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This paper studied the design of a two-echelon supply chain where a set of suppliers serve
a set of terminals that receive uncertain customer demands. In particular, we considered
probabilistic transportation disruptions that may halt product supply from certain suppli-
ers. We formulated this problem into an integer nonlinear program to determine the opti-
mal system design that minimizes the expected total cost. A customized solution algorithm
based on Lagrangian relaxation was developed to efficiently solve this model. Several
numerical examples were conducted to test the proposed model and draw managerial
insights into how the key parameters affect the optimal system design.
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1. Introduction

Supply chain operations are susceptible to various uncertainties such as supplier disruptions, transportation disruptions
or delays, and customer demand fluctuations. As evidenced in recent catastrophic events (e.g., West Coast Lockdown (Gibson
Brian et al., 2015), Sichuan Earthquake (Chan, 2008), Fukushima nuclear leak (Holt et al., 2012), and Hurricane Sandy (Blake
et al., 2013)), supply chain facilities are vulnerable to various natural and anthropogenic disruption risks such as floods,
earthquakes, power outages, and labor actions. Such disruptions, once happening, can choke the supply of corresponding
commodities (or services) at the very source. Even if the commodities are successfully sent out from the supply facilities,
they may experience extensive transportation delays, especially when they are shipped with slow transportation modes
(e.g., waterways and railroads (Tseng et al., 2005; Ouyang and Li, 2010)). Such transportation delay may cause depletion
of downstream stocks and loss of customer demand, particularly when customer demand is stochastic and fluctuating. To
ensure customer service levels, one way is to hold a high inventory of commodities at the downstream terminals (or retailer
stores), which however incurs excessive inventory holding cost. Or expedited transportation can be used to largely reduce
the delivery time to avoid accumulation of unmet demand, which however may dramatically increase transportation cost. Li
(2013) showed that a better way would be wisely combining inventory management and expedited transportation such that
neither a high inventory nor frequent expedited services are needed. This series of uncertainties throughout these interde-
pendent planning and operational stages, if not properly managed, may seriously damage system performance and deteri-
orate customer satisfaction. An integrated design methodology is needed to plan an efficient and reliable supply chain
system that not only smartly balances cost tradeoffs over space and time but also robustly hedges against the unexpected
uncertainties from supply, inventory, and demand.
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There have been a number of studies addressing different facets of supply chain design. On the supplier location side, one
recently intensively investigated topic is reliable supplier location design. Studies on this topic basically aim to increase the
expected performance of a supply chain system across various supplier disruption scenarios by adding proper redundancy to
the location design. On the operational side, freight lead time uncertainties and customer demand fluctuations have been
well recognized as major challenges to inventory management and customer service quality. A recent study by Li (2013) pro-
posed an integrated methodological framework that incorporated both planning and daily operations under a stochastic set-
ting. This framework also enhanced the reliability of the supply chain system by taking the expedited transportation service
into account, where a set of terminals ordered products from a set of suppliers based on the uncertain demands and inven-
tory levels. The mathematical model proposed in this paper mainly minimized the fixed investment involving the cost of
setting up service relationships with selected suppliers, the inventory holding cost at terminals, and the operational cost
involving regular and expedited shipment cost from suppliers to terminals. It provided an integrated planning paradigm that
balanced all the involved decision components and yielded a more reliable logistic system.

This paper aims to bridge this research gap by proposing an integrated supply chain system design model that simulta-
neously determines supplier location, multi-modal transportation configuration, and inventory management decisions all
together under both transportation disruption risks and operational uncertainties. This model considers a two-echelon sup-
ply chain system where a set of downstream terminals order products from a subset of candidate upstream suppliers per
arriving customer demands. Each shipment from a supplier to a terminal can be delivered via either a regular transportation
mode that is cheap yet has a long and uncertain lead time or an expedited transportation mode that is much more expensive
yet assures timely delivery. The adoption of expedited services also affects a terminal’s inventory position and the corre-
sponding inventory holding cost. Note that the transportation disruptions mentioned in our study refer to the disasters that
disrupt the regular shipment service of suppliers. Then the terminals that used to be served by this supplier have to divert to
other suppliers or completely lose the service. To assure the regular service reliability, a terminal may be assigned to a
sequence of suppliers such that if regular services of some of them are disrupted, the terminal can resort to the remaining
according to the assignment priorities. The system design of this problem is very challenging. Not to mention the inherited
NP-hardness of a location problem, the system has to face an extremely large number of possible disruption scenarios of reg-
ular shipment service that are exponential to the number of the suppliers. Further, the nested uncertainties from transporta-
tion delays and customer arrivals will complicate this problem even more. With our efforts, a compact polynomial-size
mathematical programming model is proposed that integrates all these decisions components, including supplier location
selections, supplier assignments to terminals, expedited transportation activation rules and inventory holding positions,
so as to minimize the expected system cost from both location planning and operations under various uncertainties. The
compact structure of this model formulation allows the development of an efficient Lagrangian relaxation algorithm that
can efficiently solve this problem to a near-optimum solution. Numerical examples show that the proposed model can yield
a supply chain system design that minimizes the impacts from probabilistic disruptions and also leverages expedited ship-
ments and inventory management to balance tradeoffs between transportation and inventory costs.

The rest of this paper is organized as follows. Section 2 reviews related literature. Section 3 formulates the design of the
studied supply chain system into an integer nonlinear programing model. Section 4 develops a customized solution algo-
rithm based on Lagrangian relaxation. Section 5 conducts numerical studies and discusses the experiment results. Section 6
concludes this paper and briefly discusses future research directions.
2. Literature review

Studies on facility location can be traced back to about a century ago (Weber, 1929). Earlier location models focused on
the single tradeoff between one-time facility investment and day-to-day transportation cost (see Daskin (1995) and Drezner
(1995) for a review on these developments). These fundamental models were later extended in a number of directions that
largely enriched the contents of facility location models. Spatially, the fundamental two-layer supply structures were
extended to multi-layer (or multi-echelon) topologies (S�ahin and Süral, 2007). Temporally, single-period stationary opera-
tions were generalized to multi-period dynamic operations (Melo et al., 2006). The system service was extended from a sin-
gle commodity to multiple commodities that share the supply chain infrastructure (Klose and Drexl, 2005). Direct
transportation was extended to less-than-truck-load operations that involve vehicle routing decisions (Laporte, 1987;
Salhi and Petch, 2007). Most of these models assume that all components of the supply chain system behave deterministi-
cally and their actions are fully predictable.

In reality, however, uncertainties exist almost ubiquitously throughout all components in a supply chain. Studies in 1980s
(Daskin, 1982, 1983; ReVelle and Hogan, 1989; Batta et al., 1989) pointed out the need for facility redundancy under stochas-
tic demand. Later studies (Lee et al., 1997; Ouyang and Daganzo, 2006; Ouyang and Li, 2010) further recognized that demand
uncertainties cause serious challenges to inventory management when transportation takes long and uncertain lead times.
Ouyang and Li (2010) analyzed the bullwhip effect for general supply chains system that consists of general network topol-
ogy, general linear ordering policies and various customer demands. To test the existence of the bullwhip effect, a robust
formulation was proposed without the knowledge of demand process. Moreover, another formulation that characterized
order streams with certain customer demand processes was also presented, which strengthened findings in Ouyang and
Daganzo (2006). These formulations offered logistics planners a series of robust ordering policies and operational strategies
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to mitigate the bullwhip effect of uncertain demands. To address this problem, facility location design had been integrated
into inventory management to balance the tradeoff between spatial inventory distribution and transportation (Daskin et al.,
2002; Shen et al., 2003; Shu et al., 2005; Shen and Qi, 2007; Snyder et al., 2007; Qi et al., 2010; Chen et al., 2011). Typically, to
solve the stochastic transportation-inventory network design problem, Shen et al. (2003) built a nonlinear set-covering
integer-programming model that formulated the distribution centers location and retailers allocation problem. Moreover,
since involving a nonlinear part in the retailers allocation terms, the set-covering model was restructured and solved as part
of the column generation algorithm. Chen et al. (2011) proposed a reliable joint inventory-location problem to simultane-
ously optimize facility locations, customer allocations, and inventory management decisions under facility disruption risks.
Then the problem was formulated as a nonlinear mixed-integer model that incorporates inventory costs and a more general
customer assignment scheme into the reliable facility location design framework. To solve the model efficiently, a Lagran-
gian Relaxation based customized algorithmwas developed to obtain a near optimum solution. Peng et al. (2014) proposed a
system dynamics model to describe the disaster relief supply chain by simulating the uncertainties associated with predict-
ing post-seismic road network and delayed information. To evaluate the impact of the environmental factors and the effect
of the response decisions, they also defined and tested supplies’ replenishment solutions combined with three inventory
planning strategies and four forecasting methods under different lead time uncertainties. After analyzing the simulation
results, a decision tree was formulated to assist the decision-makers to choose the stocking strategies based on quantified
risks after a disaster strikes.

In addition to investigate inventory management and transportation, using faster transportation can alleviate the need for
keeping high inventory, and thus expedited shipments can be adopted in the supply chain system to improve the overall
system performance (Taghaboni-Dutta, 2003; Huggins and Olsen, 2003; Caggiano et al., 2006; Zhou and Chao, 2010; Li,
2013; Qi and Lee, 2014). Li (2013) proposed a compact modeling framework that integrated location planning, inventory
management, and expedited shipment configuration to mitigate the impacts from uncertain transportation and stochastic
customer demands on the long-term supply chain performance. By studying the problem structure, a series of mathematical
models were proposed to minimize the system cost. To solve the nonlinear terms that formulated the total transportation
cost for both regular and expedited shipments, a customized solution approach based on Lagrangian relaxation was designed
to efficiently solve a near-optimum solution.

Another major source of uncertainties in supply chain operations is unexpected facility disruptions, which was
however largely overlooked in the facility location design literature in the last century. However, the catastrophic
disasters in the recent years resumed the recognition of the need for siting redundant facilities to hedge against disrup-
tion risks, and a number of modeling methods have been introduced for reliable location design under independent dis-
ruption risks (Snyder and Daskin, 2005; Cui et al., 2010; Qi et al., 2010; Chen et al., 2011; Li and Ouyang, 2011, 2012;
Bai et al., 2015; Shishebori et al., 2014) and correlated (Li and Ouyang, 2010; Berman and Krass, 2011; Liberatore et al.,
2012; Li et al., 2013a; Lu et al., 2015). For example, Li et al. (2013a) proposed a compact modeling framework that
transformed complex failure correlation patterns into an explicit supporting station structure subjecting to independent
and identically distributed disruptions. Then the problem was further formulated into a compact integer linear program
to optimize the network location design under the correlated facility failure risks. The formulation was created to min-
imize the total expected system cost including the fixed cost of constructing the supporting stations and service facilities
and the day-to-day operational cost. To study the grain processing/storage facility location problem, An and Ouyang
(2016) proposed a bi-level robust optimization model that maximize the profile of food company and minimize the
post-harvest loss with the competition among multiple non-cooperative farmers under yield uncertainty and market
equilibrium. Then Karush–Kuhn–Tucker (KKT) conditions were derived to reformulate the bi-level problems into equiv-
alent single-level problems (with complementarity constraints) that are solved by customized Lagrangian relaxation
approaches. At last the proposed model and solution approach were applied to case studies for Illinois and Brazil.
Moreover, multiple sourcing for supply chain design under disruption risks is another method to handle facility disrup-
tions in a series of studies (Tomlin, 2006; Yu et al., 2009; Chen et al., 2011; An et al., 2014; Shahabi et al., 2014; Sawik,
2015; Xie et al., 2015; Hasani and Khosrojerdi, 2016). For example, papers such as Chen et al. (2011), Shahabi et al.
(2014) and Xie et al. (2015) focus on the reliable supply chain design under facility disruption risks. However, freight
lead time uncertainties and customer demand fluctuations are not considered in this study. Sawik (2015) and Hasani
and Khosrojerdi (2016) both aim to design a robust network under uncertainties and correlated disruptions. A series
of methods are proposed in these papers to mitigate the risk of supply chain unreliability. Nevertheless, no location
problem is involved in their studies.

This study aims to incorporate transportation disruptions of regular shipments in the integrated supply chain system
design framework proposed by Li (2013). Note after considering transportation disruptions, the problem becomes of much
higher complexity. For a network that consists of n suppliers, there are 2n disruption scenarios if we take probabilistic trans-
portation disruptions into consideration, which makes it rather difficult to design a compact model with simple adaptions
from the one proposed by Li (2013). Therefore, substantial modeling efforts are needed to develop a comprehensive yet
computationally-tractable model to describe this problem. With our efforts, an integer nonlinear programming of only a
polynomial size is formulated, which completely describes this problem originally with an exponential number of disruption
scenarios. Besides, it is also assumed that the expedited shipment service is not only fast, expensive but also absolutely
immune to disruptions, and can be provided by an arbitrary candidate supplier.
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3. Model formulation

For the convenience of the readers, the mathematical notation is summarized in Table 1.
Fig. 1(a) is the structure of studied supply chain system that includes a set of terminals denoted by J and a set of candidate

suppliers denoted by I, while Each terminal j 2 J receives discrete demand for a certain commodity from a fixed pool of cus-
tomers over time. In the planning stage as shown in Fig. 1(b), each terminal selects an expedited service supplier and a series
of regular service suppliers from level 1 to level L, then sets a proper inventory position accordingly. we assume that at each
terminal j, demand units arrive randomly with an expected rate of dj. To feed the arriving demand, we assume that each
Table 1
Notation list.

dj Demand rate at the terminal j
eij Unit expedited shipment cost from supplier i to terminal j
f i Fixed cost to install supplier i
hj Unit inventory holding cost at terminal j
q Disruption probability for the regular service
rij Unit regular shipment cost from supplier i to terminal j
tij Expected regular shipment lead time from supplier i to terminal j
L Maximum assignment level
PijðSjÞ Stock-out probability at terminal j with base stock Sj and regular supplier i
Sj Base-stock position at terminal j
�Sj Maximum allowable base-stock position at terminal j
Xi Whether supplier i is installed for service
Yijl Whether supplier i provides regular service to terminal j at assignment level l
Zij Whether supplier i provides expedited service to terminal j
I Set of candidate suppliers, indexed by i
J Set of terminals, indexed by j
L ¼ f1;2; . . . ; Lg Set of assignment levels, indexed by l
Sj ¼ f0;1;2; . . . ; �Sjg Set of candidate base-stock positions, indexed by Sj
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Fig. 1. Structure (a) and flowchart (b) of the studied supply chain system.
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terminal j initially keeps a base-stock position Sj 2 Sj :¼ f0;1;2; . . . ; �Sjg where �Sj is a given capacity of the inventory at j, and
the cost of holding one unit base stock is hj P 0. This yields the system inventory cost as follows
CH :¼
X
j2J

hjSj ð1Þ
In the operational stage, we assume that a specific disruption scenario of regular shipment services of all suppliers realizes.
The supply chain system proposed in our study follows the Kanban policy. In this policy, whenever receiving a demand unit,
terminal j will first check its on-hand inventory and take one unit from this inventory, if any, to feed this demand unit. Mean-
while in order to maintain the base-stock inventory position, terminal j places a unit order right away to a supplier from I.
Since this study focuses on the supply chain design and daily operations, we assume that the production of all suppliers are
constant. Therefore, the product cost is also constant and independent of the optimization decisions, and thus there is no
need to formulate the product cost in the proposed optimization model. We assume that disruptions of the corresponding
regular transportation services are independent and identically distributed with an identical probability q. To mitigate the
impact from uncertain disruptions, a terminal is assigned to L > 1 suppliers at different priority levels for regular shipments.
Every time, this terminal scans through these assigned suppliers from level 1 through level L and places the order to the first
functioning supplier. For the notation convenience, we define level set L :¼ f1;2; . . . ; Lg. In this way, the probability for a ter-
minal to be served by its level-l supplier is ð1� qÞql�1;8l 2 L. The assignments are specified by binary variables
Y ¼ fYijlgi2I;j2J;l2L such that Yijl ¼ 1 if supplier i is assigned to terminal j at level l or Yijl ¼ 0 otherwise. Let rij denote the cost

to ship a unit commodity from supplier i to terminal j. We assume that each order is served by regular shipment, then the
total expected regular shipment cost is
CR :¼
X
i2I

X
j2J

X
l2L

djrijð1� qÞql�1Yijl ð2Þ
We assume that the studied supply chain system has to maintain very high service quality such that customer demand
has to be served right after the arrival. So once the on-hand inventory is empty, an expedited order will be placed to the
corresponding supplier. The expedited shipment takes place right away with a negligible transportation time, and thus this
outstanding demand can be met without much delay as well. In this case, no regular order is needed since it is too slow to
supply the demand on time. In our study, we assume that the disruption only affects the regular shipment service and the
expedited service is a fast and absolutely reliable transportation mode (i.e., without any disruption). Compared with the reg-
ular service, the expedited service yet costs a much higher unit shipment cost, denoted by eij from supplier i to terminal j, i.e.,
eij � ri0 j;8i0 2 I. In order to quantify the expected expedited transportation cost, we will first quantify the probability for a
terminal to activate the expedited service. As illustrated in Li (2013), this system can be equivalently formulated as a
lost-sales system with Poisson-distributed demand and stochastic but independent lead times, proposed by Karush
(1957), by reinterpreting the lost sales as the demand fed by the expedited service. Then conditioning on that supplier i
is the active regular service provider to terminal j, then the probability for terminal j to use the expedited service can be rep-
resented as a function of initial inventory Sj:
PijðSjÞ ¼ ðdjtijÞSj=Sj!PSj
s¼0ðdjtijÞs=s!

: ð3Þ
Note that once terminal j places an expedited order from supplier i0, then the original regular order to supplier i is equally
replaced to an expedited one, which will apparently increase the total shipment cost.

According to Eq. (3), the percentage of terminal j calling for the expedited shipment service from supplier j is denoted by
PijðSjÞwith inventory position Sj. Then the total expected percentage of terminal j calling for the expedited shipment service is:
PT ¼
X
i2I

X
j2J

X
l2L

PijðSjÞð1� qÞql�1Yijl ð4Þ
We define variables Z ¼ fZijgi2I;j2J to denote the expedited service assignments such that Zij ¼ 1 if terminal j’s expedited
service provider is supplier i or Zij ¼ 0 otherwise. Then we formulate the total expected expedited shipment cost as:
CEX ¼
X
i2I

X
j2J

X
l2L

X
i02I

ei0jZi0 jPijðSjÞð1� qÞql�1Yijl ð5Þ
Then the total expected additional cost due to expedited shipments (or the marginal expedited cost) can be formulated
as:
CM ¼
X
i2I

X
j2J

X
l2L

X
i02I

djðei0 jZi0j � rijÞPijðSjÞð1� qÞql�1Yijl ð6Þ
Note that in our study, each terminal is assigned to one and only one expedited supplier, i.e.,
P

i2IZij ¼ 1. Then CM can be
rewritten as follows,
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CM ¼
X
i2I

X
j2J

X
l2L

X
i02I

djðei0 j � rijÞPijðSjÞð1� qÞql�1Zi0jYijl ð7Þ
Remark. Note that since a longer shipment time is usually associated with a higher shipment cost for the same mode of
transportation, we assume that rij P ri0 j () tij P ti0j;8i–i0 2 I; j 2 J.

Another risk that the regular service is that all its suppliers may be disrupted simultaneously at probability qL. If this hap-
pens, the regular service to this terminal becomes inactive, andwe assume that it is now only served by emergency shipments
from the previously assigned expedited supplier. The emergency cost structure stays the same as the previously defined expe-
dited cost structure since they come from the same sources. Thus the expected system emergency cost is formulated as
CE :¼
X
j2J

X
i2I

djeijqLZij: ð8Þ
Finally, in this supply chain system, if candidate supplier i is used by one or more terminals for either regular or expedited
service, a fixed installation cost f i (prorated per unit time) is incurred. Define binary variables X ¼ fXigi2I to denote the sup-
plier location decisions such that Xi ¼ 1 if candidate supplier i is installed or Xi ¼ 0 otherwise. This results in the system fixed
installation cost as follows,
CF :¼
X
i2I

f iXi: ð9Þ
The system design includes integrated decisions of supplier location fXig, regular service assignments fYijlg, expedited
service assignments fZijg, and initial inventory positions fSjg that collectively minimize the total system cost composed of
(1), (2), (7), (8) and (9). Note that these cost components shall generally exhibit the following tradeoffs. Increasing supplier
installations shall raise one-time fixed cost (9) but reduce day-to-day operational costs(2), (7) and (8). The higher inventory
positions fSjg we set, which though increase inventory cost (1), the less frequent expedited shipments are needed according
to probability function (3), and thus the less extra expedited transportation cost (7) is consumed. In order to quantitatively
solve the detailed system design, the follow integer programming model is formulated.
min C :¼
X
i2I

f iXi þ
X
j2J

hjSj þ
X
j2J

dj

X
i2I

X
l2L

rij þ
X
i02I

ðei0 j � rijÞZi0 jPijðSjÞ
" #

ð1� qÞql�1Yijl þ qL
X
i2I

eijZij

( )
; ð10Þ

s:t:
X
l2L

Yijl � Xi 6 0; 8i 2 I; j 2 J; ð11Þ

Zij � Xi 6 0; 8i 2 I; j 2 J; ð12ÞX
i2I

Yijl ¼ 1; 8j 2 J; l 2 L; ð13Þ
X
i2I

Zij ¼ 1; 8j 2 J; ð14Þ

Sj 2 Sj; 8j 2 J; ð15Þ
Yijl 2 f0;1g; 8i 2 I; j 2 J; l 2 L; ð16Þ
Zij 2 f0;1g; 8i 2 I; j 2 J; ð17Þ
Xi 2 f0;1g; 8i 2 I: ð18Þ
Objective (10) aims to minimize the summation of all cost components (2), (7), (8) and (9) across the entire system. Con-
straints (11) and (12) indicate that a supplier need to be installed first prior to its usage. Constraint (11) also ensures that if
one of the suppliers is selected to provide the regular service to a terminal, it can only serve this terminal at one assignment
level. Constraint (13) requires that one terminal has one and only one regular supplier at each level. Constraint (14) postu-
lates that each terminal is assigned to one and only one expedited supplier. Constraints (15)–(18) are the corresponding inte-
ger and variable constraints for all variables.

4. Solution approach

Note that problem (10)–(18) is not only a complex nonlinear integer problem, but also apparently NP-hard since the basic
uncapacitated facility location problem is its special case. Therefore, off-the-shelf solvers are not appropriate to solve exact
optimum to a moderate-sized instance of this problem. Furthermore, though a series of homologous methods based on
Lagrangian relaxation (LR) algorithm has been proposed in some researches, e.g., Chen et al. (2011), Li (2013) and Yun
et al. (2015), the disruptions of regular shipment service considered in our study causes the toughest point to determine
the multi-level suppliers for each terminal. To tackle this challenge, we propose a customized solution approach, which
can solve a near-optimum solution to this problem very efficiently. Section 4.1 proposes a LR algorithm adapted from Li
(2013) to obtain a lower bound to the optimal value of objective (10). Basically, by adapting LR algorithm, we decompose
the original problem into a series of sub-problems that can be easily solved by simple enumeration. This relax solution is
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however likely infeasible yet yielding a lower bound to the objective. Section 0 proposes a heuristic algorithm to generate an
upper bound to the optimal objective (10), which is proved to provide an optimal feasible solution transformed from the
relaxed solution.

Finally, Section 4.3 adopts a sub-gradient search algorithm to obtain a near optimality by iteratively updating the upper
and lower bound to narrow the gap between them until within an applicable tolerance. Then we obtain a near-optimum
solution that is not less than the true optimum within the optimality gap. Better yet, final feasible solution is the true opti-
mum if the gap is reduced to zero.

4.1. Lagrangian relaxation

By relaxing constraints (11) and (12), we add the product of the-left hand side of these constraints with Lagrangian mul-
tipliers k :¼ fkij P 0gi2I;j2J and l :¼ flij P 0g

i2I;j2J into objective (10). To improve the relaxed problem solution, the following

constraints
X
l2L

Yijl 6 1; 8i 2 I; j 2 J; ð19Þ
is also added, which are redundant to constraints (11). Then we obtain the following relax problem
Dðk;lÞ :¼ min
X;Y;Z;S

X
i2I

f i �
X
j2J

ðkij þ lijÞ
" #

Xi þ
X
j2J

X
i2I

X
l2L

X
i02I

aii0 jlZi0 j þ bijl

 !
Yijl þ hjSj

( )
; ð20Þ
subject to (12)–(19), where
aii0jl ¼ dj ðei0 j � rijÞPijðSjÞð1� qÞql�1 þ ei0jq
L

L

� �
þ li0 j

L
; ð21Þ
and,
bijl ¼ djrijð1� qÞql�1 þ kij: ð22Þ

Note that the variables X are separated from others in the relaxed problem, which decomposes the relaxed problem into

two sets of sub-problems. The first set only includes one sub-problem associated with variables X:
Cðk;lÞ ¼ min
X

X
i2I

f i �
X
j2J

ðkij þ lijÞ
" #

Xi; ð23Þ
subject to binary constraint (18). Sub-problem (23) could be simply solved by setting Xi ¼ 1 if f i �
P

j2Jðkij þ lijÞ 6 0 or Xi ¼ 0
otherwise, which only takes a time complexity of OðjIjjJjÞ. The second set contains jJj single terminal sub-problems as
follows:
Ujðk;lÞ :¼ min
fYijl ;Zijgi2I;l2L ;Sj

X
i2I

X
l2L

X
i02I

aii0 jlZi0j þ bijl

 !
Yijl þ hjSj; 8j 2 J; ð24Þ
subject to (13)–(17), (19) (where aii0 jl and bijl are the same as those in (21) and (22)). We reformulate sub-problem (24) as a
combinatorial problem to facilitate the solution algorithm. Define set K ¼ fði1; i2; . . . ; iLÞji1–i2– � � �–iL 2 Ig, where each
ði1; i2; . . . ; iLÞ specifies a strategy to assign the regular suppliers to terminal j at all L levels sequentially; i.e., supplier il is
assigned to terminal j at level l;8l 2 L. For short we denote vector ði1; i2; . . . ; iLÞ with alias k. Then sub-problems (24) can
be rewritten as:
Ujðk;lÞ :¼ min
i02I;k2K;Sj2Sj

Cki0 jðSjÞ :¼ Aki0 jðSjÞ þ hjSj þ Bki0 j; 8j 2 J; ð25Þ
where
Aki0 j ¼ dj

X
l2L

½ðei0j � ril jÞð1� qÞql�1PiljðSjÞ�; ð26Þ

Bki0j ¼
X
l2L

djrijð1� qÞql�1 þ kij
� �þ djei0 jq

L þ li0 j

L
: ð27Þ
For given k and i0, minSj2Sj Cki0 jðSjÞ can be solved with a bisection search method (BS) described in Appendix A. With this, prob-

lem (20) can be solved by a customized enumeration algorithm (EA) that does an exhaustive search through k 2 K; i0 2 I for
every j 2 J, as follows:

Step EA1: For each terminal j 2 J, we iterate through ðk; i0Þ 2 ðK; IÞ that specifies terminal j’s assignment strategy of both
regular and expedited suppliers, and call the BS algorithm to solve S�j :¼ arg minSj2SCki0 jðSjÞ.
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Step EA2: Find ðk� ¼ ði�1; i�2; . . . ; i�LÞ; i0�Þ :¼ argmink2K;i02ICki0 jðS�j Þ;
Step EA3: Return the optimal assignment strategy ðk�; i0�Þ and inventory position S�j ;
Step EA4: Repeat EA1-3 for every supplier j 2 J to get the optimal solution to X;Y and Z as follows:

Yijl ¼
1 if i ¼ i�l ;

0 otherwise;

�
Zij ¼ 1 if i ¼ i0�;

0 otherwise;

(
Xi ¼ max

j2J;l2L
fYijl; Zijg; 8j 2 J; i 2 I; l 2 L: ð28Þ

Note that in the worst case, the time complexity of the EA algorithm for solving sub-problems (24) is OðjJjjIjLþ1 lnðSjÞÞ.
By solving sub-problem (23) and (24), we obtain the object value of relaxed problem (20) for one set of given k and l, i.e.,
Dðk;lÞ ¼ Cðk;lÞ þ
X
j2J

Ujðk;lÞ; ð29Þ
According to the duality property of Lagrangian relaxation (Geoffrion, 1974), the object value obtained from problem (29)
also serves as the lower bound for the optimal value of the original problem. Besides, we note that the time complexity of the
relaxed problem (29) is dominated by sub-problem (24) since the time complexity of sub-problem (24) is much higher than
that of sub-problem (23).

4.2. Feasible solutions

If the solution obtained by solving problem (29) is feasible to original problem, then solution is also optimal to the primal.
However, for most large-scale instances, the feasible solution needs to be constructed based on the relaxed solution. Many
previous methods (Li and Ouyang (2012), Li (2013), Yun et al. (2015)) can be used to construct a near-optimal objective
value. One intuitive solution is to adjust the X values while keeping Y;Z; S values as:
Xi ¼ max
j2J;l2L

fYijl; Zijg; 8i 2 I; ð30Þ
which could be solved in relatively short time of OðjIjjJjLÞ. However, it may not always obtain a good feasible solution, since
the scattered Y;Z values likely yield an excessive number of suppliers, leading to an unnecessarily high total cost. Conversely,
a better solution is to fix X while adjusting the other variables accordingly. So we define �I :¼ fijXi ¼ 1;8i 2 Ig as the set of
installed suppliers in the relaxed solution. Then by setting kij ¼ lij ¼ 0 and replacing I with �I, sub-problems (24) can be
rewritten as (31)–(34):
�Ujðk;lÞ :¼ min
fYijl ;Zijgi2�I;l2L ;Sj

X
i2�I

X
l2L

X
i02�I

�aii0jlZi0 j þ �bijl

 !
Yijl þ hjSj; 8j 2 J; ð31Þ

Subject to
X
l2L

Yijl 6 1; 8i 2 �I; j 2 J; ð32Þ
X
i2�I

Yijl ¼ 1; 8j 2 J; l 2 L; ð33Þ
X
i2�I

Zij ¼ 1; 8j 2 J; ð34Þ
where
�aii0jl ¼ dj ðei0 j � rijÞPijðSjÞð1� qÞql�1 þ ei0 jq
L

L

� �
; ð35Þ

�bijl ¼ djrijð1� qÞql�1: ð36Þ

Then other feasible variable values can be obtained similarly to the transformation from (24), (25). We also define set
�K ¼ fði1; i2; . . . ; iLÞji1–i2– � � �–iL 2 �Ig as all the strategies to assign regular suppliers from �I to terminal j at all L levels, and
we also use alias k to represent vector ði1; i2; . . . ; iLÞ for short. Then the transformed sub-problems are formulated as
�Ujðk;lÞ :¼ min
i02�I;k2K;Sj2Sj

�Cki0 jðSjÞ :¼ �Akj þ �Bki0j þ hjSj; 8j 2 J ð37Þ
where
�Akj ¼ dj

X
l2L

ril jð1� qÞql�1ð1� PiljðSjÞÞ; ð38Þ

�Bki0 j ¼ ei0 j
djqL

L
þ dj

X
l2L

ð1� qÞql�1PiljðSjÞ
 !

: ð39Þ
The exact optimal solution to each sub-problem (31)–(34) with any j 2 J can be solved as follows. First denote
�i0�j :¼ argmini02�Iei0 j. Then we denote with vector �k�j ¼ �ij�1 ;

�ij�2 ; . . . ;
�ij�L

� �
2 �K the first L regular service suppliers sorted by the
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shipment cost to terminal j, i.e., r�ij�
l
j 6 r�ij�mj 6 rij; 8l < m 2 L; i R �k�j . Finally, define �S

�
j :¼ minSj2Sj

�C�k��i0� jðSjÞ, which can be again effi-

ciently solved with the BS algorithm in Appendix A. The following proposition proves that �i0�j ;
�k�j ;

�S�j
� �

is the optimal solution

to sub-problem (31)–(34) with respect to terminal j.

Proposition 1.
�i0�j ;
�k�j ; �S

�
j

� �
¼ min

i02�I;k2�K;Sj2Sj
�Cki0 jðSjÞ; 8j 2 J:
Proof. First, it can be seen from the structure of sub-problem (31)–(34) that as i0 varies while the other variables are fixed,
�Cki0 jðSjÞ increases with ei0 j. Therefore the optimal solution to i0 is �i0�j . Let Ŝj denote the optimal value of Sj, then the optimal

solution to k is k̂j :¼ ð̂i j1; î j2; . . . î jLÞ :¼ mink2�K
�Ck�i0�

j
jðŜjÞ. We will prove k̂j ¼ �k�j by contradiction. If there exists l 2 L such that

rî j
l
j > rî j

lþ1
j. We construct a new feasible solution ~kj :¼ ð̂i j1; . . . ; î jlþ1; î

j
l ; . . . î

j
LÞ by swapping the levels of î jl and î jlþ1 in k̂j, and then

we compare the difference between the two costs with respect to k̂j and ~kj, respectively,
�Ck̂j�i0�j j
ðŜjÞ � �C~kj�i0�j j

ðŜjÞ ¼ ð1� qÞ2ql�1dj ðrî j
l
j � rî j

lþ1
jÞ

�
þ e�i0�

j
jðPî j

l
jðŜjÞ � Pî j

l
jðŜjÞÞ � ðrî j

l
jPî j

l
jðŜjÞ � rî j

lþ1
jPî j

l
jðŜjÞÞ

�

> ð1� qÞ2ql�1dj ðrî j
l
j � rî j

lþ1
jÞ

�
þ ðe�i0�

j
j � rî j

l
jÞðPî j

l
jðŜjÞ � Pî j

l
jðŜjÞÞ

�
:

Note that rî j
l
j � rî j

lþ1
j > 0, and Pî j

l
jðŜjÞ � Pî j

l
jðŜjÞ > 0 due to the assumption that rij P ri0 j () tij P ti0 j;8i–i0 2 I; j 2 J. Then we

obtain �Ck̂j�i0�j j
ðŜjÞ � �C~kj�i0�j j

ðŜjÞ P 0, which is contradictive to the premise that k̂j is the optimal solution. Therefore, we prove

î j1 6 î j2 6 � � � 6 î jL. If there exists a i 2 �I n k̂j and some l 2 L having rî j
l
j > rij, replacing î jl with i in k̂j will further reduce cost

�Ck̂j�i0�j j
ðŜjÞ with a similar argument, which is a contradiction, too. This proves that k̂j ¼ �k�j .

Finally, Ŝj ¼ �S�j obviously holds since k̂j ¼ �k�j . This completes the proof. h

By solving problem (31)–(34) for all j 2 J, a feasible solution to the primal problem can be obtained as follows:
Yijl ¼ 1 if i ¼ �ij�l ;

0 otherwise;

(
Zij ¼

1 if i ¼ �i0�j ;

0 otherwise;

(
Sj ¼ �S�j ; 8j 2 J; i 2 I; l 2 L: ð40Þ
This algorithm is fast (only taking a solution time of OðjJjmaxfjIj lnðjIjÞ; L lnð�SjÞgÞ). By plugging these feasible solution val-
ues into primal objective function (10), we obtain an upper bound to the optimal objective value as well.

4.3. Updating Lagrangian multipliers

If the upper bound objective obtained from (19) is equal to the lower bound derived in (11), then it is also the optimal
objective to the original problem and the corresponding solution is the optimal solution. Otherwise, multipliers k and l need
to be updated iteratively to reduce this gap, which is similar to the process in Chen et al. (2011), Li (2013) and Yun et al.
(2015) described in Appendix B.

5. Numerical example

In this section, a series of numerical examples are presented to test the proposed model and provide useful managerial
insights based on the datasets provided in Daskin (1995), i.e., a 49-site network involving 48 continental state capital
cities and Washington D.C, an 88-sit network involving the previous 49 sits and the other 50 largest cities of US, and a
150-site network consisting of the 150 largest US cities. The numerical algorithms are coded with MATLAB and implemented
on a server running two Xeon E5-2640 processors clocked at 2.60 GHz with 8 cores and 16 GB RAM. The LR parameters are
set as s ¼ 1; �s ¼ 10�3;K ¼ 5; h ¼ 1:005, and �K ¼ 60. We assume that each site has both a candidate supplier and a terminal,
and the parameters are generated as follows. We set hj ¼ h, rij ¼ crdij, and tij ¼ ctdij;8i 2 I; j 2 J, where h; cr and ct are constant
coefficients and dij is the great-circle distance between sites i and j. Note that since defined as parameter, the specific
expressions of rij and tij have no impact on the generality of the proposed model, i.e., rij and tij can be adapted to arbitrary
values based on application needs. Each eij is set to be an independent realization of a uniformly distributed random variable
in interval ½1;1þ ce� �max ai002Iri0 j, where ce P 0 is a constant scalar. In addition, we assume that each f i is the product of the
corresponding city population and a scalar cf , and each dj is the product of the corresponding state population and a scalar cd.
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Table 2 shows the sensitivity analysis results of L, where it can be easily seen that when L > 3, the total system cost varies
slightly with the growth of L, yet the solution time and gap increases greatly. Hence we set L ¼ 3 for all the cases based on the
result of the sensitivity analysis.

In order to test the performance of the LR algorithm proposed in Section 4, we compare it with the Branch-And-Reduce
Optimization Navigator (BARON, coded in GAMS) and the results are listed in Table 3. BARON is the branch-and-bound type
enhanced solver for the global solution of nonlinear and mixed-integer nonlinear problems. It can be seen that both the algo-
rithms take a longer solution time and yield a larger gap as q increase. However, BARON take a much longer solution time
than LR, while the optimal gap obtained by using LR is no more than 0.5%, which is obviously lower than that by using
BARON (16.48–21.10%). So the conclusion drawn from these experiment results is that the performance of customized solu-
tion based on LR algorithm is significantly better than that of off-the-shelf solvers like BARON. Besides, the applicability to
realistic size problems of the proposed model and solution method can be seen from the results of 88-site and150-site net-
work cases, whose 27 instances are shown as Tables 6 and 7 in Appendix B.

Besides, we also implemented the LR algorithm into a branch-and-bound framework to try to further reduce the optimal-
ity gap. However, we find that the branch-and-bound algorithm does not improve the algorithm performance, and thus we
opt out the branch-and-bound approach in the proposed algorithm. The detail is documented in Appendix C.

Table 4 summarizes the results of 27 instances on the 49-site network by varying q, ce and h, where we set other param-
eters cr ¼ 0:01; cf ¼ 0:02; cd ¼ 10�5; and ct ¼ 10�4. The optimal gap between the final feasible objective value and the best
relaxed objective is denoted by G, the solution time is denoted by T. The optimal system total inventory and the optimal
number of selected suppliers are denoted by S and N, respectively. Moreover, define
Table 3
Coopera

#

1
2
3
4

Table 2
The sen

#

1
2
3
4
5
6

PE :¼
P

i2I
P

j2J
P

l2Ldjð1� qÞql�1PijðSjÞY�
ijlP

j2Jdj
as the percentage of demand served by the expedited shipments, where Y�
ijl is the best solution to Yijl. Inventory cost, regular

shipment cost, marginal expedited shipment, emergency cost, supplier set-up cost, and total system cost are denoted by CH,
CR, CM, CE, CF, and C, respectively, as defined in Eqs. (1), (2), (7)–(9).

From Table 4 we can briefly see how the variation of q, ce and h affect the optimal result. When q increases, CF;CM; PE, C
and PE significantly increase, and CR slightly increases, while CH and S increase first then drop. It indicates that all the cost
components will increase at first, leading to a sharp growth of the total cost. Nevertheless, when q keeps increasing, regular
service is more unreliable and keeping a higher inventory is no longer an appealing solution. Instead, a higher percentage of
expedited shipments and more suppliers are needed to keep the service quality while shorten the shipping distance to offset
the increasing expedited shipment cost. Furthermore, we also notice that the growth of the h rapidly brings up CF;CM; PE;CH

and C, while CR and S keep decreasing. It’s probably because as h increase, the inventory position will be reduced to offset the
growth of inventory cost, leading to a higher frequency of calling for the expedited shipment and less regular shipment
orders. Hence more supplier will also be selected to counteract the growth of expedited shipment cost.

Fig. 2 shows four sets of more detailed sensitivity results, where we can see all the cost components, the inventory position
S and the expedited service percentage change over key parameters q;h; cr and ce. The default parameters are set as
q ¼ 0:1;h ¼ 100; cr ¼ 0:01; ce ¼ 1; cf ¼ 0:02; cd ¼ 10�5; and ct ¼ 10�4, and only one parameter value varies in each

experiment. In Fig. 2(a), as q grows from 0 to 1, CF and CM generally increase, while CH increases slightly first and then drops,
and CR is originally stationary and then drops. Also, the total cost C has a sharp increase from around 30,000 to 80,000, then
tion of different solution methods.

q Solution time (sec) Gap (%)

LR BARON LR BARON

0.1 804 10,794 0.18 16.48
0.3 851 13,147 0.22 18.63
0.5 906 22,180 0.41 19.91
0.7 937 36,749 0.47 21.10

sitivity analysis of L. (h ¼ 100; cr ¼ 0:01; ce ¼ 1; cf ¼ 0:02; cd ¼ 10�5; ct ¼ 10�4; and q ¼ 0:1).

L T (sec) G (%) C

1 385 0.01 87310.7
2 862 0.03 63149.2
3 3154 0.18 49883.5
4 79,250 1.83 48027.9
5 685,072 5.42 46951.7
6 9,035,286 12.74 42167.5



Table 4
Numerical results for the 49-site network.

# q h ce T G (%) N CF S CH CR CM PE (%) C

1 0.1 10 1 760 0.18 7 8864 374 3740 8982.4 1292.0 0.76 22878.4
2 0.1 10 2 781 0.17 7 8864 406 4060 9058.1 915.6 0.51 22897.7
3 0.1 10 10 792 0.21 8 9831 413 4130 9103.4 857.2 0.34 23921.6
4 0.1 20 1 786 0.18 9 11,716 367 7340 8703.3 2698.5 1.52 30457.8
5 0.1 20 2 803 0.19 9 11,716 379 7580 8784.9 2490.7 0.66 30571.6
6 0.1 20 10 815 0.21 10 14,216 387 7740 8875.4 1677.9 0.41 32509.3
7 0.1 100 1 804 0.18 12 2,1498 156 15,600 7479.2 5242.7 3.82 49819.9
8 0.1 100 2 815 0.16 13 23,898 163 16,300 7582.6 3791.5 2.47 51572.1
9 0.1 100 10 813 0.17 13 23,898 178 17,800 8409.4 2936.2 1.60 53043.6
10 0.3 10 1 791 0.18 14 24,658 381 3810 9015.6 4831.1 7.93 42314.7
11 0.3 10 2 817 0.18 14 24,658 394 3940 9193.2 4669.0 7.18 42460.2
12 0.3 10 10 811 0.2 15 25,177 419 4190 9286.3 4590.7 6.72 43244.0
13 0.3 20 1 816 0.21 15 25,177 372 7440 8906.7 7628.5 8.08 49152.2
14 0.3 20 2 827 0.22 15 25,177 387 7740 9010.3 7347.8 7.49 49275.1
15 0.3 20 10 835 0.22 16 27,690 404 8080 9170.1 6176.4 6.80 51116.5
16 0.3 100 1 851 0.22 16 27,690 204 20,400 7932.3 13357.0 14.92 69379.3
17 0.3 100 2 859 0.23 16 27,690 218 21,800 8083.7 11982.0 13.70 69555.7
18 0.3 100 10 864 0.24 17 28,013 230 23,000 8916.3 9751.0 11.90 69680.3
19 0.5 10 1 885 0.36 18 29,615 315 3150 9454.1 4911.3 10.61 47130.4
20 0.5 10 2 885 0.37 18 29,615 347 3470 9533.4 4709.7 9.85 47328.1
21 0.5 10 10 886 0.37 19 30,355 368 3680 12091.2 4616.8 8.31 50743.0
22 0.5 20 1 886 0.39 19 30,355 304 6080 9372.0 7901.8 11.02 53708.8
23 0.5 20 2 887 0.39 20 31,162 323 6460 9407.9 7664.1 10.33 54694.0
24 0.5 20 10 887 0.41 20 31,162 348 6960 11327.5 6462.4 9.07 55911.9
25 0.5 100 1 906 0.41 21 32,591 193 19,300 8419.9 19478.0 20.60 79788.9
26 0.5 100 2 910 0.41 22 33,127 221 22,100 8673.0 17621.8 18.68 81521.8
27 0.5 100 10 920 0.42 24 35,073 235 23,500 10191.3 16157.0 17.27 84921.3
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followed by a constant and slower increasing rate as q becomes lager. Fig. 2(b) shows that PE rapidly increaseswith the growth
of q, while S rises at first and then drops slowly. It’s probably because when q increases, the regular service from upstream
suppliers become increasingly unreliable, and thus the probability of accessing backup suppliers and expedited services
grows. Thenmore suppliers are selected and higher inventory positions are needed to offset the growth of the shipment costs.
Furthermore, as q keeps rising, selecting more suppliers gradually becomes the only cure and higher inventory positions are
not as helpful. Meanwhile, expedited shipments gradually take over regular shipments and become the dominating shipment
mode. In Fig. 2(c), when h grows from 1 to 1000, CF;CH and CM generally increase, CR continually drop to almost zero, and C
increases strictly first followed by a slower growth. Fig. 2(d) shows that the increase of h rapidly brings down S to a slowing
down trend in the tail, while PE generally increase. This implies that installing more suppliers does not help much when h is
large, while usingmore expedited shipments seemsmore effective in offsetting the inventory cost growth.We can see in Fig. 2
(e) and (f) that both C and CF increase with the growth of cr from 0.005 to 0.2, while PE and CM keep decreasing to almost zero.
CH and CR grow slowly at first and then drop, which seems to be consistent with the variation of S in Fig. 2(f). This is probably
because as cr grows, the regular shipment cost increases, and thus a higher inventory is needed to offset the growth of expe-
dited shipment cost. The higher inventory leads to a continuous drop of the expedited shipments and a slight increase of the
regular shipment cost initially. Nevertheless, as cr continues to grow (the shipment cost correspondingly increases), building
more suppliers becomes a better solution to offset the shipment cost growth, which finally brings down the total inventory. In
Fig. 2(g) and (h), as ce increases, S grows significantly and PE drops sharply, but the total cost and all its components do not
change too much. This indicates that expedited shipments actually cause little increase in overall cost under the optimal
inventory management and transportation configuration strategy, and thus it seems an appealing strategy to combine both
regular and expedited shipments to reduce the system cost and increase the system reliability.

Besides, we also tested how the results vary with the magnitudes of supplier installation cost (in terms of cf ), customer
demand rates (in terms of cd) and lead times (in terms of ct), as shown in Fig. 3. It can be seen in Fig. 3(a) and (b) that, when
cf initially grows, all cost components and the total cost generally increase. As cf keeps increasing, C

F increases first and then

turns down and CR flattens out. This is probably because that, the growth of supplier installation cost likely decreases the num-
ber of suppliers, which consequentially raises the shipment distance, cost and leading time. Nevertheless, when cf continues to
increase, the number of suppliers is so small that increasing the inventory position alone is not enough to keep the service qual-
ity and thus usingmore expedited services seems necessary. Fig. 3(c) shows that the increase of cd initially raises all cost com-
ponents except CR. Then CF keeps increasing but CH and CR decrease slightlywith a slowing down trend in the tails.We also see
in Fig. 3(d) that S increases quickly initially and then flattens out, while PE significantly decreases to almost zero. It is probably
because that expedited services are more suitable for the cases with low demands when the suppliers are scattered and high
inventory positions are unnecessary. Nevertheless, as demands increase, regular shipments will become the main shipment
mode instead. Fig. 3(e) and (f) shows that as ct grows, CF, CM and PE increasewhile CR drop, and CH and S increases at the begin-
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Fig. 2. Sensitivity analysis on parameters q ((a) and (b)), h ((c) and (d)), cr ((e) and (f)) and ce ((g) and (h)).
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ning then drops. This shows that growth of regular shipment delay will cause the decreasing of inventory positions and con-
sequently increasing the expedited service seems to become a better solution to improve the service quality.

Furthermore, we conducted a series of experiments to verify the interactions among the key parameters in the model.
We first set the default parameters as The default parameters were set as q ¼ 0:1;h ¼ 100; cr ¼ 0:01; ce ¼ 1; cf ¼ 0:1;

cd ¼ 2� 10�5; and ct ¼ 3� 10�4. Then every time, we varied two of these parameters simultaneously and the corresponding
total costs are plotted in Fig. 5(a)–(u) in Appendix E.We see that there are no significant interactions among these parameters.

We also tested how the variations of q affect the optimal suppliers’ layouts and terminals’ assignments. Again we set
h ¼ 100; cr ¼ 0:01; ce ¼ 1; cf ¼ 0:02; cd ¼ 2� 10�5; and ct ¼ 3� 10�4 and each sub-figure in Fig. 4 shows the optimal layout
for a different q value among 0, 0.3 and 0.6. In each sub-figure, the squares denote the selected supplier locations and the
circles represent the terminals with their area sizes proportional to the base-stock positions. The arrows show how the
selected suppliers are assigned to each terminal with each arrow’s width proportional to the percentage of the corresponding
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Fig. 3. Sensitivity analysis on parameters cf ((a) and (b)), cd ((c) and (d)), and ct ((e) and (f)).
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expedited shipments and different colors denoting different levels, i.e., yellow for the first level, green for the second level
and pink for the third level.

In Fig. 4(a), when the disruption risks are ignored (q ¼ 0), the problem would be similar to the integrated model proposed
by Li (2013), in which all suppliers are assumed to be reliable and is considered as the benchmark case in our problem. By
(a) 

(b) 

(c)

Fig. 4. Optimal network layouts under different q.
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comparing Fig. 4(a) and (b), we note that as failure probability q increases from 0 to 0.3, 5 more supplier installations are
selected and more frequent expedited shipments are needed, in particular for the terminals that are far away from their sup-
pliers. This implies that when primary suppliers become unreliable, backup ones are needed and a proper solution is select-
ing more suppliers to reduce the overall shipment cost. Generally, the expedition percentage increases with the assignment
level, and terminals served by farther suppliers hold higher inventory positions.

As q further rises to 0.6, we can see that many more suppliers are installed and the inventory positions of terminals
increase generally, but the expedition percentage generally drops. Intuitively, this is because that, as the suppliers become
more unreliable, the better solution to offset the growth of shipment cost is to increase the intensity of suppliers distribution
and the position of terminals inventory, which will consequently bring down the overall stock-out times and expedition per-
centage. Also, we can see that 7 more suppliers are installed and most of them (5 suppliers) are located in the northeastern
areas with higher population and more terminals. Therefore, under the optimal planning, terminals with more demand may
be met first to reduce the shipment costs as much as possible.

6. Conclusion

This paper presented a reliability model that takes the possibility of supplier failures into the design of integrated logistics
system involving logistics network planning and long-term operations management. We formulated a nonlinear integer
model to investigate this problem. The model aims to optimize the number of suppliers and their distribution, the assign-
ment of regular shipment services at multiple levels and the expedited services between the suppliers and the terminals,
and the base-stock inventory positions. Since the proposed model is difficult to solve (nonlinear integer programming prob-
lem), a customized solution approach adapted from Li (2013) is created based on LR. This solution approach is able to solve
this model efficiently and accurately, as evidenced in a set of numerical experiments. Moreover, according to the results of
these experiments, some major observations are drawn as:

Observation 1: The increased expedited shipments can ensure the reliability of the integrated logistics system without an
excessive increase of the operating costs.
Observation 2:When the regular shipment services of upstream suppliers become unreliable, expedited shipments will be
used more frequently in comparison with regular shipments.
Observation 3: The optimal network layout and the related cost components vary significantly with different disruption
probabilities.
Observation 4:When the disruption probability increases, areas with more customer demands tend to have a high priority
to receive services, despite the higher transportation costs.

The proposedmodel can be further improved in several directions. First, this study assumes that the expedited shipment is
‘‘non-fallible”, whichmay be not realistic for some applications where the suppliers may suffer serious disasters causing both
services failed. Second, it might be worth considering positive lead times even for expedited shipments for some applications
where the expedited delivery time is still noticeable. Third, the disruption probabilities of the regular shipment services of all
the suppliers are assumed to be the same, which may not be appropriate for all practical problems. Several approaches have
been proposed for relaxing this assumption in the recent studies including Li et al. (2013b), Wang and Ouyang (2013) and Lu
et al. (2015). Following these developments, the proposed model in this study could be further extended to one with hetero-
geneous disruption probabilities. Fourth, the transportation costs and travel time between suppliers and terminals are defined
as parameters in the proposed model. Further investigation is needed for cases where transportation cost and travel time
depend on the system decisions (e.g., they are functions of shipment rates). Finally, this study is set as a two-echelon system
where the locations and demand of all the terminals are considered to be in the basic conditions and independent of the net-
work design results. However, in some other applications, a more general structure is needed for terminals distribution plan-
ning. Extending the current two-echelon network to a more general structure will be an interesting research topic.
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Appendix A. Bisecting algorithm to solve (25)

Step BS0: For a given set of k 2 K; i0 2 I; j 2 J, initialize two search bounds as SL :¼ 0 and SU :¼ �Sj, and the difference slope of
Cki0 jðSjÞ defined in Eq. (25) with respect to SL as:
GL :¼ hj þ dj

X
l2L

ðei0j � ril jÞð1� qÞql�1ðPiljð0Þ � Piljð1ÞÞ;
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and that with respect to SU as:
1 In t
efficien
GU :¼ hj þ dj

X
l2L

ðei0 j � riljÞð1� qÞql�1ðPiljð�SjÞ � Piljð�Sj � 1ÞÞ:
Step BS1: If GL;GU P 0, set optimal S� :¼ SL. Or if GL;GU < 0, set optimal S� :¼ SU . Or if SU � SL 6 1, set S� :¼ SL if
Cki0 jðSLÞ 6 Cki0 jðSUÞ or S� :¼ SU otherwise. If S� is found, go to Step BS3.

Step BS2: Set the middle point SM :¼ bðSL þ SUÞ=2c. Calculate the slope at SM as:
GM :¼ hj þ dj

P
l2Lðei0 j � ril jÞð1� qÞql�1ðPiljð0Þ � Piljð1ÞÞ if SM ¼ 0 or GM :¼ hj þ dj

P
l2Lðei0 j � riljÞð1� qÞql�1ðPiljðSMÞ � PiljðSM � 1ÞÞ

otherwise. If SM > 0, set SU ¼ SM and GU ¼ GM; otherwise, set SL ¼ SM and GL ¼ GM . Go to Step BS1.
Step BS3: Return S�j and Cki0 jðS�j Þ as the optimal solution and the optimal objective value to problem (25), respectively.

Appendix B. Subgradient algorithm to update Lagrangian multipliers

Step SG0: Set initial multipliers k0ij ¼ l0
ij ¼ 0; 8i 2 I; j 2 J. Set an auxiliary scalar 0 < s 6 2 and an iteration index k :¼ 0.

Set the best known upper bound objective C :¼ þ1.

Step SG1: Solve relaxed problem Dðkk;lkÞ with the solution approach proposed in Section 4.1, and fXk
i g; fYk

ijg; fZk
ijg; fSkj g

denote its optimal solution. If the objective value of Dðkk;lkÞ does not improve in K consecutive iterations (where K is a pre-
defined number, e.g., 5), we update s ¼ s=h, where h is a contraction ratio greater than it.

Step SG2: Adapt fXk
i g; fYk

ijg; fZk
ijg; fSkj g to a set of feasible solution with the algorithm described in Section 4.2. Set C equal

to this feasible objective if C is greater than it.
Step SG3: Calculate the step size as follows1
tk :¼ sðC � Dðkk;lkÞÞP
i2I;j2J

P
l2LY

k
ijl � Xk

i

� �þ
þ ðZk

ij � Xk
i Þ

þ
	 
 :
Then update multipliers as follows
kkþ1
ij ¼ kkij þ tk

X
l2L

Yk
ijl � Xk

i

 !" #þ
;lkþ1

ij ¼ ½lk
ij þ tkðZk

ij � Xk
i Þ�

þ
; 8i 2 I; j 2 J:
Step SG4: Terminate this algorithm if (i) optimality gap C�Dðkk ;lkÞ
C 6 e where e is a pre-specified error tolerance, (ii) s is

smaller than a minimum value �s, or (iii) k exceeds a maximum iteration number �K; return the best feasible solution as
the near-optimum solution. Otherwise k ¼ kþ 1, and go to Step SG1.

Appendix C. Branch-and-bound approach

To further improve the performance of the solution method, we implement the LR algorithm into a branch-and-bound
framework. We first obtain the initial solution by running the LR algorithm and then branch on variables X in a depth-first
manner. A greedy heuristic is used to determine the branching older: Given the other variables, candidate supplier i is chosen
as the next variable to be branched if setting up at i brings the greatest decrease of the objective value (10). Note that the
method for obtaining the optimal objective values is referred to Section 4.2. Then two child nodes are obtained where
Xi ¼ 1 in one node and Xi ¼ 0 in the other. At each node, we run the LR algorithm for 100 s (which is less than the running
time of the pure LR algorithm without branch-and-bound) to determine the lower and upper bounds. If the lower bound is
higher than the best feasible solution so far, then no more branching is needed over this node. If all the candidate suppliers
have been branched in the current node and only one feasible solution exists, then the solution shall be returned as both the
upper and lower bounds. Note that the final multipliers shall be passed down to its child nodes as their initial multipliers.

To address the performance of the branch-and-bound approach above, we perform 4 instances to compare the results
with LR, which are shown in Table 5.

We can see from the experiment results that the branch-and-bound procedure is not efficient for solving the proposed
model to a moderate-scale problem. It’s probably because it takes a long time to process one iteration of LR algorithm, which
causes a relatively small number of iterations for one node. As a result, the gap of the branch-and-bound procedure is no less
than that of the LR algorithm alone within the same solution time.

Appendix D. Results of 88-site and 150-site cases

To verify the practical applicability of the proposed model and solution method, we test them with the 88-site and 150-
site network cases and the results of 27 representative instances are shown as Tables 6 and 7. The parameters are set the
he denominator of this formula, we use the absolute value instead of the squared Euclidean norm, because we found it helps improve the solution
cy.



Table 5
Comparisons of LR and Branch-and-bound.

# q Solution time (sec) Gap (%)

LR Branch-and-bound LR Branch-and-bound

1 0.1 1000 1000 0.13 0.14
2 0.3 1000 1000 0.17 0.19
3 0.5 1000 1000 0.41 0.43
4 0.7 1000 1000 0.47 0.50

Table 6
Numerical results for 88-site network.

# q h ce T G (%) N CF S CH CR CM PE (%) C

1 0.1 10 1 3019 0.62 7 8864 563 5630 12152.6 1630.6 0.62 22878.4
2 0.1 10 2 2745 0.80 7 8864 610 6100 12221.4 1421.1 0.5 22897.7
3 0.1 10 10 2153 0.75 8 9831 659 6590 12418.3 1306.4 0.27 23921.6
4 0.1 20 1 4208 1.05 9 11,716 575 11,500 11606.9 4401.9 1.44 30457.8
5 0.1 20 2 3191 0.61 9 11,716 594 11,880 11752.1 4007.8 0.63 30571.6
6 0.1 20 10 2819 0.33 10 14,216 613 12,260 11827.5 2237.9 0.33 32509.3
7 0.1 100 1 3005 0.90 12 21,498 248 24,800 10257.2 7327.7 3.76 49819.9
8 0.1 100 2 2505 0.83 13 23,898 252 25,200 10378.7 5920.4 2.31 51572.1
9 0.1 100 10 2493 0.95 13 23,898 274 27,400 10427.7 5390.8 1.58 53043.6
10 0.3 10 1 3284 0.65 14 24,658 576 5760 13786.8 8100.3 7.56 42314.7
11 0.3 10 2 3764 0.51 14 24,658 596 5960 13847.5 7839.4 7.04 42460.2
12 0.3 10 10 2422 0.70 15 25,177 636 6360 13,931 7627.9 5.9 43,244
13 0.3 20 1 3351 0.76 15 25,177 583 11,660 13614.4 14330.9 7.78 49152.2
14 0.3 20 2 2511 0.91 15 25,177 592 11,840 13749.7 13467.3 7.11 49275.1
15 0.3 20 10 2497 1.19 16 27,690 637 12,740 13870.1 12512.6 6.23 51116.5
16 0.3 100 1 3924 1.62 16 27,690 314 31,400 12,580 25897.6 14.06 69379.3
17 0.3 100 2 2850 1.83 16 27,690 335 33,500 12665.5 23007.6 13.51 69555.7
18 0.3 100 10 3471 1.92 17 28,013 351 35,100 12804.2 20577.1 11.73 69680.3
19 0.5 10 1 2914 2.04 18 29,615 490 4900 12,360 8249.1 11.65 47130.4
20 0.5 10 2 2833 2.18 18 29,615 539 5390 12484.5 8003.5 11.33 47328.1
21 0.5 10 10 3932 2.63 19 30,355 576 5760 14,820 7912.3 10.31 50,743
22 0.5 20 1 3572 2.80 19 30,355 466 9320 12241.9 14235.5 10.84 53708.8
23 0.5 20 2 2592 2.62 20 31,162 491 9820 12363.7 14033.3 10.05 54,694
24 0.5 20 10 2582 2.73 20 31,162 538 10,760 12466.3 13038.2 8.8 55911.9
25 0.5 100 1 3015 2.87 21 32,591 290 29,000 11660.8 32535.8 20.17 79788.9
26 0.5 100 2 2671 2.92 22 33,127 335 33,500 11752.6 29438.8 18.02 81521.8
27 0.5 100 10 2826 2.89 24 35,073 370 37,000 12278.5 27601.9 16.72 84921.3

Table 7
Numerical results for 150-site network.

# q h ce T G (%) N CF S CH CR CM PE (%) C

1 0.1 10 1 3600 4.12 12 18,342 725 7250 15058.2 3270.8 0.73 43921.0
2 0.1 10 2 3600 4.00 13 20,065 777 7770 15144.9 2447.1 0.56 45427.0
3 0.1 10 10 3600 4.28 13 20,065 811 8110 15188.3 2171.0 0.37 45534.3
4 0.1 20 1 3600 4.26 14 20,903 751 15,020 14800.4 7032.6 1.57 57756.0
5 0.1 20 2 3600 4.72 14 20,903 767 15,340 14844.6 6898.7 0.72 57986.3
6 0.1 20 10 3600 4.89 15 22,814 791 15,820 14968.3 5369.4 0.38 58971.7
7 0.1 100 1 3600 3.97 18 29,438 317 31,700 13551.1 10611.8 3.79 85300.9
8 0.1 100 2 3600 4.16 19 30,094 327 32,700 13562.8 9928.9 2.68 86285.7
9 0.1 100 10 3600 4.34 20 31,637 349 34,900 13750.1 8039.2 1.61 88326.3
10 0.3 10 1 3600 5.14 21 32,487 750 7500 15077.0 13849.2 8.02 68913.2
11 0.3 10 2 3600 5.03 21 32,487 769 7690 15115.8 13798.9 7.25 69091.7
12 0.3 10 10 3600 5.17 21 32,487 778 7780 15142.4 13749.8 6.96 69159.2
13 0.3 20 1 3600 5.35 21 32,487 733 14,660 14997.3 19557.1 8.83 81701.4
14 0.3 20 2 3600 5.70 22 33,009 751 15,020 15041.0 19653.2 7.45 82723.2
15 0.3 20 10 3600 5.92 22 33,009 779 15,580 15084.8 19344.9 6.77 83018.7
16 0.3 100 1 3600 5.33 22 33,009 564 56,400 14016.0 33685.0 15.81 137110.0
17 0.3 100 2 3600 5.54 22 33,009 580 58,000 14045.0 33648.7 14.14 138702.7
18 0.3 100 10 3600 5.61 23 34,809 595 59,500 14098.9 30402.3 12.38 138810.2
19 0.5 10 1 3600 6.27 27 38,594 636 6360 15522.2 17168.6 11.37 77644.8
20 0.5 10 2 3600 6.50 27 38,594 734 7340 15532.7 18078.8 10.45 79545.5

(continued on next page)
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Table 7 (continued)

# q h ce T G (%) N CF S CH CR CM PE (%) C

21 0.5 10 10 3600 6.71 28 39,894 759 7590 15661.9 16542.4 8.94 79688.3
22 0.5 20 1 3600 6.44 30 41,078 618 12,360 15462.6 19686.1 12.10 88586.7
23 0.5 20 2 3600 6.56 31 42,461 654 13,080 15486.3 19768.7 10.97 90796.0
24 0.5 20 10 3600 6.89 31 42,461 680 13,600 15501.3 19317.9 9.38 90880.2
25 0.5 100 1 3600 8.94 38 57,091 575 57,500 14479.0 41186.7 20.79 170256.7
26 0.5 100 2 3600 7.35 38 57,091 603 60,300 14493.2 44379.6 19.42 176263.8
27 0.5 100 10 3600 8.08 39 57,880 625 62,500 14541.4 43348.8 17.74 178270.2
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Fig. 5. Interaction analysis among different parameters.
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same as those in the 49-site network case except that we set cd ¼ 10�4. We see that each instance can still be solved to near
optimum (G < 10%) in an acceptable time despite the much expended network sizes. This indicates that the customized
solution method is capable to handling real-word sized problem instances.
Appendix E. Interaction analysis among the key parameters

To test the interactions among the key parameters, we performed a series of experiments and the results are shown as
Fig. 5(a)–(u), where we do not see significant interactions among these parameters.
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