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In holographic duality, dynamics along the emergent extra-dimensional space describes a renormaliza-
tion group (RG) flow of the corresponding quantum field theory (QFT). Following this idea, we develop an
emergent holographic description of a QFT, where not only the information of the RG flow is introduced
into an IR holographic dual effective field theory (HDEFT), but also the UV information of the QFT is
encoded in the HDEFT through the IR boundary condition. In particular, we argue that this dual
holographic construction is self-consistent within the assumption of bulk locality, showing the following
two aspects: The solution of the Hamilton-Jacobi equation is given by the IR boundary effective action, and
the Ward identity involving the QFT energy-momentum tensor current is satisfied naturally. We discuss the
role of the RG β-function in the bulk effective dynamics of the metric tensor near a conformally invariant
fixed point. We claim that this emergent dual gravity theory generalizes the perturbative Wilsonian RG
framework into a nonperturbative way.
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I. INTRODUCTION

Nonperturbative approaches to quantum field theory
(QFT) are highly sought after to study strongly-coupled
problems. Specifically, we need a framework in which
relevant quantum corrections to self-energies and vertices
are self-consistently resummed in the infinite order in the
renormalization group (RG) sense. The AdSDþ1=CFTD
duality conjecture [1–4] has been regarded as a non-
perturbative theoretical framework, where a nonperturba-
tive RG flow of a UV field theory is realized through the
evolution along the extra-dimensional space [5–7]. Here,D
is the spacetime dimension.
The holographic approach has been applied to various

strongly-coupled problems, such as confinement and chiral
symmetry breaking in quantum chromodynamics [2,3] and
superconductivity and non-Fermi liquids in condensed matter
physics [8–17], and provided remarkable solutions, e.g.,
emergent physics of effective hydrodynamics [18–21].
These results, in view of universality, can in principle be

applicable to a wide class of problems. However, there still
exists an unsatisfactory point; it is not entirely clear how
to relateUVmicroscopic degrees of freedomwith IRemergent
macroscopic observables. To overcome this difficulty, various
approaches have been tried to derive an effective holographic
dual field theory based on RG transformations [22–59].
In this study, we continue to follow these lines of approach

and develop further an emergent holographic description of a
QFT. In this framework, not only the information of the RG
flow is included into an IR holographic dual effective field
theory, but also the UV information of the QFT is encoded
through the IR boundary condition. In particular, we argue
that, within the assumption of bulk locality, this dual holo-
graphic construction is self-consistent, showing the follow-
ing two aspects: The solution of the Hamilton-Jacobi
equation is given by the IR boundary effective action, and
the Ward identity involving the QFT energy-momentum
tensor current is satisfied naturally.We discuss the role of the
RG β-function in the bulk effective dynamics of the metric
tensor near a conformally-invariant fixed point.
Recently, it has been clarified that the Wess-Zumino

consistency condition for the local RG flow of a QFT can
be translated into the Hamilton-Jacobi formulation of a
holographic dual effective field theory [46–49]. The present
study takes into account this internal consistency for the
emergent dual holographic description. The resulting holo-
graphic dual effective field theory generalizes the previous
construction, where an IR boundary condition is introduced
as the solution of the Hamilton-Jacobi equation. This IR
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boundary conditionmakes it manifest how to encode the UV
information of theQFT into the IR holographic dual effective
field theory even away from quantum criticality. This
framework thus extends the AdSDþ1=CFTD duality con-
jecture to systems away from criticality. More generally, we
claim that this emergent dual gravity theory is a nonpertur-
bative generalization of the perturbative Wilsonian RG
framework.

II. EMERGENT DUAL HOLOGRAPHY AS
A RENORMALIZATION GROUP FLOW

A. Construction of holographic dual effective
field theory

The starting point of our analysis is the following
Euclidean path integral in D spacetime dimensions,

Z ¼
Z

DψαðxÞDgμνB ðxÞδðgμνB ðxÞ − δμνÞ exp
�
−
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffi
gBðxÞ

p �
L½ψαðxÞ; gμνB ðxÞ� þ λ

2N
TμνðxÞGB

μνργðxÞTργðxÞ
��

: ð1Þ

Here, ψαðxÞ (α ¼ 1;…; N) is a matter field with its
dynamics described by the Lagrangian L½ψαðxÞ; gμνB ðxÞ�.
In this study, we focus only on relativistic invariant
theories. gμνB ðxÞ is a formally introduced background
metric, and enforced to be the flat metric, gμνB ðxÞ ¼ δμν,
by the delta functional. The Lagrangian L½ψαðxÞ; gμνB ðxÞ� is
deformed by an effective interaction that is quadratic
in the energy-momentum tensor (the TT̄ deformation
in D spacetime dimensions) [60], where TμνðxÞ ¼

2ffiffiffiffiffiffiffiffi
gBðxÞ

p δ
δgBμνðxÞ ð

ffiffiffiffiffiffiffiffiffiffiffi
gBðxÞ

p
L½ψαðxÞ; gμνB ðxÞ�Þ, λ ≥ 0 is the

coupling constant, and GB
μνργðxÞ≡ 1

2
gBμρðxÞgBνγðxÞ þ

1
2
gBνρðxÞgBμγðxÞ − 1

D−1 g
B
μνðxÞgBργðxÞ is the DeWitt supermetric

[61], taking into account transverseness.
The type of theory in (1) can be studied by using the

“recursive RG transformations”; Performing the functional
RG transformation (with the Hubbard-Stratonovich trans-
formation) in a recursive way, one can construct an IR
holographic dual effective field theory, which describes the
evolution of the metric tensor in the RG (energy) scale. The
resulting theory takes the form of emergent gravity, with
emergent extra dimension representing the RG scale of the

problem [43–45,50–53]. In the following, we coordinatize
the extra dimension by z, and z ¼ 0, and zf by convention
represent the UV and IR energy scales, respectively.
The details of the steps to derive the holographic theory

starting from specific UV quantum field theories with
double trace interactions can be found in [43–45,50–53].
In general, the functional RG transformations give rise to
nonlocal effective interactions. Such emergent nonlocal
interactions can however be “localized” at the cost of
introducing higher-spin fields to decompose them in
a local fashion based on the corresponding group structure
[62–66]. In other words, integrating over such higher-spin
fields gives rise to an effective gravity theory including
only up to spin two fields, but in the presence of effective
nonlocal interactions between gravitons. In most cases, we
will work with a proper local truncation of these RG-
generated nonlocal terms [67], keeping the original form of
the effective Lagrangian as in the conventional RG trans-
formation [50,51].
With the locality assumption in mind, in this paper, we

propose a generic dual holographic effective theory result-
ing from the recursive RG transformations. It is given by

Z ¼
Z

DψαðxÞDgμνðx; zÞDπμνðx; zÞDN ðx; zÞDN μðx; zÞδðgμνðx; 0Þ − gμνB ðxÞÞ

× exp

�
−
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

q
L½ψαðxÞ; gμνðx; zfÞ�

− N
Z

zf

0

dz
Z

dDxfπμνðx; zÞ∂zgμνðx; zÞ þN ðx; zÞHþN μðx; zÞHμg
�
: ð2Þ

Here, the emergent bulk dynamical metric tensor is given by

ds2 ¼ ðN 2ðx; zÞ þN μðx; zÞN μðx; zÞÞdz2
þ 2N μðx; zÞdxμdzþ gμνðx; zÞdxμdxν: ð3Þ

N ðx; zÞ and N μðx; zÞ are the lapse function and the shift
vector, respectively, and gμνðx; zÞ is the D-dimensional

metric tensor in the Arnowitt-Deser-Misner (ADM) decom-
position [68]. The dynamics of the metric tensor is
governed by the effective Hamiltonian

H ¼ λ

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp πμνðx; zÞGμνργðx; zÞπργðx; zÞ

þHβ þHg; ð4Þ
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that can be regarded as a generator of the RG transformation
along the z direction. Here, πμνðx; zÞ is themomentum that is
canonically conjugate to the metric tensor gμνðx; zÞ, and
Gμνργðx; zÞ is the bulk supermetric tensor. The first term in
this bulk effective Hamiltonian results from the energy-
momentum tensor deformation at UV [60].

The last part of this effective Hamiltonian originates
from quantum fluctuations of matter fields in the RG
transformation, expressed by the vacuum-energy functional
of the renormalized effective Lagrangian at a given RG
scale z,

Z
dDxHg ¼ ð−1ÞF ln

Z
Dψh

αðxÞ exp
�
−
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p
L½ψh

αðxÞ; gμνðx; zÞ�
�

≡ ð−1ÞFtr ln
� ∂2

∂ψαðxÞ∂ψβðx0Þ
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p
L½ψαðxÞ; gμνðx; zÞ�Þ

�
: ð5Þ

Here,
R
Dψh

αðxÞ represents to take high-energy quantum
fluctuations of matter fields at a given RG scale z,
and F ¼ 0 (F ¼ 1) when the matter fields are bosonic
(fermionic). Performing the gradient expansion for the
metric tensor, one finds the Einstein-Hilbert action Hg ¼ffiffiffiffiffiffiffiffiffi

gðx;zÞ
p

2κ ðRðx; zÞ − 2ΛÞ, referred to as induced gravity
[69,70], where higher-curvature terms are not taken into
account [71]. Here, both the cosmological constant Λ and
the effective gravitational one κ can in principle be
determined by performing the gradient expansion on a
general curved spacetime manifold explicitly, while it can
be demanding in practice due to renormalization effects. In
this study we regard them as input parameters.
The second part of this effective Hamiltonian is given by

Hβ ¼ −πμνðx; zÞβgμν½gμνðx; zÞ�; ð6Þ
where βgμν½gμνðx; zÞ� is the RG β-function of the metric
tensor and given by

βgμν½gμνðx; zÞ� ¼ −
Cg
N

Gμνργðx; zÞhTργðx; zÞi: ð7Þ

Here, Cg is a numerical constant of order one and

hTργðx; zÞi ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp δ

δgργðx; zÞ
× h

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p
L½ψαðxÞ; gμνðx; zÞ�i ð8Þ

is the energy-momentum tensor defined in terms of the
effective Lagrangian for the matter field at a given
RG-transformation slice z.
Finally, the last bulk term of the holographic dual

effective field theory (2) is given by

Hμ ¼ 2Dνπ
μνðx; zÞ; ð9Þ

where Dν is the covariant derivative in the ADM decom-
position. This is the generator for diffeomorphism of the
D-dimensional spacetime. Performing the path integral for
N μðx; zÞ, we obtain the constraint Dνπ

μνðx; zÞ ¼ 0 [72].

This corresponds to the Ward identity involved with the
D-dimensional QFT energy-momentum tensor current at a
given z. We will show that the canonical momentum tensor
πμνðx; zfÞ is given by the energy-momentum tensor of the
renormalized IR QFT at the IR boundary z ¼ zf.
Once again, the holographic dual effective field theory

(2) can in principle be derived, starting from a given UV
field theory, by following the recursive RG procedures in
[43–45,50–53]. We expect to end up with the holographic
dual effective field theory (2). Instead of pursuing the top-
down approach, we will verify, in the next Sec. II B, that the
effective holographic theory (2), once discretized, leads to
the recursive RG transformations. In Sec. II C, we further
discuss self-consistency of the holographic dual effective
theory, in particular, the compatibility of the Callan-
Symanzik equation d lnZ=dzf ¼ 0 and the Hamilton
(Hamilton-Jacobi) equation of motion derived from (2).
Before proceeding to these discussions, we make a few

brief comments here.
First, we note that if we start from the UV boundary

theory which is conformal as in AdSDþ1=CFTD, the beta
function vanishes and we do not have the Hβ term that is
linear in πμνðx; zÞ. The holographic dual effective theory (2)
is more generic, and incorporate the effect of the nonzero
beta function.
Second, compared with the holographic effective theo-

ries considered in [43–45,50–53], Eq. (2) is written in a
covariant way by incorporating the lapse function and the
shift vector. Taking the limit of λ → 0 with gauge fixing
N ðx; zÞ ¼ 1 and N μðx; zÞ ¼ 0, we obtain the RG flow of
the metric tensor, ∂zgμνðx; zÞ ¼ βgμν½gμνðx; zÞ� after the path
integral over πμνðx; zÞ. Solving the RG equation for the
metric with a suitable boundary condition, we obtain the
renormalized metric gμνðx; zfÞ in IR, which in turn enters in
the IR effective Lagrangian L½ψαðxÞ; gμνðx; zfÞ� and deter-
mines the IR boundary condition. gμνðx; zÞ thus needs
to be determined self-consistently [50–53]. Both the
RG β-function and the IR boundary condition complete
the UV-IR mapping manifestly, which will be more
clarified below.
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B. The holographic dual effective field theory and recursive RG transformations

To verify the above construction and make a contact with the recursive RG transformations, we perform the path integral
with respect to the canonical momentum πμνðx; zÞ and obtain the Lagrangian formulation as follows:

Z ¼
Z

DψαðxÞDgμνðx; zÞδðgμνðx; 0Þ − δμνÞ exp
�
−
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

q
L½ψαðxÞ; gμνðx; zfÞ

�

− N
Z

zf

0

dz

�
−
Z

dDx

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp
2λ

Gμνργðx; zÞ
	
∂zgμνðx; zÞ þ

2Cgffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp Gμναβðx; zÞ

δh ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp

L½ψαðxÞ; gμνðx; zÞ�i
δgαβðx; zÞ




×

	
∂zgργðx; zÞ þ

2Cgffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp Gργα0β0 ðx; zÞ

δh ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp

L½ψαðxÞ; gμνðx; zÞ�i
δgα0β0 ðx; zÞ




þ ð−1ÞFtr ln
� ∂2

∂ψαðxÞ∂ψβðx0Þ
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p
L½ψαðxÞ; gμνðx; zÞ�Þ

���
: ð10Þ

Here, the normal coordinate system of ds2ðx; zÞ ¼ dz2 þ gμνðx; zÞdxμdxν has been considered with gauge fixing
N ðx; zÞ ¼ 1 and N μðx; zÞ ¼ 0. We emphasize that all the essential information of the bulk effective action is given
by the effective renormalized UV field theory L½ψαðxÞ; gμνðx; zÞ� at a given RG scale z in a self-consistent way as it should.
Now, we make the extradimensional space z discrete and introduce the discrete coordinate k that represents the RG

transformation step,

Z ¼
Z

DψαðxÞDgðkÞμν ðxÞδðgμνð0ÞðxÞ − δμνÞ exp
�
−
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðfÞðxÞ

q
L½ψαðxÞ; gμνðfÞðxÞ�

− NðdzÞ
Xf
k¼1

�
−
Z

dDx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðk−1ÞðxÞ

q
2λ

Gμνργ
ðk−1ÞðxÞ

	
gðkÞμν ðxÞ − gðk−1Þμν ðxÞ

þ 2Cgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðk−1ÞðxÞ

q Gðk−1Þ
μναβ ðxÞ

δ

δgðk−1Þαβ ðxÞ
D ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðk−1ÞðxÞ
q

L½ψαðxÞ; gμνðk−1ÞðxÞ�
E
	

gðkÞργ ðxÞ − gðk−1Þργ ðxÞ

þ 2Cgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðk−1ÞðxÞ

q Gðk−1Þ
ργα0β0 ðxÞ

δ

δgðk−1Þα0β0 ðxÞ
D ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðk−1ÞðxÞ
q

L½ψαðxÞ; gμνðk−1ÞðxÞ�
E


þ ð−1ÞFtr ln
� ∂2

∂ψαðxÞ∂ψβðx0Þ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðk−1ÞðxÞ
q

L½ψαðxÞ; gμνðk−1ÞðxÞ�
����

: ð11Þ

Here, dz is an energy scale for the RG transformation, and zf ¼ fdz is the energy scale where quantum fluctuations of
matter fields are integrated out. The above discrete expression is consistent with the recursive RG-transformation method of
our previous studies [50–53].
Focusing on the first iteration of the RG transformation, we consider k ¼ 1 and obtain

Z ¼
Z

DψαðxÞDgð0Þμν ðxÞDgð1Þμν ðxÞδðgμνð0ÞðxÞ − δμνÞ exp
�
−
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gð1ÞðxÞ

q
L½ψαðxÞ; gμνð1ÞðxÞ�

− NðdzÞ
�
−
Z

dDx

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gð0ÞðxÞ

q
2λ

Gμνργ
ð0Þ ðxÞ

	
gð1Þμν ðxÞ − gð0Þμν ðxÞ

þ 2Cgffiffiffiffiffiffiffiffiffiffiffiffiffi
gð0ÞðxÞ

q Gð0Þ
μναβðxÞ

δ

δgð0Þαβ ðxÞ
h

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gð0ÞðxÞ

q
L½ψαðxÞ; gμνð0ÞðxÞ�i


	
gð1Þργ ðxÞ − gð0Þργ ðxÞ

þ 2Cgffiffiffiffiffiffiffiffiffiffiffiffiffi
gð0ÞðxÞ

q Gð0Þ
ργα0β0 ðxÞ

δ

δgð0Þα0β0 ðxÞ
h

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gð0ÞðxÞ

q
L½ψαðxÞ; gμνð0ÞðxÞ�i




þ ð−1ÞFtr ln
� ∂2

∂ψαðxÞ∂ψβðx0Þ
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gð0ÞðxÞ

q
L½ψαðxÞ; gμνð0ÞðxÞ�Þ

���
: ð12Þ
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Taking the λ → 0 limit, we find the RG flow of

the metric tensor is given by gð1Þμν ðxÞ¼gð0Þμν ðxÞ−
2Cgffiffiffiffiffiffiffiffiffiffi
gð0ÞðxÞ

p Gð0Þ
μναβðxÞ δ

δgð0Þαβ ðxÞ
h

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gð0ÞðxÞ

q
L½ψαðxÞ;gμνð0ÞðxÞ�i. This

turns out to be identical with the RG transformation at
the one-loop level [50–53]. The next iteration step is to

separate slow and fast degrees of freedom for both gð1Þμν ðxÞ
and ψαðxÞ, and to perform the path integral with respect to

all fast degrees of freedom. As a result, gð1Þμν ðxÞ renormalizes

into gð2Þμν ðxÞ, where the RG β function is now given by

gð1Þμν ðxÞ. The renormalized metric tensor gð2Þμν ðxÞ appears into
the renormalized effective Lagrangian. Repeating this RG-
transformation procedure, we obtain Eq. (11) in a discrete
form and Eq. (10) in a continuum expression.
We recall that this RG-transformation procedure is analo-

gous to the numerical renormalization-group (NRG)method
[73,74]. First, we perform exact diagonalization in the so-
called Wilson chain, and truncate the resulting Hilbert space
into its low-energy subspace, regarded to be coarse graining.
Then, we increase the system size, adding one site into the
Wilson chain, and repeat theRGprocedure until it converges.
The present recursive RG-transformation method imple-
ments the NRG philosophy in an analytic way, representing

renormalization effects of coupling functions as an RG flow
of the metric tensor through the emergent extra-dimensional
space with a single-trace deformation of the energy-momen-
tum tensor current. This above demonstrates how the present
holographic dual effective field theory takes into account
quantum corrections in a nonperturbative way, i.e., all-loop
order resummed through the RG flow in the extra-dimen-
sional space [54].

C. Self-consistency of the holographic dual effective
field theory in the Hamilton-Jacobi formulation

We now study the self-consistency of the holographic
dual effective field theory, including the case of non-
conformal theories, βgμν ≠ 0. In particular, we examine
the Hamilton-Jacobi equation. As before, we gauge-fix
and consider the normal coordinate system, ds2ðx; zÞ ¼
dz2 þ gμνðx; zÞdxμdxν, i.e., N μ ¼ 0 and N ¼ 1.
Furthermore, we assume that vacuum fluctuations of
high-energy matter fields, performing the gradient expan-
sion, are approximated by the Einstein-Hilbert action,
Hg ¼ 1

2κ

ffiffiffi
g

p ðR − 2ΛÞ. (For the explicit evaluation of Hg

for specific models, see [50–53].) The holographic dual
effective field theory is then given by

Z ¼
Z

DψαðxÞDgμνðx; zÞDπμνðx; zÞδðgμνðx; 0Þ − gμνB ðxÞÞ exp
�
−
Z

dDx
ffiffiffi
g

p
L½ψα; gμν�


z¼zf

− N
Z

zf

0

dz
Z

dDx

�
πμνð∂zgμν − βgμν½g�Þ þ λ

2

1ffiffiffi
g

p πμνGμνργπ
ργ þ 1

2κ

ffiffiffi
g

p ðR − 2ΛÞ
��

: ð13Þ

It is straightforward to find the bulk Hamilton’s equation
of motion at z < zf for metric and its conjugate momenta:

∂zgμν − βgμν ¼−
λffiffiffi
g

p Gμνρσπ
ρσ;

gμρgνσ∂zπ
ρσ ¼−πρσ

δβρσ
δgμν

þ λ

4
ffiffiffi
g

p gμνπκλGκλρσπ
ρσ − πμσπν

σ

þ 1

D− 1
πμνπ

ρ
ρþ

1

2κ

	
Rμν −

1

2
gμνRþ gμνΛ



:

ð14Þ

Note that the boundary equations of motion at z ¼ zf is
given by the variation of δgμνðx; zfÞ

−
Z

dDxδgμνðx; zfÞ
�

δ

δgμν
ð ffiffiffi

g
p

L½ψα; gμν�Þ þNπμν
�
z¼zf

¼ 0;

ð15Þ

where the second term arises from the variation of gμν in the
second line of (13). Using the definition of the energy-

momentum tensor in (8), we get the boundary condition for
πμνðx; zfÞ

πμνðx; zfÞ ¼ −
ffiffiffi
g

p
2N

hTμνðx; zfÞi: ð16Þ

If we substitute this relation into the first equation of (14),
we have

∂zgμνðx;zfÞ−βgμνðx;zfÞ¼
λ

2N
Gμνργðx;zfÞhTργðx;zfÞi: ð17Þ

We point out that this holographic dual effective field
theory is reduced to that of the AdSDþ1=CFTD duality
conjecture when βgμν½gμνðx; zÞ� ¼ 0 regardless of z. This
indicates that L½ψαðxÞ; gμνðx; zfÞ� remains at its confor-
mally invariant fixed point under the RG transformation,
which corresponds to a special case.
This set of the Hamilton’s equation of motion can also be

reformulated as an Euler-Lagrange equation of motion.
Performing the path integral with respect to the canonical
momentum πμνðx; zÞ, we obtain an effective Lagrangian as
follows:
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Z ¼
Z

DψαðxÞDgμνðx; zÞδðgμνðx; 0Þ − gμνB ðxÞÞ exp
�
−
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

q
L½ψαðxÞ; gμνðx; zfÞ�

−N
Z

zf

0

dz
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p �
−

1

2λ
Vμνðx; zÞGμνργðx; zÞVργðx; zÞ þ

1

2κ
ðRðx; zÞ − 2ΛÞ

��
; ð18Þ

where Gμνρσ is the inverse DeWitt metric satisfying
GαβγδGγδμν ¼ δðαμδβÞν

Gμνρσ ¼ 1

2
gμρgνσ þ 1

2
gνρgμσ − gμνgρσ; ð19Þ

and we introduced an auxiliary field Vμν,

Vμνðx; zÞ ¼ ∂zgμνðx; zÞ − βgμν½gμνðx; zÞ�; ð20Þ
to lighten notations.
Accordingly, the Euler-Lagrange equation is given by

gμαgνβffiffiffi
g

p ∂z

	 ffiffiffi
g

p
λ
GαβγδVγδ



−
	
gμνVαβ

4λ
−
ημναβ
λ



GαβγδVγδ

þgρσ

λ
ðVμρVνσ−VμνVρσÞþ

1

2κ

	
Rμν−

1

2
gμνRþΛgμν



¼0:

ð21Þ
Here, we introduce

ημναβðx; zÞ≡ δ

δgμνðx; zÞ β
g
αβ½gαβðx; zÞ�: ð22Þ

We recall that the RG β-function for the metric tensor is
given by the energy-momentum tensor of the renormalized
QFTat a given RG scale z. It is natural to call ημναβðx; zÞ the
viscosity tensor, as it is given by the derivative of the
energy-momentum tensor with respect to the metric tensor.
The role of this viscosity tensor in the dynamics of metric
fluctuations will be discussed below.
We now discuss the self-consistency of the present

formulation, in particular, the consistency of the RG
invariance, and the Hamilton (Hamilton-Jacobi) equations
[75]. The generating functional has to be invariant under the
RG transformation in the sense that

d
dzf

lnZ ¼ 0: ð23Þ

This holds true if the following condition is satisfied

ð∂zfgμνðx; zfÞÞ
1

N
∂

∂gμνðx; zfÞ h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

q
L½ψαðxÞ; gμνðx; zfÞ�i þ

1

N
∂zfh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

q
L½ψαðxÞ; gμνðx; zfÞ�i

þ πμνðx; zfÞð∂zfgμνðx; zfÞ − βgμν½gμνðx; zfÞ�Þ þ
λ

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

p πμνðx; zfÞGμνργðx; zÞπργðx; zfÞ

þ 1

2κ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

q
ðRðx; zfÞ − 2ΛÞ ¼ 0: ð24Þ

One may regard this equation as the Callan-Symanzik
equation [76] for the free-energy functional in the large N
limit. We recall the IR boundary canonical momentum
tensor is given by Eq. (15). In addition, it is natural to
assume ∂zfh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

p
L½ψαðxÞ; gμνðx; zfÞ�i ¼ 0, i.e.,

the IR boundary Lagrangian does not depend explicitly
on the boundary coordinate zf, since all the cutoff depend-
ence is through the running of the coupling constants as a
function of z. As a result, the RG invariance of the free
energy (24) is reduced to the Hamilton-Jacobi equation

0 ¼ λ

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

p πμνðx; zfÞGμνργðx; zÞπργðx; zfÞ

− πμνðx; zfÞβgμν½gμνðx; zfÞ�

þ 1

2κ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

q
ðRðx; zfÞ − 2ΛÞ; ð25Þ

where πμν ¼ δS=δgμν. We emphasize that the solution of
this Hamilton-Jacobi equation is given by the IR boundary
condition [Eq. (15)], where L½ψαðxÞ; gμνðx; zfÞ� is the
IR boundary effective Lagrangian determined self-
consistently. Again, this Hamilton-Jacobi equation be-
comes that of the AdSDþ1=CFTD duality conjecture when
βgμν½gμνðx; zÞ� ¼ 0.
As a further consistency check, we point out that the

holographic dual effective field theory will follow the
constraint. Inserting the Hamilton’s equation for the metric
tensor into the constraint Dνπ

μνðx; zÞ ¼ 0, it is natural to
expect that the covariant derivative for the metric tensor
would vanish [72], regarded to be a part of full equations of
motion [77], and that for the RG β-function also becomes
zero, nothing but the energy-momentum tensor-current
conservation law. It seems to be a natural generalization
to introduce the RG β-function of the metric tensor into the

KI-SEOK KIM, SHINSEI RYU, and KANGHOON LEE PHYS. REV. D 105, 086019 (2022)

086019-6



bulk effective action for gravity, expected to work away
from quantum criticality.

D. Discussion

1. Entanglement entropy perspectives

The present RG-reformulated dual gravity action may
be reinterpreted in perspectives of entanglement entropy
[78–82]. The entanglement entropy is given by

SUVEE ¼ SGREEðzfÞ þ SMEEðzfÞ ð26Þ

in our holographic dual effective field theory. Here, SUVEE is
the entanglement entropy of the UV effective QFT defined
at the UV boundary z ¼ 0. SGREEðzfÞ is the entanglement
entropy of the emergent dual gravity bulk action with the IR
boundary z ¼ zf. SMEEðzfÞ is that of the IR boundary action
at z ¼ zf. This seemingly natural formula can be derived
from the holographic dual effective field theory [50] using
the replica trick [83,84].
Since the entanglement entropy of the UVeffective QFT

does not depend on the IR boundary coordinate zf, we
obtain the following Callan-Symanzik equation for the
entanglement entropy as

0 ¼ ∂zfS
GR
EEðzfÞ þ ∂zfS

M
EEðzfÞ: ð27Þ

Resorting to the replica trick for the gravitational
effective action [84], one may argue that SGREEðzfÞ is given
by an area of the Ryu-Takayanagi minimal surface [85,86].
Since we did not address the role of the RG β function in
the Ryu-Takayanagi minimal surface yet, we used the term
of “may argue”. Essentially the same replica trick gives rise
to the area law of SMEEðzfÞ [83] at the IR boundary. Here, we
represent both entanglement entropies as follows:

SGREEðzfÞ ¼
ARTðzfÞ
4GDþ1

; SMEEðzfÞ ¼
AQFTðzfÞ

4GD
: ð28Þ

ARTðzfÞ is a (D − 1)-dimensional Ryu-Takayanagiminimal-
surface area at z ¼ zf, and GDþ1 is (Dþ 1)-dimensional
Newton constant in SGREEðzfÞ. AQFTðzfÞ is a (D − 2)-dimen-
sional surface area of theQFTwith renormalization at z ¼ zf,
and GD is D-dimensional Newton constant in SMEEðzfÞ.
As a result, we obtain

0 ¼ ∂zfARTðzfÞ
4GDþ1

þ ∂zfAQFTðzfÞ
4GD

: ð29Þ

This area formulation interprets the appearance of the
RG-reformulated dual gravity action in a geometrical
way. The decrease of the (D − 2)-dimensional surface
area of the QFT, representing the decrease of the entangle-
ment entropy in the QFT, gives rise to the increase of the

(D − 1)-dimensional Ryu-Takayanagi minimal-surface
area, describing the increase of the entanglement entropy
in the bulk gravity theory, where the RG transformation is
performed at z ¼ zf. It would be interesting to show this
relation explicitly.

2. Role of the viscosity tensor in the dynamics
of metric fluctuations

Finally, we discuss the role of the RG β-function in the
bulk dynamics of metric fluctuations. It is not easy to solve
Eq. (21) and find the RG flow of the metric tensor because
the RG β-function gives rise to higher-curvature corrections
in the D-dimensional Einstein-Hilbert action. Performing
the gradient expansion in Eq. (7) with Eq. (8) [83], one can
express the average of the energy-momentum tensor in
terms of curvature tensors, which results in higher-curva-
ture terms in the case of λ ≠ 0. Here, we consider a near
fixed-point solution of the metric tensor, which allows us to
investigate the bulk dynamics of metric fluctuations in a
linearized fashion around the fixed-point background
geometry.
We recall the IR boundary condition (17). Taking the

zf → ∞ limit, quantum fluctuations of matter fields are
integrated out completely. As a result, the average of the
energy-momentum tensor cannot but vanish. Since the RG
β-function also vanishes, the resulting IR boundary con-
dition is given by

lim
zf→∞

∂zgμνðx; zÞjz¼zf ¼ 0: ð30Þ

In this limit, the RG flow equation of the metric tensor is
reduced to

∂zVμνðx;zÞ−gμνðx;zÞgρσðx;zÞ∂zVρσðx;zÞ

¼ λ

2κ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx;zÞp

	
Rμνðx;zÞ−

1

2
Rðx;zÞgμνðx;zÞþΛgμνðx;zÞ



:

ð31Þ

We recall Vμνðx; zÞ ¼ ∂zgμνðx; zÞ − βgμν½gμνðx; zÞ�. This
equation is identical to that of the conventional holography
if limzf→∞ ∂zβ

g
μν½gμνðx; zÞ�jz¼zf ¼ 0 is assumed near an IR

fixed point. Here, gauge fixing is assumed as discussed
before. The background solution is an (thermal) AdSDþ1

geometry at zero temperature (below the Hawking-Page
transition temperature) and an AdSDþ1 black hole above the
Hawking-Page transition temperature [87].
Considering small fluctuations around this background

geometry g̃μν as

gμνðx; zÞ ¼ g̃μνðx; zÞ þ hμνðx; zÞ; ð32Þ

the linearized “Einstein” equation for the metric tensor is
given by
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g̃μαg̃νβffiffiffĩ
g

p ∂z

� ffiffiffĩ
g

p
λ

	
1

2
g̃ρσhρσG̃

αβγδṼγδ þ ðδhG̃αβγδÞṼγδ þ G̃αβγδðδhṼγδÞ

�

þ 2hðμjαjg̃νÞβffiffiffĩ
g

p ∂z

� ffiffiffĩ
g

p
λ

G̃αβγδṼγδ

�

−
	
g̃μνṼαβ

2λ
−
η̃μναβ
λ



G̃αβγδδhṼγδ −

	
g̃μν
4λ

Ṽαβ −
η̃μναβ
λ



ðδhG̃αβγδÞṼγδ −

hμν
4λ

ṼαβG̃
αβγδṼγδ

−
hρσ

λ
ðṼμρṼνσ − ṼμνṼρσÞ þ

g̃ρσ

λ
ðṼμρðδhṼνρÞ þ ðδhṼμρÞṼνρ − ṼμνðδhṼρσÞ − ðδhṼμνÞṼρσÞ

þ 1

4κ
½2hðμαR̃νÞα − 2hαβR̃μανβ þ ∇̃ρð∇̃μhρν þ ∇̃νhρμ − ∇̃ρhμνÞ − ∇̃ν∇̃μhρρ

þ g̃μνðhρσR̃ρσ − ∇̃ρ∇̃σhρσ þ ∇̃ρ∇̃ρhσσÞ − hμνðR̃ − 2ΛÞ� ¼ 0; ð33Þ

where G̃αβγδ and Ṽμν are the background quantities and

δhG̃
αβγδ ¼ −ðhαðγ g̃δÞβ þ hβðγ g̃δÞα − hαβg̃γδ − g̃αβhγδÞ;

δhṼαβ ¼ ∂zhαβ þ hρση̃ρσαβ: ð34Þ

Here, η̃μναβðx; zÞ is the viscosity tensor with a
background black hole geometry, η̃μναβðx; zÞ≡

δ
δgμνðx;zÞ β

g
αβ½gαβðx; zÞ�jgμνðx;zÞ¼g̃μνðx;zÞ [see (22)]. This may

not vanish near the fixed point zf → ∞ while the RG β
function itself becomes zero. It is interesting to observe that
this viscosity tensor can result in instability of metric
fluctuations near the fixed-point background geometry. We
speculate that this potential instability originates from
higher-curvature corrections to the Einstein-Hilbert action
[71]. More generally, we suspect that the RG β-function
of the metric tensor may encode the so-called Ricci flow
[88–93]. The Ricci flow equation is to describe the
deformation of a Riemannian metric gμνðx; zÞ with an
extra-dimensional space coordinate z, which plays the
same role as time. This evolution equation may be regarded
as an analog of the diffusion equation for geometries, given
by a parabolic partial differential equation. The deforma-
tion is governed by the Ricci curvature, and leads to
homogeneity of geometry. In principle, one may consider
that this Ricci flow equation arises from the gradient
expansion of the Green’s function with respect to the mass
parameter [50]. Actually, this instability of the background
geometry may be interpreted as a runaway RG flow toward
a fixed point different from the present one. It would be
interesting to study how the universal lower bound of the
ratio between the shear viscosity and the entropy [21] is
modified by this viscosity tensor [94].

III. CONCLUSION

We proposed a prescription for an emergent dual holo-
graphic description of a quantum field theory, expected to
work even away from quantum criticality. Although we
invoke the bulk locality assumption and do not include

higher-spin fields, the holographic dual effective field
theory takes into account quantum corrections in a non-
perturbative way through a nonperturbative RG flow in the
emergent extra-dimensional space. Self-consistency of this
nonperturbative framework was claimed based on the
Hamilton-Jacobi equation, the solution of which is given
by the IR boundary effective action.
We would like to mention that the emergent holographic

duality between the quantum field theory and emergent
gravity partition functions holds beyond the large N limit.
However, the self-consistency discussed in Sec. II C and the
equation of motion shown in Sec. II D are on the level of an
effective on-shell action, based on the duality relation to
hold in the large N limit.
Before closing, we point out that it is straightforward to

generalize the present dual holographic description to the
case with additional effective interactions. For example,
one may consider either spontaneous chiral symmetry
breaking or effective interactions between U(1) conserved
currents. Such interactions are responsible for appearance
of dual scalar fields and U(1) gauge fields, respectively, in
the corresponding holographic dual effective field theory.
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