/

. kt
�

and then we get

kE2
HLkH � .





hk; �i� kt

�
1t2Ik;�

1k¤0

Z
j�j�j���j

�v00.�/.� � � � kt/y�k.t; � � �/ d�






L2

.




1t2Ik;�

1k¤0

Z
j�j�j���j

h�i��1
j�v00.�/j jkt j j� � � � kt j j y�k.t; � � �/j d�






L2
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. tkv00kH ��1krL�¤kH 4

. khkH � kf¤kH 5 .
"2�

1
2

h�t3i
:

Thus we have proved the lemma.

By the fact that u D .0; g/T C .1C h/r?
z;vP¤�, Lemma 4.1 and under the bootstrap

hypotheses, it holds that

kukH s . kgkH s C kP¤�kH sC1 .
"�

1
3

ht2i
: (4.4)

Lemma 4.4. Under the bootstrap hypotheses for " sufficiently small, for s � � � 7 it holds
that

kAs
E .P¤�/k2 .

1

hti2
.kAs

Ef k2 C kf kH � /:

Proof. By Lemma 3.4, we have

kAs
E .r

?P¤�/k
2
2 � k�max¹t3; �3

ºy�¤k
2
H s

. �2
X
k¤0

Z
2j�j�t

hk; �i2sC6
j y�k.t; �/j

2 d�

C �2
X
k¤0

Z
2j�j<t

t6hk; �i2s
j y�k.t; �/j

2 d�

D …1 C…2:

By Lemma 4.1 we get

j…1j . kP¤�k
2
H sC3 .

1

hti4
kf¤k

2
H sC5 .

1

hti4
kf¤k

2
H �

and

j…2j . �2t6kP¤�k
2
H s . �2

X
k¤0

Z
2j�j<t

t6
hk; �i2s

.k2 C j� � kt j2/2
j b�L�k.t; �/j

2 d�

. �2
X
k¤0

Z
2j�j<t

t6
hk; �i2s

.k2 C j�j2 C k2t2/2
j b�L�k.t; �/j

2 d�

.
1

hti4
k�t3�L�¤k

2
H s :

By Lemma 4.1, we then obtain

j…2j .
1

hti4
k�t3f¤k

2
H s .

1

hti4
kAs

Ef¤k
2
2:

Thus we have proved the lemma.
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5. Dissipation error term

In this section we will deal with the dissipation error term in (2.45).

5.1. Treatment of the zero mode

By the fact that

A�
0 .�/ � h�i�

� 1C j�j� and j�j � j�j C j� � �j . max¹j�j; j� � �jº;

we get

jE0
j .

Z
�;�

h�i2�
j
NOf0.�/j

ˇ̌
.31 � .v0/2.� � �//j�j2 Of0.�/

ˇ̌
d� d�

.
Z

�;�

1j�j�1j
NOf0.�/j

ˇ̌
.31 � .v0/2.� � �//j�j.j�j C j� � �j/ Of0.�/

ˇ̌
d� d�

C

Z
�;�

1j�j�11j���j�j�jj�j
2�
j
NOf0.�/j

ˇ̌
.31 � .v0/2.� � �//j�j2 Of0.�/

ˇ̌
d� d�

C

Z
�;�

1j�j�11j���j<j�jj�j
2�
j
NOf0.�/j

ˇ̌
.31 � .v0/2.� � �//j�j2 Of0.�/

ˇ̌
d� d�

.
Z

�;�

1j�j�1

ˇ̌b@vf 0.�/
ˇ̌ ˇ̌
.31 � .v0/2.� � �//j�j Of0.�/

ˇ̌
d� d�

C

Z
�;�

1j�j�1j
NOf0.�/j

ˇ̌
.6@v.1 � .v

0/2/.� � �//j�j Of0.�/
ˇ̌
d� d�

C

Z
�;�

1j�j�11j���j<j�jj�j
�C1

j
NOf0.�/j

ˇ̌
.31 � .v0/2.� � �//j�j�C1 Of0.�/

ˇ̌
d� d�

C

Z
�;�

1j�j�11j���j�j�jj�j
�C1

j
NOf0.�/j

ˇ̌
.31 � .v0/2.� � �//j� � �j��1

j�j2 Of0.�/
ˇ̌
d� d�

. �k@vf0k
2
H 2k1 � .v

0/2k2 C �k@vf0kH 2k@v.1 � .v
0/2/k2kf0k2

C �k@vf0k
2
H � k1 � .v

0/2kH 2 C �k@vf0kH � k@v.1 � .v
0/2/kH ��2kf0kH 4 :

The purpose of the above estimate is to obtain the homogeneous derivative. By the fact
that .v0/2 � 1 D .1 � .v0//2 C 2.v0 � 1/ D h2 C 2h and

kh2
kH s . khkH 1khkH s ; k@vh

2
kH s . khkH 1k@vhkH s ; s � 1;

we obtain by the bootstrap hypotheses that

jE0
j . �.khkH 2 C 1/.k@vA

�f0k
2
2khkH 2 C k@vhkH ��2k@vf0kH � kf0kH 4/

. "�
1
3 �k@vA

�f0k
2
2 C "�

1
3 �k@vhk

2
H ��1 : (5.1)

5.2. Treatment of the nonzero mode

We use a paraproduct decomposition in v. Then we have

E¤
D E

¤

LH CE
¤

HL CE
¤

HH ;
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where

E
¤

LH D �

X
M�8

�

Z
A�f¤A

�
�
.1 � .v0/2/<M=8.@v � t@z/

2.f¤/M
�
dz dv;

E
¤

HL D �

X
M�8

�

Z
A�f¤A

�
�
.1 � .v0/2/M .@v � t@z/

2.f¤/<M=8

�
dz dv;

E
¤

HH D ��
X

M2D

X
1
8 M�M 0�8M

Z
A�f¤A

�
�
.1 � .v0/2/M .@v � t@z/

2.f¤/M 0

�
dz dv:

5.2.1. Treatment of E
¤

LH
. We have

E
¤

LH . �
X

M�8

X
k¤0

Z
�;�

A�
j
NOfk.�/jA

�
k .�/

ˇ̌4.1 � .v0/2/.�� �/<M=8j� � kt j
2 Ofk.�/M

ˇ̌
d� d�:

By the fact that � � � �M , jk; �j � jk; �j and

j� � kt j . j� � �j C j� � kt j . h� � �i
p
k2 C j� � kt j2;

we have

E
¤

LH . �
X

M�8

X
k¤0

Z
�;�

p
k2 C j� � kt j2A�

j
NOfk.�/j

ˇ̌7
h@vi.1 � .v

0/2/.� � �/<M=8

� j� � kt jA�
k .�/

Ofk.�/M
ˇ̌
d� d�

. �
X

M�8



�p��LA
�f¤

�
�M




2



�p��LA
�f¤

�
M




2
k.1 � .v0/2/kH 4 ;

which gives
E

¤

LH . �


�p��LA

�f¤
�

2

2
k.1 � .v0/2/kH 4 :

5.2.2. Treatment of E
¤

HL
. We have

E
¤

HL . �
X

M�8

X
k¤0

Z
�;�

Œ1j�j�16jkj C 1j�j>16jkj�A
�
j
NOfk.�/jA

�
k .�/

�
ˇ̌4.1 � .v0/2/.� � �/M j� � kt j2 Ofk.�/<M=8

ˇ̌
d� d�

D E
¤;z
HL CE

¤;v
HL :

For E¤;z
HL , we have jk; �j � jkj � jk; �j and

j� � kt j . j� � �j C j� � kt j . h� � �i
p
k2 C j� � kt j2;
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which then implies

E
¤;z
HL . �

X
M�8

X
k¤0

Z
�;�

1j�j�16jkjA
�
p
k2 C j� � kt j2j

NOfk.�/j

�
ˇ̌
h� � �i4.1 � .v0/2/.� � �/M j� � kt j jkj� Ofk.�/<M=8

ˇ̌
d� d�

. �
X

M�8

M�2
k.1 � .v0/2/MkH 5



�p��LA
�f¤

�

2

2
:

Thus we have
E

¤;z
HL . �k.1 � .v0/2/kH 5



�p��LA
�f¤

�

2

2
:

We turn to E¤;v
HL . In this case, jk; �j � j�j � j� � �j �M , and then we get

jE
¤;v
HL j . �

X
M�8

X
k¤0

Z
�;�

1j�j>16jkjA
�
j
NOfk.�/j j� � �jh� � �i

��1
ˇ̌4.1 � .v0/2/.� � �/M ˇ̌

� j� � kt j2j Ofk.�/<M=8j d� d�

. �
X

M�8

k.f¤/�MkH � k@v.1 � .v
0/2/MkH ��1hti2

kf¤kH 5

. �kf¤kH � k@v.1 � .v
0/2/kH ��1hti2

kf¤kH 5 :

5.2.3. Treatment of E
¤

HH
. In this case, it holds that j� � �j � j�j �M 0. We divide the

problem into two parts:

jE
¤

HH j . �
X

M2D

X
1
8 M�M 0�8M

X
k¤0

Z
�;�

Œ1jkj�16j�j C 1jkj<16j�j�

� A�
j
NOfk.�/jA

�
k .�/

ˇ̌4.1 � .v0/2/.� � �/M 0 j� � kt j2 Ofk.�/M
ˇ̌
d� d�

D E
¤;z
HH CE

¤;v
HH :

To treat E¤;z
HH , we have

jkj . jk; �j . jkj C j� � �j C j�j . jkj

and
j� � kt j . j� � �j C j� � kt j . h� � �i

p
k2 C j� � kt j2:

Therefore we get

E
¤;z
HH . �

X
M2D

X
1
8 M�M 0�8M

X
k¤0

Z
�;�

1jkj�16j�jA
�
p
k2 C j� � kt j2j

NOfk.�/j

� h� � �i
ˇ̌4.1 � .v0/2/.� � �/M 0 j� � kt j jkj� Ofk.�/M

ˇ̌
d� d�

. �
X

M2D



p��LA
�f




2



�p��LA
�f
�
M




2
k.1 � .v0/2/�MkH 3

. �


p��LA

�f


2

2
k.1 � .v0/2/kH 3 :
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Next we turn to E¤;v
HH , in which case we have

jk; �j . jkj C j�j . jkj C j� � �j C j�j � jkj C j�j . j�j � j� � �j

and
j� � kt j . j� � �j C j� � kt j . h� � �i

p
k2 C j� � kt j2:

Therefore we get

E
¤;v
HH . �

X
M2D

X
1
8 M�M 0�8M

X
k¤0

Z
�;�

1jkj<16j�jA
�
p
k2 C j� � kt j2j

NOfk.�/j

� h� � �i
ˇ̌4.1 � .v0/2/.� � �/M 0 j� � kt j j�j� Ofk.�/M

ˇ̌
d� d�

. �
X

M2D



p��LA
�f




2



�p��LA
�f
�
M




2
k.1 � .v0/2/�MkH 3

. �


p��LA

�f


2

2
k.1 � .v0/2/kH 3 :

By the fact that .v0/2 � 1 D h2 C 2h, the bootstrap hypotheses and (2.28), we obtain

jE¤
j . �kf¤kH � k@v.1 � .v

0/2/kH ��1hti2
kf¤kH 5

C �


p��LA

�f


2

2
k.1 � .v0/2/kH 4

. �.1C khkH 2/
�
kf¤kH � k@vhkH ��1hti2

kf¤kH 5 C


p��LA

�f


2

2
khkH 4

�
. �"�

1
3



p��LA
�f


2

2
C ."�

1
3 /2�k@vhkH ��1

hti2

h�t3i
: (5.2)

We end the section by proving Proposition 2.5.

Proof of Proposition 2.5. We get by (2.45) thatZ t

1

�
�

Z
A�f .t 0/A� .z�tf .t

0// dz dv

�
dt 0

� �

Z t

1

�


p��LA

�f .t 0/


2

2
dt 0 C

Z t

1

jE¤.t 0/j C jE0.t 0/j dt 0:

Then by (5.1) and (5.2) we obtainZ t

1

�
�

Z
A�f .t 0/A� .z�tf .t

0// dz dv

�
dt 0

� �

Z t

1

�


p��LA

�f .t 0/


2

2
dt 0 C C"�

1
3

Z t

1

�


p��LA

�f .t 0/


2

2
dt 0

C C"�
1
3 �k@vhk

2
L2

T .H ��1/
C C

Z t

1

."�
1
3 /2�k@vh.t

0/kH ��1

hti2

h�t 03i
dt 0:
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Thus, by taking " small enough and using Proposition 2.2 we getZ t

1

�
�

Z
A�f .t 0/A� .z�tf .t

0// dz dv

�
dt 0

� �
7

8

Z t

1

�


p��LA

�f .t 0/


2

2
dt 0 C "2�k@vh.t

0/kL2
T H ��1

�Z t

1

1

h�
1
3 t 0i2

dt 0
� 1

2

� �
7

8

Z t

1

�


p��LA

�f .t 0/


2

2
dt 0 C C"3�

2
3 :

Thus we have proved Proposition 2.5.

6. Transport

To treat the transport term, we need to consider the commutator. The following lemma
gives the key commutator estimate.

Lemma 6.1. Assume that j� � �j � 1
10
j�j; then it holds that

jw.t; �/ � w.t; �/j .
j� � �j

h�i
�

´
��

1
3 ; t . ��

1
3 ;

��
1
3 ˇ t1�ˇ ; t & ��

1
3 :

Let us admit the lemma and finish the estimate of transport term first. Then the proof
of the lemma will be presented at the end of this section.

We write

TN D i
X
k;l

Z
�;�

A�
k .�/

NOfk.�/ Ouk�l .� � �/<N=8 � .l; �/A�
l .�/

Ofl .�/N

�A�
k
.�/

A�
l
.�/

� 1
�
d� d�

D i
X
k;l

Z
�;�

A�
k .�/

NOfk.�/ Ouk�l .� � �/<N=8 � .l; �/A�
l .�/

Ofl .�/N

�

�
hk; �i�

hl; �i�
� 1

�wl .t; �/

wk.t; �/
d� d�

C i
X
k;l

Z
�;�

A�
k .�/

NOfk.�/ Ouk�l .� � �/<N=8 � .l; �/A�
l .�/

Ofl .�/N

�

�wl .t; �/

wk.t; �/
� 1

�
d� d�

D T 1
N C T 2

N :

For the first term we get ˇ̌̌
hk; �i�

hl; �i�
� 1

ˇ̌̌
.

hk � l; � � �i

hl; �i
;
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which gives
jT 1

N j . kA�f�N k2kA
�fN k2kukH 4 :

Next we will deal with T 2
N . By the support of the integrand we get

N

16
� jk � l; � � �j �

3N

16
;

N

2
� jl; �j �

3N

2
:

We then set more restrictions on the support of the integrand to make k; � and l; � closer.
We get

T 2
N D i

X
k;l

Z
�;�

.�D
C .1 � �D//Ak.�/

NOfk.�/ Ouk�l .� � �/<N=8 � .l; �/Al .�/ Ofl .�/N

�

�wl .t; �/

wk.t; �/
� 1

�
d� d�

D T 2
N;D C T 2

N;�;

where �D is a characteristic function (the indicator function) of the set

D D
®
.k; l; �; �/ W jk � l; � � �j � 1

1000
jl; �j

¯
:

Then, by j
w.t;�/
w.t;�/

j . 1, we get

jT 2
N;�j . kA�f�N k2kA

�fN k2kukH 4 :

We rewrite T 2
N;D as

T 2
N;D D i

X
k¤l

Z
�;�

�DAk.�/
NOfk.�/ Ouk�l .� � �/<N=8 � .l; �/Al .�/ Ofl .�/N

�

�wl .t; �/

wk.t; �/
� 1

�
d� d�

C i
X

l

Z
�;�

�DAk.�/
NOfl .�/ Ou0.� � �/<N=8 � .l; �/Al .�/ Ofl .�/N

�

�wl .t; �/

wl .t; �/
� 1

�
d� d�

D T 2
N;¤ C T 2

N;D:

6.1. Treatment of T 2
N;D

By the fact that u0 D .0; g/ and since for jl j � 20max¹j�j; j�jº, we have wl .t; �/ D

wl .t; �/ D w.t; l
20
/, we get

T 2
N;D D i

X
0¤l�20 max¹j�j;j�jº

Z
�;�

�DAk.�/
NOfl .�/ Og.� � �/<N=8 � �Al .�/ Ofl .�/N

�

�wl .t; �/

wl .t; �/
� 1

�
d� d�:
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Due to the fact that 0¤ l � 20max¹j�j; j�jº � j�j, we get %.l; �/� j�j. Thus, by Lemmas
6.1 and 3.1 we obtainˇ̌̌wl .t; �/

wl .t; �/
� 1

ˇ̌̌
. jw.t; %.l; �// � w.t; %.l; �//j

.
�
��

1
3�

t.�
� 1

3
.t/C ��

1
3 ˇ t1�ˇ�

t&�
� 1

3
.t/
� j%.l; �/ � %.l; �/j

j%.l; �/j

.
�
��

1
3�

t.�
� 1

3
.t/C ��

1
3 ˇ t1�ˇ�

t&�
� 1

3
.t/
� j� � �j

�
:

Therefore we get

jT 2
N;Dj . kA�f�N k2kA

�fN k2kgkH 4��
1
3�

t.�
� 1

3
.t/

C kA�f�N k2kA
�fN k2kgkH 4��

1
3 ˇ t1�ˇ�

t&�
� 1

3
.t/:

6.2. Treatment of T 2
N;¤

By the definition of %.k; �/, we have for .l; k; �; �/ 2 D that

j%.k; �/j � j%.l; �/j � jl; �j:

We get by Lemmas 6.1 and 3.1 thatˇ̌̌wl .t; �/

wk.t; �/
� 1

ˇ̌̌
. jw.t; %.l; �// � w.t; %.k; �//j

.
j%.l; �/ � %.k; �/j

j%.k; �/j

�
��

1
3�

t.�
� 1

3
.t/C ��

1
3 ˇ t1�ˇ�

t&�
� 1

3
.t/
�

.
jl � k; � � �j

jl; �j

�
��

1
3�

t.�
� 1

3
.t/C ��

1
3 ˇ t1�ˇ�

t&�
� 1

3
.t/
�
;

which implies that

jT 2
N;¤j . kA�f�N k2kA

�fN k2ku¤kH 4

�
��

1
3�

t.�
� 1

3
.t/C ��

1
3 ˇ t1�ˇ�

t&�
� 1

3
.t/
�
:

By the fact that
u¤ D hr?

z;vP¤� Cr
?
z;vP¤�;

we then get by Lemma 4.1 (by taking s0 D 2 in the lemma) that

ku¤kH 4 . .1C khkH 4/kr?
z;vP¤�kH 4 .

1

hti2
.1C khkH 4/kf¤kH 7 :

Therefore we get

jTN j . kA�f�N k2kA
�fN k2.kgkH 4 C ku¤kH 4/

�
�
��

1
3�

t.�
� 1

3
.t/C ��

1
3 ˇ t1�ˇ�

t&�
� 1

3
.t/
�

. "kA�f�N k2kA
�fN k2

��
t.�

� 1
3
.t/

hti2
C

��
1
3 ˇC 1

3�
t&�

� 1
3
.t/

hti1Cˇ

�
: (6.1)

Now we are able to prove Proposition 2.6.
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Proof of Proposition 2.6. We get by (6.1) and Proposition 2.2, (A.1) and (A.2) thatZ t

1

X
N�8

jTN .t
0/j dt 0 . "

Z t

1

X
N�8

kA�f�N k2kA
�fN k2

�

��
t 0.�

� 1
3
.t 0/

ht 0i2
C

��
1
3 ˇC 1

3�
t 0&�

� 1
3
.t 0/

ht 0i1Cˇ

�
dt 0

. " sup
t 02Œ1;t�

kA�f .t 0/k2
2:

Thus we have proved Proposition 2.6.

6.3. Proof of Lemma 6.1

We end this section by proving Lemma 6.1.

Proof of Lemma 6.1. Without loss of the generality, we assume 0 < �< � . Then according
to the relation between t and �; �, we need to consider following five cases:

Case 1. For t � t .�/, we have w.t; �/ D w.t; �/ D 1.

Case 2. For t .�/ � t � t .�/, there exists l 2 Œ1; E.
p
j�j/� such that t 2 Il;�; then

jl �E.
p
j�j/j .

p
� �

p
� and

jw.t; �/ � w.t; �/j D jw.t; �/ � 1j

�

ˇ̌̌̌ lC1Y
mDE.

p
j�j/

Gm.�/ exp
�
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1
3 tl;�i

�.1Cˇ/ �
1
3 �
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�
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�
t �

�

l

�
C arctan.D�

l;�/
��

� 1

ˇ̌̌̌

�

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

exp
� lX

mDE.
p
j�j/

C�
1
3 �

m2

�
� 1 � �

1
3 j
p
� �

p
�j;

p
� � ��

1
3 ;

exp
� lX

mDE.
p
j�j/

Cl�1Cˇ

.�
1
3 �/ˇ

�
� 1 �

j
p
� �

p
�jp

j�j

�p
j�j

�
1
3 �

�ˇ

;
p
� > ��

1
3 ;

. j� � �jh�i�1:

Here we use the fact that jex � 1j . jxj for jxj . 1.

Case 3. For t .�/ � t � 2�, there exist k; l such that t 2 Ik;� \ Il;� . By Lemma 3.2, we
need to consider the following three cases.

(3a) k D l . Let

F1.m; �/ D �
1
3 h�

1
3 tm;�i

�.1Cˇ/ �

m2
;

F˙
2 .m; �/ D �

1
3 h�

1
3 tm;�i

�.1Cˇ/
�
�

m2
arctan.D˙

m;�/I
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then Gm.�/ D eF C.m;�/CF �.m;�/ and we get
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�

l
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°
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l
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±
;
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C 1/jxj . jxj; for jxj . 1:

(6.2)

Therefore, we obtain
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1
3 tl;�i

�.1Cˇ/ �

l2 .arctan.t � �
l
/C arctan.D�

l;�
//
�

exp
�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2 .arctan.t � �
l
/C arctan.D�

l;�
//
� � 1

ˇ̌̌̌
ˇ

.

ˇ̌̌̌
ˇmDE.

p
j�j/C1Y

mDE.
p
j�j/

1

Gm.�/
� 1

ˇ̌̌̌
ˇC

ˇ̌̌̌
ˇ lC1Y
mDE.

p
j�j/

Gm.�/

Gm.�/
� 1

ˇ̌̌̌
ˇ

C

ˇ̌̌̌
ˇexp

�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2 .arctan.t � �
l
/C arctan.D�

l;�
//
�

exp
�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2 .arctan.t � �
l
/C arctan.D�

l;�
//
� � 1

ˇ̌̌̌
ˇ

.

ˇ̌̌̌
ˇmDE.

p
j�j/C1Y

mDE.
p
j�j/

1

Gm.�/
� 1

ˇ̌̌̌
ˇC

ˇ̌̌̌
ˇ lC1Y
mDE.

p
j�j/

Gm.�/

Gm.�/
� 1

ˇ̌̌̌
ˇ

C

ˇ̌̌̌exp
�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2 arctan.D�
l;�
/
�

exp
�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2 arctan.D�
l;�
/
� � 1

ˇ̌̌̌
C

ˇ̌̌̌
exp

�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2

�
exp

�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2

� � 1ˇ̌̌̌
C

ˇ̌̌̌
exp

�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2

�
arctan

�
t �

�

l

�
� arctan

�
t �

�

l

���
� 1

ˇ̌̌̌
:

Here and in the rest of the proof we will always use the fact that for x; y . 1, we have
jxy � 1j . jxj jy � 1j C jx � 1j . jx � 1j C jy � 1j.

Then the lemma follows from the inequalities below, which follow from (6.2) and the
fact that jf .x/ � f .y/j . kf 0.z/kL1 jx � yj:ˇ̌̌̌
ˇmDE.

p
j�j/C1Y

mDE.
p
j�j/

1

Gm.�/
� 1

ˇ̌̌̌
ˇ . j

p
� �

p
�j

�
1
3

h�
1
3 �

1
2 i1Cˇ

. j� � �jh�i�1; (6.3)

ˇ̌̌̌
ˇ lC1Y
mDE.

p
j�j/

Gm.�/

Gm.�/
� 1

ˇ̌̌̌
ˇ . exp

�
C
j� � �j

h�i

lC1X
mDE.

p
j�j/

.FC
2 C F �

2 /.m; �/

�
� 1 .

j� � �j

h�i
;

(6.4)
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andˇ̌̌̌exp
�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2 arctan.D�
l;�
/
�

exp
�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2 arctan.D�
l;�
/
� � 1

ˇ̌̌̌
. exp

�
C
j� � �j

h�i

�
� 1 .

j� � �j

h�i
;

ˇ̌̌̌
exp

�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2

�
exp

�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2

� � 1ˇ̌̌̌ . exp
�
C
j� � �j

h�i

�
� 1 .

j� � �j

h�i
;ˇ̌̌̌

exp
�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2

�
arctan

�
t �

�

l

�
� arctan

�
t �

�

l

���
� 1

ˇ̌̌̌
. �

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2

�
arctan

�
t �

�

l

�
� arctan

�
t �

�

l

��
. �

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2
min

°
j� � �j

l
; 1
±

.

8̂̂<̂
:̂
��

1
3
j� � �j

�
; t �

�

l
. ��

1
3 ;

��
1
3 ˇ t1�ˇ j� � �j

�
; t �

�

l
& ��

1
3 :

(3b) k ¤ l , jt � �
k
j & �

k2 and jt � �
l
j & �

l2 with k < l . We have

jw.t; �/ � w.t; �/j D w.t; �/
ˇ̌̌w.t; �/
w.t; �/

� 1
ˇ̌̌

.

ˇ̌̌̌
ˇmDE.

p
j�j/C1Y

mDE.
p
j�j/

1

Gm.�/
� 1

ˇ̌̌̌
ˇC

ˇ̌̌̌
ˇmax¹l;kºC1Y
mDE.

p
j�j/

Gm.�/

Gm.�/
� 1

ˇ̌̌̌
ˇC

ˇ̌̌̌
ˇ min¹k;lºC1Y
mDmax¹l;kº

Gm.�/ � 1

ˇ̌̌̌
ˇ

C

ˇ̌̌̌exp
�
�

1
3 h�

1
3 tk;�i

�.1Cˇ/ �

k2 .arctan.t � �
k
/C arctan.D�

k;�
//
�

exp
�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2 .arctan.t � �
l
/C arctan.D�

l;�
//
� � 1

ˇ̌̌̌
: (6.5)

Let F3.t; k; �/ D �
1
3 h�

1
3 tk;�i

�.1Cˇ/ �

k2 .arctan.t � �
k
/C arctan.D�

k;�
//; we get

jF3j . k�1; j@kF3j .
1

hki
; j@�F3j .

1

h�i
;

where we used the fact that � & k2. Then the lemma follows from (6.3), (6.4) and the
following two inequalities:ˇ̌̌̌exp

�
�

1
3 h�

1
3 tk;�i

�.1Cˇ/ �

k2 .arctan.t � �
k
/C arctan.D�

k;�
//
�

exp
�
�

1
3 h�

1
3 tl;�i

�.1Cˇ/ �

l2 .arctan.t � �
l
/C arctan.D�

l;�
//
� � 1

ˇ̌̌̌
. eF3.t;k;�/�F3.t;l;�/

� 1 . jF3.t; k; �/ � F3.t; l; �/j

.
1

hki
jk � l j C

1

h�i
j� � �j .

j� � �j

h�i

and ˇ̌̌̌
ˇ min¹k;lºC1Y
mDmax¹k;lº

Gm.�/ � 1

ˇ̌̌̌
ˇ . jl � kj

�
1
3 �

l2

h
�

1
3 �
l

i1Cˇ

.
jk � l j

l
.

j� � �j

h�i
;

where we used the fact that jk � l j . h
���

t
i, l � �

t
.
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(3c) j� � �j & �
l
�

�
k

. In this case, similarly we have

jw.t; �/ � w.t; �/j .
j� � �j

h�i
:

Case 4. For 2� � t � 2� , then t 2 I1;� and

jw.t; �/ � w.t; �/j D w.t; �/
ˇ̌̌ w.2�; �/

w.tl;� ; �/gl .t �
�
l
; �/

� 1
ˇ̌̌

.
ˇ̌̌ w.2�; �/

w.tl;� ; �/gl .t �
�
l
; �/

� 1
ˇ̌̌

.

ˇ̌̌̌
ˇmDE.

p
j�j/C1Y

mDE.
p
j�j/

1

Gm.�/
� 1

ˇ̌̌̌
ˇC

ˇ̌̌̌
ˇ 2Y
mDE.

p
j�j/

Gm.�/

Gm.�/
� 1

ˇ̌̌̌
ˇ

C

ˇ̌̌̌
exp

�
�

1
3 h�

1
3 t1;�i

�.1Cˇ/�.arctan.�/C arctan.1
3
�//
�

exp
�
�

1
3 h�

1
3 t1;�i

�.1Cˇ/�.arctan.t � �/C arctan.1
3
�//
� � 1ˇ̌̌̌:

Thus, the lemma follows from (6.3), (6.4) and the following inequalities:ˇ̌
exp

�
�

1
3 h�

1
3 t1;�i

�.1Cˇ/�.arctan.t � �/C arctan.D�
1;�//

�
� 1

ˇ̌
.
ˇ̌
�

1
3 h�

1
3 t1;�i

�.1Cˇ/�.arctan.t � �/C arctan.1
3
�//

�
�
�

1
3 h�

1
3 t1;�i

�.1Cˇ/�.arctan.�/C arctan.1
3
�//
�ˇ̌

. j arctan.t � �/ � arctan.�/j C j� � �jh�i�1

. max
®
arctan.�/ � arctan.�/; arctan.�/ � arctan.2� � �/

¯
C j� � �jh�i�1

. j� � �jh�i�1:

Case 5. For t � 2� . We get by (6.3) and (6.4) that

jw.2�; �/ � w.2�; �/j D w.2�; �/
ˇ̌̌w.2�; �/
w.2�; �/

� 1
ˇ̌̌

.

ˇ̌̌̌
ˇmDE.

p
j�j/C1Y

mDE.
p
j�j/

1

Gm.�/
� 1

ˇ̌̌̌
ˇC

ˇ̌̌̌
ˇ 1Y
mDE.

p
j�j/

Gm.�/

Gm.�/
� 1

ˇ̌̌̌
ˇ

. j� � �jh�i�1:

Thus we have proved Lemma 6.1.

7. Remainder

In this section we deal with the remainder and prove Proposition 2.7. Now, the commutator
cannot gain us anything so we may as well treat each term separately. We rewrite both
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terms on the Fourier side:

R D

X
N2D

X
N 0�N

X
k;l

Z
�;�

A� NOfk.�/A
�
k .�/ Oul .�/N brf k�l .� � �/N 0 d� d�

C

X
N2D

X
N 0�N

X
k;l

Z
�;�

A� NOfk.�/ Oul .�/NA
�
k�l .� � �/

brf k�l .� � �/N 0 d� d�:

On the support of the integrand, jl; �j � jk � l; � � �j; thus

A�
k .�/ � hk; �i� . hl; �i�

C hk � l; � � �i�
� hl; �ihk � l; � � �i��1

� A�
k�l .� � �/;

which implies that
jRj .

X
N2D

kA�f k2kuN kH 3kf�N kH � :

Therefore we get by (4.4),

jRj . kf k2
H � kukH 3 .

"�
1
3

ht2i
kA�f k2

2; (7.1)

which gives Proposition 2.7.

8. Reaction

In this section we deal with the reaction term and prove Proposition 2.8. We focus first on
an individual frequency shell and divide each into several natural pieces:

RN D R1
N CR

";1
N CR2

N CR3
N ;

where

R1
N D

X
k;l¤0

Z
�;�

A� NOfk.�/A
�
k .�/.�l � �k/

y�l .�/N Ofk�l .� � �/<N=8 d� d�;

R
";1
N D �

X
k;l¤0

Z
�;�

A� NOfk.�/A
�
k .�/

�6.1 � v0/r?�l

�
.�/N � brf k�l .� � �/<N=8 d� d�;

R2
N D

X
k

Z
�;�

A� NOfk.�/A
�
k .�/ Og.�/N

b@vf k.� � �/<N=8 d� d�;

R3
N D �

X
k;l

Z
�;�

A� NOfk.�/A
�
k�l .� � �/ Oul .�/N brf k�l .� � �/<N=8 d� d�:

8.1. Main contribution

The main contribution comes from R1
N . We subdivide this integral depending on whether

.l; �/ and/or .k; �/ are resonant, as each combination requires slightly different treatment.
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Define the partition

1 D 1t…Ik;� ;t…Il;�
C 1t…Ik;� ;t2Il;�

C 1t2Ik;� ;t…Il;�
C 1t2Ik;� ;t2Il;�

D �NR;NR
C �NR;R

C �R;NR
C �R;R;

where the NR and R denote “nonresonant” and “resonant” respectively, referring to .k; �/
and .l; �/. Correspondingly, denote

R1
N D

X
l¤0

Z
�;�

�DA� NOfl .�/A
�
l .�/.�l � �l/

y�l .�/N Of0.� � �/<N=8 d� d�„ ƒ‚ …
RN;D

C

X
l¤0

Z
�;�

Œ�NR;NR
C �NR;R

C �R;NR
C �R;R�.1 � �D/

�A� NOfl .�/A
�
l .�/.�l � �l/

y�l .�/N Of0.� � �/<N=8 d� d�„ ƒ‚ …
R

NR;NR
N;D CR

NR;R
N;D CR

R;NR
N;D CR

R;R
N;D

C

X
k;l¤0;k¤l

Z
�;�

.1 � �D1/A� NOfk.�/A
�
k .�/.�l � �k/

y�l .�/N Ofk�l .� � �/<N=8 d� d�„ ƒ‚ …
RN;¤;�

C

X
k;l¤0;k¤l

Z
�;�

Œ�NR;NR
C �NR;R

C �R;NR
C �R;R��D1

�A� NOfk.�/A
�
k .�/.�l � �k/

y�l .�/N Ofk�l .� � �/<N=8 d� d�„ ƒ‚ …
R

NR;NR
N CR

NR;R
N CR

R;NR
N CR

R;R
N

D RN;D CR
NR;NR
N;D CR

NR;R
N;D CR

R;NR
N;D CR

R;R
N;D

CRN;¤;� CR
NR;NR
N CR

NR;R
N CR

R;NR
N CR

R;R
N ;

where �D is a characteristic function (the indicator function) of the set

D D
®
.l; �/ W jl j � 5

4
j�j
¯
;

and �D1 is a characteristic function (the indicator function) of the set

D1 D
®
.l; k; �; �/ W jl j � j�j; jl � k; � � �j � 1

1000
jl; �j

¯
;

8.1.1. Treatment of RN;D . For the case jl j � 5
4
j�j, we get for t � 1,

A�
l
.�/jl j

l2 C jlt � �j2
.
A�

l
.�/jl j

l2 C t2l2
.

jl j��1

1C t2
;

which implies that

jRN;Dj .
1

ht2i
kA�f�N kL2kh@zi

��1�L�
�1
t P¤fN kL2kf0kH 3

.
"�

1
3

ht2i
kA�f k2

2: (8.1)
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In the next four subsections we will use the fact that for jl j � 5
4
j�j and j� � �j �

3
8
jl; �j � 27

40
j�j, we have j�j � 13

40
j�j � 13

50
jl j, which gives that

wl .t; �/ D w.t; �/; wl .t; �/ D w.t; �/: (8.2)

8.1.2. Treatment of the zero mode R
NR;NR
N;D

. We have

R
NR;NR
N;D .

X
l¤0

Z
�;�

�NR;NR.1 � �D/

�

ˇ̌̌̌
A� NOfl .�/

A�
l
.�/jl j

l2 C jlt � �j2
3�L�

�1
t f l .�/N b@vf 0.� � �/<N=8

ˇ̌̌̌
d� d�

According to the relation between t and � , we have the following three cases.

Case 1: t � max¹t .�/; t.�/º �
p
j�j �

p
N . Then in this case,

A�
l
.�/jl j

l2 C jlt � �j2
.

8̂̂̂<̂
ˆ̂:

A�
l
.�/jl j

l2.1C j�j2

l4 /
.
A�

l
.�/p
�

if jl j � E.
p
�/;

A�
l
.�/p
�

if jl j � E.
p
�/C 1;

(8.3)

which implies

jR
NR;NR
N;D j .

1

hti
kA�f�N kL2kA��L�

�1
t P¤fN kL2k@vf0kH 3

.
"�

1
3

h�
1
2 t

1
2 ihti

kA�f�N kL2kA��L�
�1
t P¤fN kL2 :

Case 2: t � 2j�j or t � 2j�j. Then in this case,

jl j

l2 C jlt � �j2
.

1

1C t2
(8.4)

and

jl j

l2 C jlt � �j2
.

jl j

l2 C jlt � �j2
�

jl j

l2 C jlt � �j2
C

jl j

l2 C jlt � �j2

.
jl j j� � �j.2j� � lt j C j� � �j/

.l2 C jlt � �j2/.l2 C jlt � �j2/
C

jl j

l2 C jlt � �j2

.
jl jh� � �i2

l2 C jlt � �j2
.

h� � �i2

1C t2
; (8.5)

which implies that

jR
NR;NR
N;D j .

1

ht2i
kA�f�N kL2kA��L�

�1
t P¤fN kL2kf0kH 5

.
"�

1
3

ht2i
kA�f�N kL2kA��L�

�1
t P¤fN kL2 :
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Case 3: t 2 It .�/ \ It .�/. In this case there exists k; l 0 so that t 2 Ik;� \ Il 0;� . By
Lemma 3.2, we get k � l 0.

If l � 1
2

min¹jl 0j; jkjº, then

jl j

l2.1C jt � �
l
j2/

.

s
jl j

l2.1C jt � �
l
j2/

s
jl j

l2.1C jt � �
l
j2/

h� � �i

.
h� � �i

l.1C �2

l2 /
.

h� � �i

1C �2

l 02

.
h� � �i

1C t2
;

where here we use the fact that t � �
l 0

.
If l > 1

2
min¹jl 0j; jkjº, then

1

l2
.

1

min¹jl 0j; jkjº2
.

1

jl 0kj

and by the fact that for t 2 Il 0;� \ Ik;� and t … Il;� [ Il;� , it holds that jt � �
l
j � jt � �

k
j

and jt � �
l
j � jt � �

l 0
j. Thus, by (8.2) we get

jl jh�
1
2 . �

k
/

1
2 i�1

l2.1C jt � �
l
j2/

.

s
jl j

l2.1C jt � �
l
j2/

s
jl j

l2.1C jt � �
l
j2/

h� � �ih�
1
2 . �

k
/

1
2 i

�1

.

s
1

k.1C jt � �
k
j2/

s
1

l 0.1C jt � �
l 0
j2/

h� � �ih�
1
2 . �

k
/

1
2 i

�1

.
s

�

k2.1C jt � �
k
j2/

s
�

l 02.1C jt � �
l 0
j2/

h� � �ih�
1
3 . �

k
/i�.1Cˇ/

.

s
@tw.t; �/

w.t; �/

s
@tw.t; �/

w.t; �/
h� � �i��

1
3 :

In the third inequality we use the fact that for 0 < ˇ �
1
2

,

h�
1
2 . �

k
/

1
2 i

�1 . �
k
h�

1
3 . �

k
/i�.1Cˇ/: (8.6)

Thus, by the fact that t � �
k

we get

jR
NR;NR
N;D j .

1

ht2i
kA�f�N kL2kA��L�
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Putting together all the above estimates, we conclude that
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8.1.3. Treatment of the zero mode R
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.
A�

l
.�/

jl j
.
A�

l
.�/

p
N
;

we obtain

jR
NR;R
N;D j .

1

hti
kA�f�N kL2kA��L�

�1
t fN kL2k@vf0kH 3

.
"�

1
3

h�
1
2 t

3
2 i
kA�f�N kL2kA��L�

�1
t fN kL2 :

If t � 2j�j, then we use the same argument as (8.4) and (8.5) and get

jl jA�
k
.�/

l2 C .� � lt/2
.

h� � �i2

hti2
A�

l .�/:

Therefore we get

jR
NR;R
N;D j .

1

ht2i
kA�f�N kL2kA��L�

�1
t fN kL2kf0kH 5

.
"�

1
3

ht2i
kA�f�N kL2kA��L�

�1
t fN kL2 :
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Therefore, we get
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Putting together all the above estimates, we conclude that
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8.1.4. Treatment of the zero mode R
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Therefore, we get
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Putting together all the above estimates, we conclude that
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8.1.5. Treatment of the zero mode R
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8.1.6. Treatment of RN;¤;�. In this case we get .l; k; �; �/ … D1 which means that at
least one of the two inequalities jl j � j�j, jl � k; � � �j � 1

1000
jl; �j holds. Thus we get
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In the next four subsections, we restrict .l; k; �; �/ 2 D1, which gives j�j � 1
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8.1.7. Treatment of R
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If t � 2j�j, and for j�� �j � 1
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8.1.9. Treatment of R
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8.1.10. Treatment of R
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8.2. Treatment of R2
N

We recall that
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8.3. Treatment of R3
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8.4. Corrections

In this section we treat R";1
N , which is higher order in �
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N . We expand .1 � v0/�l
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We recall that �N denotes the Littlewood–Paley cutoff to the N th dyadic shell in Z � R;
see Section A.1.

We begin with R";1
N;LH . On the support of the integrand,ˇ̌
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From here we may proceed analogously to the treatment of R1
N with .l; � 0/ playing the

role of .l; �/. We omit the details and simply conclude the result is
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Turn now to R";1
N;HL. On the support of the integrand, it holds that
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Thus we get

jR
";1
N;HLj .

X
M�8

X
k;l¤0

Z
�;�;� 0

�
jlj�

j�j
16

jA� NOfk.�/j�N .l; �/
ˇ̌�2.1 � v0/.� 0 � �/�

M

� hli�
jl; � 0j y�l .�

0/<M=8
brf k�l .� � �/<N=8

ˇ̌
d� d� d� 0

C

X
M�8

X
k;l¤0

Z
�;�;� 0

�
jlj<

j�j
16

jA� NOfk.�/j�N .l; �/h�
0
� �i�

ˇ̌�2.1 � v0/.� 0 � �/�
M

� jl; � 0j y�l .�
0/<M=8

brf k�l .� � �/<N=8

ˇ̌
d� d� d� 0

D R
";1;z
N;HL CR

";1;v
N;HL:



N. Masmoudi and W. Zhao 296

First, consider R";1;z
N;HL, where on the support of the integrand, 16jl j � j�j:
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32
. jl j:

Thus we divide R";1;z
N;HL into two parts,
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To make it summable inM we need more “derivatives” at higher (inM ) frequency; luck-
ily, all of the “derivatives” land on the lower (in M ) frequency.

If jl j � 16j�j, then in fact 38j�j
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Next we turn toR";1;z
N;HL;2. If 1

16
j�j � jl j � 16j�j, then jl j � jl; �j � j� � � 0j �M �N ,
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Next we turn to R";1;v
N;HL, in which case we can consider all of the “derivatives” to be

landing on 1 � v0. On the support of the integrand,ˇ̌
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Since jl; �j � j� � � 0j, the sum only includes boundedly many terms. Therefore,
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We turn to the remainder term R
";1
N;HH . In this case we have
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Thus we divide into two cases according to the relationship between l and � 0:
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Therefore, we get
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Therefore, we conclude by the bootstrap hypotheses and Lemma 4.1 that
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We end this section by proving Proposition 2.8.

Proof of Proposition 2.8. By (8.19), (8.20), (8.21), (8.23), Lemma 4.1, Proposition 2.3,
(A.2) and the bootstrap hypotheses, we getX
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By Lemma 4.3 we have
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Thus we have proved Proposition 2.8.

9. Coordinate system

9.1. Higher regular controls

In this subsection we will study the energy estimate for g in H � and h; Nh in H ��1

and H � .

9.1.1. Energy estimate of g. In this section we will prove (2.31). We need to mention
that the result (2.31) is not optimal; however it is enough. It is natural to compute the time
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Finally, we treat the dissipation term V
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Thus, by the bootstrap hypotheses we get
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By taking " small enough, we have proved (2.31).

9.1.2. Energy estimate of Nh and h. We get
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Thus, by the fact that
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Putting these together and using the bootstrap assumption, we get
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Then by taking " small enough, we get (2.32).
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9.2. Energy estimates of Nh and h in H �
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Now we treat V
Nh;<1

3;� :
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which gives by the bootstrap hypotheses that
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The energy for h in H � is similar to the estimate of H ��1. We have
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Thus we conclude that
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9.3. Lower energy estimate

9.3.1. Energy estimate of g in H ��6. We have
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As before we deal with V L;g
1 by commutator estimate and integration by parts:
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Then by the bootstrap assumption and Lemma 4.1, we get
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For the dissipation error term we have
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Thus, by the bootstrap assumption we get
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Thus, by taking " small enough we have proved (2.35).

9.3.2. Energy estimate of Nh in H ��6. The estimate is the same as the estimates of g in
lower Sobolev spaces. We have
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Then we have
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Finally, for the dissipation error term we have
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Thus, by the bootstrap hypotheses we obtain
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Therefore, by taking " small enough we have proved (2.36).



N. Masmoudi and W. Zhao 314

10. Decay estimate of vorticity

10.1. Decay estimate of nonzero mode: enhanced dissipation

Up to an adjustment of the constants in the bootstrap argument, it suffices to consider only
t such that �t3 & 1 (say), as otherwise the decay estimate follows trivially from the higher
regularity energy estimate.

Recall that
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Computing the time evolution of kAs
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We write the dissipation term as
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First, we need to cancel the growing term cause by D.t; �/. Indeed, we have
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which gives that
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10.1.1. Euler nonlinearity. We first divide into zero and nonzero frequency contribu-
tions, as they will be treated differently:
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For E1 we use the commutator trick and the paraproduct (in both z and v),
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We turn to T 0;2
N . By Lemma 3.4 we get
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The treatment of the remainder terms is similar to the reaction term. We have
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Treatment of E2. Next we turn toE2. Now we need to use the inviscid damping to obtain
decay in time. Roughly speaking, if f is of zero mode, we will land the operator As
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Thus, by the bootstrap hypotheses and Lemma 4.4 we have
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2

2
;

which gives that

kAs
Ef .t/k

2
2 C

Z t

1

1

5
�


p��LA

s
Ef .t

0/


2

2
dt 0

� kAs
Ef .1/k

2
2 C C"�

1
3 kAs

Ef .t/k
2
2 C C"3�:

Thus, by taking " small enough we have proved (2.34).

10.2. Decay of the zero mode

Here we start the proof of (2.37). The zero mode f0 satisfies

@tf0 C g@vf0 C v0hr?
z;vP¤� � rz;vf i � �.v

0/2@2
vf0 D 0: (10.5)
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We want to prove that the zero mode slightly decays. It is natural to study the time
evolution of

EL;0.t/ D kh@vi
sf0k

2
2 C

t�

2
kh@vi

s@vf0k
2
2:

We get

d

dt
EL;0.t/ D

1

2
�kh@vi

s@vf0k
2
2 C t�

1

2

d

dt
.kh@vi

s@vf0k
2
2/C

d

dt
.kh@vi

sf0k
2
2/

D �
3

2
�kh@vi

s@vf0k
2
2 � �2tk@2
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2
H s

� �t

Z
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s@vf0h@vi
s@v.g@vf0/ dv � 2

Z
h@vi

sf0h@vi
s.g@vf0/ dv

� �t

Z
h@vi

s@vf0h@vi
s@v.v

0
hr

?
z;vP¤� � rz;vf i/ dv

� 2

Z
h@vi

sf0h@vi
s.v0hr?

z;vP¤� � rz;vf i/ dv

C �2t

Z
h@vi

s@vf0h@vi
s@v

�
..v0/2 � 1/@2

vf0

�
dv

C 2�

Z
h@vi
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s
�
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�
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D �
3

2
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s@vf0k
2
2 � �2tk@2
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2
H s

C V1;1 C V1;2 C V2;1 C V2;2 C V3;1 C V3;2:

To treat V1;1 and V1;2, we use the commutator estimate and integration by parts:

jV1;1j C jV1;2j . k@vgkL1.kf0k
2
H s C �tk@vf0k

2
H s /

C kf0kH skŒh@vi
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. kgkH s
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2
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2
H s

�
:

Next we turn to V2;1; V2;2: by using the fact that

hr
?
z;vP¤� � rz;vf i D @vh@zP¤�f¤i;

we get

jV2;1j . �tk@vf0kH s .kh@vh@zP¤�f¤ikH sC1 C k@vh@zP¤�f¤ikH sC1/

. �t.1C khkH sC1/k@vf0kH skP¤�kH sC3kf¤kH sC2

and similarly

jV2;2j . kf0kH s .kh@vh@zP¤�f¤ikH s C k@vh@zP¤�f¤ikH sC1/

. .1C khkH s /kf0kH skP¤�kH sC2kf¤kH sC1 :
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Finally, we turn to V3;1; V3;2: as before we have

jV3;1j . �2tk@2
vf0k

2
H sk.v
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Thus, by the bootstrap assumption we get
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Thus, by taking " small enough we have proved (2.37).

A. Functional analysis tools

A.1. Littlewood–Paley decomposition and paraproducts

In this section we fix conventions and notation regarding Fourier analysis, Littlewood–
Paley and paraproduct decompositions. See e.g. [1, 11] for more details.

For f .z; v/ in the Schwartz space, we define the Fourier transform Ofk.�/, where
.k; �/ 2 Z � R, as

Ofk.�/ D
1

2�

Z
T�R

f .z; v/e�ikz�iv� dz dv

and the Fourier inversion formula is

f .z; v/ D
1

2�

X
k2Z

Z
R

Ofk.�/e
ikzCiv� d�:
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With these definitions we haveZ
f .z; v/g.z; v/ dz dv D

X
k

Z
Ofk.�/ Ogk.�/ d�;

Ofg D Of � Og:

This work makes heavy use of the Littlewood–Paley dyadic decomposition. Here we
fix conventions and review the basic properties of this classical theory; see e.g. [1] for
more details. First, we define the Littlewood–Paley decomposition only in the v variable.
Let  2 C1

0 .RI R/ be such that  .�/ D 1 for j�j � 1
2

and  .�/ D 0 for j�j � 3
4

, and
define �.�/D  . �

2
/� .�/ supported in the range � 2 .1

2
; 3

2
/. Then we have the partition

of unity
1 D  .�/C

X
M22N

�M .�/;

where we mean that the sum runs over the dyadic numbersM D 1; 2; 4; 8; : : : ; 2j ; : : :, and
�M .�/ D �.M�1�/, which has the compact support M

2
� j�j � 3M

2
. For f 2 L2.R/, we

define

fM D
�
�M .�/ Of .�/

�_
;

f 1
2
D
�
 .�/ Of .�/

�_
;

f<M D f 1
2
C

X
K22N ;K<M

fK ;

which defines the decomposition

f D f 1
2
C

X
K22N

fK :

There holds the almost orthogonality and the approximate projection property

kf k2
2 �

X
K2D

kfKk
2
2;

kfMk
2
2 � k.fM /Mk

2
2:

(A.1)

The following is also clear for M � 1:

k j@vjfMk
2
2 �MkfMk

2
2:

We make use of the notation

f�M D

X
K2DW 1

C M�K�CM

fK ;

for some constant C that is independent ofM . Generally, the exact value of C being used
is not important; what is important is that it is finite and independent of M . With this
notation we also have

kf k2
2 �C

X
K2D

kf�Kk
2
2: (A.2)
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During much of the proof we are also working with Littlewood–Paley decompositions
defined in the .z; v/ variables, with the notation conventions being analogous. Our con-
vention is to use N to denote Littlewood–Paley projections in .z; v/ and M to denote
projections only in the v direction.

Another key Fourier analysis tool employed in this work is the paraproduct decompo-
sition, introduced by Bony ([11]) (see also [1]). Given suitable functions f , g, we may
define the paraproduct decomposition (in either .z; v/ or just v),

fg D Tf g C Tgf C R.f; g/

D

X
N�8

f<N=8gN C

X
N�8

fNg<N=8 C

X
N2D

X
N=8�N 0�8N

gN 0fN ;

where all the sums are understood to run over D. In our work we do not employ the
notation in the first line since at most steps in the proof we are forced to explicitly write
the sums and treat them term by term anyway. This is due to the fact that we are working
in nonstandard regularity spaces and, more crucially, are usually applying multipliers that
do not satisfy any version of ATf g � Tf Ag. Hence, we have to prove almost everything
“from scratch” and can only rely on standard para-differential calculus as a guide.

We also show some product estimates (or Young’s inequality) based on Sobolev
embedding. It holds for s > 1 that

kfgkH s.T�R/ . kf kH s.T�R/kgkH s.T�R/;

k Of � Ogk2 . kf k2kgkH s.T�R/;

k Of � Og � Ohk2 . kf k2kgk2khkH s.T�R/:

(A.3)

We end this subsection by introducing the commutator estimate which can be found
in [27].

Lemma A.1 ([27]). Let J D .1 ��/
1
2 ; for 1 < p <1 and s � 0 it holds that

kJ s.fg/ � f .J sg/kp .p;s krf k1kJ s�1gkp C kJ sf kpkgk1:

A.2. Composition lemma

According to the coordinate transform, we need the following composition lemma.

Lemma A.2. Suppose that 
 > 1; let F 2 H 
 W T � R ! R, GW T � R ! T � R be
such that krG � I2�2kL1 �

1
4

and rG � I2�2 2H 
 WT � R ! M2�2. Then there exists
C D C.krG � I2�2kH 
 ; 
/ such that

kF ıGkH 
 � CkF kH 
 :

Proof. First, we have kF ıGk2
2 � kF k2

2. Then by the fact that r.F ıG/ D Œ.rF / ıG�

.rG � I2�2/C .rF / ıG, we have

kF ıGkH 
 . k.rF / ıGkH 
�1k.rG � I2�2/kH 
 C k.rF / ıGkH 
�1

. k.rF / ıGkH 
�1 :
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Let 
 D Œ
�C ¹
º with ¹
º 2 Œ0; 1/; then by the equivalent definition of the fractional-
order Sobolev spaces we get

kF kH 
 � kF kH Œ
�

C

X

1C
2DŒ
�

�Z
.T�R/2

j@

1
x @


2
y F.x1; y1/ � @


1
x @


2
y F.x2; y2/j

2

..x1 � x2/2 C .y1 � y2/2/1C¹
º
dx1 dy1 dx2 dy2

� 1
2

:

Therefore, we only need to prove

kF ıGkH ¹
º � CkF kH ¹
º :

Indeed, we have
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2
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º �

Z
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Z
T�R
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2

..x1 � x2/2 C .y1 � y2/2/1C¹
º
dx1 dy1 dx2 dy2

.
Z

T�R

Z
T�R

jF.G.x1; y1// � F.G.x2; y2//j
2

jG.x1; y1/ �G.x1; y1/j2C2¹
º

�
jG.x1; y1/ �G.x1; y1/j

2C2¹
º

..x1 � x2/2 C .y1 � y2/2/1C¹
º
dx1 dy1 dx2 dy2

. krGkL1

Z
T�R

Z
T�R

jF.G.x1; y1// � F.G.x2; y2//j
2

jG.x1; y1/ �G.x1; y1/j2C2¹
º
dx1 dy1 dx2 dy2:

By the assumption krG � I2�2kL1 �
1
4

, we have that .x; y/! .z; v/ D G.x; y/ is
invertible and thus

kF ıGk
2
H ¹
º . krGkL1

Z
T�R

Z
T�R

jF.z1; v1/ � F.z1; v1/j
2

..z1 � z2/2 C .v1 � v2/2/1C¹
º
dz1 dv1 dz2 dv2

. .krG � I2�2kH 2 C 1/kF k
2
H ¹
º :

Thus we have proved the lemma.
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