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We study the Lindbladian dynamics of the Sachdev-Ye-Kitaev (SYK) model, where the SYK model is coupled
to Markovian reservoirs with jump operators that are either linear or quadratic in the Majorana fermion operators.

Here, the linear jump operators are nonrandom, while the quadratic jump operators are sampled from a Gaussian
distribution. In the limit of large N, where N is the number of Majorana fermion operators, and also in the limit
of large N and M, where M is the number of jump operators, the SYK Lindbladians are analytically tractable,
and we obtain their stationary Green’s functions, from which we can read off the decay rate. For finite N, we
also study the distribution of the eigenvalues of the SYK Lindbladians.
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I. INTRODUCTION

While quantum dynamics is often modeled by an ideal-
ized unitary time evolution, nonunitary time evolutions are
ubiquitous and relevant since experimental systems are never
completely isolated. Nonunitarity may arise in many different
forms, such as dissipation, gain/loss, decoherence, measure-
ments, and so on. Understanding and controlling these effects
are of both fundamental and practical importance. Further-
more, nonunitarity may give rise to rich behaviors that do not
have counterparts in systems governed by unitary time evo-
Iution. Our understanding of possible universal behaviors in
open quantum systems, however, is still limited, particularly
in the context of many-body quantum systems and quantum
field theory.

In this paper, we study tractable many-body quantum
systems with Lindbladian dynamics, aiming to deepen our
understanding of open many-body quantum systems. The
models we study consist of the Sachdev-Ye-Kitaev (SYK)
Hamiltonian, i.e., a fermionic quantum many-body Hamil-
tonian with all-to-all interactions [1,2], and jump operators
that we will describe momentarily. Specifically, we consider
a set of Majorana fermion operators, {¥;, ¥;} = §;j, W,T =
Y;, and the associated Fock space where i = 1,..., N. The
Lindbladian £ of our interest, which generates the dynamics
dp/dt = L(p), is given by

1
L(p) = —ilHsyk, p] + Z [LapL; - E{LZLa’ p}}. (1)

Here, the Hamiltonian part is given by the SYK (SYK,)
Hamiltonian with g-body interaction,

Hsyx =% )" JiigVi - Wi, )

i]<-<iy
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where Jj,..;, are random couplings drawn from the Gaussian
distribution. As for the jump operators {L,}, we consider the
following two cases. (i) First, we consider N jump operators
that are linear in fermion operators,

L'=yuy', i=1,...,N. 3)

Here, p is a nonrandom real parameter. (ii) In the second
example, we consider M quadratic jump operators,

L= ) K

1<i<j<N

ng@, a=1,--~,M7 (4)

where all K}’ are independent complex Gaussian distributed
random variables with mean and variance given by

2 K?
(IKGP) = 2
It is also possible to consider more generic jump operators that
consist of p Majorana operators. For more details on these
models, see later sections. As we will show, these models
can be analytically studied in the limit N — oo in the first
example and in the limit N, M — oo, with fixed R = M/N, in
the second example.

The SYK model and its variants have provided vari-
ous tractable toy models for many-body problems, e.g., the
butterfly effect, quantum information scrambling, quantum
entanglement, non-Fermi liquids, etc., and have been exten-
sively studied recently [3-9]. Some of these models admit
holographic dual descriptions. We note that nonunitary time
evolution of various kinds in SYK-type models has also been
studied recently. See, for example, [10-21]. Our study using
the Lindbladian dynamics is different from and complemen-
tary to these previous works. The effects of dissipation in the
SYK models have also been studied within unitary dynamics
by including the heat bath degrees of freedom explicitly. There
are two-coupled variants of SYK models, where one of the
copies can be considered a bath. See, for example, [22-24].
At more technical levels, there are other Hermitian SYK-type
models (supersymmetric SYK and Wishert SYK models) that
have some resemblance to our SYK Lindbladian model(s)
[25-27].

(Kfj) =0, Vi, j,a (nosum). (5)

©2022 American Physical Society


https://orcid.org/0000-0002-8477-7137
https://orcid.org/0000-0003-1024-7907
https://orcid.org/0000-0002-1494-1253
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.106.075138&domain=pdf&date_stamp=2022-08-22
https://doi.org/10.1103/PhysRevB.106.075138

KULKARNI, NUMASAWA, AND RYU

PHYSICAL REVIEW B 106, 075138 (2022)

In this work, we study the properties of the above SYK
Lindbladians by computing Green’s functions in the large-N
(and large-M) limit. This allows us to extract, for example, the
dominant decay rate (the spectral gap of the Lindbladians).
We also study spectral properties of finite-N versions of the
SYK Lindbladians by diagonalizing them numerically. The
spectrum is complex in general and distributed nontrivially
over the complex plane. Because of the all-to-all nature of
interactions (and jump operators in the second case), the
spectrum can be naturally compared with known behaviors in
random Lindbladians studied by using techniques from ran-
dom matrix theory [28-36]. For the case of random quadratic
jump operators, the spectrum crosses over from an elliptic
disk-shaped to “lemon-shaped” distribution by increasing the
relative strength between the SYK interaction and the jump
operators, K/J. The latter is a ubiquitous behavior in the
strong-dissipation regime of random Lindbladians [28,29,32].
We also observe clustering of eigenvalues by controlling the
ratio R = M/N [29,30,35].

II. THE OPERATOR-STATE ISOMORPHISM AND THE
SCHWINGER-KELDYSH PATH INTEGRAL

We are interested in the spectral properties of the Lind-
bladians and various correlation functions (mostly in the
large-N limit). To this end, we will set up a Schwinger-
Keldysh-type path-integral approach that involves two copies
of path-integral variables [37-39]. We do so by first invoking
the state-operator map (the Choi-Jamiotkowski isomorphism)
to “vectorize” the Lindbladian. This allows us to think of
operators (the density matrix in particular) as a state in the
doubled Hilbert space, H ® H* = H, ® H_, and L as an
operator acting on the doubled Hilbert space. The first step in
the state-operator map is to consider a maximally entangled
state |I) in H ® H_. This state should have a property that
it maps or “reflects” all operators on the first Hilbert space
to corresponding ones in the second Hilbert space (and vice
versa): O, |l) = O"_|), where O, and O’_ are some operators
acting on the first and second Hilbert spaces. In particular, we
require

Yill) = =iy |I). (6)

The factor of —i originates from the Fermi statistics: reflecting
twice gives a 2 rotation under which the fermion operators
pick up —1. With |I) in hand, we can map an operator, the
density matrix p, say, to the corresponding state on H, @ H_
as

p—>1p)=psll) € Hy @ H-_. 7

Note that the identity operator [, which can be thought of as an
infinite-temperature Gibbs state, is mapped to |[). Similarly,
the Lindbladian can be mapped to an operator acting on H, &
H_, and the Lindblad equation is now written as d|p)/dt =
L|p), where we continue to use L to represent the mapped
operator. The explicit form of £ for our models is given in
Egs. (10) and (25). The state |1) is annihilated by £, £ |I) =
0, or equivalently, (1| £ = 0. This ensures that the Lindbladian
evolution preserves tr(p).

With the operator-state map, for example, the “parti-
tion function” can be expressed as Tr[p(¢)] = (l|p(?)) =

(H|e’£|po) = (l]po) = 1, where |pp) is an initial condition and
we noted (I|e’* = (I]. Similarly, the expectation value of an
operator A is given by Tr [p(t)A] = (1|A; ® 1_e'*|po). These
quantities can be readily expressed in terms of the coherent
state path integral over two copies of real fermionic fields,

Vi(r), as
Z = (11¢%|pp) = f Dy, Dy_ Wil (g)

i.e., the Schwinger-Keldysh formalism.

For the SYK-type models discussed below, we will analyze
the Schwinger-Keldysh path integral (8) in the large-N limit.
Furthermore, in this work, we will be interested in stationary
properties that may emerge in the late-time limit. In particular,
we will assume in this limit that the memory of the initial
state is lost, and the system relaxes into a stationary state
independent of the initial state.

III. NONRANDOM LINEAR JUMP OPERATORS

In this section, we consider the SYK model in the presence
of the jump operators

L'=uy', i=1,...,N. )

Here, we assume u is a real parameter. Following the proce-
dure outlined in the previous section, the Lindbladian acting
on the doubled Hilbert space Hy ® H_ is given by

L= —iH @1 +i(—1)!1, ® Hyyy
; i N
—in ) Yl —po kel (10)

At least superficially, this model looks similar to the two-
coupled SYK model discussed in [22]. We, however, note
various differences. The first is the relative phase between
the Hg,, and Hgyy terms. For example, when g =4, we
have opposite signs for these terms. The relative sign between
the terms is necessary so that their sum is an isometry of
[l). On the other hand, for the regular two-coupled SYK
model, these terms have the same sign and induce time evo-
lution. Another difference is that the Hamiltonian terms (the
first two terms) are anti-Hermitian, whereas —ip Y, ¥\ ¢" is
Hermitian. Overall, £ is not anti-Hermitian (L7 # —L£), and
evolution is nonunitary.

A. Path integral and large-N effective action

Using the formalism in the previous section, we can study
this model using the Schwinger-Keldysh path integral. The
action is given by

. v 1 i . i i

Sy, ¥_1 = / di| =5 ) vial — 5 ) wlawl

ti i i
_ /2 Z T W0 Y

i <--<igy

D D SURLRRR AL

i <--<iy

. . N
- iMZIM(I)W_(I)—MEfdﬂ}- (1)

075138-2



LINDBLADIAN DYNAMICS OF THE SACHDEV-YE-KITAEV ...

PHYSICAL REVIEW B 106, 075138 (2022)

The action has to be supplemented with the proper bound-
ary conditions at t =t;, t, set by the initial (|pp)) and final
(1)) states. When analyzing the stationary state, however, the
boundary conditions are immaterial. This path integral can be
studied in the large-N limit as in the regular SYK model. We
introduce two kinds of matrix collective fields, G,g(f1, t2) and
Yap(t1, 1), where a, B € {4, —}. The effective action for the
collective fields is

S[G, X] = _% InTr[—i(Gy' — =)]

(VPN [
+ > / dndt Z SapGap(ty, 1)
ti af

iN [
— dtdt Yus(ty, 12)Gyp(t, t
+ 2/ti 1 2%; s(t1, 2)Gop(ty, 12)

N[
- sz dt[Go_(t,1) — G_(t,1)]

L

. N
+iny [ar (12)

where s, is given by
sip=s__=1, s4_=s_,=—(—=Di  (13)

In the saddle point approximation, the collective field Gup is
nothing but the Green’s functions of the fermion fields,

Gop(t, 12) = —i{T (Ya(11)Yp(12))) -

The correlation functions satisfy the symmetry rela-
tion Gug(t1, 1) = —Ggy (2, 11). The partition function of
the system in terms of the corrective fields is Z =
[ DGogDEqp expliS[G, X1}. The large-N saddle point equa-
tion 1s

(14)

0, Guptt 1) [dts 3 Ty (016,12

y=+—

= Sapd(t] — 1), (15)
ot ) = —il0%545Gap(t1, )1 + peapd(ty — 12).
(16)

B. Stationary Green’s functions

a. Large-N limit with g = 4. The saddle point equation can
be analyzed numerically or by taking the large-g limit. We
first take ¢ = 4 and solve the Kadanoff-Baym equations (15)
and (16) numerically. We note that assuming the memory of
the initial state is lost in the long-time limit, the time transla-
tion invariance is recovered and the collective fields depend
on only t; —t, =¢. In Fig. 1, we show an example of the
numerical stationary solution for J/ = 1 and u = 0.250. For
large enough 1 > J, the system crosses over to the case of a
dissipation-only model, where the correlation function decays
exponentially with the decay rate given I' approaching u, as
shown in Fig. 1. This is consistent with the spectrum at finite
N, where an isolated cluster of eigenvalues forms at —u when
W is large.

G(t)
06 G ()
} __(t
ql»
/ G_+(t)
'¢'0.2'
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P o SN 1 " t
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FIG. 1. Top: The Green’s functions in the large-N limit for g =
4,J = 1,and u = 0.250. Bottom: The decay rate I" of the correlation
functions as a function of w. For large 11/J, the decay rate approaches
I' = pu (red dashed line).

b. Large-q limit. In the large-q limit, we expand the Green’s
function as [4]

1
Gup(t1, ) = Gg,g(tu l2)<1 + agaﬂ(tla L)+ -- ) a7

The Kadanoff-Baym equation then reduces to the Liouville
equation

8[1 atzg++([1 ) = _2j2€g++m’t2),

U 8- (t1, 1) = =2 %512 —208(ty — ). (18)
Here, we define JZ = % and u = %. We impose the
boundary conditions as

8++(, 1) =0,
lim 3, g1 (11, 12) = — L2,
21
g++(t, ) — g+ (t1, ) = Oasty — oo. (19)
We can then obtain a stationary solution as
2
e84+ o 7
J?cosh®(alt] + y)
~2
eS8+ — o . (20)
J?cosh®(@lt| + )
To satisfy the boundary conditions, we impose
i 1, [ =2atanh7 5 . 21)
— =1, =2a@tanhy, o=4a, =7.
Tcoshy 2 14 Y=Y
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FIG. 2. Spectrum of the SYK Lindbladian operator

By solving these conditions, we obtain

NG N
g = o — 7 — arcsinh [
a=a=J <2j> +1, y=9 arcsmh(zj).

(22

From these, we see that the correlation functions behave as
G(t) ~ ¢ and decay exponentially. We can read off 27"‘ =T
as the decay rate. This behavior also qualitatively agrees with
the u dependence for the g = 4 case above analyzed numer-
ically. Also, for large g, we can confirm that as u© — 0 (after
taking the long-time limit), the Green’s function reduces to the
infinite-temperature thermal Green’s function.

C. Finite-N spectrum

We now turn to the spectral properties of the SYK Lindbla-
dian (10). The complex spectrum {A;} of the SYK Lindbladian
(10) can be studied by numerical exact diagonalization for
finite N. We set N = 8 in our analysis below, which means,
including both copies ¥} and ¥’, we have 2N = 16 fla-
vors of Majorana fermion operators. Plotted in Fig. 2 are the

(b) p=10.3
ImA\
05F
- — Re)
-2.0 -05
-05}
(d) p=0.9
ImA\
5.x1075 |

ReA

-5.x107"°

L (10) for p = 0.1,0.3,0.5,and 0.9 with J = 1.

numerical spectra {A;} for representative choices of © (we set
J = 1). For each u, 100 disorder realizations were collected.

For small pu, there are many eigenvalues centered around
Re () = —Nu/2. As we increase u, vertical bands of eigen-
values start forming along the real axis. Each band is located
roughly along a line Re (A) = —unforn=1,...,N. As we
increase p even further, all the eigenvalues become close to
real. This reminds us of a real-complex transition in some
non-Hermitian systems [40]. Another effect of increasing u
is the formation of clusters around A = —nu, with gaps in
between. The cluster formation first occurs at the left and
right edges of the spectrum, i.e., at small and large n, and then
subsequently occurs at intermediate values of n. Similar band
and cluster formation and hierarchy of relaxation times were
observed in Refs. [30,35], although we should note that these
works studied purely dissipative random Lindbladians, while
in our model the randomness enters only in the Hamiltonian
part.

In the weak-dissipation regime, that is, u/J < 0.5, the
nonlinearity in the decay rate and the band formation in the
spectrum indicate that there is a nontrivial competition be-
tween the dissipative and SYK interactions.
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IV. RANDOM QUADRATIC JUMP OPERATORS

In this section we consider another open SYK system.
Here, we introduce M two-body jump operators L¢ with
random couplings. The Hamiltonian and the jump operators
respectively are

Hsyk = i7? Z

1<ip < <iy <N

Jieig Wiy =+ Vi

L'= Y Ky KieC. a=1,....M (23)

1<i<j<N |

L=—iH$y ® 1 +i(—1)}1; @ Hgyye — > L4 @ LT —

All Kf; are independent and identically distributed complex

Gaussian random variables with mean and variance given
by

K2
(IK51%) = —

<I(l‘;> = O’ N2

Vi, j,a (no sum). 24)

The Lindbladian acting on the doubled Hilbert space H, &
‘H_ is given by

1 1
EZLiTLi(on, - EI]+®ZL‘LL‘1T

. o 1 e
= —iHgy ® -+ iDL @ Hyy + > Y > KK <w’+wiwfw’_ + ViV viYL + 51//’_1//11//51//’_)- (25)

a i<j k<l

A. Path integral and large-N effective action

Using the formalism in Sec. II, we can obtain the
Schwinger-Keldysh action for this model. Since we will be
analyzing the stationary state, the initial state |pg) is immate-
rial and will be excluded from the path integral. We introduce
complex Hubbard-Stratonovich (or auxiliary) fields 9 (¢) and
b (t) to make the dissipation term linear with respect to the
jump operators. The resulting action is as follows:

iSlyy, v, b, b, b, B
— 1 i i 1 i i -q/2+1
= [ dt —agmafm— EZ‘”—E’””— —i

XY Tl = (=)

i<+ <iy

x Z Jil»»-iql//ﬁ...l/jiq

LS 50 (e 10\ (@)

-3 Z[b+(t)b_(t)]<_2 1) (b‘f(t))
L ] _

+ 5 DB OLL@) + B OLL (1) + BLOLL (1)

+ b (1)L (t)]:|. (26)

We then perform disorder averaging over the random cou-
plings J and K. Next, we introduce collective fields for both
the fermion fields and the auxiliary fields. We denote the
fermion collective fields by G,g and Xqpg and the auxiliary
collective fields by Gzﬂ and 2(%, where o, 8 = +. Consider
the limit N, M — oo with constant R = M/N. In this limit,
the Green’s functions and self-energies of the system are de-
termined by the saddle point of the action. The saddle point

(

equations are as follows:

2
b K 2
Yopti, 1) = TGaﬁ(ll, n)",

-1
Gbm,rz):[( . (1))5(t1—l2)—2b(l1,lz)] ,

ot ) = —i%% 545 Gap(t, 1)1
K’R

+ - [Gop(t1, ) + G (0, 1)]Gup (1, 12),

G, 1) =[Gy (11, 1) — T(t1, )] . 27)

The boldface fields are 2 x 2 matrices with =+ indices. The
matrix inverses are with respect to this 2 x 2 matrix multipli-
cation as well as the time domain multiplication. Now let us
apply the stationary state hypothesis to obtain the Schwinger-
Dyson equations:

b K’ 2
Xop) = TGaﬂ(t) ,

-1
Gb(w)=[<_12 ?)—):”(w)} ,

Top(t) = —il0%505Gop(t)?!

KR _, ,
+ T[Ga/,(r) + G ()] Gap (1),
_ —1
G(») =[Gy () — Z(w)] . (28)
T Wo
25 0.4
2.0 0.3
15 02f °
1.0 .
0.5 0.1 .
0.0 : : — K 00! K
0.5 1.0 1.5 0.5 1.0 1.5

FIG. 3. Decay rate I' and frequency w, of late-time GR(t) for
J=1,R=2.
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(a) K = 0.1 (b) K =0.5
Aw) Aw)
/)
3
2
2
]
A N, — S —
2 12 2 1 1 2
(c) K=1
Alw)
18
1o \
05F \_
T . I N Sy
-6 -4 -2 2 4 6

FIG. 4. Spectral function (blue) compared with the Lorentzian
(orange) forJ = 1, R = 2.

B. Stationary Green’s functions

We solve (28) numerically for ¢ = 4 and various values of
the parameters J, K, and R. For all these solutions, the Green’s
functions of the Hubbard-Stratanovich fields are numerically
consistent with the following trivial solution:

1 0
Gb(t):(2 1)5@).

In all cases, the fermion Green’s functions decay exponen-
tially at late times. For small dissipation strength, the Green’s
functions oscillate as they decay. To characterize these os-
cillation we try to fit the retarded Green’s function G®(t) =
—iO#)[G1—_(t) — G_,(¢)] with the following ansatz at late
times:

GR(t) ~ Ae™" sin(wot + ). (29)

Figure 3 shows the late-time decay rate I" and frequency wg of
the retarded Green’s function, obtained by fitting this ansatz to
the numerical solutions. Here, we have fixedJ = 1 and R = 2.
As the dissipation strength K is increased, we see a transition

ImA\ ImA

(a) K=0.1

(b) K = 1.5 (scaled)

from damped oscillations (wy > 0) to a purely exponential
decay (wo = 0) of GR(¢) at around K ~ 0.4. This is analogous
to the transition observed in the Caldeira-Leggett model, a
canonical example of open quantum dynamics [41]. The de-
cay rate I' is expected to increase with stronger dissipation.
While this is generally true, in a small window right after
the transition, the decay rate decreases as dissipation becomes
stronger. This can be interpreted as the quantum Zeno effect
in which frequent measurement or strong environmental cou-
pling (as in this case) can stabilize a quantum state [42—45].

In the frequency domain, a useful quantity to analyze is the
spectral function defined by

Alw) = —2 Im [GR(w)]. (30)

The spectral function can be interpreted as a probabil-
ity distribution. Indeed, our numerical solutions satisfy the
normalization condition ffooo g—]‘jA(a}) = 1. We compare the
spectral function to a Lorentzian distribution. Figure 4 demon-
strates that for large dissipation strength K, A(w) is well
approximated by a Lorentzian. We see the same effect at large
R, that is, a large number of jump operators. The Lehman rep-
resentation for Lindbladian systems [46] suggests that when
the spectral function is Lorentzian, the eigenvalue with the
largest nonzero real part is purely real. This is consistent with
our finite-N numerics in the next section.

C. Finite-V spectrum

The stationary Green’s functions naturally do not contain
all the information about the dynamics of the system. The
full information of the dynamics is contained in the eigen-
values and eigenvectors of the Lindbladian [47]. Here, we
will study the eigenvalues, also known as the spectrum, of
the Lindbladian (23). We set N = 10, which gives a total of
20 Majorana fields after the doubling described in Sec. II.
For each set of parameters, we collect 50 realizations of the
random Lindbladian to plot the spectrum.

Figure 5 shows the spectra as we vary K while keeping J =
1 and R = 1 fixed. For large dissipation strength K, the bound-
ary of the spectrum resembles a lemon shape. We compare this
boundary to the spectral boundary of purely dissipative fully
random Lindblad operators, which was calculated analytically
in [28]. To do this comparison, we first scale and shift the

ImA

ReX ReA

(c) K = 3 (scaled)

FIG. 5. Spectrum of the Lindbladian (25) for / = 1, R = 1, and varying K. (a) The spectrum is elliptical, consistent with the literature.
(b) and (c) The spectrum is scaled and shifted according to Eq. (31) before being plotted. As K increases, the boundary of this (scaled) spectrum

resembles the lemon-shaped contour derived in [28].
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(a) R=0.5

(b) R=5

TmA TmA

Re\ - .
-60 -40 -20

ReA

(c) R=120

FIG. 6. Spectrum of the Lindbladian (25) for J = 1, K = 2, and varying R.

eigenvalues as follows:

8
A — W(W“ + 1). 31

Note that the dissipative part of the Lindbladian in Eq. (25)
contains ~N? random entries, whereas a fully random Lind-
bladian on the 2"/2-dimensional Hilbert space would contain
~2VN random entries. Also, only two-body jump operators
are considered in this model. Therefore, the boundary of the
spectrum may not precisely match the contour derived in [28],
and further investigation is required. When the dissipation
strength K is small relative to the SYK coupling J, the spec-
trum is elliptical. The spectra also show an enhanced density
of eigenvalues on the real axis. These features resemble those
of random Lindbladians reported in [28,29,32].

The story is quite different when we vary R while keeping
J and K fixed. Figure 6 shows that the shape of the spectrum
changes significantly as we increase R. The bulk of the spec-
trum gets progressively squeezed towards the negative real
axis, while clusters of (close to) real eigenvalues are left in
its wake. Similar cluster formation and hierarchy of relaxation
times were observed in random Lindbladians [29,30,35].

In unitary physics, random matrix theory captures the uni-
versal features of chaotic dynamics. To understand whether
this is also the case in nonunitary physics, it is important
to identify physical systems that exhibit nonunitary random
matrix behavior. As we have seen, model (23) indeed serves
this purpose.

V. SUMMARY AND OUTLOOK

In this work, we introduced SYK-type Lindbladian models
and studied their Green’s functions in the long-time limit, and
their spectral properties. The models admit exact analysis in

various limits (large-N, large-g, simultaneous large-N and -M
limits). Another merit of the models is that they exhibit very
rich behaviors. In particular, the second model realizes many
different behaviors by simply controlling the parameters J, K,
and R, some of which compare well with different random
Lindbladian models studied previously. There are many re-
maining questions. We close by listing a few of them. First,
vast generalizations of the current models are possible, for
example, by introducing p-body jump operators. Studying
wider classes of models would allow us to explore different
universal behaviors in open quantum many-body systems.
Second, while we studied the distribution of the eigenvalues
of the SYK Lindbladians, a more thorough characterization of
the spectral properties is necessary. For example, it is of great
interest to study the level statistics [20,34,48,49]. The level
statistics may show an interesting crossover as the distribution
crosses over from the lemon shape to the one with many clus-
ters [50]. Third, in this work, we mostly focused on stationary
properties. However, it would be interesting to follow the time
evolution by the SYK Lindbladians starting from some initial
state. Technically, the Kadanoff-Baym equation can be solved
numerically.

Note added. Recently, [51] appeared and has a substantial
overlap with our Sec. IV.
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