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Anisotropic active Brownian particle with a fluctuating propulsion force

Jean-Luc Thiffeault *

Department of Mathematics, University of Wisconsin–Madison, Madison, Wisconsin 53706, USA

Jiajia Guo
Department of Mathematics, University of Michigan, Ann Arbor, Michigan 48109, USA

(Received 23 February 2021; accepted 23 June 2022; published 15 July 2022)

The active Brownian particle (ABP) model describes a swimmer, synthetic or living, whose direction of
swimming is a Brownian motion. The swimming is due to a propulsion force, and the fluctuations are typically
thermal in origin. We present a two-dimensional model where the fluctuations arise from nonthermal noise in a
propelling force acting at a single point, such as that due to a flagellum. We take the overdamped limit and find
several modifications to the traditional ABP model. Since the fluctuating force causes a fluctuating torque, the
diffusion tensor describing the process has a coupling between translational and rotational degrees of freedom.
An anisotropic particle also exhibits a mass-dependent noise-induced drift, which does not disappear in the
overdamped limit. We show that these effects have measurable consequences for the long-time diffusivity of
active particles, in particular adding a contribution that is independent of where the force acts.
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Modeling swimming microorganisms is a challenge, since
biological entities resist a simple, uniform description. Nev-
ertheless we need models to explain physical observations
and develop intuition, and the hope is that the models cap-
ture some essential aspect of an organism’s behavior. For
microswimmers, most modeling efforts impose some random-
ness to the motion. The simplest approach is to use a fixed
propulsion speed, together with a random reorientation mech-
anism. The random reorientation comes in two main flavors:
a run-and-tumble process where the organism makes large
excursions and changes its orientation sporadically, [1–7],
and a Brownian process where the direction of swimming
gradually varies [8–14]. Both of these models have their place,
but in this Letter we focus primarily on the latter, Brownian
approach.

In this Letter we present a simple model of random mi-
croorganism motion where the swimmer is propelled by a
fluctuating force acting at a point (Fig. 1). The randomness
is built into the force as a covariance matrix, and is not due
to interactions with the medium (though such interactions
could be included as well). Our goal is to derive effective
equations of motion for this simple configuration, which is
meant to represented an organism with a single flagellum.
The resulting equations have some points of commonality
with the well-known active Brownian particle model (ABP),
but differ in crucial ways. In particular, there is an inherent
coupling between translational and rotation diffusivities. In
addition, there is a noise-induced drift that is present regard-
less of which stochastic interpretation (Itô or Stratonovich) is
used.

*jeanluc@math.wisc.edu

The stochastic equations (SDEs) for the two-dimensional
(2D) ABP model are [8–14]

ẋ = (U + √
2D‖ ẇ‖) p‖ +

√
2D⊥ p⊥ ẇ⊥, (1a)

φ̇ = � +
√
2Dr ẇr. (1b)

The swimmer is moving at constant speed U in the direction
p‖(φ) and rotating at constant angular speed �. The transla-
tional noises

√
2D‖ ẇ‖ and

√
2D⊥ ẇ⊥ are respectively along

(p‖) and perpendicular (p⊥) to the direction of swimming, and
the rotational noise

√
2Dr ẇr affects the swimming direction.

The wi(t ) are independent standard Wiener processes. Equa-
tion (1) has been very successful in modeling the swimming
and collective behavior of many microorganisms [15–21]. The
noises are often taken to be due to thermal fluctuations, in
which case they satisfy the Einstein-Smoluchowski relations
Di = (βσi )−1, for i ∈ {‖,⊥, r}, where σi are the components
of the diagonal grand resistance tensor and β is the inverse
temperature 1/kBT .

In this Letter we derive a modified ABP model by assum-
ing that the noise is due to a fluctuating propulsion force acting
at a single point on the particle, rather than a thermal bath. We
will find several new effects: a new noise-induced drift term,
as well as a diffusion matrix that couples the rotational and
angular degrees of freedom.

A particle subjected to a fluctuating force f (φ, t ) = (F‖ +√
2E‖ ẇ‖) p‖ + (F⊥ + √

2E⊥ ẇ⊥) p⊥ acting at the point � p‖
with respect to the center of reaction [22] obeys the Langevin
equations

mu̇ = −K · u + f , I ω̇ = −σr ω + τ, (2)

where m is the mass, I the moment of inertia, u the veloc-
ity, ω the angular velocity, and K = Q · diag(σ‖, σ⊥) · Q� the
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FIG. 1. A 2D particle with orientation φ subject to a time-
dependent force f acting at a point �p‖(φ) with respect to its center
of reaction.

resistance matrix, withQ(φ) a 2 × 2 rotation matrix. The force
exerts a torque τ (t ) = � (F⊥ + √

2E⊥ ẇ⊥) [23].
A brief note on the validity of Eq. (2) is in order. We follow

many authors such as [24,25] and use a linear damping law in
Eq. (2), which as first pointed out by Lorentz [26] is strictly
only valid in the limit where the fluid density is less than
the particle density [27–32]. The theory could be extended to
allow for a memory kernel, the so-called Basset-Boussinesq
integral term [33,34], but then the process is non-Markovian
and we cannot recover a simple Fokker-Planck equation as
detailed below. Nevertheless, we expect that this memory
effect is unlikely to decrease correlations, and so the effects
presented here might be modified but would not disappear.

We rewrite the system (2) in the standard form

d x̂
dt

= û,
dû
dt

= B̂ · (Û − û) + Σ̂ · ẇ, (3)

where x̂ = (x, φ), û = (u, ω), ẇ = (ẇ‖, ẇ⊥), B̂ =
diag(K/m, σr/I ), Û = (U ,�) = (K−1 · F, �F⊥/σr ), and

Σ̂ =
(
(
√
2E‖/m) p‖ (

√
2E⊥/m) p⊥

0
√
2E⊥ �/I

)
. (4)

The third components of hat-wearing vectors and matrices
pertain to angular quantities.

Typically, in the overdamped limit (small mass, or large
drag) the term dû/dt in (3) is neglected, resulting in the
equation

d x̂
dt

= Û + B̂−1 · Σ̂ · ẇ. (5)

This recovers something close to the standard ABP model
(1), except that here there are only two rather than three
independent noises: the rotational noise is correlated to the
translational noise, since the former is caused by the torque
of the latter. We will see the consequences of this correlation
below.

But first note that taking the overdamped limit in this
way is suspicious. The underdamped equations (3) have the
same form independent of the interpretation given to the sto-
chastic product (i.e., Itô or Stratonovich), even though the
noise appears multiplicative at first glance. However, the noise
coupling matrix B̂−1 · Σ̂ in Eq. (5) leads to a nonvanishing
drift term when the stochastic product is interpreted in the

Stratonovich sense [35]. This suggests that Eq. (5) has a
uniquely defined noise-induced drift term [36–38], but the
naive way of passing from (3) to (5) does not tell us what
form it should take.

A more systematic approach is required to find the miss-
ing noise-induced drift term Eq. (5). Instead working with
SDEs, we take the overdamped limit of the Fokker-Planck
equation for the probability density p(̂x, û, t ) corresponding
to Eq. (3) (see [36,39–41] for an SDE approach):

ε2 ∂t p+ ε ∇x̂ · (̂u p) + ε ∇û · (B̂ · Û p) = Lp, (6)

where ε is a formal expansion parameter, with ε → 0 the
overdamped limit, and

Lp := ∇û · (B̂ · û p) + ∇û ⊗ ∇û : (̂E p) (7)

with Ê := 1
2 Σ̂ · Σ̂� [42]. The parameter ε expresses the long-

time and large-scale rescalings of t and x̂ for which the û
degrees of freedom equilibrate.

Now we proceed order by order with an expansion p =
p0 + ε p1 + · · · . At leading order we have Lp0 = 0, with
solution p0 = P(̂x, t )ϕ (̂x, û), where P is yet to be determined
and ϕ (̂x, û) is the invariant density for an Ornstein-Uhlenbeck
process [43]:

ϕ = (2π )−3(det Â)−1/2 exp
(− 1

2 û · Â−1 · û)
. (8)

Here the symmetric positive-definite matrix Â(̂x) is the unique
solution to the continuous-time Lyapunov equation [44]

B̂ · Â + Â · B̂� = 2Ê, (9)

where in our case B̂ = B̂�. When B̂ commutes with Ê, as
occurs for thermal fluctuations, the solution to (9) is Â =
Ê · B̂−1; this is not the case here, and we find instead

Â = Q̂ ·

⎛⎜⎜⎜⎝
E‖
mσ‖

0 0

0 E⊥
mσ⊥

2E⊥�
mσr+Iσ⊥

0 2E⊥�
mσr+Iσ⊥

E⊥�2

Iσr

⎞⎟⎟⎟⎠ · Q̂� (10)

where Q̂(φ) = diag(Q, 1) is a 3 × 3 rotation matrix about the
third axis.

At the next order in ε, we have Lp1 = ∇x̂ · (̂uϕ P) − û ·
Â−1 · B̂ · ÛϕP. The solution can be written in two pieces,
p1 = p(1)1 + p(2)1 , with p(1)1 = (∇x̂P − Û · B̂� · Â−1 P) · χ̂(1)

and p(2)1 = − 1
2P∇x̂Â−1 ... χ̂(2), where χ̂(1) and χ̂(2) satisfy

Lχ̂(1) = ûϕ, Lχ̂(2) = û̂ûuϕ. (11)

It is easy to solve for χ̂(1) = −Â · B̂−� · Â−1 · ûϕ; χ̂(2) is
harder to solve for in general. However, we shall not need its
precise expression in our derivation.

At the next and final order in ε we get from Eq. (6) Lp2 =
∇x̂ · (̂u p1) + ∇û · (B̂ · Û p1) + ∂t p0, to which we need only
apply a solvability condition by integrating over û (denoted
by angle brackets):

∂tP = −∇x̂ · 〈̂up1〉. (12)

To evaluate the average 〈̂u p1〉, first note that the adjoint to L
is

L∗g = −û · B̂� · ∇ûg+ Ê : ∇û ⊗ ∇ûg, (13)
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which satisfies 〈gL f 〉 = 〈(L∗g) f 〉 for functions f and g van-
ishing as |̂u| → ∞. Multiplying the χ̂(1) equation in (11) by
û, we have

〈̂uLχ̂(1)〉 = 〈̂ûuϕ〉 = Â. (14)

But then using the adjoint property in (14) gives

〈(L∗û) χ̂(1)〉 = 〈(−B̂ · û) χ̂(1)〉 = −B̂ · 〈̂u χ̂(1)〉
from which we obtain 〈̂uχ̂(1)〉 = −B̂−1 · Â. We can play a
similar trick with the χ̂(2) equation to obtain 〈̂u χ̂(2)〉 = −B̂−1 ·
〈̂ûûûuϕ〉, where the fourth moment for the Gaussian ϕ is
easily obtained. We have thus evaluated the required average
〈̂u χ̂(2)〉 without needing to solve for χ̂(2).

After a lengthy but straightforward calculation we find
〈̂up1〉 = ÛP − ∇x̂ · (̂AP) · B̂−�, which we insert back into
(12) to finally obtain

∂tP + ∇x̂ · (ÛP) = ∇x̂ · (∇x̂ · (̂AP) · B̂−�). (15)

We rewrite (15) in a more convenient form and obtain the first
main result of this Letter:

∂tP + ∇x · ((U +V )P) + ∂φ (�P) = ∇x̂ ⊗ ∇x̂ : (D̂P),
(16)

where the noise-induced drift [37,38,41,45–48] is

V = 2�E⊥(σ−1
‖ − σ−1

⊥ )

σr (1 + Iσ⊥/mσr )
p‖ (17)

and the translational-rotational grand diffusion tensor is

D̂ = Q̂ ·
⎛⎝D‖ 0 0

0 D⊥
√
D⊥Dr

0
√
D⊥Dr Dr

⎞⎠ · Q̂� (18)

withD‖ = E‖/σ 2
‖ ,D⊥ = E⊥/σ 2

⊥, andDr = E⊥�2/σ 2
r . The dif-

fusion tensor couples translational and rotational noises. Our
result is closely related to [47], but here the induced drift is
due to angular dependence rather than spatial inhomogeneity.

To go back and compare to the overdamped result Eq. (5)
obtained by simply neglecting the particle mass, the Fokker-
Planck equation (16) implies the SDE

d

dt

(
x
φ

)
=

(
U +V

�

)
+

√
2D̂ · ẇ, (19)

where
√
2D̂ = B̂−1 · Σ̂. Note the additional drift V . The drift

V implies that the particle appears to swim at a constant speed
as in the ABP model (1) for long times, even for U = 0.
The drift V is only present when the fluctuating force exerts
a torque; it is an inertial effect that vanishes for isotropic
particles (σ‖ = σ⊥). It does not vanish for zero mass, since
it involves the ratio I/m.

It is natural to form Péclet numbers based on the advective
time a/|V | and diffusive times a2/D⊥ and 1/Dr , with a the
particle size:

Pe⊥ = |V |a
D⊥

= 2a�σ 2
⊥

σr

|σ−1
‖ − σ−1

⊥ |
1 + Iσ⊥/mσr

∼ �

a
,

Per = |V |
Dra

= 2σr

a�

|σ−1
‖ − σ−1

⊥ |
1 + Iσ⊥/mσr

∼ a

�
.

Pe⊥ is not large, but also not necessarily small. Per is a
dimensionless correlation length that diverges as � → 0, since
the rotational diffusivity then vanishes.

We can compute the long-time effective diffusivity of the
active particle. Here there are two new effects: the noise-
induced drift V and the coupling terms

√
D⊥Dr in the grand

diffusion tensor D̂. Recall that x̂ = (x, φ), so x̂3 = φ. The
overdamped Fokker-Planck equation (16) for P(̂x, t ) is

∂tP +Wi ∂xiP + �∂φP

= ∂xi∂x j (Di j P) + 2∂xi∂φ (D̂i3 P) + ∂2
φ (Dr P), (20)

where W = U +V = W p‖ is the total drift, and indices
are summed over 1,2. To find the effective diffusivity, we
rescale (20) to focus on large scales δ−1 ∼ �−1 and long times
δ−2, with δ a small parameter. We let ∂t → ∂t + δ2 ∂T , and
∂x → ∂x + δ ∂X and expand P = P (X ,T ) + δ P1(φ;X ,T ) +
δ2 P2(φ;X ,T ) + · · · , where we anticipated the functional
dependencies to abridge the derivation. (Our approach is
equivalent to that of [49], which averages over angles, or
[4], which expands P in harmonics.) At order δ1 we have
Dr ∂

2
φP1 − �∂φP1 = Wi ∂XiP − 2∂Xi∂φ (D̂i3 P ), with a simple

solution linear in cosφ and sin φ. At order δ2 we have the
solvability condition

∂TP = 〈Wi (Wj − 2∂φD̂ j3)/Dr + Di j〉 ∂Xi∂XjP

=: Deff ∇2
XP, (21)

where angle brackets are repurposed for angular averaging,
and the effective diffusivity is

Deff = 1

2
(D‖ + D⊥) + D̃, (22a)

D̃ := WDr

2(D2
r + �2)

(
W + 2E⊥�

σ⊥σr

)
. (22b)

Equation (21) displays the expected long-time isotropy of the
probability density. Compare D̃ toU 2/2Dr for the ABP model
(1) [8,50–54].

The new diffusivity D̃ combines contributions from the
swimming U , from the noise-induced drift V , and from the
coupling terms in D̂. From here we set U = � = D‖ = 0 to
highlight the new effects: the particle is “shaking its hips” but
would be a nonswimmer if not for the noise-induced drift;
see also [55] for a deterministic version. (The swimmer is
a “treadmiller” or reciprocal swimmer that does not strictly
swim, but only diffuses [56–58].) In that case after using (17)
Eq. (22b) becomes

D̃0 = 2D⊥(1 + Iσ‖/mσr )

(1 + Iσ⊥/mσr )2
σ⊥
σ‖

(
σ⊥
σ‖

− 1

)
. (23)

The form (23) for D̃0 has two striking features. First, it is neg-
ative for particles with σ⊥ < σ‖, so that it hinders diffusion.
In fact, the combination D̃0 + 1

2D⊥ attains a minimum of zero
for σ⊥ = σ‖/(2 + Iσ‖/mσr ). A particle satisfying this relation
can only diffuse through D‖ and thermal noise.

The second striking feature of (23) is that it is independent
of �. This is a paradox: for � = 0, we haveV = 0 and D̂i3 = 0,
so none of the effects mentioned here occur. The resolution
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FIG. 2. The mean-squared displacement (variance) Varx, aver-
aged over 5000 oblate nonswimming (U = � = 0) active particles
for various values of �. The upper dotted line is 4 × 1

2 (D‖ + D⊥)t ,
and the bottom dashed line is 4Deff t . As � becomes smaller, there is
a longer transient before the behavior begins to follow Eq. (21). This
transient diverges as � → 0. Parameter values are m = I = 0.05,
σ‖ = 2, E⊥ = σ⊥ = σr = 1, E‖ = 0.

is that there is a transient of duration D−1
r = σ 2

r /E⊥�2 ∼ δ−2

before the long-time form (21) applies, and this transient
becomes infinite as � → 0. This transient can be seen in the
simulations of the full inertial equations (2) in Fig. 2,

It is important to note that the ratio D̃0/D⊥ is rarely neg-
ligible: all the dimensionless ratios appearing on the right of

Eq. (26) are typically of order one. The transient timescale
D−1

r can be estimated by a2/D⊥, where a is the particle size;
if D−1

r is very long, then D⊥ was likely negligible to begin
with. The modifications discussed in this paper are thus likely
to be relevant in many applications.

So why have these types of corrections not been observed?
Many authors simulate the ABP model directly, since the
inertial equations (2) are expensive to solve due the small
step size required, in which case the new effects are ruled out.
Particle anisotropy is also seldom considered. Experimentally,
diffusivities are measured directly from the distributions of
displacements, and so any connection between the rotational
and translational diffusivities is typically lost. One approach
might be to obtain the covariance matrix Â directly, by mea-
suring the correlations between translational and rotational
velocities. A nonzero correlation would indicate a coupling
as predicted here.

In future work we will generalize the derivation to arbitrary
three-dimensional active particles [25,59], with the fluctuat-
ing force not necessarily applied on an axis of symmetry.
There are several other possible extensions, such as the in-
clusion of multiple forces and torques acting on the body.
The consequences to swim pressure [60,61], run-and-tumble
dynamics [1,4], non-Newtonian swimming [62], velocity-
dependent friction [63], and particle interactions [53,64] also
remain to be investigated.

The authors thank Saverio Spagnolie, Hongfei Chen, Scott
Hottovy, Christina Kurzthaler, Eric Lauga, Cesare Nardini,
John Wettlaufer, and Ehud Yariv for helpful comments and
discussions.
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