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Abstract. Traumatic axonal injury occurs when loads experienced on the tissue-scale are transferred to the individual axons.
Mechanical characterization of axon deformation especially under dynamic loads however is extremely difficult owing to their
viscoelastic properties. The viscoelastic characterization of axon properties that are based on interpretation of results from in
vivo brain Magnetic Resonance Elastography (MRE) are dependent on the specific frequencies used to generate shear waves with
which measurements are made. In this study, we aim to develop a fractional viscoelastic model to characterize the time dependent
behavior of the properties of the axons in a composite white matter (WM) model. The viscoelastic powerlaw behavior observed
at the tissue level is assumed to exist across scales, from the continuum macroscopic level to that of the microstructural realm of
the axons. The material parameters of the axons and glia are fitted to a springpot model. The 3D fractional viscoelastic springpot
model is implemented within a finite element framework. The constitutive equations defining the fractional model are coded using
a vectorized user defined material (VUMAT) subroutine in ABAQUS finite element software. Using this material characterization,
Representative Volume Elements (RVE) of axons embedded in glia with periodic boundary conditions are developed and subjected
to a relaxation displacement boundary condition. The homogenized orthotropic fractional material properties of the axon-matrix
system as a function of the volume fraction of axons in the ECM are extracted by solving the inverse problem.

INTRODUCTION

As in a myriad other areas, the finite element method (FEM) has shown much promise in characterizing brain tissue
response to mechanical loading and in understanding injury biomechanics. The method allows for characterization
of brain tissue along multiple length scales; from whole head models that can be used to design safer helmets [1] to
micromechanical models at the level of the axons and microtubules [2]. The major challenge, however, in effectively
predicting the mechanics of brain tissue lies in capturing its mechanical properties accurately across multiple spatial
and temporal scales. This is extremely difficult as the mechanical response of brain tissue is highly anisotropic and
nonlinear[3]. Moreover, the brain as an organ is completely enclosed and is hard to probe. These mechanical prop-
erties play a vital role during trauma related events, and can be used to predict the onset of neurodegenerative diseases.

Constituting approximately 50 percent of the brain, white matter is a significant region in disease onset and senes-
cence [4]. Axonal damage in the corpus callosum of the white matter has been identified as the leading cause of
traumatic brain injury (TBI), with excessive tensile strain postulated as the underlying mechanism [5]. Considering
the fact that brain tissue is extremely soft, viscous and its mechanical response: non-linear, a number of researchers
have used hyperelastic as well as viscoelastic material models to characterize its mechanics. Meaney [6] proposed
an analytical structural model to formulate structure-property relationships for high-directional tortuous axons using
different hyperelastic strain energy functions. Arbogast et al. [5] performed experiments on guinea optic fiber nerves
and developed a viscoelastic fiber reinforced composite model of the axons in an extracellular matrix (ECM) in the
frequency domain. Montanino et al. [7] developed a microstructural model of the axon and its substructures under
different strain rates to study axonal injury mechanisms. Javed et al. [8] used the genetic algorithm optimization
procedure to determine the homogenized prony series parameters for representative volume elements (RVE) of axons
in the ECM. The research was based on relaxation tests performed on the porcine brain white matter. Pan et al.
[9] developed a transitional micromechanical model that captures the transition of axons from non-affine-dominated
kinematics at low stretch levels to affine kinematics at high stretch levels using the Ogden hyperelastic material model.
Sullivan et al. [4] developed a triphasic unidirectional composite model consisting of axons, myelin and ECM and



derived homogenized viscoelastic material properties under steady state dynamics.

An increasing number of research studies indicate that the viscoelastic response of brain white matter can be phe-
nomenologically explained by a power-law behavior [10, 11, 12, and 13]. Sack et al. [10] used multifrequency
magnetic resonance elastography (MRE) measurements of the human brain in 55 volunteers and developed a power
law model that predicted the effect of aging on the human brain. Kurt et al. [13] developed a protocol to calculate
optimal frequency sets and determine power-law parameters separately for the entire brain, white matter and grey
matter. Nicolas et al. [12] performed ex vivo brain experiments using ultrasound shear wave spectroscopy and deter-
mined its mechanical parameters by fitting a power-law model. In this study, we posit that the viscoelastic power-law
behavior observed at the tissue level exists across all length scales, from the continuum macroscopic level to that of
the microstructural realm of the axons. A viscoelastic power-law model of a springpot is applied to the axons and
the ECM. The material parameters for the springpot are obtained via a logistic regression analysis. A 3D fractional
viscoelastic springpot model is implemented within a finite element framework. Homogenized fractional viscoelastic
parameters as a function of the volume fractions of axons embedded in the ECM are then derived.

MATERIALS AND METHOD

The stress strain response for a viscoelastic material at time t with the action of stress beginning at time τ can be
described using a convolution integral of the form

σ(t) =
∫ t

0
G(t− τ)

dε(τ)

dτ
dτ, (1)

and the strain as a function of stress is determined by

ε(t) =
∫ t

0
J(t− τ)

dσ(τ)

dτ
dτ. (2)

where G(t−τ) and J(t−τ) are the relaxation and creep modulus of the material, respectively. The relaxation modulus
of a viscoelastic material with constants Cβ and β , described by a power-law is,

G(t) =Cβ t−β (3)

The parameters Cβ and β for the axons and ECM are determined by logistic regression analysis using frequency
dependent data from porcine optic nerve fiber experiments published in [5]. The power-law model in the frequency
domain can be written as,

G(ω) = κ(iω)β = G′+ iG” = ℜ(G(ω))+ iℑ(G(ω)), (4)

where G(ω) is the complex relaxation modulus in the frequency domain. κ and β are constants. G′ is the real part of
the complex modulus and is known as the storage modulus. G” is the imaginary part of the complex modulus and is
known as the loss modulus (see Figure 1). A cost function is defined for the axons and ECM as,

E =
1

2m ∑
m
((ln(κ)+β ln(ω)−ℜ(G∗))2 +(β

π

2
−ℑ(G∗))2), (5)

where G∗ is the complex shear modulus from [5]. m is the number of input frequency points. Parameters obtained by
minimizing the cost function is shown in Table 1. Table 2 illustrates the model’s power-law parameters in comparison
with published data [10, 13].

The mechanical response of a material with a relaxation modulus described in equation (3) can be represented by
a Scott-Blair linear viscoelastic model commonly known as a springpot [14]. The model’s physical behavior is an



FIGURE 1. A plot of the storage and loss modulus for the axons and the ECM as a function of the frequency using power-law
parameters in Table 1.

TABLE 1. Power-law parameters for axons and ECM using logistic regression analysis on [10]

Component κ(kPa · sβ ) β

Axon 0.2641 0.419
ECM 0.2525 0.239

TABLE 2. A comparison of the power-law exponent β with published data

Author Powerlaw Exponent
β

BWMa 0.264
BWMb 0.339
Axonc 0.419
ECMc 0.239

a Sack et al. [10]
a Kurt et al. [13]
c Current study

FIGURE 2. A schematic representation of a springpot.

intermediate to that of a spring and a viscous dashpot, see Figure 2. The mathematical implementation of the springpot
is obtained using the notion of derivatives of non-integer order or fractional derivatives. The mathematical relationship
can thus be written as,

σ(t) =Cβ

dβ ε(t)
dtβ

∀ (0≤ β ≤ 1). (6)

A generalization of derivatives of non-integer orders can be obtained in a branch of mathematics called fractional
calculus using the Caputo derivative, which is given by



dβ ε(t)
dtβ

=
1

Γ(1−β )

∫ t

0
(t− τ)−β dε(τ)

dτ
dτ, (7)

where Γ(·) is the gamma function. Substituting the power-law equation (3) into (6), (7) and applying a Fourier
transformation yields

σ(ω) =Cβ (iω)β
ε(ω) (8)

Comparing the relaxation modulus in (4) and (8), we see that κ = Cβ . Thus, the stress-strain relationship for a
springpot can be written as,

σ(t) =
κ

Γ(1−β )

∫ t

0
(t− τ)−β dε(τ)

dτ
dτ (9)

The fractional springpot model for the microstructure of CNS white matter is implemented using the finite element
method in ABAQUS finite element solver. For a 3D finite element model, the relaxation matrix can be split into its
volumetric and deviatoric components [15],

Gi jkm(t) = (KR(t)−
2
3

GR(t))δi jδkm +GR(t)(δikδ jm +δimδ jk), (10)

where δi j is the Kronecker delta function. GR(t) and KR(t) are the deviatoric and volumetric power law functions
respectively. Substituting (10) into (9) and rewriting terms of the power-law coefficient κ , in terms the volumetric and
deviatoric components, Kβ and Gβ , the stress-strain equation becomes,

σi j =
1

Γ(1−β )

∫ t

0
(Kβ −

2
3

Gβ )δi j ˙εkk(t)dt +
1

Γ(1−β )

∫ t

0
Gβ (ε̇i j(t)+ ε̇ ji(t))dt (11)

Alotta et al. [16] developed a 3D fractional viscoelastic user material (UMAT) subroutine in Abaqus. The fractional
viscoelastic model is implemented numerically using the Grunwald- Letnikov Operator [17, 18]. For a 3D state of
stress, σ (t) = [σ11 σ22 σ33 τ23 τ31 τ12], the stress in the 11 direction is given by,

σ
k+1
11 = (K

β
−

2Gβ

3
)

(
1
∆t

)β k+1

∑
l=1

ϕlεkk ((k+1− l)∆t)+2Gβ

(
1
∆t

)β k+1

∑
l=1

ϕlε11((k+1 − l)∆t), (12)

where k = Totaltime
∆t , is the number of iterations, εkk is the volumetric strain and φl are the Grunwald coefficients which

can be calculated as [18],

ϕl+1 =
(k−1−β )

k
ϕl , ϕ1 = 1. (13)

Note that the calculation of stress at any given increment requires storing and accessing the history of strains for all
previous increments. This makes the simulation of large models in an explicit integration scheme computationally
expensive.

Hexagonally packed RVE models of the axons embedded in the ECM of varying volume fractions is developed with
a periodic mesh as shown in Figure 3. The diameter of the axon in the RVE is 10 µm. Periodic boundary conditions
on the nodes are imposed through equation constraints in ABAQUS [19, 20]. The far-field gradient is applied through
the degrees of freedom of reference points (RP) [20]. RP nodes are not attached to any of the elements in the model.
Displacement controlled boundary conditions are applied using the following equation [21],



FIGURE 3. Left A schematic representation of a periodic geometry of axons in the ECM. Right A finite element model of the
hexagonally packed RVE of two axons embedded in the ECM.

ε(x j + pα
j ) = ε(x j)+

∂ε

∂ε j
pα

j , (14)

where x j is the coordinate, pα
j is the αth vector of periodicity, and ∂ε

∂ε j
is the far-field gradient of the strain. The linear

constraint equations in ABAQUS are of the form [21],

A1up
i +A2uq

j + · · ·+Anur
k = 0, (15)

where N is the number of terms in the equation, uP
i corresponds to displacement variable of node P and degree of

freedom i, and An are the coefficients.

The finite element model of the RVE with the fractional viscoelastic VUMAT is subjected to a relaxation strain test
in six directions. An explicit time integration technique is used to solve the FE model. The homogenized stresses
extracted from the simulation of the RVE for each loading direction is fed to an optimization workflow.

FIGURE 4. Optimization workflow to extract optimal fractional properties for the RVE using simplex optimization implemented
in modeFRONTIER



The workflow is implemented in modeFRONTIER optimization software, see Figure 4. A Nelder-Mead downhill
simplex algorithm is used to determine the optimal parameters [22]. Simplex is a geometric figure with n+1 vertices
in an n-dimensional space. It compares the values of the objective function at N + 1 vertices and gradually moves
the polyhedron towards the optimal point by iteratively replacing the worst vertex with a point moved through the
centroid of the remaining N points. The workflow computes the fractional viscoelastic stress for any input parameter
and minimizes the root mean square (RMSD) between the computed stress and the homogenized stress from the FEM
simulation. The optimization problem is formulated as shown in equation (16) where J is the cost function, σsim is the
FEM solution and σc is the computed stress.

min J =

√
1
m

m

∑
n=1

(σsim−σc)2

σ2
sim

(16a)

subject to 0≤ β ≤ 1; m > 0 (16b)

RESULTS AND DISCUSSION

The implementation of the VUMAT algorithm is first verified using a single element test case under uniaxial tension.
The single element model is subjected to a relaxation test with a maximum strain of 0.01, see Figures 5-6. The power-
law related shear and bulk modulus parameters are obtained from [16, 23] (Table 3). The model is solved using an
explicit time integration scheme. The analytical solution is obtained by substituting the relaxation strain into (11).
The comparison of the analytical solution with the VUMAT solution is shown in figure 7. The VUMAT algorithm
exactly reproduces the analytical solution.

TABLE 3. A comparison of the power-law exponent β with published data

Parameter Value (MPa · sβ )
Kβ 500.0
Gβ 375.0

A drawback of using the fractional viscoelastic model is the need to store and retrieve the entire history of strains
in order to calculate the stress at the end of each increment. Podlubny [18] describes a method known as the short
memory principle which can be used to truncate the memory of strains required to compute the stress in equation (17).
This reduces the accuracy of the solution and there are no set parameters to calculate the optimal memory length. The
optimal memory length has to be determined for each load profile separately for the desired accuracy. Podlubny [18]
illustrates a number of examples with an error estimate for truncating memory. Alota et al. [16] also discuss examples
of truncated memory for explicit simulations. The reduced memory solution for the single element test case with
different memory lengths is shown in Figure 8. For the relaxation test, all values of the memory length, L, reproduce
the maximum stress in the model, see Figure 9. Deviation from the exact solution occurs in the relaxation phase of
the stress for larger values of L.

dβ f
dtβ

=

(
1
∆t

)β M+1

∑
l=1

ϕl f ((k+1− l)∆t) (17a)

where M = min{k, L
∆t
}, L = Memory Length (17b)

The homogenized stress along the fiber direction for the RVE with 40% volume fraction is shown in Figure 10. The
stress along the fiber direction for different volume fractions is shown in Figure 11. The stress distribution for the six
loading directions is shown in Figure 12. The simulations were performed with a memory length of 60 percent of the
total simulation time. It can be seen that the RVE becomes stiffer with increasing volume fraction of axons. The output
stress along the fiber direction, σ11, for different design ids sampled by the optimization analysis for an RVE with
40 % volume fraction is shown in Figure 13. A total of 800 iterations is performed during the optimization process



FIGURE 5. Single element (C3D8) model in
uniaxial tension

FIGURE 6. Relaxation test with maximum strain
magnitude = 0.01

FIGURE 7. Comparison of the analytical solution vs VU-
MAT solution for the relaxation test (Figure 6.) of fractional
viscoelastic model

FIGURE 8. Reduced Memory solution for the single element
uniaxial test case. The solution is computed for 40% - 80%
of the total time. 40 % memory length for a total time of 10 s
implies L = 0.4∗10 = 4s.

achieving a minimum cost function value of 3× 10−5. The optimal fractional parameters are obtained similarly for
each loading direction. Finally, an orthotropic fractional viscoelastic compliance matrix is formulated based on the
homogenized RVE material properties as a function of the volume fraction of the RVE, see equation (19). An example
of the orthotropic fractional properties is shown in Table 4. The Poisson’s ratio in each direction is shown in Table
5. The parameters in Table 4 are cumbersome because of their units, kPa ·msβ . Therefore, these parameters are
transformed to the dimensions of shear modulus, kPa, using equation (18) [10], where η = 3.7 kPa ·ms [10]. The
resulting shear moduli like parameters are shown in Table 6.

µ = (E ∗η
−β )

1
1−β (18)



FIGURE 9. Relaxation test with max-
imum strain magnitude = 0.01. Total
simulation time = 0.2025µs

FIGURE 10. σ11 along fiber direction
for RVE 40% axon volume fraction.

FIGURE 11. σ11 along fiber direction
for RVE with volume fraction ranging
from 30% - 70%.

FIGURE 12. Stress and deformation plot for RVE with 40% volume fraction in six loading
directions.

FIGURE 13. Homogenized stress computed by the optimization algorithm for different design ids sampled by modeFRONTIER.
The optimal curve with the lowest cost function is highlighted in black.



TABLE 4. Homogenized fractional material properties for an RVE with a 40 % axon volume fraction

Moduli (kPa ·msβ ) Value β Value Moduli (kPa ·msβ ) Value β Value
E11 7.0346 β11 0.3719 G12 1.4595 β12 0.1912
E22 7.600 β22 0.180 G23 1.442 β23 0.1792
E33 7.4392 β33 0.190 G13 1.2790 β13 0.2548

TABLE 5. Poisson’s ratio for the or-
thotropic fiber composite RVE of axons
in ECM

ν value
ν12 0.2995
ν13 0.3060
ν21 0.2418
ν23 0.3156
ν31 0.2350
ν32 0.3000

TABLE 6. Fractional material prop-
erties transformed to shear moduli like
parameters [10]

E (kPa) value
E11 10.291
E22 8.900
E33 8.763
G23 1.171
G31 0.889
G12 1.174

Sβ =



1
E11

,β11 − ν12
E22

,β22 − ν12
E33

,β33 0 0 0

− ν21
E11

,β11
1

E22
,β22 − ν23

E33
,β33 0 0 0

− ν31
E11

,β11 − ν32
E22

,β22
1

E33
,β33 0 0 0

0 0 0 1
G23

,β23 0 0

0 0 0 0 1
G31

,β31 0

0 0 0 0 0 1
G12

,β13



(19)

CONCLUSION

Effectively characterizing the mechanical response of brain white matter across multiple spatial and temporal scales is
inherently difficult. While transforming frequency related shear moduli parameters into a Prony series fit is a practical
solution, the Prony parameters are somewhat cumbersome and hard to interpret in terms of their physical significance.
In this study, a fractional viscoelastic model of the axons and ECM is developed in the time domain. The fractional
model is comparatively elegant and its parameters easier to interpret. Using an optimization scheme, homogenized
material properties for the RVE are extracted for a relaxation displacement controlled boundary condition. The model
can be extended to study different loading conditions within a viscoelastic domain and yield insight into the correla-
tions between axon volume fractions and the different directional moduli. The long-term goal of this study is to build
a database of material parameters for different load cases, axon volume fractions, and incorporate the properties into
tissue-scale models which can be directly compared to experiments.
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