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Abstract

We establish the well-posedness in Gevrey function space with optimal class
of regularity 2 for the three-dimensional Prandtl system without any structural
assumption. The proof combines in a novel way a new cancellation in the sys-
tem with some of the old ideas to overcome the difficulty of the loss of deriva-
tives in the system. This shows that the three-dimensional instabilities in the
system leading to ill-posedness are not worse than the two-dimensional ones.
© 2021 Wiley Periodicals LLC.

1 Introduction and Main Results

As the foundational system of boundary layer theories, Prandtl equation was
derived by Prandtl in 1904 from the incompressible Navier-Stokes equation with
no-slip boundary condition for the description of the behavior of fluid motion near
the boundary when viscosity vanishes. In fact, in this viscous to inviscid limit pro-
cess, there exists a boundary layer where the majority of the drag experienced by
the solid body can be modeled by a “simplified” system derived from the incom-
pressible Navier-Stokes equations for balancing the inertial and frictional forces.
Outside this layer, the viscosity can be basically neglected as it has no significant
effect on the fluid so that the fluid motion can be modeled by the Euler equation.
Even though there are fruitful mathematical theories developed since the seminal
works by Oleinik in 1960s, most of the well-posedness theories are limited to the
two space dimensions under Oleinik’s monotonicity condition except the classical
work by Sammartino-Caflisch in 1998 in the framework of analytic functions and
some recent work in Gevrey function spaces.

The Prandtl equation can be viewed as a typical example of partial differential
equations with rich structure that includes mix-type and degeneracy in dissipation.
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Hence, it provides many challenging mathematical problems and many of them
remain unsolved after more than one hundred years from its derivation.

This paper aims to establish the well-posedness theory for the three-dimensional
Prandtl equation in Gevrey spaces with the optimal class of regularity 2 that is
implied by the instability results; cf. [22,24]. Compared with the recent result in
two space dimensions [9], our new approach is more direct and robust to take care
of the loss of derivative in the two tangential directions. In particular, it gives a
simpler proof to the result in two dimensions [9]. Hence, this paper is a complete
answer to the well-posedness theory without any structual assumption in the three-
dimensional setting and also shows the optimality of the ill-posedness theories.

Denote Ri = {(x, y.2) € R3; z > 0} and let (u, v) be the tangential com-
ponent and w be the vertical component of the velocity field. Then the three-
dimensional Prandtl system in Ri’r reads

(0 + udx +vdy + wd; — ) +dxp =0, >0, (x,y,2) €R3,

(0¢ +u3x+v8y+w31—3§)v+8yp:0, t>0, (x,y,2) e R3,
(1.1) dxu +dyv +,w=0, >0, (x,y,2)€R3,

Ulz=0 = V|z=0 = W[z=0 =0, limz— oo, v) = (U(t,x,y), V(t.x.y)).

uli=0 = uo., vlj=0 =vo, (x,y,2) €R3,

where (U(t, x,y), V(t,x,y)) and p(¢, x, y) are the boundary traces of the tangen-
tial velocity field and pressure of the outer flow, satisfying

9:U +UdxU + ViU + dxp =0,
3V + UV +Vd,V +d,p=0.

Here, p, U, V are given functions determined by the Euler flow. Note that (1.1) is a
degenerate parabolic system losing one order derivative in the tangential variable.
We refer to [26, 29, 30] for the background and mathematical presentation of this
fundamental system.

So far, the well-posedness theories for the Prandtl equation are basically lim-
ited to the two space dimensions except the works by Sammartino-Caflisch [31] in
analytic function space and some recent works in Gevrey function space. In the
two-dimensional case, under Oleinik’s monotonicity condition, there are mainly
two analytic techniques for the well-posedness theories, one referred to as coor-
dinate transformations and the second one referred to as cancellations. Precisely,
the Crocco transformation was used by Oleinik [29] for the unsteady layer to trans-
fer the two-dimensional Prandtl equation into a degenerate parabolic equation. The
cancellations in the convection terms were observed in recent years by two research
groups independently [1, 28] to overcome the difficulty of the loss of derivatives in
the system. However, these two powerful analytic techniques are limited to the
two space dimensions so far. For three dimensions, much less is known in the
well-posedness theories in Sobolev spaces. Let us also mention the work [33] on
the global existence of weak solutions under an additional favorable pressure con-
dition.
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In two space dimensions, without the monotonicity condition, boundary layer
separation is well expected, and there are a lot of studies of the instability phe-
nomena. Here we only mention the works [10] about the construction of blowup
solutions (see also [5,6]), [17] on the unstable Euler shear flow that yields instabil-
ity of Prandtl equation, [12, 16, 20] about the instability around a shear flow with
a nondegenerate critical point, [18] on the instabilility even for Rayleigh’s stable
shear flow, [24] about three-dimensional perturbation of shear flow when the initial
data satisfy U(z) # kV(z) with a constant k. In fact, the instability result in [12]
implies that the critical Gevrey index for well-posedness without structural con-
dition is 2, and this is proved in two-dimensional space [9]. The well-posedness
theories in function spaces of smooth functions were proved in [31, 32] with jus-
tification of the Prandtl ansatz when the data is analytic; then it was then studied
in [15] for two space dimensions with Gevrey index = %, which was improved
in [23] to the Gevrey index in (1, 2] with nonmonotonic flow and then finalized in
two space dimensions without any structural condition in [9]. In three-dimensional
space, we also have some work recently without monotonicity assumption. In ad-
dition, recently the separation singularity for stationary Prandtl system was studied
in [8] which justifies the Goldstein singularity.

All these results are in fact related to the high Reynolds number limit for viscous
fluid systems, which is important in both mathematics and physics. Without bound-
ary effect, the mathematical theories are now satisfactory (see, for instance, [7,27]
and references therein). The case with boundary is more complicated and inter-
esting. For this, Kato in 1984 gave a necessary and sufficient condition for weak
convergence of viscous fluid to inviscid fluid in terms of the vanishing energy dis-
sipation rate in the region near the boundary. Recently there has been a series
of works [3, 4] on such limit with relation to the Onsager conjecture. As for the
Prandtl boundary layer, [25] gave a proof when the initial vorticity is supported
away from the boundary for two-dimensional flow that was generalized to three
dimensions in [11]; recently, there have also been some interesting works on the
limit to steady flow in [21] over a moving plate and in [19] over a small distance,
and in [15] about the Sobolev stability of steady shear flow in two-dimensional
space. For the time-dependent problem, the stability of Prandtl expansion in two
space dimensions in Gevrey function space was studied in [14].

Without loss of generality we will assume that (U, V') = 0. Extending our result
to the case of a general outer flow requires using some nontrivial weights similar
to those in [9].

Then for the zero outer flow, the Prandtl system (1.1) can be written as

(0; +udyx + v0y +w81—8§)u =0, t>0, (x,y.2) e R3,
(0 + udy +vdy + woy —3%)1} =0, t>0, (x,y,2) e R3,
(U, v)[z=0 = (0,0), limz oo, v) = (0,0),

(u.v)|[s=0 = (10, v0), (x.y.2) € R3,

(1.2)
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with
z Z
w(t,x,y,2) = —/ oxu(t,x,y,2)dz —/ dyv(t,x,y,2)dz.
0 0

Before stating our main result concerning the well-posedness of the Prandtl sys-
tem (1.2), we first list some notations to be used frequently throughout the paper
and then introduce the Gevrey function space.

Notations. Throughout the paper we will use without confusion ||||;2 and (-,+);2
to denote the norm and inner product of L? = Lz(Ri), and use the notations
-1l 12R2 ) and (-,+);2 R2 ) when the variables are specified, similarly for L°°.

Moreover, we also use L, (L%) = L*°(R?; L?(R,)) to stand for the classical

Sobolev space, as does the Sobolev space L)zc,y (LZ°). In the following discussion,
by 0% we always mean 9% = 9%’ 8?2 with each multi-index « = (a1, @32) € Zi.

DEFINITION 1.1. Let£ > 1/2 be a given number. With each pair (p, ), p > 0 and
o > 1, a Banach space X, , consists of all smooth vector-valued functions (u, v)
such that the Gevrey norm |[(u4,v)||p,c < 400, where ||| ,,s is defined below.
Recalling 3% = 9%' 852 we define

(. v) |l p,r
lee|+7—7
- 0;]'1;5 [(lo| + J —7)!]0(H<Z) *0qu| 2 + ()T 0% v )
loe|+j=>7
£ osup (@6 0du] o+ () 00| ).
0<j=<5
o]+ j <6

where here and throughout the paper (z) = (1 + |z|?)'/2. We call o the Gevrey
index.

Remark 1.2. Note that X, ; is a partial Gevrey function space. By partial Gevrey
function space, we mean it consists of functions that are of Gevrey class in tangen-
tial variables x, y and lie in Sobolev space for a normal variable z.

We will look for the solutions to (1.2) in the Gevrey function space X, . For
this, the initial data (1, vg) satisfy the following compatibility conditions:

(u07 'UO)|z:0 = (0’ O)* limz—>+oo(u0’ UO)| = (07 0)’ (aguos 3%”0)|z=0 = (07 O)’
(13) 82140|z:0 = (0zu0)(0x0zuo — 3yasz)|z=0 + 2(azv0)8yazu0|z=0-,
32v0|z:0 = (0z00)(dydzvo — 0x0zU0)|z=0 + 2(0z10)dx Iz Uo|z=0.

The main result can be stated as follows.

THEOREM 1.3. Let 1 < o < 2. Suppose the initial datum (up, vg) belongs to
X2p0,0 for some po > 0 and satisfies the compatibility condition (1.3). Then the
system (1.2) admits a unique solution (u,v) € L*([0,T]; X, ) for some T > 0
and some 0 < p < 2pg.
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The rest of the paper is organized as follows. We will prove in Sections 2-5 a
priori estimates. The proof of the well-posedness for the Prandtl system is given in
the last section.

2 A Priori Estimate

Suppose (4, v) € L*([0,T]; Xp,,0) is a solution to the Prandtl system (1.2)
with initial datum (19, v9) € X2p,,s. This section and Sections 3-5 are to derive
an a priori estimate for (u, v).

2.1 Methodologies for a toy model

Our argument is inspired by the abstract Cauchy-Kowalewski theorem, whose
statement in general Banach scale can be found in [2] and the references therein;
see [23,31] as well for its application to the well-posedness theory of Prandtl equa-
tions in analytic or Gevrey spaces . Let (Yp, |- [5), 0 < p < pg, be a Banach scale,
which means Y,,0 < p < po is a family of Banach spaces with norm | - |, such
that Y,, C Y, for 0 < p2 < p1 < po. Consider the initial value problem, with F
a given function,

atﬁ:F([7Vﬁ)v ﬁ|[=02ﬁ0,

where the unknown # = 1(t, p) is a vector-valued function and V = V,,. Note this
equation loses one order derivative, and its existence theory follows from the clas-
sical Cauchy-Kowalewski theorem provided F is an analytic function; meanwhile
we can apply the abstract Cauchy-Kowalewski theorem to derive its existence in
the Banach scale of analytic functions (see [31] for instance) and the key part is to
find an inequality of the following type:

_ / Fu(s)lp —
(2.1) lu(t)|p < C | ———ds + lLo.t. + initial data,
0o P—p

with p < p, where here and below l.0.t. refers to lower-order terms that are easier
to control and initial data refers to terms that are controlled by the initial data. The
intrinsic idea behind the abstract Cauchy-Kowalewski theorem is to overcome the
loss of derivatives by shrinking the radius p. More generally, the existence theory
can be extended to a Banach scale of Gevrey space rather than of analytic space
when considering the following:

(2.2) 0pu = F(t,Vil), li=o = ilo, d;1|s=0 = Yo.
In fact, the above equation is equivalent to

aﬂ:i == 17,
(2.3) 0:v = F(t,Vu),

Uli=p = o, V|r=0 = Vo,

and roughly speaking we will lose only 1/2- rather than 1-order derivatives in each
equation of (2.3) if v behaves like the 1/2-order derivative of . Then following the
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argument used in the analytic case, the estimate (2.1) still holds with the analytic
norm therein replaced by a Gevrey norm with index < 2. We will explain it in
detail in the next paragraph.

Similarly to (2.2), we replace d; there by a linear operator, and consider a toy
model of the Prandtl equation:

2.4) (8 + dx + 3y + 9, —32)°0 = G,
with G being the linear combinations of the following types:
o, |Bl=1.

with 08 = 981952,
Moreover, as explained in the previous paragraph, we rewrite (2.4) as

(3 + 0x + 3y + 3, — 32)p = &,

2.5
) (3 + 0x + 0y + 9, — 92)E = G,

and consider £ to behave like the 1/2-order derivative of ¢; that is, £ ~ A}C/ 32, [0)

where we denote by Ay, the Fourier multiplier of symbol (£§2 + 7?12 with
(§, n) the dual variable of (x, y). Now let ¢ € Y, with Y, being the Gevrey space
of index 2, that is,

18%p|l 2 < C(ja|H?/p!*!

with C independent of @ € Zi. Then the quantity %HS‘%H 12 is uniformly
bounded with respect to « € Zi. Then by the interpolation inequality we have,

supposing p < 1 without loss of generality,

|AY25% ], < C[((lal + D)?/p 1] 2 [/l /2

(2.6) _glal+ D) 1
- plal—i—l m

with C independent of . This motivates us to define | - |, for each p > 0 by
x| || +1

> p
(2.7)  |b], = sup 10%pllz2 + sup ———
7 aizo (D2 T D20 [l + DI

ol 19%E I 2.

where we use the notation b = (¢, £) with £ given in (2.5) and 3% = 0% 8%2. Note
in the above definition there is an additional factor || before the norms [|0%&]|; 2,

which follows from (2.6) since £ ~ A)lc/ )2, Q.

Next we will derive the estimate for the norm |l; |o defined above. Suppose
0z¢0|z=0 = &|z=0 = 0. Then applying the standard energy method to (2.5) we
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have, for any |¢| > 1 and any 0 < p < 1,
2| p2(el+1)

P N
Qe 1Oz + oyl PO

t p2lel " ) t p2(lal+) 5 3 ,

+/0 (s 1920 OEds + | ceale 19206 I ds
2|oz| . 3
2 [ e 10 1 ds
5 p2(|0l|+1) t a+ﬂ .
+ClaP o [ 3 10 o)l 219760l ds

1Bl=1
+ l.o.t. + initial data.

From the definition of | - |, given in (2.7), it follows that

2 1
U1 ana 197512 < DT

Vr>0.Vj = L[¥ ¢l <
We use the above estimates to compute, for any pwith 0 < p < p < 1,
2|a|
(| (lal)® / 1% ()l L2 10%(s)ll 22 ds

p2lal /f 1 [(Je] + DY? (|°‘|')2|b( )|2

< R
- (IOtI!)4 o le| pleltt  plel

fla| p2lel - Elal oyl ~ £ 1b(s)|2
< 4/ = |b(s)|2ds < 4/ —(Z) |b@))%ds < 4/ P s,
o P pAlel P 0 p(p> P 0o P—p

the last inequality using the fact that for any integer k > 1 and for any pair (p, p)
with0 < p<p <1,

0 k p |
(2.8) k) < () < =—.

P pp p—p

Note that the first inequality in (2.8) is obvious since p < 1, and the second one
follows from the fact that

Loer () ="

o j=0

Applying a similar argument to that above also gives

p2(|a|+1) Z B
Tt 10%+Pp(s) 11215 5) |2 ds
[(|a|+1)!14f =

p2(al+1) ¢ |b(s)|2
<2/ o) |b(s)|2 s<2/ P ds
p_

A2(| [+1) 0

jor?
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Then combining the above inequalities we conclude

i BeR »
b)), <C / — ds + l.o.t. + initial data.
0

This estimate enables us to follow the argument for proving the abstract Cauchy-
Kowalewski theorem. We see, for instance, [23, Section 8] and Section 6 below for
the detailed discussion, to obtain the existence of the solution to (2.5).

Finally, we remark that in the above argument we do not use the diffusion prop-
erty of the system (2.5) in the normal variable z when dealing with the tangential
derivatives of ¢ and £.

2.2 Auxiliary functions and statement of the a priori estimate

Inspired by Dietert and Gérard-Varet’s work [9] let I/ be a solution to the linear
initial boundary problem
(3¢ + udyx + v3y + wd; —02) [ U, x,y,2)dZ = —0xw(t, X, Y. 2),

2.9
z/[|t=0 =0, 8zu|z=0 = U|z—>+oo = 0.

The existence of U/ just follows from the standard parabolic theory. In fact, we first
construct a solution f to the following:

(9 4+ udx + vdy + wd, — 92) f = —d,w,
fli=o =0, flz=0 =0z flz5+00 = 0.
and then define i = d; f, which will solve (2.9). Similarly, let U solve
(3; + udy + vdy + wd, — 2) [FU, x,y,Z)dZ
(2.11) = —dyw(t, x,y,2),
Uli=0 = 0. 9:Ulz=0 = Ulz>+00 = 0.

(2.10)

Moreover, we define A, § and I, § as follows:

A= dxu— @) [FUdZ, X =dyu— u) [FUAZ,

2.12 z -
(212) § = 00— (0.v) [FUAZ. §=0dyv—(3v) [FUZ,

that are to be used to derive the estimate on { and . As to be seen later a new type
of cancellation will be applied when deriving the equation for A and this enables us
to eliminate the bad term involving dxw that loses one order derivative. The idea of
observing cancellation mechanism to overcome the lost of derivative was initiated
independently by Alexandre-Wang-Xu-Yang [1] and Masmoudi-Wong [28], where
they considered the two-dimensional case and introduced the good-unknown of the
type 97 0,u — (agu / Bzu)a’;’u for m > 1, under the Oleinik’s monotonicity con-
dition d;u # 0; see also [15, 23] for other type of cancellations when exploiting
the well-posedness theory for Prandtl equation without analyticity or monotonic-
ity. Note that we can not apply directly the above good-unknown in our case since
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dzu may vanish, and the novelty here is the introduction of the auxiliary functions
A,8,-+-,1in (2.12), which are the generalized case of the good-unknown aforemen-
tioned. Our argument will combine a new cancellation for these auxiliary functions
with the idea of introducing I{ initiated by Dietert and Gérard-Varet [9]. In fact
these auxiliary functions play an import role when performing the energy estimate
for U. Precisely, if we apply d; to (2.9) then we have an evolution equation for
U with A and § as source terms that lead to the loss of one order derivatives. Our
observation is that we only lose half rather than one order derivative in the equa-
tion for U since we have additionally evolution equations for A and § that do not
lose derivatives anymore. This enables us to close the energy estimates for I/ in
the Gevrey space of index up to 2 rather than in analytic space. We will explain
in more detail in the next paragraph. By virtue of these functions in (2.12) we can
apply the idea in the previous subsection to derive the desired estimate for I/; this
is essentially different from the treatment presented in Dietert and Gérard-Varet’s
work [9].

Next we will explain the main difficulties and the new ideas introduced in this
paper. We first estimate u. Applying d, to the first equation in (1.2) yields

(2.13) (8t+u8x+v8y +waz—a§)axu = —(0xw)dzu —(Oxu)dxu —(0xv)dyu.

Note we lose one order tangential derivatives in d,w which is the main difficulty
for the existence theory of Prandtl equation. To overcome the loss of derivatives
we introduce a new cancellation in the system. Multiplying the equation (2.9) by
dzu and then subtracting the resulting equation by (2.13); this eliminates the term
(dxw)adzu that loses derivatives and yields

=A

Z
(8[ +udy +vdy + wdz — 8%) |:8xu — (8Zu)/ L{dZi|
0

(2.14) = —(0xu)dxu — (05xv)0yu

z

— [0y v)9zu — (Byu) 9] / Udz +2(2u)U.
0

Note the above equation for A doesn’t lose derivatives if considering A has the
same order as that of d,u and I/. Thus we can derive the estimate for A from the
equation (2.14) above and as a result the estimate on d,u will follow provided we
can control (dzu) [f U dZ.

To control (du) foz U d7 we can not perform the energy estimate from its equa-
tion (2.9) since we lose one order derivatives caused by the source term d,w. In-
stead we will control (d,u) foz U d7Z in terms of U which solves the following
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equation, applying 9, to (2.9),
(at + uax + vay + waz - a%)u

Z
= 02u — ax[(azu)/ L{dZ}
0
(2.15) =0, A
Z
0

=08

recalling A and § are given by (2.12). Furthermore, it follows from (2.14) that
(3 4+ udx + vy + wdz — 92)0xA
= —[(8xu)8xk + (0xv)0yA + (8xw)azk]

Z
+ [(0yv)0zu — (8yu)azv]/ Udz — 2(8§u)2/{j|,
0
and similarly for dy,6. Then combining the two equations above gives

(2.16) (3, + udx + vdy + wd, — 82)°U
= terms involving the second-order derivatives + l.o.t.,

Then the situation is similar to that for the model equation (2.4) or (2.5), with
¢ and £ therein corresponding to I/ and dxA + 0,6, respectively. Inspired by the
treatment of the model equation (2.4) or (2.5) and the definition in (2.7), it is natural
to consider the uniform upper bound with respect to ¢ of the following norm:

O o P (a4 (180l + 19, 51,2)
(el =6y " 1 T (o] + 1= 6)1)° o
or its equivalence
plal=s pleI=
Gl —oe 1 Ul + oy g (1072 + 15781.2)

with 0 < 2, where we recall that ¢/ has the same order of d,u. Precisely, we will
define | - | 5,0 as below, similar to the definition in (2.7). We use the notation

a= @, v.UUINLSI)
Recall U, U are given by (2.9) and (2.11), and A, , S, § are defined by (2.12).
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DEFINITION 2.1. Let ||(u, v)]||p,0 be given in Definition 1.1. With the notation d
above, we define |d|,,o by setting

|ee|—6
> p ~
|a|P,(7 = ”(M, v)”PaU + |STlp [(|O[| 6)'](; (”80!2/{”142 + ”aau”Lz)
o|>6 - .

+ sup ([9°UllL2 + 10°U]l2)
| <5
|ee|—6
P
+ sup —— o]
=6 [(la| —6)1]7 (

+ sup | (10%All2 + [|0%8]| o + 1% Xl L2 + 1998 .2).-

o] <5

10l 2 + 19%8 ] 2 + %Xl 12 + [18%5],2)

Note the additional factor || before the L2-norms of 9%, 3*§ and I%X, 95,

Remark 2.2. The auxiliary functions i/, A, § are introduced for treating the deriva-
tives 7, while ¢, A, § are for 83’7. Then the estimate for the general 0% = %! 8;‘2
will follow as well using the relationship

2.17)  YaeZi VFeH® [0*F|p < |dF|,,+ | F],..

In this paper we will focus on performing only the estimates for 07, since the
estimates for 97 can be treated symmetrically in the same way.

Now we are ready to state the main a priori estimate. We will present in detail
the proof of Theorem 1.3 for ¢ € [3/2,2]. Note that the constraint ¢ > 3/2 is
not essential, and indeed it is just a technical assumption for clear presentation.
We refer to [22, sec. 8] to explain how to modify the proof for the case when
1 < 0 < 3/2. We make the following low-regularity assumption that will be
checked in the last section of the paper:

ASSUMPTION 2.3. Let X, 5 be the Gevrey function space equipped with the norm
| lp,c given in Definition 1.1. Suppose (u,v) € L*°([0,T]; Xpy0) for some
0 < po <1ando € [3/2,2] is a solution to the Prandtl system (1.2) with initial
datum (uo,vo) € Xop,o. Without loss of generality we may assume T < 1.
Moreover we suppose that there exists a constant Cy such that for any t € [0, T],

(2.18) sup  ([(2)T78%00u()|| - + [ (2)4 T 8400 0(0)| ) < Ca
0=<j=<5
lee]+j <10

where the constant C« > 1 depends only on the Sobolev embedding constants,
(1o, vo)ll2pg.0, and the numbers po, o, L that are given in Definition 1.1.
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THEOREM 2.4 (A priori estimate in Gevrey space). Under Assumption 2.3 above,
we can find two constants C1, Ca > 1 such that the estimate

t
- 2 > >
@(1)12 5 < Cill(uo. v0) 13,y 4 + €€ [O (ld(9)15 5 +1d()[% o) ds

+ eCsz /t |a£s)|%a0 ds
0o pP—p
holds for any pair (p,p) with 0 < p < p < pg and any t € [0,T], where the
constant C1 can be computed explicitly and the constant Cy depends only on the
Sobolev embedding constants and the numbers py, 0, £ given in Definition 1.1. Both

C1 and Cy are independent of the constant Cy given in (2.18).

3 Estimate on 9%/ and 9%/

To prove the a priori estimate stated in Theorem 2.4, we will proceed through
this section and Sections 4-5 to derive the upper bound for the terms involved in
Definition 2.1 of |a|,,s. For the argument presented in Sections 3-5 we always
suppose Assumption 2.3 is fulfilled by (v, v) € L*°([0, T]; Xpy,0)-

To simplify the notation, we use from now on the two capital letters Cq, C to
denote some generic constant that may vary from line to line, both depending only
on the Sobolev embedding constants and the numbers pg, o, £ given in Definition
1.1 but independent of the constant C4 in (2.18) and the order of derivatives denoted
by m.

In this part we will derive the upper bound for the terms involving ¢/ and U in
Definition 2.1 of |d|, o Recall that I/ and U solve, respectively, the equations (2.9)
and (2.11).

PROPOSITION 3.1. Under Assumption 2.3 we have, for any t € [0, T| and for any
pair (p, p) with0 < p < p < pp < 1,

sup L@Haau(;)”iz + sup [3°U@)| 72
)6 [(lo| — 6)1]2 | <5
‘ tla(s)|Z
<cc / ja)l3 o + las)lg dS+/ —— ds)’
*( o ( 0,0 Pﬂ) 0o pP—0p

where Cyx > 1 is the constant given in (2.18). Symmetrically, the same upper bound
also holds with U replaced by U.

We first derive the evolution equation for 07'i/. Applying 9, to (2.9) yields
(81‘ + uax + vay + waz - a%)u

Z
= 02U + 3,0,v — (d7u)d f Udz
(31) X yUx (Z)XO

Z
0
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and thus, using the representation of A and § given in (2.12),

(9 + udy + vdy + wdz — I2)U
Z
= 0xA + 0y8 + (0x0zu + 8yazv)/ UdZ + (0xu + dyv)U.
0
Then, applying 97" to the above equation we get

(3 + udx + vy + wd, — 87)07U

m
==, (T) [(342) 37 71U + (350) %7 0yU + (34w) %~ 9U]
=1

z
+ 07 (0xA + 0,8) + oF |:(8x31u + ayazv)/o UdZ + (Oxu + 8yv)l/{i|.
Taking the scalar product with 07"/ and observing U|;=o = d;U|;=0 = 0 gives
1 t
sl + [ oo |, as

t
_ / (05 + udy + vy +wd, — 929U, I"U),, ds
0

_ /Ot (i ("_’)[(agu)a';'f“u + (#v)am =7 oy, a’;’u) ds

tf(m (N »
_ / S (") @wyor—iouomu) s
0 j J L2

t
+ / (37 (332 + 3y8), 37U) , »dss
0

t z
+/ (a;"[(axazu + ayazv)/ UdZ + (Oyu + ayv)u}, a;"u) ds.
0 0 L2

Next we derive the upper bound for the terms on the right-hand side through the
following three lemmas. (2.9) yields

(313 + uax + vay + waz - a%)u

Z
= 9%2u + 9,00 — (37u)d f Udz
(3‘3) x yUx z X 0

z
0

and thus, using the representation of A and § given in (2.12),

(9; + udy + vdy + wdz — I2)U

Z
= 9ed + 98 + (00, + ayazv)/ UdZ + Dxu + dyv)U.
0
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Then, applying 97 to the above equation we get

(9 + udx + vy + wd; — 8?)3’;’1,{
m
=-2. (’;1) [(0Fu)3 =7 et + (9 0) @~ U + (3 w) 3™ 8]
=1

Z
+ 07 (32 A + 0,8) + 37 |:(8x8zu + ayazv)/ UdZ + (Dyu + ayv)u].
0

Taking the scalar product with 32/ and observing U |;=¢ = d;U|;=0 = 0 gives
Lyom 2 ! m 2
U2+ | (005U 2 ds

t
= / ((9s + udx + vdy + wd; — 07) 97U, FU),, ds
0

_ _/Ot <§ (@)[(a;u)a;’:—f“u + (34v)0m I 9,u] a;’:u) ds

j=1 J L2

t
(3.4) . / (Z(’?)(aiw)a?—fazu, a;’u) ds
0

L2

j=1

1
+ f (37 (xA + 0y8), ITU), »ds

o

t z
—i—/ (8’;’ [(axazu + ayazv)/ UdZ + (Oxu + 8yv)Z/l:|,
0 0

BZ’L{) ds.
LZ

Next we derive the upper bound for the terms on the right-hand side by using
the following three lemmas.

LEMMA 3.2. Under the same assumptions as in Proposition 3.1 we have, for any
m > 6,anyt € [0, T), and for any pair (p, p) with0 < p < p < po < 1,

[(m — 6)1]2° /t )%, s
0o pP—p

t

|| @i+ 08, #eu) 2 dr < C P
PROOF. It follows from Definition 2.1 of |d|. ¢ that, for any o € Z%r and for

any r > 0,

[(|=6)17 |~ flal > 6
3.5) |o[|(||8"‘,\||L2 + ||3063||L2) < { (a—6) lalye if |a] > 6,

|a|r,(7 if|a| 55,
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and that, observing £ > 1/2,

< z
<Z)_4_£/ aaud? 4 (Z)—l/Z/ 3“L{d"z'
' [(a|-6)Y° |~ ,
< Cllo"U| 12 < Wkﬂr,a if o] > 6,
Cldlra. if [or] < 5.
Using the above estimates we compute
t
/ (3'"(8 A+ 0y8). ITU) o dt
1 [(m—5)° [(m— 6)']U| ()|
m+1 pm=> o
o—1 6)!129 C oo |5(S)|%
<C ‘m [(m~2 )] G2 ds < [(m —6)1] O,
(m—6) [y p2(m—6) o P—p

the last inequality holding because o < 2 and

m 1 1 mp2m=0)
p p2(m—6) - p2(m—6) 5/32(m—6)
1 m—-6(p '"‘6< c | 1
p2m=6 5 \p T p2m9 5 —p

due to (2.8). The proof of Lemma 3.2 is completed. 0

LEMMA 3.3. Under the same assumption as in Proposition 3.1 we have, for any
m > 6,anyt € [0, T], and any pair (p, p) withQ < p < p < pg < 1,

t m
- / (Z (’7) [(8du) 8~/ 1U + (840) 9~ 0y ]. aygu) ds
0 B

j=1
t " (m ) )

—/ (Z(.)(agcw)ag’—fazu, a’;u) ds
0 J L2

j=1

1120 t
< - / |0.97U |7, ds +c%(/ﬂ (|5(s)|z,0+|5(s)|2’0)ds)

[(m — 6)1]2° / )%, i
0

+ CC -
¥ p2(m=6) p—p

where Cy is the constant in (2.18).
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PROOF. We treat the first term on the left side and write

5 (1) st

i=1
2 N |

I o L
J=1

m m ) .
S ( [ TNt
J=[m/2]+1

where [p] denotes the largest integer less than or equal to p. We need the following
Sobolev embedding inequalities:

|Fllpeo2,y < V2(IF 2, + 10:Fll 2, + 10, Fll 2
+ ||8x8yF||L§.y),

3.8
(3.8) IF e < 2(1Fllgz + [19xFllz2 + 19, Fllz2 + 182 Fll2)

+ 2(19x0y Fllz2 + 10x0 F |12 + 10y 9z F | 2

Moreover, it follows from the definition of |@|, o and from Assumption 2.3 that,
foranya € Z2 ,any0 < j <5,and any r > 0,

Y700 u ] o + [ (2)H 67010 2

o L . .
(39) < %|a|r,a if |O{| +J = 7’
min{|5|r,g, C*} if |a| +j <6,

where Cy is the constant given in (2.18). Consequently, we use the above estimates
and (3.6) to compute

(m/2] (N .
) ( j)||84u||Loo||aT‘f+IU||Lz
j=1
GG = [n— = 5N°
T & jim =) pi pmI=s e
J:

m!  [m—j =51 .
+ CCx 1;31.!(”1_1-)! Iz‘)'m—j—s |a|p,0-
Direct verification shows that
m!  [(m—j =91
2 i

[(m —6)17 _
WM@U’

|Zi|5,o <Cm
1<j=3
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and
[m/2] , .
’”Z m (G =W [ =] =
= .|(m _ ,])' pj—4 pm_j_S 0,0
- 2
@36 [”i] ml(j —H1° " m — j — 5)11°"
< 2.0 T
P j=4 (m—j)
[m/2] .
—6)!
= | n|1 6 %[(fn —9yn°t
P iza J
lon = 6)1°1al2,, /2] |

m [
= =6 m3o— 1)2_45C

1771

the last inequality using the fact that o € [3/2,2]. Combining the above inequali-

ties with (3.10) gives

/2 o\ .
) ( .>||a§u||m 171U 2
o\
6 —
3 [(mp W G2 4 ceum [(mpm_6
Similarly,
" m
' +1
R ) [P T
j=[m/2]+1
’"i m! [ =N [(m—j—3)N°
= m—j)  pi-6 m—j=3
jz[m/2]+1j-(m DYoo Ju

m .
m GO,
" Z fim—jy1 g lee

Putting these inequalities into (3.7) we get

n m . _
2 (j)H (0u)3 U]

3.11) j=1

o lom— @] [(m —ON° -

la | + CCum

pm zyn——S
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The above estimate also holds with (Biu)a?_j ty replaced by (35; v)a’;:_j oyU.
This gives, using (3.6) and (2.8),

= /O t (i (7)[(3@)3’;'—/'“1,1 + (3v)am T ayu], a’;u) ds

j=1 L2
=2
[(m —6)1]%° tla(s)lz
SCW |a(s)|p(,ds+C* ﬁdé‘ .
The assertion in Lemma 3.3 will follow if we have

t " ) )
- / S Joiwarou. ofu | ds
0 : J L2

Jj=1

t
612 <3 | lozazul}. as

C !
_,_%/ (|a(s)|p(,+|a(s)| )

It follows from integration by parts that
? e m . ,
(3.13) —/ (Z ( _)(8§Cw)8;”_/81u, 8’)?2/{) ds < J1 + Ja,
0 j=1 J L2

with

- Z() ]3]

Ja —/ ( )H 3J+1u+313 )3?_j”\\Lz\|3?U}\des.

From [|0%w||pee < C(||(Z) 8x8°’u||L% + ||(Z)£8y8°‘v||L%) for £ > 1/2, it follows
(3.9) that
U= G}, o if o] > 6,

G14) (@) 0wz + L PNGSE C min{|d|,s, Cx} ifla| <5
r,os Ux = o.

Then applying a similar argument for proving (3.11), we have

Z( ) w)dm= quL2+Z< )H AL + 340, v) U

o lm — 6) 1°
pm

a5
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and thus, using the above inequality and (3.6), we get

m [(m — 6)!]2° INE S 4
JI+J2<— Ha aU| 2, ds +cW i (| a(s)3 5 + 1)y ) ds

This with (3.13) yields (3.12). The proof of Lemma 3.3 is completed. [l

LEMMA 3.4. Under the same assumption as in Proposition 3.1 we have, for any
m > 6,anyt € [0, T), and any pair (p, p) with0 < p < p < pg < 1,

t z
0

12
20
<—f Jozaud] 7, ds +C%/ (13©)15.0 +1a()]5,0)ds

PROOF. We only need to treat the first term on the left side and use the Leibniz
formula and integration by parts to write

t Z
/ (ag[(axazu) / udz},agu) ds
0 0 L2
t Z
. / (ag[(axu) / UdZ], aza?u) ds
0 0 L2

t
= / (a?[(axu)u], a’;’u) ds < Iy + I,
0 L2

with

¢ [m/2] m )
I = / <J.)H(Z)£8{caquL§f’y(L%)

j=1

Z .
(2)~¢ / i dz
0

L3y (L)

929U 2 ds

of 2 (e

=[m/2]+1
* Haza’;‘uHLZ dS,

S ([

0=j<[m/2]

(el ot

[m/2]+1<j<m

/ L udz

OO

L, (L2) H a;n_ju HLZ ” a?uHL}w (L;O)ds
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Now we follow the similar argument as in the proof of Lemma 3.3, using the esti-
mates (3.6) and (3.9) as well as the Sobolev inequality (3.8), to compute

m .
> (7 eratanlz

Z .
(z)%/ i dE
0

0<j<[m/2] L%, (L2)
B VL P 0 8
- 24 Jim— 1 it e X T e (Ao
J
[(m—j —6)!]7 .
+C —I lpo X ————ldlpo <
o;q Wom — )t "¢ pm—i=6 e
[m/2] 67( : o—1 : o—1
|a| Z (m —6)!m®[(j =Y [(m —j —6)!]
jHm —j)e
[(m —6)!]” 5
+CW| o0
6
Ll
pm
Similarly,

3 (7)}\<z>faiaxuup (2)

[m/2]+1<j<m

o lon = ON°

< —pm e ldls e

Z .
¢ / iy dz
0

Loo

Thus

)|20
11<—f ozt as + 1 T [ @($)[3.

Observe ||8TU||L% (L) = Clo7U|> + C||0;07U| 2. Then following the ar-
gument for treating /1, we also have

m [((m =) [F o 5 s
I < Haza U3, ds +CW | (1d($)p0 + ld()]50)ds

Then

! z
/ (8’)? [(axazu)/ Ud'i}, B?U) ds <11+ I»
0 12

1 6 20 .
Z/ oz, ds +c%/ (G635 + |6 o )ds
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Just following the argument above with slight modification, the other terms can be
controlled by the same upper bound as above, The proof of Lemma 3.4 is com-
pleted. (|

COMPLETION OF THE PROOF OF PROPOSITION 3.1. We put the estimates in
Lemmas 3.2-3.4 into (3.4) to obtain, for any m > 6, any ¢ € [0, 7], and any
pair (p,p) with0 < p < p < pp <1,

U@z,

=2
[(m—ﬁ)!]20(/f . o tla(s)lz 4
<C—mF—F-— la(s)| ., + la(s)|; ,)ds + C / ——ds|.
pZ(m—6) B ( 0,0 p,o) * o P—p
Similarly the above estimate also holds with 3%’ replaced by d3". Thus by (2.17)
we have, for any ¢ € [0, T'] and for any pair (p, p) with0 < p < p < pg < 1,
2(||—6)

sup 19°UD)1172

26 (& — )12

LR A la(s)3,
S C/ (|a(s)|p,(r + |a(s)|p’g-)ds + CC*/ —’ds‘
0

o P—0p

It can be checked straightforwardly that the same upper bound holds for || 0%/ || 2
with || < 5. Then the desired estimate for %2/ in Proposition 3.1 follows, and
similarly for 9*U. The proof of Proposition 3.1 is thus completed. 0

4 Estimate on || (u, v)| 5.+

The main estimate on || (u, v)|| p,o can be stated as follows, recalling || (u, v) | o,0
is given in Definition 1.1.

PROPOSITION 4.1. Under Assumption 2.3 we have, for any t € [0, T| and any pair
(p,p) withO < p < p < pp <1,

”(M(t), v(t))”'(z),g E Cl ”(MO’ vO)“%po,O’

X IS i t|5(5)|%’0
secd( (@R, + a0 + [ 20 ).

where Cy > 1 is the constant given in (2.18).

In view of Definition 1.1 of ||(u, v)|| 5,0 . the above proposition will follow from
the two lemmas as below.

LEMMA 4.2 (Estimate on the tangential derivatives). Under the same assumption
as in Proposition 4.1 we have, recalling 3* = 9%' 852,
2(jel=7)

p £ 2 £ 2
sup ———————[(z) 0%u(@) |7, + sup [(z)"0%u@)|7, <
=7 [(la| = 7)120 L2 di<s L



1776 W.-X. LI, N. MASMOUDI, AND T. YANG

P
< Cill(uo,v0) 1250

X L i ! |5(S)|%,g
+ CC* A (|a(s)|p,g + |a(S)|p,U)ds +/(; Z)’_ ,0 dS '

Similarly, the upper bound still holds with 0%u replaced by 0% v.

PROOF. We need only to estimate u since v can be treated in the same way.
Applying 07 to the first equation in (1.2) gives

@.1) (3 4+ udx + v0y + wd, — 02) I u = —(07w)du + Fm
with
Fn = =0y (M [(040) 07~ u + (0dv) 0™ dyu] — 72! (7) (04w) ¥~ 9zu.

On the other hand, applying (3;u)07 ! to (2.9) we have

Z
(9 + udx + vdy + wd; — ag)(azu)/ U dz
4.2) 0
= — (07 w)dzu + Ly

with
" m—1 - z . . z .
L =—(azu)2< ,- >|:(8§Cu) [ oiuaz+ @l [ a;n—l—fayudz]
j=1
m—1 m—1 . )
_(3zu)2< ; )(8§Cw)a;n—1—1u
j=1

Z
0

where we have used the fact that, denoting by [T, T2] = 111> — T>T; the com-
mutator of two operators 71, 75,
[3: + udy + vdy + wdz — 2, (Bu)]
= (37 + udy + vy + wdz — 92)d,u — 2(d37u)0;
= (dyv)0zu — (dyu)dzv — 2(8§u)8z.

Now we subtract the equation (4.2) by (4.1) to eliminate the higher-order term
(07 w)dzu and this leads to the equation for

Z
(4.3) YUm = 0™u — (d;u) / I U dz;
0
that is,
(4.4) (3¢ + udy +v3y + wdz — 02)Ym = Fm — L.
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and thus

(8, + udy + vdy + wdz — 92)(2) Vm
= (2) i = (2) Lo + w02 (2))Wm — (02(2) VU — 2(0(2)) 0z Y.

Then we take the scalar product with (z ) Y, and observe ( .)ZwmI z=0 = 0, to
obtain

1 1
SOOI = S0 YOI + [ el o] s
t
= / ((BS +udy + vy, + wi; — 3%)(z) Yo, (Z)Zlﬁm) ds
0 L2

t t
_ / ((z)‘Fm, <z>%m) ds— / (<z>‘Lm, <z>%m) ds
0 L2 0 L2

t
i fo (w<az<z>f>wm—(a§<z>f>wm—zwz(z)“)azwm, <z>@wm) ds.

L2

4.5)

Note that for any 0 < r < pg we have, observing C,. > 1,

1(z) Vmlle < 142) 0T ull L2 + CClld™ U

(4.6) e
<cc =G,

rm—7

due to the definition of ¥, given by (4.3) as well as (3.9), (3.6), and (2.18). Then,
in view of (3.14),

/o (w(dz(z) Y — (92(z) Y — 2(32(2))32Ym, <z>fwm)L2 ds
<cc3lm =7 20/ a(s)12 o

2(m 7

“4.7)

Note Fj, is given in (4.1), and we apply similar computation to that in the proof of
Lemma 3.3, using (3.9) instead of (3.6); this yields

t
/ ((z)eFm, <z>"wm) ds
0 L2

(4.8) L
[(m — 7)1]2° tla(s)|5 .
§CC2—2(m > (/ |a (s)IP(,dS-l-/ ,5—:()) ds).
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Recall L,y is given in (4.2). Then

1z)  Lon|
ml 1 . z .
su(z)“lazuumz( . ) ()" (9u) / omiu d%
j=1 J 0 12
m—1 m—1 . z .
+||<z>“lazu||mo2< . ) (z)~" (8v) / om=1=1 9 U d%
Jj=1 J 0 L2
m—1 m—l . .
+ 1(z) T 8 oo Z( ; )\\<z>—1(a;w)a;1—l—fu\\Lz+
j=1
Z
+ 1225 [y )1 — By u)dzv] | oo | () E! / om0 4z
0 12

+ 2] (@) 0Zu] oo | 07U o

Thus we apply again the argument for proving Lemma 3.3 to obtain, observing
(2.18) and using (3.6), (3.9), and (3.14),

[(m —D1°

pm—7

[(m —7)1°

Y/ > - >
(2} Lmll < C (laZ s+ lal}s) + CCfmﬁm—_7|a|,s,g,

and thus, with (4.6) and (2.8),
t
/O ((2) Lm. (2)Vm),2 ds

2
N ()l A P )G,
ECC*W o (|a|p,g+ |a|p,0')ds+ 0 IB_p ds ’

Putting the above estimate and the estimates (4.7) and (4.8) into (4.5) yields

t
1) ym@)]22 + fo 192 ((2) Ym () |2 d

= H (Z)El/fm(o) Hiz
[((m — T)*°

! o 2 - 4 t |5(S)|%,0
D ([ (a0, + @i + [ 2E0as).

+CC?

Moreover, observe (z)gwm lt=0 = (z)z(‘);” ug and thus

[((m —D)>° [(m — 7>
5 | (uo, vo)||%p0’(7 < Wn(uo, UO)”%po,U-

¢ 2
” ()" ¥m(0) HLZ < W
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Then we obtain

t
1) ym@) 22 + /0 192 ((2)Ym (9)) | 22

[(n —7)1]>°
=< W”(”O, 00) (139,

3[0m — D)1
+ CC; 2 =)

4.9)

s _ tla(s)|Z,
: ( /0 (G2 + ()13, )ds + [O ,,—p’ds)_

p—p

Consequently, this inequality, along with the estimate
Lam, |2 £ 2 { < m—1 ~112
[ oulL = 2@ Ym2 + 20 @z | o~ U dZ]
that is from definition (4.3) of v, and the fact that

(2 @zu(o)) / U dz |,
0

Z 2

2 — — ~

< @ ocu)|} oo 2] ()7 / (1) dE
o 0 L3 (L)
< CC2|om U]
e 2
=Dt a3,

= CC*_ p2(m_7) o (|a(s)|p,0' + |a(S)|p,o.)dS+ o ﬁds

due to (2.18) and Proposition 3.1, yields that for any m > 7 and any ¢ € [0, T,

[(m — D17

g
¢ 2
H (z) 8?”(”‘&2 = 2w”(740s00)“%p0,o

= 2
Al =D (L 5 ()14 il
POy (A0he +1a0l0)ds + | =5 s )

We have proven the assertion for 3% = 97" with m > 7. By direct verification we
can get the desired estimate for m < 6. Then we have obtained the estimate as
desired for 3 = 9%'. Moreover, the above estimates also hold with 97 replaced
by 9}, following a similar argument. Thus the desired estimate for general 9%u
follows in view of (2.17), and similarly for 0%v. The proof of Lemma 4.2 is com-
pleted. O



1780 W.-X. LI, N. MASMOUDI, AND T. YANG

LEMMA 4.3 (Estimate on the mixed derivatives). Under the same assumption as
in Proposition 4.1, we have

P 1(z)*7 00 u ()2 1(z) 7 00 u ()2
sup : Z u(t + sup Z u(t
12j2s [(al +j =D T s @
le|+j=>7 la|+j<6

t
< Cill(u0,v0) 3,0 + C/O (la(s)[5 o + la(s)15.5)ds,

and similarly for 0%v.

PROOF. The upper bound for ||(z)£+j aaagu(t)an with |¢| + j <6and 1 <
J < 5is straightforward. So we only need to consider the case of ||+ j > 7 with
1 < j < 5. As before, it suffices to estimate (z)é+j dMdu since (Z,)éJrj 3;18@4
can be treated in the same way.

We apply (Z)e+j a7 to equation (4.1) to get

(3¢ + udy + vdy + wdz — 82)(2) 7 9 u
= ()7 8] (97 w)dzu]
+(2) 9] Fo + [udy + vdy +wd, — 32, (2)* 8]0,

where F,, is defined in (4.1) and [T, T3] = T1T>—T, T} stands for the commutator
of two operators 77, T5. Thus,

1d ; . . .
Ly amatul s + o= (0 ool I

+/Rz (07 07u) (70, u)|,_o dx dy
= (3¢ + udx + vdy +wd, — 2)2) T 0mdlu, (2) T 9mdlu),
= (—(2) T[T w)dzu] + (2) 8] B, () 9m0Iu),,
+ ([udx + 03y + wd, — 32, (2)7 01 10mu, ()T aTou), .
where we used the fact that
()79 0lu)oc ((2)* o0 1u)| g = (9 0Lu) (9701 w)|

As for the terms on the right side of (4.10) we use the argument for proving
Lemma 3.3 to get, recalling [, is given in (4.1),

(29 B, (2)9m000)

(4.10)

z=0"

A

1 . . .
g0 (RY a7 adu) | 1o + C ()7 80 Fun 72

+ ) amalul3,

[(m + j —)*°
p2(m+j—7)

4
0,0

A

1 . . - -
glo=(@orolu) . + ¢ (I3 +1dl

).
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Moreover, direct verification shows
(—(2) A [(mw)dzu] + [udx + vdy + wd, — 82, ()7 81 ]9"u,
()07 0L

[((m+j =D -
p2(m+j=7) (|a|%>,0 + |a|2,0)'

< S l3e(@ T o) |2 +
By the two inequalities above we get the upper bound for the terms on the right
side of (4.10), that is,
(—{) T B[ w)zu] + (@) 8L Fn. ()7 07 00u) -
+ ([udy + vdy +wd, — 3%, ()8 ]0mu. () 8malu)

m+j—DP
p2m+j=7) (|a|ﬂy<f T |a|p,o)-

1 . .
< s oz (@ arau) 2. + €

This with (4.10) yields

1d ; ; 3 . .
5 g @ aadul 1o+ 2z (@) alu) | s
(.11 < /R (95 07u) (9707 " u)|,_gdx dy‘

[(m+j =D _» ..
+c p2(m+j=7) (|a|p,o + |a|p,0)'

Next we handle the first term on the right of (4.11). We claim the following
estimate holds for j = 1,2,3,5:

(4.12) ‘/ (07 0Ju) (9L )|, _, dx dy‘
R2
1 12 [(m + j — D>, . _
(4.13) < ZH amal |7, + C i) (a3 o + laly »)-

Observe that (agu, 8%1)) lz=0 = (0, 0), which follows after taking the trace for the
equations in (1.2). Moreover, applying 8% to the first equation in (1.2) gives

0¢02u + 02(udxu + viyu + wd u) — d2u =0,
and thus
Opulz=0 = 2(udxu + vdyu + wdu)|z=0
= (0zu)(9x0zu — 0y 0zV)|z=0 + 2(3zv)dydzu|z=0.

Moreover, the above relationship, along with the equation

4.14)

903U + 03 udru + vdyu + wd u) — %u =0,
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yields
3%ulz—0 = —(92u) (050 u + 3,070)|z=0 + 4(0;u)dx03u|z—0
+ 4(d7v)dy2u| ;0.

Consequently, we apply a similar computation to that in the proof of Lemma 3.4 to
get, using the Sobolev inequality and the estimate (3.9),

[@F02ule=0)l2, =€ > [9207[(924) @xdeu + 8,0:0)] | o

0=<j=1
+C Z |60 [@zw)dxd3u]]
0=<j<1
+C Y (8L [0zv)8y03u]|
0<j=1
m+5-DN1° .
=< C[meﬂlalﬁ,m
and similarly by (4.14),
m+3-71° _
(4.15) [@rstulsmo) < € pm+3_7)] 5.0
Thus
[ eyt _ydx s
1
< 807 92u) |72 + Clla7a3u)| 72 + C (07 8ulz=0) 2 |
1 [(m+5-7D1%, _ .
= Z”ayag“HiZ +C p2(m+5-7) (Il + ldlso)
and

[ e @o)],_gdx

1 2 [((n+3-7)% . _
< qlamatul. + T iz, + ).

This gives the validity of (4.12) for j = 3, 5. Note that (4.12) obviously holds for
j = 1,2 since 8§u|z=0 = 0. Thus (4.12) is valid for j = 1,2, 3,5, and this with
(4.11) yields

1o [2s + [ 1o o) |2 s
0

[(m + j — D> " 7
5 CW ||(u0, vO)”%po,O’ + A (|Cl(s)|%’o— + |a(s)|g’a)ds

for j =1,2,3,5.

(4.16)
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It remains to prove the validity of (4.16) for the case of j = 4. By the Sobolev
inequality, we compute

[ oty @zt _ydxay

2 m2(r
e [T = (G B ol

[(m + 4 —T7)1]%°
p2(m+4=7)

P
)

4
0,0

2
<C
— o

(o7 o3ul za + |37 8¢ull72) + € al

where the last inequality uses (4.15). This, with (4.11) for j = 4, yields

3 t
@ azituolia+ 5 [ o0 ozatue) [ ar

[(m 44— 5
= p2(m+4=7) luo. voll2p0,0

2 t
sl [ s + ot |}.)ds

[(m +4—T)*°

t
+C peTGET= /O(|Zi(s)|;2,’(,+|c_i(s)|f,’g)ds.

Moreover, we use (3.9) to get

2 t 2, t
p 2 [((m +4—-DN% [* .
— /0 |07 92u(s)|;-.ds < C A fo ()2 o ds.

Observe that we have proven (4.16) holds for j = 5, and this implies

2 t
o | st} as
2 t
<2 i 192 () 507 83u(s)) |3, ds

i ! L+59ma5 2
+C ; [{z) 207 82u(s)| ;- ds

—_ 7120
Lon 4 = DU g, w012
- p2(m+4—7) ’ 2000

[(m+4_7)!]20 t . .
i |, (GO, + OlE,)ds

Combining the above inequalities we obtain the validity of (4.16) for j = 4. The
proof of Lemma 4.3 is thus completed. U

+C
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5 Estimate on %A, %3 and 3“1, 9%

Recall 1,8 and 1,8 are the functions given by (2.12). This section is devoted
to treating the terms involving these functions in the representation of |@|, » (see
Definition 2.1).

PROPOSITION 5.1. Under Assumption 2.3 we have, for any t € [0, T| and for any
pair (p, p) with0 < p < p < pp < 1,

e (leP19%A 172 + e 19%8(0) 13 2)
o Tl — 6o | t + |a t
Ioelzpé [(la| — 6)1]%° 72 2

+ sup (Ja[8*A@) 172 + le?19%8(1)17-)

loe|<5

2
< C1l[(uo,v0) 1340

cc? G(s)|2 G(s) i
+e / (as + |a(s )dS-i—/ ~—a’s),
( o la( )|p,o la( )|p,o o P—p

where Cy > 1 is the constant given in (2.18). Simi‘lvarly the gbove estimate still
holds with 0* A and 0%8§ replaced, respectively, by 0* A and 3%8.

To prove the above proposition, we first derive the equation solved by A. Note
that

z
A = 0xu —(Bzu)/ Uudz =y,
0
with 1 defined by (4.3). Then using (4.4) for m = 1 we obtain the equation for A:

(9 + udx 4+ vdy + wdz —02)A

= —(xu)* — (0x)dyu — [(dyv)dzu — (dyu)dzv] /z UdZ + 2(02u)U.
0

Now for any m > 6 we apply 97’ to the above equation; this gives

m
=-2 <’7> [(8Ju)dy 714 + (8]v) 37 9y + (3] w)dy /022 ]
j=1

- [(axu)z + (0xv)dyu + [(0yv)dzu — (dyu)d,v] /ZZ/le — 2(3§u)1/{j|.
0



WELL-POSEDNESS IN GEVREY SPACE FOR 3D PRANDTL EQUATIONS 1785

Thus taking the scalar product with m29™ A and observing A|;=o = O and A|;—¢ =
dxUg, we have
2

t
A0 = 107 o) + 2 [ oczaco 72 ds

5.1 ‘
©-1) = m2/ ((9s + udx + vdy + wd; — 02)TA, FA),, ds
0
= K1 + K2 + K3,
where
t m
Ky = —m2/ (> (’7) [(ag;u)a';—f“x + (a;v)a;’;—fay/\}, ITA),2ds
L

I (9xu)? + (0xv)dyu + [(Byv)dzu — (Ayu)dzv]

t m
2 m j m—j m
— Lw)d™ o\, 3TN ds,
" /0 (Z(j)("“’)" S )Lz ’
z
/ UdZ}a?fA) ds,
0 L2

t
K3 = 2m> /0 (@ [(02wuU], 372),» ds.

To estimate the above K;j,1 < j < 3, we need the upper bounds of fOZ U dz and
U similar to those in (2.18), which is stated in the following:

LEMMA 5.2. Under the condition (2.18) we have, denoting 9% = 8518€2 and
recalling T <1,

vielo.T]. ).

(z)_g /OZ GBL{(t)dz

1Bl<9 L2

+ 20 |Poum] . = e
|81+, <8
0<j=<2

and

Vielo.T) Y 10Palhl e = €,

1Bl+j=<8
0<j=<2

where Cy > 1 is the constant in (2.18), and C is a constant depending only on the
Sobolev embedding constants and the numbers pg, o, £ given in Definition 1.1.

PROOF. This just follows from direct computation. Precisely we use the stan-
dard energy method for the equation (2.10) solved by f = foz U dz, applying



1786 W.-X. LI, N. MASMOUDI, AND T. YANG

(z)7t0P = (z)7* afl 852, |B| < 9, to the equation (2.10) and then taking the scalar
product with (z)_e 9P f; this with Sobolev inequality (3.8) and the condition (2.18)
gives

1d
577 2 TP FI + 0 10:) 7 1)l
|B1=9 1B1<9
<2 3 B f 12, + CC 3 12 0B £,

1B1=9 1B1=9

where C4 > 1 is just the constant given in (2.18). Moreover, we apply again the
energy method for the equation (3.3) solved by U, to obtain

1d : .
o 2 1Pouli+ 30 [o0falul,
11+ <8 1Bl+<8
0<j=<2 0<j=2
<ccz > |Fouli +cc Y oPau .
I+ <8 181+ <8
0<j=2 O=j=2
+CCe Y ()T 17
1B1=9

As a result, by using Gronwall’s inequality we obtain the first estimate as desired
in Lemma 5.2, which with the representation of A given in (2.12) as well as (2.18),
yields the second 1. The proof of Lemma 5.2 is completed. O

Now we continue the proof of Proposition 5.1. Recall that K is given in (5.1).
By the second estimate in Lemma 5.2, we can apply a similar argument for proving
Lemma 3.3 to compute, using (3.5) here instead of (3.6) and observing that there
is a factor m before ||0%'A||z2 in (3.5),

m2 [t . )
Ki=—- ; 1020 A(s) 7> ds

[(on =) (" 5
5.2) + CW /0 (Ia(S)Ifi,a + |a(S)|f>,o)dS
> \(2
4 CC2 /t —|a£s)|530 ds)
o P—p
and
- 2
[(m—6)1%° ( [T . 3 ccz (11405,
(53) Ky < CW /O |Cl(S)|p’O~ ds +e /(; ﬁds .

It remains to treat K3 given in (5.1). We write

K3 = K31+ K33+ K33,
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with

¢ (Im/2

—

3

A
I
N
S
g

~
2L

”.1) (326%u)am =71, a;’:x) ds,
J 12
-5

K3, =2m? (m) (9L02u)m U, a;u) ds.
J
L2

[m/2]+1
t m .
K33 = 2m> Z ( ) (3292u)am U, a;’:x) ds.
=m L2

The remainder of this section is devoted to estimating the above terms K3 1,
K32, and K3 3. Using (3.9), (3.6), and (3.5) as well as (2.18) and recalling o >
3/2, we follow a similar computation to that used in the proof of Lemma 3.3 to
obtain

[m/2]
bwza] 3w 8 |(7) [ 1008l
0<j<1
[(m—6)!]2‘7 tlds)x [m — 6)1%°
< CC /0 B ds e /I(s)|p(,ds
and
K3
<ot 5 (") [l i Lt
j= [m/2]+1
6
<c “’”p—”m(sn 02 2+ m][3: 07 A 2)ds
1120
5—/ |9:97A(s) |72 ds +C[(2(T)6])/ (1a()13 6 + la(s)lp0)ds

Finally, integration by parts gives

m
K33 = —2m? / ( Z (m> (3L0,) 0™ IU, 0 amx) ds
—4

2
j= L

—2m? / ( i4<’"> (340,0)0,0m U, amx) ds <

2
j L
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2 t
=" [ loaclf ar
0

m

+C/0t |:m 3 <’;7)H(a;azu)a?—fuuLszs

j=m—4

m t . .
rant 35 () [l oo 23]
=m—4 J 0

J

As for the last term on the right side, we use (3.5), (3.9), and the first assertion in
Lemma 5.2 to compute

ot 35 () [ el

j=m—4

ds.

- 2
_ cczlim =1 /t @150
0o pP—p

pz(m—6)
Meanwhile we claim

/ot [’" | > (,) || (8;"‘fu)a§;azu||L2T ds

(5.4) Jj=m—4

- 2
cc2lm =612 r* o4 a5,
= e, (@0)he +1aGGe)ds + | ——=ds ).

The proof of (5.4) is postponed to the end of this section. Thus we combine the
above three inequalities to get

m2 t
K33 < ?/0 |9:07 A7, ds

n cc2 [(m — 6)!]20
¢ pz(m—6)
t tla(s)%
. as)|? .+ las)* dS-i—/,.,—p’UdS),
([ ok, +iaoioas + [ ===

which with upper bounds of K3 1 and K3 > yields
2 ot
m 2
K < T/ |20 |2 ds
0

2
cezlm—6)1> ( rt i tla(s)Iz,
+e ~amo \ J, (1a)12 5 + la(s)[5 o )ds + ; st .
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Now we put the above estimate and the estimates (5.2)—(5.3) on K, K> into (5.1)
to obtain

13
w2z +m? [ fozarae]7 ds

< m [ o

> [(m — 6)1*° 3 a2,
,CC? W(/ (laes)2 5 + |a(S)|2’J)ds+/o 5—_‘;ds),

which with the fact that

[(m — 6)11%°
MOHLz = mzmn(uo, UO)”%,OQ,O‘

[(m — 6)!]>
< 46T6)||(”0’ v0)||2po,<7

mZ H BZH_I

since p < pp, gives the desired upper bound for 07’ A with m > 6.

The estimate for m < 5 is straightforward. The above estimate still holds with
d% A replaced by 9}’A, which can be treated in the same way. Thus in view of
(2.17) the desired estimate on 0* A follows. We can apply a similar argument to get
the upper bounds of 0%6, 3%, and 9%3. Thus the proof of Proposition 5.1 will be
completed if the assertion (5.4) holds.

PROOF OF THE ASSERTION (5.4). We write
t m m ) ) 2
/ [m > (1) [ (a;azu)a;'—fuum} ds
0 .

j=m—4
P t
= cn? [ uazizul}.ds+ cm® [ (0202t 0zul . ds

m—2

v X w0 [l ds
j=m—4

As for the last term on the right side, we use the first inequality in Lemma 5.2 and
the fact that ¢ > 3/2 to compute directly 5.2,

5 e [ fognculaor < s

j=m—4

|20‘
eCC2 1640 [om — 6)1 / la(s)|* ds

2(m 6)

cc? [(m — 6)!] 2‘7

< e 2O [Naopas
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Thus the desired (5.4) will follow if we can show that

t
| etz s

(5.5) CC2[(m ' L L t|a(s)|/270
<ttt (] (@ + aeitaas s [ 500 a)
and
t
/ | (0x20)3, 87 u 7, ds
(5.6)

pd 2
cclm R eI,
=e ,02(m 8) 0 (‘a(s)|p,a+|a(s)‘p,g)ds+ A 5_10 ds ).

The argument is quite similar as that for proving Lemma 4.2. In fact, recalling ¢,
is defined in (4.3) and multiplying both sides of (4.4) by U instead of (z)g therein,
we obtain

(3; + udy + vdy + wd — ) UYm
=U(Fm — Lm) —2(0:U)3zYm

Z
0
z
— (azv)ay/ UdZ + (0xu + ayv)u}wm,
0
where we used the equation (3.3). In view of the first assertion in Lemma 5.2, we
repeat the argument for proving (4.9) with slight modification to conclude, observ-
ing U¥m|t=0 = 0,
2 ! 2
O + [ [oe U m O] 72 ds
= N2
Cc2 (m 7)' 20 N 4 ! |a(s)|5’o—
< W (| (S)| +la(s)[, o )ds + " P—p ds ).

On the other hand,

g 2

/ [o.3mu ), ds
0
t t
2 2
=2 [ osfuozul . ds + € [ J(ou)arul? ds
t z
_ ~1112
<a [ (1etetvmizs + focluon [ or-tuaz)lz )as

t
+C [l @atarul}, ds <
0
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t 5 t _
<4 fo 192 [Uym] 125 ds + €€ /O 1" =124)2, ds

t
2
e [Tl as
0

the second inequality following from (4.3) and the last inequality using Lemma 5.2
and the assumption (2.18). Combining the above inequalities we conclude for any
m > 7, using again (3.6) and (3.9),

/t |U4(5)3: 97 u(s) |3 > ds
0

= N2
ccz[m =71 (/t N ST tlas)lz .
< CCRET U G(s)2, + la(s)% ) ds + | ——2% ds ).
p2(m=7) 0 ( 0,0 p,c) o P—p
We have proven (5.5), and in a similar manner for (5.6). Thus the proof of (5.4) is
complete. U

6 Proof of the Main Result

We will prove in this section the main result on the existence and uniqueness for
the Prandtl system (1.2). Since the proof is similar to that in the 2D case once we
have the a priori estimate, we will only give a sketch, and refer to [23, secs. 7 and
8] for the detailed discussion.

PROOF OF THEOREM 1.3. The proof relies on the a priori estimates given in
Theorems 2.4. In order to obtain the existence of solutions to the Prandtl equations
(1.2), there are two main ingredients, and one is to investigate the existence of
approximate solutions to the regularized Prandtl system:

atug + (ugax + vgay + wgaz)ug - a%ug - 88%“8 - 835“8 = 0,
atvg + (ugax + vgay + w88z)v8 —_— 3%1)6 —_— 88%1}8 —_— Eagv&' = O,

6.1) )
(Ue, Ve)lz=0 = (0,0), limz—4o0(Ue, ve) = (0,0),
(Ue, Ve)|r=0 = (U0, Vo),
with w, = — foz (dxug +0yve)dZ. We remark that the regularized equations above

share the same compatibility condition (1.3) as the original system (1.2). Another
ingredient is to derive a uniform estimate with respect to ¢ for the approximate
solutions (ug, vg).

The existence for the parabolic system (6.1) is standard. Indeed, suppose that
(uo,v0) € X2py,0- Then we can construct, following a similar scheme to that
in [23, sec. 7], a solution (u,, vs) € L°°(]0, i]; X30/2,0) t0 (6.1) for some T.>0
that may depend on ¢.

It remains to derive a uniform estimate for the approximate solutions (ug, ve),
so that we can remove the e-dependence of the lifespan Ts. To do so we define as in
Section 2.2 the auxiliary functions U, A, 8, in the similar way as that for U/, A, §
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given in Section 2.2, with (u, v, w) and the Prandtl operator therein replaced, re-
spectively, by (ug, ve, we) and the regularized Prandtl operator given above. The
argument is similar to that for U, A¢, 8;. Accordingly, denote

e = (e, Ve Us Up, Ao, Ao, 85, 8¢)
and define |dz|p o similarly as that of ||, s (see Definition 2.1). Note that
dgli=0 = (10, 0. 0.0, dxuo, dyuo. Ixvo. Iy vo).
Then we can verify directly that

(6.2) Yo < po |C_is(0)|p,a = Cpo,(r”(um UO)||2po,0,

with Cp, » a constant depending only on pg and o.
Let T > 1 be a fixed number to be determined later. We define

1/2
- def po—p—Tt s
(6.3) ldellly = sup(—) |as()lp,o
o.t Po—pP

where the supremum is taken over all pairs (p, t) such that p > 0,0 < ¢ < po/(47),
and p+ 11 < po. Letting Cp, » be the constant given in (6.2) and letting C; > 1 be
the constant given in Theorem 2.4, which depends only on pg, o and the Sobolev
embedding constants, we denote

(6.4) Co = 2(Cp 6 + C)l(u0,v0)l2p9,0 + 1.

In the following discussion, we will use the bootstrap argument to prove the asser-
tion that

(6.5) llaelllzy = Co/2
for some t large enough, if the condition

(6.6) llaelllzy = Co
is fulfilled.

Step 1. Observe, for any ¢ € [0, po/(47)],

V2 V2

5 Ne@).ve@)lleg 5 = —~lde(®)lzg
6.7) e 12
< po— %5 — Tt w -
“\Th-m lae()20 5 = llaelll)-

Thus under the condition (6.6), we have |[(u (1), ve(1)) [l py/2,0 =< V2Cy for any
t € [0, po/(47)], and thus it follows from the definition of || (ue (), ve(2)) |l oy /2,0
that, for any ¢ € [0, po/(47)],

sup ([(2) 7 8% 0 ue(0)]) 12 + [ ()77 8% 02 0s(1) | 12) < Cpo.0Co
0<j<5|al+j<10
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with C, 00,0 = 1 aconstant depending only on pg and o. Then the condition in As-
sumption 2.3 is fulfilled by (u¢, v¢), and thus similarly to Theorem 2.4 we can re-
peat the argument in Sections 3—5 with minor modifications to obtain the following
assertion: for any ¢t € [0, po/(47)] and any pair (p, p) with0 < p < p < pg < 1,

- 2
|a8(t)|p,0

2
S Cl ” (UOa U()) ||2p0,0‘

L R t|de(s)|Z
+ eczcé(/ (las()I2 o + las(s)]3 5 )ds +/ ~—"’“ds),
0 0o PP
where C; > 0 is a constant depending only on the numbers pg, o and the Sobolev
embedding constants but independent of ¢, and the constant C; > 1 is just the one

given in Theorem 2.4.

Step 2. Welet (p, t) be an arbitrary pair that satisfies that p > 0,1 € [0, po/(47)],
and p + ©¢ < pg. Then it follows from the definition (6.3) of |||@¢/||(r) that

(6.8)

1/2
- - po—p
(6.9) VO<s=<t, |as(s)|po = |||ae|||(1:)( ) .
pPo—p—T1TS8

Furthermore, we take in particular such a p(s) that
~ po+p—71TS
pis) = 2P0

2
Then direct calculation shows that
(6.10) VO<s<t p<p(s) and p(s)+ ts < po,
and
(6.11) Voss<t o) —p =L = oo — i) — s

By the inequalities in (6.10) and the second equality in (6.11), it follows that, for
any 0 < s <,
(6.12)

1 1
B po—p(s) \2 .. 2(po — p) \?

~ - < _ .
|as(s)|p(s),(r = |||a8|||(‘L') (,00 —5(s) — TS) = |||a8|||(17) (,00 P

Putting (6.9) and (6.12) into the estimate (6.8) and using the first equality in (6.11),
we have

e ()7
—p

t
Po
< ”(MOs vo)“%po,(}' + eCZCO |||a |||(‘E) / po—p—71S$

ds

C2C2

t+e o |||a8|||(r)

(/00 —p)? L 2%(po—p)
(”'“8”'@/ e N e e ds) =
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CrC2 2
e2%0(5+ Cy) Po—p

e llI?) —————.
° (I)Po

2
= Cl ”(MO’UO)”po,o + _p_‘[[

where in the last inequality we have used the condition (6.6) and the fact that
— — )2 —
Po—p (oo — p) < __Po=p
po—p—15 " (po—p—15)?% " (po—p—15)2
Thus we multiply both sides by the fact (o9 — p — t¢)/(po — p) and observe (p, 1)

is an arbitrary pair with p > 0, ¢ € [0, po/(47)], and p+ ¢ < py; this with C; > 1
gives

€G3 (5 + C2)

(6.13) llaelllzy < Cill(uo.v0)ll2p0,0 + NG lldelll z)-
Now we choose such a 7 that
e (5 + C3) )
(6.14) 1-— = .
JT C1+Coo

Then it follows from (6.13) that

llaelllzy < (C1 + Cp,o) (10, vo)ll200,0 < Co/2.

recalling that Cy is given by (6.4). This gives the desired assertion (6.5) provided
(6.6) holds. Thus by the bootstrap argument we conclude, with 7 defined by (6.14),

ldelllzy < (C1 + Cpo)ll(o, v0)ll2p0,0 + 1/2,
which with (6.7) yields

Vi € [0, po/(47)],

V2

1t (0, 062,06 < V2(C1 + Cpo)lw0, v0) g0 + 5

Now letting ¢ — 0 we have, by compactness arguments, that the limit u of u,
solves the equation (1.2). We complete the existence part of Theorem 1.3. The
uniqueness will follow from a similar argument as in [23, sec. 8.2] so we omit it

here for brevity. Thus the proof of Theorem 1.3 is completed.
0
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