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Abstract

We construct solutions to the two-dimensional parabolic-elliptic Keller-Segel
model for chemotaxis that blow up in finite time 7. The solution is decomposed
as the sum of a stationary state concentrated at scale A and of a perturbation. We
rely on a detailed spectral analysis for the linearised dynamics in the parabolic
neighbourhood of the singularity performed by the authors in [10], providing a
refined expansion of the perturbation. Our main result is the construction of a
stable dynamics in the full nonradial setting for which the stationary state col-
lapses with the universal law

o4y _ /In@=nI
A~2e” 2 AT —te 2

where y is the Euler constant. This improves on the earlier result by Raphael and
Schweyer and gives a new robust approach to so-called type II singularities for
critical parabolic problems. A by-product of the spectral analysis we developed
is the existence of unstable blowup dynamics with speed

4 __¢
Ap ~ Co(T — t)% [In(T —t)| 2¢¢=D  for £ > 2 integer.
© 2021 Wiley Periodicals LLC.

1 Introduction

1.1 The Keller-Segel system

This paper is concerned with the Keller-Segel system modelling chemotaxis.
Chemotaxis is a biological phenomenon describing the change of motion of a pop-
ulation density (of certain cells, animals, and of particles as well) in response (taxis)
to an external chemical stimulus spread in the environment where they reside. The
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chemical signal can be secreted by the species itself or supplied to it by an ex-
ternal source. As a consequence, the species changes its movement toward (pos-
itive chemotaxis) or away from (negative chemotaxis) a higher concentration of
the chemical substance. A possible fascinating issue of a positive chemotactical
movement is the aggregation of the organisms involved to form a more complex
organism or body. The first mathematical model for chemotaxis was proposed
by Keller-Segel [28] to describe the aggregation of the slime mold amoebae Dic-
tyostelium discoideum (see also Patlak [48] for an earlier model and [27,29,30] for
various assessments). Since the publication of [28], a large literature has addressed
the mathematical, biological and medical aspects of chemotaxis, showing the im-
portance of the problem and the great interest that different kinds of scientists carry
on it. We recommend the reference [25] for a survey of the mathematical problems
encountered in the study of the Keller-Segel model and also a wide bibliography,
including references on other types of models describing chemotaxis.

The present paper deals with a simplified version of the Keller-Segel model
introduced by Nanjundiah [47], which reads as follows:

diu = Au—V - (uVady,),

x,t) e RZ xR,.
0=Ad, +u, x.1) +

(1.1)

Here u represents the cell density, and @, is the concentration of chemoattractant
that can be defined directly by

1
(12 Sutx.t) == [ toghe — ylu(r.0)dy.
T JR2

The nonlinear term V.(uV ®,,) models the cell movement towards higher concen-
trations of the chemical signal. The more the cells aggregate, the more is the at-
tracting chemical substance produced by the cells. This process is counterbalanced
by cell diffusion, but if the cell density is sufficiently large, the nonlocal chemical
interaction counterbalances the diffusion and results in a blowup of the cell density.
The solution blows up in finite time 7 in the sense that

limsup [[u(?)|| oo ®2) = +00,
t—T

and the blowup set S is then defined by
(1.3) S ={a € R? | A(xx. tx) — (@, T) such that |u(xg, tg)| — +o0}.

Solutions of system (1.1) satisfy the conservation of the total mass as well as the
positivity of the cell density,

(1.4) M:=/ u(x,t)dxz/ ug(x)dx and ifug > 0thenu(z) > 0.
R2 R2

There is also a scaling invariance: if u is a solution, then so is the rescaled function

u (1) = A 2u(A e, A7%) VA > 0.
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As the mass that is a conserved quantity is invariant under the above renormali-
sation, the problem is called critical. In two space dimensions, it was first proved
(see Jager-Luckhaus [26] and Corrias-Perthame-Zaag [13]) that there is global ex-
istence for solutions with small initial mass, while blowup occurs for a large initial
mass. The existence of a mass threshold was then conjectured in [7,8,47]; namely,
that the chemotactic collapse (blowup) should occur if and only if M is greater than
8. This 8 mass threshold conjecture is later proven in [3,5,18] (see also [41,42]
for related results in the bounded domain case). Following [3], the criticality of the
mass value can be seen by computing the second moment

d

4 2 _ _M
(1.5) 7 /]RZ |x|“u(x,t)dx = 4M(1 871)'

Thus, if M > 8, the right-hand side is strictly negative, and positive solutions
with finite second moment cannot be globally defined, or this second moment
would reach zero in finite time.

Below the threshold M < 8, Dolbeault-Perthame announced in [19] that there
is global existence of a solution for system (1.1) in a weak sense. This result
is further completed and improved in [3, 5] through the existence of free-energy
solutions. Furthermore, the asymptotic behavior is given by a unique self-similar
profile of the system (see also [45] for radially symmetric results concerning self-
similar behavior).

At the threshold M = 8x, the authors of [1,2] show the existence of global
radially symmetric solutions to system (1.1) for initial data with finite or infinite
second moment. In [4], Blanchet-Carrillo-Masmoudi proved the existence of so-
Iutions to (1.1) concentrating in infinite time through the free energy functional
introduced by Nagai-Senbai-Yoshida in [43]. Furthermore, they showed that the
solution converges to a delta Dirac distribution at the center of mass.

The system (1.1) has a family of explicit stationary solutions of the form

8

a .
) with U(X) = m

1 X —
2 _
(1.6) YA >0, a e R2, Uj4(x) = ﬁU(T

These solutions have the threshold mass M = 8m and infinite second moment.
They play an important role in the description of concentration both in finite and
infinite time. Ghoul-Masmoudi [21] construct concrete infinite time blowup solu-
tions to (1.1) with threshold mass M = 8x admitting the asymptotic dynamic as
t —> 400,

x2 1
u(x. 1) ~ Upy(x)e™ 20 with A2(f) ~ — and [ =/ 210 (x)dx:;
Int R2

see also Davila—del Pino—Dolbeault-Musso—Wei [14] for an entirely different ap-
proach from that of [21] which leads to the same blowup rate.
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It is worth mentioning that the study of the positive steady states of the problem
(1.1); namely, the solutions of the elliptic system

0=Au—V-uvd,),

xeRz,u>0,

(1.7)

is equivalent to the study of the ground states of the equation
(1.8) Av 4+ dpe®’ =0, x eR? and g > 0.

This basic feature observed in [17] follows from the fact that the solution of (1.7)
satisfies the relation

/ u|V(logu — ®,)>dx =0,
R2

so that u = Ae® for some positive constant A, resulting in equation (1.8). Note
that V ,(x) = log U, ,(x), where U, , is defined by (1.6), is a solution to (1.8)
with Ao = 1. The asymptotic behaviour of solutions of (1.8), in a bounded domain
Q of R? or in the whole space for which g fQ e? remains uniformly bounded,
is well understood after the works by Brezis-Merle [6], Nagasaki-Suzuki [44], Li-
Shafrir [33], Manuel-Wei [17], and references therein. Their results read as fol-
lows: Ape? approaches a superposition of Dirac deltas in the interior of 2. More
precisely, the authors in [17] show that for all A¢ sufficiently small, there exists a
solution vy, to equation (1.8) such that

m
V,(X) = Z Vi viga; ) +0O1) and A /Q eP20 ) dx — 8xm as g — O,
i=1
where Vm Vio.a; is defined above, and the a;’s are the local maxima of v, in the
interior of €2 and the u;’s are the positive constants.

Above the threshold M > 8, concrete examples of finite-time blowup solu-
tions are constructed by Herrero-Veldzquez in [24] (the scaling law found there
is false but after correcting it the rest of the proof remains valid), with a further
stability study in [57-59] (see also [24] for the bounded domain case) and by
Raphiel-Schweyer [51]. Regarding the temporal blowup rate, the central issue
is to distinguish type I from type II blowup. We say that a solution u(¢) of (1.1)
exhibits type I blowup at # = T if there exists a constant C > 0 such that
(1.9) limsup(T — 0)[u(t)]| oo g2) < C:

t—T
otherwise, the blowup is of type II. This notion is motivated by the ODE u, = u?
obtained by discarding diffusion and transport in the equation. The lower blowup
rate estimate
lu(®)ll oomzy = C(T — 1)~

is obtained for any blowup solutions of (1.1) by Kozono-Sugiyama [31]. Impor-
tantly, it is known that in the two-dimensional case any blowup solution of (1.1) is
of type II (see theorem 8.19 in [56] and theorem 10 in [46] for such a statement).
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In [55], Suzuki studies the problem (1.1) in a bounded domain, with Dirichlet con-
dition for the Poisson part, i.e., ®,, |3 = 0, so that the blowup is excluded on the
boundary. More precisely, he proves that

(1.10) u(x,t) —~ Zm(&)ch(dx) + f(x)dx in Mc(Q) =C(Q)

aes
ast — T, where 0 < f(x) € LY(Q) N C(Q \ S). Furthermore, the author also
asserts that m(a) = 8 holds foreacha € 2 N S.

1.2 Statement of the result

Singularity formation for critical problems has attracted a great amount of work
since the seminal results for dispersive equations by Merle-Raphael [36], Krieger-
Schlag-Tataru [32], Rodnianski-Sterbenz [53], Raphael-Rodnianski [49] and ref-
erences therein. The approach of [36,37,49], relying on a careful understanding
of the solution near the stationary state, and on modulation laws computed via
so-called tail dynamics, has been carried on to parabolic problems [S0-52], [54],
and [9]. Type 1I singularities for the semilinear heat equation had been previously
studied by means of matched asymptotic expansions in an unpublished paper by
Herrero-Velazquez (see [23] for an announcement of their result and [20] for a for-
mal analysis). This result was later confirmed by Mizoguchi [39, 40], and a new
inner-outer gluing technique developed recently by Davila—del Pino—Wei [15] (see
also [16] and references therein for recent results). A new approach for the con-
struction of singular solutions of parabolic problems was initiated in [11,12,22,38],
and the present paper fits into this series of works. The aim is to study type II
blowup as well as self-similar singularities, for supercritical and critical equations,
in a unified and more natural approach (see Comment 1.5 below). The present
paper aims at applying for the first time this new approach to the delicate degener-
ate problem of the critical collapse for the parabolic-elliptic Keller-Segel problem
(1.1). In comparison with [51], we obtain a refined expansion for the scale (proving
the precise universal law (1.12)), the nonradial stability of the dynamics, and the
existence of unstable blowup laws, and remove the slightly supercritical mass re-
striction (M close to 87). The solutions we construct are in the following function
space

2
(1.11) £:=u:R2 >R, ul?:= Z/Rzu)%“kwkuﬁ < oo}.
k=0

THEOREM 1.1 (Stable blowup solutions). There exists a set O C € N LY (R?) of
initial data ug such that the following holds for the associated solution to (1.1). It
blows up in finite time T = T (up) > 0 according to the dynamic

U + ﬁ)(—x _x*(’)),

u(x,t) = 0

1
A2(1)
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where
e Precise law for the scale:

(1.12) A0) =2 VT —1eV T (14 047 (1)).

e Convergence of the blowup point: There exists X = X(ug) € R? such
that x*(t) - X ast 1 T.
e Convergence to the stationary state profile:

(1.13) /Rz(ﬁz(t,y) + (y)?|Vii(t, y)[*)dy - 0 ast 1 T.

e Stability: For any ug € O, there exists §(ug) > 0 such that if vy €
E N LY(R?) satisfies |[vo — uglle < 8(ug), then vo € O, and the same
conclusions hold true for the corresponding solution v.

e Continuity: For any fixed ug € O, one has

(T'(vo), X(vo)) — (T (uo), X(uo)) as ||lvo —uplle — 0.

Remark 1.2. In Theorem 1.1, the initial datum u¢ can possibly be nonradial, and
possibly sign-changing. The exponent 3/2 in the definition (1.11) of the func-
tion space £ allows for initial data that are arbitrarily large in L' (but sufficiently
spread out away from the singularity). Additionally, our proof involves a detailed
understanding of the perturbation ; see Definition 3.3.

We are also able to construct for problem (1.7) blowup solutions having other
unstable blowup speeds by the same analysis. This corresponds to the case where
the leading-order part of the perturbation is located on an eigenmode with faster de-
cay, while the eigenmodes with slower decay are not excited. This is only obtained
here in the radial case. The corresponding solutions are sign-changing.

THEOREM 1.3 (Unstable blowup solutions). Forany { € N with { > 2, there exists
an initial datum ug € €N LY with spherical symmetry, such that the corresponding
solution to (1.1) blows up in finite time T > 0 according to the dynamic

1 _ X
u(x,t) = AZ—O‘)(U + u)(m),

where
(1.14) A(0) ~ Cluo)(T — D)3 | In(T — )] 20D,
and

/Rz(iiz(t,y) + (»)?|Vi(t, y)|*)dy -0 ast 1 T.

Remark 1.4. We only give a complete proof of Theorem 1.1, and sketch how it can
be adapted to derive the conclusion of Theorem 1.3. Only one major issue arises.
These unstable blowups are related with eigenmodes of the linearized dynamics
that decay faster. Since we do not control the constant (giving the decay rate)
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in the nonradial coercivity estimate of Proposition 2.4, we are hence only able to
construct such unstable blowups in the radial sector.

Comment 1.5 (A robust approach). Parabolic type II singularities involve two-scale
problems. To leading order the solution is given by a stationary state that is concen-
trated at a scale that is much smaller than the parabolic scale (i.e., distance T — ¢
from the singularity). The core of our approach, following [11, 12,22, 38], is to
obtain the local expansion of the perturbation in the parabolic neighbourhood of
the singularity, relying on a precise spectral analysis. The interactions between the
stationary state and its perturbation are understood via projecting the dynamics on
the corresponding eigenmodes, yielding the obtention of the scaling law. This al-
lows for the construction of a detailed approximate solution, and gives a functional
framework to control the remainder, simultaneously at the scale of the stationary
state and at the parabolic scale. Previous works such as [51] controlled very accu-
rately the solution near the stationary state, but less so in the parabolic zone which
implied, for example, the use of what they call radiations and modified modulation
equations.

Let us now comment on other available techniques. The inner-outer gluing
method, developed in [15] for the study of singularity formation for the two-
dimensional harmonic map flow, provides an interesting alternative framework to
ours; the perturbation is controlled separately close to the stationary state and in
the parabolic zone, relying on parabolic estimates and on fixed point arguments.
The control of the perturbation is obtained under suitable orthogonality conditions,
which yields the desired scaling law. Another approach in [23] and [39,40] for the
semilinear heat equation used an intersection numbers argument, which are unfor-
tunately not available in the nonradial case. We believe the spectral argument in
our technique is the starting point for further studies, such as the possible classifi-
cation of blowup rates in the nonradial case, and our framework would be adapted
to the case of semilinear hyperbolic equations as well.

Comment 1.6 (Main novelties). There are important novelties in the present work,
and it is enlightening to compare it with the one of [11]. The common approach is
the analysis of the linearised operator around a stationary state that is concentrated
at a scale smaller than the parabolic scale, here (1.17). This spectral problem is
solved in Proposition 2.1 (obtained in [10]). The perturbation of the stationary
state is then expanded along the eigenmodes and the precise knowledge of the
eigenvalues then allows for the computation of the scaling laws, here (1.12) and
(1.14). However, in the present critical case the aforementioned spectral problem
is degenerate. Indeed, the concentrated stationary state at scale v — 0 gives a
singular limit (the operator does not converge to its pointwise limit). The stable
blowup law corresponds moreover to a degenerate eigenvalue that is O to leading
order, and one needs to go to next-order corrections that are of order 1/|log v| and
1/|log v|? instead of being polynomial.
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The nonlinear analysis is more involved too, as we cannot rely on signed quanti-
ties or parameters restriction (respectively, equation (1.8) and lemma A.1 in [11]).
In the part of the analysis that establishes upper bounds on the perturbation, certain
nonlinear terms cannot be treated as lower order in comparison with linear terms
(i.e., considered as forcing terms for the linearised evolution). We then put them as
part of the linearised operator, and show that the spectral structure remains true to
leading order (Lemma 4.2). This uses as a key feature that the nonlinear terms, due
to their very algebraical form in (1.1), are orthogonal to the resonance of the linear
operator near the stationary state (see [10]). Moreover, to deal with the nonradial
part of the solution, we use a new coercivity estimate (2.29), which includes the
scaling term in the linearised operator, which greatly simplifies our analysis.

Comment 1.7 (Extension of the stability analysis). Our analysis relies on the de-
scription and control of the solution near the singularity, which is almost decoupled
from what happens away from it. Indeed, first, the key part of the analysis takes
place in a space with exponentially decaying weight in the zone |[x—x™*| < ~/T —¢;
second, the treatment of the exterior part allows for cutting of the full solution at
distance |x — x*| = 1 from the singularity. The present analysis could be easily
adapted to prove the following two results: first, the analogue of Theorem 1.1 for
the existence of this stable blowup dynamics at a point inside a smooth bounded
domain; second, the existence of multiple stationary states blowing up simultane-
ously as described in Theorem 1.1 at n distinct points for any n > 2.

Notations. Throughout this paper, we use the notation A < B to indicate that there
exists a constant C > 0 such that 0 < A < CB. Similarly, A ~ B means that
there exist constants 0 < ¢ < C such that cA < B < CA. We denote by

(ry=+v1+r2
the Japanese bracket. Let y € C2°(R?) be a cutoff function with 0 < y < 1,
x(x) = 1for|x| <1and y(x) = 0 for |x| > 2. We define for all M > 0,

(1.15) ) =x(3-)
. x)=yxl{—).
Xm X M
Given v > 0 and a function f, we introduce
1 Z z
P =—f(3). y== t=lz r=1Dl
v v v

We introduce the differential operator

d
(1.16) A@) = lh@b=1 =V f)=2f+z-V/.
and the linearized operator around the scaled stationary solution U,,,
(1.17) L f2) = L5 f —BASL
(1.18) L5 f=V-(UNVNA*f) with///zfzi—cbf.

v
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In the partial mass setting, namely for

1
W@ZEL&ﬂMA

the operator .£’% acting on radially symmetric functions is transformed to

(1.19) o = df — BLo;,

¢ _ o | 3¢ (Qv?) _ A
In terms of the y-variable, we work with its rescaled versions
(1.21) L) =L f —Bv’Af.
(1.22) L f =V-(UVAS) and .//[fzg—cbf.
In the partial mass setting the linear operator .Z becomes
(1.23) o = oy — Pv3ro,,
1 0,(Q") 412
— 92 r
(1.24) oy = 07 — ;8r + . and Q(r) = 52
We also introduce the weight functions
p2 BlzI? BlzI?
1.25 wy(2) = e 2, Z)=e 2,
( ) v(2) Un(2) po(2)
1 Bv21y12 Bv2y2
(1.26) w(y) = e 2, p(y)=e 2
U(y)

The partial mass of the solution is formally a radial solution in dimension 0, so that
to take k adapted derivatives we will use the notation D¥ for k € N, where

2k 8; 2k 2k+1 2k

and the notation for integers modulo 2,
k A2 =k mod 2.

For a function f of a variable £ representing any variable in the problem, the radial
and nonradial parts of f are defined as

fO=r°®+ ., f'®= (2ﬂ|§|)_1/ fE)ds.
S(0.1&D)
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1.3 Strategy of the proof

We briefly explain the main steps of the proof of Theorem 1.1 and sketch the
different points in the proof of Theorem 1.3.

Renormalization and linearization of the problem: The essential part of the anal-
ysis lies in the parabolic zone |x — X | < +/T —¢. Since neither X nor T is known
a priori, our method will compute them dynamically. In view of the scaling invari-
ance of the problem (1.1), we introduce the change of variables

x—x* dr 1

1
ulx,t) = —sw(z,1r), Dyulx,t) = dy(z.71), z= S i
(50 = 0@, P = Py D) il

where w(¢) and x*(¢) are time-dependent parameters to be fixed later. They will

in fine satisfy —p:/0 — Poo > 0, u(t) ~ /2Booc(T — 1) (see (4.104)), and

x* — X, so that z is indeed the parabolic variable. The equation satisfied by w is

*
(127) dw = V- (Vw — wVdy) — BV - (zw) + & -Vw  with f = — 2%

M M
There is no Type I blowup solutions for the problem (1.1) in the sense of (1.9).
Thus, our goal is to construct an unbounded global-in-time solution w(z, t) for
equation (1.27). In particular, we construct a solution of the form

w(z,7) = Uy(z) + n(z, 1),

where v(7) is the main parameter function in our analysis that drives the law of
blowup, and 7 solves the linearized equation in the parabolic zone

v x¥
(1.28) e = Lo+ (7’ - ,B)AU], =V (19y) + .V (Uy + ).

Here £ is the linearized operator defined by (1.17) . Our aim is then reduced to
construct for equation (1.28) a global-in-time solution 7(z, t) satisfying (1.13).

Properties of the linearized operator: We expect that only the first two terms con-
tribute to leading order in the right-hand side of (1.28). In the radial setting, study-
ing the operator .£’? is equivalent to studying .o/ ¢, the linearised operator around
0, = my, in the partial mass setting defined by (1.19). Indeed, we have the
relation

(129 TGRS

In the regime 0 < Bv2 <« 1, we proved in [10] that «7¢ is self-adjoint in chov /¢
with compact resolvant (see Proposition 2.1 for a precise statement), its spectrum
being

e (o mp(0)).

1 _ _ 1
spec(b@fg) =la, = 2;3(1 —n+ Iy +ocn), oy = O(W), ne N}.
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(a refinement of @y and @; up to an accuracy of order 1/|Inv|? is needed to de-
rive a precise blowup rate). The eigenfunction ¢, of &/ ¢ corresponding to the
eigenvalue o, is explicit to leading order, of the form

n
P i ~ ;on!
(1.30) ¢n,v(§) = ch,_iﬂlvz'] ZTI' £ + ¢n,v7 Cn,j = 2/ -
o v (n—j)
Above, (Z,w is of smaller order, and (7});en are defined by 7j41 = —Mo_lTj

and Ty(r) = ﬁ = may. The resonance of & is Tp: Ty = 0, so they
generate the generalised kernel of 7. They admit the following asymptotic at

infinity
forj>1, T;(r)~ c?erj_zlnr

(1.31) ~ d: ~ 1
withd; 11 = /

- d =.
4G+ T2
Moreover, the following spectral gap estimate holds: for g € chuv /¢ in the domain

of &% with g L ¢y, in L} for0<j <N,
(132) (g.9° )2 <ansilglz .

On the nonradial sector, we also prove in [10] that the slightly modified linear
operator . defined by

Lu = Au—V-uVoy)—V-(UVD,)—bV-(yu), &, = %(—A)_l(u\/_),

is coercive for the following well-adapted scalar product:
(1.33) (u, v)x = / upAM (v /p)dy with #u = %_ @,
R2

(equivalent in norm to choo under suitable orthogonality conditions). We show that
for u without radial component with [p> ud;U \/pdy = 0fori = 1,2:

(1.34) (. Zu), < —80llVul,

for a constant §o > 0. The advantage of this coercivity is that the scaling term »V -
(y+) is taken into account, which greatly simplifies our analysis for the nonradial
part. Note that controlling the scaling term is one of the difficulties in the analysis
performed in [51], where the renormalized operators of %y, .# and the dissipation
structure of the problem together with a sharp control of tails at infinity play a
crucial role in their analysis. A similar situation happens in many other critical
blowup problems, see, for example, [34,35,37,49,50, 52].
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Approximate solution and a formal derivation of the blowup rate: Let N € N with
N > 1, and consider the approximate solution to (1.27) of the form

N
W =Wv,a,Blz.1) = Uu(0) + a1 (D) (0150 — 90 () + D an(D)pn(0),
n=2

where v(7), a(r) = (ai,...,ay)(r) and B(r) are parameters to be determined,
and the ¢, ,’s are the radial eigenfunctions of .Z’%. In the partial mass setting this
gives

mw[v.a,B1(¢, 1) = Qv(§) + a1 (D) (¢1,0(0) — do,v(0))

1.35 .
(135) 3 an @m0
n=2

Here, the term ay(¢1,, — ¢0,,,) is the main perturbation term driving the law of
blowup speed, and the term Zn —p n®n v 1s a higher-order perturbation added to
produce a big constant in the spectral gap (1.32), which is used to close the L
estimate for the radial part of the remainder. The generated error mg (deﬁned by
(3.19)) from the approximate solution (1.35) is of size

2

1.36 .
(1.36) ”mE”Li)v/z ~ |Inv|

Assuming temporarily that W is an exact solution to (1.1), after an appropriate
projection of (1.1) onto ¢, forn = 0,..., N, we end up with the dynamical
system (see Lemma 4.1 for more details):

~ ~ 2
i 5 1)1 900130 )
Mod; = al,t—ﬁm(%—i- w> _,_al%r _ ﬁ( v2

ny 2|Inv|? [Inv|3 )’
2
Mody, := an,; — 2Bana, = ﬁ(m:’—vp) for2 <n < N.

The first equation describes how the leading term in the perturbation forces the
stationary state to shrink, and the second one how the leading term in the perturba-
tion evolves. We now fix the parameter 8 by setting

(137) ar 14 | +ln2—y—l—ln,3
’ 42 2Inv 4/lnv|?
In this case, the first equation reduces to
Vg | In2—y—1—Inp 1
1.38 — =B|- 2 ,
(1.38) v '3|: 2|lnv| + 4|Inv|? + [Inv|3

where y is the Euler constant appearing in the refinement of ag, @ (see Proposition
2.1). Solving this equation gives

v(t) ~ Ae=V5  with A = \/2/,3006_)’7
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from which 7 ~ |In(T —t)| and p(¢) ~ /2Boo(T —t) where T = lim; 0 £(7),
and we derive the blowup rate as stated in Theorem 1.1. The identity (1.37) ensured
v — 0ast — T, and hence is a dynamical way to compute the blowup time.
Our derivation of the blowup rate is consistent with the formal analysis in [24] by
means of matched asymptotic expansions. We would lile to emphasise the fact
that the refinement of the first two eigenvalues up to an accuracy of order ﬁ
is crucial in deriving the precise value of A here. Note that the rigorous analysis

in [51] could not give the value of A.

Decomposition of the solution and modulation equations: To produce a solution of
the full nonlinear problem we decompose the solution as

(1.39) w(z,7) = Wlv,a,Bl(0) + &(z.7), my(.7) =mwlv.a,pl(¢) + me(l. 7).

The uniqueness of this decomposition is ensured by the orthogonality conditions

(1.40) (mg,qsn,v)Lg) N 0 forO0<n <N, /Rz etVU, J/podz = 0.

The control of the radial part of ¢ is done via the partial mass setting, i.e. mg,
based on the spectral properties of the linear operator .o/ ¢, and the control of the
nonradial part g1 of ¢ is based on the coercivity estimate (1.34). Here, m, and et
solve the equations (where P, = a1(¢1,» — o) + Z,]l\;z An@n,v):

de ((2Py + mg)my)
28

*

(142) et = L2t —v.Geh) + %’ V(W + %) + NL(eh),

(1.41) deme = A Smg + +mg 4 No(eb).

where mg is the generated error estimated in (1.36), V - G(e1) contains small
linear terms, and Ng and N stand for higher-order quadratic nonlinear terms cor-
responding to the projections on radial and nonradial modes. After projecting the
above equations on suitable directions, we arrive at the full modulation equations
(see Lemma 4.1 for complete expressions)

1 v2
1.4 M M =0 —— _
(1.43) [Modg| 4+ |Mod | (|lnv|2 ”msHchuv/z + |1nv|3),
(1.44) Mody| = 0 melle  +
. od,| = —||m —
" Inv|" ¢ L3, [Inv|?
and (see (3.27) and Lemma 4.10 for more details)
%
(1.45) ‘x— < etz -

Control of the remainder: In view of (1.43), the main quantity we need to control
is the LCZUv /¢-horm of m, which is of size (based on the error generated by the
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approximate solution, see (1.36))

v2

1.4 <
(1.46) ”mSHchw/z ~ nv|’

so that the leading-order dynamical system (1.38) driving the law of blowup still
holds up to an accuracy of order |1r11v|3' At the linear level, i.e., without taking
into account the nonlinear term in (1.41), it’s simple to achieve (1.46) thanks to the
spectral gap estimate (1.32). However, the only spectral gap (1.32) is not enough
to control nonlinear terms directly and to close the estimate (1.46). Indeed, the
perturbation & can be large near the origin, and the sole qu orthogonality condi-
tions for it do not allow for dissipation-type estimates there. Our idea is to put back
certain nonlinear terms in the linearised operator and to prove that the spectral gap
(1.32) still holds true for this perturbation. We slightly modify the decomposition
(1.39) and extract the leading-order part of ¢ near the origin:

(1.47) My (£, 1) = 05(8) + a1 ($1,5(0) — do5(0)) + M.

where we introduce the new parameter function v ~ v (see Lemma 4.6) to impose
the orthogonality condition localised at the scale of the stationary state

+o00
(1.48) / ooy To 22 dr =0 with i (§) = Aia (¢/D)
0

where M > 1 is a fixed constant and the ¢, 5’s are the eigenfunctions of the
linearized operator </ around Oy, defined as in (1.30) with v replaced by V. The
orthogonality condition (1.48) allows us to derive the coercivity of <% (see Lemma
B.1). This coercivity together with the dissipation structure of the problem yield
the control of 771, and its derivatives near the origin in the parabolic zone |z]| < 1
(or r < %) (see (3.26) and Lemma 4.9), and we obtain a pointwise bound for
my (see (3.53)). When using the decomposition (1.47), the linear operator .o ¢ is
changed into (see the beginning of Section 4.2)

Tt A+ o é.
2
and the nonlinear terms can now be estimated directly. A remarkable fact is that
/% adds a perturbation to &/ ¢ that avoids the resonance near the origin. As a
consequence the spectral structure of /% remains the same and the spectral gap
still holds true; see Lemma 4.2. We finally arrive at

d p2
2 =< —||ms||i2w/§ + CW,

from which (1.46) then directly follows after an integration in time.
The control of the nonradial part is greatly simplified thanks to the coercivity
estimate (1.34). To measure the size of et, we use the well-adapted norm related
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to (1.33),

let)2 =v2 | et /podtZ (et Jpo)dz ~ ||et||?, .
]RZ va

In particular, we establish the following monotonicity formula (see Lemma 4.11):

d
EHsJ'H(Z) < 8|t |2 + Ce 27 for some 0 < k < 1,

for some constant §' > 0, which gives ||| 12 S e *T after an integration in
@y
time.

A control on additional higher-order regularity norms on the solution is also re-
quired to close the remaining nonlinear terms. We use parabolic regularity to obtain
from our key decay in L2 decays for higher-order derivatives. This is done outside
the blowup zone, where the exponentially decaying weight w cannot control the
solution. In this zone, however, the renormalised solution is close to zero and the
analysis boils down to the stability of the zero solution subject to small boundary
terms. This is also done near the origin as explained previously, where the weight
w does not control the solution at scale v. In this zone the renormalised solution is
close to the stationary state U,,, and the scaling term in the dynamics is negligible.
We then control the perturbation via suitable coercivity estimates, as the boundary
terms coming from the parabolic zone are already controlled.

The rest of paper is organized as follows: In Section 2, we formulate the problem
and recall key properties of the linearised operator. Section 3 is devoted to the proof
of Theorem 1.1, where we assume technical details that are left to Section 4. In
Section 5, we sketch the proof of Theorem 1.3.

2 Linear Analysis in the Parabolic Zone

2.1 Parabolic variables and renormalisation
Given (u, x*) € C1([0,T), (0, 00) x R?), we introduce the parabolic variables

*
(2.1 7= X_Tx(t) % = % 7(0) = 70,
and the corresponding renormalisation

1
p2 (1)
The renormalisation rate is encoded by the following parameter

2.2) g=_H
I
The variables (2.1) are indeed parabolic ones as we will have, once translating back

to original variables, that § — oo > Oand pu(r) ~ /T — ¢t from (4.104) for some

u(x,t) =

U)(Z,T), cDu(xal) = ch(ZaT)'
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blowup time 7" > 0. The problem (1.7) is transformed into the new equation
*

2.3) dow = V- (Vw —wVdy) — BY - (zw) + & - Vuy,
I
In the partial mass setting, and in the parabolic variables (2.1), that is, introducing
1
@4 @ =5 [ wdz § =l
T JB(0,%)
the corresponding equation reads as
1 ¢ (m?
2.5 Oy = 8§mw — Ea;mw + é(zzw) — BEogmy, + No(wJ‘),
where for S(0, {) the sphere at the origin with radius ¢,
1 \ -
(2.6) No(wt) = — wL(VbeL — x—f) idS,
27 Js.9) H

with wt(z) = w(z) — 2n)~! fS(O,é‘) w d S the nonradial part of w.

2.2 Spectral analysis and coercivity for the linearised operator

Linearising equation (2.5) around the rescaled soliton Q, (see (1.19)) leads to
the study of the linearised operator .« ¢ whose spectrum has been studied in detail
in [10] via matched asymptotic expansions. Note that in the radial setting, studying
the linear operator £% is equivalent to studying .« ¢ through the relation (1.29). In
particular, if ¢, , is an eigenfunction of &/ ¢ then d¢¢n,v/ ¢ is a radial eigenfunc-
tion of .Z%. For the reader’s convenience, we recall from proposition 1.1 of [10]
the spectral properties of the operator .7%.

PROPOSITION 2.1 (Spectral properties of «7¢ [10]). The linear operator <7 -

H 3‘) e chou /¢ is essentially self-adjoint with compact resolvant. Moreover,

givenany N € N, 0 < B« < B*, and 0 < § < 1, then there exists v* > 0 such
that the following holds for all 0 < v < v* and B« < B < B*.

(1) Eigenvalues: The first N + 1 eigenvalues oy, ...,oN are given by
1 1
2.7 ap=2B8(1-n+—+0a,), a,=0——].
@7 . 'B( +21nv+ n) " (|lnv|2)

Moreover, we have the refined estimate with y the Euler constant:

- In2—y—n—Inp
2.8 = o f =0,1.
2.8) n v ¢ (|lnv|3) orn
(i1) Eigenfunctions: There exist eigenfunctions ¢y, given by (2.12) with
(2.9) <¢n,v,¢m,v)iz = Cngm,n forn,m <N,

wy

where, for some ¢ > 0,

Inv Inv|? 1
co ~ | |, 1~ Inv] . cllnv)? <cp < —|Inv|%
8 4 c
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We also have the pointwise estimates fork = 0,1, 2,
| D%Gn0 (@) + 1D Bogdn ()] + [P VDm0 (0]

(2.10) <( ¢ )2_k/\2<§)2n_2+8(1+§21H<%)1{n21})
V¢ (¢ + v)2+k '

(iii) Spectral gap estimate: For any g € Lg) L/E belonging to the domain of </%
with (g,¢j,V)Lz e = 0for0 < j < N, one has

wy($)
¢

4t < anit /0 g(o“’”f) :

Due to the degeneracy of the problem, one has to track precise information of
the eigenfunctions, especially for the first two ones. By construction, the eigen-
functions are obtained through the following approximation

@.11) /0 g g2

(2.12) ¢n,v(§) = ch,jﬂjvzj_sz(%) + a;n,v(é'),

=0
where for o7 the linearised operator around the stationary state Q introduced in
(1.23),
;. n!
2/ —
(n—j)!

4 2 . . .
L and Yo (r) = % the inverse «7; ! is given by
r

. . 1
(2.13)  T; = (=) () To, To(r) = grarQ(V)’ Cn,j =

and for Yo (r) = )

_ 1 Vet 41 42Ine -1
1) = 500) | @t

(2.14) | )
+ 5700 [ er s

and ¢y, is a smaller-order remainder described in the following.

LEMMA 2.2 (Eigenfunctions of .o/ £ [101). Under the hypotheses of Proposition
2.1, one has the following identities and upper bounds for k = 0,1, 2.

(1) Estimates for ¢o.y:
<( ¢ )2‘“2 (¢)?
T+ (v + 2+
<( ¢ )2‘“2 (¢)?
~\v+¢ (v + Ok’
and

- 1 In
(2.17) | D% o0 (0)| < W( {t<v} T ||1 §|| {;Nv})

(2.15) |D¥vdy g0,

(2.16) |D¥Bdgeo,
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(i1) Estimates for ¢y v Firstly,

¢ )2—"“ ()

k7 v r
(2.18) ‘D ¢1,v(§)‘ S (v Iy Inv|(C + v)k’

and, secondly,

e = <2808 T (£) 4 Rie Blptis = oo + R
where
. é. 2—kA2 <é-)4
(2.19) [IDR1(D)] < (—v+§) (¢ + 0k
. é. 2—kA2 <é-)4
(2.20) ID*R2(8)| < (—v+§) €+ o)k

(iii) Cancellation near the origin: Forall0 <n < N:

. - . é_ 2 1 C 2—kA2 (;)2n+2
221) D% (¢nw — o)l < mm(v <;> H)(v +§) (€ + v)2+k

We also prove in [10] a coercivity property of the linearized operator . acting
on purely nonradial functions avoiding the direction VU. Before stating it, note
that on the one hand, in the first decomposition for .Z (1.21), the operator %y is
self-adjoint in L?(R?) endowed with the inner product

(2.22) )= [ wdvdy, Tl = ),
R2

The positivity of the norm || - || , is subject to some suitable orthogonality condi-
tions as showed in the following lemma.

LEMMA 2.3 (Coercivity of .# [10,51]). Let u be such that fRZ % dy < +©

and f|x|=r u = 0 for almost every r > 0. Then, we have

(2.23) / uMudy >0,
RZ

and there exist 81,62, C > 0 such that
2

u
=8| La
(2.24) /Rz ududy = ‘/Rz v “
— C[(u. AUY;, + (u.01U)75 + (u,0,U)7,].

If u additionally satisfies [g> Wg'z dy < +0o0, then one has

|Vul?
U

dy —C[(u,01U)7,+ (u,0,U)7-].

(2.25) / UIV(au)*dy > 82/
R2 R2
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On the other hand, .Z can be written the following way:
1
2.26) Zu=#u—VU -V, with #Zu=—V-(oVu)+ 2(U — b)u,
1)

with the weight function w defined in (1.26). Not containing the nonlocal part, the
operator ¢ is self-adjoint in the weighted LCZU (R?) with inner product

(2.27) (ol = [ wvotdy. Tl = Gz
R2 w

For our problem at hand, we will be able to neglect the part of the nonlocal term
in . located away from the origin. We thus introduce the following “mixed” scalar
product, with a localised Poisson field, which matches the two previous ones (2.22)
and (2.27) to leading order close to and away from the origin, respectively:

(2.28) (u,v)s 1= Azuﬁ/{(vmdy.

To avoid the faraway contribution for the Poisson field that is not under control in
L?(w), we localise the Poisson field in the linearised operator accordingly:
By = (-0 uyp)
= —(— u ,
u «/ﬁ

and consider the slightly modified operator
Pu=Au—V- -uVdy)—V-(UVD,) —bV - (yu).

We claim that in the nonradial sector, the localised operator Z is coercive for the
mixed scalar product (2.27) under the natural orthogonality assumption to VU .

PROPOSITION 2.4 (Coercivity of gz [10]). There exists 80,C > 0and b* > 0
such that for all 0 < b < b*, ifu € H) and satisfies flylzru(y)dy = 0 for
almost every r € (0, 0), then we have

2 2
029)  (~Zu)e = 8ol Vul2, —C Zl([R U Jidy )
1=
Remark 2.5. Proposition 2.4 concerns Z instead of .. However, the difference
(& — Ly =VU-V(D, — Dy)

will be controlled by dissipative effects and the fast decay of the stationary solution
U together with an appropriate outer norm defined in Definition 3.3.
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3 Stable Blowup Dynamics

3.1 Inner variables and renormalisations

The most important part of the analysis is done in parabolic variables (2.1). We
will also use the inner variables

Z ds 1
1 = —, —_—= = S
(3 ) y Y dt U2 S(O) 50,

and the corresponding renormalisation:

(3.2) w(z.7) = —5—v(y,s), Py(z.7) = Dy(y.s).

2( )
so that the problem (2.3) is transformed into the further renormalised equation

*

X
T .Vu.

(3.3) v =V (Vv—uVdy) + (% - vzﬁ)V (zv) + ~

The parameter v in (3.1) is fixed via the first orthogonality condition in (3.11). This
is the orthogonal projection in L2 Lt of the solution w onto the set of stationary
states (Uj)1>0- Roughly speaklng, this says that w is close to U, in the parabolic
zone. However, it will not be enough to show that in inner variables (3.2), v is
close to U, with a sufficient estimate in order to control the nonlinear terms.

To cope with this issue, we use a second decomposition involving a slightly
rescaled stationary state at scale v, fixed by another orthogonality condition (3.17).
In particular, we introduce a modified parameter U with the associated modified
inner variables for the partial mass (2.4)

(34) mv(77 S) = mw(é‘v T)’ 7 =

¢ ds 1
vodr 9%

where m,, solves the new equation

1 05 (m> D] ~
(3.5)  dymy = 02my — =dzmy + ’(2'11”) + (% — '172,3)787mv + No(vb),

where

1 * -
No(vt) = —— vl(VcDUL — x—i) -ndsS.
27 Js(0,7) ny
3.2 Ansatz

First decomposition in parabolic variables
In parabolic variables (2.1) we take an approximate solution to (2.3) of the form

N
(3.6) W =W[v.a Bl(z.7) = Up() + a1(D) (@10 — @o0) + Y _ an()pn,u(%)
n=2
= Uv(é‘) + lIll,v + \Ijz,v,
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where above we recall that the rescaled stationary state is
1 ¢ 81?2
U,)= —-Ul2)= ————,
e (v) (v +¢2)2
v(1), a(t) = (ai,...,ay)(r) and B(r) are unknown functions to be determined,

(¢n,v)o<n<n are the radial eigenfunctions of .Z’* defined in (1.17), and the ap-
proximate perturbation is

N
3.7 lIJl,v('[a $) =ai (f)((Pl,v - §00,v)a qu,v(fa {) = Z an (f)gan,v(é‘)-

n=2

The approximate solution to (2.5) in partial mass (2.4) corresponding to (3.6) is

N
mwv.a, 816 7) = 0u(©) + a1 — dop) + Y an(Dbnw(0)

n=2

(3.8)
= 0v(0) + P,

where the partial mass of the stationary state Q,,({) = my, ({) is given by

(8 4
0.0=0(%) =

(¢n.,v)o<n<n are the renormalised eigenfunctions of .7 ¢ defined as in (1.30), and
the partial mass of the approximate perturbation is

N
(3-9) P, = Pl,v+P2,v, Pl,v = al(¢1,v_¢0,v)a P2,v = Z an(f)(pn,v(;)-
n=2
The full solutions to (2.3) and (2.5) are then decomposed as
w=W+e my=mw+me=0y+ P, +m;
(3.10) o
withme = P, + mg.

Decomposing the remainder ¢ between the radial part and nonradial parts (with O
or L as superscripts, respectively):

s=e® 16t g=q°+q%
the decomposition (3.10) is ensured by the orthogonality conditions

me J_LQ, §¢n’v fOI'OEI’lEN,
wy

/ q-o\U /pdy =/ q0U /pdy = 0.
R2 R2

In the blowup variables (3.1), we will use the notation r = |y|, and

@3.11)

N
v=V+q. VBalisy) = U0+ Slei () —go] + Y- Sen(r),
n=2
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where we have the relations for the remainders and eigenfunctions:

0rdn
q(s,y) =v2e(r,2), my(s,r) = me(r,0), @u(r) = ¢r (7”),
arq)‘/’n (7‘) = _¢nr(r)a

and

e Pn,v
dn(r) = V2¢n,v(§)’ (Pn,v(é‘) = @T,@)’ on(r) = V4(/7n,v(z)-

Second decomposition in parabolic variables and inner variables
We then consider the decomposition in modified inner variables (3.4)

(3.12) my(F,5) = Q(F) + Pi(F,s) = Ni(F. ) + i (F, 5).
Above, P, (r,s) — Ni(F, s) is the modified approximate perturbation where

(3.13) Pi(F.5) = P13, 1) = a1(0) ($1,5() — b0.5(0)),
with ¢, 5 being the eigenfunction, given by (2.12) with v replaced by v, of

_ 5 _ 1 3¢ (Q3°)
d = dy — BLo, ,5270—5%—23;—1— g”,

which is the linearized operator around Q5, and, with 42/0_1 given by (2.14),

~ [ 3=P2 o~
Ni(7,s) = 1( r2~1 V2¢0)

d¢ P2
= (@) (Z 805 (0)) 1= Wit
where 505@) = ¢o,5({) — D72To(¢/7) satisfies the pointwise bound (2.17). The
introduction of Ny is just a technical issue for the control of the inner norm (3.44).
Roughly speaking, we want the source error term to be of size &' (v*/|Inv]|) for
the norm (3.26); however, the error terms created by P; are only of size O(v*) on
compact sets, but with strong decay at infinity. The correction N then precisely
cancels these terms.
In terms of (¢, 7)-variables, the decomposition (3.12) is equivalent to

(3.14)

where the modified remainder is
(3.16) n"/l{w == Qv_ Q;"I‘Pl’v_Pl’Tj—i_Nl"f;—i_mg.

The parameter V is fixed by the orthogonality condition in modified inner variables:

(3.17) / o (7) far (F) To (F) °(~)

= 0 for some fixed constant M > 1
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with y,, being defined as in (1.15). In particular, this orthogonality condition and
the rough bound (3.42) for m, (see Lemma 4.6 below) ensure v and v are close:

- v
=] <

Inv|
3.3 The error generated by the approximate solution

We claim that W v, a, 8](z, 7) introduced in (3.6) is a good approximate profile
to (2.3) in the following sense.

LEMMA 3.1 (Approximate profile). Assume that (v, a, B, x*) are C' maps with
* * 1N 1 * 1 * 2
(v.a, B.x7) t [ro, 71) = (0,07 x (0.a7)7 x | o =7, - + B7 | x R7,

for0 <v*,a*, * K land 1 K 19 < 11 < 400, with a priori bounds:

—| S, a1l Sv°, lan| S w5 for n€{2,.... N},
v [In v [Inv|
1
<
"BT‘N [Inv|3

Then the error generated by (3.6) for (2.3) is given by

*

E(z.7) = -0 W + V- (VW — WVdy) — BV - (zW) + “Z . VW
I

a *
= HTE | Y gy,
¢ Iz
where
_1 d m%,V
(3.18) mg((, 1) = —0zmw — BLemw + (e (¢ 0gmw) + 2%
can be decomposed as
N 3§P2
(3.19) me(6.7) =Y Mody ¢ (0) + ME(E.T) + — >,
n=0 2§
with
Vz 2 ~
(3.20) Modoy = (7 - ﬂ)8v +are —ar2B(1 + ).
(3.21) Mod,, = —[an,r —2B(1 —n + &p)an).
and
~ _oar vy B p2

~ _a Ve B V2
(3.23) <mE’¢1’V)chou/t = |lnv|( v |lnv|) + ﬁ( o )’
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p4

(3.24) ”"75”230”@ - ﬁ<W>, (g dno)yz = OO forn € {2,... N}

v

PROOF. Plugging the expansion (3.8) into (3.18) yields

: 0y Py
mE€ D) = (3= B)Es Ou — Py + Py 0

Noting that {d¢ Qy ~ 8v2¢y,, and ﬂ/é(ﬁn,v = 2B(1 —n + 0p)pn,v, We write
v ~
mi(@.o) = [(5F = B)8v2 +a1e —ai2B(1 + o) g,
(3.25) N 2

- _ de Py
- Z[an,r —an2f(l —n + &y)] ¢n,v +mg + 20 s

n=1

where the remainder is given by

mg = —ai1 [%vav((pl,v _¢O,v) + %ﬂaﬂ (¢1,v _¢0,V):|

N v N ﬂ
- Z |:an7‘tvav¢n,v + Zanﬁﬂaﬁ(pn,v}
n=2 n=2

+ (55— B)(£0: 00— 8v7g0,).

From the a priori assumptions, we remark that the leading-order term in nig is
a1 = [v0y (¢1,0 — Po,v)]. In particular, we have from Lemma 2.2 the identity

V3 (P10 — do.) = —zﬁ(ra,m(é) + ﬁ(ﬂ) _g ﬁ( (&) );

v [In v| [Inv|

from this and the asymptotic behavior Ty (r) = —3Inr + 1 + 0 (1;1—2’) forr > 1,
we compute asymptotically

(voy (¢1,v - ¢O,v)a ¢O,V)L§)v/

¢

+o0
=5 [ doa @t @ + ﬁ(#)
0

[Inv|

2 [t v2s2 1 1 1
Z'BL/ re_BZ dr + 0 =—-40 ,
8 Jo [Inv| 8 [Inv|

(voy (¢l,v - 9150,1;)7 ¢1=V)L2

v /¢

+oo
y / 10O 0 (@)dE + (1)
0

2 41 +oo 02,2 1
=—W/ e~ dr + 6(1) =—|n4”| o),
0
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and forn > 2,
(Vav(¢1,v _¢0,v)a¢n,v)L62w/§ = O(|lnv)).

From Lemma 2.2, we have the relation

g

(o — o) = 2673 () + 01l0)

from this and from the behavior of 77, we compute

(BIg (1,0 — do,v). ¢0,v)L§)V

/¢

00
_ 2 / n (5)¢o,v@>c—lwv(z>d§ Lo
0 v

2 ptoo 02,2 1
:—ﬁ%/ (lnr)e_BTrdr—i-ﬁ(l) = —|I;U| + O(1),
0

(BAg (1,0 — o). ¢1,u)L§M

¢

+o00
28 / m (i)qsl,v@)z—lwv(z)dz Lo
0 v

2.4 +00 02,2 2
= /3811 / (lnr)zrze_B 2 rdr+ O(lnv|) = | 4|
0

+ O(|lnv]),

and forn > 2,
(:33/3 (¢1,v - ¢0,v)a ¢n,v)Lz)U

Using the a priori assumptions, (2.21) and (2.10), we obtain the following rough
estimates:

_ 2
= O(nvP).

N 1% N 1% UZ
Zan_‘tvav(pn,v < Z an_r |1 < |1n |2
n=2 v chu\;/t n=2 v
N N
B B v?
Zan?tlgaﬁ(pn,v < Z an?‘[ Inv| < 0 v|4,
n=2 Li)uf n=2
Using {d¢ Qv () = 8Ty(r) yields
2 2% v?
H (§3; Qv —8v ¢0,v)HLC20V/t =V ||¢0’V||chuv/§' S |lnv|'

The collection of the above estimates yields the estimate for 71 g and closes the
proof of Lemma 3.1. U
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3.4 Bootstrap regime

We describe a regime in which the solution w is close to the approximate solu-
tion W. The most important quantity is [|n¢|72(,, /¢) giving radial L? control in
the parabolic zone ¢ < 1, from which we are able to close the leading dynamical
system driving the law of blowup solutions in Lemma 4.1.

To close estimates at the nonlinear level, we use higher-order regularity norms
in the parabolic zone, which we decompose as the union of the inner zone ¢ < ¢,
and of the middle range zone ¢« < ¢ < {*, where we fix two numbers

0<l <1 and "> 1.

First, we use an inner norm for the radial part in modified blowup variables (3.1),

~ 2 . o ~2 e~ o~ o~ 0)0(7) ~
(3.26) ”mU”in‘_ o [—U (X{'*/vmv)+%(X§*/vmv)]ﬂ0()(§*/vmv) 7 dr

where y¢, /v is defined asin (1.15) and wo () = (U (7))~L. Second, we use standard
Sobolev norms for the full remainder ||& || g2(¢, <¢<¢+) in the zone &y < [z] < ™.
The nonradial part is controlled in the parabolic zone by the norm

b3 =2 [ et VR (e ).
M % being defined by (1.18) and at a higher-order regularity level in the inner zone

lgtIIZ = —/RZ Lo(teswa D) M (te, g t)dy =/U|V(///(x;*/vql))|2dy,

where p, %, and .# are defined in (1.26) and (1.22), respectively. Note the equiv-
alence thanks to the orthogonality (3.11) and the coercivity (2.24):

(3.27) letllo ~ llet 2, -

Finally, in the outer zone ¢ > ¢*, the full lower-order perturbation is decomposed
into radial and nonradial parts,
(3.28) D=w—-U, -V, =W, +e= 0"+,
and is controlled outside by an outer norm in the parabolic variables:
—~ 1 3 _n2p dz

|27 = /(1 — xexsa)([I2773 @) + |IzPF3 VD)) pW for some p > 1.
DEFINITION 3.2 (Bootstrap initiation). Let N € N, x > 0, 79 > 1, and ug =
e~™/2 We say that wg satisfies the initial bootstrap conditions if there exist
x(’)" e R?, Bo > 0, and vy > 0 such that the following holds true. In the variables
(2.1) one has the decomposition (3.10) with the orthogonality conditions (3.11) and
the following estimates:

(1) Compatibility condition for the initial renormalisation rate By:

a 1 In2—y—1—1In
A n Y Bo
4p2 21nvg 4|In vg|?
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_ 24y .

(1) Initial modulation parameters: For ¢ = ,/%e 2.

1 1
(3.29) a)e—VﬂOrO(l — ) <y < Eoe_‘/ﬂoro(l + )

|In vo| |In o
(330) o cBi<rii % fora<n<n
. - — < <-4+ —  Jay| < or2<n<N\.
2 |Invg| 03 [In vo| "7 Invgl?
(i11) Initial remainder:
2 V%
31 —
(3.31) vollmg(solllzz, = llms(zo)lz < e
332 %o
( . ) ”mS”HZ(%S§S4§*) < Ms
_ v2
(3.33) My llin < ——
|In vo|
v2
(3.34) D0 ex < —2—,
|In vo|
(3.35) letllo + e Mgz s <pgcazey < €.
e—K‘L’()
(3.36) llg=llin < :
Vo
(3.37) 10 lex < 7.

Our goal is to prove that solutions satisfying the initial bootstrap conditions de-
fined by the previous definition will stay close to the approximate solution forward
in time, in the following sense.

DEFINITION 3.3 (Bootstrap). Letk > 0,79 > l,and K” > K’ > K > 1. A
solution w to (1.1) is said to be trapped on [tg, T*] if it satisfies the initial bootstrap
conditions in the sense of Definition 3.2 at time 7y and the following conditions
on (1o, T*]: There exists u© € C1([0,¢*], (0, 00)) such that the solution can be
decomposed according to (3.10) and (3.11) on [zg, T*] with:
(1) Compatibility condition for the renormalisation rate B:
a 1 In2—y—1—Inp

3.38 — =1
(3.38) 42 + 2lnv 4[lnv|?

_2+y

(i) Modulation parameters: For ¢ = \/%e 2.

T / = ’
(3.39) E[/‘W(l - M) < C—_e—/m(l LK ln|lnv|)’

[Inv| [In v|

(3.40) ! K <,B<1—I- K
’ 2 |lnv| 2 |lnv|’
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2
. an<_v for2 <n < N.
nv
(iii) Remainder:
Kv?
2 —
(3.42) vilimg ()2, = ”mS(T)”chw/z = lInv|’
K'v?
(3.43) lme() 2, <e<e) < nv|’
" K”v2
(3.44) 72 [lin < 77—,
[In v|
2
(3.45) 18 < K.
[Inv]
(3.46) letllo < Ke™*7,
(3.47) let e, <lz<er) < K'e ™.
—KT
(3.48) g™ < K",
v
(3.49) @ flex < K"e7<7.

The initial bootstrap conditions define an open set in which trajectories are
trapped, in the sense of the following proposition.

PROPOSITION 3.4 (Existence of a solution trapped in the bootstrap regime). There
exists a choice of the constants N e N,0 <k < 1, K > 1, K’ > 1, K" > 1,
and tg > 1 such that any solution which is initially in the bootstrap in the sense
of Definition 3.2 will be trapped on [tg, 00) in the sense of Definition 3.3.

PROOF. This is the heart of the present paper. The next lemmas and propositions
prepare for its proof, which is finally done in Section 4.7. U

Remark 3.5. The constants are determined in the following order. First, N is cho-
sen large enough and x small enough so that constants in time derivatives of Lya-
punov functionals have the correct signs. Then K is chosen first, followed by K’
depending on K, and K" depending on K, K’. Finally, 7o is chosen last, so that
this parameter is always adjusted throughout the proof to obtain various smallness.

3.5 Properties of the bootstrap regime
The following lemma gives some properties of a solution trapped in the boot-

strap regime.

LEMMA 3.6 (A priori control in the bootstrap). Let w be a solution in the bootstrap
regime in the sense of Definition 3.3. Then for tg large enough depending on k, K,
K’, and K" the following estimates hold on [ty. T*]:
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e Estimate on v:
N
(3.50) - =y =V

e Estimate on the approximate perturbation: For C independent of the boot-
strap constants k, K, K', and K" fork = 0,1,2:

GSh DFPL@)I S (v+§) .
K L8 TN ()
(352 ID*Pau)l < W(w@) TR
® Refined pointwise estimate in the parabolic zone: For { < {*/2,
- _ ST
(3.53) | ()| + [$0¢ 7w (§)] < @+ o2y (In{r}).

e Pointwise estimates in the outer zone: For { = |z| > (*/2, for the full
perturbation,

(3.54) |W, + 0| S vInv||z|72F9, [Py + me| + [£0¢(Py + me)| < [Inv|v27,

for the higher-order part of the perturbation,

(3.55)
0 v: a4l v? o
|\p2,v+8 |S_|Z| 4, |P2,v +ms|+|§8§(P2,v+m6)|§ §4a
[Inv| [Inv|
and for the nonradial part,
(3.56) et (2)] S e (1 + |z)) 2t s,

e Pointwise estimate on the nonradial Poisson field: For all 7 € R?,

e—K‘L’

(3.57) @1 (D)] + (1 + 12DV ()] S (1 + |2])?2

p3
PROOF. Note that (3.50) is a direct consequence of (3.39).

Step 1. The approximate perturbation. From the pointwise estimate (2.21),
(3.9), and the bootstrap bounds (3.38), (3.39), and (3.41), there holds for a con-
stant C depending on N only,

. ) . e C VT Lem(E)
|D¥Pyy ()] < lar]|D¥(1,0(0) = o.n(§)) < Cv (m) 1 of
N 2—kA2 |z|
f X C é‘ C 1+ 11’1(7)
| D* P2 (0)| sngmw Pnw(O)] < W(m) T oE

which are the pointwise estimates (3.51) and (3.52).
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Step 2. Pointwise estimates for my,. Let f(r) = @ym, and niy, = szo_lf be
defined by the formula (2.14). Consider the zone r < ¢*/2v. Note that one has

2
f(r) = o(xeaiity) forr < _g*’
v v

and for 2, <rv < (¥,
(3.58) |f(r)| = |=52{0%v(r)| < |arrn7v| + V|8rn7v| + V2|%U|
’ = v2(|0¢ ¢ w| + 3¢ | + |7 ).

Hence, from the bootstrap bounds (3.43) and (3.44) and the relation 77, = Q, —
Q3 + P15 — P1y + P2,y + mg, we estimate

” f ||LC200(,.5%)

S o (xexmo)liz, + V2|8 + |9g7iw| + |771/w|||LC200(%_,5%)
SV llin + Imell e, <c<e)

U2

+ 1105 — Qv + Pry = Prov+ Paw = Niglmo, <t<eo) S

Inv|

Using the explicit inversion formula of 4270_1, we write

1 Vet 1 42Ine -1 1~ r
xecm = 00) [ e fOdE+ 5T00) [ EF@dE +eovo
v r
where 1 and 1}0 are the two linearly independent solutions to <%y = 0 given by
r? r* 4+ 4r2Inr — 1

(3.59) T/fo(”)=W and  VYo(r) = =

From the orthogonality condition (3.17), we use the coercivity of <% given in

. ~ 2 .
Lemma B.1 to estimate the constant |co| < [|7y]lin < IIE_VI We then estimate
by the Cauchy-Schwarz inequality and the decay of ¥q:

2
_ k5 U ey
k=01 [(rd,) my(r)| < ||f||L6200(r5%)1+—r2 In(r) +

i Vin(r),

v r
for r < ¢*/2v. This concludes the proof of the pointwise estimate (3.53).

|col

1472
2

~ Inv| 14 r2

Step 3. Radial faraway pointwise estimates. We first prove (3.55). We recall
the Sobolev embedding:

2-11~0 ~0
(3.60) N2l 10 oo gy S 19° les.
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Due to the the bootstrap bound (3.45), the above inequality proves (3.55). From
the relation dgmg = (W, this in turn implies the inequality for ¢ > ¢*/2:

v
Jeme| < ——3— 1,
dgma| 5 s
From (3.43) and Sobolev embedding, we get

()

The two above inequalities and the Fundamental Theorem of Calculus then imply
the second inequality in (3.55). Recall that

U2

< .
[lnv|

w—U, =¥, +e¢ mw_Qv=Pv+me;

from this and the relation (3.38), the pointwise estimate (2.21), and the bound
(3.55), we deduce (3.54).

Step 4. Estimate of the Poisson field. We first note that from (3.49), (3.47), and
the Sobolev embedding (3.60), there holds for |z| > ¢4 /2:

(3.61) et (2)] < e |z 725,

From a change of variables, the coercivity given in Lemma 2.3, and the bootstrap
bound (3.46), we have the localized estimate

d €—2Kr
/ et P < S5

R2 Y U(y) v

Using this estimate and (3.56) yields
et @Pa 1217 az 5

R2
for any o < 3/4. Applying (A.6) for o = %2 then implies (3.57). g
4 Control of the Solution in the Bootstrap Regime

e—2/cr

This section is devoted to the proof of Proposition 3.4. It will be shown through
a series of lemmas in which the dynamics of the parameters is controlled and the a
priori estimates for the remainder are bootstrapped.
4.1 Modulation equations

Injecting the decomposition (3.10) into the equation (2.5), we obtain the follow-
ing equation of the remainder in the partial mass setting:

3@ [(2Py + mg)me]
28

where P, and m g are introduced in (3.8) and (3.18), respectively, and

1 *
4.2) No(et) = —— / et Ve, — YT ) jids.
27 Js(0.0) Iz

(4.1) dome = o my + +mg + No(eh),
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We write from (2.3) and the decomposition (3.10) the equation satisfied by et
1 z,.L 1 Xz Xt o0 1,1
4.3) e = L% -V - Y@ )+ — - VW + — Ve’ + N~—(¢7),
2 2

where Z? is the linearized operator defined in (1.17) and

(4.4) G(et) = et Vdy 0 + (V) + )V, 1,

* 1
(4.5) Nl = —[v- (eL (VQEL _ %’))] .

Projecting (4.1) onto the directions generated involved in orthogonality condition
(3.11) gives the time evolution of the parameters below. The solution of the fol-
lowing equations gives the desired blowup laws as explained in the strategy of the
proof.

LEMMA 4.1 (Modulation equations). Let w be a solution in the bootstrap regime
in the sense of Definition 3.3. Then, the following estimates hold on [tg, T*]:

v . a \%
$02(5 = B) + e — 2Bar (1 + o) + 0 rak
v Inv v

B
D(1) v?
o[22 o),
(|lnv| ”mSHchov/:) + (|lnv|3)

~ | ai Vg B+ D(x) v
47) ay.—2 oy tag =0l gnalmele )+ ’
@7) a1 ﬁa1a1+lnv y T B (|lnv|2”m8”]~zuu/z * Inv|?

andforne€?2,...,N,

(4.6)

~ D(7) v?
(4.8) an,e —2Bap(l —n +ay) =0 _”ms”]} +0\—7> )
[lnv| v/t

[Inv|2

where @y, is given in Proposition 2.1 and

D(z) =

Vr
v

Be
+‘ﬂ

PROOF. Taking the scalar product of (4.1) with ¢, ,, in LZ)U/é forn =0,...,N,

and using the orthogonality (3.11) and the self-adjointness of <7 ¢ yields the identity

3;[(2})1, + mg)me]
2

where we write (-,-) = (-,-);2 P for simplicity and w,, is the weight introduced
wyp

4.9) (atms,‘,bn,v) =

+ mE + NO(SJ_)’ ¢n,v>a

in (1.25). We are going to estimate all terms appearing in the above equation.
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The time derivative term. We start by differentiating the first orthogonality con-
dition in (3.11) to get
d

0= E(”’lea‘isn,v) = (0cme, Pn,v)

+ <ms, (V8v¢n v Vava)v ®n v) + &(ﬂaﬂ‘pn v /33,3601; ¢n,v)>a
v B Wy

where we have the algebraic identltles

4 2
vioy _ 5 (1+5) 1 Bipw, _ pE
- 2.2 2\’ - 5
D (T BT
Using the Cauchy-Schwarz inequality, (2.19) or (2.15), (2.16), and (2.20) if n =
0, 1, the orthogonality condition (3.11), and (2.10) for n > 2, one obtains

<m8a ﬁTéQ¢n,v>

+ ‘(mesﬂaﬂ¢n,v)‘ + [{me, vOy ¢ v)|

< mel % 1 ifn =0,1,
~ WellLd lnv| ifn > 2.

From (2.19), (2.15), (2.10), and Cauchy-Schwarz, we estimate forn € {0,..., N},
ad
<m vy ®n v> <

m
~ ” SHLivz

Collecting the above estimates ylelds

1 ifn =0,1,

<
@10 e gual DOl <Ly i

The lower-order linear term. One first writes by using integration by parts

de (Pymy) 4 Wy
“4.11 <§T,¢n,v> = —<me, ;vPvai ((¢n,v - ¢O’V)§_2)>

- <m8a a%vPvaé' (¢o,v %)>

Using (3.51), (3.52), and the degeneracy near the origin (2.21), one obtains the
rough bound

‘ ; Pvag((‘,bnv ¢Ov)§2)

which yields the estimates

1 c r21n(r)

0 e

~ |lnv|?

¢ Wy 1

> P ~ o) S

oy v0O¢ (¢n,v ¢O,v) {2 Lg),,/; ~ |1nv|2
s ez

‘<mes 071) v é‘((‘pn v— Qo) 5 ¢2 )> ~ W
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As for the last term in (4.11), we write ¢, = VLZ To(r)+ 650,1,. Using the pointwise

estimate (2.17), we have the estimate
¢ ~ 1 ¢\ _In(r)
P,0 < ;
‘ (b0 )| = melvae) Gro

from this and the Cauchy-Schwarz inequality, we obtain

(4.12) ‘<m8, éPv3§($0v§2)> < —

To estimate the contribution coming from Ty, we use the algebraic identity 87y =
r2U and write

L mel
m
[Inv|2 eNLE, /e

¢ 1 BL? _pe
413 —3 T = — 2 s
(4.13) ¢ 0(r) 2 §2 8. €
and recall from (3.51) and (3.52) that P, = P, + P» , satisfies
In(r) ¢
4.14 P < —— .
(4.14) PO S sy )

Hence, we have

s e (aro ) )

- ‘g [ et ﬂd&‘

1
- 3
< ”mSHLiv/: (/ §3Pv2e_ﬂ§ w; ! a’f)

K 3(vr)2C In?(r) —Bv2r2/2
< ”ms”Liv/é X W(/r TQ VITIEU(rydr

(Sl

Injecting these estimates into (4.11) yields

‘ < g (Pymy)

4.15
4.15) Z

s ¢n,v> <

—||m
< |1r1v|2|| sllzz

The error term. From the expression (3.19) and the orthogonality (2.9), we have

2 ~ 8§P2
(4.16) (mg.pnyv) = ”‘lﬁn,v”L%/t x Mody, +{(mEg, ¢n,v) + ( 2 s &n V>,
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where the contribution of (g, ¢, ) is precisely given by (3.22), (3.23), and
(3.24). Applying (4.15) with m; = P,,, we have the estimate

2
K@qﬂ S o (1Piwlze #1220l )
< (v2|1nv|+ v? )< v? .
~ |lnv|? Inv|/) ™~ |Inv|
As for the projection on ¢ ,,, we again use the relation 87y = r2U to obtain a
better estimate. By integration by parts and ¢, = ]}LZ To(r) + (Eo,v, we write

3 (P2) ¢ 1 ~ \ oy
< §2§ 7¢O,v> = <Pv7 ;vpvag((ﬁTo(r) + ¢O,v) E)>7

Applying (4.12) with m, = P ,, yields

‘<P2,vs Q%Pvaé‘ ((zo,v%)> <

< — _|Parllr2

U2

< .
/¢ ~ |lnv|3

A similar estimate for (4.12), by using | Py ,(¢)| < vZ1In(r), yields the estimate

é' e Wy 4 C U2
<P1,vaaTvPva§ ¢0,vé__2 <vinv|Y < |1nv|3'
From (4.13) and (4.14), we have
¢ 1 Wy
(PVaw_vPvag ﬁTO(r)g_Z
B _pe2
_ ‘§/Pv2§e ISEPT.
v? In?(r) 2.2 2
< 2C —ﬂ\) r /Zd < .
S gt | e e "3 s
We then conclude
d¢ P2 v? ¢ P2 V2
4.17 =Y < , L < —.
@17 < % ¢> S Ty K % ¢°’”> ST

The nonlinear term. Using integration by parts, we write

aémg _ 1 2 (¢n,v - ¢0,v)
(57 one) = (e )

_1<m2 i (V%To(r)+$o,vw )>
7 g’wv ¢ §2 v )]/

From the degeneracy near the origin (2.21), we have the rough bound
¢ (Dn,v — do,v) 1 In(r) . ¢
oo (e )| 5 a0

Wy
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and from the pointwise estimate (2.17),

< (¢0vwv)‘§%ln<r>_

We directly get the bounds

From the pointwise bound far away (3.55) and the definition of P, ,, we have

Ime(8)] < |1]1}1—v| ()€, from which we get

‘<m2 9 ((¢n,v _¢0,v)w )>

) v

oyt £ L2, (¢2t)
T

v? c 2/2
S [ (Gt a
[Inv[* Jexg,

2
S — .
[Inv|?

Using (4.13), we compute
T
(2 2ooeae )
Wy
—4/mg§2U(r)?d§‘
_ |
_ ‘?

mérzU(r)gdr
r

1
SVlmgl. = —lmel3,
13, = 2l

Collecting the above estimates yields the final bound for the nonlinear term

(4.18) WM )| < ez, 4 < K
. -, S —|m S .
20 Y p2 LG e T Inw|?2 ™ [Inv)?
The nonradial term. We estimate from (3.57), (2.10), and (4.60),
N e—21c1: 1)2
4.19 N , < S
( ) ‘( 0(8 ) ¢n,v)‘ UC |1nv|2

for some universal constant C depending only on N, where we used in the second
identity the bootstrap estimate (3.39) and 7 sufficiently large.

The conclusion follows by injecting (4.10), (4.15), (4.16), (4.17), (4.18), and
(4.19) into the expression (4.9) and using (2.9). This ends the proof of Lemma
4.1. O
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4.2 Main energy estimate

This subsection is devoted to deriving an energy estimate for the norm (3.42)
of mg in L e Taking into account the decomposition (3.15) and the small-

ness of the hlgher order part of the approximate perturbation P , in L /e ie.,

| P2,y ||L2 e < |lnv| (from (3.41) and (2.10)), we will control instead of m, the

full hlgher-order part of the perturbation,
me =mg + P ,.
Recall from (3.10) and (3.15) the decomposition
My = Qy + P1y +me and img = Qy— Qv+ P15 — P,y — N1y + My,
and write from (2.5) the equation satisfied by m,
I [(V + iy )me]

(4.20) O, ime = o ity + T

+ g + No(ebh),

where Ny (e1) is defined as in (4.2) and
V="P,oy+ P15 — Ny
Here, <7°% is the modified operator defined by
3 ((05 — 0v)+)
28

where /¢ and /¢ are the linearized operator around Q, and Q7, respectively,
and the error m g is

4.21) T =+

1
= E(w§+ﬂff),

1 2

_ ¢ P
(4.22) Mg = ’;Modn Gnv(C) +mE + ;Z;,V

(almost the same as (3.19) without taking into account the higher-order approxi-
mate perturbation P p ) and the analogue of (3.24) holds, namely,

3§Pﬁv B ﬁ( v2 )
2{ chuv/§ |IHV| .

The basic idea behind this modification is the ability of controlling the nonlinear
term when performing the chov ¢ energy estimate thanks to the following:

(4.23) el + H

1. The pointwise bound (3.53) for n1y,, which avoids the resonance Ty of
the operator %y from the orthogonality condition (3.17). Recall that T} is
obtained by differentiating the rescaled stationary state Q, atv = 1, so it
is natural to slightly modify the parameter function v by ¥ to cancel out the
component Ty. In particular, the orthogonality condition (3.17) allows us
to derive the coercivity of 2% in Lemma B.2, which is a key ingredient in
obtaining the control of 77y, as in (3.44).
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2. The spectral gap of 7% still holds true under the orthogonality conditions
(3.11) up to a sufficiently small error. The key feature is that this operator
can be written as

I = A + P —BLd; with P = _; (V) Y =(0v— 03),
where the particular form of the perturbation & yields a cancellation as it
is orthogonal to Tp in L?(wo/¢). Roughly speaking, the modified eigen-
values and eigenfunctions are the same up to some sufficiently small error,
which is enough to obtain for /% almost the same spectral gap as for &7 £

We first claim the following spectral properties of 8.

LEMMA 4.2 (Spectral gap for %). There exists a universal C' > 0 such that the
following holds. Assume % < B <2and|v—9| < Cv/|logv| for some C > 0,
and let v, = ,/oyw;y. Fix any N € N and assume the orthogonality condition
(3.11), i.e., mg L ¢y in chu,,/t for 0 <n < N. Then, for v small enough:

(4.24) /mgﬁ ?d§< —2B(N — C)/_2w” d§+CZ|an| Inv|2.

Lemma 4.2 is a direct consequence of the following proposition, whose proof is
given in detail in our previous work, and of the bound (4.31) on v — ¥, whose proof
is relegated to the end of this subsection.

PROPOSITION 4.3 (Spectral properties of /% [10)). Assume the hypotheses of

Proposition 2.1, and that the function ¥ in the operator & satisfies
U2 é-2
lInv| (v2 4 ¢2)2’

Then, the operator </% : H %v e = L%v /¢ is essentially self-adjoint with the

PO+ 180: 7 (O] <

compact resolvent, where

Bo() = 00 (0) exp( [ % dé)

Its first N + 1 eigenvalues (0ty)o<n<n satisfy

!/

4.25 Xy — < —
( ) |an Oln| = |10gv|2

and there exist associated renormalised eigenfunctions (‘Ez,v)ﬂsns N satisfying

||¢n,v — $n,v ||L2(w?”) < ||¢n,v||L2(“’TV) .

||¢n,v||L2(wT”) - V|log v

(4.26)
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Remark 4.4. Using the fact that v ~ V (see (4.31)) and the explicit relation
_ (P
Wy = m wy ~ Wy,
we have the following equivalence of weighted Lebesgue norms:
”'”wa/z - ”'”L%v/r

PROOF OF LEMMA 4.2. The proof uses a standard orthogonal decomposition
and the spectral stability estimates provided by Proposition 4.3. We recall that
% is self-adjoint in L%v ¢ with eigenvalues «; and eigenfunctions ¢, ,. We

decompose m, onto the first N + 1 eigenmodes of A8

N
427) Mg =) bnny + My, My LgyinL?(@,/5) for0<n <N,
n=0

so that from Proposition 4.3 and the spectral theorem, there holds the spectral gap:
L Tt @ ) 12y 120y
- my ?d§'<OlN+1 |m; ‘—d§'< —2B(N —1) | |m; ‘—df

where we used (4.25) and took v small enough in the last inequality. As the eigen-
functions ¢, , are mutually orthogonal in L?(@,/¢), we have from the above in-
equality:

[meim S ar = [ mrrmt d§+zb an [ 18025 dt

_,® —
<2V - [ Mt ag + > Rl 2,
n=0 Y

Above the parameters b, satisfy, from the orthogonality (3.11), |wy, — @y| <
wy/|Inv| and (4.26):

ballgno |7
PEYILE, e

-/ n—%&n,v%d

= /ms((zn,v - ¢n,v)% d§

_ wy —
+f st o 2 AL+ anllbn oy Tanem S
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— Wy

< lm b —
~ ”7”’18”]‘6201)/é (||¢n,v ¢n,v||LL2w ‘ ¢n v

)

v wy /¢

+ |an| ||¢nv ||1sz 1{25n§N}

m
iz Womeliz

2
+ |an|||¢n,v||L2 tl{zgngN}-
wy

~

|lnv|

Estimate (4.24) for v small enough then follows from the two above inequalities
and (4.26). This concludes the proof of Lemma 4.2 assuming Proposition 4.3. [J

We are now in position to derive the main energy decay of m,.

LEMMA 4.5 (Monotonicity of m; in L%vé)' Let w be a solution in the bootstrap
regime in the sense of Definition 3.3. Then, for tg large enough the following
estimate holds on [ty, T*]:

—||m
2z el

— 12 | 0d0|
@ SN -OlEIL  +Clmls <|—

Inv|
o 2 2 v
+C( D lan*[inv] +|lnv|2 ,

n=2

+ [Mo d1|)

where C > 0 is a universal constant independent of the bootstrap constants N, k,
K, K’, and K", and Modg and Mod; are given as in (3.20) and (3.21).

PROOF. We multiply the equation (4.20) with m, % and integrate over [0, +00):
1 d _ Cl_)v 1 _ a‘[av _ _ a_)]) [ — 61)

aé(V+mw)ms) 1 Wy
—i—/ 2 —dé‘—i—/No(e )me?dé‘.

In the following, we shall write (-, -) for (-,-);2 P for simplicity.

The time derivative term. We first compute
07y _ I v 1 v, 1 Ez
=0;Inw — B2
By o= T T as e P
We obviously have the bounds
“(

_, ve |1 ve 1
<m8’ vl+r2+ §1+72>

2
‘< ,Bré‘ > =
2 /12, =

Uz

. I
vV ¢ Lt%v/é"

v

+

and

— 2
Belle|2
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For ¢ > 1, we use (3.55) to get

2

(4.29) ()] S ——(2)€ fort > 1,
[Inv|

from which we obtain
é-2
s
L7 ,:(¢=1)

4 +00 2 4
< Bl / Cear <

[Inv|2 [Inv|2’
Hence,
5 0z 0y Vg Ve — 2 vt
4.30 2 <=+ | = —.
*30 ‘/ms ¢ N( VI TF T 1P| ”mSHLi)v/c [Inv|?

The linear and error terms. We have by Lemma 4.2,
) N
(7 e, ie) < BN = C)ie| 72 +C Y lan[*Inv]?.
! n=2

From the decomposition (4.22) and the fact that i L ¢, forn = 0,11n L2
we write

/8

1
—_ — _ wy —w . ~ P18 P1
(mg,mE)= ZMOdn <mea¢n,v vw~ v>+<}'n£amE+ ; >
]

n=0
From Lemma 4.1 and (4.23), we have by the Cauchy-Schwarz inequality,

_a)v

é 603 ~ P13§P1
ny

mg +
g

(e, mE)|
_I,_
L2

1
< ||ﬁs||L§_)v/(<Z|M0dn|
= Wy /¢

LA ('M" o 4 |Mody | + - )
= |im 2 1 .
G e\ /v [Inv|

The small linear term. From (3.51), we have the bound

eV ¢ 9V| .,
b3 +\2@j’ (zz—z‘””)\— (\

From this and an integration by parts, we obtain

(s = [ (] ()

28
=< C”ms”Lz

2
va/c)

2
<cV ¢
1+7r2

g
)zf
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The nonlinear term. We use integration by parts and the pointwise estimates

(3.53) and (3.54) to get
4 ((%w)cﬁu) D Wy
+ |=0 —d
‘wv £ ¢ ¢ J

)
: ]
[ Vi €6 5 ag

28
1

[lnv|

<

m%ar o [ epte i
~ |Inv| t<1 *¢ |In v|2 >1
1 i
< |\m.lI? -
~ |lnv| ”mSHLiv/t [Inv|2’

The nonradial term. Since the contribution from the nonradial term is exponen-
tially small in 7, we just need a rough estimate by splitting the integration into two
parts { < (/2 and ¢ > /2, then using the pointwise estimates (3.57), (3.53),
(3.54), and (4.60) to get

4

_ v
((No(eh).mg)| S e™7 < TER

The collection of the above estimates and the fact that | 2= | + ‘%" + |B:] < |1n1v|

from (4.6), (4.7), (3.38), and (4.31) yield the conclusion of Lemma 4.5. Il

In view of the monotonicity formula (4.28), we need to estimate vV and V; in
terms of v. It is a consequence of the orthogonality condition (3.11) and of the
rough estimate (3.42).

LEMMA 4.6 (Estimate for V). We have
K p2

~In M Inv|’

PROOF. We recall from the decomposition (3.15),

(4.31) 52 — V2 + |(0% — 12| S

mg = Q'ﬁ_Qv +P1,'17_P1,V_N1,T)'+ﬁwa
subject to the orthogonality conditions from (3.11) and (3.17),

wo(7)

7

dr = 0.

e Lz B0 [ DL, OT@
Recall that 8Ty (r) = r2U(r), so the last condition is then written as
0= / My (V) Y0y (P)r dr

= / [mg(r) + Q(r) — Q(rh) + P1(r) — Pi(rh) + Ny (rh)lyx,, (r)r dr,
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where mg4(r) = mg(vr) satisfies estimate ||ﬁq||Lz/ < |1nlv|, Py(r) = Py1y(vr),
w/r

and we write for short
h =

< <

A direct calculation yields
2

[ (@)= 0um)ayrdr = (1 =1 [ Gt o

= (1= )|In M|(1 + 01 +00(1).

From Lemma 2.2 and the asymptotic behavior of 77 given in (1.31), we estimate
forr <2M,

P1(r) = Prr)| = [2Bar (T (r) = Ti(rh)) | + € (diiz'J

In?r 1
<v2(mn+ o 1) + ,
r2 [In v
which gives the estimate

/ (P1 (r)y— Py (”h))XM (ryrdr

1
< (|lnh| +v2[Inv]? + m)
nv
2 1
<1 —h?+ ol

We have by Cauchy-Schwarz,

2M .3 2
_ _ rodr K/|ln M|
/mq)(M(r)r dr| < ||mq||L‘20/r ([0 (1 + r2)2 dr) < Inv|

As for the correction term, we have the estimate
0, P2(rh ~
/ %‘1(—’ Lo 8552¢o(rh))XMrdr‘
r

< 754/ rin(r)dr <V*M?In M.
r<2Mm

=

/ Ni(rh) yprdr

Gathering these estimates yields

K
=0 S =
viInMl|nv|

which implies the first estimate in (4.31). The estimate for the time derivative is
similar by using the identity

0= 8r/ﬁw(vr))(M(r)r dr

= 31/ [n_1q(r) + Q(r)— QO(rh) + Pi(r) — P1(rh) + Nl(rh))])(M (r)rdr.
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and the equation satisfied by m,, so we omit it here. This concludes the proof of
Lemma 4.6. g

4.3 Estimates at higher-order regularity in the middle range

We are now using standard parabolic regularity techniques to derive the H?
control of m, in the middle range ¢« < ¢ < ¢*. In particular, we claim the
following.

LEMMA 4.7 (H? control of m, in the middle range). Let w be a solution in the
bootstrap regime in the sense of Definition 3.3. Then, we have the following bounds
for T € [1g, T*]:

v2

(4.32) Imell e, <g<e+y < C(K, &4, %) ]

PROOF. From the Lc% ¢ control of m,, we already have the estimate

2

\%
el 2 e <e<azey < Cllmellz < CKM for some C = C({«,§*) > 0,

where @(¢) = §3e_ﬂ§2/2.

We shall rely on this estimate to derive bounds for the higher derivatives. This
regularity procedure is standard, but we give it for the sake of completeness. Let
us consider k = 0, 1,2, and let y%(¢) be a smooth cutoff function defined as

1 for (k +2)5*/4 < = (6—k){*/4,

0= @ =1 1@ =10 g e 0.k +26a/8) N (6 — k)E* /2. +00).

We also write for simplicity

Me (6 7) = 0fme(C. 1) Q) fork =0,1,2.

From equation (4.1), we see that m, j satisfy the equations

433)  demeo = A meg + [xo. 7 1ms + Fo.
434)  Oemey = mey + 1. 7 10gme + [0g. Imex1 + 3¢ F 11,
(435)  Oemep = mes + [x2. 4107 me + [9g. 7 419gmexa

+ 0 [0¢, S mexa + 93 F 12,

where .«7¢, introduced in (1.19), is rewritten as

42

~ _B2
—mag + Uy, @(§) =8¢ 2.

1
o° = =0p(@3g) + Po with P =
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The commutators are defined as

[k, %] = —2x},0: — X} + (% — % + ﬂé)x}c,

_ 2
[0z /%] = 4@(%)3; + 9 Uy,

and the source term is given by
28

From the second estimate in (3.25) and the bootstrap estimates in Definition 3.3,
we arrive at the following bound:

+mg + No(et).

2
%
(4.36) IFxollpz =€ :
& [Inv|
Integrating (4.33) against m, o yields the energy identity
1d B
S=lmeol?s = —lgmeol?s + S lmeotl?s

400
+ / (Pmeo + [x0. o/ e + Fx0)meod d¢.
0

Using the facts that

+ U (§)] S v? for {u/d < & < 477,

é—* 1)2
Inv]3’ ‘§(§2+v2)
and the Young inequality yields

|B<|
2

1BLl <

+o0

400
||me,0§||iz~ + ‘/ Pome,ome, 00 dé‘ + ‘ Fxome,ow d{
& 0 0

CKv*
[Inv|?

Using integration by parts and the Cauchy-Schwarz inequality with €, we have

2 2 2 2 2
S vildgmeotll > + lmexolizz + 1Fxoll 2 < villdemeolly> +
w w w

+o0 1
/ [XO’ ﬂié]msme,ﬂw dé“ = Z”aé'ms,O”IZJg +C ”msXO”IZJg-
0 @ w

Gathering these above estimates yields

d » 2 CKU4
4.37) gz meollps = =lI9smeollys + 7 =g

Similarly, we integrate equations (4.34) and (4.35) against m, 1® and mg 2, re-
spectively, and then use integration by parts and the Cauchy-Schwarz inequal-

CKv*

ity with € and note that ||m,;,1||]2d2~ < ||8§m8,0||22~ + e
w w

and ||me,2||1242~ =<
w
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4 . : . .
[0gme, 1 ||i2 + |Can—v"|2 by definition, to derive the following energy identities
&

d . ) 5 CKv*
(4.38) Enme,lu% < —||a;m,;,1||L33 + Cy ||3§me,0||L% + v
CKv*

d
@39 olmealfy < —ldgmealiy + Caldemenlyy + o

dt
By summing up (4.37), (4.38), and (4.39), we arrive at

d 2 1 2 1 2
E(Hme,oHLz@ + 2_C1||m8,1||L% + m””%,z“,%

1 CKv*
4C1C2 |lnv|2 ’

Using the above differential inequality and the Poincaré inequality, we integrate in
time to obtain the desired conclusion. This ends the proof of Lemma 4.7. g

1 1
< —zllazme,ollié - Ellagms,llli% - ||a§me,2||12% +

LEMMA 4.8 (H? control of e in the middle range). Let w be a solution in the
bootstrap regime in the sense of Definition 3.3. Then we have the following bounds
fort € [19, T*]:

(4.40) et |2z, <e<evy < C(K. Lx. £¥)e ™ 7.

PROOF. From the bootstrap bound (3.46) of e and the equivalence of the norm
(3.27), we already have the estimate

||al||L2(%*§§§4§*) < Clet)o < CKe™®  forsome C = C(Ly,L*) > 0.

From this and a standard parabolic regularity argument as for the proof of Lemma
4.7 yields the conclusion of Lemma 4.8. U

4.4 Higher-order regularity energy estimates in the inner zone

This section is devoted to the control of ||y |in. The basic idea is that the
scaling term BCd¢niy, is regarded as a small perturbation of .o/ ¢ in the blowup
zone { < { for some fixed small {, < 1, namely, that the dynamics resembles
My = 42%0; My, . Since Ty spans the kernel of 2%, we need to rule it out by impos-
ing the local orthogonality condition (3.17). It allows us to use the key ingredient,
the coercivity of % (see Lemma B.1 below), for establishing the monotonicity
formula of ||y, ||in.

From the equation (3.5) and the decomposition (3.12), i, satisfies the equation

87[(ﬁ1 - ﬁl)%v

&= (m?

| + ’(J’) +&(F.5),
2r

where 7 is defined as in (1.23) but here acting on the variable 7 instead of r (the

reader should bear in mind that 777, is a function of the F-variable), and we write

for simplicity

=2 -7 = 002).
Vv
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and the error is given by

&1 = (=35 + ) (P _[\71) + 7707(Q + Py — Ny)

(4.42) 8 PN _

2r
For a fixed small constant ¢« with 0 < ¢ < 1, we introduce
(4.43) my(F.s) = x50y (7, s),

where y¢, /v is defined as in (1.15). We write from (4.41) the equation for 771,

3z ((Py — Ny)m*
At = gt + TFIFA (P — M) )
(4.44) 4

Oy (mymy)
+ — + xe. 561 + T (niy),
where
~ N 2 ~
T(my) = _(87 + as)XC*/T)'mv
(4.45) 1 [20 +2P —2N, +7y]  __| -
+ 87)(;*/5[237 tz- 20 127 ) + nr}m

Thanks to the orthogonality condition (3.17), we can use the coercivity estimate
(see Lemma B.1)

- _ W0 - |m | wo
(4.46) —/m:dom:7 d7 > & /(|a7mv|2 W)7drs

and (see Lemma B.2)

~ 2600
/|~<Zfo my|

~ Az |nik|? wo ..
>§ 92 *2+|r~u + v )Td-
=50 (‘ L TE s w7

2{‘*

(4.47)

Since the support of 15, is ¥ <

, we have by (4.47) the control

C'ﬁ —_ ~s W0 o
2 (—/m:,ngom;';?dr).

Thanks to these coercivity estimates, we are able to establish the following mono-
tonicity formula to control the inner norm.

(4.48) / B 2")0

LEMMA 4.9 (Inner energy estimate). We have for ty large enough

d ~% 2 1 2 v
(4.49) | hofTs 7 ~<C(u%mvnwﬁEnmgnm@*gg*ﬁW ,

coo 7
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Ld [ 5 [~ , ~+@0
EE[_vz/m:%()m:?]

1 ~ C/ C/v4
= iz, r + g melieg. << * o p

and

(4.50)

where C and C' are independent of the constants k, K, K', K", and .

PROOF.

Step 1. Energy estimate for the second-order derivative. We first prove (4.49).
We integrate equation (4.41) against ,Qfozﬁi 5 in L62007, and using the self-adjointness
of % in Lz)()? and the fact that [ f .o/ f %2 d7 < 0 (note that Tp is in the kernel of
7y, which is strictly positive on (0, +-00), so a standard Sturm-Liouville argument
yields the nonnegativity of —a7p) to write the energy identity

—_ W
/ oty P d
4.51) o
< / [ Xe. 51 + F@) + T oy o0 dF,

where
I%((Py — Np)my) N Oz (M5 mmy)

r 2F

F(iny) = 7oz,

The error term: We claim the following estimate for the error term:

2600(‘) F<C V8
[Inv|?

(4.52) / |0 (E1(F. $) 1z, /5(P))]

for some positive constant C that is independent of K, K’, and K”. Since the proof
of (4.52) is technical and a bit lengthy, we postpone it to the end of this section and
continue the proof of the lemma. We have by the Cauchy-Schwarz inequality

4
e @O0 v ~
‘/*‘Z{O(Xg/ﬁgl)%m:7 dr| < |1nv|”%m:”L5)o/7

6
< V2||$27077:||2300/; + v
The scaling term: From the definition of .o%, we compute
(4.53) (707 ) =T | + [, T07] f
with
2(r* —1) U

(0. i) = 26— rUdy — =
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We then write by integration by parts and the coercivity estimate (4.47)

7 / o (FOFit) ot == dF
r

~ ~ ~x ~x ~x% 2(7:2 — 1) ~x%
n rogalomy, + 2alom, —rU dzm,, — WUmU

~x D0 o
JZ/()WI:T dr
r

B2 R \wo
+/( G <?>8)7dr}

2 ~
S Vbl

The small linear and nonlinear term: By definition, we have

(4.54) o(fg) =g f + [.glf with [, g] = 207gdx —[1 - Q]aig
and

(4.55) (05 f) = O [ + [0, 07] 1.

with

374 — 672 — 1 47
% =~ = —_— 4 ——F .
[ Ovar] ( 8"};'2 )Uar+ (1+72)U

This gives the formula

%(m)

r
F_ _ 07F _
= (?377}1: + }:f m:)

F F oxF oxF
= %0(37”7:)? + [%, ?]37ﬁ: + .1270%: r;: + [5270, FT]%:

—_ s F F — s OF
= [37.52/0171: + [, 87]}71:]? + |:.Q/(), ?]37171: + dom: =

0z F
+ |:42f0, '; ]%:

r
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We then write by integration by parts
Oz (M5 F)
/sz{ — = lym —dr
F oxF
/L%m |2[———a~( f‘;") + T ]@d'r‘
2w T ol
F F o7 F
+f [[%,37]177::+ [%,:}aym [%, & ]'V,’;}%ﬁ:@d?.
7 r 7

By the definition of the commutators, we observe

T (Fe) | e 1A
2 wp 72 7
and

o
e F F _ o7 F
‘[ﬂfo,a’r‘]m:? + [%0, :]3;771: + |:~<270, .~ i|mv

1 2 i
|3’F| y— |0%F|  |F| \ -
<3 S g+ 30 o+ (30 B+ Yo

i=0

Now, consider F = 2P1 — 2N 1 + nl,. We estimate from the definitions of 131
and N and the pointwise bound (3.53) fork = 0,1 and 7 < 2%*,

%F] | IF]

~ 72 ~ I

7

|(F5)* F| < v?[In()].
Hence, we have by Cauchy-Schwarz and (4.47),

o (my F
‘/ﬂo(@)%ﬁ:% d7

<2 || aomit|?, -
~ ” 0 UHL%O/T

The cutoff term: From the expression (4.45) of T (im,), we compute
AT (My) = =29 (05 X ¢, /505My) + Ho(Fily)
= =207 )¢, /507 oy + F aloiy — 207 )¢, /5190, OF|iny
+ [%. 05 x¢, /5|05y + [0, Flity.

where

1 [20 +2P; —2N; +y]
_(8% + 35))@*/; + 37)(§*/;|:? - 7 LE r]rj|.

By definition, we have

2

N
IA
N}
i~
%
——
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which gives the estimate

kgl < 1 Vel 1 < 1
@5 NP5 e |7 |7 M parete) S 7 g et}
Since the cutoff term is localized in the zone 7 ~ gw* we can use the midrange

control (3.44) to obtain a better estimate. More premsely, we use the decomposition
3.10, i.e.,

fity = Q(F) — Q(r) + P1(F) — P1(r) — N1(F) — Pa(r) + myq.

A direct computation and v ~ V (see Lemma 4.6) yield

k=012, |FFO@® - 0] < —

[Inv|(7)2"

By the definition of P; and ﬁl and P,, we have the rough bound for £ <r<
v2

<

k=012, |Fp PP = Pr) = M) = P20 £

Combining this with the midrange estimate (3.43) yields
4

- v
(4.58) /|ﬂ0mv|21{%5 5%} Tvp T Imelig.<ese

Using this estimate and integration by parts, we estimate

/(—237)@*/537%}’7[1; + FMO%U)JZ{O%:@ dr

‘/ |%mv| |:_a (arXE*/v ~ ) + F:|70d

~ v ~
</ '”0’"”'2(7_2 5 )1{%*5752%*}7‘”
6

<~ v? 2
S @ T 2 melesesey
We also have by the commutator formulas (4.54) and (4.55),
\—237)@*/5[&70, O]y + [ o, O xe, /5|05y + [, Flinty|

mv|
<Z ~41 <2 }

From this, Cauchy—Schwarz, and (4.58), we obtain

_ _ . wo
/(—237)(;*/5[&70, Wy + [ o, 05 xe, /505w + [0, F]mu)e%mu%) d7

1
~ wo ,.\2
< (/|szf0mv|21{§~§ Sg}%dr) :
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1
1o n 105me]* |12 wo .\
.(/7—4[|87mu| T T (R
- 2/ o4
Né—i W+||ms||H2(§*§§§§*) :

Injecting the above estimates into (4.51) and using % = %2 and v ~ v yields
(4.49).

Step 2. Energy estimate for the first-order derivative. We now prove (4.50). In

order to handle the term || ||? appearing in (4.49), we use the second

L%, /T
energy identity by integrating equation (4.41) against —v2.a%m 5 in choo’r‘ to write

1
d ~2/~*42%m —dF
2ds
= -V /|,52{~v|2 dr —v /% )(;*/,,El)m —dr
/|:.7:(mv)+T(mv)+ “*}%m =2 dF.

Since the support of 77; is in the interval 0 < 7 < 25*

inequality (B.2) and (4.47),

1 @0 4 /|a ~*2“’°
1+72 7

— d om

From this, Cauchy—Schwarz, and (4.52), we estimate

~ ~ D ~
vzfdo(xg*/;gl)m,f?o dr

, we have by the Hardy

~4 |, |
<V H—~z7d Pt 2 f\%(xé*/vgl)\ = dF
< 2272 rmy P wo o GV
~ S 1+72 7 72 o2

2.,6
2~2 ~% 12 *
lom L+ ==
é- || 0 U||Lg)()/r+|ll’l\)|2

As for the scaling term, we simply estimate by using Cauchy-Schwarz and (4.47),

1
< V25| o (/ iy 22 dr)

~2.2
< VLl Ao,

ﬁz'ﬁ/raﬂn*;zfom 2 a7
7

v "LaO/r-
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By the definition of ﬁl, N 1, and (3.53), we have the rough bound for 7 < % and
k=0,1,

|(For)k (2P1 — 2Ny + 7)) | < v2|In(F);
from this and (4.47), we obtain

52/ 87[(2P1 2N, + My
2r

],e%ON*— d7| < 9*nv|C€ || m

2

To estimate for the cutoff term, we use (4.56) and (4.57) to bound
T ()| = | =207 x¢, /5057y + Fiily|

Bl I V), ~
S | 0]+ {5+ 5 )] e pozey-

We then use Cauchy-Schwarz and (4.58) and |V /7| < v2/|Inv| to estimate

/T(mv),ngom —dr

1)2 U4
< —f ———
e (|1nv|2 + ”m8||H2(§*§§S§*))‘

Since |Vs/P| < vZ/|Inv|?, we use the bootstrap estimate (3.44) to bound the last

term

n

|1n v|2’
Summing up these estimates and taking {, small enough and using % = %2 and

v ~ v yield the desired formula (4.50). This concludes the proof of Lemma 4.9
assuming (4.52).

T)’T)’s/ﬁ:ﬂfom 2047

Step 3. Bound for the error. We finally prove (4.52). We recall from Proposition
2.1 the identity

(o — BV 05) ¢ (F) = 2872 (1 — 1 + G (7)) (7).
We then rewrite the error term by using the relation 797Q = 8Ty ~ 8¢ and
ds/dt =1/,

E1(F.s) = [—ar: + 2,35?1(75)611]% [a1,e —2B(1 + &o(V))a1 + 8n]¢o

— 8&% (vs 707(¢1 — Po) — 0s(d1 — ¢0)) +&(F.s),
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~ ~ _p2 ~ ~
where we used the definition of Ny, i.e, “HN; = % + 892¢o(7) with ¢g =
¢o — Tp to write

2P N1 — N?)
2r
We recall from Lemma 4.1 the modulation equations

2
al,r—zﬂal&l(v)zﬁ( - )

[Inv|?

Ei1(F.s) = (35 — n7dz) Ny + + No(w?).

(al,, “28(1 + @o(v))ar + 8v2(% . ﬂ)) - ﬁ(”—z).

[Inv|?

From this and from the estimate (4.31), we obtain

2
1.0 — 2Bard (7)) = ﬁ(”—)

[Inv|?

(al,r +280 + ap(V))a; — 8'\72(2r —IB))‘ = ﬁ( v? )
v [Inv|

From (2.17) and (2.19), and from the identities <% Ty = 0 and 24T, = —Ty, and
v ~ v, one has the bound for r < ¢*/7,

2

N

\Aodol + |Aop1] < T2

&

Bl

and hence, we have the estimate
é—*

v
/(;

Ao([—ar,c +2Ba1(V)ay |1 + [a1,c —2B(1 + &o(V))a; + 87)]¢0)|2% dr

*

- p8 /7 1 J7 < p8
7 )
“nv* )y 1+F 7 lnv|3

From (2.17) and |V /7| < v2/|Inv|, we have the estimate

2 N 8
v ~ w -
/ | Hoo|? — dF <
0 r

s

[Inv|?’
By writing

(1 = o) = 2 (51 — o) + 3 (B3 01 )
and using (2.15) and (2.19), we have the bound
v4 7:2
|0 (05 (1 — ¢0))| < o] 77

We also have from (2.17) and (2.19) and |[vs/V| < 1/|Inv| the bound

2

[Inv| (7F)4"

=l (For(n — 4o))| <
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Hence, there holds the estimate

o*
/ﬁ
0
%

8 / g 1 1 V8
< —F + < .
Inv|Z J, (1+73  |Inv]2(1 +7) [Inv|?
As for the term gl, we use the definitions of Nl and [51 and Vv ~ v and |[vs /7| <
v2/|Inv| to bound for ¥ < 2%*,

“o 4

3 (o~ s 0w ) | 2

*

| &1 (F.5)| S T74( %

G

N ,‘52) In{7) ¢ In(7)

which gives

28+ 8
52%051‘ —dr <v?mv]? <
0 Inv|2”
The collection of the above estimates concludes the proof of (4.52). Il

4.5 Nonradial energy estimates
We begin by estimating the parameter x*. We claim the following.

LEMMA 4.10 (Estimate on x*). We have for 1y large enough

2 12
_¢ Vg~
T s U

*
x‘f

n

where C > 0 is independent from the bootstrap constants k, N, K, K', and K" .
In particular, we have the estimate

(4.59) dy + Ce 27,

*

Xo

n

e—K‘E

(4.60) S

PROOF. We multiply equation (4.3) by d;, Uy po, i = 1,2, and pg = e_5|z|2/2,
and integrate over R? and use the orthogonality condition (3.11) to write

k
—t/az,. (Uy + W)z, Uppo dz

= /[—zzel +V. (g(s) — %go) — Nl(gl)]ainva dz.

Using the definition of U,, and W,,, we have

_ 1212 C() _a.2r2 C/
d;. U, B 4z = - BT~ _07
/' aUhle °= /(1+r2)6 T e
and

2
‘ / 92, W0, Upe B4 dz| = 6(v72).
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We write the linear operator as .Zpg~ = V - (UV.#q%); then by integration by
parts and Cauchy-Schwarz and the decay of U, we estimate

‘/ zzslaz,. Uypo dz

1
v—S/v.(UV//ql)ay,.Upd —é/v.(yql)ay,.updy‘

1
— [ UVt gt -V (0,,Up)dy + Pl gty V(dy, Up)dy
v )

1 2 _ 2
—5(/ . UIV///qllzpdy) (/ .. UIV @y, Up)Pp 1dy)
v lyl<5% ly|<5®

1
1 2/ |‘]J'|2 )2
+ —{v d
VG( ly|=5% U ey
(/ng:
1 1
1 g™ |? 2 2 _ 2
+v—2(v2f7pdy /\y-V(ay,-Up)\ p~tdy

1
1 2 1 1
— UIV.AMgt? + —|letllo v + — et
S v ) Gl o+ e

A

AV - (UV(dy,Up))] ‘Zp_ldy) ’ + ek

A

v

1
1 12 5 —KT
< / [Vg—| o)+ e .
v\ g2 U v?

v

We write by the definition e = atgng and use (3.55), (3.56), and the decay of U,

XX d
S [ (3 4 et Yo (0, U o)z
n

x*

i,T
/81,-33inva dz

n

k k

1
R | / 5 1 2 ir|e ™t
< | 2E—= dem d + |
P v4( |z mel U, ¢ w | v3
N *
; 1 1 e KT X 1
- i LT . b C d < 1,T
< (v4||mv||m+v2|lnv|/§z%z podt + )~ PR T

We have by Cauchy-Schwarz,

‘/ V-9 (e1)dz; Uppo dz

1
[ v-9an, v dy‘

0
N )
(/‘V-%(ql) pdy) (f|8y,-U|2pdy) <

A
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1
A(f s

),

1

2 3
Lo dZ) ,
where we recall from the definition of ¥ (e
V- 4(qh) = Vg - VOgiq0 —2q(V +¢°) + V(¥ +¢°) - VO, 1,
and W is given by

ap d N a0
y=_-" _ 2:_”_’ )
UZ r (¢1 ¢0) +n:2 VZ r ¢n

By the definition of ¢, we have the estimate
(r)—4 v2 c
1 _— 1 X
[Inv|? {r<f} + [Inv|? for) {r=4}
from this and (3.56) and (3.57), we obtain the bound
Vgti? gt
Jrvsareas | (Mo

By using (3.46), (3.56), and (3.57), we estimate the contribution from N J-(zaJ-),

/ ‘Nl(al)

The collection of the above estimates yields (4.59) and concludes the proof of
Lemma 4.10. 0

@4.61) |¥(r)|+|rd, ¥ (r)| < vi(r) 2+

)dy + 8_2’”.

2
Lo dz 5 6_2’”.

We are now in a position to derive the energy estimate for the nonradial part.
Let us begin with || ||o by using the coercivity given in Proposition 2.4.

LEMMA 4.11 (Control of ||e+| o). We have

ld, 1.2 12 —2
4.62) St I3 < —S et 3 + com,
where §', C > 0 are independent of the bootstrap constants K, K', and K"
PROOF. We multiply equation (4.3) by
V2 /o (e" /po)  with po(z) = e B2/

and integrate over R? to write
ld |
Sl @I
1 d -
= [ 77t yma etz g [ RO P dz

_— / (V-9 - % V(W + %) — N1 ()] oo (e /po)dz.
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We have the coercivity estimate (2.29) for the linear part, which using (A.3) with
o =1 gives

o N Y G CN O S e XN
(4.63) VLp

\Y%
5—50/ Z]

Vgt g2
—/ 7 pdy < —Cov? 5 Pdy

=_C 2 |8J_|2 dz = 2
=—Cov” | —podz = —Collellp-
v

pdy

and

(4.64)

The time derivative term: We write by the definition of U,,,

d , 5, Ve 5 22 vy 4v2 v
—((v°U. = —vd = — _—
dT(v v ) UU U[(|Z |+V ) ] v Uu |Z|2+V2

2

< L and (4.64), we have the estimate

[Inv]|?
2 12 12
v e~ 1 [Vg~|
< = [ B ppdz < / dy.
nv] U, P pay

From this,

Yz
v

‘/ —(sz Dlet?po dz

The small linear and nonlinear terms: We write by integration by parts and
Cauchy-Schwarz,

v2 / V- G(e) Spo (e po)dz

= %(e)-[wﬂ(el DELEVAT po]mazz

Z(al 2 Z (oL
W/ U A e S30) P+ Ul (e )R ) dz
i [ QISP

+v podz.

Making a change of variables and using the Hardy inequality (A.2) yields

J_|2

2 [ulv.as eyl dz = [vvaetyora s [FL 0

We also have by (4.64),

12 \v/ 12
(4.65) vZ/UV|///Z(s%/ﬁoO 1?dz < vzf%podz 5/%;)@.
v
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We recall
d P, +m
W, 4+ 60 = ?;(Pv +mg), Vg, 40 = _Z%,
where we have from the definition of P, and (3.53), (3.54), and (3.55) the bound

180 (Py + mg)| <

2 1
TR LA =)

We then estimate by using (A.3),

1+ |z]?)|etvVe 2
vzm/( 1Z|9)] \I»’U+80| po dz

Uy
2 12 1,2
v & 5 & 5
< — u,00 dz +v8nv|2 e |z|2po dz
Vinv[ Jizji<g U =% Uy

lg

J_|2 5
1 2)od
T (1+|y2)pdy

2 12
v vl 6 5 S/
< dy +v°|lnv|2v2
= pay
,/|lnv|/ U

L2
< 1 /IVq | ody.
V|Inv| U

We recall Py, = %(¢1 (r) — ¢o(r)) and the bound

é‘af Pl,v
52

2
< |yl
1+ |yl

W1 ,0] = Vy € R?,

so that we write

1 2w, , Vo, |2
)2 /—|1nv|/( + |z )|U1,v el oo dz
v

<v*/|nv| /(1 + v2|y|2)(|vq>qLX§*/2v 12 + |chqL(1_X§*/2v)|2)p dy.

We estimate by using (A.6) and (A.3),

AV [ 2V, Pody
1
sv4\/1nv|[/ 0y 402 ql|2<y>6dy] [+
ly|<& ly|< 1+ |yl

2 Vg |?
< v y/|Inv| Tpdy.

pdy
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Using (A.7) and noting that w' = &1, we estimate

VI [ 2PV o 0P dy
=v*{/|Inv| /(1 +ZPIVPer 1oy, ) (@I 00 dz
3
VI [ 1901 @ 2+ 04y /| I EERTE
Zl=

lz|=
< e—ZKT.

~

We have by the definition of P>, and (3.53) and (3.54),

0 C¢(Pay + me)
g = f

1 |y[*In(]y|)
vZ[nv| 1+ |y|*

|\D2,v +

A

1 41
Liz1<tn/2y + ﬁlzl T lyz)52, /2)-

From this and a similar estimate as given above, we obtain

14 2P [(Ys, + VD, 1 |?
vzm/( ||)|(2(,]v ) 8L|podz
v
1 /|Vql|2 —2KT
pdy +e .
[Inv| U

We also have by (3.56) and (3.57) and (4.60) the rough estimate

2
‘EJ'VCI)EJ_‘2+ x—sl‘
v2\/|lnv|/
—4lcr
/v /(1+|z| Yoo dz +

and from (3.55) and (3.44),

podz

*
_f

¢|1nv et I3 < e 27,

* |2

0|2
T

X le

Uy

podz

3m2wvd —i—/ 8m2wvd]
[/@uaé o [ toom P

2

v2 _B&2 —
nt |lnv|/§ GG /ng] S e,
=
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. Z ozl D .
The difference (£* — £%)e~: By the definition ;1 = ﬁquJ_ Jp We have

Bv2|yl?
4

from this, an integration by parts, and the Cauchy-Schwarz inequality, we write

»2 / (L% — Fo)et Jro M (e J0)dz
RZ

A(D,r — 5(#) = ﬂv2(1 + )5qJ_ —bv?y. VEqL;

v2/2vuv-V(q>8L — ®,1)/po (et /po)dz
R

/R VU V(g — @gﬁ//«qudy‘

A

(fU|v///(qu|2dy)2(/U|V<¢qL —Eqmzpdy)z

1
2
+v2(/U|///(qu|2dy)
=4 2 2 2 %
([ 05 9@gs =Ty + 301 50y )
1[IV
~ 50 U
+Cv2/U(vy)4|CDqL\/;,|2dy.

We bound the last term by using (A.6) with o« = 1, 3 and (A.3),
2 [ U og sl dy <02 [1g-P0pdy +3° [ 14 P02 ds
\V/ J_|2
<2 Vg d

For |y| > %, we use (A.6), (A.3), and (A.7) to estimate

pdy +C / Uwy)2IV(@,e — By)Ppdy

~ 2
/ . Uwy)?|V(®,0 — D, 1) pdy
y|=5%
< Uy)>(IV®,1,, |20+ |V, 2
~ ¢ y atxe | P gtQ—xg ) P
|J’|Zﬁ 2v 2v
+ oYy P g 5l + VO, s51)dy

Vg ?
sv2 [P Loy 2 2,
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For |y| < g—:j we write by the definition ?ﬁqL = JiﬁquLﬁ,

/ UL+ 2y D)V (@, — B,2)2pdy
Iyl<$

2
- / |Vq)qL(1—¢ﬁ)|2 + v4(|yq)qi—\/f)|2 + \|Y|2V@qLﬁ‘ J
Tyl L+ ]y .

The last two terms in the numerator are estimated by using (A.6) with « = 1 and
(A.3),

V4(|yq>qL¢5|2 + ||Y|2V®qL¢5)|2
4 dy
lyl<5® ()

2 112712 1 2 |VCIL|2
Sv /Iq|<y)pdy / z_4dy5”/ pdy.
lyl<& () U

For the remaining term, we split into two parts

/|y|<t* v + v2|y|2)|vq)qJ-(1—\/ﬁ)|2dy

2v

2 2
< / |Vq)qJ'(1_\/ls)X§*/v| + |Vq)qJ'(1_\//77)(1_X{*/v)| dy
T =g L+ |y*

Since (1 — /P) xz,/v(x) < §fl|x|<&, we estimate by using (A.6) with o = 1
and (A.3), ’

/ |Vq)qL(1—ﬁ)X§*/v (y)|2
lyl<b 1+ [y

ayse [ laPa Py

lyl<

Vgt|?
< r2 |_ dv.
< Lk T

Since (1 — /p)(1 — xe, v(x)) = 1|x|z%*’ and ﬁ < gl* for |x| > % and
ly| < % we estimate by using the outer norm (3.49),

2
/ VO, a-yp)1=xes /) V)]
y|<4= 1+ [y

d 1 2 L 2
o el 250 (L 5
=g T+ [ Uz [x =y 2=, 12l

2
dz v
2012 12
Svle ”ex(/ m) < [~ [l &
lzl28 |z|GTatR)P Vi«

A
A




SINGULARITY FORMATION IN THE 2D KELLER-SEGEL SYSTEM 1481

Gathering these obtained estimates and using the bootstrap bound (3.49) yields

12
2 [ (- 2ot et vz < 2 [TE pay e

The error transport term: It remains to estimate the error term by writing

*

22 [ W e Sz = 2o [V paatypay,
W

where V(r,7) = 1)%W(é‘, 7) is the approximate profile in the blowup variables
defined from (3.6), i.e.,

N
ai ar an ar
V=U+W, W=—"T(p— y ==
+ V2 r (¢1 ¢0) +n=2 vz ¢I’l

By the definition of ¢,, we have the estimate

—4 2

2, 0—2 , (1) v C
(V)| + [ro,W(r)| Svi(r)y "+ n |21{r§%} + W(w) l{rz%}.
We use .#VU = 0 and (4.59) to estimate the leading term

*

TVfVUx/ﬁ///(qL«/@dy‘
—|[ #(vus- 1))qlﬁ)dy‘

~

x*
SPEB [ lietivadr s [ L0 - )t vl ]
M ‘y52u |—2
X7 2 1,2 2 5
sfv(f 201+ Iy )pdy)
M ‘y‘ 21)
1 1
. } LVU(Jo— )2 \*
([ et o) ([ R gy
M lyl> 5% lyl> 5% + 1l
1
* 2 v 12
<X vz(/ |q“(1+|y|2>pdy) sv/%pdywe—z“.

Using (4.61), (4.59), and (3.56), we estimate

*

o RN N
1

Xz 5 12 2 )2, e
— \V‘I'I (1+1y®p lg=17(L + [y[D)p NP
® lyl< lyl<5 Inv]

1 | q*1? 12 2 e T
< d 1 d —
< |lnv|2(/ g P y+/lq Sy y)+ v

v 12
/' CIIJ| pdy + Ce 27,

<

~

v

<
~ |lnv|?
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The collection of all the above estimates, using the control (4.64) and the coercivity
(4.63), yields (4.62). This concludes the proof of Lemma 4.11. O

We are now going to establish the monotonicity formula to control the inner
norm (3.48). The basic idea is that inside the blowup zone |y| < g—: for & < 1,

the dynamic of (4.67) resembles dsq+ = ZpgL, which allows us to use the special
structure of %, namely, that £ f = V- (UV.Z f). We recall from (4.3), the
equation satisfied by g,

vx}
(4.66) 35q™ = LoqT +nAgt =V Y1) + Vv %) + N*(g™),

where ¢ (g) and N (g1) are defined as in (4.4), and V is the approximate solu-
tion in the blowup variables given by (3.6), namely, that
V=U+VY,

where we recall

N
al a
V=W 0 W= (i) - eo(r), Yo =) (),
n=2
and ¢, is the radial eigenfunction of %y, namely, that

0
(pn(r) = - r¢na ar§0n = _¢_n’
r r

with ¢,’s are the eigenfunctions of 7, and we write for short

1==—p2 =007, Af =V -0F).

We define
G = Xewvd™s
where y¢, /y is defined as in (1.15) and gy solves the equation

vx*

M’ V(V +4°% + Nl(qL)}

0sqy = Loax + [v- bV -9(q) +
4.67) sq 0qx + x|V - (vgH) (9)

— Lo xe.pla™ + dsxe,vas
Consider the decomposition

L0;U dy
468) gE = 10U + eaaUs + 3 withe = LIEAYVDY gy
(4.68) qi = c101U1 + 202Uz + g5 with¢; T1iURdy (lle~llo)

which produces the orthogonality condition

[ciialu dy = /zj*laou dy = 0.

From Lemma 2.3, we have the coercivity

V|
dy,
T

469) - / SoGh MG dy = / UIVAGER dy = 8 /
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and the positivity since [ LGt dy =0,
~1 ~1
4.70) /.,%q* M LGy dy = 0.

Recall that .#Z0,U = .#03,U = 0; hence, we have
(4.71) MeE = MG gt = LGy

Thanks to this coercivity, we are able to establish the monontonicity formula to
control [|g% lin.

LEMMA 4.12 (Control of ||g~in)-

dl (- o
EU Gy MGy dy —/»%qi///qi dy]
U [ o
< -8 [g—z / Gr MGy dy — / Loy MGy dy}
*

¢ 12 12 _2

PROOF. We multiply equation (4.67) by .#Gy+ and —.# £G+ and integrate
over R2 and use the relation (4.71) and (4.69) and (4.70) to write the energy identity
Since we only use the positivity of .#, all the terms involving .# %, §;- are treated
by using commutator formulas with .# in order to reduce the order of derivatives
so that they can be controlled by —8, [ U |V.# G+ |? dy. In particular, we shall use
the following formula: for any well localized function f* without radial component,

Y

(4.72) [, A]f = 'UVZUf +20; with Af =V-(yf),

where we used the identity y - VO&y = @y ¢ + 2@, and
VU
The scaling term: We write x¢, /o V - (ygt)=V-(ygr)—y- V)(;*/Vql, and

use (4.72), the relation ./#Z g = .4 G, the structure % f = V - (UV.Z f), and
integration by parts to estimate

fo . 8lf =gPr — Dgy.

n/ V- (yqy) M Loqi dy

< v?

~ ~ -VU ~
/V (VMG LTy dy‘ +? / (y o7 de T+ 2q’q,.+)$oqi dy‘

V.U) VU
< vz/U|V///§,J,;|2(1 L V001 |)dy

U U

2
y-VU
—I-VZ/U‘V( 3 q*l+2c1>q$)

dy <
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\V/ 1,2 VU2
/U|v///ql|2dy+v2/<| ‘é*' +| U' qi‘IZ—l—UWqu*LF)dy

<v2/U|V.//{ L2 gy 42 /' S dy 02l + Jeal®)

/ UINAGL? dy + v2|et|3.

where we used in the last line the decomposition (4.68) and the coercivity (4.69).
Since y - Ve, v < 1{Q<|y|<&}, we use the midrange bootstrap (3.47) and
integration by parts to estimate

‘n/y-VX;*/qu///a%Eii dy

<v / UV MG dy + 07 / V(- Ve, v ) P

A

2 [UIVATER ay 421 By gy
We also estimate by integration by parts and Cauchy-Schwarz and [y - V ¢, /| <

Lo cpyp<28eys

v —

‘n/x;*/vv-(yql)//ﬁiidy‘ = ‘n/ (V-(yqi)—y-VX;*/uq )///q dy‘
L))

< 1o | UIVAGEPdy +v / y4| d +v /“,,85|y|52§* gt Gt |dy
< 2 [ UIVAGE dy + 16+ 1 ey
Summing up these estimates yields
0 [ tep V- e @+ -foqi')dY‘
< 2 [UIVAT dy 4 1o s ey + 113

The 4(q) and N1 terms: We write by integration by parts and Cauchy-
Schwarz

/ (V-%#) - NL(ql)).///ai dy‘

82 2 9D + INH(gDI?
UI.aVGti2dy + C d
To0 | UMAVE P dy + /|y|<2§* U

52 1 ~12 -2
< (22 4+ — ) [ uLavatiray + ce 2,
_(100+|1nv|2)/ ANV dy + Ce

| /\
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where we use (4.61) and the definition (4.4) of 4(¢%) and N1 (g1) and (3.56),
(3.57) to estimate

9@HP + N @ HI?
dy
MEES

U

- Vv

a1 2 2+ 1
S — P + |V —— + ¢V d
/Wm( gl 10 P vt ay

S e ) o PO Py e
===

1 i 1 2
< |1nv|2/ v Yt ol e @esizises € “

1 - _
< “nv'z/m//zvqjﬁdy + Ce™ %7,

Similarly, we write by integration by parts, the definitions of ¢ and N1, and the
Cauchy-Schwarz inequality,

‘/ M(V-9(qh) = N qh) Zodgs dy‘
= ‘/ UV (Y -94(qh) — AN (gh)) - VMG dy‘

82 ~12
<= UV d
= 100 |V G5 |~ dy

+ ‘/ UVAM(Vgt-VPy, 0 —297(¥ +q°) - VAU Gy dy‘
+C / UIVAYW + %) VO,0)2
|y|<2x

+ c/ UIVAN - (gFV,1))2 dy.
lyl<Zx

Using the commutator formula (4.73) and (4.61) and the relation (4.71), we obtain
the estimate

U UV (Vgt - VOy g0 —2¢(W + ¢°)) - VU Gy dy‘

B L[V - (UV®Dg 0)
s/wv(/zqiwzowqowf‘i“’w )dy

2 U
+ ‘/ UV(A Y+ ¢l + [,V Oy o] - Vb + [, Vigh - Vg, o) - VAGE dy

<
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1 8 5
= (|1nv|2 + 100)/UW//[ |

2
+C UIV(tt . +q°lqt + [ M VN Oy o] - Vgt + [ 4. Vgt - Vg, 0)|" dy

ly ‘<ZC*

< 2 [umamte e o (19RO 16 B, e )
From (3.56), (3.57), (4.61), and (A.6) with @ = 1/2, we estimate

/ . U|V///V(\If+q0)-Vd>qL)|2+/ UIVAY - (gD, 1) dy
lyl<2 |y|<2ex

—2KkT

~ 1
o [ R+ Py + e g i +

Summmg up these estimates yields

[ V- %) — N @D (G +$oq*)dy‘

= _/UW/ML'Z@ e g, gz +

The error terms: From (4.61) and (3.53), we note

1 1 2C4

v 3V +4% < — fi ==
Vg 13 (V4 4O S s for

From this, the fact that .ZVU = 0, and (4.59), we obtain the estimate

vx*

= -/V(V +q°).4 (G5 +.=%Zii)dy‘

vx* ~ ~
= |2 [Lav @t + sy

L[ IVELP C i e
”|1nv|2/ U dy+|lnv|2”8 I .<izi<gsy €7

We also have the estimate from (4.60) and Cauchy-Schwarz,

vx*

. / Vgt.agt dy‘

1
2 1
gt PU dy UIV.A4Gy | dy
|y|<2x
*

2
e 113
v2

*

VX,

i

8
< %/UW//ZZ]’j;lzdy +C

i
i

8
< % UIVAGE? dy + e 27,
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Similarly, we use the commutator formula (4.73) to obtain the estimate

vx*

2 vt st ay
n

8
< 5—3/U|V//l§i‘|2dy + e 2T,

The commutator terms: Since the support of [£p, x¢, /v]qJ- and ds x¢, /v is on
%* < |yl < %, we use the midrange bootstrap (3.47) and Cauchy-Schwarz to
obtain the estimate

/(L%, XeolgT — 8sxc*/vql)«///(2ii + fof?i)dy‘

82 ~12 12
<2 / UIVAGE2 dy + 16120 g, opopgor:

A collection of all the estimates and using the fact that
|VZ]~J_|2 _ U2 _ _
—/ — s —/ G 2(1+ [y»)dy < 2 / Gy MGy dy,
*

and le_s = L yield the conclusion of Lemma 4.12. O
T v

4.6 Analysis in the exterior zone

In the exterior zone, we derive an energy estimate for the || W||ex norm of the full
higher-order perturbation (3.28). From (3.28) and (2.3), the radial and nonradial
parts ° and = of W solve the following equations:

474 8, 0° + BV - (z°) — AD°
= e V' + f10° +g-VOq_y. yao + 10+ NO(@D),
4.75) 3,0t + BV (zwt) — Awt
= e VO + 0T+ 8- Vg, ot + T+ NE@D),
where
e=-V(Py, + Py, ). f=2U+W¥1). g=-VU +¥,1),
and from (1.6), (2.17), (2.18), and (2.8),
1
h = 5(—81f +Af =V (fVOs) =BV -(2/))
i Urv Ve B<
= (zUy) — Tvav\pv,l - F,Baﬂqjv,l + (a1a1 —ay,) (@91 — @o)
+ 2,3((&1 — &o)al —da] — 4v2)g00 + /3(8U2g00 — V.(ZUV))

— V(1) VOy, | + ¥, + 8.V, 50,
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and

ht =2 .V(Uy+W,;) +g-VO

Xex 20t

From the pointwise estimates (1.6), (2.17), and (2.18) on U, ¢g, and ¢, and the
Poisson formula for radial functions, we have the following estimates for |z| > 1
andk =0,1,2:

|0Fe@)| S ¢7MTE|E S ()] S vP[log]e TR,

(4.76)
|05 2(0)] <[v2e 30k,

We recall that [v;/v]| < [logv|~! and |B;/B| < |logv|~3 from (4.6), (4.7), and
(3.38). Hence from (2.18), (2.8), and (4.60) we infer that for the forcing term for
|z] >1landk =0,1,2:

2
@I IHOO] S ot VI Q)] S e v

LEMMA 4.13. There exists a universal constant C > 0 independent of the con-
stants N, k, K, K', K", and £* such that for to large enough:

"2p,4p
. 0020 < 2p(=5 + £ )10 + O
st K
|log v|
479) Wit =2 (_g * EC ) ITHED o+ e
+ C”wJ_” —1 e KT
PROOF.

Step 1. Linear energy estimate. We claim that for any function w, for any vector
field e, and potential f satisfying | f| < ¢*~! and |e] 4+ ¢|Ve| < 1, a constant
C > 0 exists such that

/(1 — Kee /) QT2 G20 (BY (21T) + AT + 2.ViD + fw)%

480) <-@p-1) / (1 = eeja)cC D222y & @

B 2-4H2p 2pd T
+ (Z + —= /(1 — Xt /4)§ a5 w 2 +Cllw ”Lz”@' *[A<|z]<E*)"
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We now prove this estimate. Integrating by parts, as derivatives of y¢x/4 have
support in {{* /4 < |z| < {*}, we obtain
[ g2 mricpy.con

dz
= —E/(l — xS 4)2”w2”— —ﬂ/auz jat@ 4)2”w2”§

and

_dz
[t g ore-ona s

oy —0p2io—2d2
= —Gp-1) / (1= g D2 T2 v R
1 _2p @e-Lop—2
+5/w A((l X{'*/4)§ 4 )dZ
<—0p—D1a-= (=1)2p j2p—2 V—zﬁ
=-@p—-1 [ (1= xe=a)¢ w P | Vwl 2
1
+5 / D2 (1= yge ) ALCTD2P72 2V y
p

Vé-(Z—%)Zp—Z — AX;*/4§(2_%)2p_2)d2

C1Nn s o _.,dz
<—2p-1) / (1= g3 P2 a2 2 v

C dz
2=Ly2p —2p0dZ
+ e /(1 _Xé‘*/4)§ PP p§2 (”w”sz@ */4<|z|<E* ))

Using the bounds | f| < ¢* L and |2] 4 ¢|Ve| < 1 yields

“lys, _ dz
/(1—X§*/4)§(2 $2P2r—le, Vi

! ] —Hp-— —1ypp
3, wzl’((l—)(;*/4)V-(§(2 7)2p Ze)—V)(g*M.e{(z 1)2p 2>dz

C 1y, dZ
< é“_*/(l — gy G2 g2 §2

(”w”w(z - Jaslzl<en):
and

_ 1 d
[ g baet pat < £ [ s b2ran S,

Summing the four identities above proves the linear estimate (4.80)



1490 C. COLLOT ET AL.

Step 2. Preliminary estimates. From the bound (4.77), we have the estimate

1 dz\ 27

dz v2
1— B—H2pt< <
|logv|(/( 1t /4) ;2 [log v|

for § small enough. Similarly, using the bound (4.76), the estimate (A.7), and the
bootstrap bounds (3.45), we obtain

(/(1 — xprya)g @22

1
2p dz\2»
(4.82) (18- VOa_ypu @) T¢IV VU g 0y @0)]) —)

2
0 2 é‘
=< C”w ”exV < |1 |

4.81)

for tg large enough. Similarly, we estimate from (4.77) for the nonradial part,

*
Xz

7

1
d 2p
@89 ([ g2t w255 ) 7 <02 5 e

and using the bound (4.76), the estimate (A.7), and the bootstrap bound (3.49), we

get
( / (1 = ype a)t@ D20

(18- V(g @] T EVE - VRG—yn )@ H)])

S |t exv? < 77

(4.84) zp%)z‘p
é-2

)

for 7o large enough.

Step 3. The energy estimate for W°. We claim that there holds the energy esti-
mate:

d
df( : /(1 — Ker )E BT (@)% ;2)

¢ 02y dz
(4.85) < (_é + ;*) /(1 —Xé.*/4)§'(2_z)2p(w0)2p é-_i

K2y 2-1)2p ~0\2 R
O+ [a- e are @ el

llog v|2?

llog v|’
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We compute from (4.74),

d (1 dz
dr( /( — Xex /4)§(2 4)2P( 0)2P é‘2)

= [ g2 @0y

(4.86)
x (—BV - (z0°) + ADW° + e - VR + fB°

Vo 10 + Nty L

+ 8- VO _ypu w0 +H +N@ ))4“_2'

For the last term there holds from (4.60) and (3.49),

1
1 2pdz\ 2» ekt v2
1 _ « (Z—i)ZP‘NO ~1 ‘ -~ < ~1 <
( [ = et @[5 ) =S e =

for tg large enough. Hence, from Holder, the above bound, and the estimates (4.82)
and (4.81), we get

1 N2 1\dz
[ (= e s 2r e 899 0gpe i + 1+ NO@H) 5
23}—1
P
(/(1—)(; j)E 322 (50)2P §2)

l
. 12rdz
(/(1—)(; Ml 4)2”‘5’ VOG_y.. g0 + 10+ NO(@ L)‘ )

_ @—1)2p~0\2 e
(fu Yoo s)c@ D2 (@ )PCQ) .

for 7o large enough. We inject the above identity in (4.86), and use the linear es-
timate (4.80) with the bounds (3.43) and (3.47) for the boundary terms and (4.76)
for the potential and vector field, which yields (4.85).

Step 4. The energy estimate for V(°). Let @' = {d,,1 fori = 1,2. We
claim the energy estimate fori = 1, 2:

d (1 B 2-1)2 2,dZ
dt( /( PR T )Pg)
C

C
487 < (—é+ z*) [a= ez 4’21’(”)21’; + 1812

—1
K'2py4p 27 Kv?

2p—1
cC_— .1 C 1— —2p (i 2pd =
T Cogopr (/( te RO @ )
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which we now prove. From (4.74) and the commutator relations [{0;,.z - V] = 0
and [(0z,, A] = §_2§8Z,. —2§_2z-V(§81i ), we infer the evolution equation for w*:

: ; ; 2z _ _ e\
0" = —pV - (z0') + AD' + (e_é_;) V' + (f+§ 2_Z;_ze)uﬂ + F,

where

F =50z - VDO + £z, f0° + 02, (¢ - YOy, pya0) + £0z,h% + £z, NO(@),

giving the energy estimate withe’ = e —2¢ 2z and f' = f + 72 —¢72z-e

( / (1 — xew )0 @922 (5127 g2)

as) = [ e re @t

dz
§2
We apply for the linear part the estimate (4.80) with the bounds (3.43) and (3.47)
for the boundary terms and (4.76) for the vector field e’ and the potential f”:

x (—BV - (z0') + AW’ + ¢ - VI’ + f'© + F)—

/(1—x;*/4)§(2_‘l‘)2”(@i)2”_1( BY.(zB') + AD' + € Vi f’”)?

<—@p—1) [ gV 2|le2§2

+(——+ )/(1—;@ )27 (@ )21’g +C

We compute now the remaining terms. From Holder, the bounds [{Ve| < 1, and
|V £| < 72 from (4.76), for any function w,

K2py4p

llog v|27

d
(/(1 e )ECI2P (o, el |EVD| + [cmoy, £1)2 Z)

2
(4.89) ¢
C* 5 10 ]lex-
Hence, using the above bound for i = w° and Holder:
yop g . o\ 4z
f (1= g pa)§ TP @127 (0, .V + L0z, f0°) 75 < é—n %llex.



SINGULARITY FORMATION IN THE 2D KELLER-SEGEL SYSTEM 1493

Again, from Holder and the bounds (4.81) and (4.82),

[ = e 0E D2 @2 €, 0 TRy ) + 02,

(/(1 )@ 2 (i 20 52)2”

2pdz
o ([0 a2 D200 G5 V@1 oo + 05 )
V2
[logv|’

;2

l\)"_‘

2 1
< C||w®)2r~

for v small enough, where we used (A.7) and (3.45).
For the last term we integrate by parts, using Holder and the bootstrap bounds
in Definition 3.3:

‘/(1 — e ) TP ()20 1Cfiz,N(’(Al) 2

_ 2p
et K'v? ~02p—1 1 ~L2p—1
<C + @S2 W 15F
v [log v

—Kt

/ (1= o) @DV 2@ P25

KT

~02p—1||~L|2p—1
e [Fiam (1l g

—KT

e 1 in s o dZ K2 2p
<C [ (1 — xex ) F 2P\ Vo |2(@")2P2 2 + C[ ——
v ¢ |10g‘)|

where we used the Young inequality on the last line and took 7q large enough. The
collection of the above inequalities yields (4.87).

Step 5. End of the proof for w°. We sum the identities (4.85) and (4.87) for
i = 1,2, concluding the proof of (4.78).

Step 6. The energy estimate for . This step is very similar to Step 3 so we
shall give fewer details. We claim that there holds the energy estimate

( [0 =gzt 52)

¢ 1 apd
(4.90) = (_é + é‘*) /(1 — XC*/4)§(2_Z)2P(U)J_)2P§—§

K’2pv4p 2

2p—1
C1yap 00 dZ\ 27V
+C—— + C(/(l — 1+ /a)¢ 4)2P(w°)L—2)

log v[>? llog v|’
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We compute from (4.75),
N dz
( /(1—)(; 1) G222 (2)

_ / (1 — ype )t @022 (@ 1)2p 1

4.91)
x (—=BV - (zh) + ADT +e- VRt + fiot
1.4z
+8-VOu_y. yot +ht+ NE@D) 5 =

For the last term there holds from (4.60), (3.56), and (3.57),

—KT

1
_1 . 2pdz\27 _ e
(/(1 — X;*/4)§'(2 4)2p‘NJ‘(wJ')‘ pg-_z) < ,C ”wJ_”ex = é__”wJ_”ex

for 79 large enough. Therefore from Holder, the above bound, and the bounds
(4.84) and (4.83):

_1 N _ 14z
/ (1= xge )t @D @27 (g - VO _y . pe + B+ Nl(uﬁ))g—z

p—
2p

(/ (1= e a)§ @22 (@) gz)e_“'

We inject the above identity into (4.91) and use the linear estimate (4.80) with the
bounds (3.47) for the boundary terms and (4.76) for the potential and vector field
to obtain (4.90).

StepT. The energy estimate for V(@=). This step is very similar to Step 4. Let

W' =0, W L fori = 1,2. We claim the energy estimate for i = 1,2:

( [ o2y )
_F _ -2p 2p £ ~02p
(4.92) S( + )/(1 Xex/a)t (") z +§* W™l &

CK/2pv4p c | o )2p o 2,31—11 KU2
- — i
T Cliogopr T (/( Xe= )6 W) 52) llog v]”

The evolution equation for i is

g :ﬂv'(zwi)+A@i+( gz) VA’+(f+§‘2%e)w"+H,

where

H ={dz,e-VD° + £z, f1° + 00z, (2 - VOu_you i) + 80z [hJ_ + NL(@J—)]-
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Giving the energy estimate with ¢/ = ¢ —2¢ 2z and f' = f + {2 -2z e,

we write
( / (1 — xgw)E @920 (@122 52)

= [ g2t
dz

x (—BV - (z0") + AW +¢' - VT + f'0' + )gz‘

We apply for the linear part the estimate (4.80) with the bounds (3.43) and (3.47)
for the boundary terms and (4.76) for the vector field ¢’ and the potential f’ and
the bound (4.89) with @ = w:

/ (1 — ger e C— D22 (721

. . d
X (=BV - (z®") + AW + ¢ - VD' 0 4 Cdge - VT +§az,fAl) <

{2
<—@p=1) [ = o2 vt p % =
() [a e @ 1 ke,

From Holder and the bounds (4.82) and (4.81):
J R T e U R (T NP L AR B B B

<C||@J_||2p 1 e KT

dz
2

We integrate by parts, and use Holder and the bootstrap bounds: (3.43), (3.47),
(3.56), and (3.57),

/ (1= g )t C 20 @ 20129, N @)%
7/(,&)\1')2])—INJ_({U\J_)

_1 _ 1 _
x (02, (1= 2o )§ @727 4 (1= pnya)z, 7927 dz

{2

—@2p-1) / (1 = yge )t @220 0 @")“‘%Nl@ﬂ‘;—i

—KT 1,,2 ”..2
= SV (ke g T 2pt
v \|logv| [log v
e-bLHep 2p— 2dZ et 1y2p—2
+ [ (U= gge )22 |\VE P (0) 22 +C [k e e

1 i ia ~dZ _
< / (1= g OV (90 P @225 4+ (K™,
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where we used the Young inequality on the last line where needed and took 7
large enough. The collection of the above inequalities yields (4.92). We sum the
identities (4.90) and (4.92) for i = 1, 2, thus concluding the proof of (4.79). O

4.7 Proof of Proposition 3.4

We give the proof of Proposition (3.4), which directly implies the conclusion of
Theorem 1.1. Assume that the solution is initially trapped in the sense of Definition
3.2. We then define

* = sup{t; > 19 such that the solution is trapped on [tg, 71]}.

We assume by contradiction that 7; < oo and will show that this is impossible
by integrating in time the various modulation equations and Lyapunov functionals.
Throughout the proof, C denotes a universal constant that is independent of the
bootstrap constants k, N, K, K’, K” and the dependence on K, K’, and K" in
the various &’s is explicitly mentioned. Recall Remark 3.5 regarding the order in
which the constants are chosen.

Step 1. Improved modulation for v and B. We insert the identity (4.7) and the
bootstrap bound (3.42) into (4.6), and then use the eigenvalue expansion (2.7) and
the compatibility condition (3.38) to get

@ -1 —Go) + 0 A2 o
4v?

v [Inv|? [Inv|3

B 1 In2—y—1—Inp 1
_ﬂ_ﬂ((_l+21nv+ 4[lnv|? )(_1_4|lnv|2))
KD(7) 1
(i) * ()

1 In2—y—-2—-Inp KD(1) 1
= 7 o .
ﬂ(Zlnv * 4|lnv|? ) + ( [Inv|? * [Inv|3

We then inject this identity, the bootstrap bound (3.42), and the eigenvalue expan-
sion (2.7) into (4.7) to obtain

2|lnv|? B [Inv|3 [Inv|?
1 In2—y—-2—Inp B 1 KD(7)
'Bal(lnv + 2[lnv|? ) ta B * [lnv|3 + [Inv|2
We differentiate the compatibility condition —1 + 211”) + (IHZZK;VI;M ) — lez

and inject the two identities above to arrive at

B oL KPOVar _ (a1e e ar
B lnv]®  |Inv|? ) ) 402 a v ) 4v2

_Vr 1 In2—y—1—-Inp iy 1 +KD(’C)
v U 2|lnv|? 2|lnv|3 N Inv|3 * |lnv|* )’
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Since lez = —1+ O(|Inv|™!) and B ~ 1/2 in the bootstrap, we obtain
1 KD(7)
=0 )
Pe (|lnv|3 + |lnv|2)
From this and (4.93), we arrive at the system
Ve _ 1 In2—y—2—In K
v (2]nv + 4[lnv|? ) + ﬁ(llnvp)’

_ K
Be = ()

Step 2. Reintegrating the modulation equations. We introduce the renormalised
time T = 28070 + 2[:0,8 and write v = \/Zﬁ_le_HTye_V?/z(l +v’). From
(4.93), we have T = 287 + O(t—Y/2) and

v V! 228 V! B _

= = OB = - =+ 0T

v I +v JT 1+v /27
From (3.39) and (3.29), one has |[v/| < (In|Inv|)[Inv|~! and the linearisation pro-
vides

(4.93)

1 In2—y—-2—Inp 1
2nv * 4|2 - z
nv [Inv| 2(ln(v’ 1)+ ln2—y;2—ln,3 B \/g)
In2—y—2—-Inp
2T + O(/7)
1 v/ 3
=— — =+ 0(t2).
V2T T
Equation (4.93) is then transformed into
/ /
v, = —'BTV + O(Kt3) so that vy = —;—? + O(KT3),
T

which reintegrated in time by using (3.29) gives

5 %o CKInTy, K'lIn|lnv|
4.94 Vi)l =@ = = () + — e =
@on) ()l = V@] = 20 () + = =
As By = O(K|Inv|~?) = G(Kt3/2), we use (3.29) to obtain
1 1 —-1/2 —3 K’
4.95 —-|= -5 tOK = CKzp® = oo
495) ‘mm ! ‘ﬂ(m) o + O ) < kg <

Finally, we reintegrate the modulation equations (4.8) for the other parameters a;
fori = 2,...,n. Using (3.42) and the fact that § > 1/4 and |&;| < 1/2 yield

d o D(v) L
= (@?) = 48(1 — 2 4 2a; — 2
g7 (@) = AP —n + Gn)ay + ”’(ﬁ(unw”m”'%/r HANTTE

a2
<L 4 K2 2VET
=2



1498 C. COLLOT ET AL.

Reintegrating in time, using (4.93) and (3.30) yields that for some universal con-
stant C > 0 the estimate

_ T
_I1"% 0 z —2 2./
al(r1) <e "z aX(r) +e 2/ 2Kt 2e 2V g1
70

< Ci,rl_ze_ZVB’1 + CKlrl_ze_zVﬂ’1

v K% vt
<

< CK N
[logv|* = 2 |logv|*

Step 3. The Lyapunov functionals. We inject the estimate |D(t)| < C|lnv|™!
into (4.6) and (4.7) to obtain the estimate

2

IModo| + [Mod; | < C ——.
[Inv|2

We inject this estimate and the bootstrap bound (3.42) and the last estimate in
(4.96) into (4.28) to get

ld _ 5
EE”m‘g”L%v/é’

l)2 1)4 U4
< _2B(N — OV l2 K—— +CK
= W =Olmeliz  + Kiiogor T Kiiogulz T Cliogur

e—4\/ﬂ

<—Imely, +CK
wy

for N large enough. We integrate in time this identity and use the initial condition
(3.31):

Hms (Tl) Hiczﬁv/f
—4./Bt

T

dt

71
< —2(t1—%) || = 2 CK —21; / 2 €
(4.96) <e [me@o)| 12+ CKe e

70
6_4“/’8‘[ - K2 V4

t 2 [logv[?

<CK

(where we used |B;| < K|log v|? to integrate by parts in time). Next, we directly
have from (4.32) the bound

K’ v?
(4.97) lme() 2 @.<e<e) =

Inv|
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We now turn to the inner estimates. Let M >> 1 be a large constant. Then for

¢« small enough, we obtain from (4.50) and the bootstrap bounds (3.43):
d - _ s 0 —_
e |:—eMtv2 / my alont, 7] + Mt \|.ctom’, ||LC200/7

4 —4
SCKlzeMtv—SCKlzeMrﬂ;
llog v|? T

from this and a reintegration in time and the dissipation estimate from (3.33), we
derive

~ —_ —_ wo _ o —_
—vz(rl)/mi(rl)%mzm)7 +e M”/ eMrH%m,Tlng)o/ydf
70

, T] —4«/E
< —e*M("*’O)ﬁz(m)/ﬁi:(fo)doﬁ:(fo)@ +e Muck 2/ ML e
7 - T
- CK/Z 874«/,37‘r - K”Z U4
- M T T 2M |logv|?’
We inject the bound (3.43) into (4.49) to obtain
d ( Mry =2 Mruy g =2 K'v?
e G e P el R P ey

Reintegrating in time and using the previous dissipation estimate for ||.2%m, ”12} /7
@0
and (3.33) yields
~ 2 —M(ti— ~ 2
|0y (27 5 = MO ol (2075,

+ CMe Mn /

70

71
Mt AT 2 d
e ” Omv||L62z)0/7 T

(4.98) ek [T e
70

CK'2e=4VBe - K2 v

—4./Bt

T

dt

< .
- T ~— 2 |logv|?

We turn to the estimates for the nonradial part. Reintegrating in time (4.62) directly
gives the bound

K
(4.99) leto < Ce™ < e

From the bootstrap bound (3.47), we have

d - - - -
EU Gr MGy dy —/c%qi///qi dy]

< —8’2[i

C(K*+K? _,,,
) e 4 .
&

[t ay - [ agtagtar ]+ S5
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For k small enough depending on 8}, we have from (3.36),

[/ﬁmu@ﬂm@—/%ﬂmumhm@]

—2KkT K”2
< e—ZK‘E‘

- 202
Finally, (4.78) and (4.79) are directly reintegrated in time for ¢* large enough and
k small enough, using the initial bounds (3.34) and (3.37),
7,2 L K// .

iy NP = S

Step 4. End of the proof of Proposition 3.4. In Step 1 and Step 2, all the bounds
involved in the Definition 3.3 have been improved by a factor 1/2 at time 71, from
(4.94), (4.95), (4.96), (4.96), (4.97), (4.98), (4.99), (4.100), and (4.101). Hence, by
a continuity argument, these bounds also hold true on some time interval [t7, 71 +§]
for some small § > 0. This contradicts the definition of 7;. Hence 11 = oo and
the solution is trapped in the regime 3.3 for t € [19, +00). Knowing the solution
is global in time 7, reintegrating (4.93) yields

mﬂ=5w+ﬁwﬂ%,ﬂw=ﬂmﬁ+/ B, dx.

(4.100)
< C(K? + K'?)¢

(4.101) |00 [|ex <

Recall the renormalised time 7 of Step 2, we obtain from the above identity that
(4.102) T =%/2Boo + O(V7),

and since by definition p./u = B that u(7) = e 2. To go back to the original
time variable, we integrate

dT dtd7 2 =
S o T o LB =207 Boo(1 + O(FV?).

Solving the above equation, there exists 7 > 0 such that

(4.103) = —10g(2Boo(T — 1)) + ﬁ(;l).
llog((T" —1))|2

Hence, we obtain the following expression for the parabolic scale p,

o= e o)

llog(T" — )]
We get from B = Boo + O(t7V/2) = oo + O(In(T — 1)|~"/?) and (3.29) that

' \/Ee e (Hﬁ(uniﬁ))
=i A o)

N\"ll

(4.104) w=
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and hence we get the desired blowup speed
_ [T =0)] 1
=gy =20 VT —ge VT (1 n ﬁ(—l)).
In(T —1)|#

From (4.60) (the right-hand side being less than 1) and (4.104), we get the rough
bound

1 |x* 1

o T JT=1

This implies that x*(¢) converges to some X € R?ast — 7.

We now turn to the proof of the continuity of the blowup time and blowup point
with respect to the initial datum. Fix ug € & with blowup time 7'(u¢), blowup
point x,; with limit X(u¢), and renormalised time 7, and § > 0. From (4.103),
(4.102), and the above inequality, for any 7; large enough, there exists 7 (ug) —
§/2 < T1 < T(up) such that 7,,(71) > 71 + 1 and |x;(T) — X(up)| < 8/3. By
continuity we then obtain that for another solution v, v and all v-related parameters
converge to u and u-related parameters on [0, 71] as vg — ug in &. In particular,
p(T1) > 71 and |x;(T1) — X(up)| < 8/2. By (4.103), (4.102) and the above
inequality, we get that for 7; large enough, |X(v) — x;(T1)| < §/2 and |T (vo) —
T1| < /2. Hence by summing we obtain the desired continuity | X (u¢) — X (vg)| <
8 and |T (ug) — T (vg)| < 8. This concludes the proof of Proposition 3.4 as well as
Theorem 1.1. |

5 Unstable Blowup Dynamics

In this section, we sketch the idea to establish the existence of unstable blowup
solutions to system (1.1) in the radial setting. The strategy of the proof of Theorem
1.1 has to be modified in the following way. Fix £ € N with £ > 2and N € N
with N > 1 and consider the approximate solution of the form

N

mw (1) = Qu(©) + ar(t) (¢ — o)+ Y. an(Ddnp(©)

CRY n=1,n#L

= QV + PV’
where the approximate perturbation is P, = Py, + Py, + Py, with

{—1
Pﬁ,v = ay(1) (¢€,v(§) — ¢o,v (é‘))s Py, = Zai (T)(ﬁi,v(é‘)a
i=1
N
Pny = Y ai(0)¢in(?)

i={+1
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and a(t) = (a1,....an)(r) and v(r) are unknown functions to be determined,
and (¢, ,v)o<n<n are the eigenfunctions described in Proposition 2.1, i.e,

52) A n©) = 28( 11+ 5+ B ) )

with |(v)] < m and ¢, , given by (2.12). Here, the leading-order term in
the approximate perturbation is Py, which drives the law of blowup. The first
higher-order term P4 , contains £ — 1 “unstable” directions for £ > 2 that can be
controlled by tuning the initial datum in a suitable way (see Definition 5.4 below)
via a classical topological argument. The second higher-order term Py, added to
(3.8) is to get a large constant in the spectral gap (2.11) that is only used for the
control of the solution and does not affect the leading dynamic of blowup.

The generated error and derivation of unstable blowup rates. The following
lemma is similar to Lemma 3.1, from which we can redesign the bootstrap regime
3.3 adapted for this case.

LEMMA 5.1. Assume that (B,v,a) are C' maps (B,v,a) : [tg,71) — [1/2,2] x
(0,v*] x (0,a*]*H for 0 < v*,a* < land 1 K 19 < 11 < +00, with a priori
bounds

Bl < v, |2 <,
(5.3) 2
|a£|§v2, lan| S —— forl <n # L <N.
[Inv|

Then the error generated by (5.1) to the flow (2.5) can be decomposed as

dem s (m?,
§W+§(W)

(5.4) mg = —d;mw + dgmy — ; T — BLdemw
4 2
_ P v
= ZModJ Xpjv +mg + ,
: 28
j=0
where
Vr 2 1 _
Modoz(——ﬂ)Sv Yag,—2Bag[ 1+ — +a),
V ’ 2lnv
1
Mod; = —aj; +2Ba;j(1—j + —— +&;) for 1<j <N,
’ 2lnv
and

5.5 mE, =—q 2
(5.5 | E¢e,v)chw/t ZHW’””Liv/z

¢ 1 1
ve LBy 4 omuph,
vinv B

~ Vg _1
(56) <mE’¢0’v)L62z)u/§' ~ _aZS_U + ﬁ(|lnv| 2)’
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and
N
(5.7) > (e b v) \ <|lnvp?, |WE Iz, < V2.
n=1,n#L

PROOF. Since the proof is exactly the same to that of Lemma 3.1, we only
sketch it. From the a priori bounds, we focus on the leading-order term of mi g,
which is

(5.8) mg ~ —ay (%Vav((l’ﬁ,v — o) + %

We introduce (the logarithmic cancellation as r — oo is a consequence of (1.31)):

Bos (e — ¢0,v))-

_&:}rzj—z + 00 *1nr) ifj > 1,

(59) 0; = Q) =DT;=rd,Tj =r-o %ﬁ’(r_“) ifj =0,

d;_

. 7 1 7
with d] = —73 d] = —m

This and (2.12) imply the identities

4
(5.10) vdy(de, — bonw) = Y _ g ;B v 720, (L/v) + vduyy — vIudo,v,

j=1

y4
(5.11) BOp(pey —pow) = Y jee ;B v 2T (/v) + Bopdery — BOpo.n.

Jj=1

From proposition 1 in [10] we have the following estimates for the error in (2.12):
~ ~ ~ 1
612 [DMFyul e+ D vdialie  +[0%B0pdinl S vl

fork = 0,1,2and 0 < j < N. Thus, the a priori bounds (5.3), the identities
(5.10) and (5.11), the asymptotics (5.9) and (1.31), and the bounds (5.12) prove
the second bound in (5.7). This bound in turn implies the first one in (5.7) after
applying Cauchy-Schwarz and (2.9). We have proved (5.7) for the leading term
(5.8).

Next, we write {-) = (-) L2 . . The identities (5.10) and (5.11), the decomposi-

tion (2.12), and the bound (5. 12) imply that, where we change variables ¢ > r =
/v for the main term:

(voy (¢2,v - ¢O,v)v ¢0,v)
—Bv3r2/2

L
Zéce,jﬂjvz"/() ®; (r)To(r)eﬁerrﬁ(unw 5,
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(,Baﬂ (¢€,v - ¢0,v)s¢0,v)
Z . .
=3 jep B0 [ T To(r)
j=1

e—ﬂv2r2/2

Wdr—i—ﬁ(ﬂnw )

We compute the numbers appearing above. By (5.9) and (1.31):

—Bv?r2/2

‘ o
;ce,jﬂfvz-f/o @,-(r)TO(r)"’rW dr

‘e ~ . w .
== c@’jd,-ZJ_“/ g le™8dE + O()
j=1 0

=-Z< D 00) = g 4 00,

using that d; = (—1)J ﬁ and cg,; = 2/ gt from (131) and (2.13).

Hence

1 1
(5.13) (voy(Pe,y — Po,w)s o) = 3 + O(Inv[2).

Similarly, using (1.31) and the identity fooo g/=1e=8 d& = (j —1)!, we have

S o 800 [ o n T,
= 5] J 0 U(r)
J4
= [Inv| Y g, d;2' 41+ 0(1)
Jj=1

1 ¢ . 0!
§|lnv|;(—1)f =G =D + 0(1) = 0(1).

Hence

(5.14) (Bdg (.0 — bow). bow) = O(Inv|?).

Next, we recall that [¢g [, 2 P In? v from (2.9). Differentiating, we get
@y

Vvoywy

1
2(v3ybens b} = 2c¢Inv — <¢e,v,¢z,v > — 2e¢Tnv + G(nv]})

v
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where we used the cancellation [vd,w,| < wy(¢/v) 72, (1.31), and (5.12). We
recall the orthogonality (¢ ., ¢o,v) = 0. Differentiating it, using the same cancel-
lation, (1.31), and (5.12), we get

2<Vav(]§0,v’¢£,v) = _<¢0,v’¢ﬁ,v
Collecting the two estimates above we have proved

1
(5.15) (Vav((pﬂ,v - ¢O,v),¢€,v) =cglnv + O(|Inv]2).
Next, we write from (5.9) and (1.23), using that <7} = —T;_1:

v,y

Wy

>= O(|lnv|?).

1 1 1
Ty =T + 310, Tj + 50 = Tj = AV LTy — v Ty + 59
Above, we recall that from (2.12) and (5.12), for j < n one has v?/ 2T (¢/v) =
Z(J) Cjitip + O;p2 /§(|1nv|1/2) for some constants ¢;;. Using this, the above
identity, the identity (2.12), the fact that %C(ﬁg’v = g vPr,v» and (2.7), we obtain
~ 1/2
Bopdew = Louy + 3 G + Opa  (Inv]'?)
j<n

for some constants ¢;. Therefore, from the orthogonality of the eigenfunctions,

(Bope. de) = Ligenlzo  + O(Invl?).

Since from (2.12), dgo,v = dg 50,,,, and from (2.9), (5.12), and Cauchy-Schwarz,
we get (B3gPo.v. Prv) = O(lInv]3/?). This and the above give

(5.16) (B (bep — bo). $0) = Lide s+ O(Inv*’?).
Collecting (5.13), (5.14), (5.15), and (5.16), using the a priori bounds (5.3), we
have established (5.5) and (5.6) for the main order term (5.8). O

Remark 5.2 (Unstable blowup rates). From Lemma 5.1, we project (5.4) onto ¢,y
and ¢y ,, to obtain the following system of ODEs:

r 1 c 1 _ 2
(5 — B)8v? +ag —2Bag(l + 5y) +aet iy = ﬁ(unzp/z)’

2
ag ¢ —Z,Bag(l —£{+ ﬁ) —i—ag”’ 1 —i—ﬁag’%’ = ﬁ(m)

v Inv

5.17)

We solve this system for 0 < v <« 1 and 8 & 1 under the compatibility condition

ay 1

5.18 — =1 ,
(5.18) 4v2 + 21lnv

which is a constraint on . Namely, one obtains from (5.17) that this condition is

satisfied provided that 8; = &(|Inv|~3/2). Using the relation (5.18), the system

(5.17) reduces to the ODE

o g0+
%

e

3
L2 L o(nv[72).
oy T (IInv[~2)



1506 C. COLLOT ET AL.

Solving this yields 8 — Boo and v(z) ~ P01y 200 Voo for some oo, Voo >
0. Since j1; = Bu, 9,7 = =2, and A = pv, we get that for some blowup time
T >0,

(5.19) A1) ~ Cuo)(T — )% |In(T — )| 2@

Remark 5.3. Note that [ |Inv|™® dt < oo for all @ > 1, which is not the case for
the stable blowup law (3.39) where o > 2 is needed. This is a simplification for
the instable case: one can only perform the analysis with an accuracy of one order
in |In v|~! less than for the stable case and still be able to close the estimates.

Bootstrap regime. Lemma 5.1 provides information about the size of the error,
and Remark 5.2 formally gives us the law of v, from which we can redesign the
bootstrap regime (3.3) adapted to the case £ > 2. In particular, we control the
remainder & according to the following regime.

DEFINITION 5.4 (Bootstrap). Let £ € N with £ > 2 and 79 > 1. A solution w
is said to be trapped on [7g, T*] if it satisfies the initial bootstrap conditions in the
sense of Definition 3.2 at time 7o and the following conditions on (7o, 7*]. There
exists & € C1([0,7*]. (0, 00)) and constants K” > K’ > K > 1 such that the
solution can be decomposed according to (3.10) and (3.11) on (79, t*] with

(1) Compatibility condition for the renormalisation rate B:

ap 1

a2 - Tomy
(i) Modulation parameters:

=07 ¢ -0z ¢ 1
e 2 1200 <y(r) <2 2 7200 and 3 <pB <2,

2
|an|<v— forl <n#4{<N.

[lnv|
(iii)) Remainder:
2 2
lms(Oll2 < Kv= lme(@llp2@.<e<er) < K'v?,
|7 llin < K02, [ 0°]lex < K"V

The bootstrap definition 5.4 is almost the same as the one defined in Definition
3.3 except for the bounds on m¢, which are of size v? only; see Remark 5.3. All
the energy estimates as well as the derivation of the modulation equations given in

Section 4 can be adapted to the new definition 5.4 without any difficulties to derive
the conclusion of Theorem 1.3.

Appendix A Some Useful Estimates

HARDY-POINCARE TYPE INEQUALITY: Let us recall the following estimates in
spaces with weights involving p, for functions v and u without radial components.
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The first one is a Poincaré-type inequality,
_z2 _z2
(A1) / V2P (1 + |zP)e” 7 dz sf IVo|?|z?ke™% dz,
R2 R2

for any k > 0. The second one is a Hardy-type inequality: for 0 < b < 1, there
exists C > 0 independent of b such that

blyl2
2

blyl2 -
a2 [ asbPue S <o [ vt
R2 R2
By the change of variables z = /by, the two above inequalities imply for any
1<a<3:
Vg
U

ESTIMATES ON THE POISON FIELD: For u localized on a single spherical harmon-
ics, the Laplace operator is written as

A3 b / G2+ [y )pdy < Ca / pdy.
R2 R2

. . 1 2
Au(x) = AP @EN)pED (@), A® =3, + -8, — k_z'
r r

The fundamental solutions to A %) f =0are

log(r)and 1 fork =0,
rkandr=*  fork > 1,

and their Wronskian relation
d
w0 = —log(r) =rt,
dr
& _ 4ok —k_ kd & 1
WY = — @)™ —r*—(r™") = 2kr fork > 1.
dr dr
The solution to the Laplace equation —A®,, = u given by
@, = —(27) " log(|x) * u

is given on spherical harmonics by

r +o0
BP0() = —togr) [ uO@FAF~ [T w0 @) logdir a7,

r

N
Vo0 (y) = —ﬁ /O u @0 77 dF,

. ko ptoo ) Fk )
(A4) q)l(lk,l)(r) — _/ u(k,l)(?)’f’l—k d’i:+ T M(k’l)(ﬂ7l+k d”:"
%, % J,
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) pk—1 p+oo )
3, %D (1) = — / u®DF)F—k g7
r

—k—1 pr )
/ u(k,l)(;;);;l-i-k dF.
0

2
The following lemma gives pointwise estimates of the Poisson field.

(AS)
r

LEMMA A.1. Ifu(o’o) = 0, there holds the estimate for any o > 0,
|Dul? + |y PV u|?

(A6) _
SR+ D7 (1 + Byialiog 1) [P +15D dy.

PROOF. See lemma A.1 in [10]. O

For the control of the outer part, we need the following estimates for the Poisson
field in term of the outer norm.

LEMMA A.2. For |z| > 1 one has the estimate
1

(A7)

| =

S 1 l10]lex.

=

g

PROOF. Notice that for v(y) = v2w(z), the Poisson field scales in L, that is:
®,(y) = Dy (z). Hence (A.6) holds also in z-variables. We apply it with @ = %,

so that for |z| > 1:

1 2 2
“ ~ _1, _1dz

s/ I(l—X;*/z)wIZIZIdz$/ (1= e )%z} 2525
R2 R2 |z

|
1 dz 1, dz \ 7P
< 1— yes @z2—421’—) (/ 1— ye= z_zp—)
(L= remoize=er ) ([ 0o mlel 4 5
S 115

where we used (1 — y¢+/2) < 1 and Holder with p’ the conjugate exponent of p.
Next, we decompose @ = @° 4 @+ between radial and nonradial components.
One has |01 ]lex 4+ [|@0°]lex S |]|ex; from the Sobolev embedding of W 3/P-2p
into the Holder space C /7 in dimension 2, we obtain by interpolation that for

-
|~
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any |z| > 1,

NIl
1= xer )07 g i, 121y,

~1 ~1
= Clo~| T

vl
Iv ”sz(B( 5)
C

2—5 AJ_ P <~ ||©
||§ ”sz(B(Z \Z\)) — é‘% || ||exa

W2 (B3 = sz(B( 5

-1l
St

where we used the definition of the ||W|lex norm and the inequality % > % +

1 for p large enough. Therefore, in the ball B(z, |z]/2), @, ex o)L solves

Aq)(l—x;* (1 — xex /2)w with the estimates:

)WL =

1 1
_%|CD(1—)(§*/2)ﬁLI +[z]2 |vq)(1—)(é*/2)@L

3 N .

+ 12210 = Xex2) B 1/ r(Beyel/2) < CllD lex.
By standard regularity properties of the Dirichlet problem and a rescaling argu-
/2)@_1_”3(&%) < |z|7¥2C ||W||ex. This proves

(A.7) for the nonradial part of w. Next, for the radial part, we have fori = 1,2
and ¢ > 1,

ment, we obtain that ”qu)(l—)(g*

. r¢ ~~ o~
= (5 [[0-repar@ia)
_ —V(z,-)g% / (1= 1) BT dE

2z,z 272

2
From Holder, where (2p)’ is the Holder conjugate of 2 p,

/ (1 — xee )@ OF dE = 2221 = yp)d°(0).

¢ — o~
‘ / (1 = 1pe ) BODF dE

‘/ (1 = gpe )B4 @0@F 1+ +pd§‘

Ker )8R0 GT A af

(/ (I_Xt /2)‘52_,,\0({)‘ ) (/ (I_Xf /2)5( 1+3 +7,,)(2P)/d2)(2ﬂ)/

S [ Bllext .
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We recall that |@9°] < ¢73/2 for ¢ > 1 from (3.60). This and the two identities
above imply that for ¢ > 1

_3 .~
V2 g a0(@)] S &1 ex.

This proves (A.7) for the radial part of w. O

Appendix B Coercivity of &7

In this section, we aim to derive the coercive estimate of .27y, which is the key
to establish the monotonicity formula of the inner norm (3.44). We first claim the
following.

LEMMA B.1 (Coercivity of 7). Assume that f : [0, 00) — R satisfies
< 1fP wo(r) ,

B.1 + 19, f 2 :

®.1) L ) 2 dr < o

and o
| 10Tz, 0% dr = o

Then, there exists a constant 8o > 0 such that

[o.e] o0 2
/ f%f@drs—ao/ ('f'2+|arf|2)@dr.
0 r 0 1+I" r

PROOF.
Step 1. We first claim the Hardy inequality for any f satisfying (B.1):
(B.2) /oo|a,f|2@dr z/w f2 @y,
0 r o 1+7r2r
We first study the function near the origin. If f satisfies (B.1), then by standard
one-dimensional Sobolev embedding, f is continuous on [0, 1]. Hence the estimate

(B.1) implies f(0) = 0. From the Fundamental Theorem of Calculus (which is
justified for f via a standard approximation procedure):

) = | fO) + /0 0,(f)dF| = /0 0, (f)dF

1

TP N [T N [ w0
5(/0 Tdr) (/0 rdr) 5r/0 |8rf|27d

This proves that

1 2
/= wo
B.3 0P dr > —d
(B.3) [T arz [

Away from the origin, integrating by parts, we get

_/Ooa,ffr2dr =/°Of2rdr+f2(1)-
1 1
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By Cauchy-Schwarz and Hardy,
* 2 [ 2.3 L[ 5
o ffrodr| < =< [0, f|°r dr + < ferdr.
1 21 21
The two identities above then give

< 2 -_ * 2 0 £201) < _ > 2
/1 ferdr < /1 or ffrodr — f2(1) < /; or ffredr

L 2.3 L
<5 [ rerars s [T rrar
2/, 2 ],

From what one deduces, since for > 1, one has cr* < wy (r) < r4 /c for some
c>0:

* 2 * 2.3 * 2@o
(B.4) / frdrf/ [0y f|°r drﬁ/ |0, f1°—dr.
1 1 0 r
The two estimates (B.3) and (B.4) imply the desired Hardy inequality (B.2).

Step 2. Proof of the coercivity estimate. <y has To(r) in its kernel, with Ty a
strictly positive function on (0, o0) implying that the spectrum of this self-adjoint
operator is nonnegative by a standard Sturm-Liouville argument. Hence for any f
satisfying (B.1):

0 CU()
/ fﬁo f—dr <0.
0 r
Integrating by parts, we get

0 [ee] o0 d
(B.5) / Fito £ dr = —/ 19, F1222 ar +/ 24
0 r 0 r 0 r

Combining this and Step 1 gives that for some ¢, C > 0, for any f satisfying (B.1),

(B.6)

0 e’} 2 0 r2
/ f%f@drg—c/ (|f| +|a,f|2)@dr+c/ o
0 r 1+ r2 r 0o T

0
We now assume by contradiction that there exists a sequence of functions f;, with

(| fal? 2\wo(r)
(B.7) /0(1+r2+|3’f”|) dr =1

and
/ Fusto £ 22 dr — 0, / Fu() () To(r)dr = 0.
0 r 0

Up to a subsequence, f, converges weakly in Hl(l)C and strongly in L120c to some

function foo. By lower semicontinuity of the above norm and by strong continuity

. 2 .
in Lj ., foo satisfies

o |foo|2 wo(r) oo
/0 (1 + 72 + |3rfoo|2) Or dr <1, /0 Foo(F) (X To(r)dr = 0.
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From the bound fooo | fool?wo/(r + r3)dr < 1 and the strong continuity in Lﬁ)c
one has
oo £2 oo £2
/ f—" dr — / fio dr.
o T o T

2
The subcoercivity (B.6) and the first bound in (B.7) imply fooo J;i dr > ¢ for some
¢ > 0. From the above strong convergence this implies

oo £2
/ fﬁdrzc>0.
0 r

From (B.5), (B.7), the aforementioned strong convergence, and lower semiconti-
nuity,

o0 o o0 d
0= [ rons® = [l ar— [ 24
0 r 0 0 r

r

0 o 0)
< liminf(/ 10 fu222 dr —/ 12 ﬂ) —0.
0 r 0 r

Hence [;° fo/ f %2 = 0. Hence foo = ATo(r) for some A # 0, which contra-
dicts fooo fooxTo = 0. This concludes the proof of Lemma B.1. O

We also have the following coercivity estimate for 7.

LEMMA B.2 (Coercivity of 7). Assume that f : [0, 00) — R satisfies

(52 10 f12 | fI? wo(r)
/0 (\a,f\ +1+r2+(1+r4)(1+1n2(r))) ; dr < 0o

and
/0 ST 3y () 2 dr = 0.

Then, there exists a constant 81 > 0 such that

o0
/ 0 f P2 dr
0 r

(s a [P ik o0 (r)
= [ (080P T )

PROOF. Since the proof follows exactly the same lines as that for Lemma B.1,
apart from the following Hardy inequality (in the critical case), which is used to
obtain a subcoercivity estimate:

+oo 2 +oo 2
(B.8) / |a’f|2@dr > C/ /] T
0 1+7r2r 0 (I +r*)(1 +1In*(r)) r

so we omit the proof. U
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