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ABSTRACT. In this work, we introduce and study the notion of local
randomness for compact metric groups. We prove a mixing inequality
as well as a product result for locally random groups under an addi-
tional dimension condition on the volume of small balls, and provide
several examples of such groups. In particular, this leads to new exam-
ples of groups satisfying such a mixing inequality. In the same context,
we develop a Littlewood—Paley decomposition and explore its connec-
tion to the existence of a spectral gap for random walks. Moreover,
under the dimension condition alone, we prove a multi-scale entropy
gain result a la Bourgain—-Gamburd and Tao.

1. Introduction

The aim of this work is to introduce and study the notion of local randomness for
the class of compact metric groups. As the name suggests, this notion aims at cap-
turing a certain form of randomness exhibited by these groups. Before proceeding
to the precise definition of this notion, let us make a few general remarks on the
terminology and motivations behind the definition.

The notion of randomness is often understood as the lack of low-complexity
structure. One approach towards defining randomness is statistical randomness.
Roughly speaking, statistical randomness requires the putative random (some-
times called pseudo-random) object to pass certain randomness tests, which are
passed by truly random objects. Quasi-random graphs, introduced by Chung, Gra-
ham, and Wilson [ 1], are examples of this kind. For instance, in such a graph the
number of edges connecting subsets A, B of vertices is close to §|A|| B|, mimick-
ing the typical behavior of Erdos—Rényi random graphs with density 8.

An alternative approach towards defining randomness is based on the nonex-
istence of low-complexity models. In taking up such an approach, we need to
clarify what a model means and how its complexity is measured. Quasi-random
groups, as named by Gowers, provide examples for this approach. Recall that a
finite group G 1is said to be K -quasi-random when it admits no nontrivial unitary
representations of degree less than K. If we view a unitary representation of a
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finite group as a model and its degree as its complexity, then quasi-random groups
are precisely groups without low-complexity models.

One of the main results of Gowers’s work, intertwining these two approaches,
is that Cayley graphs of quasi-random groups with respect to large generating sets
yield quasi-random graphs in the sense of Chung, Graham, and Wilson. This is
based on a mixing inequality established in [15] and generalized in [1]. Let us
remark that, prior to [15], the quasi-randomness had been implicitly exploited by
Sarnak and Xue [20], Gamburd [13], and Bourgain and Gamburd [7].

In the present work we will define the notion of local randomness for a com-
pact group G equipped with a compatible bi-invariant metric d by means of an
inequality of the form

I7r (x) = T llop < Co(dimm)* d (x, y), (1.1)

where C and L are parameters and 7 varies over unitary representation of G; see
Definition for the precise definition. The relation between this inequality and
the nonexistence of low-complexity models for G can be understood as follows.
Consider an n-discretization of G, that is, a maximal set of points in G that are
pairwise n-apart. From (1.1) it follows that for a unitary representation 7 of G (a
model) to map these points to matrices that are pairwise at distance n'~¢, dim 7
needs to be polynomially large in n~!. Thus, a group satisfying (1.1) fails to have
a low complexity discretized model.

As the definition indicates, local randomness of a compact group depends on
the choice of a compatible metric. In Corollary 5.6, we show that semisimple Lie
groups are exactly those groups that are locally random with respect to all com-
patible metrics. In contrast to this, compact groups that are locally random with
respect to some compatible metric are exactly those with finitely many nonequiv-
alent irreducible representations of a given degree, see Theorem

One of the main properties of locally random groups is the mixing inequality
proved in Theorem 2.4. This can be seen as an instance of statistical randomness
and a multi-scale analogue of the mixing inequality alluded to above. This in-
equality is much more fruitful in the presence of a dimension condition, see (DC).
In particular, it will enable us to prove a product result, Theorem 2.8, for subsets
with large metric entropy, a result that can be best understood as a multi-scale
version of Gowers’s product theorem.

In order to study the behavior of random walks on locally random groups, we
adapt the Littlewood—Paley theory [0; 10] to this context. As an application, we
will show that the study of a spectral gap for random walks on G can be reduced
to that of functions living at small scale; see Theorem and Theorem

Notable examples of groups to which our results apply include finite prod-
ucts of perfect real and p-adic analytic compact Lie groups. In the special case
of profinite groups, local randomness is intimately connected to the notion of
quasi-randomness introduced and studied in [24]; see Proposition for precise
statements. It is also worth mentioning that inequality (1.1) has been implicitly
used in [12] to establish the existence of a dimension gap for Borelean subgroups
of compact Lie groups.
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Our last theorem, Theorem , 1s an entropy gaining result in the spirit of a
major ingredient of the Bourgain—-Gamburd expansion machine. Roughly speak-
ing, this theorem asserts that when X and Y are independent G-valued random
variables, the Rényi entropy of XY at scale 7 is larger than the average of the
Rényi entropies of X and Y at scale n by a definite amount, unless algebraic ob-
structions exist. This can be viewed as a weighted version of Tao’s result [22] and
a common extension of [6; 19; 5; 10].

In a forthcoming work, we will consider open compact subgroups of analytic
simple Lie groups over local fields of characteristic zero. Using Theorems
and 9.3, we will prove that if two such groups are not locally isomorphic, then
they are spectrally independent.

This paper is structured as follows. In Section 2, we review some basic defini-
tions, set some notation, and state the main results of the paper. In Section 3, we
gather a number of basic tools, ranging from abstract harmonic analysis to notions
related to metric spaces. Sections 4 and 5 feature prominent examples and fun-
damental properties of locally random groups. In Section 6, we prove a number
of mixing properties for locally random groups, which are employed in Section
to show the product theorem. In Section &, we discuss in detail a Littlewood—
Paley decomposition of locally random groups. The connection to the spectral
gap, stated in Theorem , is established in Section 9. Finally, in Section 10, we
prove Theorem

2. Basic Definitions and Statement of Results

In this section, we state the main results of the paper. Let us begin by defining the
notion of local randomness.

DEeFINITION 2.1. Suppose that G is a compact group and d is a compatible bi-
invariant metric on G. For parameters Co > 1 and L > 1, we say (G,d) is L-
locally random with coefficient Cy if for every irreducible unitary representation
m of G and all x, y € G the following inequality holds:

I (x) = T (M llop < Co(dimm)*d(x, y). 2.1

We say a compact group G is locally random if (G, d) is L-locally random
with coefficient Cq for some bi-invariant metric d on G and some values of L and
Co.

REMARK 2.2. (1) It is a standard fact [16, Proposition 8.43] that every second
countable compact group can be equipped with a compatible bi-invariant met-
ric.

(2) One can easily check that (2.1) only depends on the unitary isomorphism
class of 7.

(3) In the rest of the paper, we will drop d from the notation and use the phrase
G is L-locally random with coefficient Cy. Often, the implicit metric d is a
standard metric on G.
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Our first theorem gives a characterization of locally random groups in terms of
their unitary dual.

THEOREM 2.3 (Characterization). Suppose that G is a compact second countable
group. Then G is locally random if and only if G has only finitely many noniso-
morphic irreducible representations of a given degree.

In [3] it is proved that a finitely generated profinite group has only finitely many
irreducible representations of a given degree if and only if G has the FAb prop-
erty, that is, every open subgroup of G has finite abelianization. In view of The-
orem 2.3, the group [],.; SU(2) is not a locally random group, but [[,,-, SU(n)
is a locally random group. -

For n > 0 and x € G, denote the open ball of radius  centered at x by x,,. The

L!'-normalized indicator function of the ball 1, is denoted by P, := %, where
| - | denotes the Haar measure. For f € L!(G) and a probability measure 1 on G,
we write f, = f * P, and u, = u * Py, see (3.1) and (3.2) for the definition of

convolution.

THEOREM 2.4 (Scaled mixing inequality). Suppose that G is an L-locally random
group with coefficient Co. Then for every f, g € L*(G) we have

I % g3 <20 fn* gnll3 + 0PN FI31g115
so long as Co/n < %.

Similar statements for finite groups, simple Lie groups, and perfect Lie groups
have been established thanks to the work of many authors, see for example [15;

; 95 10; 4]. It is worth mentioning that without any assumption on the compact
group G, the inequality || f * gll2 < || fl2]lg|l2 holds. In this view, Theorem is
a drastic improvement on this for functions with small f;, in the presence of local
randomness.

DEeFINITION 2.5. Suppose that X is a metric space and A € X. For n € (0, 1),
N,, (A) denotes the least number of open balls of radius n with centers in A re-
quired to cover A. The metric entropy of A at scale 7 is defined by

h(A; n) :=1og Ny (A).

DEFINITION 2.6. Let G be a compact group equipped with a compatible metric
d. We say (G, d) satisfies a dimension condition DC(C1, dp) if there exist C1 > 1
and dy > 0 such that for all n € (0, 1) the following bounds hold:

L% do
—n < |1y = Cin™. (DC)
Cy

REMARK 2.7. (1) Measures satisfying this condition are also known as Ahlfors
(or Ahlfors—David) dy-regular measures.

(2) Whenever d is clear from the context, we suppress d from the notation and
simply write that G satisfies a dimension condition DC(C1, dp).
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Our third theorem shows that local randomness is particularly effective in the
presence of a dimension condition.

THEOREM 2.8 (Product theorem for locally random groups). Suppose that G is
an L-locally random group with coefficient Co. Suppose that G satisfies the di-
mension condition (DC)(C1, do). Then for every ¢ > 0 and every § < 4, € the
following holds: for all n > 0 and A, B C G satisfying
h(Asn) + h(Bin) _
> >
and n° < (2CoC1)~ R where R = R(L, dy) is a fixed polynomial of L and dy, we
have

(I =8)h(G:n)

AyBy B A D e

A careful examination of the proof yields that the implied constant in § < 4, €
depends polynomially on L and dy. Theorem can be compared with similar
results in [15] and [12].

DEFINITION 2.9. Suppose that G is a compact group and p is a symmetric Borel
probability measure. Denote by 7}, the convolution operator on L*(G) mapping
f to = f. For a subrepresentation (7, H,) of L%(G), we let

A He) = 1Tl llop  and  L(w; Hy) = —logA(i; Hy).

Given a G-valued random variable X, we define the Rényi entropy of X at scale
1 by

Hy(X; ) :=1og(1/|1,]) — log |14, 3,
where w is the distribution (or the law) of X.

THEOREM 2.10. Suppose that G is an L-locally random group with coefficient

Co. Suppose that G satisfies (DC)(C1, dy). Then there exists ng > 0 small enough

depending on the parameters and a subrepresentation H (exceptional subspace)

of L*>(G) such that the following statements hold:

(1) (dimension bound) dim #o < 2Con,, do

(2) (spectral gap) Let u be a symmetric Borel probability measure whose support
generates a dense subgroup of G. Let a > max(4Ldy, 4L + 2), and fori > 1
set n; = ngl. If for constant Co > 0 and for every positive integer i there
exists an integer l; < Coh(G; n;) such that

1
Large entropy at scale i) Hy(u®:ni) = (1 = ——— ) h(Gs np).
(Large entropy at seale ) Hau®0p) 2 (1= 557 JH(Gi )

then

L(u; LG >
1 LG O ) = 366 T doa?

In particular, L(u; L%(G)) > 0.
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Finally, we prove a multi-scale entropy gain result which is in the spirit of [
Lemma 2.1] by Bourgain and Gamburd, and is a weighted version of [22. Theo-
rem 6.10] by Tao. More details on the background of this result will be mentioned
in Section 0. Before we state this result, we recall the definition of an approxi-
mate subgroup.

DEerINITION 2.11. A subset X of a group G is called a K-approximate subgroup
if X is a symmetric subset, thatis, X = X —1 and there exists asubset T € X - X
suchthat#7 < Kand X - X C T - X.

THEOREM 2.12. Suppose that G is a compact group which satisfies the dimension
condition at scale n, that is,

7% < |1gyl = C®
holds for all a € [C'~",C"], where C > 1,C’ > 1,dy > 0 are fixed numbers.
Suppose that X and Y are independent Borel G-valued random variables. If

Hy(X;n) + Hy (Y )
2

for some positive number K > (C2‘1°)0(1), then there are H C G and x,y € G
satisfying the following properties:

Hy(XY;n) <logK +

(1) (Approximate structure) H is an O(K 0(1))-approximate subgroup.

(2) (Metric entropy) |h(H; n) — Ho(X; n)| < logK.

(3) (Almost equidistribution) Let Z be a random variable with the uniform dis-
tribution over 13, independent of X and Y . Then

P(XZ e (xH),) > K %D and P(YZe (Hy),)>K %D,
Moreover,
{h € Hy|P(X € (xh)3y) = CK 1027 HaXimy > g =0 g |

where C is a constant of the form (C2%)0),

3. Preliminaries and Notation

The purpose of this section is to provide the necessary definitions and fix the nota-
tion for the rest of the paper. For reader’s convenience, these have been organized
in two subsections.

Let G be a compact Hausdorff second countable topological group. It is well
known that G can be equipped with a bi-invariant metric that induces the topology
of G. Moreover, there exists a unique bi-invariant probability measure defined on
the Borel o -algebra of G, called the Haar measure. For a Borel measurable sub-
set A of G, the Haar measure of A is denoted by mg(A) or |A|. For a Borel
measurable function f : G — C, the integral of f with respect to the Haar mea-
sure is denoted, interchangeably, by [ f or [ f(y)dy. We denote by L?(G)
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the space (of equivalence classes) of complex-valued functions f on G satisfying
Jg 1 f(x)|?dx < oo. For f € LP(G), we write

1/p
£l = (/G |f(x)|"dx> .

We will also denote by C(G) the Banach space of complex-valued continuous
functions f : G — C, equipped with the supremum norm. For f, g € L'(G) the
convolution f * g is defined by

(f %) (x) = /G FOglxdy. 3.1)

Itis a fact that (L' (G), +, %) is a unital Banach algebraandif f € L'(G)isaclass
function, then f is in the center of this Banach algebra. Note also that L%(G) is
naturally equipped with the inner product defined by (f, g) = /, ¢ fg is a Hilbert
space.

When 47 is a Hilbert space and T : 5 — ¢ is a bounded linear operator, we
will define the operator norm of 7' by

1T
IT]lop=sup .
ves\oy NIVl

When J7 is finite-dimensional, the Hilbert-Schmidt norm of T is defined by
IT s = (Te(TT*)"/2,

where T* denotes the conjugate transpose of the operator 7. Note that when §
and T are linear operators on a finite-dimensional Hilbert space 77, the following
inequality holds:

I7Sllus < T llopllSlins-

For a Hilbert space .77, we write U(J¢) for the group of unitary operators of
J€. A homomorphism 7 : G — U(J¢) is continuous if the map

G x H — A, (g, v)—~>g-v

is continuous. A unitary representation of G (or sometimes called a G-
representation) is a pair (¢, ) consisting of a Hilbert space ¢ and a con-
tinuous homomorphism 7 : G — U(%¢). A closed subspace 7" C J# is called
G-invariant (or simply invariant when G is clear from the context) if for every
g € G and every v € 5, one has g - v € 5. A representation (7, i) is called
irreducible when dim .7 > 1 and the only invariant subspaces are {0} and 7
itself. The set of equivalence classes of irreducible unitary representations of G is
called the unitary dual of G and is denoted by G. If A is an invariant subspace
of 7, we sometimes denote by J# & S the orthogonal complement of .7 in
H, which is itself an invariant subspace of 7. The set of vectors v € S satis-
fying w(g)v = v for all g € G is clearly a closed invariant subspace of .7 and is
denoted by ¢
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The group G acts on L%(G) via (g Hx) = f(g’lx), preserving the L2-
norm. Hence, it defines a unitary representation of G on L2(G), which is called
the regular representation of G.

Suppose that i and v are Borel measures on G and f € L!(G). The convolu-
tion u * f is defined by

(* fHx) = /G FOT ) duy). (3.2)

Similarly, the convolution p * v is the probability measure on G defined through
its action on continuous functions via

/fd(,u*V)=//f(Xy)du(X)dV(y),
G GJG

where f € C(G). The following special cases of Young’s inequality for f, g €
L*(G) and probability measure x4 will be freely used in this paper:

If*gllz <1/l llgl2, I *glloo = I1f112 18 ll2,
s fllz < [1fll2.

Let us enumerate a number of well-known facts about unitary representations
of G. First, it is known that every 7w € G is of finite dimension and that every
unitary representation of G can be decomposed as an orthogonal direct sum of
7 € G. A function fe L%(G) is called G-finite if there exists a finite-dimensional
G-invariant subspace of L?(G) containing f. It is clear that G-finite functions
form a subspace of LZ(G). We will denote this subspace by £(G). It follows
from the classical Peter—Weyl theorem that £(G) C C(G) and that £(G) is dense
in L2(G).

For 7 € G and fe LY(G), the Fourier coefficient f(n) is defined by

For) = /G Flo)m(g)* dg.

(3.3)

One can show that for f, g € L'(G) and 7 € G, we have
[xgm) =2 ).

Parseval’s theorem states that for all f € L*>(G) the following identity holds:

I£15 =" dimx || (o)l

neG

Finally, we will remark that G is Abelian if and only if every 7 € G is one-
dimensional. In this case, the previous discussion reduces to the classical Fourier
analysis on Abelian groups.

Here we will collect a number of definitions from additive combinatorics that
will be needed later. Let G be as before, and recall that d denotes a bi-invariant
metric on G. The ball of radius 1 > 0 centered as x € G is denoted by x,. The
n-neighborhood of a set A, denoted by A, is the union of all x,, with x € A.

A subset A C G is said to be n-separated if the distance between every two
points in A is at least . An n-cover for A is a collection of balls of radius 1 with
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centers in A whose union covers A. Recall that the minimum size of an n-cover
of A (which is finite by compactness of G) is denoted by A, (A). The value

h(A; ) :=log Ny (A)

is called the metric entropy of A at scale 7.
The characteristic function of a set A is denoted by 1 4. For n > 0, we write

P, = ‘ﬂl—lr}"l. Note that P, belongs to the center of the Banach algebra L!(G). For

f € L'(G) (11 probability measure on G, respectively) we write Su (uy, respec-
tively) instead of f * P, (u * P, respectively). The cardinality of a finite set A
is denoted by #A. The Rényi entropy of a G-valued Borel random variable X at
scale n > 0 is defined by

Hy(X; ) :=log(1/]1,]) — log [l iy I3,

where u is the distribution measure of X. Since H>(X; ) depends only on the dis-
tribution measure w of X, we will sometimes write Hy(w; 1) instead of H>(X; ).

We will use Vinogradov’s notation A <, ¢, B to denote that A < C B, where
C = C(cy, ¢p) is a positive function of ¢y, c;. We write A < B to denote that
A < C B for some absolute constant C > 0. We similarly define >, , and > for
the reverse relations.

4. Local Randomness and Representations with Bounded Dimension

The main goal of this section is to prove Theorem 2.3. Along the way some basic
properties of locally random groups will also be proved.

Suppose that f : Z* — R™ is an unbounded strictly increasing function, and
define

I (x) =P llop

f(dimm) @D

dg,f(x,y) == sup

neG

Note that %7&(;;”"" depends only on the (unitary) isomorphism class of 7. In

the sequel we often assume 7 : G — U (n) for some n € N. Moreover, we remark
that if 7 is a finite dimensional unitary representation of G with the orthogonal
decomposition 7 = @, ; 7; into irreducible representations, then

l7r(x) — (M) llop < max ll7ri (x) — 7 (M) llop
f(dimm) T el f(dimm;)

<dg,f(x,y). (4.2)

LeEMMA 4.1. Suppose that G is a compact group and f : 77 — R7T is a strictly
increasing function. Let dg y be defined as in (4.1); then dg s is a well-defined
bounded, bi-invariant metric on G.

Proof. Since |7 (x)|lop = 1forall w € Gandallx € G,wehavethatdg (x,y) <
2/f (1) for any x, y € G —we also used the fact that f is increasing. Since 7 (z)
is a unitary matrix for any z € G,

7w (x) =7 Wllop = Il (2x) = 7 (2y)llop = 77 (x2) — 7 (¥2) ll0p-
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This implies dg, 7 is bi-invariant. Clearly dg, s satisfies the triangle inequality. By
the Peter—Weyl theorem, if x # y, then there is m € G such that 7 (x) # 7w (y).
Hence, if x # y, then dg, (x, y) # 0, from which the claim follows. U

Next we want to explore the conditions under which the metric dg, s gives us the
same topology as the original topology of G. Indeed it suffices to study neighbor-
hoods of the identity.

LEMMA 4.2. In the previous setting, dg, r induces the original topology of G if
and only if

lim dg, r(x,1)=0.
x—1

Proof. In order to distinguish the two topologies on G, we let Gy denote the
topological space whose point set is G and whose topology is generated by the
metric dG, f-

If G and Gy coincide, then limy_,1 dg r(x,1) =0.

Conversely, let I : G — Gy be the identity map. Since dg s is bi-invariant,
lim, 1 dg, y(x,1) =0 implies lim,_, , dg, r(x,y) =0forall y € G. Hence I is
continuous. Since G is compact and I is a continuous bijection, it is a homeo-
morphism; this finishes the argument. (]

The following is a generalization of Theorem

THEOREM 4.3. Suppose that G is a compact group. The following statements are
equivalent.

(1) For any unbounded strictly increasing function f : Zt — RT, the metric
dg, y induces the original topology of G.

(2) For some unbounded strictly increasing function f : Z* — R™T, the metric
dg, r induces the original topology of G.

(3) For any positive integer n, {m € 6| dimm <n} is finite.

Proof. Clearly (1) implies (2). Let us prove that (2) implies (3). Assume the con-
trary, and suppose that there are infinitely many inequivalent unitary representa-
tions 7, of G of some dimension d. Since dg, s induces the topology for some
f, we conclude that the family 77, : G — Uy(C) is an equicontinuous family of
representations. Therefore, by the Arzela—Ascoli theorem, there exists a converg-
ing subsequence {m,,}, which contradicts the orthogonality of the characters of
representations {7, }.

Finally, we prove that (3) implies (1). Suppose that f : ZT — R is a strictly
increasing function. By Lemma we need to show that lim,_, 1 dg, r(x,1) =0.
Since f is increasing and unbounded, for given ¢ > 0, there are only finitely
many representations {ry, ..., w,} C G such that f(dimm;) < 2/¢. Hence, for all
T e@\{nl,...,nn}andallx € G, we have

Il (x) — Ilop - 2 <
f(dimzm) ~ f(dimm) ~
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Since 7;s are continuous, there is # > 0 such that for all x € 1, we have
ll7wi (x) — Illop < &f (1)
for all i € [1..n]. Altogether, we get that forall x € 1,y and all 7 € G we have

() = Tlop _

3

f(dim)
which implies that dg, r(x, 1) < ¢ for all x € 1,;; and the claim follows. O
Proof of Theorem 2.3. Suppose that G is locally random; that means G has a met-

ric such that for all x € G and w € G we have
I (x) = Illop < Co(dimm)"d(x, 1).

Let f : Zt — RT, f(n) := Conl; then f is strictly increasing and
lim, 1 dg, r(x,1) = 0. Hence, for every n > 1, it follows from Theorem s
that there are only finitely many elements of G of dimension at most .

Conversely, suppose that for all integers n > 1, there are only finitely many
elements of G of dimension at most n. Set f : ZT — R, f(n) := n. By Theo-
rem 4.3, dg, y induces the original topology of G, and with respect to this metric,
forallx,ye Gandrw € 6, we have

7w (x) = (M llop = (dimm)dg, f (x, y);

therefore, G is locally random. O
Theorem has interesting consequences for the structure of locally random
groups.

DEFINITION 4.4. A compact group G has the FAb property if H*® := H/[H, H]
is finite for any open subgroup H of G.

COROLLARY 4.5. If G is locally random, then G has the FADb property.

Proof. If H is an open subgroup of G and H® is infinite, then H will have
infinitely many one-dimensional irreducible representations all factored through
H?, leading to infinitely many representations of G of dimension [G : H], which
contradicts Theorem 2.3. O

COROLLARY 4.6. If G is locally random, then G has only finitely many open
subgroups of index at most n for any positive integer n.

Proof. Suppose to the contrary that G has infinitely many open subgroups
{Hi}?il of index at most n. Let 7; be the representation of G on LZ(G/Hi).
Since by Theorem there are only finitely many inequivalent representations
of dimension at most n, N := (), ker; is an open subgroup of G. Now, the se-
quence {H;/N}{2, consists of distinct subgroups of a finite group G/N, which is
a contradiction. O
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5. Local Randomness, Dimension Condition, and Important
Examples

As we pointed out earlier, local randomness is particularly powerful when in ad-
dition the chosen metric has a dimension condition (DC). Furthermore, several
important examples, for example, analytic compact groups, come equipped with
a natural metric, and we would like to know whether G is locally random with
respect to this natural metric.

In this section we address this question. In particular, we show that compact
simple Lie groups (with respect to their natural metric) are locally random; we
also provide a connection between quasi-randomness and local randomness for
profinite groups.

We begin with investigating local randomness of quotients and products. In-
deed, Theorem implies that

(1) if G is locally random and N is a closed normal subgroup, then G/N is
locally random;
(2) if G1 and G are locally random, then G| x G is locally random.

These statements, however, do not provide information regarding the metrics (or
the involved parameters) with respect to which these groups are locally random.
The following two lemmas prove the statements with some control on the involved
metrics.

LEmMMA 5.1. Suppose that G is L-locally random with coefficient Cy, and let N
be a closed normal subgroup of G. Then G/N equipped with the natural quotient
metric is L-locally random with coefficient Cy.

Proof. Let us recall that given a bi-invariant metric d on G, the natural quotient
metricon G/N is d(xN, yN) :=infy yrey d(xh, yh').

Form e G//TV, let 7 (x): =7 (xN); then 7w € G. For x,y € G and every ¢ > 0,
there exist &, i’ € N such that

d(xh,xh’) <d(xN,yN) +e.
From this we conclude
17 (xN) =T (yN)llop = Il (xh) = 7w (yh")llop < Co(dim)"“d (xh, yh')
< Co(dimT) L (d(xN, yN) + ¢).
The claim follows as ¢ is an arbitrary positive number. U

LEMMA 5.2. Suppose that G; is an L;-locally random group with coefficient C;
fori=1,2. Then G| x Gy is an max{L1, Ly }-locally random group with coeffi-
cient C1 + Co with respect to the maximum metric.

Proof. We know that any w € G| x G is of the form ;] ® m, for some 7; € Gi.
It is also well known that for any two matrices a and b we have |la ® bllop =
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lallopllbllop- Let L :=max{L, L2} and Co := Cy + C;. Then for any (g1, g2) €
G| x G, we have

(g1, 82) = Illop
=|m1(g1) ®m2(g2) — 1 @ Ilop
<|lm1(g1) ® m2(g2) — I @ m2(g2) llop + Il ® m2(g2) — 1 @ Illop
=(r1(g1) — ) @ m2(82) llop + 1 ® (2(82) — Dllop
= ||lm1(g1) — 1||op + [lm2(g2) — I”op
< Ci(dimm)td (g1, 1) + Co(dimmy) da(g2, 1)

< Co(dimm)"d((g1. g2). (1, 1)),
from which the claim follows. O

The following is essentially proved for the standard metric dp in [12, Lemme 3.1,
3.2].

PrOPOSITION 5.3. Suppose that G is a compact semisimple Lie group with a com-
patible bi-invariant metric d. Then (G, d) is 1-locally random with coefficient
Co:=Co(G, d).

We start with the following lemma.

LEMMA 5.4. Let d be a bi-invariant metric on a connected compact semisimple
Lie group with the standard metric dy. Then for all g € G we have

d(g, 1) >qy,ado(g, 1).

Proof. Let us recall the construction of the standard metric dy. It is well known
that the Killing form is a negative definite bilinear form on the Lie algebra g,
therefore,

(X,Y):=—Tr(ad(X)ad(Y))
defines an invariant inner product on g and hence a bi-invariant metric on G,

which induces dy. Fix a maximal torus T of G with the Lie algebra t. There exists
1o := 1y(G) such that for every X € t with || X|| < n;, we have

X1l < do(expr (X), 1) < [ X]|.
Since every element of G belongs to a conjugate of 7, the map from G x T to
G sending (g, 1) to g~ 'tg is open. This implies that there exists 7o = 70(G, d)

such that UgeG g lexpr({X et: |X] < 1)) g contains a ball of radius 7o with
respect to the metric d. Let

Ko =min{d(expr(X),1): X €, [|X| € [n9/2, ]}
For X € t with || X|| < n;,/4, let n be the least positive integer such that ||nX|| >
1/2. By the triangle inequality, we have
Ko _ Kol X]|

1
d(expy(X), 1) > —d(expy(nX), 1) > — > ————.
n n nO
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For every g € G with d(g, 1) < no, find X € t of norm less than 7; such that g is
conjugate to expy (X). It follows that
Kol XI|

d(g, 1) =d(expr(X), 1) = " > dy.a do(expr (X), 1) =do(g, 1.
0

This establishes the inequality for all g in a neighborhood of 1. On the com-
plement of this set, d(g, 1) is bounded from below, from which the claim fol-
lows. (]

Proof of Proposition 5.3. Without loss of generality, we can assume that G is
connected. In view of Lemma 5.4, it suffices to prove the claim for the natural met-
ric dy. Let ® be the set of roots with respect to T, and let ®* be a set of positive
roots. Let 7 be an irreducible unitary representation of G. Let Wy :={A1, ..., A,}
be the set of weights of 7, and let A denote the highest weight of = with respect
to ®T. We have

n
M = @ ker(r (expr (X)) — ™D,
j=1
where expy denotes the restriction of the exponential map expg to t.
As before, let 7, := 1,(G) be such that for any X € t with || X || < 5; we have

I X1 < do(expr (X), 1) < |1 X[,

and choose 19 = 10(G) such that 1,,, C Ugec g lexpr({X et:||X| < no1g-
Let g € 1,,. Then

17.(8) — Illop = 72 (expy (X)) — Illop = max [e*i %) — 1|
)»J'EW”)L
= max ;O] < IMIXT < 12 Ido(expr (X), 1)
J T

= [|Alldo(g, D). (5.1)
On the other hand, by Wey!’s formula

)" )
dimm = H M’
wept o)

where p is the half of the sum of the positive roots. For every « € ®, we have

% > 1. Moreover, since elements of ®* contain a basis for the dual space of

t, it follows that there exists a € ®T for which (A, &) 3> ||A||. This implies that
dimm >¢ [IA]. (5.2)
By (5.1) and (5.2) we get
I7.(8) — Illop < Co(G)(dimm)do(g, 1)
for some C((G) and any g € 1,,. Therefore, G is 1-locally random with coeffi-

2C;(G) 0

cient Cp := m
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LEMMA 5.5. Let G be a compact metrizable group such that for every compatible
metric d the pair (G, d) is L-locally random with coefficient C for some C, L > 0.
Then G is a Lie group.

Proof. The claim is clear when G is finite. Henceforth, we will assume that G
is an infinite compact metrizable group. Let (77;);>1 be an enumeration of all
elements of G ordered such that the sequence (dim7;);>1 is nondecreasing. For
m>1,let

pn:G— [ m(G)
1<n<m
denote the direct sum | @ - - - @ 7, . Equip G with the bi-invariant metric defined
by

oo
dg. 1))=Y e |lmu(g) = Illops

n=1
where D,, = degm,. Itis not hard to see that d(g, 1) — 0 if g — 1 in G. By virtue
of Lemma 4.2, this metric is compatible with the topology of G. If p,, is injective
for some m > 1, then it follows that G is homeomorphic to a closed subgroup of
the Lie group p,,(G), and hence is itself a compact Lie group. Suppose this fails
for all m > 1 and pick a sequence g,, € ker o, \ {1}. For each g € G \ {1}, write
J () for the least index j such that g ¢ ker p;. It follows from the choice of g,
that

where j, = j(gm) =m + 1. Let A # 1 be an eigenvalue of p;,, (gx). There exists

an integer k such that |AK — 1| > +/3. This implies that after replacing g,, with

an appropriate power (if necessary) we can assume that || 0;,, (gm) — Illop > V3.

Hence, for every choice of L, C > 0, all sufficiently large m > 1, we have
C(dim p;,) " d(gm. 1) <4CDY e /mPin < /3 <||pj, (gm) = I llop-

This shows that (G, d) is not L-locally random with coefficient C. O

COROLLARY 5.6. Let G be a metrizable compact group. Then G is a (possibly
disconnected) semisimple Lie group if and only if, for every compatible metric d,
we have (G, d) is L(d)-locally random with coefficient C(d).

Proof. Assuming that G is a semisimple Lie group, the claim follows from Propo-

sition 5.3. Conversely, by Lemma 5.5, G is a Lie group. Now, it follows from
Lemma 4.5 that the connected component of the identity in G has a finite abelian-
ization, implying that G is semisimple. (]

We now turn to the case of profinite groups. Following Varji [24], a profinite
group G will be called (c, a)-quasi-random if for all 1 € G we have

dimnm > c(#n(G))“.
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This is a natural extension of Gowers’s notion of quasi-randomness to profinite
setting.

Our next objective in this section is to relate this notion, which does not de-
pend on the metric structure of G, to local randomness. Indeed, if G is a finitely
generated (c, o)-quasi-random group, then it has only finitely many irreducible
unitary representations of a given dimension. Therefore, by Theorem 2.3, we de-
duce that such a group is locally random. We will investigate this relationship in
more detail.

The following discussion is inspired by the p-adic setting. Suppose that G is
equipped with a bi-invariant metric, and define the level of 7 € G as

L) = sup{7771|1,7 ¢ kerm},
so for all & > 0 we have 1y, ,)-1 Skerm. If 1, is a normal subgroup for every
n >0, then 7 (G) is a factor of G /1 (y(r)4e)-1. Hence
#70(G) < L giaygert |- (5.3)
If, in addition, G satisfies (DC), then we conclude from (5.3) that #7(G) <
C1(£() + &) for all € > 0. Therefore,
#7(G) < C1L(m)%. (5.4)
In view of the inequality, we define a metric quasi-randomness for profinite
groups.
DEFINITION 5.7. A compact group G with a given bi-invariant metric is said to
be (C, A)-metric quasi-random if the following two conditions are satisfied:
(1) Forall n >0, 1, is a subgroup of G.
(2) Forall 7 € G, we have £(r) < C(dimm)A.
Hence by (5.4) we get the following.

LEMMA 5.8. Suppose that G is a (C, A)-metric quasi-random group and
[1,] < Cin% for all n > 0 where Ci and dy are positive constants. Then G is
(C1CD)~1 1/(Ady))-quasi-random.

Next we prove that L-local randomness (with some parameters) and metric quasi-
randomness are equivalent when balls centered at 1 are subgroups.

PROPOSITION 5.9. Suppose that G is a compact group with a bi-invariant metric.
Suppose that G = 11 and 1)) is a subgroup of G for all n € (0, 1]. Then G is L-
locally random with coefficient Cy if and only if G is (C, L)-metric quasi-random,
where C = Cq in one direction and Cy = 2C in the other direction.

Proof. Suppose that G is locally random, and let 7 € G be nontrivial. For x € 1,
we have

7t (x) = I lop < Co(dimm)*n.
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In particular, if n < Cal(dimn)’L and x € 1,, then for any n € Z, ||w(x)" —
Ilop < 1. This implies log( (x)") is well defined for all integer n —recall that
7(x) € Udimx (C). Furthermore, log(m (x)") = nlog(mw(x)). Since G is profinite,
7(G) is a finite group, and hence 7 (x) is torsion for any x € G. Therefore, for
some positive integer n, we have 0 = log(m(x)") = nlog(w(x)), which implies
that 7w (x) = I. That is,

1, Ckerm ifn<Cy'(dimm)~F, (5.5)
By (5.5) we have
() < Co(dimm)*,

which implies that G is (Co, L)-metric quasi-random.
To see the other implication, note that for all w € G and any x € G, w(x) # [
implies that d(x, 1) > 1/£(s). Therefore,

7w (x) = Ilop <2 < 2€(m)d (x, 1) <2C(dimm)"d(x, 1),
which implies that G is L-locally random with coefficient 2C. U

In [18, Lemma 20], using Howe’s Kirillov theory, it is proved that an open com-
pact subgroup G of a p-adic analytic group with a perfect Lie algebra is (C, A)-
metric quasi-random for some positive numbers C and A depending on G. Thus,
by Proposition we obtain an important family of locally random groups.

PrOPOSITION 5.10. Suppose that G is a compact open subgroup of a p-adic ana-
lytic group with a perfect Lie algebra. Then, for some positive number L and Cy,
G is L-locally random with coefficient Cy.

6. Mixing Inequality for Locally Random Groups

In this section, we prove Theorem and derive a number of its corollaries.

6.1. High and Low Frequencies and the Proof of Theorem

The proof of Theorem involves splitting the terms in Parseval’s theorem for
| £11? into the sum of contributions from low frequency and high frequency terms.
By low (resp. high) frequency terms, we mean terms coming from irreducible
representations of small (resp. large) degree. The low frequency terms can be
bounded by the local randomness assumption, whereas high frequency terms are
dealt with using a trivial bound. For f € L?>(G) and a threshold parameter D,
write

L(f;D):= Y dim7]| f(n)ls (6.1)
nea,dimngD
for the low frequency terms and

H(f:D)y:= Y dimr|f(m)lis (6.2)

neG,dimn>D
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for the high frequency terms. By Parseval’s theorem, || f ||% =L(f;D)+H(f; D)
holds.

LEMMA 6.1. In the previous setting, we have

1
L(f*g D)<L(f;D)L(g;D) and H(fxg; D)< BH(f; D)H(g; D).

Proof. We have || f % g () |lus = |8(7) £ ()llus < 18G0) sl F(r) s and

LifxgD)= > dimx|f#g@lkg

nea,dimﬂfD

5( > dimnnf(n)nﬁs>< > dimnn:g‘(n)n%[s)

ﬂea,dimnfD nea,dimnfD

<L(f; D)L(g; D).
Similarly, we have the inequality
H(f *g; D)
= > dimn|frgmlis

ne@,dimn>D

1 -~ -~
<5( > dimnnf(n)naS)( > dimnng(n)uﬁs)

nea,dimn>D nea,dimn>D
1
<—H(f;D)H(g; D),
D
as we claimed. O

LEMMA 6.2 (Fourier terms in low frequencies). Suppose that G is L-locally ran-
dom with coefficient Cy. Then, for all n > 0 and = € G, we have

I Py () — Ilop < Co(dimm)L.

Proof. For all x € 1,, we have |w(x) — Illop < Co(dimm)Ld(1,x) <
Co(dim JT)L 1. Therefore,

< Co(dimn)Ln.

op D

1Py(r) = I lop = H/ Py(x)(w(x)* = I)dx
LEMMA 6.3. Suppose that G is an L-locally random group with coefficient Cy.
Let > 0 and D > 1 be two parameters satisfying CoD*n < 1. Then

L(f: D) = (1= CoD ) 2L(fy: D) = (1 = CoD*m) 2| fy I3,
where f, = Py * f.

Proof. The second inequality is clear because of L(fy;; D) < f; ||%.
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We now show the first inequality. Note that
Lf: D)= > dimz|Py(m) ()l 6.3)

nea,dimnfD

We have
1Py () () llus = | f (1) — (I — Py(m)) F () s
> (1 — Co(dimm)“n)|| f(x)|lus (by Lemma 6.2)
> (1= CoD )|l F () |lms.
This estimate and (6.3) imply that

L(fy; D) = (1 = CoD"n)*L(f; D), (6.4)
which finishes the proof. i
Proof of Theorem 2.4. Let n be as in the statement of the theorem, and let D =
(ym~E.
By Lemmas and 6.3, we have

If*gl3=L(f*g: D)+ H(f *g; D)

1
<L(f;D)L(g; D)+ BH(f; D)H (g; D)

B 1
< (1= CoD )1 £, 1131185113 + ann%ngn%.

Note that (1 — CoDEn)~* = (1 — Co/n)~* < 0.97* < 2. The claim follows from
here. O

6.2. An Almost Orthogonality and Further Mixing Inequalities

The inequality in Theorem 2.4 is nontrivial only when || f; ||2 and || g, |2 are small.
In this section, we show that (f — f;), is small when 5 is polynomially smaller
than n’. Thus applying the mixing inequality of Theorem to (f — fy)y and
g, we get a meaningful mixing. We will then use this to prove a product theorem.
To get a better understanding of the discussion, consider the case when 1, is a
subgroup of G. Then f > f;, is the orthogonal projection onto the space of 1,-
invariant functions in L?>(G) and (f — fn)n = 0; hence, one may let n" = 7.

Results in this section require only a dimension condition at a given scale. This
is implied by (DC), but is more general.

Let us recall that any class function in L'(G) is in the center of the Banach
algebra (Ll (G), +, *); therefore, P, is in the center of L (G) for any n.

LEMMA 6.4. Suppose that G is an L-locally random group with coefficient Cy.
For every C1 > 0 and every n <c,,c,,L 1, we have the following. Suppose that
n' > nlt/@4Ld) satisfies |1,/ > C%r/do. Then for every f € L*(G) we have

ICE = fwlla <0/ EE ) £
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Proof. Let D be a threshold parameter which will be set later. Then
LU(f = fyi D)= > dimx | f(m)Py(m)(I — Py(m) s
7eG,dimr<D

< > dimalll = PymlIa I Py IR F O s
ne@,dimnfD
< (CoD"n)’L(f; D) (by Lemma6.).

We used |AB|lus < |Allopll Bllus for matrices A and B for the first inequality,
and || Py () llop < 1 in the final inequality. For the high frequencies we have

H((f = fy)y; D)
= > dimx| )Py - Byo)liks

nea,dimn>D

< > dimall = Py 31 Py (I3 F ) s

nea,dimn>D

4 4
< S H(Py; DYH(f; D) < BIIPnfllﬁH(f; D)= H(f; D),

D|Ly|

where we used the trivial bound ||/ — i’\n(n)Hop < 2. Combining these two esti-
mates, we conclude

4
I = fiyll3 < ((coDLn)2 + —) I£113.
D|1,]/|

Setting D =~ /L) we get the desired inequality. O
In the rest of this section we will prove a number of mixing inequalities.

LEMMA 6.5. Suppose that G is an L-locally random group with coefficient Cy.
For every integer m > 2, C1 > 0, and n <c,,c,,L 1, we have the following. Sup-
pose that ' > /4L satisfies Cor/n’ < 0.1 and |1,y] > Clln/do. Then, for all
floooos fm € LZ(G), we have

1CA = (FOn) * fax % fulla < VO VOO T T filla:

i=1

Proof. We proceed by induction on m. Let us start with the base case m = 2. By
Theorem 2.4, we have that ||(f1 — (f1)y) * f2||% is bounded from above by

20CH = FODy B3+ 0 Y COUf = (a3 15, (6.5)

where we used || £ * gll2 < || fll2llgll> for any two functions f, g € L*(G).
By Lemma 6.4 we have

1A = iz < 0D £ (6.6)
Since || f * gll2 < Il fll1lgll2, we have

i =Dyl <11 =Pyllill fillz <20 fillz and  [(2)yll2 S N1 f2ll2- (6.7)
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By (6.5), (6.6), and (6.7), we get that |[(f1 — (f1)y) * f2||% is bounded from above
by

20" BB A1) 113 + 4™ CEY A 131 A3

Therefore

I = () * falla < Vo'V 4D | £l £l

This concludes the proof for m = 2. Now, suppose that the inequality holds for
some value of m, and set

Fun:=fi—=(fO)p) * f2k- % fun.

By Young’s inequality, we have
1 Em s fmttll2 < I Emll2ll sl

Now, by the inductive hypothesis, we have |F,ll2 < +/6n'1/*L) [T 1 filla.
Hence,

m+1

1Fm s fnrilla < Vo' V4O TT M filla,

i=1

where we also used || fu+1ll1 < [l fmt1ll2- U

PROPOSITION 6.6. Suppose that G is an L-locally random group with coefficient
Co. For every integer m > 2, C1 > 0, and n <c,,c,,. 1, we have the following.
Suppose that ' > n'/“L40) satisfies Co/n’ < 0.1 and |1, > Clln/d(). Suppose
Fls-oos fns fus1 € L2(G). Then

m—+1

Lfis s fugt = 1o fungr % Pylloo < Vo' /OO TT 1 £ill2.

i=1
Proof. Recall that || f * glloo < || flI2]lgll2, see (3.3). Therefore, from the fact that
Py, is in the center of (LY(G), +, %), we obtain
[ f1% % fmgpr — frx % fing1 % Ppllo

< 1= Gg) * - fll2ll frntetll2-

The claim thus follows from Lemma 6.5. O

COROLLARY 6.7. Suppose that G is an L-locally random group with coefficient
Co. For every integer m > 2, C1 > 0, and n <c,,c,,. 1, we have the following.
Suppose that n' > n'/“L40) satisfies Co/n’ < 0.1 and |1,] > Clln/do. Suppose
fiseeos fous fs1 € L2(G). Then

m+1

Lfi s ft = (FOy % (s Dy lloo <ma/6™ OB TT 1 £l

i=1
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Proof. Let Fi := fix-- % fuy1 and Fiqr := (f0) gk (fidn * fier1 %% fmp1
for any 1 < k < m. By Proposition and the fact that P, is in the center of

(LI(G), +, *), for any k, we have

k—1 m+1

1Fk = Fiilloo < Vo' /O TTI 2 [T 1ill2
i=1 i=k
m—+1

<V TT I £l

i=1

Therefore, [|Fi — Fpp1lloo < m+/6n/1/40) ]_[;":1] Il fill2, and the claim follows.
O

7. A Product Result for Large Subsets

The main goal of this section is to prove Theorem 2.8. We start by recalling a
number of definitions and setting some notation. Suppose that X is a metric space
and A is a nonempty subset of X. Recall that for n € (0, 1), x, denotes the ball of
radius n centered at x, and similarly A, denotes the union of all x,, withx € A. We
write M7 (A) for the least number of open balls of radius n with centers in A that
cover A. The metric entropy of A at scale 7 is defined by h(A; ) :=1log N, (A).
A maximal n-separated subset C of A has the property that every distinct x, x’ € C
is at least n apart and its n-neighborhood covers A.

The metric space we will be working with is a metrizable compact group G
equipped with bi-invariant metric denoted by d(-, -). We will assume further that
the pair (G, d) enjoys the dimension condition DC(C, dy) defined in (DC).

LEMMA 7.1 (Uniformly comparable quantities). Fix a subset A € X and n > 0,
and let A* C A be a maximal n-separated subset of A, and write A = (A™*),,. Then
A* is finite, Ais open,and A* C A C ‘A. Moreover, the ratio of any two quantities
among

[Al/11], [Apl/ILyl,  Nyp(4),  #A®
is bounded from above by Q =2%C?.

Proof. Write N = N,)(A) and denote by {(x,‘)n}fv= | @ minimal n-cover of A with
centers in A. For each x € A, there exists some 1 <i < N such that x € (x;)2;,
implying that A, C UIN: 1 (xi)2y. Therefore

|Ay| < N|lay| <2%C2N|1,], (7.1)

where the last inequality follows from an application of (DC).
Since A* is a maximal n-separated subset of A, the open balls {x;} c4+ form
an n-cover of A with centers in A, and hence

Ny (A) < #A*, (1.2)
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Finally, since A* is n-separated, each two balls in the family {x;,,> : x € A*} are
pairwise disjoint, yielding

AL o = #A) |1, .
This implies that

A*
#A* < Ll < 2d0c2ﬂ. (7.3)
1521 I1p]

This completes the proof. U

REMARK 7.2. From now on, whenever two positive quantities X and Y are within
a multiplicative factor of the form QOWM of one another, we will write X ~ Y.
Similarly, we write X < Y to state that X/Y is bounded from above by an expres-
sion of the form Q) where the implied constants are not of importance. Using
this notation, we can now write

A
Ny(A) ~ #A* ~ Ly
1]
REMARK 7.3. The proof of Lemma only uses the dimension condition for

n, 2n and n/2. We will use this fact later.

COROLLARY 7.4. Suppose that G is a compact group that satisfies (DC). Then, for
every fixed constant ¢ > 1 and every nonempty subset A of G and every 0 <n < 1,
we have

|Acy| ~ | Ayl

Proof. Since |A¢;| > | Ay, we will need to prove the reverse inequality. Denote by
A*(n) and A*(cn), respectively, maximal n-separated and cn-separated subsets

of A. By Lemma we have that #4*(cn) ~ ‘lfl‘:‘:l‘. Clearly we have #A*(cn) <
#A*(n), implying

|Acn|_\<|An|'
[Menl 1yl
Hence
[1enl
|Acnl < =" 1Ayl & |Ay;
[1;]
and the claim follows. O

For a Borel measurable set A C G with |A| > 0 and n > 0, define

1
XA’,] = (m]lA) * 1;7.

Some basic properties of x4, are summarized in the next lemma.

LEMMA 7.5. Let G be as before and 0 < n < 1.
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(1) For a measurable subset of positive measure A C G, we have

[A N Xyl

AT,

(2) xa,n is supported on n-neighborhood of A and has L* norm at most 1/]A|.
(3) For A C B of positive measure,

XAn(x) =

| B
XA, (x) < EXB,V)(X)'

@) Ifd(x,y) <p <1, then
do
n+p
XA,n(x) < (T) XA,n+,0()’)-
Proof. Since 1, is a symmetric subset, we have

1
XA, (x)=—/ Lany, (v)dy,
" AL, Jg

from which part (1) follows. Part (2) follows immediately from part (1). Part (3) is
clear. To show part (4), observe that y, 1, 2 x,. It thus follows from the dimension
condition that

|Am)’n+p| — |1n+p|
[Al11,] 1,

do
n+p
XA,?7+p()’)'x<<—77 ) XA,n+p()’)- (7.4)
O

XA,n(x) =

The next lemma, which is a version of Markov’s inequality, establishes another
quantity that is comparable to the ones in Lemma

LEMMA 7.6 (Density points). Let G be as before, AC G,and 0 <n < p < 1. Fix-
ing n, let A* be a maximal n-separated subset of A, and A := A;. For a threshold
parameter 0 <t < 1, we let

Apigh '={x € A*: XZ3p(*) > T}
Under the condition that T < 1 (see Remark 7.2), we have
|A] < |(Anigh)pl-
Proof. Every point x in the support of xz o lies at distance less than p from A
and hence at distance less than n + p < 2p from a point X € A*:
supp xz , S (A")2p.
By part (4) of Lemma 7.5 we have

X () < 5.2, ). (75)
Write Z = (Anigh)2p- If x € G \ Z, then the X is in A™ \ Apjgn, which means
XA,3p X =< (7.6)

By (7.5) and (7.6) we deduce thatforx e G\ Zand t X 1
Xz,(0) =1/2.
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This means that the density function xz o is concentrated on Z:

[(Anigh)2p|
1/2< fz Xz, () dx < %; (7.7)

where the last inequality follows from the fact that x7 0 is bounded by 1/|A|. The
claim now follows from Corollary 7.4. O

Proof of Theorem 2.5. As before we will choose maximal 7-separated subsets
A* C A and B* C B, set A = (A*), and B = (B*),. Also write C = B~!A~!
andC=B 'A"". Note  that in this proof we are deviating from the notation we
used earlier in that here C is not defined to be (C*),,.
By the mixing inequality given in Corollary 6.7, for p := n®, we have
X7 * X5 * XT — X450 * XB.50 * XT 5pll0
< %V 7l xgll2ll xe 2. (7.8)

The main step of the proof'is to show that for all x € 1, the following inequality
holds:

(IAl[B])*?
IC|
Let T < 1 be as in Lemma 7.6. For any y € (Anigh),, there is y e Ahigh such
that d(y’, y) < p. By part (4) of Lemma 7.5, we have that

XA5p* XB5p * XC,5p(X) 7

X500 7 X7 ap ) 7 X7.3,(0) = (7.9)
Similarly, for z € (Bpigh), We have
XB.ap(2) = L. (7.10)
For y € (Anigh) p, 2 € (Bhigh)p, and x € 1,, by part (4) of Lemma we have
Xe.ap @y T = xe s, Y. (7.11)
On the other hand, by part (1) of Lemma 7.5 we have
X3 @ Y = x5, D =X, (@) (7.12)

Since z € (Bhigh)p. there exists some 7 e Bhign such that d(z, 7') < p. Moreover,
using the definition C = E‘IZ‘I, we have that A C E_lz’ —1. Similarly, from
d(y,y") < p, we see that B C y’fil. Hence by (7.11), and (7.12) and estimate
(7.9) we have

Xc5p(Z y %) = xc4p(z - 71x) (part (4) of Lemma 7.5)

= xe3, @y by (7.11)
= Xg 15,0 (by (7.12)

A
:C: X3, (part (3) of Lemma 7.5)
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= @ (by y € Anign)-
IC|
Similarly,
x5,y ) = L]
C.5 7=
r IC|

Combining these two inequalities gives

{ Al |B| } |A'2(B|'/
— > - = .

IC]
By (7.9), ( ), and ( ), Lemma 7.6, Corollary 7.4, for x € 1,,, we get that
|A|'/2B]'/? . (IA]|B))*/?
c e
In order to show x € A - B - C, by (7.8), it suffices to prove that for § small enough
we have

Xes, @y (7.13)

XA5p * XB.5p * XC.5p (%) 7= |(Anigh)p| |(Bhigh)pl -

(1A][B])*?
IC]
where g is a fixed positive number that depends on L, dy, and « is a fixed pos-

igve _number that d_epends on L,dy, Cy, Cq _T his inequality holds if and only if
|A||B| > ﬁpﬂ/2|C|1/4, which, in view of |C| < 1, follows from

|A||B| > an®B/?e, (7.14)

> apP ([A||B|IC])~ "/,

Now, recall the condition “AHRED (1 _ §)4(G; ). This implies
|Ayl|Byl = 11,172 = 2. (7.15)

Consequently, applying Lemma 7.1, we obtain |A||B| > E~!15?*%, where E =
QoW Finally, note that if n° <4 g,4, 1, then for § <g 4, € we have E_1n25d0 >
Jan®/?¢ This and (7.15) imply (7.14). The proof is complete. O

8. A Littlewood-Paley Decomposition for Locally Random Groups

In this section, we give a decomposition of L?(G) into almost orthogonal sub-
spaces of functions, each consisting of functions living at a different scale. This
notion will be defined later (see Definition 8.7). We first treat the case of profinite
groups, which is somewhat simpler and sharper results can be obtained. Then, in
the next subsection, we deal with the general case of locally random groups.

8.1. The Case of Profinite Groups

Let G be a profinite group, equipped with a bi-invariant metric d such that balls
centered at the identity element form a family of normal subgroups. Such a met-
ric always exists. In fact, if G is presented as the inverse limit of finite groups
(Gi)i>1, then we can define the distance d(g, h) to be 2~ where i is the largest
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index with the property that 7; (g) = m; (h). Here 7; : G — G; denotes the natural
projection.

LeEMmMA 8.1. Suppose that G is a compact group and N is a normal open sub-
group of G. Let fy := | w7 Then Ty : L*(G) — L*(G), Tn(g) := fy * g is
the orthogonal projection onto the subspace L>(G)N = {f € L*(G)|f(gn) =
f(g) foralln € N, g € G} of N-invariant functions. In addition,

q:L*G)Y — LXG/N),  q(e)xN):=g(x)
is a well-defined unitary G-module isomorphism.

Proof. The proof is a standard computation. O

Given a G-valued random variable X with distribution measure u, let X,, = X Z,

. . e 1y, .
where Z is a random variable with distribution P, = ﬁ independent of X.
n

LEMMA 8.2. Let i, denote the density function of X, . Then j,)(x) = ”“‘") for all
xegq.

Proof. By definition, for all f € C(G) we have

/f(X)Mn(X)dx:/ / S xy) Py(y)dy dp(x). 8.1)
G ¢Jle

Notice that the right-hand side of (8.1) is equal to

/ f F@P,(x"'2)dzdu(x) = / @ / Py(x'z)du(x) dz
GJG

/L(Zn)
- [ rohe -
Define the Rényi entropy of X at scale n by
Hy(X:n) :=log(1/|1,]) — log || 1y]13. (8.2)

where w is the distribution of X. We also write H>(u; 1) instead of H>(X; n). Let
us observe that by Lemma 8.2 we have

linlloo < 1/11,1;  andso  [luyll3 < 1/11,],

which implies that H>(X; 1) > 0.

ProposiTION 8.3. Suppose that G is a compact group with a given bi-invariant
metric such that 1, is a subgroup of G for all n > 0. Suppose that G is an L-
locally random group with coefficient Cy. Suppose that G satisfies the dimen-
sion condition DC(C1, dy). Let u be a symmetric Borel probability measure on G
whose support generates a dense subgroup of G. Fix a number a > 1 and ng < 1,
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and for all i > 1, let n; := n(“)i and H; := L*(G)"i . Suppose that Co > 0 is such
that, for every i > 1, there exists an integer l; < Coh(G; n;) such that

1
(Large entropy at scale ) Hy(u'"); ;) > (1 - W)MG i)

Then there exists ig > 1 such that
1
L(w; L*(G S
(s LAG) S Hi) = 155 T aoa
In particular, L(w; G) = L(w; L%(G)) > 0.

Proof. For all i and f € H;y1 © H;, we have f;, =0 and f,,,, = f. Hence,
for f € Hiy1 © H; and every symmetric Borel probability measure v, we have
v fll2=Illvy.,y * fyll2. Applying Theorem 2.4, for i >> 1, we obtain

2 2 1/(2L) 2 2

s £113 < 2005 130 i 13 4 02 1o 131 frea 13
1 (L) 1/(2La) 2 2
YN0 IBIENE = 0T g 120 £12.

This implies
1
2Lv; Hiv1 © Hi) = Ha(v; niv1) — h(G; 771+1)— 108’71+1

Since 1, is a group, h(G; n) =log(1/|1,]); and so by the dlmenswn condition we
have
|h(G;n) +dologn| <logCy.

Therefore, by the previous inequality, for n; 11 <c, 1, we have

1

2L Hiv1 © Hi) = Ha(v; mig1) — ( - m)h(G Nit1)-

Applying the inequality for v := 1 (i+1) coupled with
L@ M © M) =l LGus Hir1 ©H,)
implies that for i >> 1 we have
L Hi Hi)> ————.

(s Hi1 ©Hi) = 16C, Ldya
As a result, £L(u; LZ(G) o Hiy) > T6C lLd for some ig. Since H;, © Clg is a
finite dimensional subspace of L2 0(G), and the support of u generates a dense
subgroup, we have L(u; G) > 0. O

Now we interpret the spaces H;41 & H,;s in terms of certain convolution operators.
This point of view will be extended to an arbitrary locally random group.

LeEMMA 8.4. Suppose that G is a compact group, G := N1 2 Ny D --- is a se-
quence of normal open subgroups of G that form a basis for the neighborhoods
of 1. For integers i > 1, let

A L*(G) = L*(G), Ai(9) i= fnioy %8 — fN: * &
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and let Ao(g) := fn, * g. Then the following statements hold:

(1) Forall g € L*(G), we have g =372 Ai(g) in L*(G).

(2) Foralli # jand g € L?(G), we have Ai(g) L Aj(g).

(3) Forall g € L*(G), we have ligll; = 372 1 8i ()15

(4) If n is a Borel probability measure on G, then A;(u x f) = u * A;j(f) for
alli.

Proof. For every integer k > 1, define Hy, := L2(G)Nk. Since G :=N; 2 N, 2
-+, we have Clg =H; € H C---. By Lemma 8.1, we have that fy, * g is the
orthogonal projection of g onto H; for any j. And so A;(g) € H;y+1 © H; for
positive integer i, and Ag(g) € H1. This implies (2).

Every element g of the matrix algebra £(G) generates a finite dimensional
G-submodule M of L?(G), defining a unitary representation wy : G — U(M).
Since G is profinite, we have that m;(G) is a finite group. Hence kermy, is an
open subgroup of G. Therefore, Ny C ker mys for some k, implying g € Hy. It fol-
lows that g = Z{:o A;(g) for all j > k — 1. By the Peter—Weyl theorem, £(G) is
dense in L2(G), from which part (1) follows. Part (3) is an immediate implication
of (1) and (2).

In order to prove (4), note that if f is a class function, then

wx(fxg)=f*(uxg.

Since fNj s are class functions, the claim follows. O

REMARK 8.5. It follows from the previous argument that £(G) = U?; L2(G)Ni.

8.2. The General Case

In the rest of this section we will prove a generalization of Lemma 8.4 that applies
to general locally random groups. The results of this section will be crucially used
in the next section to prove a generalization of Proposition 8.3. Another result of
this section, Proposition , 1s a Fourier theoretic interpretation of the notion
of living at a given scale (see Definition for definition), which parallels the
classical Paley-Littlewood theory.

A major difficulty in dealing with the general case is that, unlike profinite
groups, neighborhoods of identity are only approximate subgroups in general
compact groups. Throughout this section, we will assume that the group G satis-
fies the following two properties:

(1) G is a compact group which is L-locally random with coefficient Cy.
(2) (DC)(C1,dp): forall n >0,

crln® <1, < Cin.

As in Proposition 8.3, we let g be a small positive number, whose value will
be specified later. Also fix

a>4Ldy, andset n;:= ngi fori > 1.
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As in Lemma 8.4, we define a family of operators A, : L?(G) — L*(G) by setting
Ap(g) := Py, * g, and for every i > 1,

Ai(9) 1= (Py,, — Py) *g. (8.3)

Since P, is invariant under conjugation, A;s commute with any convolution oper-
ator (including convolution by a Borel probability measure), and for all x, x’ € G
we have

A(x)op(x") o Aj=Ajoir(x)op(x)),

where A and p denote, respectively, the left and right-regular representations of
G.

We showed previously that if 1,s are subgroups, then (A;(g)); = 0 and
(A;i(g))y;; = Ai(g). We start by showing an approximate version of these equal-
ities. In this section, we only establish properties of the operators A;s and post-
pone the discussion on their connections with spectral gap properties of 7}, to the
next section.

PROPOSITION 8.6. In the setting of this section, if integers i, j, k satisfy 0 < j <i
and k > i + 1, then the following hold:

. {/(4L+2
o (Averaging o zero) [|A; (), 2 <co.cr 1y 2 Igll.

k
o (Almost invariant) || A (g)y, — Ai(@)ll2 < 215 /P lgll2.
Proof. The argument for the first part is fairly similar to the one presented for
Lemma 6.4. We let D be a threshold parameter whose value will be set later
and estimate the corresponding low frequency and high frequency terms. By
Lemma 6.2 we have

I Py(r) = Illop < Co(dimm)E.

Combined with the trivial bound || I/’\n(n) llop < 1, this implies

LAi(@)y;i D)= Y dimm||P;(m)(Py,,, () — Py, (m)Z0) s
nea,dimngD
< CiD*" (i1 +n)°L(g: D) <4C3D* g5 (8.4)

For the high frequency term, by Lemma and the trivial bound || 1’5,,,.+ () —
Pﬁ; (77)||0p <2, we have

HAi(Q)y; D)= Y dimr|Py(0)(Py,, () — Py (7)E(0) i
nea,dimn>D

4C
2 1 2
el < G 1eli - 89

4
<—H(P,,; D)H(g; D) <
=5 (Py;s DYH(g; D) DIl |

We choose D such that 4C§D2L77l.2 = ;C,}O, which implies that D equals
"
nde/ @L+D n.fz/ @L+D up to a multiplicative factor, which is a function of the

J 1
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constants Cp, C1, and L. Hence by (8.4) and (8.5) we get

2 —do+do/(QL+1) 2/(2L+1 2
181 () 13 Kco.crr m; ©OTOICETD 2 CED )2
Notice that
2 i 2Ldy j
—do+do/2L+1) 2/Q2L+1) _ 214719 T 2i19 .
j n; =Ty X

and a’ — (2Ldp)a’ > a'(1 — (2Ldp)a~"') > a' /2. Therefore,

L/2L+1
1Ai (), 113 <cocrr g V113

and the first part follows.
For the second part, we use Lemma to obtain

1A (@) — Ai (@)l =1 Ai (g, — )l
< 11(gm = iy l2+ 12 — Do l12
1/(8L
<20/ g lln. O

DEeFINITION 8.7. We say g € L%(G) lives at scale n (with parameter a) if
e (Averaging to zero) [[g,1/all2 < 1"/ | gll2.

o (Almost invariant) ||g, > — gll2 < n/?llg]l2-

From Proposition we deduce that if ||A; (g)ll2/llgll2 > 1, then A;(g) lives at
scale n;. The next proposition provides a Fourier theoretic understanding of this
notion.

For every & € G, let H,; denote the subspace of L?(G) spanned by the matrix
coefficients of 7. Given an interval I C R, set

Hp = @ H;,
nea,dimﬂe[

and denote by 77 : L>(G) — H; the corresponding orthogonal projection.

ProPOSITION 8.8. Let 0 < n < 1 be a parameter.
(1) Suppose that f € L*(G) lives at scale 1. Then

s, (I3 = (1 =85 £113,

where I, = [ﬁn—l/(La)7 2C077_d0a2],
+1 a2

d -1 a
(2) Let I,; = [Cm_OT, Cy'n ST ]. Then every f € 7—[15 lives at scale 1.

Proof. Without loss of generality, assume that || f|l2 = 1. To see part (1), it suf-
fices to show that

L(f; @Co ™y~ /) <4n'/2 and  H(f:2Con ™) <42 (8.6)
By Lemma 6.3, for an arbitrary threshold D satisfying CoD%n'/¢ < 1, we have
L(f: D) < (1= CoD 0" ) 2L(f,11a: D) < (1 = CoD*n!/4) =2/ G0,
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In the last inequality we used | f,1/a[l2 < n'/C®| £ |2, which holds since f lives
at scale n. Setting D := ﬁn’l/ (L) ' the first inequality in (8.6) follows.
To show the second inequality in (8.6), we note that

A3 = 12 13 = (L 2 = 12 ) ALF 2+ 1,2 12)
<20f = el <29, (8.7)

Since ”Pn“2 l1 =1, for all 7 € G we have ”ﬁn“z (@) llop < 1. In consequence,

Lemma 6.1 implies that for an arbitrary threshold D’ we have
L(f; D) = L(f,.2: D) = 0.
This and (8.7) imply that
H(f: D) = H(f,.2: D) <20,
Altogether, we deduce

H(f: D) <20+ H(f,.2: D)

1
SZn”/erEH(P,]az;D’)H(f;D’) (by Lemma 6.1)

a/2 . N . 2
<2n +D,|1na2|H<f,D) (by H(P 23 D) < 11, 213)

Co

a/2
<2n%"+ Dy

H(f; D).

Therefore (1 — - ‘;% VH(f; D) <2n%/2. Setting D' := 2Con~%4"  the claim in
/7] a
part (1) follows.
We now turn to part (2). Let f € H 1 be a unit vector. Note that, for every m
dp+1

with dimm ¢ I/, f(n) = 0. In particular, L(f; D) =0 forany D < C1n~ "a .
Therefore, by Lemma 6.1, we have

I frall3 = 1Pya  fII3 < C7 @D/ P 3113

<C71n(d0+1)/a 1 < pl/a.
- el =7

we used (DC) in the second inequality.
To verify the required bound for || fn”2 — fll2, we use Lemma combined
with the fact that for every 7 with dimm ¢ I/, f () =0, and conclude that
Ife = fI3=" ) dim@|U = P2 (0)f ()l

dimne[,’,

< D dim@I = P2 (5 F s

dimmel)
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. 2 .. 2
< > Cidim(r)*tp* dim(m)l| f(m)llgs < n*.

dimmel)
This completes the proof of part (2) and the lemma. U

We will now prove an almost orthogonality of the images of A;s and show that
their sum is dense in L2(G).

LEMMA 8.9. In the setting of this section, for nonnegative integers j <i — 1 and
g€ L%(G), we have

1/(4L+2
”AiAj”0p<<CmChL7h/( ) and

1/(4L+2
(AI(@), A <coor mi P IgIR.
Proof. Since A; is a self-adjoint operator, we have (A;(g),A;(g)) = (g,
Ai(Aj(g))); this implies
{Ai(g), Aj()] < ||AiAj||op||g||%-

By the first part of Proposition 8.6, for j > 0, we have

1/(4L+2
148 (©)ll2 = 18 (©)n,11 — Ai(©)n,ll2 <o 1 2 Igll.

For j =0 it is similar and the claims follow. O
LeEMMA 8.10. In the setting of this section, g =Y ;o Ai(g) for any g € L%(G).

Proof. Tt suffices to show that for all g € L2(G), llg — ', Ai(@)l2 = llg —
&nns1 |2 tends to zero as n — oo. By the Peter—Weyl theorem, for every & > 0,
there is f € C(G) such that | f — g|l2 < e&. Since G is compact, f is uniformly
continuous. Let n > 0 be such that

d(x,y)<n impliesthat |f(x)— f(y)| <e.
Forn >, 1, we have || f;;, — fllco < €. Hence || f;;, — fll2 < &. On the other hand,
| f — gll2 < ¢ implies that || f;;, — &y, |l2 < €. Therefore, for n > 1, we have

g = gnllz=llg = fllz+1f = fa. 2+ 11fn, — &null2 < 3e.

Thus lim,, , » g, = g in L2, from which the claim follows. O

By a similar argument as in the proof of the Cotlar—Stein lemma (see [
Lemma 6.3], and also [2 1, Chapter VII]), we will prove the following.

ProPOSITION 8.11. In the setting of this section, for no <c,,c,,L 1 and g €
L%(G), we have

e¢]

gl < D lAi5 < ligli3. (8.8)
i=0

In preparation for the proof, we will need to establish some inequalities.
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LEMMA 8.12. In the setting of this section, for a nonnegative integer i, we have

o

1/2
Y oIAAlloh Kcperr 1.
j=0

Proof. By Lemma and ||Ajllop <2, we get that

(o) o0
1/2 J/(4L+2
> 1AiA o S6+0C0,C1,L(Z778 / “) <eyor .
. = O

The proof of the next lemma is based on the proof of the Cotlar—Stein lemma.

LEMMA 8.13. In the previous setting, for every g € L>(G), we have

Y Haie). Aj) < 183

iJj

Proof. For a given g € L>(G), for every i # j, choose ujj € S' U {0} such that
[(Ai(g), Aj(@)| = ui j{Ai(g), Aj(g)), where u; j =0 if (A;(g), Aj(g)) =0.
Then, for every integer N > 1, we have

D A, Aj(@)] = (RN (), 8),
0<i,j<N

where Ry = ZOS:‘JSN u; jAjA;. Thus, it is enough to prove that for all possible
choices of u; j and all N > 1 we have ||Ry|lop < ® for a fixed positive number
®. Since A;s are self-adjoint and pairwise commuting, for every positive integer
k we have ||R llop = IIRN || . By the triangle inequality, we have

IRN I, < > 1A; Ay - Ai A llop-
0<iy, i<N\V1<i<k

Since
A A A Al
k k—1

< mm<]‘[ 145 A jllop: 1A lopll Ajillop [ T 114 A ||op),
=1 =1
we have that
k—1

1/2
1AL Ay -+ A A llop < (H 1A, A llop [ 114 Ay ||op) :
=1 =1

Altogether we get

N N k—1 1/2
IRNIE, <4 Z >3 <H 180 A llop 1'[ 1A Ay, ||op)

i1=0j1—0 Jk=0 =

N N — k—1 12
=4 Z Z (1_[ 144 A llop 1_[ 1A Ay ||0p>

i1=0ji=0  ix=0
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N
x (Z 1A; A ,-kné{f). 8.9)

Jk=0
By repeatedly using Lemma , it follows that there is a constant M :=
M (Cy, Cq, L) such that
IRNIIE, <4(N 4+ HM*!
which implies || Ry [op < 41k (N +1)!/% M? for any positive integer k. The claim
follows from here. O

COROLLARY 8.14. In the setting of this section, for g € L>(G) we have that
o (e.¢] o
D lAi@l5 < llgll3. and Y [{Ai(9), Aip () < Y 1A ()13
i=0 i=0 i=0

Proof. The first inequality is a weaker version of the inequality given in
Lemma . Applying the Cauchy—Schwarz inequality twice, we obtain

D A, A @) = D 1A 211 Air1(9)l12

i=0 i=0

00 1/2 , 00 1/2
< (Z ||Ai(g>||§> (Z ||Al-+1<g>||§)
i=0

i=0

< > Al
i=0

O
Proof of Proposition . By Lemma we have g = > 70 A;(g). It follows
that
gl = > (Ai(g). Aj(2))

0=i,j

=Y IA@IF+2D (A A (@) +2 > (Ai(9). Aj(9))

i=0 i=0 0<i<jli—j|>1
o
<3 IA@IE+2 Y (A, A(@) (8.10)
i=0 0<i<j,li—j|>1
ad j
4142
532||A,-(g)||§+0c0,cl,L< ool “)ngn%) (8.11)
i=0 0<i<j,li—j|>1

o0
4L+2
<3) 1413+ Ocy.cr.L g P )lIg13
i=0

<3 A3+ (1/2) 1113,
i=0
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where ( ) is deduced from Corollary and ( ) follows from Lemma
The reverse inequality is already proven in Corollary . O

9. Littlewood—-Paley Decomposition and Spectral Gap

The main goal of this section is to prove Theorem which is a generalization
of Proposition for general locally random groups. At the end, we will show
how the existence of spectral gap can be reduced to study the gap for functions
that live at small scales, Theorem

We continue to assume that G is a compact group satisfying the following two
properties:

(1) G is an L-locally random group with coefficient Cy.
(2) (DO)(Cy,dp): forall n > 0,

crln® <11, < Cin.

Fix a > max(4Ldp, 4L + 2), and set 1 to be a sufficiently small positive number
whose value will be determined later and n; := ngl. Define (Aj) >0 as in (8.3).
We begin with a basic property of these operators.

LEmMMA 9.1. Forall j > 0, A; is a compact operator. Moreover, for any symmetric
Borel probability measure ju on G, there exists an orthonormal basis {e;}7°, of
L?(G) consisting of common eigenfunctions of {A j:1j=0}and T,.

Proof. Since A | is a convolution operator by a function in L*(G), it is a compact
operator. Further, since 1, is a symmetric subset, A ; is a self-adjoint operator.
The construction of an orthonormal basis consisting of eigenvectors for {A ;}
and T, follows from standard arguments in view of commutativity of the family,
compactness of {A ;}, and the fact that f = Z?O:O Aj(f)forany f € L*(G). O

LEMMA 9.2. In the setting of this section, suppose that {e;};2 | is an orthonormal

basis of L>(G) which consists of common eigenfunctions of A i (see Lemma 9.1).
Suppose A j(e;) =ajje; foralli > 1 and j > 0. Then

1. 1/4L+2) ., .
o llen,_ Il <cp.cr.r lojil "/ P if j = 1.

—1.1/(@8L
o ll(ein,, —eillz < 2loji| 15"

In particular, if |oj; | > nl./(8L+4)

j , then e; lives at scale n;.

Proof. This is an immediate consequence of Proposition 8.6. O

Proof of Theorem . We will use the previous notation. Let [; :=
(i € ZHejil = 0/ ), E =27\ U2, 1. and for i € I; we let Hji 1=
ker(Aj — Olj,‘I).

We will show that the claim holds with # the space spanned by {e; : i € E}.
Let us first show that H is finite dimensional. By definition, for all i € E and all
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positive integers j, we have

1/(8L+4
laji| < nj ) )

On the other hand, by Lemma we have Z;‘;O aj; = 1. Therefore

1/(8L+4 1/(8L+4
|1—040|<Z?7/( ) < /LD

Therefore ag; > 1 — 77(1)/ LD for anyi € E.
Notice that Ag is a Hilbert—-Schmidt operator with kernel k(x,y) :=
Py, (xy~1). Therefore Py, (xy~1) = Y"; apiei (x)e; (v). This implies that

= [ [ Puery dyds =3 o

nol

By the equality, we get

(1- 1/(8L+4))2#E <
Ilnol
which implies that dim Hg < \1 E
We now investigate spectral properties of T, on Hj; =ker(A; —aj;l). Itis

clear that H j; is a finite-dimensional subrepresentation of L%(G). Since ¢;s are
also eigenfunctions of 7;,,

L(p; Hji) = min{—log || * exl2 - ex € Hij}.

Let v = ) for some positive integer I to be specified later, and let e € H; /> note
that ot jx = o j;. By the definition of H;; and Lemma 9.2, ¢ lives at scale n;. Thus
we have

a/2
1(ek)n; o % Vil2 = llCex * V)ll2] < 1((ex)n;y, —ex) ¥ V2 < n/ .
which implies that |[|(ex)y;,, * V|3 — llex * v[|3] < 27;?/ 2. Therefore,

a/2

lex % w15 < 205" + ll(ex) . % V5. 9.1)

On the other hand, by the mixing inequality (see Theorem 2.4), we have
2 2
(e 1o % VI3 = llex % vy, 113

1/(8alL
< 200, a3 02), vl + (S 13

13

1/8alL 8alL
n;/® >)||v,,,+2||2 30 Py, 13, 92)

where the second inequality follows from the fact that e, lives as scale ;.
By (9.1) and (9.2), for every k € I;, we have

< (2771/51

2 8alL
2430 Py L 13)

2 l 8aL
V2 L 13).

—2log(llex * vll2) = —log(2n;
> —log5 — log(max(n
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For no <.,4, 1 small enough, one obtains

—2log(|lex * vl|2)

. 1 1 2
> mm(—g lognj2, ~ 3L lognjt2 —log|lvy;,, IIZ)- 9.3)
By Lemma and the dimension condition, we have

[7(G; ) —log(1/]1,D] Kdy,c; 1, and |log(1/[1,]) +dologn| Kay,c; 1. (9.4)
Hence for no <c,.c,. 1, by (9.3) and (9.4), we have

—2log(llex * vl|2)

1
> mi h(G
= < 4dya

min i Vinji+ i . .
e I’ s ]/ 2 s 'y 2 10[ ’0 3 s

! 2
mh(c; n;j) —log ||V'7j+2 ||2>

By the assumption for some /15 < C2h(G; 1j12), we have

1
H (1j+2); . >(1= h(G:niin);
2 (u nj+2) > ( 20Ld0a3) (G;mj+2)

and so, by applying inequality (9.5) to v = ui+2), for every i € I j we have

1 1 1
L(w; Hji) > mi , = . 9.6
s #ji) = mm(SCzdoa 40C2Ld0a3> 40C> Ldoa’ ©-6)
Altogether, (9.6) and the definition of ¢ imply
1
L(u; L2(G) 6 Ho) > ———,
W LG OO = 366 T doa?

as we claimed.
Since the group generated by the support of 1 is dense in G and dim H( < oo,
it follows that £(u; L3(G)) > 0. O

The following theorem is a corollary of the proof of Theorem

THEOREM 9.3. In the previous setting, suppose that | is a symmetric Borel prob-
ability measure on G, and the group generated by the support of ( is dense in G.
Suppose that there exist C3 > 0, ¢ > 0, and 0 < no < 1 such that, for every n < ng
and every function g € L*(G) which lives at scale 1, there exists | < C3 log(1/m)
such that

11 x gll2 < n°llgll2.
Then there is a subrepresentation Ho of L>(G) with dim Hg < 2C0n(;d° such that

L LXG) 6 Ho) > —.
C3

In particular, L(u; G) > 0.



Locally Random Groups 39

Proof. Without loss of generality, assume that 1o is sufficiently small so that
Theorem holds. As before, fix a > max(4Ldy,4L + 2), and for i > 1, set
N = ngl. Let {e; ?il’ the sets /;s, and E be as in the proof of Theorem
Define Hg as in that proof as well.

For all i € I, e; is a function which lives at scale n;. This, together with
the assumption, implies that || wli) x el < n; for some positive integer /; <
Cslog(1/n;). Hence

Cslog(1/n;)L(u; Hji) = —clogn;,

where H j; :=ker(A; — aj;1). In view of this, we have L£(u; L*(G) & Ho) >
c/Cs.

Finally, since the group generated by the support of w is dense in G and H is
finite dimensional, it follows that £(u; L%(G)) > 0. U

10. Gaining Entropy in a Multi-Scale Setting

The goal of this section is to prove Theorem . In their seminal work [6], Bour-
gain and Gamburd proved that, if X and Y are random variables taking values in
a finite group G, then the Rényi entropy of XY will be substantially larger than
the average of the Rényi entropies of X and Y, unless there is an algebraic ob-
struction, see also [23, Lemma 15]. This type of result had been proved earlier for
random variables X and Y that are uniformly distributed in subsets A and B, re-
spectively. For Abelian groups, this is due to Balog and Szemerédi [2] and Gowers
[14]. For general groups, this was proved by Tao [22]. In the same work, Tao also
proves a multi-scale version of this result. In this section, we will prove a multi-
scale version of the aforementioned result of Bourgain and Gamburd, which can
be considered as a weighted version of [22]. Similar results have been proved ear-
lier for some specific groups in [19; 5; 17; 10]. We start by recalling the definition
of an approximate subgroup.

DEFINITION 10.1. For K > 1, a subset X of a group G is called a K -approximate
subgroup if X is symmetric, that is, X = X ~1 and there exists T € X - X with
#T < K suchthat X - X C T - X.

Recall also that if X is a random variable taking finitely many values, then the
Rényi entropy (of order 2) of X is defined by

Hy(X) = —log (Z P(X = x)2>,

where, here and in what follows, log refers to logarithm in base 2. It is easy to see
that when X and Y take values in a group G, Hy(XY) > w holds.

THEOREM 10.2 (Bourgain—-Gamburd). Let G be a finite group, and suppose that
X and Y are two G-valued random variables. If
Hy(X) + Ha(Y) +

H>(XY) <
2(XY) < 2

log K
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for some positive number K > 2, then there exists H C G such that:

(1) (Approximate structure) H is an O (K °V)-approximate subgroup.

(2) (Controlling the order) |log(#H) — Hy(X)| < log K.

(3) (Almost equidistribution) There are elements x,y € G such that, for all h €
H9

P(X =xh)> K °D@H)~!, P(Y =hy) > K 2O @)™,

More generally, suppose that G is an arbitrary compact group and A, B C G are
two measurable subsets of positive measure. The energy of the pair (A, B) is
defined by

E(A, B) =14 % 153 (10.1)
When G is finite, this reduces to
E(A, B) =#0Q(A, B)/(#G)’,
where
Q(A, B):={(a,b,a’,b') € A x B x A x Blab=a'b'}.

For general compact groups, the notion of n-approximate energy has been in-
troduced in [22]. We will work with two different metrics on G*: For (8i)1<i<4
and (g})1<i<4 in G*, define

At ((8)1<i<4 (§1=i<a) = Y _ d(gi.g]) and
I<i=4 (10.2)
d((gi)i<i<4, (g)1<i<4) = max d(gi, g}).
1<i<4

For nonempty A, B € G and 1 > 0, we let
E,(A, B) :=N,(Q,(A, B)), (10.3)
where
0,(A,B):={(a,b,a’,b’) € Ax B x Ax Blab e (d'b),},

where N, is computed with respect to d .

The results of this section are proved under a weaker dimension condition that
we now define. We say that (G, d) satisfies the dimension condition at scale n
with parameter C' if there exist C > 1 and d > 0 such that

C™ ' <1y < Cy®

holds for all ¢ € [C'~!, C"].

Abusing the notation, for two positive quantities X and Y, we write X Y
if X/Y is bounded from above by an expression of the form Q") where Q =
20C2 I X <Y and Y < X, we write X ~ Y.
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THEOREM 10.3 ([22], Theorem 6.10). Suppose that G is a compact group with a
fixed bi-invariant metric. Suppose that A, B C G are nonempty. For every n > 0
and K =1, if G satisfies the dimension condition at scale n with parameter C'
(which is a large universal constant) and the energy bound

(EB) E,(A, B)> K~ OVN;,(4)3 2N, (B)?
holds, then there is H C G such that

(1) (Approximate structure) H is an K D -approximate subgroup;

(2) (Controlling the metric entropy) |h(H; n) — W| <logK;

(3) (Large intersection) There are x, y € G such that |h(ANxH; n) —h(A; n)| <
log K and |h(BN Hy;n) —h(B;n)| <logK.

Theorem is both a multi-scale version of Theorem and a weighted ver-
sion of Theorem

Let X and Y be Borel random variables whose distributions are given by mea-
sures  and v, respectively. Let , := u * P, and v, := v * P,. The idea of
the proof is to approximate (i, and v, by step functions and find subsets of 7-
neighborhoods of supports of x and v with large n-approximate energy. We will
then apply Theorem to finish the proof. The following lemma summarizes
some of the properties of the function p,,.

LEmMMA 10.4. Suppose that G is a compact group and G satisfies the dimension

condition at scale n with parameter C’' for some C' >> 1 (larger than a universal

constant). Suppose that w and v are two Borel probability measures on G and

f € L*(G) is nonnegative. Then

(1) For all y € x, and ¢ € [C'~!, C" — 1], we have Hen (V) < ety (x) and
Jen(¥) < fiernyy(0); in particular py, (y) < pay (x) < s (y)-

(2) Forany n,n' > 0and y € G, we have Py(y) < %Pn’-‘rn * Py(y) (see [
Lemma A.5]).

(3) Forc e [(C'— )71, (C'=1)], we have || tiey ll2 = | eyll2 and || foy ll2 = || fll2-

(D) My xvpll < Nk vIplia < Ny * vyllo.

Proof. The sequence of inequalities

M()’cn) < Il(c+l)n| ) M(x(c—l-l)n)
|lc77| - |1cn| |1(c+1)fll

Mcn()’) = < M(c+l)n(x)

proves the first claim of part (1). The second claim of (1) is a special case. Part
(2) is an easy consequence of the fact that, if y € 1,;, then for any x € 1, we have
X_l y € ln/+,7 .
For part (3), by symmetry we can and will assume that ¢ > 1. Note that
mn) _ Heyl  p(yen)
fn(y) = —— < — . ==
1Tyl = gl [lenl

Hence, we have ||uyll2 < ||i4eyll2 and, in particular, || f;ll2 < I fepll2. In order to
prove the reverse inequality, note that by (2) we have pcy < Peg1)y * iy and

< Mcn(y)-
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fen = Peg1yy * fy- These imply that
lkenll S NPty * upllz < lugllz and |l fenllz < N Pieiyn * frll2 < 1L fyll2.
Finally, to prove (4), first note that
ey * vyl = 11Py o (o x v)ylla < [[(1 %k V) ll2.
Part (2) implies that P, < P, * Py, which, in turn, shows that
(W * V) < pop * vy, (10.4)

On the other hand, using (3) and the fact that u * v, is a nonnegative function, we
have

2y s vpll2 = 1 % vyl = (1 x vy)yll2 = Ny * vyll2; (10.5)
applying (10.4) and (10.5) we obtain the desired inequality. O

From now on, we will assume that i and v denote the distributions of the random
variables X and Y, respectively, and that the inequality
Hy(X;n) + Hx(Y; )

Hy(XY;n) <logK + 2

holds. Hence we have

1/2 1/2
G % v)yll2 = K~ g 13 vy 14

By Lemma and the inequality we deduce that

1/2 1/2
ey vylla = K~ iy 15 1oy 13/ (10.6)

By (3.3), we have [|uy * anlz < min(||iy 2, lvyll2), which implies

gl < vgllz < Kl ll2. 10.7)

To find the desired step function approximation of j,, we discretize G and
then choose subsets of this discrete model according to the value of ;. We fix a
maximal n-separating subset C of G.

As it was mentioned in Remark 7.3, the proof of Lemma only uses the
dimension condition for 7, /2 and 25. Hence for ¢ € [(C'/2)~!, C"/2] we have

Ney(A) ~ ™ nl (10.8)
We partition C according to the value of 112, as follows:
Clu; >) = {x € Cluay (x) > Kl uylI3}, (10.9)
Clw; <) = {x € Cluay(x) < K" uylI3), (10.10)
and
C; ~) = {x € CIK "l uyll3 < pan(x) < Ky 13}, (10.11)

We also define the following functions:

M; = ﬂ-C(u;>),, * MK, M; = le(p.;<),7 D (10.12)
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and

v ()i x ¢ Cus >)y UC(1; <)yps
M]] (x) T .
0 otherwise.
And so py(x) < ,u; x)+ M,T x)+ /L;(x), and inequality can possibly occur only
in C(u; >), NC(u; <)y,. The functions /L; and p, should be viewed as tails of
iy and will now be shown to be negligible.

LEMMA 10.5. In the previous setting, ||u; Il < K19 and ||y,;||2 < K_5||;L,7||2.

Proof. For any y € C(u; >),, there is x € C(u, >) such that y € x,,. Applying
part (1) of Lemma , we have

Wan(¥) = w2y (x) > KOy 113

On the other hand, by part (3) of Lemma , we have ||y ]l2 ~ || u3yll2. Hence,
we have

ol [ 0P Kl [ oay
Cu,>)y Clu,>)y
= K"y 131l 11
which implies the first inequality.
For any y € C(u, <);, there is x € C(u, <) such that y € x,; and so by part (1)
of Lemma we have u,(y) < poy(x) < K_10||u,7||%. Therefore

||u,7||%=fc un(yfdywrmnunu%/ 1y () dy < K7y 13:
(1, <)y

(H1<)n

and the second inequality follows. (]

COROLLARY 10.6. In the previous setting, ||,u',)” * v,7||2 > (2K)~! ||y,,7||§/2||v,7||5/2

if K = 1.

Proof. For all y € G, we have 1, (y) > /L;(y). By Lemma and ( ), we
have

_ — 1/2 1/2
Iy vgll2 < K~ 0lwglla < K2y 1y 2 vy 15, (10.13)
< _ _ 1/2 1/2
i *vgllz < Mtz < K> gl < K~ gl 2 vy 11,2, (10.14)
~ — ~ — — 1/2 1/2
ety vyl < K0 W2 < KOsl < K2y vy %, 10.15)
~ < ~ — _ 1/2 12
iy vl < Dy el 2 < K > lvgllz < K4 g 15 Ivly%. - (10.16)
Hence by the triangle inequality and pu,(y) < u; )+ M,T () + uy) () we get
~ ~ — — — 1/2 1/2
iy # vyl = (K1 = QOO @K™+ 2K ) iy, vy 11y
For K =1, the claim follows. O
We will now apply Corollary to prove that the energy Ei6,(C~ (1;n),

C™(v; n)) is large. Using this bound and Theorem , we deduce Theorem
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LeEmMA 10.7. For nonempty sets A, B C G, we have
E(Ay, By)

E,6(A, B) < 3
15

< E16y(A, B).

Proof. By definition E,(A, B) := NU(Q,,(A, B)) with dT-metric on G*. Hence
by Lemma 7.1 we have

 1(@y(A, B))yl
[(1,1,1, 1) |

where + indicates that we are using the d*-metric. Since
(L1L1L,1),s S, 1,1, DS, 1,1, 1y,

by [1¢y| ~ |1,] we deduce

E,(A, B)

’

A,B
by, )~ (@A B 01
[1y]
Based on ( ), we will focus on |9, (A, B);| and relate it to energies of thick-

ened sets. First, we will express E(Ay, B;) as the measure of a subset of G3:

E(Ay, By) =14, * 13, 13

= / / / 14,015, (x 'y)14, ()15, ("' y) dx dzdy
¢Jela
={(x,z,y) €Ay, x Ay x Glx"'y e By, z7'y € B}
={(x,2,1) € Ay X A, x Bylz~'xt € B,}|. (10.18)
Using ( ), we can find an upper bound for |Q,(A, B);|. We have
|0y (A, B)y| < 1{(x1, %2, 1, 2) € Ay X Ay x By x Bylyy 53 ' yixi € 15,)]
= [{(x1, %2, 1, 1) € Ay x Ay x By x 1sylx; 'x1y2h 7" € By}
< {(x1,x2, y1,h) € Ay x Ay x By x Lsy|x5 'x1y2 € Byl
<y, X2, 1) € Agy X Aoy X Bonlxy 'x1y2 € Byl
= |1,1E(Asy, Bey). (10.19)
Again using ( ), we find a lower bound for |0, (A, B),|:
|Qn(A, B)yl
> {(x1, x2, y1, ¥2) € Ay X Ayyg X Byg X Bn/slyz_lxz_lym € 1,2}
= [{(x1,x2, y1,h) € Ayyg X Ayyg X Byg x 1,7/2|x2_1y1x1h_1 € B3]
> [{(x1, x2, y1,h) € Apyg x Ayys X Bpsg X 17;/16|362_1y1)€1h_1 € By16}l
= 1y E(Ay 16, Byjie)- (10.20)
By ( ), ( ), and ( ), claim follows. U

KO(])

LEMMA 10.8. In the previous setting, WNMHZ <1C(w, ~)yl = 0
2 ni2
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Proof. Forall y € C(u, ~)y, there exists x € C(u, ~) such that y € x,,. Hence, by
part (1) of Lemma , we have

130 () 37 2y (X) = K10 113
which implies that

143n113 3= K =2l n 131C (e, ~)y -

Therefore by part (3) of Lemma we deduce that

20

IC(, ~)yl <
gl

It follows from the definition of ,u'n” that the support of y,; is a subset of C (i, ~);.
Hence if ,u'n”(y) # 0, then there is x € C(u, ~) such that y € x,,. So, by part (1) of
Lemma , we have

1y (¥) < pag(x) < K'lpy 3, which implies [|2;) lloo < K 'l l13. (10.21)
Therefore we get
iy 15 < e 13 1C Gt ~ )l < K2y l131C (., ~ ). (10.22)
By ( ), Corollary ,and ( ), we get
K72 g3 < ienll2llvgll2 < K2y = v, 113
< K2y 15 < K”nunnzw(u, ~)yl-

Therefore

mx|(ﬂ, )|

and the claim follows. O

ProPOSITION 10.9. In the previous setting the inequality

E167(C(w; ~), C(v: ~)) = KOU)Nlén(cw, ~)Y2 N6y (Cv; ~))*/?
holds, where C(ju; ~) is defined in ( ).

Proof. By ( ), we have

~

1y < (KD Leg~), and vy < (K, 15)1ew,~),-

It follows that
ity # v 13 < K g 131y 13112 e~, * Do, ~, 13
= Ky I3 1vn 13 EC (1, ~)y. C0, ~)yp).

By Corollary and the inequality we have

K2 myll2lvgllz < K n 1311y 13 EC G, ~)y. Cw, ~)p). (10.23)
By Lemma and ( ), we obtain

K=O0W1C(u, ~))PPICw, ~)) P2 < EC(1, ~)y. Co,~)p); (1024
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and so, by Lemma and Lemma , we deduce

K=OD N6y (€1, ~) 7 Nigy C(v, ~))*? < E6y (C (1, ~), Cv, ~));
and the claim follows. d
Proof of Theorem . Recall that u and v denote the distribution measures of

random variables X and Y, respectively, and Z denotes a random variable inde-
pendent of X and Y with uniform distribution over 13,.

By Proposition , for K > 1, we can apply Theorem to the sets A =
C(w; ~) and B =C(v; ~) to obtain H C G and x, y € G such that
(1) (Approximate structure) H is an K ©(D-approximate subgroup.

. . h ) h Y-
(2) (Controlling the metric entropy) |h(H; 167) — 2CW. )’16’7); Cim):16m) |
logK.

(3) (Large intersection) |h(C(u; ~)NxH; 16n) —h(C(n; ~); 16n)| <log K and

|h(C(v; ~) N Hy; 16n) — h(C(v; ~); 167m)| <log K.

We will show that Theorem holds for these choices of H C G and x,y € G.
By Lemma 7.1 we have |logNig,(C(t; ~)) — log(IC(u; ~)yl/11,D] < 1.
Hence, Lemma implies
| Tog N6y (C(; ~)) — (log(1/|1,]) —log iy 13)] < log K
if K »= 1. Thus

[log N6y (C(1; ~)) — Ha(u; )| < log K. (10.25)
By ( ), Lemma 7.1, and part (2) of Theorem , we have

Hy(w; n) + Ha(v;
h(H: ) — (1 n)2 2 (Vi) <logK

if K = 1. We also notice that by ( ) we have |Hy(u; n) — Ha(v; n)| < logK.
Combining these two facts we deduce that

|h(H;n) — Hy(u; )| <log K.

This proves the second property mentioned in Theorem for the set H.
Finally, to prove the third property, note that

Ny (C(w; ~) NxH) = K~ODNL(C (s ~));

and so by ( ) we get
Ny (C(w; ~) NxH) = K~ O0WpHGsm, (10.26)

On the other hand, by Lemma 7.1, Corollary 7.4, and the fact that C(u; ~) is an
n-separated set, we have

Ny(@C (s ~) NxH) =~ Ny jp(Clus ~) NxH) =#(C(w; ~) Nx H).
Altogether we have
#(C(u; ~) NxH) = K~ O0WHa0um, (10.27)



Locally Random Groups 47

For every z' € C(u; ~);, there exist z € C(u; ~) such that z’ € z,. Since

13y (2) = u(z5,)/I13y] and pay(z) = K="l uy |3, by part (1) of Lemma
we have

(@) = nan(@ = K0yl and  pu(zy,) = CK~1027H05m - (10.28)

where C = QOO Therefore

P(XZ e (xH),) > f w3y (2 dz’
(Cus~NxH)y

=K 10 I31(C s ~) NxH),|
~K 102U (C(us ~) N H) 3= KO0,

The lower bound for P(ZY € (Hy),) can be proved by a similar argument. Fi-
nally, to prove the last claim, we have

[{h € Hy[P(X € (xh)3,) > CK 102~ H2my
={z/ € (xH),lu(ch,) = CK 1027 Xmy
> {2 € (C(u; ~) NxH)ylp(zs,) = CK 10Xy
=[(C(u; ~) NxH),l
- KO0 Ha(psm) 1, = K_0(1)|Hn|-

This proves the claim. U
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