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Abstract

We study the asymptotic spreading of Kolmogorov-Petrovsky-Piskunov (KPP) fronts in heterogeneous
shifting habitats, with any number of shifting speeds, by further developing the method based on the the-
ory of viscosity solutions of Hamilton-Jacobi equations. Our framework addresses both reaction-diffusion
equations and integro-differential equations with a distributed time-delay. The latter leads to a class of
limiting equations of Hamilton-Jacobi-type depending on the variable x/¢ and in which the time and space
derivatives are coupled together. We first establish uniqueness results for these Hamilton-Jacobi equations
using elementary arguments, and then characterize the spreading speed in terms of a reduced equation
on a one-dimensional domain in the variable s = x/¢. In terms of the standard Fisher-KPP equation of
reaction-diffusion type, we give explicit formulas of the spreading speed when the environment has one
or two shifting speeds. As a byproduct, we also introduce a novel class of “asymptotically homogeneous”
environments which share the same spreading speed with the corresponding homogeneous environments.

On étudie les propriétés de propagation des équations du type Kolmogorov-Petrovsky-Piskunov (KPP)
en milieu hétérogene et changeant, avec différentes vitesses, en utilisant la théorie des eéquations de Hamilton-
Jacobi. Notre cadre s’appliquent aux de I’équation réaction-diffusion et intégro-différentielle avec un re-
tard, qui conduit a une classe d’équations de Hamilton-Jacobi dépendant de la variable x/¢. On montre
I’existence et I’unicité d’une solution de viscosité avec des arguments élémentaires, et puis détermine de
la vitesse de propagation en terme d’équation de Hamilton-Jacobi du premier ordre dans I’espaces de la
vitesse. Concernant 1’équation KPP classique, on invente une nouvelle classe d’environnements asympto-
tiquement homogenes qui ont la méme vitesse de propagation avec d’environnements homogenes.

Keywords: Asymptotic speed of spread, shifting environment, Hamilton-Jacobi equation, spatio-temporal
delays

1. Introduction

The estimation of the asymptotic speeds of spread, or spreading speeds, is central in the study of bio-
logical invasions. The concept, originally introduced by Aronson and Weinberger [1]], says that a species
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residing in a one-dimensional domain R with population density u(z, x) has spreading speed ¢* > 0 provided
that, for each 7 € (0, ¢*),

lim [ sup u(t,x)[=0 and lim inf[ inf  u(z, x)} > 0.
1200 | y> (et t—00 | 0<x<(c*—n)t
Later, Weinberger [54] introduced an elaborate method to establish the existence of spreading speeds for
discrete-time order-preserving recursions with a monostable structure. The theory in [54] was further de-
veloped in [36] to monotone semiflows, and recently to time-space periodic semiflows in [19]. It is proved
that the spreading speed can be characterized as the minimal speed of traveling wave solutions. Meanwhile,
by constructing delicate super- and sub-solutions involving the principal eigenvalues of linear periodic
parabolic problems, spreading properties in time-space periodic media and general environments are in-
vestigated in [9]], as well as in [47]. More recently, by combining the Hamilton-Jacobi approach [17] and
homogenization ideas, Berestycki and Nadin [10, [11]] showed the existence of spreading speeds for spa-
tially almost periodic, random stationary ergodic, and other general environments. Their spreading speed
is expressed as a minimax formula in terms of suitable notions of generalized principal eigenvalues in
unbounded domains. See also [37] for the related result on nonlocal KPP models.

In this work, we consider the existence and characterization of the spreading speeds of a nonlocal
time-delayed reaction-diffusion equation in heterogeneous shifting environments by further developing the
Hamilton-Jacobi method. The model is governed by the following equation:

A =0+ fi(t, x,u)+ [ [ T, y) folt—7, x=y, u(t—7, x=y))dydr, in (0,00)xR,
u(t, x) =¢(t, x), on [-7o, 0]XRR,

(1.1

where 0 < 7y < oo, and ¢(t, x) is either exponentially decaying in x >> 1, or vanishing on [x, co) for some
Xxo > 0. Our method in particular applies to general situations where traveling wave solutions may not exist.
We will provide a unified framework to address both reaction-diffusion equations, and integro-differential
equations with exponentially decaying or compactly supported initial data.

1.1. The Fisher-KPP Equation in Shifting Environments
Setting f1(¢, x, u) = (r(t, x) — w)u and f> = 0 in (L.1), we obtain the classical Fisher-KPP equation,

Ot = Oxxu + u(r(t,x) —u) in (0, 00) X R. (1.2)

When r(t, x) = ry for some positive constant ry, it is well-known [20} [32] [1]] that the single species has
spreading speed c* = 2+/ry, which is determined by the local information at the wave front. In addition,
the spreading speed ¢* coincides with the minimal speed of the traveling wave solutions to (I.2). The same
result holds for periodic [[10], almost periodic and stationary ergodic environments [11]].

Yet a new type of spatio-temporal heterogeneity is introduced by the recent work of Potapov and Lewis
[44] and Berestycki et al. [7] to model the effect of shifting of isotherms. Such heterogeneities, incorpo-
rating the variable x — ct in the coefficients, are not considered in the aforementioned results. By assuming
that the moving source patch for a focal species is finite and is being surrounded by sink patches, [7,144]] in-
vestigated the critical patch size for species persistence. In [34], Li et al. proposed to study the Fisher-KPP
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equation with a shifting habitat (¢, x) = r(x — c¢1):
Uy = Uy, +u(r(x—cit) —u) in(0,00) X R, (1.3)

which describes the situation when the favorable environment is shrinking in the sense that ¢; > 0 is given,
and r € C(R) is increasing and satisfies r(—c0) < 0 < r(+o0). It is proved in [34] (see also [27]) that if
the species persists, then the species spreads at the speed 2 v/r(+c0). We refer to [8] [18] for the existence
of forced waves, and to [61} 160] for related results for two-competing species. We also mention [12] for
habitats with two-shifts.

More recently, the general theory on the propagation dynamics without spatial translational invariance
was established by Yi and Zhao [S8]] for semiflows. A key assumption in [58] is that the given monotone
system is sandwiched by two limiting homogeneous systems in certain translation sense, and that one of the
limiting homogeneous system is unsuitable for species persistence while the other one has KPP structure.
It was shown that the spreading speed coincides with the spreading speed in the limiting homogeneous
systems with KPP structure. In particular, [58]] generalizes [34] in the context of (L.3).

An interesting case arises when both of the limiting systems has KPP structures, but with different
spreading speeds, e.g. c- = 24/r(-),c, = 2+/r(+o0) for (I.3). The spreading behavior when 0 <
r(—o0) < r(+o0) is especially subtle. In [26], it was proved that ¢* = ¢, if c; < 1 and ¢* = c_ if ¢; > 1.
But the general case remains open. By the maximum principle, it is not difficult to see that the actual
spreading speed of the species must be bounded from below by c_ and from above by c,. However, there
is a fundamental difference between the homogeneous and heterogeneous cases as far as the spreading
speed is concerned. As discussed earlier, the spreading speed can be computed from local information
when the environment is homogeneous. The same is true for periodic environment. However, when the
environment is heterogeneous and shifting, it is not always possible to calculate the spreading speed using
local considerations [43]]. By the Hamilton-Jacobi approach, we can gain a more “global” point of view and
show that the spreading speed of can be subject to the nonlocal pulling effect [25,22], and is influenced
by the speed c; of the shifting environment. Denote r, = r(+00), r; = r(—c0). In case r, > r; > 0, then we
prove in Theorem [6]iv) that

¢ =247 ifer <27,
¢t = %_‘/ﬁ‘*ﬁ if2+/r2 < c1 <2(\r2 =11 + ),
c-=24r1 ife; = 2(\ry — 11 + D).
Remark 1.1. We point out that it is possible to derive this particular result as a consequence of [23]],

which relies on the change of coordinates x’ = x — c;7 to transform (1.3) into a problem with spatially
heterogeneous, but temporally constant coefficients.

To describe our novelty in the context of the KPP model (1.2) with space-time heterogeneous coefficient
r(t, x), suppose inf (¢, x) > 0, and define
Ri(s) =limsupr(t,s't) and R (s) =liminfr(z,s'r) foreachseR.

s’ s

=00 o0

A sufficient condition for our method to apply is

R is monotone, and Ri(s) = R,(s) a.e.
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In fact, it is sufficient to assume R; is “locally monotone”; see Definition[I.3]and Remark[1.6]

Example 1.1 (Asmptotically homogeneous environments). Suppose that there is a positive constant ry such
that
Ri(s) =19 everywhere, R,(s)=ry a.e

then c* = 2+[rg. For instance, r(t,x) = ro — ri(x — c1t) for some positive constants ry, c| and a compactly
supported, non-negative function ry; see Figure (1.1a). See Theorem[5|for detail.

Example 1.2 (Environments with single or multiple shifting speeds). Suppose

k
r(t, x) = Z ri(x = cit),
i=1
where {c;} C R are distinct and r; : R — R are positive and monotone functions, then the spreading speed
exists. See Theorems|6lf8|for the explicit formula when there is a single or two shifting speeds.

1.2. The Full Reaction-Diffusion Model with Nonlocal Delay

The full model is derived in the field of ecology. In particular, when f, > 0 is non-trivial and
fi <0, system was motivated by the study of structured populations with distributed maturation delay,
in which juveniles and adults have different movement patterns and f,, —f; are regarded as birth and death
functions of adult population, respectively. In such a scenario, # denotes the population density of adults, 7
is the maximum maturation age. Assume that only the adult population reproduce, then the nonlocal term
could be interpreted as the total adults maturing from dispersing juveniles with different maturation periods.

We refer to [23| Section 2] for detailed derivation and the biological background; see also the survey [24]].

XZ
\/#e”dﬂ, with d; > 0 being the diffusion rate
1

for the immature population and g(7) being a probability density function. If g(7) = 6(t—1¢) with d(-) being
the Dirac function, then reduces to the model with discrete time delay discussed in [48]]. We refer to
[50! 511 for the models with unbounded distributed delay (i.e., 79 = o).

For homogeneous media, the propagation dynamics of reaction-diffusion equations with time delay have
been studied extensively; see [46, 48| 23] 150,151,152} 153} 142 57]] and references therein. In particular, when

A typical example of the kernel function is I'(,y) = g(7)

fi + f> is of Fisher-KPP type and f>(u) is monotone in u, the general theory in [36] is applicable to establish
the existence of spreading speed and its coincidence with the minimal wave speed, while the uniqueness and
stability of monostable waves are covered by [52]]. In the case that the birth function f,(i) is non-monotone
in u, due to delay induced spatial-temporal nonlocal effect, system does not admit the comparison
principle. Accordingly, one could not directly utilize the theory in [36] to study the existence of spreading
speeds and traveling waves. In such a case, spreading properties were recently explored in [57]. We refer
to Wang et al. [50, 51] for results on the existence of traveling waves in homogeneous environments, see
also [159] for a class of discrete-time non-monotone dynamical system.

It is natural to incorporate the shifting environments into system (1.I), by considering the impacts of
climate change on the birth and death rates of adult population. However, there are few papers working
on this direction. In [58| Section 6.1], spreading speeds of a reaction-diffusion equation with nonlocal
(discrete-time) delay in a shifting habitat were investigated and determined by the local information. In an
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ongoing project of the second author, we also consider a reaction-diffusion equation with nonlocal (discrete-
time) delay in a shifting habitat, when both limiting systems have KPP structures, the existence of various
forced waves, qualitative properties of those waves and their stability were established.

In the current work, we will provide the explicit formula of the spreading speed for system (1.1)) in
asymptotically homogeneous, as well as shifting environments with the single speed, and show the full
picture on how the decay rate of initial data and single shift speed affect the spreading speed, which is new
in the literature. See Section[1.6]in detail.

1.3. The Hamilton-Jacobi Approach

The Hamilton-Jacobi approach was introduced by Freidlin [21]], who employed probabilistic arguments
to study the asymptotic behavior of solution to the Fisher-KPP equation modeling the population of a single
species. Subsequently, the result was generalized by Evans and Souganidis [17] using PDE arguments; see
also [56]. The method can be briefly outlined as follows:

1. The WKB-Ansatz [5, 17, 45]:
[
ut(t, x) = u(—, —) and we(t,x) = —elogu®(t, x). (1.4)
€ €

2. Suppose that wé(t, x) converges locally uniformly to a continuous function Ww(t, x), then

u(f’f):exp(—w) fore < 1. (1.5)
€ €

€

3. W(t, x) is a viscosity solution of the Hamilton-Jacobi equation

min{w, H(x/t,d;w,0,w)} =0 for (¢, x) € R2,

w(t,0)=0 fort>0, w(0,x)=+oc0 forx>0,

(1.6)

for some suitably chosen Hamiltonian function H.
4. Show uniqueness for the Hamilton-Jacobi equation by establishing a strong comparison result.
5. By construction (i.e. (1.4)), we can write Ww(z, x) = 1p(x/r), where p(s) can be uniquely determined by
a reduced Hamilton-Jacobi equation

{min{p, H(s,p—s0’,p")} =0 forseR,, (17

p(0)=0 and p(s)/s > +o0 as s — +oo.
6. Show that p is nondecreasing, i.e. there exists a free boundary point ¢* > 0 such that
p(s)=0 in[0,c*], and p(s) >0 in(c*, o).
7. By (L.3), for each ¢ > 0, we have
u(t,ct) = exp (=t(o(c) + o(1))) fort> 1.

It follows that the free boundary point c* is the spreading speed of u.
5



For example, when r(f, x) = ry in the Fisher-KPP equation (I.2) with Heaviside-like initial data, the
limiting Hamilton-Jacobi equation is

min{w, w; + |wx|2 +r9} =0 for(z,x) € (0,00) X R, (1.8)
with initial condition
w0,x)=0 forx<0, and w(0,x)=+c0 forx>0. (1.9)

By a duality correspondence of the viscosity solution of (I.8) with the value function of certain zero sum,
two player differential game with stopping times, and the dynamic programming principle, it can be shown
[17] that (1.8) with initial data (1.9) has a unique viscosity solution

2
X
—10,07.
o)

1
Ww(t, x) =t - =
w(t, x) max{4’

(i.e. p(s) = Inax{}‘ls|2 —19,0}.) Thus ¢* = 24/ in this case.
Our novelty in terms of the Hamilton-Jacobi approach can be summarized as follows:

e That w(t, x) = 1p(x/t), and that p satisfies a reduced Hamliton-Jacobi equation (1.7)), are recently
observed in [40]. This enables the characterization of the spreading speed as the free boundary point
of (1.7), which does not depend on the existence of traveling waves solutions.

e We prove strong comparison principle for semicontinuous super- and sub-solutions of in the
viscosity sense. Moreover, we need to overcome the discontinuity of the Hamiltonian function H as
well. The latter arises naturally in the consideration of shifting environments. Our proof is inspired
by the arguments developed by Ishii [30] and Tourin [49].

e We use elementary PDE arguments to deal with discontinuous initial data. Previously, this mathe-
matical issue was tackled in [[17]] by way of a deep correspondence with the value function of a zero
sum, two player differential game with stopping times and the dynamics programming principle; see
also [[16] for a method based on semigroup method.

e The application of the Hamilton-Jacobi framework has largely been limited to reaction-diffusion or
nonlocal diffusion equations [[13]], and has not been extended to models with time-delay such as (I.1).

1.4. Main Hypotheses
Throughout this paper, we will treat the following classes of initial data ¢ for system (1.1).

Definition 1.2. We say that the initial data ¢ satisfies (IC,,) for some u € (0, co) provided ¢ € L*([-79, 0] xR)
is non-negative and there are 0 < a < b such that

ae” WY < (1 x) < be” WO for x> 1, V1 € [-10,0].

We say that the initial data ¢ satisfies (IC) provided ¢ € L*([-70, 0] X R) is non-negative, and

lim sup [e"" sup ¢(z, x)} =0 forevery u > 0.

xX—00 te[—710,0]

In particular, ¢ satisfies (/C,,) for some u € (0, o) if there are positive constants a and b such that ae™* <

¢(t, x) < be™; whereas ¢ satisfies (IC.) if it is compactly supported in [—7(, 0] X R.
6



Fori=1,2,let R;, R, € L”(R) be given by (note that R;, R, only depend on x/t below)

Ri(x/t) :=limsupd, fi(t' /e, x"/€,0) for (t,x) € (0,00) X R

(' x")—(t.x) ( 1 . 10)
R/(x/t) := lim %nf 0,.fi(t' /e, x"[€,0) for (¢, x) € (0,00) X R.

(" x")>(1,x)
We recall the concept of local monotonicity from [14].

Definition 1.3. We say that 4 : R — R is locally monotone if, for each s, either

lim inf (h(s;) —h(s2)) =0, or lim sup (h(s;)—h(s2)) <0.
50 [si—50|<6 6-0 |5;—s0l<6
$1<852 S1<52

We will assume the following concerning (1.1):
(H1) For some constant 6* > 0, fj € C(Ry x RxR,) N C!(R; xR x [0,6]) and € C([-1g,00) X R X
R,) N C'([=7p, 00) x R x [0, 5%)) satisfy

fit,x,00 =0 and  fi(t, x,u) < ud,fi(t,x,0) forall (t,x,u),i=1,2,

sup |0, fi(t, x,u)| < oo foreachM >0,i=1,2,
Ry xRx[0,M]

Furthermore, for any 1" > 0, there exists ¢, > 0 independent of (, x) such that
filt,x,u) = (0, fi(t,x,0) = )u, if0<u<é,, i=12. (1.11)

(H2) There exists Lo > 0 such that G(z, x, L, L) < 0 for (¢, x) € (0, 00) X R and L € [L, o), where
T0
G(t9 X, U, V) = fl(ts X, M) + f f F(T’y)fZ(t - T, X _y$ V) dydT
0o Jr

(H3) fo(t,x,v) =0, or fo(t, x,v) > 0in [Ty, 00) X R x (0, 0) and " € L' ([0, 7] X R) is non-negative and

satisfies [ [ T(z,y)dydr = 1and [} [ T(z,y)eP*" dydr < oo for all (p, q) € R%.

(H4) The functions R;(s) and R,(s) for i = 1,2, given by (1.10), satisfy
Ri(s) =R, (s) ae.in(0,00), and R (s)+R,(s)>0 foreachs>D0. (1.12)

and one of the following holds:
(i) R; and R, are both non-increasing, or both non-decreasing;
(i) R, is continuous, and R, is monotone;
(iii) R, is piecewise constant, and R; and R| + R, are both locally monotone.

(H5) For any ¢ € L*([—70, 0] x R) with ¢ >% 0, there exists s > 0 such that the solution u of (1.I) with
initial data ¢ satisfies

liminf inf u(t, x) > 0.
t—>+00 0<x<st

7



Hypotheses (H1)-(H3) generalize the conditions in [57] for homogeneous environments. The hypoth-
esis (H1) says that the nonlinearity is sublinear. In case f, is nontrivial, we only assume that f>(:, -, u) is
monotone close to 0, in other words, the full system might not admit the comparison principle; (H2) is
a self-limitation assumption; (H3) says that I" has finite moments to ensure a finite spreading speed. Hy-
pothesis (HS) means the population spreads successfully to the right (see [[L1]]). Hypothesis (H4) is a new
condition arising in shifting envrionments. It guarantee the uniqueness of the underlying HJ equation.

Remark 1.4. Hypothesis (HS) can be guaranteed if lim inf [ i[%f ]BM f@, x, 0)] > 0. (See [9].) This is
t—oo | x€0,s1
equivalent to R, (s) > O for each s € [0, s]. More generally, if there exist 5,c; > O such that inf R, (s) >
c1<s<ci+s
(c1)?/4, one can apply a change of coordinates x' = x — ¢, which introduces a drift term, then (H5) holds,
so that the arguments of this paper can also be applied. This is connected with the results in [26 [27} 34]
when R, (s) < 01in (=00, c;] and R,(s) > 0in (cy, o).

Remark 1.5. For example, take I" to be any probability kernel on [0, 7¢] X R with finite moments, and

v

ft,x,u) = (x—cit)—wu and  fo(t,x,v) = r(x — crt)ve™".

where r; are monotone functions such that inf r; +inf r, > 0. If 7, , are both increasing or both decreasing,
then (H1)-(HS) are satisfied with

ri(—00) for s < ¢; ri(—00) for s < ¢;
Ri(8) = Jri(-o0) V ri(+0) fors=¢; and R,(s) = {ri(—c0) Ari(+0) fors=c;

ri(+00) for s > ¢; ri(+00) for s > ¢;.
Remark 1.6. When f, =0, and fi(¢, x, u) = (r(t, x) — u)u, then (H1)-(HS) reduces to
(H) Ry(s) is locally monotone, R,(s) > O foreach s > 0 and R; = R, ae.,

where R (s) = limsup r(z, s't) and R, (s) = lirglnf r(t, s't).

’
K
o —s s/ —s

As explained in Section [I.3] the exact spreading speed can be characterized in terms of the Hamilton-
Jacobi equation (1.7) on a one-dimensional domain. Precisely, consider

T0
min {p, p—sp + 0"+ Ri(s) + Ra(s) f f I'(t, y)e@-m’>f+ﬂ’>'dydr} =0 in (0, ). (1.13)
0 R

To tackle the classical issue of uniqueness for the Hamilton-Jacobi equation (1.13), we need one of the
following to hold for the function R,, and sometimes R, as s — +co.

(H6) R»(s) is identically zero, or non-increasing in [y, co) for some s,

1
(H6’) lim R,(s) exists and is positive, and R,(s) > (sup R2) -0 (—2) for s > 1,
§—+00 (s,oo) A

(H6”) One of 11111 R;(s) exists, lim sup Ry(s) > 0, and I'(r, ¥) = 01in [0, 1] X (=00, 0), for some 1, € (0, 7]

§—00
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1.5. Main results

Next, we specify the spreading speed §# as a free boundary point of the solution of (I.13), which
depends implicitly on R;(s), R2(s), I'(r,y) and p € (0, c0]. For the the definition of viscosity super- and
sub-solutions, see Section

Proposition 1.7. Let Ri(s),i = 1,2 be given by (H4). Suppose either

(@) ue(0,0), or (b) u=oco andoneof (H6), (H6") or (H6") holds,
then there exists a unique viscosity solution p* € C([0, o)) of such that
o _,

p'0)=0, and lim (1.14)
s—+00 Ky
Furthermore, s — p(s) is non-decreasing in [0, 00), so that the free boundary point
§ = supf{s : p(s) = 0} (1.15)

is well-defined.

Remark 1.8. It is also possible to follow [17, Appendix C] to express the function p*(s) in terms of a
certain action function, but we do not pursue this point of view here.

Theorem 1. Assume (H1)-(HS). Let u be a solution to (L.1) with initial data satisfying (IC,) for some
u € (0, 00), then

lim sup u(t,x)=0 for eachn > 0,
1200 y> (4t (1. 1 6)

liminf inf w(t,x)>0 foreach0 <n < §*,
>0 O<x<(§-n)t

where §* is given in (1.15).

Theorem 2. Assume (H1)-(H5). Let u be a solution to (1.1) with initial data satisfying (IC). If one of the
conditions (H6), (H6") or (H6"") holds, then

lim sup u(t,x)=0 for eachn > 0,

1200 x> (54t (1.17)

liminf inf w(t,x) >0 foreach0<n<3§~,
t—oo  0<x<L(§°-nt

where §% is given in (1.13) with yu = oo.
Remark 1.9. Since we do not impose assumptions on f;(t, x, u) for large u, except that it eventually becomes

negative in (H2), the convergence of u to a homogeneous equilibrium does not hold in general. However, if
we strengthen (H2) to

(H2") Fori=1,2, fi(t,x,1) =0, and (u — 1) f;(¢, x, u) < O for all (¢, x, u) such that u # 1.
Then one can argue as in [S7] that u(¢, x) — 1 for x < §#t and ¢t > 1.

Remark 1.10. To compare our approach with that of Berestycki and Nadin, we only homogenize along
the ray x/t = s for each s here, while in [10} [11], the information in {(t,ye) : t > 1,y > 1} for each
direction e is homogenized via the notion of principal eigenvalues of the parabolic problems. In [11], it
is demonstrated that in higher dimensions, sometimes the spreading speed in direction e does not depend
only on what happens in the e direction. The same can be observed in a shifting habitat on R, where the

spreading speed is nonlocally determined; see Theorems [ and [6]
9



1.6. Some explicit formulas of spreading speeds

The following theorem concerns the spreading in “asymptotically homogeneous” environments, and
generalizes the spreading results of [23| [57]. For simplicity, we assume that I'(r,y) is symmetric in the
variable y for each 7 € [0, 79] in the next theorems.

Theorem 3. Let u be a solution to (1.1) with initial data satisfying (IC,) for some p € (0, 0]. Assume
(H1)-(HS) and, in addition, for i = 1,2, there are positive constants r,, r| + r, such that

Ri(s) = r; for every s € R, R.(s) = r; for almost every (a.e.) s € R. (1.18)
Then (1.16) holds, and the spreading speed §* is given by

inf 22 jfu e [u*, o],
p>0 P

= f (1.19)
B ifue O,
where A(p) : R — (0, 00) is uniquely defined by the implicit formula
70
A p)i==A+p* +r + rzf fF(T, Ve T dydr = 0, (1.20)
0o Jr

and u* > 0 such that A — i A2 5,
H p>0 P

Remark 1.11. A sufficient condition of (H4)-(H5) and (1.18) is when f; are independent of ¢, x such that
f;(0) = r;. Moreover, the homogeneous coefficients case could be extended to a large class of space-time

2
heterogeneous problems, e.g., >} [Oin)f Rau fi(t,x,0) > 0, and
i=1[0,00)x

r= ) k(- ct™) <G[0 <n and  0<r— ) K- cit™) < 9, h(x,0) < 1o,

i=1 i=1

where m € N, «;, ¢;, 12, 1| + 1, are positive constants, and k;(-) and ki(-) are non-negative functions that are
compactly supported on R.

Next, we turn our attention to environments with one shift. Let R; _, R; ; be fixed constants. For p € R,
define A_(p) and A, (p) implicitly by

T0
0=A.(A,p)=-1+p*+ Ri++Ro. f fl"(t, V)eP = dydr.
0 JRr

Let ¥, : R — R denote the inverse of A}, : R — R, which exists since A, is coercive and strictly convex,
we refer to Section 3.1 for the detailed discussion. Define (¢*, 1*) and (c7, 1) by

+ Ay i
0<cl = inf 2P _ AU
I 4 Hy

10



Theorem 4. Assume (H1)-(HS) and, in addition, for i = 1,2, there are constants R; _, R; . and ¢,
that
R; ifs>c R; ifs>c
Ri(s) = w ¥ ! forevery s € R, R.(s)= w ¥ ! forae. seRR,
Ri- ifs<a Ri- ifs<c
and

Ri_ <R, and Riy+Ryy >Ri_+Ry_>0.

Then (1.16) holds, and the rightward spreading speed § can be given by (see Figure[I.2)
(i) u € (0, ], then

A/ p ifer < A(w)/p,
§(c1) = A-(pler,w)/pler,p)  if er > Ae(w)/p and pler, p) < e,
c* otherwise,

where pler,p) is the smallest root of
c1p—A-(p) =cip— A+ (u) 2 0.

(ii) p € (U3, ), then

ct ifc) < ¢,

ey = LD AL < < X and plen) <,
A-(p(er,w)/pler, ) ifer > A () and pler, p) < pZ,
ct otherwise,

where p(cy, p) is the smallest root of (1.23) and p(cy) is the smallest root of
cip = A-(p) = c;¥i(c1) = 4. (Wilcr) 2 0.

In particular, if u = oo, then

cy ifc) <ci,
§°(c1) = JA-(p(en)/pler)  ifer € (¢}, 1),
¢t ifcy 2 ¢y,

where € is the unique positive number such that p(¢)) = u=.

> 0 such

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

Remark 1.12. A sufficient condition of (H4)-(H5) and (I.21) is when there exists ¢; > 0 such that

fit, x,u) = fi(x — ct, u) satisfying

Ri— =, fi(—=00,0) < 3, fi(y,0) < 3, fi(+00,0) = R;; holds forally € R,
R1,+ + R2’+ > Rl,_ + Rz,_ > 0.

11
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Figure 1.1: In the left panel, r(¢, x) = ro — r1(x — ¢ t) for a compactly supported, non-negative and bounded function r; with rp,c; > 0
where Theoremapplies. In the right panel, blue curves represents r(t, x) = 7(x — c1t) for a non-decreasing function 7 with 1/4 =
F(—o0) < F(+00) = 1 where Theorem@applies; red curves represents (¢, x) = aF(x — c1t) + (1 — @)F(x — caf) for ¢; > ¢ > 0 and
a € (1/2,1), where Theoremapplies.

10 (7 : ;“ﬂ : : : : :
|
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ol A(p)! \pem=i —
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sl p ple) =pt
|
7F ., ,,,,,,,,,,,,,,,,, 1a
\ d\i(p) 7
61 ! dp h
\ /
| / _
S 5F 7 /\7(]7) 1
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4 \ J/ D |
\ 7
7/
3 \\\'L ,,,,,,,,,,,,,,,,,,,,,,,,, Jc
|
2 A‘F(.u)} ct ]
| +
1 IS 1
|
L 1 L L L L L L
0 05 M+ 1 1.5 2 25 3 35 4

Figure 1.2: Parameter regions in the (i, c1)-plane corresponding to the formula of §#(c) as stated in Theorem The region bounded
bycy = A*ﬂ(‘“) , i = % and two axes, §4(cy) = # falls in the first case in (T.22); the region bounded by ¢; = ¢, u = i and p-axis,

a
§(c1) = ¢ falls in the first case in (T.24); the region bounded by the curves ¢ = A*ﬂ(”), c1 = A4 () and p(er,p) = pit, $#(c1) = ;ﬁ)
combines the second case in (I.22) and the third case in (1.24); the region bounded by ¢; = ¢}, ¢1 = ¢1 and ¢1 = A, (), §(c1) = %
falls in the second case in (T24); in the remainder of the first quadrant, §#(c1) = ¢* combines the third and the fourth cases in (T:22)

and (T:24).

1.7. Applications to the Fisher-KPP model

We state here our new results for the Fisher-KPP equation (1.2), which could be easily derived from the

results in last section or the arguments in Section 3. Throughout this subsection, we impose the following
assumption on r.

(F) r € L°(R x R) and lim inf[ inf x)] > 0.
M—oo | [M,00)X[M,0)

12



First, we show a new spreading result concerning a class of asymptotically homogeneous environment,
for which there is a constant ry > 0 such that

limsup r(z, s't) = ry for every s € (0, 0), tlim inf r(z,5't) = ry forae. s € (0,0). 1.27)

1—00, 8" —>s —00, 8 —>s§
An example is r(t, x) = rg — fom ri(x — st)du(s), where r| is a non-negative function with compact support,
and u is o-finite measure on [0, o). See Figure (1.1a) for the prototypical example r(z, x) = ro — ri(x — c11).

Theorem 5. Consider the Cauchy problem (L.2), with initial data uy(x) satisfying (IC,) for some yu €
(0, +o0]. If (¢, x) satisfies (F), and also (1.27) for some constant ry > 0, then the spreading speed " is
given by (1.13). Furthermore, it can be given explicitly as follows

F=p+ L ifue© Vo), and #=2+R  ifue [ ool (1.28)
u

Remark 1.13. In (1.27), the convergence of limit superior “everywhere” cannot be relaxed to “almost
everywhere”, because it is possible for locked waves to form, i.e. ¢* = max{2 +/ro, c1} [25].

On the other hand, if the condition “almost everywhere” in the convergence of limit inferior is strength-
ened to “everywhere”, the spreading result is proved in [[11, Proposition 3.1] and [33].

More generally, we observe that (H1)-(H6) are satisfied for the classical KPP equation (1.2) when

m

r(t,x) = Z Fi(x — c1t)

i=1
such that ¢; € R are distinct, and 7, € C(R) is strictly positive and monotone for each i; see Remark
Hence, the spreading speed can be characterized by the free-boundary problem (I.15). Below, we
completely work out the spreading speed when there is only one shifting speed. Theorem [6] concerns the
case when r(t, x) = F(x — c|¢) for some increasing function 7 such that 7#(—co0) = r| and 7(c0) = r;; see figure
(1.1b).

Theorem 6. Consider the Cauchy problem (1.2), with initial data uo(x) satisfying (IC,) for some u € (0, co].
If r(t, x) satisfies (F), and there are constants r, > r; > 0 such that

r if x > cyt,
. v X
limsupr| -, ?) = qmax{r,rn} ifx=cit, forall(tx) € (0,00)XR, (1.29)
-0
(' X)) r if x <cyt.
and
) if x > cyt,
Lo (00X
lim inf "(_’ _) = ymin{r;,r} ifx=cit, forae. (1,x) € (0,00) xR. (1.30)
' X' )=(1,%) € '
1 ifx <cit.

Then the rightward spreading speed §" given by (1.13)) can be stated explicitly as follows.

13



(i) p € (0, 1]

" e ifer € (—oo,u+ 2],
F(cr) = c1— V(1 =22 +4(ra—ry) 2 (1.3D)
' + - ifcr € (u+ 2, +00),
2 1= Vler=202+4(=r) ferelut o)
(it) p € (\fri, r2)
lu + :1_2 l:fCl € (_005/’l + :1_2],
N c1— V(1 =2 +4(r2—r1) 2r R ry e+ =2r
#(cp) = AoV + ‘ € (u+ 2, tn2ny 1.32
) 2 Y e A S (132
24y =2r
2y ifer € 2R + ),
(iii) p € [\r2, \Jri + N2 —11)
2\/6 if‘C[ E(_OO’Z'\/E]7
X %—\H’z—rl‘F%_\r/—lﬁ ifci € 2+/r2,2u],
Sﬂ(cl) =Yo- V(1 =2p)*+4(ra=r1) + 2ry lfC c (2/1 ,uz+r2—2r1) (1.33)
2 e1= Vler=2402+4(ry=r1) : TN
24y —2r
2y if e € [220 + o),
(iv) u € [\r1 + \ra =1, ]
2\/}"_2 l_'fCI € (_00»2\/72]’
§”(C1)= %—Vi‘2—l’1+ﬁ lfC]E(Z\/E,2\/ﬁ+2\/r2—r1), (134)
2+t ifci € [24r1 +2+/r, — 11, ).

In the case that r; > r, > 0 (i.e., r(t, x) = #(x — ct) for some decreasing function 7 with #(—o0) = r;
and 7(c0) = r»), we see from Remark[I.6]that our method is still applicable. One can show that the rightward
spreading speed of system with compactly supported initial data is given by min{2 /r;, max{c;, 2 /r2}}.
When ¢; € (2+/r2,2+/r1), one can prove that the propagation phenomenon is closely related to the existence
of a traveling wave solution that travels at the same speed of the shifting environment; see [8, [25]].

Theorem 7. Consider the Cauchy problem (1.2), with initial data uy(x) satisfying ICs). If r(t, x) satisfies
(F), and there are constants ry > ry > 0 such that and hold. Then the rightward spreading
speed is given by
2\ ifer =2+,
5 =4c if2+/r; < ¢ <24/,
2yr  ifer <247

Before we close, we also state the spreading speed when there are two shifts in the environment, which
makes use of a previous result regarding a special case of (1.13) when R, = 0 and R; is piecewise constant.
(For the derivation, see Theorem C in https://arxiv.org/pdf/1910.04217.pdf.)
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Theorem 8. Consider (1.2), with initial data uy(x) satisfying (IC,)). Suppose r(t, x) satisfies (F), and there
are positive constants 1 > ry > r; > 0 and ¢y > ¢, > 0 such that

1 if x> cit,

>0
(7 x")>(t,%)

. v x
lim sup r = ?) =4r ifct<x<cit, forevery(t,x) € (0,00) xR,

r ifx<ocot.

and
1 if x> cyt,

=0
(" x")—(t.x) €

o ¢ x
lim inf r(—, —) =3r, ifct<x<cpt, forae. (t,x)€(0,00) xR,
r ifx < ¢t

(e.g. r(t,x) = i:—:f?(x —cit) + rf::l‘ F(x — cat) for some increasing function ¥ such that #(—o0) = ry and

F(c0) = 1, see Figure (1.1b).) Then the spreading speed §" is given by (1.15). When u = oo, the spreading
speed §%° can be explicitly given as follows.

2 forcy <2,

§+2  forci>2,0< \rmandc; <5+ 7%,

2r,  ford = Afryand cy <24/r,

Fene =1, {forcl >2,6< 2 p< iandc, >0+ 2, (1.35)
P for 6 2 \fry,cy <26, p < \Jri and c; > 2+/r2,

p+;—' for s > \/7‘_2,0222(5,£< Vi and ¢ > 2+Jra,

2\/r_; otherwise,

where

5:6—21— 1—r, [):%2—\/(%2—6)2+r2—r1, E:%—\/—rz—rl. (1.36)

2. Proof of Theorems[Iland

In this section, we will develop in detail the method based on Hamilton-Jacobi equations to determine
the spreading speed of (L.I) and prove the results in Section [I.5]

2.1. Outline of the main arguments

Let u(t, x) be the unique solution of (I.1) with initial data ¢ satisfying (IC,) for some u € (0, co]. To
analyze the spreading behavior of u(t, x), we introduce the large time and large space scaling parameter €

t
u(t, x) = u(—, f), 2.1
€ €
and relate the limit of € as € — 0 to two Hamilton-Jacobi equations. The first one is time-dependent:
min {w, H(x/t,d,w,d,w)} =0 for (¢, x) € (0, c0) X (0, c0), 2.2)
15



and the second one is time-independent:
min {p, H(s,p — sp’,p")} =0 for s € (0, 0), 2.3)
where
H(s,q,p) = q + p* + Ri(s) + Ra(s) LTO L I'(t, y)e?™ P dydnr.
Note that H(s, g, p) is upper semicontinuous (u.s.c.), since the functions R;(s) and Rx(s) are u.s.c by (L.10).

Remark 2.1. We choose to work with since it is more explicitly connected with and (2.3). Itis
possible to rewrite into a more standard form: min{w, d,w + H(x/t, d,w)} = 0, where H(s, p) is defined
implicitly by

H(s,q,p)=0 ifandonlyif —gq= H(s,p),

by exploiting the monotonicity of H in q. See Appendix [Appendix A|for details.

Indeed, under the scaling of (2.1)), the problem (1.1) can be rewritten as

{6;145 = €0, U + é[Fg(t, xu) + fielt,x,u)], t > 0,x € R, 24

uc@,x) = p(0/€,x/€), (0,x)€[—er,0] XR,

where -
FE(t’ X, uE) = f fr(‘r?y)fZ,E(t — €T, X —€), ue(t — €T, X — EY))dydT
0 R

with f (¢, x,V) := fo(t/€, x/€,v) and fi (¢, x,u) := fi(t/€, x/€, u).
The proof of Theorem [l] relies on a WKB approach in front propagation. Consider the real phase
function defined by the Hopf-Cole transform

wé(t, x) = —elogu(t, x).

The equation of w¢ is

OWE — €0, WE + [0, We* + —F‘(Z’X’"E):;ﬂ‘f(”x’”s) =0, t>0,x>0,
we(0, x) = —elog ¢(0/€, x/€), x>0,0 € [—ert,0], (2.5)
we(t,0) = —elogu®(z,0), t> —et.

In the following, we apply the half-relaxed limit method, due to Barles and Perthame [6]], to pass to the
(upper and lower) limits of w®. More precisely, for each (z, x) € (0, o) X R, we set

w'(t, x) = limsup we(#', x'), w.(f,x) = lim %nf we(t', x). (2.6)
) (i

(1 )= (1.0) X))

By construction, we have w* > w,. It follows that w® converges in Cj,. if and only if w* < w,. To this
end, we will show that w* and w., are respectively viscosity sub- and super-solution of the time-dependent
problem (2.2) (see Proposition [2.7). We will then prove a strong comparison result to yield that w* < w.,,

ie. w" = w,, and hence w® converges locally uniformly as e — 0. If the initial data of u has compact
16



support, then the initial data of w*,w, can be infinite and the strong comparison does not follow from
standard PDE proofs. Previously, this mathematical issue was tackled in [17] by way of a correspondence
with the value function of a zero sum, two player differential game with stopping times and the dynamics
programming principle. Our main novelty here is to provide an elementary proof of the uniqueness based
on the 1-homogeneity of w* (resp. w,):

v X
w*(t, x) = lim sup {—elog u (—, —)}
€0 € €
(' x> (1,x)

17 /7

t
=t limsup {—(e/f)logu|—, Rl w*(1, x/1). 2.7
0 €/t €/t
" x'")—=(1,x/t)
Hence, there exist p*(s) and p.(s) such that
w(t,x) = tp*(x/f) and  w.(t, x) = tp.(x/1). 2.8)

We will show that p*(s) and p.(s) are respectively the sub- and super-solution of the problem in a one-
dimensional domain (see Lemma [2.5). By showing a novel comparison result for (see Propositions
[2.10]and 2.1T), we have p*(s) = p.(s) (see Proposition[2.TT), so that they can be identified with the unique
solution p* of (L.13), which satisfies (see Proposition [I.7)

Ps)=0 in[0,8], and P“(s)>0 in (8", 0).
Hence, w*(t, x) = w.(t, x) = tp"(x/t), and we see that we(z, x) converges in Cj,.((0, o) X R), and
li_r)% we(t,x) =0 forO0<x< 3§ and li_r)r(l)wf(t, x)>0 forx> §t
From this, the asymptotic behavior of u°(¢, x) can then be inferred.

2.2. Preliminaries

We first recall the classical definition of discontinuous viscosity super- and sub-solutions to (2.3) fol-
lowing [3]. See Definition [2.4]for the corresponding definition for (2.2).

Definition 2.2. We say that a lower semicontinuous function p is a viscosity super-solution of (2.3) if p > 0,
and for all test functions ¢ € C', if s is a strict local minimum of p — ¢, then

o A e ’ "
P(s0) = s0¢’(s0) + |6’ (s0)I” + R (s0) + R3(s0) f f [(z, y)ePor= o o eon gydr > 0,
0 R

We say that an upper semicontinuous function p is a viscosity sub-solution of (2.3) if for all test functions
¢ € C, if s is a strict local minimum of p — ¢ and p(so) > 0, then

T0
P(s0) — 08’ (50) + 16 (s0)* + Ry +(50) + Ra..(s0) f f [(7, y)e P00t G od gygr < 0,
0 JRr
Finally, p is a viscosity solution of (2.3) if and only if p is a viscosity super- and sub-solution.
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The functions R} and R;. appeared above denote respectively the upper semicontinuous (u.s.c) and
lower semcontinuous (1.s.c) envelope of R;, that is,

Ri(s) =limsupR,(s") and R;.(s) = liminf R,(s"). 2.9)
§'—s

s’
Remark 2.3. By definition (1.10), R; (i = 1,2) are u.s.c., so we have R;(s) = R (s) everywhere in [0, c0).

Definition 2.4. We say that a lower semicontinuous function W is a viscosity super-solution of (2.2) if
w > 0, and for all test functions ¢ € C', if (ty, xo) is a strict local minimum of W — ¢, then

H(xo/19, 0:¢(t0, X0), 0x¢(to, X0)) = 0.

We say that an upper semicontinuous function W is a viscosity sub-solution of (2.2) if for all test functions
¢ € C, if (ty, xp) is a strict local maximum of W — ¢ and W(#o, xo) > 0, then

H.(x0/t0, 0:9(10, X0), 0x¢(t0, X0)) < 0.
Finally, W is a viscosity solution of (2.2) if and only if W is a viscosity super- and sub-solution.

In the above definition, H,(s, g, p) = g + p*> + (R1).(s) + (R2).(s) fom fR I'(t,y)ed™P? dydr. We have also
used the fact that H is u.s.c., so that H = H*.
Below, we relate the notion of viscosity super- and sub-solutions of (2.2) and (2.3).

Lemma 2.5. Let ¢;, € (0, 0] be given. Suppose w(t, x) and p(s) are two functions such that
w(t,x) =to(x/t) inQ:={(tx):0<x<cpt}

Then p(s) is a viscosity sub-solution (resp. super-solution) of (2.3)) in the interval (0, ¢;) if and only if w(t, x)
is a viscosity sub-solution (resp. super-solution) of 2.2) in Q.

Proof. The proof follows from a minor modification of that in [40, Lemma 2.3]. Below we only show the
equivalence of viscosity sub-solutions.

Let p(s) be a viscosity sub-solution of in (0, ¢;). We must verify that w(z, x) = tp (f) is a viscosity
sub-solution of (2:2). For any test function ¢ € C', suppose that w — ¢ attains a strict local maximum at
point (¢, x.) € Q such that w(z,, x,) > 0. Since w(t, x) = tp(f) and t, > 0, we see that p(’t‘—) > 0 and

fO) =yp (’l‘—) - M admits a strict local maximum at y = 1, so that letting s, = x./z., we have
P(8:) — 010(ts, X4) — $.0,0(L, x,) = 0. (2.10)

Next, set ¢(s) := (2., st.)/t.. We observe that p(s) — ¢(s) takes a strict local maximum point s = s. and
o(s,) > 0. Note that ¢'(s,) = 0,¢(ts, X.), it follows from 2.10) that 9,¢(., x.) = p(s.) — s.¢’(s.). Hence at
the point (., x.), we have

T0
B + 105> + Ry . (x./1.) + Ry (x./1.) f f (1, y)e™"%¢ dydr
0 R

To
_ p(s*)—s*¢’(s*)+|¢’(s*)|2 + RL*(S*) + RZ,*(S*)f fr(T’ y)eT(p(s*)_s*‘p'(S*))+y¢/(s*)dydT <0,
0 R
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where the last inequality holds since p is a viscosity sub-solution of with ¢(s) being the test function.
Therefore, w is a viscosity sub-solution of (2.2).

Conversely, let w(t,x) = tp (f) be a viscosity sub-solution of in Q. Choose any test function
¢ € C' such that p(s) — ¢(s) attains a strict local maximum at s, and p(s,) > 0. Without loss of generality,
we might assume p(s,) = ¢(s.). Set ¢(t,x) = t¢(%) + (t = 1)*. It then follows that w(z, x) — ¢(f, x) =
t(o(x/t) — ¢(x/1)) — (t — 1)? attains a strict local maximum at (1, s.). Hence, by the definition of w(t, x) being
a sub-solution and the fact that d,¢(1, s.) = ¢(s.) — s.¢'(s.) and 9, ¢(1, 5.) = ¢’(s.), we infer that

70
p(s*) - S*¢,(S*) + |¢/(S*)|2 + Rl,*(s*) + RZ,*(S*)‘[ fF(T, y)eT(p(S*)_s*W(s*))‘H@/(S*)dydT
0o Jr
T0
=0,10(1,5.) +10:0(1, s.)F + Ry o(5.) + Rou(s.) f f I(z,y)e™¥ " dydr < 0,
0 JR
which implies that p is a sub-solution of (2.3). O

2.3. Properties of w*(t, x), w.(t, x), p*(x/t) and p.(x/t)
Let w* and w. be the half-relaxed limits as given by (2.6). The following lemma indicates that w* and
w, are well-defined and finite-valued everywhere.

Proposition 2.6. Ler ¢ satisfy (IC,,) for some u € (0, co] and we be the solution of [2.5), then
0 < wi(t,x) < w'(t,x) < oo foreach (t,x) € (0,0) X R, (2.11)
and

if u € (0,
W0) = wa(t.0) = 0 fort >0, w(0.x) = wi(0.x) =S¥ THEO
o ifp=c,

) for x> 0. (2.12)
Proof. First, we claim that there exists L > 0 such that wé(¢, x) > —elog L in [0, c0) X R.

Let Ly be given in (H2). It suffices to choose L € [Ly, o0) such that 0 < u(t, x,¢) < L in [-7¢,0] X R.
Then (H2) and the maximum principle yield u(t, x, ¢) < L for (¢, x) € [0, c0)xR. This proves that w.(t, x) > 0
for all (¢, x).

The first part of follows from hypothesis (H5). The second part of follows from Lemma

Eﬁﬁendix B.1]in case u € (0, o), or Lemma|Appendix B.3|in case u = oo.
It remains to show the upper bound of (2.11). By noting that

W — €0, W +[0,w P < C  for (¢, x) € (0, 00) X (0, 0),
this follows from the proof of [39, Lemma 3.2]. O

In the following, we observe that the limit functions w*, w, satisfy an equation without nonlocal term,
even though the original problem (L.1) has a nonlocal space/time delay.

Proposition 2.7. Assume u(t, x) is a solution of the nonlocal model (1.1) with initial data satisfying (IC,) for
some pu € (0, 00]. The functions w*,w., as given in Proposition are respectively viscosity supersolution
and subsolution of (2.2)) in (0, 00) x (0, o0).
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Proof. The proof essentially follows from a slight variation of [5, Propositions 3.1 and 3.2], we include it
here only for the sake of completeness. First, we verify that w, is a viscosity super-solutions of (2.2). By
(2.11), w.(z,x) = 0 on (0, 0) X (0, c0).

Fix a smooth test function ¢, without loss of generality, assume that w. — ¢ has a strict global minimum
at some point (#y, x9) € (0, 00) X (0, 0). (We only need to check the strict global minima here, due to [3}
Prop. 3.1].) It then suffices to show that H(x/t, 0;¢, 0.¢) > 0 at (¢, xo). (Here we used the fact that H(s, g, p)
is u.s.c. (Remark @), so it coincides with its upper envelope H*(s, g, p).)

Clearly, there exist a sequence {€,} — 0 and a sequence of points {(z,, x,)} with (¢, x,,) € (€,T, 00)X(0, 00)
such that w® (, x) — ¢ has a global minimum at (¢,, x,,) and that (see, e.g. [3, Lemma 6.1])

W (t,, Xp) = Wwi(tg, x9) asn — oo and (&, x,) — (fo,x9) asn — oo. (2.13)
By the definition of (#,, x,,) being the global minimum,
wen(ln’ xn) - ¢(tns xn) < an(t’ x) - ¢(t’ x) for (ts -x) € (Os OO) X Rs (214)

it then follows from the maximum principle and (H1) that at the point (z,, x,,)

fl,e,, (tm Xns un (tm xn))
U (tn, Xn)

70 & In — €T, Xy — €, u Iy — €T, X — €
v [0 Tl LA D gy
0 R

0 < ar¢(ln’ X,,) - Enax.x¢([n’ xn) + Iax¢(tnv xn)l2 +

use (tnv xn)
< ar¢ - enaxx¢ + |6X¢|2 + aufl,sn (tns Xns O)

E”(l‘n — 6T, Xy — Eny)

70
+ f f I'(1,y)0ufoe,(tn — €T, Xy — €, O)u dydt
0 R ue (tna xn)
< a[¢ - Enaxx¢ + |6Y¢|2 + aufl.sn (tna Xns 0)
70 W (1, xn) - W (1—€n T, X—€ny)
+ f f I'(7,Y)0ufr.e,(tn — €T, X, — €,,0)e B dydt
0 R

< at¢ - enaxx¢ + |0x¢|2 + 8ufl,en (tna Xns O)
o Hln,Xn)=¢(tn=€nT.Xn=€ny)
+ f f I'(7,Y)0ufr.6,(tn — €T, X, — €,,0)e e dydt
0 R
< (9;(}5 - Enaxx¢ + |ax¢|2 + aufl,e,, (tn, Xns 0)

70
+ f f I(t, y)au fz » (ty — €T, Xy — €., O)eﬁl¢(fn~7]71)5+(7.t¢(§n»”n))'dydT’
0 R

where &, € (t, — €,7,1,) and 1, € (x,, — €,), x,,), and we used (2.14)) in the fourth inequality. Letting n — oo,
by Lebsegue dominated convergence theorem, we get

T0
0 < 9,9(to, x0) + [0:¢(to, x0)* + Ry (x0/t0) + Ra(x0/t0) f f [(1, y)elt 020 +0:00-x0)y gy .,
0 R

where we use the first two parts of (1.10). This shows that w, is a viscosity super-solution of (2.2).
Next, we verify that w* is a viscosity sub-solutions of (2.2). We argue that it is enough to verify that w*
is a viscosity subsolution of

min {w, H(x/t,dw,dw)} =0 in (0, o) X (0, 00), (2.15)
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which is obtained from (2.2) by replacing the Hamiltonian H(s, g, p) therein by

70
H(s,q,p) = q+p* +R,(s) + Ry(s) f f I(r,y)e?™ P dydr,
0 R

where R (s) are given in (1.10). Indeed, suppose this is the case, then by (2.8) we have w*(z, x) = 10" (x/1)
for some u.s.c. function p*(s). By arguing similarly as in Lemma@ (with R, in place of R;) it follows that
p*(s) satisfies, in viscosity sense,

min {p, H(s,p — sp’,p")} <0  in (0, o). (2.16)

Since the Hamiltonian in (2.16) is convex in p’, a direct application of [31, Proposition 1.14] (see also [2|
Chap. IL, Prop. 4.1]) yields that p* € Lip,,.([0, c0)). It then follows from Rademacher’s theorem that p* is
differentiable a.e. in (0, o), so that it satisfies a.e. in (0, ). Since R;(s) = R,(s) a.e. (by (H4)), the
following differential inequality holds a.e. in (0, c0)

min {p*, H(s,p" — s(0*), (™))} < 0. 2.17)

However, by the convexity of the Hamiltonian, we can again apply [2, Chap. I, Prop. 5.1] to conclude that
it in fact satisfies in (0, 00) in viscosity sense, i.e., p* is a viscosity sub-solution of (2.3). By Lemma
2.5|with ¢, = o0, we see that w*(z, x) = 1p*(x/1) is a viscosity sub-solution of (2.2).

Therefore, it remains to show that w* is a viscosity sub-solution of (2.15). Fix a smooth test function ¢
and assume w* — ¢ has a strict global maximum at some point (y, xp) € (0, 00) X (0, c0) and w*(¢y, xo) > 0.
We claim that H(xo/to, 0:¢(t9, x0), 0x¢(t9, x0)) < 0. By the definition of w* in , there exist a sequence
{e,} — 0 and a sequence of points {(#,, x,)} with (z,, x,,) € (0, 00) X (0, 00) such that w (z, x) — ¢ has a global
maximum at (,, x,), and satisfy

W (ty, Xp) = W(to, x9) >0 and  (¢,,x,) — (fp,X9) as n — oo, (2.18)

Next, we claim that

lim inf f2,e,, (tn — 6T, Xy — €)Y, usn(tn — 6T, Xy — fnY))

- > Bz (xo/1o) 018(t0-x0)T+dx ¢t x0)y (2.19)
n—eo u (1, Xp,)

for a.e. (1,y) € [0, 7] X R.
For any given (7, y) € [0, 79] X R, by passing to a subsequence, we may divide into two cases:

1) u"(t,—€n,x,—€y) — 0, asn— oo, or (i) infu®(,—- €7, x,—€y)>0.
n

In case (i), we use (H1) to obtain

Soe(th — &7, X, — €, U5 (8, — €T, X, — €))
us”(tna xn)

WE” (tn, xn) - Wf“(tn — €T, Xy — Eny)

> (Oufoe,(th — €T, X, — €,0) — 1) eXp( .

Oy, X)) — Pty — 6,7, X5 — €ny)
€ ’

> (Oufre,(th — €T, X, — €,0) —17') eXp(
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where the first inequality follows from (H1), and then the second inequality from (w* — ¢)(t,, x,) =
max(w — ¢). Letting n — oo, we deduce

hm 1nf f2,e,, (tn — 6T, Xy — &), ue" (tn — €T, Xy — Eny))

> (52(x0/t0) _ n/)eax¢(lo‘xo)‘r+3x¢(tosxo)y.
n—eo use (tm xn)

Since 7 > 0 is arbitrarily small, we obtain (2.19).

In case (ii), observe that f> ., (f, — €,7, X, — €,y, u“ (¢, — €,T, X, — €,))) is bounded from below by a positive
number, and that u® (z,, x,) = exp(—w(,, x,)/&,) — 0" (using and that w*(#g, xo) > 0), and
automatically holds.

Having proved (2.19), we conclude by Fatou’s lemma that

7o t_n’ n — 761tn_ ) -
liminf f f [z, yyL2eln = 6T X = &, Uy = 6T %0 = &) (2.20)
0 R

n—eo us(ty, Xp)

T0
> R, (xo/1) f f (1, y)edi#ioxoT+0:¢toxoly gy, i,
0 JR

Moreover, since u(t,, x,) — 0 as n — oo, we use (H2) again to get for any ” > 0, there exists ny such that
g g yn

fl,en (tns Xns ut'n)

> 0ufie (tn, X0, 0) — ', for all n > ny.
u (ty, Xy) -

Letting n — oo and then 7 — 0, we use (H4) to get

.. fl,e,,(tm Xns ufn)
liminf —/——
n—oo usn (t,, xp)

> R, (xo/t0). (2.21)

Now we are ready to verify H(xo/fo, 0,¢(t9, x0), 0:¢(t9, x0)) < 0. Indeed, at the point (¢, x,,),

€ tn’ ns ©n
01— exdues + 10,912 4 Ll 2 47

ufn
To Jre,(th — €T, X — €Y, U5 (t, — €T, X, — €,))
s—f fr(r,y) T M;’(t x)” ot dyd,
0 R ns An

Letting n — oo, while using (2.20) and (2.21)), we obtain
T0
819 +10:¢1” + R, (x0/10) < —R,(x0/t0) f f [(1, y)efdlo-x0)+0:0to-x0 gy qr.
0o Jr

This concludes the proof. O

Corollary 2.8. Let w* and w. be given by [2.6). There exists a u.s.c. function p*(s) (resp. l.s.c. function
0+(8)) such that

w(t, x) = tp*(x/1), (resp. w.(t,x) = tp.(x/t)) in (0,00) X [0, c0). (2.22)
Moreover, p* (resp. p.) is a viscosity supersolution (resp. subsolution) of (2.3).

Proof. By Proposition w* and w, are respectively sub- and super-solution of (2.2). The existence of

p*(s) and p,(s) and (2.22) are proved in (2.7) and (2.8). The rest follows from Lemma [2.3] O
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2.4. Comparison principle for the reduced Hamilton-Jacobi equation

We prove here that the comparison principle holds for (2.3)), which is crucial to show the uniqueness of
solutions of (2.3). The following lemma indicates that each sub-solution p(s) is strictly increasing in the
interval {s € (0, 00) : p(s) > 0}. B

Lemma 2.9. Let P be a nonnegative viscosity subsolution to (2.3), such that ,c_)(O) = 0 and /_)(s) — o as

. . . .. p(s) .. . .o
s — oo, then (i) s = p(s) is non-decreasing; (ii) s > =— has no positive local maximum point in (0, c0);

i) lim 22 exists i P L 2 0)
(i) 3Lr£‘o = exists in [0, «]; (iv) lth_)IE) = < 0o, then sup ;= < o

Proof. By Ry(s) > 0 and p > 0, it follows that p satisfies —sp’ + [o’|*> + R;(s) < 0 and hence
o' <5 +2Rille  in (0, 00)

in the viscosity sense. It follows from [31} Proposition 1.14] that p € Lip,,.([0, c0)). We first show assertion
(1). Since p(0) = 0 and p(s) — oo as s — oo, it suffices to show that there does not exist so > 0 such that
p(so) > 0and s — p(s)_has a local maximum point at sg. Assume to the contrary, then by definition of
;iscosity solutions (u_sing ¢ = 0 as test function) we have

70
Ri(s0) + Ra(s0) < p(s0) + Ri(s0) + Ra(s0) f f I'(7,y)e™" drdy <0,
- o Jr

which is a contradiction to (H4). This proves assertion (i).
The assertion (ii) can be proved similarly by considering o(s) = p(s)/s, which is a viscosity subsolution
of

70
min{o, —s?0” + o + s’ |* + Ri(s) + Rz(S)f fl"(‘r, y)e_sz‘r'”(‘”w')y drdy} = 0.
0o Jr

Suppose there exists so > 0 such that o attains a local maximum at some sy > 0 and that o(sg) > 0. This
implies
T0
Ri(s0) + Ra(50) < o (s0)* + Ri(s0) + Ra(s0) f f [z, )e” " drdy < 0,
0o JR

which is a contradiction. This proves (ii). (iii) follows directly from (ii).
Next, we assume lim @ < oo and prove (iv). Recall that p € Lip,,.([0, o)) and p(0) = 0, so that

§—00

1ir(1)1 p(s)/s < co. By (ii), we have sup p(s)/s < max { 1i1;1)1 p(s)/s, lim p(s)/s} < oo, O
s—0 — s—0t — §—00 —

s>0 7
ceey 1 (s) . C g . .
By Lemma 111), lim 5% exists. By dividing into the following two cases,
§—00

, . pls Lo P
(1) 0< lim = < oo, (i') lim = = oo,
s—o00 8

s—00  §

we will give some sufficient conditions so that (2.3)) admits a comparison principle.

Proposition 2.10. Suppose Ri(s),i = 1,2 are given by (H4). Let p and p be non-negative super- and
sub-solutions of [2.3)) in (0, o), such that

_ P B(s)
p0) <p0) and }13)10 = < hgriglf " (2.23)
If lim B(S) = oo and lim @ < oo, then B(s) < p(s) in [0, o0).
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Proof. This follows from the comparison principle established in [41]. See Appendix |Appendix A|for
detail. O

Proposition 2.11. Let R;(s),i = 1,2 be given by (H4). Let p and p be non-negative super- and sub-solutions
of [2.3) in (0, o), such that

p0)<p(0) and lim @ < liminf @ (2.24)

s—00 8 §—00 S

If lim Ef—:) = oo and one of the following holds:

(1) s+ Ry(s) is non-increasing in [sg, ) for some sy,
1
(i) lim Ry(s) exists and is positive, and Ry(s) > (sup Rz) -0 (—z)for s> 1,
§—+00 (s,oo) S
(iii) One of lim R;(s) (i = 1,2) exists, and I'(r,y) = 0 in [0,7] X (—00,0), for some 11 € (0,7¢], and
§—>+00
limsup R(s) > 0,

§—+00

then B(S) < p(s) in [0, c0).

Proof. We first prove case (ii), recall from the proof of Lemmathat p is locally Lipchitz continuous, so
that it is differentiable in S, where [0, o) \ S has zero measure. Since p is a viscosity subsolution, it must
satisfy

70
min{p,p — sp’ + || + f fl"(‘r, Ve eI dydry <0 foreach s € S. (2.25)
-= - - 0 Jr

Since E(OO) = 00, Ry(+00) > 0, and that R; is upper semicontinuous and locally monotone (by (H4)), there
exists a sequence {s;} C S such that

S; — 00, B(s") >1, Ry(s;) — limsupR(s) and iI]:fRz(sk) > 0. (2.26)

S—00

For each k, denote ax = p(si), b = p’(s1), then specializing [2.25) at s = s, gives

T0
ay — Skbk + |bk|2 + Ry (Sk) + Rz(sk)f fr(T’ y)e(“kfskbk)Terky dydT <0. (227)
0 R

Using a; > 0 and Ry(sz) > 0 we have |bi|*> < sibi + ||R1]le and hence |bx| < O(sy). Using the latter, along
with irlzf R>(s¢) > 0in (2.27), we deduce

T0
f f I'(r, y)e(flrskbk)ﬂbky dydr < 0(|Sk|2)~ (2.28)
0 R
Next, define

Vi = [sup Rl - Rl(sk)

[s,00)

T0
+ max {O, sup R — Rz(sk)} f f [(t, y)e' @ sbmbwy gyqr,
0 JRr

[5k,00)
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then we have v, — 0. Indeed, [sup[sk’oo) R, - R, (Sk)] — 0 by our choice of s;, and

T 1
[sup R, - Rz<sk)} f f (7, y)e 4 So0™0 gydr < o(—) O(lsil®) = o(1),
0 R

[5,00) |skl?

1
where we used the assumption R;(sy) > ( sup Rz) -0 (—2] and (2.28).
(5£,00) Sk

Define p, € Lip;,([0, 00)) by

) po(s) = for s € [0, s¢),
o (8):=1~
—* P(s) + (s = s)p (s1) = v for s € [y, ).

We claim thatgk(s) satisfies

T0 , ,
P,(8) = 50/(8) + [0\ (9) + Ri(5) + Ro(s) f f (7, y)e %O LD gydr < 0 (2.29)
- - - 0 R

in the viscosity sense in (0, o). Indeed, it is easy to see that pk(s) remains a viscosity subsolution to (2.29)
in [0, s;). It remains to show that it is a classical solution to (2.29) in [y, o0). Indeed, if we denote a;, = p(si)
and b, = p’(sy)), then for s > sy,

T0
2,9~ 39+ OF + R0 +Rato) [ [ Tlrypet L e
0

T0
< ap— sibp + bel? = vi + ( sup Rl) + ( sup Rz)f fl"(r, ) U SEITHE gy g
o Jr

[sk,00) [sk,00)
T0
< ay — syby + b + Ry () + Ra(se) f f (7, y)e 4 sb0mhogy < 0
0 R

where we used
p(s) = S,Q;C(S) = p(si) = sip'(s1) = vi = ax = s — v for s > sy
for the first inequality, the definition of v; for the second inequality, and for the last inequality. This
proves that P, is a viscosity subsolution of in (0, 00).
Now, note that p and P, form a pair of viscosity super- and subsolution of that satisfies the setting
of Proposition [2.10. By comparison, it follows in particular that

e(s) —vy <p(s) forsel0,s].

Letting k — oo, then s; — co and v; — 0, and the desired conclusion follows. This proves case (ii). Case
(1) can be proven exactly as case (ii) (but the assumption R,(+c0) > 0 is not needed).
Next, we show (iii). In this case, we choose s; € S such that

Ri(sg) — limsupRi(s) and Ry(sx) — limsup R, (s). (2.30)

§—00 §—00

This is possible in view of the assumption of case (iii), and local monotonicity of s +— R;(s). Denote
a; = p(sy), and by = p’(sy). From (2.27), we observe that

ar — sgbr < IRyl forall k > 1. (2.31)
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Fix an arbitrary v > 0, and choose 7’ € (0, 7)) and k¥’ € N such that for all k > &/,
max{ sup Ry — Ry(s¢), ||R2||oof fF(T,y)eT”R‘”‘” dydT} <2,
[$x,00) 0 R 2

which is possible in view of (2.30). Define a function ek(s) by

) p(s)—v for s € [0, s¢],

s) = 14—

k ,l_)(Sk) + (s — sk)e'(sk) —v fors € (sy, ).

We claim that P, is a viscosity subsolution to (2.3) for k > 1. Again, it suffices to show, for k > 1, that P,

is a classical solution of (2.29) in [s¢, 00).
To this end, observe that the assumption of case (iii) implies for each 7" € (0, 71],

f TO f T(z, )= dydr

0 R
T/ co 70

= f f I(z, y)e P70 dydr + f f I(z, y)e P70 dydr
0 0 T R

T’ 00 T
< f f [(z, y)e Rl dydr + f f [(1, y)el @07ty gy, (2.32)
0 0 T R

where a;, = B(Sk)’ and by, = ,(_)'(sk), and we used (2.31) and b, > 0O (as ,c_)’(s) > 0 for all s).
Observe that for k > 1 and s € [, 00),

TO (o e
2,09~ 50,(6) + [P + R+ Rato) [ [ im0 dyar
- - 0 R

T0

= ag — v — iy + [bil* + Ri(s) + Ra(s) f f [(t, y)ela=v=sb=bw gy gz
0 R
T0
< ay — sgby + |bil* + Ri(se) + Ra(s) f f [(t, y)e'r=sb0m=bey gy e
T R

)
< ay — sgby + bl + Ri(sp) + €77 ( sup Ry(s)) f f I'(t, y)e(“"_“‘b")T_b”' dydr
T R

[5,00)

To
< ay — sgby + |bil* + Ri(se) + Ra(sp) f f [(t, y)e %= b0m=bw gyqar < 0,
T R

. . . SUPYy, 00) R .
where we used our choice of v, 7" and (2.32) for the first inequality, and that WR[Z‘(—SASZ — 1 (since Ry(sy) —

lim sup R, > 0) in the third inequality. Hence, (2.29) holds for k > 1 and s € [s4, o). Now, p and o, define

§—00

a pair of viscosity super- and sub-solution of (2.3) that satisfies the setting of Proposition[2.10} Comparison
implies that, for each v > 0,
p(s) —v < p(s) for s € [0, 5] and k> 1.

Letting k — oo and v Y\ 0, we get /_)(s) < p(s) in [0, 00). O

2.5. Existence and characterization of spreading speed

Now we are ready to prove the results in Section[I.3]
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Proof of Proposition Suppose that (H1)-(H5) hold, and either
(@ pe(,00), or (b) u=oo andone of (H6), (H6") or (H6”) holds.

By Propositions [2.10] and [2.11] there is at most one solution to (I.13) subject to the boundary conditions
p(0) = 0 and lim,_,. 22 = 1 € (0, co].

To show existence, let w.(t, x) and w*(¢, x) be given by (2.6), and let p..(s) and p*(s) be respectively the
super- and sub-solution of (1.13) that are given in Corollary 28] i.e.

X « o X
wi(t, X) = tp. (;) and w'(t,x)=1p (;) for (¢, x) € (0, 00) X [0, 00).

By construction in (2.6)), w. < w* in (0, 00) X [0, o), and hence p. < p*.

We claim that

0+(0)=p"(0)=0 and blgg /%s) = }Lnolo ’@ =p € (0,00]. (2.33)
The assertions follow from Proposition[2.6] since
px(0)=w,(1,00=0 and p*(0)=w"(1,0)=0, (2.34)
where we used the first part of . Also,
1igi£fp*§s) = liminf w, (% 1) > w,(0,1) = g € (0, o], (2.35)

where we used the second part of (2.12), and that w, is l.s.c.. Similarly, we have

tim sup 2 = lim sup w' (é 1) <wH(0,1) = g € (0, o], (2.36)
We can combine (2.34)-(2.36) to obtain (2.33). This, and the fact that p. and p* are the super- and sub-
solution to enables the application of the comparison result (Proposition 2.10]or 2.TT), which implies
that p* < p, in (0, 00) X [0, o0). Recalling that p* > p. in (0, c0) X [0, o) by construction, we conclude
p* = p,. This provides the existence of a viscosity solution p to satisfying p(0) = 0 and lim;—, ”(TY) =
u € (0, 00].

Finally, Lemma @i) says that p(s) is non-decreasing, and so §* € [0, co) is well-defined. O

Proof of Theorem[l] Suppose (H1)-(H5) hold, and let u(¢, x) be a solution of (1.1)) with initial data satisfying
(IC,) for some u € (0, c0). Then Proposition [2.10]is applicable.
Let w*(#, x) and w.(t, x) be given by (2.6). From the proof of Proposition[I.7] we have

w(t, x) = tp(x/t) = w.(t,x) for (¢, x) € (0, 00) X [0, 0),

where p(s) is the unique viscosity solution to (I1.13) subject to the boundary conditions p(0) = 0 and
lim 22

§—00

= u. Since p(s) = 0in [0, §#] and p(s) > 0 in (§*, o), we deduce that

we(t,x) - 0 locally uniformly in {(z, x) : 0 < x/t < §"} 2.37)
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and that
lim inf
e—0

irI}f we(t, x)] > 0 for each K cc {(t,x) : x> §1)}. (2.38)

We show the first part of (1.16). First, by Remark Aﬁﬁendix B.2, there exists some s > 0 sufficiently
large such that
lim sup u(t, x) = 0. (2.39)

[=00 x>st
Now for given np > 0, take K = {(1,x) : § + n < x <5} in (2.38), then
. . 1 X . we (1, x
lim sup u(t,x)=lim sup u (—, —) =lim sup exp (—ﬁ) =0.
N 0 gup<y<s \€ € €20 quip<r <5 €

This proves the first part of (1.16).
To show the second part of (1.16)), fix (fo, xo) such that x¢/fp < $* and suppose to contrary that there
exist a sequence € = ¢ — 0 and a sequence of points {(, xc)} — (%o, xo) such that

0< )tﬂ <& and uf(t.,x.) — 0.
0

Now, consider the test function ¢.(z, x) := |t—t.|* +|x—x.|*>. Since w*(t, x) — 0 uniformly on a neighborhood
By, (1, x0), by taking € so small that (¢, x.) € B,(ty, xo), we see that w® — ¢, has an interior maximum point
(2, x7) € Byy(xp, tp). Observe that

(1., x) = (to,x0) and  (te, xo) — (o, Xo) ase — 0. (2.40)
And, by construction,
Wt x0) 2 (WS = )(tL, X0) 2 (W = Pp)(te, Xe) = WE(te, Xe) (2.41)

which, in view of u¢(t, x) = exp(—%wf(t, x)), implies that 0 < u®(¢, x) < u(te, xc). Since u(te, x.) — 0 by
assumption, we also have

u(tl,x.) >0 ase— 0. (2.42)
Next, fix 0 < i7" < 1 such that
—f +52(@)}(1 —7)+R, (@) > 7. (2.43)
o o

Note that the above holds when 17 = 0 (by (1.12)), so it also holds for small 7 > 0 by continuity.
Next, fix M > 1 such that

TO M
f f [(t,y)dydr > (1 —7"). (2.44)
0 J-m
Then by the definition of ¢, and (2.40), and passing to a subsequence if necessary, we see that
OB, X)) = 0, 8ype(tl,x) = 0, sup|D’¢| < 2. (2.45)
BZr
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where By, = By (1, x;) in the supremum. In fact, sup . cx |D@e(t; — €7, x; — €y)| — 0 for each compact

€
subset K c R2, so we also have

Pe(1lx) eIl —€eT.x—€y)

T M
f f L(7,)0ufr(t. — €T, x. — €y,0)e . dydt
0o J-m

X() 1] M
2R, — f f I'(r,y)dydt + o(1),
“\)Jo J-m

where R, (’:—(‘:) is given in (1.10) and we used (1.12).
Having fixed M as in (2.44), we claim that (2.42) can be strengthened to

iy , _ e X
sup u“(t, —er,x, —ey) = sup u|—-17,—-y| =0 ase—0.
€ €

0<r<7g) 0<r<7()
Iyl=M IylsM

Indeed, we can rewrite (1.1) as
Ot — 0yxu > —Cou  in (0, 00) X R,

since 0 < u® < M, for some M, > 0. Passing to a sequence, we may assume that

’ /

t X
i (t,x) =u (—6 +t =+ x) — dig(t,x) in Cp(R X R).
€ €

(2.46)

(2.47)

(2.48)

Moreover, the limit function i1y is a non-negative weak solution of (2.48) such that i1y(0,0) = 0. By the
strong maximum principle, we deduce that iy(¢, x) = 0 for # < 0 and x € R. This shows that ity — 0 locally

uniformly in (—o0, 0] X R, which implies (2.47).
In view of (I.11) and (2.47), we may consider € small enough such that

To M
f f C(t,y) [0 + 0ufre(t. — et,x. — €y,0)| u(t. — €1, x. — €y) dydt
0 J-m

T M
< f f (1, y) f.e(t. — €1, x. — €y, u(t. — et, x. — €y)) dydr,
0 J-Mm

and similarly,
(Oufr.e(t, X2, 0) = (e, x7) < fi(tL, X, u(t,, x7)).
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Hence, (below we, ¢, and their derivatives are evaluated at (¢/, x.), unless otherwise stated
€ €

, X0 70 M
-7 +R, (g)]LIMF(T,y)dydT+0(1)

Pe(1l.x}) e (1L —€eT.xl—€Y)

T0 M i . )
= at¢e_ Ea§¢f_ |ax¢e|2+f f I'(z, y)[aufZ,e(t;_fT’ x; - €y,0) - Tll]e € dydr
0J-M

-1 +R, ();—3)] (I=n)+o(1) <

To~ M PN
wE (1g,xg)-we (tg—eT,xg—€y)
< ow— e&iwe— 10,we >+ f f C(t, V[0, fre(t. — €T, x. — €y,0) — ' ]e < dydr
0J-Mm

To M 814 Et/_ ,r_ ’0_/st/_ ’/_
= Gw= edtws — 0w+ f f Py ufclle = €n e = €0.0) Z W = €03 = ) oy
0 J-m uc(tl, xt)

T ~M t— ’ € — ’
< O — edw" — 0w P + f f Fr, el €hte Nl Z Rt ) oy
us(t, x.)
— fl e(ty € e(t X )) f‘r(‘)f r( f2 E(t / —€y,u e(t/ — €T, -x:; - f)’)) dydT
Iyl>M

us(t,, x uf(te, x.)

S T]’ - aufl,e(té, -x59 0)9

where we used for the first inequality, and for the first equality, the fact that w — ¢,
has a local maximum at (#/, x_) for the second inequality, for the third inequality, for the third
equality, and (2.50] - for the final inequality.

Since 0y, f1 (L., x =0ufi (E, =, ) the above chain of inequalities implies

-7 +R ( )](1 77)+19uf1(§ %,O)—n'ﬁo(]).

r]+R( )](1—77)+R( ) n <0,
)

which is in contradiction with the choice of 1’ in (2.43). This completes the proof of the second part of
(1.16). O

Letting € — 0, we have

Proof of Theorem Let u(t, x) be a solution of (1.1) with initial data satisfying (IC,). Suppose that (H1)-
(HS), and one of (H6), (H6’) or (H6”") hold. Then Proposition is applicable. One can then repeat the
proof of Theorem [T} O

3. Applications

Let u be a solution to (1.1) with initial data ¢ satisfying (/C,) for some u € (0, 00]. By Theorem or
Theorem[2] the (rightward) spreading speed of problem is given by the number §*, which is character-
ized in ({1.15) as a free-boundary point of certain first order Hamilton-Jacobi equation. In the following, we
give the explicit formula for §# in two classes of environments: the first one being the asymptotically ho-
mogeneous environments (see (1.18)), the second one being the environments with a single shifting speed

(see (L.21)).
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3.1. Asymptotically homogeneous environments
We derive the exact spreading speed for asymptotically homogeneous environments, that is, the hy-

potheses of Theorem [3] and, in particular, the assumption (1.18) are enforced. When u = oo and f; are
independent of ¢ and x, the problem was considered in [57]].

Proof of Theorem[3] Recall that A(2, p) is given in (1.20) and that A(p) is the function that is implicitly
defined by A(4, p) = 0. First, we observe that A(p) is well-defined, since for each fixed p, we have A(4, p) —
Foo as A — *oo, and that J,A(4, p) < —1 (so that 1 — A(4, p) is strictly decreasing).

Second, observe that p — A(p) is even, and strictly convex, i.e. 1”(p) > 0. Indeed, A(p) is even, since
p — A(4, p) is even. Furthermore, differentiating the relation A(A(p), p) = 0 gives

—0,AA, p) - " = A, p)VP + 20,,A(A, p)A + 3,,A4, p)
T0
=2+n f f (v — V1)’ (1, y)e” T dydr.
0 JRr

Since d,A < 0, we deduce A" (p) > 0.
Next, observe that A(p)/p is unbounded as p — oo. Indeed, using A(A(p), p) = 0 and (1.20),

Alp) _ Ap) + AAp).p) p+l e aspo o
p p p

By evenness, A(p)/p — —o0 as p — —oo. Recalling 2" > 0, we see that 2’ : R — R is a homeomorphism.
We denote the inverse function of 2’ tobe ¥ : R — R.
Next, observe that there exists a unique positive number u* such that

A
p @ is decreasing in [0, 4*) and increasing in (u*, o). 3.1
In particular
A Au*
Ap) > (li ) forall p >0, and equality holds iff p = u*. 3.2)
4 H

Indeed, let h(p) = A(p)/p, then since A” > 0, it is not difficult to show that
W (po) =0 for some py implies 1" (pg) > 0.

Observing also that 4(0+) = +co and h(+00) = +oo (since '(0) = 0 < A(0)), we deduce that p — h(p)
attains its global minimum at a positive number y*, and that

W(p)<0 in(O,u"), KuH=0 and W (p)>0 in (", o0). (3.3)

This proves (3.1).

Next, we consider the following three cases separately:
() pe@ul, (i) pe@, o), and(ii) p=oco.
Case (i). Let u € (0, u*] be given, and define the function

Pu(s) := max{us — Au), 0} for s € R,. 3.4
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Then p,, satisfies (1.14) and is a classical solution of

70
min {p,p —sp + 1P +r+r f fF(T, y)e(psp/)”p/ydydr} =0 (3.5)
0o Jr

in [0, 00) \ {A(u)/u}. Since p;l((/l(;t)/u)—) =0< p;l((/l(/x)/u)+) = p, we see that p, is automatically a
viscosity sub-solution of in (0, o) (since p,, — ¢ can never attain a strict maximum at s = A(u)/u). To
show that it is a viscosity super-solution, suppose that p, — ¢ attains a strict local minimum at sy € (0, c0).
If so # A(u)/p, then p,, is differentiable and ¢’(so) = p;,(so) and there is nothing to prove. If so = A(u)/u,
then, denoting ¢' = ¢'(s9), we have 0 < ¢’ < u, and that

— AW/ +1¢'F +r1 + 12 f ! f T(t, y)e AWs w6y gyqr
0 R
A
- 8( "2 ¢) - 5006, 20

where we used the fact that 1 — A(4, p) is decreasing in A, and that ’IT(”)(Z)’ < A(¢’) (which is due to

0 < ¢ <u <y, and (3.1)). Hence p, is a viscosity solution of (3.5) such that (I.14) holds. By the
uniqueness result of Proposition we deduce that p*(s) = p,(s), and hence §* = A(u)/u when u € (0, u*].
Case (ii). Let u € [u*, o) be given, define

us — Au) for s € [A'(u), ),
Pu(8) = sP(s) — A(P(s)) for s € [V (u*), (1)), (3.6)
0 for s € [0, ' (u*)).

It is straightforward to check that p, is a classical solution of (3.5) in R \ {A’(u")}. Using the fact that
¥ = ()7, it is straightforward to observe that Py is continuous at A’(u*) and is differentiable and a classical

solution of in [0, 00) \ {A"(u))}.

Similar as before, p, is a viscosity sub-solution of in (0, o). To show that it is a super-solution as
well, it remains to consider the case when p,, — ¢ attains a strict local minimum point at A’(1*). In such an
event, ¢’ = ¢’(A’'(u*)) is nonnegative. Now, at the point s = A’ (u*),

T( o ,
=X +1¢'F + 1+ 12 f f L(r,y)e YWY dydr
0 JR
AW")
#*
where we used ' (u*) = A(u*)/u* and A(A(¢’), ¢’) = 0 in the second equality; (3.2) and the monotonicity

of 2 = A(4, p) for the last inequality. By the uniqueness proved in Proposition[I.7(a), we deduce that the
unique viscosity solution of (3.5) is given by (3.6). Hence,

=AW, ¢) = A( ¢, ¢') - AA(¢),¢') > 0,

¥ = X" = A " = inf 2. (3.7)
>0 p

Case (iii). Let 4 — oo in (3.6), then the sequence of viscosity solutions {p,} converges, i.e.

Pu(8) = poo(s) := max{0, s¥(s) — A¥(s)}  in Cpe([0, 00)).
32



By stability property of viscosity solutions [3, Theorem 6.2], pe is a viscosity solution of (3.3) in (0, o).
We claim that p,, satisfies (I.14) for u = co. Indeed, p,(0) = 0 and

tim 229 5 jiy 2649

§—00 S §—00 N
Letting u — oo, we verified (1.14). Hence, by the uniqueness result of Proposition[I.7(b), we conclude that
D gives the unique viscosity solution of (3.3), and thus is valid for 4 = co as well. This completes
the proof of Theorem [3] O

=u foreach u € [u”, o).

3.2. Positive habitat with a single shift

In this subsection, we consider environments with a single shifting speed, i.e. the hypotheses of Theo-
rem E] and, in particular, the assumption (1.21) are enforced.
For y € R, recall that A_(u) and A, (u) are defined by the implicit formula

T0
0=As(Ap)=—A+p* +Ri: + Ry f f I'(t, )™ dydr.
0 JRr
Then (1.13) can be re-written as

~ , . ~ , A_(p—sp’,p") fors<c,
max{p, H(s,p,p")} =0 in(0,00) where H(s,p,p") = (3.8)
A(p—sp’,p’) fors>c.
Since A_ (resp. A.) are coercive and strictly convex, A_ (resp. inverse of A,) is a homeomorphism of R
and we can similarly define W_ (resp. V., ) to be the inverse of A” (resp. inverse of A ). Next, define (c*, u*)

and (c}, 1) by

As A (U
0<ch =inf =) = _(/:‘).
o0 Hi
Since Rj— + Ry— < Ri+ + Ry, )AL (A, ) < 0and AL(A-(), 1) > A_(A_(u), ) = 0, we see that A1_(u) <
A4 (u) for each p > 0. It then follows that ¢* < ¢ and for any ¢; > 0

a¥-(c) - A (¥_(c) = %35{61# - ()} > I}'}fg({clﬂ =AW} = c1¥i(cr) = A (Pi(cr)). (3.9)
Moreover, if ¢; > ¢}, then
Wi(en) = L (Pa(e) = ety — () > Copty — (i) = 0. (3.10)
In the remainder, we divide the proof of Theorem @]into the following lemmas.

Lemma 3.1. If u € (0, ], then

(/1 ifer < A(w)/p,
§c1) = A-(pler,w)/pler,p)  if er > Ae(w)/p and pler, p) < e, (3.11)
c* otherwise,

where p(c1, ) is the smallest root of

c1p = A-(p) = cipp — A (u) 2 0. (3.12)
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We will postpone and sketch the proof once the more delicate Lemma [3.2]is established.

Lemma 3.2. [fu € (1}, ), then

c if ey < AL (W),

$ep) = A-(p(c1))/plcr) if A, () < c1 £ A (u) and p(cr) <y, (3.13)
A (pler, )/ pler, ) ifer > A () and pler, p) < pt,
c* otherwise,

where ¢ = X, (uy) = A.(ui)/ 1, p(cr, p) is the smallest root of (3.12) and p(cy) is the smallest root of
c1p—A-(p) = c1¥i(er) — A.(Wi(cr)) 2 0. (3.14)

In view of (3.1), we directly check the derivative of A*T@ to get that A, (1) > AT(”) for p > u;. The
existence of p in Lemmas[3.T[and [3.2]is valid in the region

E :={(c1,p) : cipt > A () for pu <y and ¢ > A () for p > w3 ).
The existence of p is valid in the region
E:={(cLp):c = ¢, =), u> 0},

as c;Vi(c1) — A (Pi(c1) 2 a1P4(cy) — A (W4(ch)) = pi(c1 — cf) = 0. Moreover, there exists a unique
¢; > O such that p(c;) = p*. This will be verified in the first part of Proof of Lemma Finally, letting
u — oo in the above lemma, we have

Lemma 3.3.
cy ifc) <ci,
§%(c1) =3 A-(p(c1))/plcr)  if ey € (¢}, e), (3.15)
¢t ifcy 2 ¢y,

7

where ¢, = AL (u}) = 4. (u3) /K. and ¢, is the unique positive number such that p(c1) = u-.

Proof of Lemma(3.2] First, we claim that p(cy, u) < W_(c1) A for (c1,p) € E and p(cy) < Wi(c1) A¥_(c1)
for (c1, ) € E, and that both are increasing in ¢; € (0, 00).
Indeed, define the auxiliary functions

Filei,u,p)=cip—A-(p) —caip+ () and  Falcr, p) = c1p — A-(p) — c1'¥ilcr) + 4.(Pi(c)).
Then F; is increasing in p € [0, ¥_(c;)] and decreasing in p € [¥_(c;), o), and

Fien ) = =) + () > 0, Fi(e1,4,0) = =2-(0) — eyt + A, () < —1-(0) <0,
Frler,Yi(cr) = —A-(Wi(c1)) + 2:(Filcr)),  Falc1,0) £ -2-(0) < 0.
It then follows that the smallest roots 1_7(c1, ) € (0,u) and p(cy) € (0,%¥.(c1)). Moreover,
OpFi(ci,u,p) >0, 9uFi(cr,p,p) = —c1 + A (W), dcFi(,c1,p) =p—p <0, (3.16)

asz(Cl,ﬁ) > O, 6CF2(c1,[7) = }_7 - ‘P.,.(Cl) <0.
34



Therefore, p(cy, () is increasing in ¢, and increasing in u provided c¢; > A’ (u). p(cy) is increasing in cj.
Since Fz(cj_,ui) = pu*(c; —c*) > 0, we obtain p(c}) < u* and p(+00) = +oo. There exists a unique number
¢y such that p(c;) = u*.

Second, if ¢; > A/, (1), we claim that p(cy, ¢) = ¢ defines a decreasing function ¢; = g(u) for yu* < u <
W, (C) and ¢ = g(W.(c1)).

In fact, ¢; = g(w) solves implicitly from F(c, u, 1*) = 0. It is decreasing for u € (u*,¥,(¢)] due to
(3.16). A direct computation gives F;(¢1, V+(¢1), u*) = Fa(c1,u*) = 0.

Next, we divide the proof into the following five mutually exclusive cases: (i) ¢; < A (u}); (1) A, (1)) <
c1 < A (u) and p(cy) < pf; (i) ¢; > A, (u) and E(cl,y) <pt; Av) ALy) < cp < AL(u) and per) > uts (v)
c1 > A () and p(er, p) > pt.

Case (i). Since ¢; < ¢}, we can directly verify that the formula (with A, 4", ¥ replaced by
A4, A, W) defines a viscosity solution of in [0, c0) with R; given by (1.21), which satisfies the
boundary conditions (I.14). Hence, the spreading speed & coincides with the homogeneous spreading
speed ¢, in the ”+” environment.

Case (ii). Note that A’ (u}) < ¢; < A, (u). Define the function

us — A4(s) for s € [A}(u), +0),
Pu(8) 1= { SPo(s) = L (Pols)  for s € [er, (), (3.17)
max{ps — A_(p),0}  for s € [0, cy).

Then p, satisfies (I.14) and is a classical solution of with R;(s) given in in [0, 00) except
{e1, A-(B)/ ). Since pl(c1=) = p < Wiler) = pller+) and p(A(B)/p=) = 0 < p(A-(P)/p+) = b we
conclude that p,, is automatically a viscosity sub-solution in (0, c0). It suffices to show that it is also a
viscosity super-solution, by considering the two points s = ¢; and s = A_(p)/p where the p,, may not be
differentiable. Since p < u*, the latter case that s = A_(p)/p can be treated as in case (i) of the proof of
Theorem Thus, it suffices to consider the case when p,, — ¢, for some test function ¢, attains a strict local
minimum at the point s = ¢;. Now, at the point s = ¢/,

70
pulc) —c1¢’ +|¢'F + Ri + R f fF(T, y)ePn =Ty gy gr
0 R
= A+(01¢/ —c1¥i(er) + A (Fi(cr)), ¢/) - A+(/l+(¢/)» ¢/) >0,

holds for ¢’ € [p, ¥+ (c1)], where we used A,(1:(p), p) = O for all p for the first equality, and the fact that
A4(4, p) is decreasing in A and that c1¢’ — ¢;' W+ (c1) + A(P+(c1)) < 2.(¢') (see the last equality of (3.9))
for the last inequality. Hence, §* = A_(p)/p.

Case (iii). Define the function

pu(s) = {us —A,(s) for s € [cy, +00), (3.18)

max{gs - /l_(]_)), 0} forse€[0,cy).

A direction computation gives that p,, is a classical solution of (1.13) except {c;, A-(p)/p}. Similar as above,
it is a viscosity sub-solution of (1.13) in (0, c0). To show it is also a super-solution, it suffices to consider

the two points s = ¢; and s = A_(p)/p where p,, is not differentiable. Since p < u”, the latter point can be
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treated as in case (i) of the proof of Theorem Thus, it suffices to consider the case when p,, — ¢, for some
test function ¢, attains a strict local minimum at the point s = c¢;. At that point, we have

T0
pu(cr) = 168’ + 17 + Ris + Roy fo fR I, )ere)-c10)m6 gy iy
= A1 — e+ (0, 8) — AL (), 8) > 0,

holds for ¢’(cy) := ¢’ € [p, ], where we used the fact that A, (4, p) is decreasing in A, and ¢ s — A,(s) is
increasing on [0, u]. Hence, §# = A_(p)/p.
Case (iv). Denote the function

us — A:(s) for s € [A}(u), +0),
sW.(s) — A, (Pi(s)) fors € [cy, A, (w),
P.(8) =1 ps— A_(p) for s € [1_(p), c1], (3.19)
sY_(s) — A_(P_(s)) forse[cA (p)],
0 for s € [0, c*].

Similarly as before, we see that is a viscosity sub-solution. Furthermore, one might directly adapt
the argument in Case (i) of Theorem [3|to obtain that it is also a viscosity super-solution. Therefore, we
concludes §* = c*.

Case (v). Now it is standard to check that p, € C([0, c0)] defined by

us — A.(s) for s € [cy, +00),
ps—A-(p), for s € [AL(p), c1],
Pu(s) =4~ = = (3.20)
SP_(s) — A_(P_(s)) forse[c*, /l’_(E)],
0 for s € [0, c" ]
is a unique viscosity solution of (1.13)-(1.14). Hence, §* = ¢*. O

Sketch proof of Lemma[3.1} First, we emphasize that if % < u*, then p(cy,u) < p? is always valid due to
P < u, so there will be only two mutually exclusive cases for u € (0, 1), namely,

@) 1 < A (w/p; (i) ¢ > A ()/p and p(ey, p) < pt.

Case (i). It follows from an easy modification of Case (i) in TheoremE}

Case (ii). This is already done by Case (iii) in the proof of Lemma 3.2}

In addition, when p* < 3, Case (iii) ¢; > A+(u)/u and p(cy, 1) > u* does exist. But then, one could
check this by the similar strategy in case (v) in the proof of Lgmma@ O

Remark 3.4. If ¢; < 0, then the result is the same as that of homogeneous environment. When u* > u} > pu,
A-(pler,p) A_(u)

— =F asc) — .
plerp) M
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3.3. Proof of Theorems |57
Proof of Theorem[5] Let ry > 0 be a given positive constant. We apply Theorem [3] with fi(z, x,u) =
u(r(t,x) —u) and f, = 0. Then (H1)-(H6) are satisfied with

Ri(s)=ry ae. in(0,00), Ri=r9 and R, =R, =0.

And (T.20) takes the form A(4, p) = —1 + p* + ro = 0. Hence A(p) = p* + ry, and the minimum point u* of
A(p)/p is Jro. Hence, the formula (1.28)) follows from (1.19). O

Proof of Theorem[f] We take fo = 0 and Ry, = r, > R = r; > 0 in Theorem 4] Now we see
A(p)=p* +r,4:p) = p* + 12,11 < 12 (3.21)

Moreover, ¢ = 24/r] < ¢} = 2+/r, and u* = +/r| <} = +/rp. First, we derive (1.31) and (1.32) from
(1.22). Note that p is defined by the smallest root of (I.23),i.e. c;p — p* — r; = ciu — > — r2, then we get

1 — (er = 2w?% + 4(r, — 1)

5 .
When p < +/ry, then p < u* and (L1.31) follows from the first two alternatives in (1.22). Note that the third
alternative in (1.22) holds only when u € (+/r1, /2], when

B:

2
U +r—2r rn—r
cg2——————=u++n+ .
p= N1 A= \a
Hence (1.31) and (L.32) follows from (1.22), by noting that ¢* = 2 +/ry,
A-(p) - —2u)? + 4(ry -
A () =+ nog T _a Ve =2uw)? +4(r, — ry) . 2r . (3.22)
K K P 2 c1 = \fler =27 +4(r = 1)
Next, let £ > +/r;. We derive (1.33) and (1.34) from (1.24). Here we note that p is the smallest root of
2 2
([.29),ie.cip—p>—r = %‘ - 04—' — ry. Hence,
_
p=S - N

And we observe that the second alternative in (1.24) happens precisely when u € [+/r2, /ri + \r2 — 1]
and ¢; € (2+4/r,24/u]. This divides (1.24) into the two cases (1.33) and (1.34). Note that ¢* = 2+/r,
c* =24/rp, A, A_(p)/p is given in (3.22), and

s
L) _ o e N

o2 T-Vn-n
‘We omit the details. O

We will determine §* whenever R; = R, = 0 and R is nonincreasing.

Proposition 3.5. Assume that R, = R, = 0, and R\(s) given by (H4) is nonincreasing in s, then the free
boundary point §%° defined in (1.15) is given by

§° =sup{s>0: s> < 4R, (s)}.
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Proof. Since R, = R, = 0, and R;(s) is nonincreasing, we see that (H6) is valid. Let p(s) be the unique
solution of

in{p,p — sp’ + |0’ +R =0 fors>0,
{mm{pp sp" + o'l 1(9)} or s (3.23)

p(0)=0 and p(s)/s —> +co0 ass — +oo.

Here the existence and uniqueness of (3.23) follow from Proposition For clarity, We divide our proof
into four steps.
Step 1. Let

1
,(_)(S) = max {0, I [sz - (c*)z]}, and ¢, :=sup{s>0: §* < 4R (s)}.
Then it is easy to check that p(s) is the unique viscosity solution of
min {p,p— s’ + o) + %} =0 fors>0,
p(0)=0, and p(s)/s > +oo ass— +oo.

Step 2. We claim that Ry .(s) < 1(c,)* for s > c..
Indeed, s> — 4R (s) is strictly increasing, so

s> —4R|(s) <0 ifs<c,, and s*—4Ri(s)>0 ifs>c,.

Hence,
1
Ry.(5) <R .(cy) £ Z(c*)2 for s > c,,
where the first inequality follows by monotonicity of R;, and the second follows from the definition of R; ..

being a lower envelope of R (see e.g., (2.9)). Similarly, we have

1
Ri(c.) > Z(c*)z. (3.24)
Step 3. By Steps 1 and 2, we see that
min{p, p — sg’ + |,£1'|2 +R (8} <0 fors>0

in the viscosity sense. i.e. p is a viscosity subsolution to (3.23).

Step 4. Define

§2 for s > 2c¢.,

[N N [

p(s) :=qc.(s—c,) forc, <s<2c,

)

for s < c,.

We claim that p is a viscosity supersolution to (3.23).
First, observe that p is nonnegative, and satisfies (in the classical sense)

p—sp +pF+R;(s)>0 whenever s # c..

Next, suppose that p — ¢ attains a strict local minimum at s = c¢,, then 0 < ¢’(c.) < ¢, and at s = c,,

1
ple) = +I#F +Ri(c) 20—’ + 187 + 7(c)* =1 — /2 20,
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where we used (3.24). Hence, we can apply the comparison principle (Proposition 2.1T) once again to
deduce that
p(s) < p(s) <p(s) fors=>0.

This implies that
p(s)=0 in[0,c.], and p(s)>0 in(c,,o0).

Hence, §° = sup{s > 0: p(s) =0} = c,. O

Proof of Theorem[7} By (1.29), (1.30) and Remark [T.6] it is easy to see that (H1)-(H6) hold. Hence, the
spreading speed is given by the free boundary point §* defined in (I.15). By Proposition[3.5]

24 ifer 224,
§° =supf{s > 0: s> <4R((s5)}) =3¢, if 2, < ¢ < 2471,

2\Fm  if e <247

This completes the proof. O
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Appendix A. Proof of Proposition[2.10

In this section, we proof Proposition by applying the comparison result in [41, Theorem A.1],
which was inspired by the arguments developed by Ishii [30] and Tourin [49]. Consider the following
Hamilton-Jacobi equation:

min{w, + H({t, x, D,w),w — Lt} =0 in Q forsome L € R. (A.D

Here we consider the viscosity solution in the classical sense introduced by Ishii [29]. We refer to [4} 128
38| concerning uniqueness of Hamilton-Jacobi equations where the issue of discontinuity of Hamiltonian
is resolved by imposing additionally a suitable junction condition.
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Definition Appendix A.l. We say that a lower semicontinuous function w is a viscosity super-solution of
(A.1) if w— Lt > 0 in Q, and for all test functions ¢ € C*(Q), if (¢, xo) € Q is a strict local minimum point
of w — ¢, then

Brp(to, xo) + H* (to, x0, Dxp(to, X0)) > 0

holds; An upper semicontinuous function w is a viscosity sub-solution of (A.I) if for all test functions
p € C™(Q), if (ty, xp) € Q is a strict local maximum point of w — ¢ such that w(ty, xo) — Lty > 0O, then

dp(to, x0) + H.(to, x0, Dxp(t, X0)) < 0

holds. Finally, w is a viscosity solution of (A.I) if and only if w is simultaneously a viscosity super-solution
and a viscosity sub-solution of (A.1).

Let Q be a domain in [0, T) x RY with some given T > 0. We impose additional assumptions on the
Hamiltonian A : Q x RY — R. Namely, for each R > 0 there exists a continuous function wg : [0, 0) —
[0, o0) such that wg(0) = 0 and wg(r) > O for » > 0, such that the following statements hold:

(A1) For each (ty, xo) € Q, p — H(ty, xo, p) is a continuous function from R to R;
(A2) For each R > 0 and (ty, x9) € Q N [(0,T) x Bg(0)], there exist a constant 6y > 0 and a unit vector
(ho, ko) € R x RY such that

H(s,y, p) — H(t, x, p) < wr((Ix =yl + 1t = s(1 +|p])

for ¢, x, s, v, p such that p € R, and

0 < 16, ) = (s xo)ll + 11(5,) = (tos x| < G0, HH(“SJ ~ (hovko)

TR < dp. (A2)

(A3) There is a constant M > 0 such that for each A € [0, 1) and xo € RY, there exist constants &1, xy) > 0
and C(4, xo) > 0 such that

e(x — xp)

H(t,x,Ap - ——————
(x p |x = xol? + 1

)— M < AH(t, x, p) — M) + €C(A, x0)

for all (t, x, p) € Q@ x RY and € € [0, &, xo)].

Theorem Appendix A.l. Suppose that H satisfies (Al)~(A3). Let w and w be a pair of super- and sub-
solutions of (A.1) such that w > w on 8,9, then w > w in Q.

Proof. This is [41, Theorem A.1], by taking the set I to be the entire €, the hypotheses (A1)—(A4) therein
become (A1)—(A3) here. O

For our purpose, let
To
H(s,q,p) = q+|p? +Ri(s) + Rz(S)f fF(T, e P dydr.
o Jr

Since H is strictly increasing in g, we define H(s, p) by

H(s,q,p) =0 ifandonlyif —g=H(s,p). (A3)
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Define H, and H, to be the lower envelopes of H and H respectively:

H.s,q.p)= liminf H(s'.q¢,p), and H,(s,p)= liminf H(s,p’). (A4)
(s".q".p" )= (5.4.p) (s".p")=(s.p)

Similarly, define the upper envelopes H* of H and H* of H by replacing lim inf by lim sup in (A.4).

Lemma Appendix A.2. We show that (A.3) holds for the lower and upper envelopes as well, i.e.

H.(50,q90,p0) <0 ifandonly if qo + I:I*(so,po) <0,

- (AS)
H*(s0,q0,p0) 20 ifand only if  qo + H*(so, po) 2 0.

Proof. We only show the first part of (A.5), since the latter part is analogous. Let go = —H.(s0, po). By
monotonicity of H in g, it remains to show that H.(so, go, po) = O.

First, choose {(s,, p»)} — (S0, po) such that ¢, := —I:I(S,,,pn) — ¢o. By definition of H, we have
H(sy, qn, pn) = 0. Taking n — oo, we have

0 > H.(s0, g0, Po)- (A.6)
Next, choose another sequence {(s),, ¢,. P;,)} = (S0, 4o, Po) such that
H(S3s Gy Pn) = Hi(50, G0, Po)-
Then by the monotonicity of H in g, we have

0 = H(s),, —H(s},, p}). py) < H(s,, —H.(s},, P})s Py)-

and hence
0 < H(s),. 4, p) + | H(s}, ~H. (S}, ). ) = H s, e P} (A7)
We claim that
lim sup [ H(s),, —H.(s}. p}). p}) = H(S},. 4} )] < 0. (A.8)

Indeed, this is due to lim sup,_,,[~H.(s., p)] < qo and that (s, g\, p.,) — (50, G0 Po), and that H(s, g, p) is
continuous and monotone in ¢. Having proved (A.8), we can take n — oo in (A.7) to get 0 < H.(s0, 40, Po)-
Combining with (A.6), the first part of (A.5)) is proved. O

Lemma Appendix A.3. Let H(s, p) be given in (A3). Then H is convex in p, and hypothesis (A3) holds.
Proof. We first prove the convexity of H. It suffices to show that

p1t+p2

. . i
SHGs.p1)+ 505, p2) > H(s, ) for any s, p1, pa. (A.9)

For i = 1,2, denote g; = H(s, p;), then by the convexity of H(s, g, p) in (g, p),

1 1 g +q p1+p
0==H(s,—q, + =H(s, —q>, ZH(,——,—).
5 (s,—q1,p1) 3 (s,—q2, p2) s 5 5
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By the monotonicity of H in g, we may compare the above with H (s, -H (s, WTP’) , PP 2) 0 and deduce

-1 < —H( p‘+p°) This proves (A.9).
Next, the hypothesis (A3) follows as a consequence of the convexity. Indeed,

H(x/t,Ap — e/’ (x — x0)) < AH(x/t, p) + eH(x/t, =/ (x — x0)) + (1 — A — €)H (x/t,0)
< AH(x/t, p) + (1 = DM + €C(A, xo),
where y/(x — xo) = =y, M = sup H(x/t,0) and C(A, x) = sup H (x/t, =¥/’ (x — xp)). O

Proof of Proposition Let p and p be respectively sub- and super-solutions of
min{H(s,p — sp’,p'),p} =0 for s € (0, ).

It follows from Lemma[Appendix A.7]that they are respectively sub- and super-solutions of
min{p — so’ + H(s,p"),p} =0 for s € (0, ).

Define
w(t, x) = te(x/ ) and w(t, x) = tp(x/1),

one can argue similarly as in the proof of Lemma H to show that w and w are respectively sub- and
super-solutions of
min{w, + H(x/t,wy),w} =0 for (¢, x) € (0, ) x (0, c0). (A.10)

To apply Theorem [Appendix A.T| we need to verify the boundary conditions. Now,
w(t,0) = 1p(0) < 1p(0) = w(t,0) foreacht >0,

and for each x > 0,

p(s) p(s) x\]  _
w(0, x) < lim sup tp( )] = x lim =— < xlim 1nf — = l1ménf [tp( )] <w(0, x).
t—0* §—00 ¢ §—00 ) 11—
Moreover, for ¢ > 0 and x > 0, 0 < w(t,x) < xsup =—. Since the supremum is finite (see Lemma 2 rlv))
s>0

this means that w(z, x) is continuous at (0, 0) and K(O, 0) =0 <w(0,0).
It remains to verify the hypotheses (A1)—(A3). Now, (Al) is obvious, and (A3) is verified in Lemma
We claim that (H4) implies (A2). We divide into the following cases:

(1) R, and R, are both non-increasing, or both non-decreasing.
(ii) R, is continuous, and R, is monotone.
(iii) R, is piecewise constant, and the functions R; and R; + R, are locally monotone.

First, we consider the case (ii), and assume for the moment that R, is non-decreasing. Fix (#y, xo) and let
(ho, ko) = (=X0l0)  Then for (¢, x, 5, y) satisfying (A.2), we have 7 > %, so that

[1(=x0,t0)Il
0= H(X,—H(X,p),p) <R (X) R, (f) + H(f,—ﬁ(x,p),p). (A11)
S S S42 t t S




Hence,

o))< o) nao)o

<R (f)—R1 (;)Swlg(|x—y|+|t—s|), (A.12)

where we used the fact that 9, > 1 for the first inequality, and H (’7‘, -H (f p) , p) = 0 for the
second inequality, and the fact that R; is continuous (and that #, s are bounded away from zero) for the last
inequality.

In case R; is non-decreasing, the proof for case (i) is the same as case (ii), where the right hand side of
is replaced by 0, since R; has the same monotonicity of R,. The proof for cases (i) and (ii) when R,
is non-increasing is similar, and we omit the details.

It remains to verify (A2) for the case (iii). Since R, is a piecewise constant function, there exists a
countable set {s;} such that R, is constant in each open interval in R \ {s;}. To verify (A2), suppose first
(t0, x0) is given so that sg := xo/fo ¢ {sx}. Then by the local monotonicity of R, there exists a unit vector
(ho, ko) = (—x0, o) or (xg, —to) such that for (¢, x, s, y) satisfying (A.2), we have

X

R, (;) ~ R, (%) and R (%) _R, (t) < wr(lx =yl + 1 = s)). (A.13)

Then again (A.11) and (A.12) holds.

It remains to consider the case when sy = s for some %, i.e. R, has a jump discontinuity. Assume, for
definiteness, that Ry(so+) > Ry (s9—). First, we claim that there is §; > O such that

RQ(S/) = R2(50+) for s’ € [S(), So + 6]), RQ(S,) = RZ(SQ—) for s’ € (SO -0, S()). (A14)

Indeed, R, is piecewise constant, so the above holds for s’ close to but not equal to sy. Next, the fact that
R; + R, is locally monotone implies that

Ri1(s0) + Ra(s) < limsup(R; + Ry)(s”) < limsup R (s”) + lim sup Rr(s"). (A.15)

s’ >80 s'—s0 R

Since R; are u.s.c., we have R;(so) > lim sup R;(s) for i = 1, 2. Substituting these into (A.15), we have

s’ =580

Ri(sg) = limsupR;(s’) for i=1,2 (A.16)
s’ =50
In view of the assumption Ry(so+) > Ra(so—), we have Ry(sg) = Ro(so+). This proves (A.14).
Next, we claim that
lim sup (Ri(s1)—Ri(s2)) <0. (A.17)

0 5—sol<6
S1<52

Otherwise, by the fact that R, is locally monotone (see Definition , there exist o9 > 0 and sequences
{s1,;} = So and {5 j} — so such that 51 ; < s, ; and
lim inf (Rl(sl) - Rl(Sz)) > 0, and Rl(sl,j) > Rl(SQ’j) + (50. (A]S)

600 |s;—s0|<b
51<82
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By the first part of (A.18), we deduce that liminf R\ (s") > R;(sg). Since R; is u.s.c., we deduce that Ry is
s’ —=850—
left continuous at sg, i.e. lim R (s") = Ri(sp). In view of the second part of (A.18), it is impossible for
5 —850—

both s ; and s, ; to be less than equal to so for j > 1. i.e. we have s, ; > 59 > s ; for j > 1. Using also

(A.16), we have

Ri(s0) = liminf R (s ;) > liminf R(s2 ;) + 6o > liminf R (s").
J—ooo Jj—oo s’ =50+
Combining with (A.14])), we obtain

/llm (R, + RQ)(S,) <(R;y +Ry)(s9) and (R;+ Ry)(sp) > lim Hlf(Rl + Rz)(s/).
s’ —=s0— s’ =50

Since R; + R, is locally monotone at s, this is impossible. We have proved (A.17).
Having proved (A.14) and (A.17), we may again take (hg, ko) = ”E:ig’;g;“ and derive (A.11) and (A.12),

so that the hypothesis (A2) can again be verified.

Finally, if case (iii) and R>(so+) < Ry(so—) hold, then one can argue similarly that hypothesis (A2)

holds with the choice of (hy, ky) = ugﬁ’:iﬂiu- ‘We omit the details. In conclusion, we have verified that w and

w are respectively sub- and super-solutions of (A.10) in (0, o) X (0, o), and hypotheses (A1)-(A3) hold.
Hence, we can apply Theorem |Appendix A.1 to obtain w(z, x) < w(¢, x) in [0, c0) X [0, 0), i.e. p(s) < p(s)

in [0, 00). O
Appendix B. Estimation for Proposition 2.6]
In this section, we establish the upper estimate of w*(z, x) and lower estimate of w..(z, x).

Lemma Appendix B.1. Assume that ¢ satisfies (IC,) for some u € (0,00). Let w.(t,x) and w*(t, x) be
given by (2.6), then for any 6 > 0, there exist positive numbers Q| and Q; such that

max{(u — 0)x — 01,0} < w.(t,x) < w*(t,x) < (u+ 6)x+ Ot in[0,c0) X [0, 0).
In particular, w.(0, x) = w*(0, x) = ux for each x > 0.

Proof. Suppose ||¢|l < Lo, by (H1), we see that u€ is a supersolution of €d;u—€?0,;u+Cu > 0 in (0, c0) xR,
for some C > 0. By (HS5), there exists 6y > 0, such that u(z,0) > 6y > O for any r > 7). Note that
we(t, x) = —elog u(t, x) satisfies

OwE — €0, W + |0, WP —C <0 in (7, c0) X (0, c0),
we(t,0) < €l log | in [fo, o), (B.1)

we(tg, x) < +00 in [0, c0).
In view of (IC),, we know for any small ¢ € (0, u), there exists 0 < C; < C3, such that
Cie W% < (9, x) < Cre "% for (6, x) € [-10, 0] X [0, co).
Therefore,

(u—08)x—elogCy < w(B,x) < (u+ 6)x— elogCy, for (0, x) € [—€Tp, 0] X [0, 0).
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Next, we define z° = (u + d)x + Q,(t + €), where Q; is chosen to be

lemax{ sup [—logu(t,O)],Ilogcll,C},

1€[~70,00)

which is finite in view of (H5). Then we have
we(t,0) < z°(2,0) for all 1 > —ety, and we(H, x) < z5(0, x), for all (¢, x) € [—eTy, 0] X R,.
By comparison principle (Z€ is a super-solution of the first equation in (B.1)),
we(t, x) < 7°(t, x) = (u+ 6)x + Q1(t + €), for (¢, x) € [—e19,0] X R,. (B.2)

Next, let p — A(p) be given by the implicit formula

70
A, p) = =A+ p* + 10,20+, Ol f f [, y)e” dydt = 0. (B.3)
0 R

Then one can similarly define z(¢, x) = (u—06)x—Q>(t+€) with Q> = max{|log C,|, A(u—09)}. By comparison,
we have
max{z°(t, x), —€log(l|#ll + Lo)} < we(z, x) in [—€Tg, 00) X R,. (B.4)

Combining (E.Z) and (B.4), and letting € — 0, we have
max{(u — 8)x — Qst, 0} < w,(t,x) < w'(t,x) < (u+ 6)x + Qi7in R2.
Setting t — 0 and letting § — 0, it follows that ux < w,(0, x) < w*(0, x) < ux for all x > 0. O

Remark Appendix B.2. By (B.4), there exists s > 20, /(u — 6) such that
we(t, x) > max{Q,t,—0(e)} when x > st.

This implies lim sup u(z, x) = 0.

1200 o5t

Lemma Appendix B.3. Assume that ¢ satisfies (IC.,). Let w,(t, x) be given by [2.6), then
w*(0, x) = w,(0,x) = 00 foreach x > 0. (B.5)

Proof. Given a solution u(z, x) of (I.I) with compactly supported initial data ¢. Fix pu > 0, there exists
C, > 0 such that ¢(6, x) < Coe™** for any (6, x) € [-7¢, 0] X R. By repeating the proof of Lemma|Appendix|
[B.T, we obtain a constant Q> = Q»(u) > 0 such that

max{ux — Q»t,0} < w,(¢,x) in Ri.
Fix x > 0, we take r — 0 to get
ux < wi(0, x).

Since the above holds for each u > 0, we can take u — oo to deduce w.(0, x) = oo for each x > 0. Notice
that w* (0, x) > w.(0, x) by construction, we obtain (B.5). O
45



References

(1]

(2]

(31

(4]

[5]

(6]

(7]

(8]

(91

[10]

[11]

[12]

[13]

[14]
[15]

[16]

(17]

[18]
[19]

[20]
[21]

[22]

(23]

[24]

[25]
[26]

D.G. Aronson, H.F. Weinberger, Multidimensional nonlinear diffusion arising in population genetics, Adv. Math. 30 (1978)
33-76.

M. Bardi, I. Capuzzo-Dolcetta, Optimal control and viscosity solutions of Hamilton-Jacobi-Bellman equations, System & Con-
trol: Foundations & Applications, Birkdauser: Boston, MA, USA; Basel, Switzerland; Berlin, Germany, 1997.

B. Barles, An introduction to the theory of viscosity solutions for first-order Hamilton-Jacobi equations and applications.
Hamilton-Jacobi equations: approximations, numerical analysis and applications, 49-109, Lecture Notes in Math., 2074, Fond.
CIME/CIME Found. Subser., Springer, Heidelberg, 2013.

G. Barles, A. Briani, E. Chasseigne, C. Imbert, Flux-limited and classical viscosity solutions for regional control problems.
ESAIM Control Optim. Calc. Var. 24 (2018), no. 4, 1881-1906.

G. Barles, L.C. Evans, P.E. Souganidis, Wavefront propagation for reaction diffusion systems of PDE, Duke Math. J. 61 (1990)
835-858.

G. Barles, B. Perthame, Discontinuous solutions of deterministic optimal stopping time problems, Model. Math. Anal. Numer.
21 (1987) 557-579.

H. Berestycki, O. Diekmann, C.J. Nagelkerke, P.A. Zegeling, Can a species keep pace with a shifting climate?, Bull. Math. Biol.
71 (2009) 399-429.

H. Berestycki, J. Fang, Forced waves of the Fisher-KPP equation in a shifting environment, J. Differential Equations 264 (2018)
2157-2183.

H. Berestycki, F. Hamel, G. Nadin. Asymptotic spreading in heterogeneous diffusive excitable media, J. Funct. Anal. 255 (2008)
2146-2189.

H. Berestycki, G. Nadin, Spreading speeds for one-dimensional monostable reaction-diffusion equations, J. Math. Phys. 53
(2012) 115619.

H. Berestycki, G. Nadin, Asymptotic spreading for general heterogeneous Fisher-KPP type equations, Mem. Amer. Math. Soc.
in press, 2020.

H. Berestycki, L. Rossi, Reaction-diffusion equations for population dynamics with forced speed. I. The case of the whole space,
Discrete Contin. Dyn. Syst. 21 (2008) 41-67.

E. Bouin, J. Garnier, C. Henderson, F. Patout, Thin front limit of an integro-differential Fisher-KPP equation with fat-tailed
kernels, SIAM J. Math. Anal. 50 (2018) 3365-3394.

X. Chen, B. Hu, Viscosity solutions of discontinuous Hamilton-Jacobi equations, Interfaces Free Bound. 10 (2008) 339-359.
M.G. Crandall, PL. Lions, On the existence and uniqueness of unbounded viscosity solutions of Hamilton-Jacobi equations,
Nonlin. Anal. Theory Methods Appl. 10 (1986) 353-370.

M.G. Crandall, P-L. Lions, P.E. Souganidis, Maximal solutions and universal bounds for some partial differential equations of
evolution, Arch. Rational Mech. Anal. 105 (1989) 163-190.

L.C. Evans, PE. Souganidis, A PDE approach to geometric optics for certain semilinear parabolic equations, Indiana Univ. Math.
J. 38 (1989) 141-172.

J. Fang, Y. Lou, J. Wu, Can pathogen spread keep pace with its host invasion?, SIAM J. Appl. Math. 76 (2016) 1633-1657.

J. Fang, X. Yu, X.-Q. Zhao, Traveling waves and spreading speeds for time-space periodic monotone systems, J. Funct. Anal.
272 (2017) 4222-4262.

R.A. Fisher, The wave of advance of advantageous genes, Ann. Hum. Genet. 7 (1937) 355-369.

M.L Freidlin. On wave front propagation in periodic media. In: Stochastic analysis and applications, ed. M. Pinsky, Advances in
Probability and related topics, 7:147-166, 1984.

L. Girardin, K.-Y. Lam, Invasion of an empty habitat by two competitors: spreading properties of monostable two-species
competition-diffusion systems, Proc. Lond. Math. Soc. 119 (2019) 1279-1335.

S.A. Gourley, J.W.H. So, Extinction and wavefront propagation in a reaction—diffusion model of a structured population with
distributed maturation delay, Proc. R. Soc. Lond. Ser. A 133 (2003) 527-548.

S.A. Gourley, J. Wu, Delayed non-local diffusive systems in biological invasion and disease spread. Nonlinear Dyn. Evol. Equ.
137-200. Fields Institute Communications, 48, American Mathematical Society, Providence (2006).

M. Holzer, A. Scheel, Accelerated fronts in a two-stage invasion process, SIAM J. Math. Anal. 46 (2014) 397—427.

C. Hu, J. Shang, B. Li, Spreading speeds for reaction—diffusion equations with a shifting habitat, J. Dyn. Differential Equations
32 (2020) 1941-1964.

46



[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

(371

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

(471

(48]

[49]

[50]

[51]

[52]

H. Hu, T. Yi, X. Zou, On spatial-temporal dynamics of a Fisher-KPP equation with a shifting environment, Proc. Amer. Math.
Soc. 148 (2020), 213-221.

C. Imbert, R. Monneau, Flux-limited solutions for quasi-convex Hamilton-Jacobi equations on networks. Ann. Sci. Ec. Norm.
Supér. (4) 50 (2017), no. 2, 357-448.

H. Ishii, Hamilton-Jacobi equations with discontinuous Hamiltonians on arbitrary open sets. Bull. Fac. Sci. Engrg. Chuo Univ.
28 (1985), 33-717.

H. Ishii, Comparison results for Hamilton-Jacobi equations without growth condition on solutions from above, Appl. Anal. 67
(1997) 357-372.

H. Ishii, A short introduction to viscosity solutions and the large time behavior of solutions of Hamilton-Jacobi Equations,
Hamilton-Jacobi equations: approximations, numerical analysis and applications, 111-247, Lecture Notes in Math., 2074, Fond.
CIME/CIME Found. Subser., Springer, Heidelberg, 2013.

A.N. Kolmogorov, I.G. Petrovsky, N.S. Piskunov, Etude de 1’équation de la diffusion avec croissance de la quantité de matiére
et son application 2 un probléme biologique, Bulletin Université d’Etat 2 Moscou 1 (1937) 1-25.

L. Kong, W. Shen. Positive stationary solutions and spreading speeds of KPP equations in locally spatially inhomogeneous
media, Methods Appl. Anal. 18 (2011) 427-456.

B. Li, S. Bewick, J. Shang, W.F. Fagan, Persistence and spread of a species with a shifting habitat edge, SIAM J. Appl. Math. 5
(2014) 1397-1417.

W.-T. Li, J.-B. Wang, X.-Q. Zhao, Spatial dynamics of a nonlocal dispersal population model in a shifting environment, J.
Nonlinear Sci. 28 (2018) 1189-1219.

X. Liang, X.-Q. Zhao, Asymptotic speeds of spread and traveling waves for monotone semiflows with application, Comm. Pure
Appl. Math. 60 (2007) 1-40.

X. Liang, T. Zhou, Spreading speeds of nonlocal KPP equations in almost periodic media, J. Funct. Anal. 279 (2020) 108723,
58pp.

P.-L. Lions, P. Souganidis, Well-posedness for multi-dimensional junction problems with Kirchoff-type conditions, Atti Accad.
Naz. Lincei Rend. Lincei Mat. Appl. 28 (2017), no. 4, 807-816.

Q. Liu, S. Liu, K.-Y. Lam, Asymptotic spreading of interacting species with multiple fronts I: A geometric optics approach,
Discrete Contin. Dyn. Syst. 40 (2020) 3683-3714.

Q. Liu, S. Liu, K.-Y. Lam, Stacked invasion waves in a competition-diffusion model with three species, J. Differential Equations
271 (2021) 665-718. https:jarxiv.org/pdfj1910.04217.pdf

S. Liu, Q. Liu, K.-Y. Lam, Asymptotic spreading of interacting species with multiple fronts II: Exponentially decaying initial
data, J. Differential Equations 303 (2021) 407-455.

S. Ma, Traveling waves for non-local delayed diffusion equations via auxiliary equations, J. Differential Equations 237 (2007),
259-2717.

A. Majda, PE. Souganidis, Large scale front dynamics for turbulent reaction-diffusion equations with separated velocity scales,
Nonlinearity 7 (1994) 1-30.

A.B. Potapov, M.A. Lewis, Climate and competition: the effect of moving range boundaries on habitat invasibility, Bull. Math.
Biol. 66 (2004) 975-1008.

P.E. Souganidis, Front propagation: theory and applications. In Viscosity solutions and applications (Montecatini Terme, 1995),
volume 1660 of Lecture Notes in Math., 186242, Springer, Berlin, 1997.

K.W. Schaaf, Asymptotic behavior and travelling wave solutions for parabolic functional differential equations, Trans. Amer.
Math. Soc. 32 (1987) 587-615.

W. Shen, Variational principle for spatial spreading speeds and generalized propagating speeds in time almost periodic and space
periodic KPP models, Trans. Amer. Math. Soc. 362 (2010) 5125-5168.

J.W.-H. So, J. Wu, X. Zou, A reaction-diffusion model for a single species with age structure. I. Travelling wavefronts on
unbounded domains, R. Soc. Lond. Proc., Ser. A, Math. Phys. Eng. Sci. 457 (2001) 1841-1853.

A. Tourin, A comparison theorem for a piecewise Lipschitz continuous Hamiltonian and application to Shape-from-Shading
problems, Numer. Math. 62 (1992) 75-85.

Z.-C. Wang, W.-T. Li, S. Ruan, Travelling wave fronts of reaction-diffusion systems with spatio-temporal delays, J. Differential
Equations, 222 (2006), 185-232.

Z.-C. Wang, W.-T. Li, S. Ruan, Existence and stability of traveling wavefronts in reaction advection diffusion equations with
nonlocal delay, J. Differential Equations 238 (2007), 153-200.

Z.-C. Wang, W.-T. Li, S. Ruan, Traveling fronts in monostable equations with nonlocal delayed effects, J. Dynam. Differential

47



(53]

[54]
[55]

[56]
(571

[58]

[591

[60]

[61]

[62]

Equations 20 (2008), 573-607.

Z.-C. Wang, W.-T. Li, S. Ruan, Entire solutions in bistable reaction-diffusion equations with nonlocal delayed nonlinearity,
Trans. Amer. Math. Soc. 361 (2009), 2047-2084.

H.F. Weinberger, Long time behavior of a class of biological models, SIAM J. Math. Anal. 13 (1982) 353-396.

H.F. Weinberger, On spreading speed and travelling waves for growth and migration models in a periodic habitat, J. Math. Biol.
45 (2002) 511-548.

J. Xin, Front propagation in heterogeneous media, SIAM Rev. 42 (2000) 161-230.

Z. Xu, D. Xiao, Spreading speeds and uniqueness of traveling waves for a reaction diffusion equation with spatio-temporal
delays, J. Differential Equations 260 (2016) 268-303.

T. Yi, X.-Q. Zhao, Propagation dynamics for monotone evolution systems without spatial translation invariance, J. Funct. Anal.
279 (2020) 108722.

T. Yi, X. Zou, Asymptotic behavior, spreading speeds, and traveling waves of nonmonotone dynamical systems, SIAM J. Math.
Anal. 47 (2015), no. 4, 3005-3034.

Y. Yuan, Y. Wang, X. Zou, Spatial dynamics of a Lotka-Volterra model with a shifting habitat, Discrete Contin. Dyn. Syst. Ser.
B 24 (2019) 5633-5671.

Z.Zhang, W. Wang, J. Yang, Persistence versus extinction for two competing species under climate change, Nonlinear Analysis:
Modelling and Control 22 (2017) 285-302.

G.-B. Zhang, X.-Q. Zhao, Propagation dynamics of a nonlocal dispersal Fisher-KPP equation in a time-periodic shifting habitat,
J. Differential Equations 268 (2020) 2852-2885.

48



	Introduction
	The Fisher-KPP Equation in Shifting Environments
	The Full Reaction-Diffusion Model with Nonlocal Delay
	The Hamilton-Jacobi Approach
	Main Hypotheses
	Main results
	Some explicit formulas of spreading speeds
	Applications to the Fisher-KPP model

	Proof of Theorems 1 and 2
	Outline of the main arguments
	Preliminaries
	Properties of w*(t,x), w*(t,x), *(x/t) and *(x/t)
	Comparison principle for the reduced Hamilton-Jacobi equation
	Existence and characterization of spreading speed

	Applications
	Asymptotically homogeneous environments
	Positive habitat with a single shift
	Proof of Theorems 5-7

	Proof of Proposition 2.10
	Estimation for Proposition 2.6

