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Bli n d  M o d ul o  A n al o g-t o- Di git al  C o n v ersi o n
A mir  Weiss ,  M e m b er, I E E E,  E v er est  H u a n g ,  M e m b er, I E E E,  Or  Or d e ntli c h ,  M e m b er, I E E E,

a n d  Gr e g or y  W.  W or n ell ,  Fell o w, I E E E

A bstr a ct —I n a g r o wi n g n u m b e r of a p pli c ati o ns, t h e r e is a n e e d
t o di giti z e si g n als  w h os e s p e ct r al c h a r a ct e risti cs a r e c h all e n gi n g f o r
t r a diti o n al a n al o g-t o- di git al c o n v e rt e rs ( A D Cs).  E x a m pl es, a m o n g
ot h e rs, i n cl u d e s yst e ms  w h e r e t h e  A D C  m ust a c q ui r e at o n c e a v e r y
wi d e b ut s p a rs el y a n d d y n a mi c all y o c c u pi e d b a n d wi dt h s u p p o rti n g
di v e rs e s e r vi c es, as  w ell as s yst e ms  w h e r e t h e si g n al of i nt e r est
is s u bj e ct t o st r o n g n a r r o w b a n d c o- c h a n n el i nt e rf e r e n c e. I n s u c h
s c e n a ri os, t h e r es ol uti o n r e q ui r e m e nts c a n b e p r o hi biti v el y hi g h.
As a n alt e r n ati v e, t h e r e c e ntl y p r o p os e d m o d ul o- A D C a r c hit e ct u r e
c a n i n p ri n ci pl e r e q ui r e d r a m ati c all y f e w e r bits i n t h e c o n v e rsi o n
t o o bt ai n t h e t a r g et fi d elit y, b ut r e q ui r es t h at i nf o r m ati o n a b o ut
t h e s p e ct r u m b e k n o w n a n d e x pli citl y t a k e n i nt o a c c o u nt b y t h e
a n al o g a n d di git al p r o c essi n g i n t h e c o n v e rt e r,  w hi c h is f r e q u e ntl y
i m p r a cti c al.  T o a d d r ess t his li mit ati o n,  w e d e v el o p a bli n d v e rsi o n
of t h e a r c hit e ct u r e t h at r e q ui r es n o s u c h k n o wl e d g e i n t h e c o n-
v e rt e r,  wit h o ut s a c ri fi ci n g p e rf o r m a n c e. I n p a rti c ul a r, it f e at u r es
a n a ut o m ati c  m o d ul o-l e v el a dj ust m e nt a n d a f ull y a d a pti v e  m o d ul o
u n w r a p pi n g  m e c h a nis m, all o wi n g it t o as y m pt oti c all y  m at c h t h e
c h a r a ct e risti cs of t h e u n k n o w n i n p ut si g n al. I n a d diti o n t o d et ail e d
a n al ysis, si m ul ati o ns d e m o nst r at e t h e att r a cti v e p e rf o r m a n c e c h a r-
a ct e risti cs i n r e p r es e nt ati v e s etti n gs.

I n d e x  Ter ms — D at a c o n v e rsi o n, a ut o m ati c g ai n c o nt r ol, bli n d
si g n al p r o c essi n g, a d a pti v e filt e ri n g, l e ast- m e a n-s q u a r es.

I. IN T R O D U C TI O N

T H E a v ail a bl e s p e ctr u m f or a c o m m u ni c ati o n s yst e m is
i n cr e asi n gl y c o n g est e d a n d v ari es  wi d el y b y l o c ati o n a n d

ti m e.  O n e str at e g y f or o p er ati o n i n t h es e d y n a mi c c o n diti o ns
is t o s c a n t h e s p e ctr u m t o fi n d u n o c c u pi e d b a n d wi dt h  wit hi n
w hi c h t o tr a ns mit.  Hist ori c all y, t his h as b e e n a dif fi c ult t as k
si n c e t h e fr a cti o n of all t h e p ot e nti all y us a bl e b a n d wi dt h t h at
c a n b e s c a n n e d si m ult a n e o usl y is li mit e d b y t h e b a n d wi dt h of t h e
r e c ei v er fr o nt- e n d. I n tr a diti o n al s yst e m ar c hit e ct ur es, a n arr o w
a n al o g filt er  m at c h e d t o t h e d esir e d c o m m u ni c ati o n b a n d r ej e cts
o ut- of- b a n d tr a ns missi o ns fr o m o v er w h el mi n g t h e a n al o g-t o-
di git al c o n v ert er ( A D C) pri or t o a n y di git al pr o c essi n g.  T his
r es ults i n eit h er a fi x e d-fr e q u e n c y s yst e m, or a n e x p e nsi v e
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Fi g. 1.  A s c h e m ati c bl o c k di a gr a m ill ustr ati o n of t h e  m o d- A D C.

fr e q u e n c y- a gil e a n al o g fr o nt- e n d f or b ot h t h e tr a ns mitt er a n d
r e c ei v er. F or n arr o w b a n d s yst e ms, t h e fr a cti o n of p ot e nti all y
a v ail a bl e b a n d wi dt h t h at c a n b e  m o nit or e d at a n y i nst a nt c a n
b e s m all,  w hi c h sl o ws d o w n t h e r es p o ns e t o p ot e nti all y r a pi dl y
c h a n gi n g c h a n n el c o n diti o ns.  T h e s yst e m is f urt h er c o m pli c at e d
b y t h e n e e d t o c o or di n at e b et w e e n c o m m u ni c ati o n n o d es  w h at
fr e q u e n ci es ar e b ei n g us e d  w h e n.

T h e e m er g e n c e of hi g h s p e e d  A D Cs  wit h  m ulti pl e  G H z of
b a n d wi dt h e n a bl es aff or d a bl e s yst e ms t o b e b uilt, t h at c a n si m ul-
t a n e o usl y s c a n l ar g e r e gi o ns of t h e s p e ctr u m f or u n utili z e d b a n d-
wi dt h t o tr a ns mit i n [ 1].  T h e c o n g est e d n at ur e of t h e s p e ctr u m,
h o w e v er, r e q uir es r o b ust fr o nt- e n d pr o c essi n g t o a c c o m m o d at e
t h e l ar g e d y n a mi c r a n g e r e q uir e d fr o m  m ulti pl e p ossi bl y str o n g
i nt erf eri n g s o ur c es [ 2].  A  wi d e or c h a n gi n g fr e q u e n c y all o c ati o n
will b y n e c essit y all o w t h es e o utsi d e s o ur c es t o b e s a m pl e d
as  w ell.  W hil e di git al pr o c essi n g c a n i n pri n ci pl e r e m o v e t h e
eff e ct of t h e u n d esir e d si g n als, t h e  A D C  m ust still b e a bl e t o
f ait hf ull y s a m pl e t h e e ntir e b a n d wi dt h, c o nt ai ni n g all si g n als,
pri or t o a n y s u bs e q u e nt di git al  m a ni p ul ati o n.  T h us, d es pit e t h e
str o n g str u ct ur e a n d hi g h pr e di ct a bilit y of t h e s a m pl e d si g n al,
a tr a diti o n al  A D C r e q uir es a hi g h n u m b er of bits p er-s e c o n d i n
or d er t o all o w f or hi g h- q u alit y r e c o nstr u cti o n.

O n e p ossi bl e a p pr o a c h f or a d dr essi n g t h e i n ef fi ci e n c y
d es cri b e d a b o v e, is usi n g m o d ul o  A D Cs [ 3] i nst e a d of a
tr a diti o n al  A D C.  A  m o d ul o  A D C first f ol ds e a c h s a m pl e of
t h e i n p ut pr o c ess  m o d ul o Δ ,  w h er e Δ is a d esi g n p ar a m et er,
a n d o nl y t h e n q u a nti z es t h e r es ult usi n g a tr a diti o n al u nif or m
q u a nti z er. S e e Fi g. 1 f or a s c h e m ati c d es cri pti o n.  T h e  m o d ul o
o p er ati o n li mits t h e d y n a mi c r a n g e of t h e si g n al t o b e q u a nti z e d,
w hi c h i n t ur ns r es ults i n a q u a nti z ati o n err or  w h os e  m a g nit u d e
is pr o p orti o n al t o Δ , r at h er t h a n t o t h e d y n a mi c r a n g e of t h e
ori gi n al, u nf ol d e d si g n al. I n [ 3] it is s h o w n t h at t h e o bt ai n e d
si g n al c a n b e r eli a bl y u nf ol d e d, pr o vi d e d t h at Δ is a p pr o pri at el y
c h os e n pr o p orti o n all y t o t h e st a n d ar d d e vi ati o n of t h e pr e di cti o n
err or i n pr e di cti n g t h e ( q u a nti z e d) i n p ut fr o m its p ast.  T h us,
w h e n usi n g a  m o d ul o  A D C f or di giti zi n g a hi g hl y pr e di ct a bl e
pr o c ess, o n e c a n att ai n hi g h r es ol uti o n usi n g f ar f e w er bits t h a n
f or a  w hit e pr o c ess. Si m pl e r e c o v er y al g orit h ms b as e d o n li n e ar
pr e di cti o n ar e als o gi v e n i n [ 3].

A  m aj or c a v e at of t h e  m o d ul o  A D C fr a m e w or k d e v el o p e d
i n [ 3] is t h at it ass u m es k n o wl e d g e of t h e s e c o n d- or d er st atisti cs
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Fi g. 2.  A n ill ustr ati v e s c e n ari o of i nt er est. ( a) S p e ctr o gr a m of t h e  A D C i n p ut: a b a n dli mit e d si g n al of i nt er est i n t h e pr es e n c e of n arr o w b a n d i nt erf e r e n c es ( b)  T h e
i nst a nt a n e o us s q u ar e d err ors of t h e o ut p uts of a st a n d ar d  A D C a n d o ur pr o p os e d bli n d  m o d- A D C.  E vi d e ntl y, t h e bli n d  m o d- A D C a c hi e v es a si g ni fi c a ntl y l ow er
M S E r el ati v e t o a st a n d ar d u nif or m  A D C  wit h a p erf e ct ( “ or a cl e ”)  A G C  m e c h a nis m.

( S O Ss) of t h e i n p ut pr o c ess. S u c h k n o wl e d g e is cr u ci al f or o pti-
mi zi n g t h e  m o d ul o  A D C p ar a m et er Δ , as  w ell as f or o pti mi zi n g
t h e c o ef fi ci e nts of t h e pr e di cti o n filt er us e d i n t h e u n wr a p pi n g
pr o c ess.  T his is a si g ni fi c a nt i m p e di m e nt t o t h e i m pl e m e nt ati o n
of  m o d ul o  A D Cs i n pr a cti c e, as c o m m er ci al  A D Cs  m ust b e
r o b ust t o t h e c h ar a ct eristi cs of t h e pr o c ess t o b e di giti z e d. I n
p arti c ul ar, tr a diti o n al  A D Cs e m pl o y a n a ut o m ati c g ai n c o ntr ol
( A G C)  m e c h a nis m [ 4], [ 5] f or a d a pti n g t h e q u a nti z ers d y n a mi c
r a n g e t o t h at of t h e i n p ut si g n al.

I n t his  w or k  w e d e v el o p a bli n d m e c h a nis m f or  m o d ul o  A D Cs,
w hi c h a d a pts t h e eff e cti v e  m o d ul o si z e ( a n al o g o usl y t o a n  A G C
m e c h a nis m i n a st a n d ar d  A D C, s e e S u bs e cti o n I- C), as  w ell as
t h e c o ef fi ci e nts of t h e u n wr a p pi n g al g orit h m pr e di cti o n filt er,
t o t h e u n k n o w n st atisti cs of t h e i n p ut si g n al, r es ulti n g i n a
r o b ust  A D C ar c hit e ct ur e. F or a st ati o n ar y i n p ut pr o c ess, t h e
p erf or m a n c e of t h e d e v el o p e d ar c hit e ct ur e c o n v er g es t o t h at of
t h e “i nf or m e d ” ar c hit e ct ur e i n [ 3].  T h e d e v el o p e d ar c hit e ct ur e
is als o d y n a mi c, a n d q ui c kl y a d a pts t o c h a n g es i n t h e c h ar a ct er-
isti cs of t h e i n p ut si g n al.

A.  A  M oti v ati n g  E x a m pl e

T o ill ustr at e t h e c h all e n g es i n di giti zi n g c o m m u ni c ati o n si g-
n als  w h os e l o c ati o ns  wit hi n t h e fr e q u e n c y b a n d ar e u n k n o w n,  w e
c o nsi d er t h e si g n al  w h os e s p e ctr o gr a m is d e pi ct e d i n Fi g. 2( a).
T his s p e ctr o gr a m c orr es p o n ds t o a s a m pl e d bi n ar y p h as e-s hift
k e yi n g ( B P S K) si g n al t o g et h er  wit h t hr e e n arr o w b a n d i nt er-
f eri n g si g n als (s p e ci fi c all y, p ur e t o n es),  wit h e a c h i nt erf er er
i niti at e d at a diff er e nt ti m e. If t h e c arri er fr e q u e n c y of t h e  B P S K
si g n al  w er e k n o w n i n a d v a n c e, o n e c o ul d first d o w n- c o n v ert it
a n d us e a n a n al o g l o w- p ass filt er t o c a n c el o ut all i nt erf er e n c e
o utsi d e t h e fr e q u e n c y b a n d it o c c u pi es, a n d o nl y t h e n s a m pl e
at t h e c orr es p o n di n g  N y q uist r at e.  T h e dis cr et e-ti m e si g n al
r es ulti n g fr o m t his pr o c ess is ess e nti all y “ w hit e ” (i. e., t e m p or all y
u n c orr el at e d), at l e ast b ef or e t h e i nt erf eri n g t o n e is i niti at e d,
a n d a st a n d ar d u nif or m  A D C  w o ul d ef fi ci e ntl y c o n v ert it t o a
s e q u e n c e of bits.

U nf ort u n at el y, as d es cri b e d e arli er, esti m ati n g t h e c arri er
fr e q u e n c y of t h e c o m m u ni c ati o n si g n al of i nt er est is oft e n a
hi g hl y c h all e n gi n g t as k u n d er t h e r e q uir e d l at e n c y c o nstr ai nts.
H e n c e, t h e  A D C  m ust b e a p pli e d t o t h e s a m pl e d si g n al d e pi ct e d
i n Fi g. 2( a).  A st a n d ar d  A D C is e xtr e m el y i n ef fi ci e nt f or s u c h a

si g n al, as it f ails t o e x pl oit its s p arsit y i n t h e fr e q u e n c y d o m ai n.
T h e  m e a n-s q u ar e d err or ( M S E) att ai n e d b y a st a n d ar d  A D C
is g o v er n e d b y its d y n a mi c r a n g e,  w hi c h is d et er mi n e d vi a a n
A G C  m e c h a nis m. I n or d er t o pr e v e nt o v erl o a d err ors t h at r es ult
i n s at ur ati o n of t h e  A D C, t h e d y n a mi c r a n g e is s et pr o p orti o n all y
t o t h e si g n al’s a v er a g e p o w er.  T h e si g n al’s p o w er is u n aff e ct e d b y
t h e f a ct t h at t h e s a m pli n g r at e is si g ni fi c a ntl y hi g h er t h a n t h e si z e
of t h e ess e nti al s u p p ort of t h e si g n al i n t h e fr e q u e n c y d o m ai n.
T h us, t h e n u m b er of bits p er-s e c o n d a st a n d ar d  A D C  m ust o ut p ut
i n or d er t o r e a c h s o m e t ar g et  M S E is si g ni fi c a ntl y i n cr e as e d d u e
t o t h e u n c ert ai nt y i n t h e c arri er fr e q u e n c y of t h e si g n al of i nt er est.

T o t a c kl e t his s h ort c o mi n g of st a n d ar d  A D Cs, t his  w or k d e v el-
o ps a r o b ust ar c hit e ct ur e, b as e d o n t h e e m er gi n g  m o d ul o  A D C
fr a m e w or k,  w hi c h ef fi ci e ntl y e x pl oits t h e u n d erl yi n g str u ct ur e
of t h e i n p ut si g n al. Pr e vi o us  w or k [ 3] h as s h o w n t h at  w h e n t h e
st atisti cs of t h e si g n al t o b e a c q uir e d ar e k n o w n, or  w h e n its
p o w er s p e ctr al d e nsit y ( P S D) is at l e ast c o n fi n e d t o a p arti c ul ar
fr e q u e n c y i nt er v al k n o w n i n a d v a n c e,  m o d ul o  A D Cs att ai n
si g ni fi c a nt p erf or m a n c e g ai ns o v er st a n d ar d u nif or m  A D Cs.
H er e,  w e d e v el o p a n “ A G C e q ui v al e nt ”  m e c h a nis m f or  m o d ul o
A D Cs, t h at o b vi at es t h e n e e d f or pri or k n o wl e d g e of t h e si g n al’s
st atisti cs; S e e Fi g. 3.  T his  m e c h a nis m, t o g et h er  wit h s uit a bl y
d esi g n e d a d a pti v e filt eri n g, r es ults i n a bli n d m o d ul o  A D C,
w h os e p erf or m a n c e a p pr o a c h es t h at r e p ort e d i n [ 3] f or st ati o n ar y
si g n als  wit h k n o w n P S D.

Fi g. 2( b) d e pi cts t h e i nst a nt a n e o us s q u ar e d err or att ai n e d b y
t h e d e v el o p e d bli n d  m o d ul o  A D C ar c hit e ct ur e f or t h e si g n al
fr o m Fi g. 2( a). F or c o m p aris o n,  w e als o pl ot t h e s q u ar e d err or
att ai n e d b y a st a n d ar d u nif or m  A D C f or t h e s a m e si g n al. It is
ass u m e d t h at a p erf e ct  A G C is us e d f or t h e st a n d ar d  A D C, s u c h

t h at its d y n a mi c r a n g e is e q u al t o κ V ar( x n ) ,  w h er e { x n } is
t h e i n p ut si g n al, a n d κ is a c o n fi d e n c e p ar a m et er d et er mi ni n g t h e
o v erl o a d pr o b a bilit y.  T h e s a m e v al u e of κ is us e d f or b ot h t h e
st a n d ar d a n d t h e  m o d ul o  A D C s yst e ms, s u c h t h at t h e o v erl o a d
pr o b a biliti es f or t h e t w o s yst e ms ar e si mil ar. 1 F urt h er m or e, b ot h
t h e st a n d ar d a n d t h e bli n d  m o d ul o  A D C s yst e ms us e R = 4
bits p er s a m pl e. It is e vi d e nt t h at: (i)  T h e d e v el o p e d bli n d
m o d ul o  A D C ar c hit e ct ur e att ai ns a si g ni fi c a ntl y s m all er  M S E

1 T h e o v erl o a d e v e nt f or a  m o d ul o  A D C is t h e e v e nt t h at t h e pr e di cti o n
err or’s  m a g nit u d e e x c e e ds t h e d y n a mi c r a n g e, as  will b e e x pl ai n e d i n d et ail,
a n d e x pli citl y d e fi n e d i n t h e s e q u el.
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Fi g. 3.  A s c h e m ati c bl o c k di a gr a m of t h e bli n d  m o d- A D C e n c o d er- d e c o d er.  A bl o c k  wit h a di a g o n al arr o w r e pr es e nts a n a d a pti v e o p er ati o n ( e. g., filt eri n g).

t h a n t h e o n e att ai n e d b y a st a n d ar d  A D C; (ii) It q ui c kl y a d a pts t o
c h a n g es i n t h e c h ar a ct eristi cs of t h e i n p ut si g n als, as r e fl e ct e d b y
Fi g. 2( b); a n d (iii)  W hil e t h e a d diti o n of n arr o w b a n d i nt erf er ers
str o n gl y d e gr a d es t h e p erf or m a n c e of t h e st a n d ar d  A D C, t h e
M S E att ai n e d b y t h e bli n d  m o d ul o  A D C ar c hit e ct ur e is l ar g el y
u n aff e ct e d.

B.  R el at e d  W or k

T h e i d e a of usi n g  m o d ul o  A D Cs/ q u a nti z ers f or e x pl oiti n g
t e m p or al c orr el ati o ns  wit hi n a st ati o n ar y i n p ut pr o c ess t o w ar ds
r e d u ci n g t h e q u a nti z ati o n r at e R , d at es b a c k, at l e ast, t o [ 6],
w h er e a q u a nti z ati o n s c h e m e, c all e d  m o d ul o- P C M,  w as i ntr o-
d u c e d.  U n d er t h e s o c all e d “ hi g h-r es ol uti o n ” ass u m pti o n,  w hi c h
r estri cts t h e q u a nti z ati o n’s err or P S D t o b e  m u c h s m all er t h a n
t h at of t h e si g n al f or all fr e q u e n ci es [ 7], t h e a n al ysis i n [ 6]
h as s h o w n t h at t his s c h e m e c a n att ai n dist orti o n al m ost as
s m all as t h e f u n d a m e nt al i nf or m ati o n t h e or eti c l o w er b o u n ds.
U nf ort u n at el y, t h e “ hi g h-r es ol uti o n ” ass u m pti o n br e a ks d o w n
c o m pl et el y f or pr o c ess es  w h os e P S D f u n cti o n is n ot s u p p ort e d
o n t h e e ntir e s p e ctr u m. S u c h pr o c ess es i n cl u d e, f or e x a m pl e,
t h e pr o c ess fr o m Fi g. 2( a), as  w ell as a n y o v ers a m pl e d pr o c ess.
T o t h at e n d, b uil di n g o n [ 7], a diff er e nt  m o d ul o u n wr a p pi n g
al g orit h m  w as d e v el o p e d i n [ 3], a n d t h e r es ulti n g  m o d ul o  A D C
s yst e m  w as s h o w n t o att ai n dist orti o n cl os e t o t h e f u n d a m e nt al
i nf or m ati o n t h e or eti c l o w er b o u n ds, e v e n f or pr o c ess es f or  w hi c h
t h e “ hi g h-r es ol uti o n ” ass u m pti o n f ails. F urt h er m or e, r el yi n g o n
t h e u n wr a p pi n g t e c h ni q u es d e v el o p e d i n [ 8], a  m o d ul o  A D C
fr a m e w or k a c c o m p a ni e d b y a n u n wr a p pi n g al g orit h m  w as d e-
v el o p e d f or v e ct or pr o c ess es, t h at ar e c orr el at e d i n b ot h s p a c e
a n d ti m e. Fi n all y [ 3] als o d e v el o p e d a n ar c hit e ct ur e f or a ri n g-
os cill at ors- b as e d cir c uit i m pl e m e nti n g a  m o d ul o  A D C.

It s h o ul d b e n ot e d t h at t h e r es ults  m e nti o n e d a b o v e r el y o n
c o m pl et e k n o wl e d g e of t h e st atisti c al l a w g o v er ni n g t h e i n p uts
t o t h e  A D Cs,  wit h t h e e x c e pti o n of t h e r es ult i n [ 3], S e cti o n III],
w hi c h is r o b ust, b ut is of a  mi ni m a x n at ur e, i n c o ntr ast t o t h e
p oi nt wis e o pti m alit y  w e s e e k h er e. F or t h e c as e of t e m p or all y
u n c orr el at e d v e ct or pr o c ess es,  R o m a n o v et al. [ 9] d e v el o p e d a
bli n d u n wr a p pi n g al g orit h m  w hi c h a c hi e v es p erf or m a n c e cl os e
t o t h at of a n i nf or m e d u n wr a p pi n g al g orit h m, f ull y a w ar e of t h e
st atisti cs.  W hil e a st ati o n ar y pr o c ess i n ti m e c a n b e tr e at e d as a
v e ct or pr o c ess i n hi g h di m e nsi o ns, t h e s c ali n g of t h e s a m pl e
c o m pl e xit y of t h e al g orit h m fr o m [ 9] r e n d ers it pr o hi biti v e
f or t h e bli n d  m o d ul o  A D C pr o bl e m of ti m e pr o c ess es u n d er
c o nsi d er ati o n i n t his  w or k.

T h e li n e of r es e ar c h d es cri b e d a b o v e c o nsi d ers t h e i m pr o v e-
m e nt  m o d ul o  A D Cs off er o v er st a n d ar d  A D Cs i n t er ms of t h e
tr a d e- off b et w e e n q u a nti z ati o n r at e a n d  M S E dist orti o n.  T h e
c urr e nt p a p er c o nti n u es t his li n e of  w or k.  A n ot h er li n e of  w or k
w hi c h h as r e c ei v e d att e nti o n r e c e ntl y is t h at of t h e s o- c all e d “ u n-
li mit e d s a m pli n g ”.  U n d er t h e u nli mit e d s a m pli n g fr a m e w or k,
t h e q u a nti z ati o n n ois e is us u all y n ot a c c o u nt e d f or, a n d t h e f o c us
is o n c h ar a ct eri zi n g t h e c o n diti o ns  w hi c h g u ar a nt e e t h at a si g n al
c a n b e r e c o nstr u ct e d fr o m its f ol d e d v ersi o n [ 1 0], [ 1 1], [ 1 2],
[ 1 3]. I n p arti c ul ar, it  w as s h o w n t h at u n d er  mil d c o n diti o ns,
a c o nti n u o us ti m e b a n dli mit e d si g n al c a n b e r e c o v er e d fr o m
its  m o d ul o r e d u c e d s a m pl es, pr o vi d e d t h at t h e s a m pli n g r at e
e x c e e ds  N y q uist’s r at e [ 1 2], [ 1 4], [ 1 5], r e g ar dl ess of t h e  m o d ul o
si z e. S o m e of t h e  m or e r e c e nt  w or k o n u nli mit e d s a m pli n g [ 1 6],
[ 1 7] d o es t a k e q u a nti z ati o n n ois e i nt o a c c o u nt, b ut a d o pts a
w orst- c as e  m o d el f or t h e i n p ut si g n al ( o v er a pr e d e fi n e d cl ass
of si g n als),  w h er e as h er e  w e  m o d el t h e i n p ut si g n al t o t h e  A D C
as a st o c h asti c pr o c ess, a n d a c c or di n gl y, a n al y z e t h e st atisti c al
b e h a vi or of t h e  M S E.

C.  C o ntri b uti o ns

I n li g ht of all t h e a b o v e, it is cl e ar t h at a si g ni fi c a nt st e p
t o w ar ds r e ali zi n g t h e  m o d ul o  A D C t e c h n ol o g y is b y d e v el o pi n g
t h e al g orit h mi c fr a m e w or k,  w hi c h  will pr o vi d e t h e ess e nti al
r o b ust n ess  wit h r es p e ct t o diff er e nt t y p es of si g n als a n d
d y n a mi c e n vir o n m e nts.  H e n c e o ur  m oti v ati o n is d e v el o pi n g
a n ar c hit e ct ur e  wit h t h e a p pr o pri at e al g orit h mi c fr a m e w or k,
w hi c h o n o n e h a n d  will b e a bl e t o a d a pt q ui c kl y t o c h a n g es
r e fl e ct e d i n t h e t e m p or al str u ct ur e of t h e i n p ut si g n al, a n d o n t h e
ot h er h a n d  will still pr o vi d e r eli a bl e a n d st a bl e hi g h-r es ol uti o n
a n al o g-t o- di git al c o n v ersi o n.

I n or d er t o a p pr e ci at e o ur c o ntri b uti o ns, it is i nstr u cti v e t o
c o nsi d er t h e tr a d e- offs e x hi bit e d b y s e v er al  A D C ar c hit e ct ur es,
as s u m m ari z e d i n  Ta bl e I.  T h e t a bl e c o m p ar es b et w e e n a st a n d ar d
A D C, a st a n d ar d  A D C  wit h  A G C, a n i nf or m e d  m o d ul o  A D C as
d es cri b e d i n [ 3], a n d t h e bli n d  m o d ul o  A D C ar c hit e ct ur e  w e
d e v el o p h er e.  We c o m p ar e t h e f o ur s ol uti o ns i n t er ms of t h e
st atisti c al k n o wl e d g e t h e y r e q uir e, a n d t h eir p erf or m a n c e g u ar-
a nt e es.  T o si m plif y t h e e x p ositi o n, s u p p os e, f or e x a m pl e, t h at
t h e i n p ut t o t h e  A D C { x n } is a z er o- m e a n st ati o n ar y  G a ussi a n
pr o c ess,  wit h a ( p ossi bl y u n k n o w n) P S D.

A st a n d ar d ( u nif or m)  A D C h as a fi x e d d y n a mi c r a n g e. I n or d er
f or o v erl o a d e v e nts t o b e r ar e, s u c h t h at t h e  A D C is us u all y n ot
s at ur at e d, t h e d y n a mi c r a n g e  m ust b e gr e at er t h a n t h e st a n d ar d

A ut h ori z e d li c e n s e d u s e li mit e d t o: MI T Li br ari e s. D o w nl o a d e d o n O ct o b er 1 7, 2 0 2 2 at 2 1: 2 4: 1 8 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y.  



W EI S S et al.:  B LI N D  M O D U L O  A N A L O G- T O- DI GI T A L  C O N V E R SI O N 4 5 8 9

T A B L E I
C O M P A RI S O N  O F S T A N D A R D  A N D M O D U L O A D C S W I T H  A N D W I T H O U T S I D E

IN F O R M A TI O N ( SI) F O R S T A TI O N A R Y G A U S SI A N P R O C E S S E S IN P U T S I G N A L S

d e vi ati o n of { x n } , d e n ot e d b y σ x , b y s o m e c o nst a nt f a ct or.  T h us,
i n t h e d esi g n of t h e e n c o d er a n d d e c o d er, it is i m pli citl y ass u m e d
t h at ( a n u p p er b o u n d o n) σ x i s k n o w n.  T h e st a n d ar d  A D C c a n n ot
e x pl oit a n y “ m e m or y ” i n t h e pr o c ess { x n } , b ut f or a n i.i. d.
pr o c ess it att ai ns a r at e- dist orti o n tr a d e- off  w hi c h is q uit e cl os e
t o t h e f u n d a m e nt al i nf or m ati o n t h e or eti c li mits, c h ar a ct eri z e d
b y t h e r at e- dist orti o n f u n cti o n of t h e s o ur c e [ 1 8].  T h us, it is
n e ar  mi ni m a x o pti m al  wit h r es p e ct t o t h e cl ass of all P S Ds  wit h
v ari a n c e σ 2

x .  A st a n d ar d  A D C  wit h a n  A G C a ut o m ati c all y a d a pts
its d y n a mi c r a n g e t o σ x , a n d d o es n ot r e q uir e pri or k n o wl e d g e of
it.  C o ns e q u e ntl y, it att ai ns n e ar  mi ni m a x o pti m alit y f or t h e cl ass
of all P S Ds  wit h v ari a n c e σ 2

x , si m ult a n e o usl y f or all v al u es of σ 2
x .

T h e i nf or m e d  m o d ul o  A D C fr o m [ 3] r e q uir es t h e e n c o d er t o
s et t h e  m o d ul o si z e ( or t h e si g n al s c ali n g) a p pr o pri at el y,  w hi c h
r e q uir es k n o wl e d g e of t h e v ari a n c e of t h e i n n o v ati o n pr o c ess
(i. e., t h e err or pr o c ess d u e t o o pti m al pr e di cti o n).  T h e d e c o d er
r e q uir es k n o wl e d g e of t h e e ntir e P S D i n or d er t o c o m p ut e
t h e c o ef fi ci e nts of t h e o pti m al pr e di cti o n filt er it us es. It  w as
s h o w n [ 3] t h at f or i n p ut pr o c ess es of fi nit e diff er e nti al e ntr o p y
r at e, t h e r at e- dist orti o n tr a d e- off t his ar c hit e ct ur e att ai ns is n e ar
o pti m al, as t h e q u a nti z ati o n r at e i n cr e as es.

Cl e arl y, a c o m m er ci al  A D C c a n n ot b e d esi g n e d u n d er t h e
ass u m pti o n t h at t h e i n n o v ati o n v ari a n c e a n d t h e e ntir e P S D of t h e
i n p ut pr o c ess is k n o w n i n a d v a n c e. I n t his p a p er,  w e cl os e t his g a p
a n d d e v el o p t h e bli n d  m o d ul o  A D C ar c hit e ct ur e t h at  m a k es n o
ass u m pti o ns o n t h e i n p ut pr o c ess i n t h e d esi g n of t h e e n c o d er a n d
t h e d e c o d er, b ut n e v ert h el ess att ai ns t h e s a m e as y m pt oti c p erf or-
m a n c e as t h e  m o d ul o  A D C ar c hit e ct ur e fr o m [ 3]. I n p arti c ul ar,
o ur d e v el o p e d ar c hit e ct ur e as y m pt oti c all y n e arl y att ai ns t h e o p-
ti m al r at e- dist orti o n tr a d e- off si m ult a n e o usl y f or all pr o c ess  wit h
a fi nit e diff er e nti al e ntr o p y r at e.  T h e bli n d  m o d ul o  A D C s c h e m e
w e d e v el o p h er e a d a pts t h e  m o d ul o si z e / si g n al s c ali n g at t h e e n-
c o d er a c c or di n g t o t h e ass o ci at e d i n n o v ati o n v ari a n c e of t h e i n-
p ut pr o c ess.  N ot e t h at t his t as k is c o nsi d er a bl y  m or e c h all e n gi n g
t h a n t h at of a n  A G C i n a st a n d ar d  A D C, si n c e esti m ati n g t h e i n-
n o v ati o n v ari a n c e is  m or e i n v ol v e d t h a n esti m ati n g t h e v ari a n c e
its elf.  M or e o v er, t h e d e c o d er i n a bli n d  m o d ul o  A D C is i m pli citl y
esti m ati n g t h e n e c ess ar y S O Ss (f or  m e a ns of o pti m al pr e di cti o n)
b e y o n d  m er el y v ari a n c e, i. e., cr oss c orr el ati o ns b et w e e n p ast a n d
pr es e nt s a m pl es. F urt h er m or e, t h e d e c o d er bli n dl y u n wr a ps t h e
q u a nti z e d si g n al fr o m t h e  m o d ul o  m e as ur e m e nts.

O ur t w o  m ai n c o ntri b uti o ns i n t his  w or k ar e t h e f oll o wi n g:
A d a pti v e  Al g orit h m f or  Bli n d  M o d ul o  U n wr a p pi n g: We
pr o p os e a f e e d b a c k s ol uti o n al g orit h m f or a  m o d ul o  A D C
e n c o d er- d e c o d er,  w hi c h bli n dl y u n wr a ps t h e  m o d ul o f ol d-
i n g of t h e i n p ut si g n al.  T h at is, o ur al g orit h m d o es n ot
us e pri or k n o wl e d g e o n t h e t e m p or al str u ct ur e (i. e., t h e

a ut o c orr el ati o n f u n cti o n) of i n p ut si g n al.  N e v ert h el ess,
usi n g t h e l e ast  m e a n s q u ar es ( L M S) al g orit h m [ 1 9],  w e
ar e a bl e t o l e ar n ( o nl y) t h e r e q uir e d S O Ss,  w hi c h all o w us
t o e x pl oit t h e u n k n o w n t e m p or al str u ct ur e, a n d gr a d u all y
i n cr e as e t h e r es ol uti o n of t h e  m o d ul o  A D C.  C o ns e q u e ntl y,
o ur d e v el o p e d bli n d  m o d ul o  A D C ar c hit e ct ur e is  m or e
r o b ust a n d pr a cti c al t h a n t h e o n e pr o p os e d i n [ 3],  w hi c h
is d esi g n e d b as e d o n s u c h pri or k n o wl e d g e.
As y m pt oti c  Perf or m a n c e  A n al ysis of t h e  Bli n d  M o d ul o
A D C  Ar c hit e ct ur e: We a n al y z e t h e as y m pt oti c p erf or-
m a n c e of t h e d e v el o p e d al g orit h m i n t er ms of t h e att ai n a bl e
r es ol uti o n.  We d eri v e a n d pr es e nt a n i nsi g htf ul cl os e d-
f or m e x pr essi o n f or t h e  M S E dist orti o n,  w hi c h n ot o nl y
f or e c asts t h e b est att ai n a bl e p erf or m a n c e u n d er t h e s p e c-
i fi e d c o n diti o ns ( di ct at e d b y t h e s yst e m p ar a m et ers), b ut
als o i nt uiti v el y e x pl ai ns t h e f u n d a m e nt al a c c ur a c y-st a bilit y
tr a d e- off i n h er e nt t o t h e bli n d n at ur e of t h e pr o bl e m u n d er
c o nsi d er ati o n.  M or e o v er, a st e a d y st at e d et e ct or n at ur all y
st e ms fr o m t his a n al ysis, all o wi n g us t o esti m at e t h e ti m e at
w hi c h t h e a d a pti v e pr o c ess c a n b e (l o c all y) p a us e d.  C o ns e-
q u e ntl y, t h e st a bilit y of t h e pr o p os e d  m et h o d is i n cr e as e d,
a n d as a ( p ositi v e) b y pr o d u ct, t h e o v er all c o m p ut ati o n al
l o a d is r e d u c e d.

D.  P a p er  Or g a niz ati o n

T h e r est of t h e p a p er is or g a ni z e d as f oll o ws.  T h e r e m ai n d er
of t his s e cti o n is d e v ot e d t o a s h ort o utli n e of o ur n ot ati o ns.
S e cti o n II is d e v ot e d t o a bri ef r e vi e w of t h e  m o d ul o  A D C fr a m e-
w or k pr e vi o usl y pr es e nt e d i n [ 3], s etti n g t h e pr e mis es f or t h e
c urr e nt  w or k. I n S e cti o n III  w e f or m ul at e t h e pr o bl e m of bli n d
m o d ul o  A D C.  O ur pr o p os e d a d a pti v e s ol uti o n al g orit h m is pr e-
s e nt e d i n S e cti o n I V,  w h er e  w e d eri v e t h e diff er e nt al g orit h mi c
c o m p o n e nts, dis c uss k e y s yst e m p ar a m et ers, tr a d e- offs, a n d t h e
as y m pt oti c p erf or m a n c e. Si m ul ati o n r es ults, c orr o b or ati n g o ur
a n al yti c al d eri v ati o n, ar e pr es e nt e d i n S e cti o n  V, a n d c o n cl u di n g
r e m ar ks ar e gi v e n i n S e cti o n  VI.

E.  N ot ati o ns

We us e x a n d x f or a s c al ar a n d a c ol u m n v e ct or, r es p e cti v el y.
T h e s u p ers cri pt (·) T d e n ot es t h e tr a ns p ositi o n.  We us e 1 A t o
d e n ot e t h e i n di c at or f u n cti o n of t h e e v e nt A , n a m el y 1 A = 1 if A
is tr u e, a n d 1 A = 0 ot h er wis e. E [·] a n d V ar( ·) d e n ot e e x p e ct ati o n
a n d v ari a n c e, r es p e cti v el y,  Tr (·) d e n ot es t h e tr a c e o p er at or, a n d

x n ∞
N

s u p n ∈ { 1 ,..., N } |x n |. We us e t o d e n ot e a n esti m at or,
e. g., x is a n esti m at or of x .

II.  RE VI E W  O N  A M O D U L O A D C

I n t his s e cti o n,  w e bri e fl y r e vi e w t h e  m o d ul o  A D C ( e n c o di n g-
d e c o di n g) al g orit h m pr e vi o usl y pr o p os e d i n [ 3] f or s c al ar st a-
ti o n ar y pr o c ess es.  As o ur pr o p os e d bli n d  m et h o d r eli es o n s o m e
si mil ar f u n d a m e nt al c o n c e pts, it is i nstr u cti v e t o r e vi e w t h e
“i nf or m e d ” al g orit h m,  w hi c h is d es cri b e d b el o w.

F or a p ositi v e n u m b er Δ ∈ R + ,  w e d e fi n e

[x ] m o d Δ x − Δ ·
x

Δ
∈ [ 0, Δ) , ∀ x ∈ R ,

as t h e [·] m o d Δ o p er at or,  w h er e x is t h e fl o or o p er ati o n,
w hi c h r et ur ns t h e l ar g est i nt e g er s m all er t h a n or e q u al t o x . A n
R - bit  m o d ul o  A D C  wit h r es ol uti o n p ar a m et er α , t er m e d (R,  α )
m o d- A D C, pr o d u c es its o ut p ut b y first c o m p uti n g

[x ]R, α [ α x ] m o d 2R ∈ { 0 , 1 , . . . , 2 R − 1 } , ( 1)

A ut h ori z e d li c e n s e d u s e li mit e d t o: MI T Li br ari e s. D o w nl o a d e d o n O ct o b er 1 7, 2 0 2 2 at 2 1: 2 4: 1 8 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y.  
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and then producing the binary representation of (1). A schematic
illustration of the mod-ADC is given in Fig. 1.
Notice that when writing [x]R,α as

[x]R,α = [αx+ (�αx� − αx)︸ ︷︷ ︸
�z̃

] mod 2R = [αx+ z̃] mod 2R,

we identify z̃ ∈ (−1, 0] as the quantization error of a uniform
scalar quantizer [20]. Although z̃ is a deterministic function ofx,
this quantization error can be modeled quite accurately as addi-
tive random uniform noise. For details on the justification of this
(standard) assumption by using subtractive dithers [21], Ch. 4],
see [3], Section II]. We note, however, that in addition to the fact
that the mild conditions underlying this modeling assumption
are generally satisfied in our setting, the simulation results in
Section V also demonstrate that it is a good approximation to
the true nature of the quantization error. Under this assumption,
an (R,α) mod-ADC is viewed as a stochastic channel, whose
output y for an input x is given by

y = [αx+ z] mod 2R,

where z ∼ Unif((−1, 0]). Obviously, since the modulo opera-
tion is a form of lossy compression, it is generally impossible
to recover the unfolded signal αx+ z from its folded version
y = [αx+ z] mod 2R. Nevertheless, under relatively mild con-
ditions, when the input signal is “temporally-predictable” to
a sufficient degree, e.g., a correlated random process [3] or a
deterministic bandlimited signal [10], [14], it is in fact possible
to perfectly recover the unfolded signal2 from its past samples
and its current folded sample via causal processing.
More specifically, consider an (R,α) mod-ADC whose

input signal xn is a zero-mean stationary random process,
with a known autocorrelation functionRx[�] � E[xnxn−�] ∈ R,
whose one-sided support is assumed to be at least of (discrete)
length p ∈ N+. The output of the mod-ADC is given by

yn = [αxn + zn] mod 2R, ∀n ∈ N+,

where {zn ∼ Unif((−1, 0])}, modeling the quantization noise,
is an independent, identically distributed (i.i.d.) stochastic pro-
cess. Further, define the unfolded quantized signal,

vn � αxn + zn, ∀n ∈ N+,

and assume that the decoder has access to {vn−1, . . . , vn−p},
which is equivalent to assuming that the lastp samples of ynwere
correctly decoded. This can be achieved, for example, by proper
initialization with a sufficiently small resolution parameter α, a
notion that will also be used as part of our proposed method. For
additional justifications of this assumption, see [3], Section II-
A. Note that once vn is recovered, xn is readily estimated as

x̂n =
vn+

1
2

α . Thus, the focus is on recovering vn from yn and
vn � [vn−1 · · · vn−p]

T ∈ R
p×1.

The decoding algorithm proposed in [3] for recovering vn
w.h.p. when Rx[�] is known, here referred to as oracle modulo
unfolding, is given in Algorithm 1. The main idea behind the
prescribed technical steps is the following. Every number γ ∈
R

+ (similarly for γ ∈ R
−) can be represented as

γ = (∆ +∆+ . . .+∆︸ ︷︷ ︸
Kγ∈N+ times

) + [γ] mod ∆︸ ︷︷ ︸
�εγ

= Kγ∆+ εγ , (2)

2With high probability (w.h.p.) for random signals, and to an arbitrary
precision for deterministic bandlimited signals (“w.h.p.” in the sense that the
probability of prefect recovery can be made arbitrarily large by increasing R).

Algorithm 1: Oracle Modulo Unfolding
v̂oracle,n = ModUnfold(yn,vn, Rx[�], α,R).

Input: yn,vn, Rx[�], α,R Output: v̂oracle,n
1 Compute the linear minimum MSE (LMMSE) predictor of

vn based on vn

v̂pLMMSE,n = hT
opt

(
vn + 1

21
)− 1

2 , (3)

where hopt ∈ R
p×1 is the length-p finite impulse response

(FIR) filter yielding the LMMSE predictor, computed
based on Rx[�], and the shifts are to compensate for the
non-zero mean E[zn] = − 1

2 ;
2 Compute

wLMMSE,n= [yn − v̂pLMMSE,n] mod 2R,

êp
LMMSE,n�

([
wLMMSE,n + 1

22
R
]
mod 2R

)− 1
22

R;

3 Return v̂oracle,n = v̂pLMMSE,n + êp
LMMSE,n.

where, intuitively, Kγ and εγ correspond to coarse and fine
information, respectively, in the “∆-representation” (2). The
mod-ADC records only the fine information εγ in γ. Hence,
for perfect reconstruction, only Kγ is required (assuming ∆ is
known). Conceptually, this means that as long as an estimator
of vn (possibly linear) has a minimal accuracy level, such that
its residual estimation error lie in [0,∆), Kγ can be recovered,
which, in turn, means that vn can be perfectly recovered.

An elaborate analysis of Algorithm 1 is provided in [3],
wherein analytical performance guarantees are derived in the
form of upper bounds on the probability of the overload event,
which inflicts v̂n 	= vn, and is defined as

E∗
OLn

�
{∣∣epLMMSE,n

∣∣ ≥ 1
22

R
}
=
{
êp
LMMSE,n 	= epLMMSE,n

}
, (4)

where epLMMSE,n � vn − v̂pLMMSE,n, and on the conditional MSE,

D � E

[
(xn − x̂n)

2|E∗
OLn

]
. (5)

Specifically, it was shown that [3, Proposition 1],

Pr
(E∗

OLn

) ≤ 2 exp
{
− 3

22
2(R− 1

2 log2(12σ
2
LMMSE,p))

}
,

D ≤ [12α2
(
1− Pr

(E∗
OLn

))]−1
, (6)

where σ2
LMMSE,p � E[(epLMMSE,n)

2] is the MSE of the LMMSE
predictor based on the previous p samples, as in (3).
Algorithm1, alongwith its information-theoretic analysis [3],

provide strong evidence regarding the potential feasibility and
merits of mod-ADCs, which are attractive for approaching the
minimal number of raw output bits per sample, for a given
sampling frequency fs and a prespecified distortion level D.

Yet, devices such as ADCs usually operate under dynamic
conditions, giving rise to a wide range of possible inputs with
unknown characteristics, and must still maintain proper op-
eration. Therefore, one significant step towards implementing
mod-ADCs for real-life applications can be made by relaxing
the (sometimes too restrictive) assumption that Rx[�] is known.
We take this significant step in the next sections.

III. PROBLEM FORMULATION

Consider an (R,αn) mod-ADC as described in the previous
section, with a fixed modulo range ∆ = 2R, but an adaptable,
possibly time-varying resolution parameterαn ∈ R

+. Themod-
ADC is fed with the input discrete-time signal {xn � x(nTs) ∈

Authorized licensed use limited to: MIT Libraries. Downloaded on October 17,2022 at 21:24:18 UTC from IEEE Xplore.  Restrictions apply. 
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R}n∈N+ , acquired by sampling the analog, continuous-time
signal x(t) every Ts = f−1

s seconds. We assume that xn is
a zero-mean stationary stochastic process with an unknown
autocorrelation functionRx[�] � E[xnxn−�]. The observed, dis-
torted signal at the output of the mod-ADC reads

yn = [αnxn + zn] mod 2R, ∀n ∈ N+, (7)

where the quantization noise process {zn ∼ Unif((−1, 0])} is
i.i.d. Further, we redefine the unfolded quantized signal,

vn � αnxn + zn, ∀n ∈ N+, (8)

which, in general, is no longer stationary. Nonetheless, whenαn

is held fixed on a specific time interval, then vn can be regarded
as stationary on that particular interval.
The primary goal in this context is to estimate the input signal

xn as accurately as possible based on the observed sequence
{yn} at the output of the mod-ADC using a causal system. How-
ever, since vn is merely a scaled version of xn contaminated by
white noise (8), the problem essentially boils down to recovering
vn, and is stated concisely as follows.

Problem Statement: For a fixed number of bitsR, de-
sign an adaptive mechanism for estimating {xn} from
the output of the mod-ADC with the lowest possible
MSE distortion, without prior knowledge on Rx[�].

An interpretation of this problem statement is to design an
update mechanism for maximizing the resolution parameter αn,
while still allowing for reliable recovery of vn from {yk}k≤n,
and design the recovery mechanism.
As explained in Section II, provided vn is exactly recovered

w.h.p., i.e., v̂n
w.h.p.
= vn, the input signal is readily estimated as

x̂n �
v̂n + 1

2

αn
, (9)

where αn is a known system parameter, and 1
2 is to compensate

for the quantization noise (non-zero) expectation E[zn] = − 1
2 .

IV. BLIND MODULO ADC CONVERSION

In this section, we present the blind mod-ADC algorithm,
which simultaneously estimates the input signal xn and per-
forms online learning of the (possibly time-varying) SOSs of
the unfolded quantized signal (8), necessary for estimation of
xn. We note that a key characterizing quantity of interest, to be
used at some parts of the following derivation, is the ratio

Mn � ∆

αn
=

2R

αn
∈ R

+, (10)

dubbed the effective modulo range, rather than ∆ or αn indi-
vidually. Although theoreticallyMn could be adapted by fixing
the resolution parameter and adapting the modulo range, due
to practical considerations in the actual implementation of the
modulo operation, we keep ∆ fixed, and vary the resolution
parameter αn. This mechanism can be realized by changing the
gain of the input xn before feeding it to the mod-ADC.
The structure of the proposed blind mod-ADC is depicted in

Fig. 3. Note that, in contrast to an informed mod-ADC (cf. Fig.
3 in [3]), here both the encoder and decoder are adaptive, and
vary with time according to the statistical properties of the input
signal. The price paid for the expected robustness we enjoy by
using the blind mod-ADC is mainly in the form of an adaptive
filter, rather than a pre-defined, constant one.
The underlying concept of our approach is the following.

For a fixed resolution parameter αn, given that at any time

instance n the unfolded signal vn can be exactly recovered, we
may estimate the optimal length-p FIR filterhopt, corresponding
to the optimal LMMSE predictor of vn based on the last con-
secutive p samples {vn−1, . . . , vn−p}. This can be done, e.g.,
using the celebrated LMS algorithm [19], which converges3

to hopt. Upon convergence, the resolution parameter αn can
be slightly increased, and as long as the prediction error of
the linear causal prediction—currently no longer optimal—is
sufficiently small, vn could still be recovered using the same
technique as in Algorithm 1. Now, fixing αn again to its new
value, the FIR filter can be adapted again to the optimal one
using the LMS algorithm. The process is repeated until a certain
level of effective modulo range is attained. This level, reflecting
the desired trade-off between the MSE distortion D (5) and
the probability of an overload event E∗

OLn
(4), will be later on

discussed in detail.
Intuitively, and informally, only appropriate initial conditions

and sufficiently smooth transitions from one resolution level
to another are required for convergence of the above adaptive
process. Conceptually, once these are fulfilled, we attain suc-
cessful steady state operation of a blind mod-ADC (i.e., Rx[�]
unknown), in the desired effective modulo range.
Fortunately, with careful attention to more, important and

relevant, details, this idea can be realized, and is rigorously
described as our algorithm in the following subsections.

A. Phase 1: Initialization

Webeginwith a “small” initial value for the resolution param-
eter,α0 (equivalently,M0 = 2R/α0), that ensures an essentially
degenerated modulo operation, i.e., ỹn = vn, where

ỹn �
([

yn +
1

2
2R
]
mod 2R

)
− 1

2
2R, (11)

such that ỹn is the “modulo-shifted” version of yn. Note that,
sincexn is zero-mean, yn actually undergoes amodulo operation
quite often (roughly half of the time when Pr(xn < 0) = 0.5).
However, this is not an essential modulo due to a large amplitude
of the input αnxn, and is merely due to the fact that the dynamic
range under consideration is [0, 2R), rather than [− 1

22
R, 1

22
R).

Nevertheless, we stick to this formulation as it more accurately
describes the actual realization of our proposed method. For
purposes that will become clear in the sequel, we further define
for convenience

vn �
vn + 1

2

αn
= xn +

zn + 1
2

αn
, (12)

the “αn-standardized” version of vn. Note that (12) still depends
on the resolution parameter αn. However, since

E [vn] = E [xn] +
E[zn]+

1
2

αn
= 0,

E
[
v2n
]
= E

[
x2
n

]
+

E

[
(zn+ 1

2 )
2
]

α2
n

� σ2
x + 1

12α2
n
, (13)

when αn is sufficiently large, the variance of vn is dominated
by σ2

x, and can be considered to be approximately independent
of the system parameter αn for certain needs. Of course, during
the initialization phase, this is (still) not the case.
Assuming that ỹn = vn as long as αn = α0 is fixed, the

optimal length-p FIR filter for prediction of vn (8) based on
vn � [vn−1 · · · vn−p]

T ∈ R
p×1 (12), which is merely a shifted-

scaled version of vn, can be estimated with the LMS algorithm

3In the mean sense, under mild conditions stated explicitly in the sequel.
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Al g o rit h m 2:  Bli n d  M o d ul o  U nf ol di n g

v n , v p
n = Bli n d M o d U nf ol d (y n , v n , h n , R).

I n p ut: y n , v n , h n , R O ut p ut: v n , v p
n

1 C o m p ut e t h e li n e ar pr e di ct or of v n b as e d o n v n

v p
n h

T

n v n − 1
2 , ( 1 4)

w h er e t h e s hift is t o c o m p e ns at e f or E [v n ] = 1
2 ( 8);

2 C o m p ut e

w n = [ y n − v p
n ] m o d 2R ,

e p
n = w n + 1

2 2 R m o d 2 R − 1
2 2 R ; ( 1 5)

3 R et ur n v n v p
n + e p

n , v p
n .

u si n g t h e f oll o wi n g u p d at e e q u ati o n [ 1 9],

h n = h n − 1 + μ · v n e p
n . ( 1 6)

H er e, h n i s t h e FI R filt er us e d i n  Al g orit h m 2 f or t h e r e c o v er y
of v n , μ is t h e l e ar ni n g r at e ( or st e p si z e), a n d

e p
n v n − v p

n ( 1 7)

is t h e pr e di cti o n err or of t h e li n e ar pr e di ct or v p
n a s i n ( 1 4). It

s h o ul d b e e m p h asi z e d t h at, i n pr a cti c e,  w e n e v er h a v e a c c ess
t o t h e tr u e err or e p

n , b ut o nl y t o e p
n , d e fi n e d i n ( 1 5).  H o w e v er,

f or si m pli cit y of t h e e x p ositi o n4 , a n d as  m e nti o n e d a b o v e,  w e
ass u m e t h at y n = v n ,  w hi c h  m e a ns t h at e p

n = e p
n , d uri n g t h e

e ntir e i niti ali z ati o n p h as e, h e n c e e p
n a p p e ars i n ( 1 6).

I n a d diti o n, r at h er t h a n usi n g { v n } ( 8),  w e us e t h e “α n -
st a n d ar di z e d ” pr o c ess { v n } as t h e o bs er v ati o ns i n ( 1 4), si n c e
as t h e a d a pti v e pr o c ess e v ol v es a n d α n i n cr e as es, t h e S O Ss of
v n gr a d u all y b e c o m e l ess aff e ct e d b y α n ( 1 3).  T his all e vi at es
t h e esti m ati o n (/l e ar ni n g) of t h e o pti m al filt er c o ef fi ci e nts, as
e x pl ai n e d i n d et ail i n  A p p e n di x  A.

A dis c ussi o n o n t h e c o n v er g e n c e of t h e  L M S al g orit h m,
as  w ell as h o w t o c h o os e t h e a p pr o pri at e st e p si z e μ w hi c h
g u ar a nt e es t his c o n v er g e n c e,  will b e gi v e n i n S u bs e cti o n I V- D.
F or n o w, ass u m e t h at μ is c h os e n s o as t o e ns ur e t h at [ 2 2],

α n = α 0 : li m
n → ∞

E h n = h o pt , ( 1 8)

w h er e h o pt i s t h e o pti m al l e n gt h-p filt er c orr es p o n di n g t o t h e
or a cl e  L M M S E pr e di ct or, a f u n cti o n of α n = α 0 a n d R x [ ].

As a n i nt er m e di at e s u m m ar y f or t h e i niti ali z ati o n,  w e h a v e:

Aft er e n o u g h it er ati o ns, si n c e  w e ass u m e t h at α 0 i s s uf fi ci e ntl y
s m all t o e ns ur e t h at v n = v n f or e v er y n d uri n g i niti ali z ati o n,

w hi c h gi v es us a c c ess t o e p
n ( 1 7), t h e filt er h n will a p pr o xi m at el y

c o n v er g e t o a n u n bi as e d esti m at e of h o pt , as i n ( 1 8).  Ass u mi n g

4 T h e i niti al r es ol uti o n p ar a m et er α 0 c a n b e c h os e n s u c h t h at P r ( e p
n = e p

n )
i s ar bitr aril y cl os e t o 1. It c a n e v e n b e e x a ctl y e q u al t o 1 i n c as e s o m e ( p ossi bl y
p arti al) k n o wl e d g e a b o ut t h e s u p p ort of x n i s a v ail a bl e.  At a n y r at e,  w e t o u c h
u p o n a n d h a n dl e t his as p e ct  m or e a c c ur at el y i n t h e n e xt s u bs e cti o n.

t h e l e ar ni n g r at e μ is s uf fi ci e ntl y s m all, t h e  M S E of v p
n will a p-

pr o xi m at el y c o n v er g e t o t h e  M S E of v p
L M M S E , n ( wit h α n r e pl a ci n g

α , a c c or di n g t o t h e d e fi niti o n ( 8)),

∃ N 0 : ∀ n > N 0 : E (e p
n ) 2 ≈

μ 1
σ 2

L M M S E , p .

A c c or di n gl y, o n c e E [(e p
n ) 2 ] i s cl os e e n o u g h t o σ 2

L M M S E , p , b y virt u e
of ( 6), a n o v erl o a d  will n ot o c c ur  w. h. p., n a m el y,

Pr ( E O L n
) P r |e p

n | ≥ 1
2 2 R ≈ P r E ∗

O L n
, ( 1 9)

w h er e E ∗
O L n

( 4) r ef ers t o t h e o v erl o a d e v e nt of t h e i nf or m e d

m o d- A D C. I n ot h er  w or ds, t h e n o o v erl o a d e v e nt E O L n
{ e p

n =

e p
n } —t h e c o m pl e m e nt of t h e o v erl o a d e v e nt E O L n

— o c c urs
w. h. p.  At t his p oi nt,  w e c a n i n cr e as e t h e r es ol uti o n p ar a m et er
α n , s o as t o d e cr e as e M n , a n d us e t h e q u a nti z er’s o ut p ut r a w
bits t o a fi n er d es cri pti o n of t h e i n p ut si g n al.

B.  P h as e 2:  U p d ati n g t h e  R es ol uti o n  P ar a m et er

As e x pl ai n e d a b o v e, i n or d er t o i n cr e as e α n ,  w e  m ust s o m e-

h o w d et e ct t h at t h e filt er h n alr e a d y a p pr o xi m at es t h e o pti m al
o n e  w ell e n o u g h, s u c h t h at t h e pr e di cti o n err ors e p

n ar e s uf fi-
ci e ntl y s m all  wit h r es p e ct t o t h e d y n a mi c r a n g e Δ = 2 R .  W h e n
t his is t h e c as e, a s m all c h a n g e i n t h e r es ol uti o n  w o ul d n ot aff e ct
o ur a bilit y t o r e c o v er v n w. h. p. fr o m y n a n d v p

n .
T o s e e t his, ass u m e t h at  w e i n cr e as e t h e r es ol uti o n p ar a m et er

α n = α 0 + α ,  w h er e α ∈ R + i s a s m all i n cr e m e nt, a n d a c-
c or di n gl y als o s c al e t h e r es p e cti v e filt er c o ef fi ci e nts b y α 0 + 0

α 0
.

N o w, h n i s n o l o n g er o pti m al, si n c e t h e s e c o n d- or d er st atisti c al
pr o p erti es of { v } ≥ n ar e diff er e nt t h a n t h os e of { v } < n , b as e d

o n  w hi c h h n h as b e e n esti m at e d t h us f ar.  H o w e v er, if α i s s uf-
fi ci e ntl y s m all, a str ai g htf or w ar d “s m all- err or ” a n al ysis yi el ds

t h at h n will n o w o nl y sli g htl y d e vi at e fr o m t h e ( a p pr o xi m at el y)
o pti m al filt er t o t h e n e w v al u e of α n , s u c h t h at ri g ht aft er
i n cr e asi n g t h e r es ol uti o n,

α n = α 0 + α = ⇒ h n = h
o

n + ε n ,

w h er e h
o

n d e n ot es a n u n bi as e d esti m at or of t h e o pti m al FI R filt er
c orr es p o n di n g t o t h e  L M M S E pr e di ct or of v n f or t h e u p d at e d
r es ol uti o n p ar a m et er α 0 + α , a n d ε n ∈ R p × 1 i s a v e ct or of
“s m all ” bi as es, d u e t o α .  A c c or di n gl y, t h e  M S E of t h e ( c urr e ntl y
n o l o n g er o pti m al) li n e ar pr e di ct or v p

n , c o n diti o n e d o n t h e p n o

o v erl o a d p ast e v e nts 5 E
( p )

O L n

p
k = 1 E O L n − k

e n a bli n g t h e e x a ct

r e c o v er y of v n ,  will b e sli g htl y i n cr e as e d6

σ 2
p, n E ( e p

n ) 2 E
( p )

O L n
= σ 2

L M M S E , p + σ 2
ε

D u e t o α

. ( 2 0)

N o n et h el ess, as l o n g as σ p, n
1
2 2 R , s u c h t h at E O L n

still o c c urs
w. h. p., v n i s still e x a ctl y r e c o v er e d  w. h. p. usi n g  Al g orit h m 2.
I n d e e d, a n i m p ort a nt o bs er v ati o n is t h at v n c a n b e r e c o v er e d
usi n g  Al g orit h m 2 e v e n  w h e n a s u b o pti m al li n e ar pr e di ct or is
us e d i n ( 1 4). F or s u c c essf ul o p er ati o n,  w e o nl y r e q uir e t h at t h e
li n e ar pr e di ct or is a c c ur at e e n o u g h t o e ns ur e t h at E O L n

o c c urs

5 Stri ctl y s p e a ki n g, σ 2
L M M S E , p i n ( 2 0) of t h e bli n d  m o d- A D C is n ot e q u al

t o t h e  M S E of ( 3), si n c e f or i nf or m e d  m o d- A D C  w e d o n ot c o n diti o n o n

E
( p )

O L n
.  H o w e v er, u n d er  mil d c o n diti o ns, st at e d e x pli citl y b el o w, t h e diff er e n c e

is n e gli gi bl e, h e n c e  w e us e t h e s a m e n ot ati o n f or si m pli cit y.
6 F or si m pli cit y,  w e ass u m e h er e t h at pri or t o i n cr e asi n g t h e r es ol uti o n σ 2

p, n =

σ 2
L M M S E , p , s u c h t h at σ 2

ε i s o nl y d u e t o α . I n pr a cti c e,  w e h a v e σ 2
p, n ≈ σ 2

L M M S E , p ,

s u c h t h at σ 2
ε e n c a ps ul at es esti m ati o n err ors d u e t o h n a s  w ell. Still, aft er

c h a n gi n g α n , σ 2
ε will b e d o mi n at e d b y err ors d u e t o α .
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w. h. p.  C o ns e q u e ntl y, f or s h ort tr a nsiti o n p eri o ds i n  w hi c h t h e
o pti m al filt er is l e ar n e d, a s u b o pti m al filt er  w o ul d s uf fi c e.

H e n c e,  w e c o n cl u d e t h e f oll o wi n g:
1 If t h e r es ol uti o n p ar a m et er is a d a pt e d i n s m all i n cr e m e nts,

w e ar e a bl e t o  m ai nt ai n s uf fi ci e ntl y s m all pr e di cti o n er-
r ors, a n d s af el y c o nti n u e r e c o v eri n g v n w. h. p.; a n d

2 B ef or e i n cr e asi n g t h e r es ol uti o n,  w e d esir e t o arri v e at a n
i nt er m e di at e st e a d y st at e,  w h er ei n E O L n

o c c urs  w. h. p.
Si n c e α i s a us er- c o ntr oll e d s yst e m p ar a m et er, 1 c a n b e

e asil y a c hi e v e d.  As f or 2 , si n c e  w e ar e o p er ati n g i n a bli n d
s c e n ari o,  w h er e t h e distri b uti o n of t h e i n p ut x n i s u n k n o w n,
it is g e n er all y u n cl e ar h o w t o e ns ur e r arit y of n o o v erl o a d.
T h er ef or e, f or t his p ur p os e o nl y,  w e t a k e t h e si m plif yi n g, b ut us e-

f ul, ass u m pti o n t h at e p
n | E

( p )

O L n
∼ N ( 0 , σ2p, n ) .  N ot e, h o w e v er, t h at

t his ass u m pti o n is n ot stri ctl y r e q uir e d i n or d er t o a n al yti c all y
j ustif y t h e d eri v ati o n  w hi c h f oll o ws, a n d is  m er el y t o si m plif y
t h e e x p ositi o n. I n t his c as e, σ p, n i s dir e ctl y r el at e d t o E O L n

,

c o n diti o n e d o n E
( p )

O L n
. S p e ci fi c all y, if Δ / 2 = κ · σ p, n f or s o m e

κ ∈ R + , t h e n  w e h a v e

Pr |e p
n | > 1

2 2 R E
( p )

O L n
= 2 Q Δ

2 σ p , n
= 2 Q ( κ ) , ( 2 1)

w h er e Q (x )
∞

x
1√
2 π

e − t 2 / 2 d t is t h e Q -f u n cti o n. P ut si m pl y,

if t h e li n e ar pr e di ct or is g o o d e n o u g h, s u c h t h at h alf t h e  m o d ul o
r a n g e Δ / 2 is κ ti m es gr e at er t h a n its r o ot  M S E ( R M S E), a n d κ

is s uf fi ci e ntl y l ar g e, E O L n
| E

( p )

O L n
o c c urs  w. h. p.  T his pr o vi d es t h e

c o n diti o ns t o r e-l e ar n t h e filt er c orr es p o n di n g t o t h e  L M M S E
pr e di ct or of v n wit h t h e u p d at e d r es ol uti o n α n .

I n pr a cti c e, t h o u g h, si n c e R x [ ] is u n k n o w n, σ 2
p, n i s cl e arl y

n ot k n o w n as  w ell.  N e v ert h el ess, si n c e v n
w. h. p.
= v n t hr o u g h o ut

t h e a d a pti v e pr o c ess,  w e c a n esti m at e σ p, n o nli n e b y

σ 2
p, n

1

L s

L s − 1

k = 0

v n − k − v p
n − k

2
, σ p, n σ 2

p, n , ( 2 2)

w h er e L s ∈ N + i s a  m o vi n g a v er a g e  wi n d o w l e n gt h, a n d is
als o s et t o b e t h e  mi ni m al ( dis cr et e) ti m e st a bili z ati o n i nt er v al
w h er ei n α n i s k e pt fi x e d aft er its l ast u p d at e.  M or e d et ails o n
t h e p ar a m et ers L s a n d κ ar e gi v e n i n S u bs e cti o n I V- D.  T h us, t o
a c hi e v e 2 ,  w e i n cr e as e α n o nl y  w h e n 1 ↑ α, n = 1 ,  w h er e

1 ↑ α, n
1 , κ · σ p, n < Δ

2

0 , κ · σ p, n > Δ
2

. ( 2 3)

W h e n e v er 1 ↑ α, n = 0 ,  w e i nf er t h at t h e pr e di cti o n err ors ar e n ot
s atisf a ct oril y s m all. I n t h es e c as es,  w e d e cr e as e t h e r es ol uti o n s o
as t o r es ort t o a st at e  w h er e v n i s a g ai n r e c o v er e d  w. h. p.  B y t his,
w e all o w t h e  L M S filt er ( 1 6) t o c o n v er g e t o t h e d esir e d filt er, a n d
t h e n s af el y i n cr e as e t h e r es ol uti o n a g ai n. F oll o wi n g o ur pr e vi o us
o bs er v ati o n o n t h e a c c ur a c y r e q uir e d b y t h e li n e ar pr e di ct or v p

n ,
at t his p oi nt t h e d esir e d filt er is n ot n e c ess aril y t h e o pti m al o n e,
b ut is  m er el y o n e att ai ni n g 1 ↑ α, n = 1 .  A c c or di n gl y, it is c ert ai nl y

p ossi bl e t h at α n w o ul d b e i n cr e as e d b ef or e h n w o ul d c o n v er g e
t o t h e o pti m al filt er ( at l e ast b ef or e st e a d y st at e, as dis c uss e d i n
t h e n e xt s u bs e cti o ns).

N ot e t h at, c o n diti o n e d o n E
( L s )

O L n + 1
, ( 2 2) is a c o nsist e nt esti m at e

( wit h r es p e ct t o L s ) of σ p, n f or a  wi d e cl ass of si g n als, e v e n  w h e n

t h e err ors e p
n | E

( p )

O L n
ar e n o n- G a ussi a n.  H e n c e, t his  m e c h a nis m

is g e n er all y r o b ust, a n d r eli es o n  G a ussi a nit y o nl y f or ( 2 1).

N at ur all y, t his ass u m pti o n i m pli es t h at t h e e x p e ct e d st a bilit y
w o ul d b e o bt ai n e d f or s u b- G a ussi a n 7 err ors as  w ell.

U p o n u p d ati n g α n ,  w e als o a p pr o pri at el y u p d at e t h e filt er

h n , si n c e t h e i n p ut si g n al v n i s s c al e d  wit h α n a s  w ell ( 1 2).
T h er ef or e, it is c o n v e ni e nt t o us e m ulti pli c ati v e u p d at es, r at h er

t h a n a d diti v e, t o α n a n d h n . F or a fi x e d δ α ∈ ( 0, 1) ,  w e u p d at e

I n cr e a s e  R e s ol uti o n : α n = δ − 1
α α n − 1 , h n = δ − 1

α h n − 1 ,

D e c r e a s e  R e s ol uti o n : α n = δ α α n − 1 , h n = δ α h n − 1 .

A s u m m ar y f or t h e r es ol uti o n u p d ati n g p h as e is as f oll o ws:

It is n o w str ai g htf or w ar d t o g e n er ali z e t his a d a pti v e pr o c ess,
si n c e, c o n c e pt u all y,  w e n o w o nl y n e e d t o r e p e at e dl y e x e c ut e t h e
pr o p erl y i nt erl a c e d P h as es 1 a n d 2. I n t h e r e p e at e d P h as e 1, t h e

“i niti al ” v al u es f or h n , αn w o ul d b e t h e c orr es p o n di n g v al u es
of t h e pr e vi o us ti m e st e p.  A d diti o n all y, v n will b e r e pl a c e d b y

v n [v n − 1 · · · v n − p ]T ∈ R p × 1 ,  w h os e e ntri es

v n x n =
v n + 1

2

α n
, ( 2 4)

ar e { v n − i
w. h. p.
= v n − i }

p
i = 1 , ass u mi n g pr e vi o us s u c c essf ul r e c o v-

eri es  w. h. p.  T h e r e p e at e d P h as e 2  w o ul d t h e n b e e x e c ut e d aft er
( at l e ast) L s ti m e st e ps  wit h t h e u p d at e d r es ol uti o n.

N ot e t h at  w e i nt e nti o n all y us e i n ( 2 4), a n d h er e aft er, t h e
(s e e mi n gl y r e d u n d a nt) n ot ati o n v n r at h er t h a n x n , si n c e i n t his
c o nt e xt  w e ar e a ct u all y tr yi n g t o p erf e ctl y r e c o v er v n , d e fi n e d
i n ( 1 2), r at h er t h a n t o esti m at e x n .  T his is t o e n a bl e t h e pr o p er
o p er ati o n of t h e  L M S al g orit h m ( 1 6),  w h os e i n p ut s h o ul d b e
{ v n − i }

p
i = 1 , a n d n ot { x n − i }

p
i = 1 [ 3], [ 7].

I d e all y, alt er n ati n g b et w e e n t h es e t w o p h as es  w o ul d l e a d t o
c o n v er g e n c e n e ar t h e li mit κ · σ p, n = Δ

2 , as i n ( 2 3), u p t o s m all
fl u ct u ati o ns d u e t o t h e li mit e d-r es ol uti o n a d a pt ati o n st e p δ α

a n d esti m ati o n err ors i n σ p, n .  H o w e v er, r e c all t h at E O L n
| E

( p )

O L n
,

w hi c h i m pli es t h at e p
n = e p

n , a n d i n t ur n v n = v n , is o nl y w. h. p.,
a n d i n pr a cti c e t his is c ert ai nl y n ot tr u e f or all n ∈ N + . I n d e e d,
w h e n e v er E O L n

= { v n = v n } o c c urs, a n e xtr e m el y f ast a n d
d estr u cti v e err or pr o p a g ati o n pr o c ess b e gi ns.  T o d et e ct s u c h
err ors a n d pr e v e nt t h e c o ns e q u e nt err or pr o p a g ati o n,  w e pr o p os e
t h e d ef e ns e  m e c h a nis m pr es e nt e d n e xt.

C.  Err or  Pr o p a g ati o n  Pr e v e nti o n

O n e n at ur al  w a y of c o pi n g, a n d e v e nt u all y pr e v e nti n g t h e
af or e m e nti o n e d err or pr o p a g ati o n is b y s plitti n g t h e pr o bl e m
i nt o t w o p arts.  T h e first p art is t o d et e ct t h at a n err or h as
o c c urr e d, n a m el y t h at v n h as n ot b e e n p erf e ctl y r e c o v er e d. I n
ot h er  w or ds, t h e e v e nt E O L n

= { v n = v n } h as t o b e d et e ct e d,
a n d as q ui c kl y as p ossi bl e.  T h e s e c o n d p art is, gi v e n t h at E O L n

h a s b e e n d et e ct e d, t o  miti g at e t h e err or eff e ct s o as t o r e cl ai m a
hi g h-r es ol uti o n f u n cti o ni n g  m o d- A D C st e a d y st at e.

Pr o vi d e d t h at a n err or e v e nt h as b e e n d et e ct e d, a si m pl e,
t h o u g h c o ns er v ati v e  miti g ati o n s ol uti o n is t o f ull y “r e- o p e n ”

7 T h e r e al- v al u e d r a n d o m v ari a bl e u is c all e d s u b- G a ussi a n if ∃ c, γ ∈ R +

s u c h t h at ∀ t > 0 : P r ( |u | > t ) ≤ c · e x p { − γ t 2 } .
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t h e eff e cti v e  m o d ul o r a n g e ( 1 0) t o its i niti al v al u e M 0 f or ( at
l e ast) p ti m e st e ps.  B y t his,  w e eff e cti v el y i niti ali z e t h e pr o c ess
a n d g u ar a nt e e t h at n o err ors o c c ur, at t h e e x p e ns e of (l o c all y)
r etr e ati n g t o a l o w-r es ol uti o n r e gi m e.  T his s ol uti o n, h o w e v er,
is us ef ul o nl y if t h e d et e cti o n of E O L n

c a n b e h a n dl e d v er y
a c c ur at el y, i. e.,  wit h a v er y l o w f als e- al ar m r at e.  Ot h er wis e,
t h e a v er a g e o p er ati o n al ti m e p er c e nt a g e of t h e  m o d- A D C i n
a d e g e n er at e  m o d ul o st at e ( c orr es p o n di n g t o a l ar g e M n )  w o ul d
b e hi g h, a n d t h er e  w o ul d b e n o g ai n i n usi n g a  m o d- A D C.  H e n c e,
w e t ur n o ur att e nti o n t o t h e d et e cti o n of E O L n

.

F or m all y, o ur g o al n o w is t o d eri v e a n esti m at or 1 E O L n
∈

{ 0 , 1 } of t h e or a cl e i n di c at or

1 E O L n

1 , E O L n

0 , E O L n

=
1 , v n = v n

0 , v n = v n
, ∀ n ∈ N + .

Si n c e t his is r e q uir e d at e v er y ti m e st e p n , a n d ass u mi n g t h at
wit h M n = M 0 t h er e ar e n o o v erl o a d e v e nts, t his is ess e nti all y
a c h a n g e d et e cti o n pr o bl e m ( e. g., [ 2 3]). I n p arti c ul ar, si n c e

E O L n
| E

( p )

O L n
(≈ E ∗

O L n
, ( 1 9)) is r ar e ( 6), it c a n als o b e vi e w e d

as a s p e ci al i nst a n c e of t h e fr a u d d et e cti o n pr o bl e m [ 2 4],  w h er e
v n i s pr et e n di n g t o b e v n ,  w hil e i n f a ct it is n ot, vi z., v n = v n .

F ort u n at el y, o ur s p e ci fi c pr o bl e m h as f a v or a bl e pr o p erti es t h at
all o w us t o d e v el o p a n a c c ur at e d et e ct or. I n p arti c ul ar, o bs er v e
t h at i n cr e asi n g α n e ss e nti all y “ p us h es ” v n t o w ar ds a p pr o xi m at e
wi d e-s e ns e st ati o n arit y. S p e ci fi c all y, usi n g ( 1 2),

E [v n v n − ] = R x [ ] +
1

1 2 α 2
n

· 1 = 0 , ( 2 5)

s u c h t h at e v e n if α n c h a n g es o v er ti m e, f or s uf fi ci e ntl y l ar g e
v al u es of α n , t h e a ut o c orr el ati o n of v n — e v e n  w h e n u n k n o w n —
c a n b e c o nsi d er e d as b ei n g a p pr o xi m at el y a f u n cti o n of o nl y.
F urt h er m or e, it is s e e n fr o m ( 2 5) t h at t h e v ari a n c e of v n ( 1 3) is
t h e o nl y s o ur c e of n o n-st ati o n arit y.

Si mil arl y t o o ur c o m m e nt a b o v e ( 2 1), i n o ur bli n d s c e n ari o,
i nf or m ati o n s u c h as ( 2 5) is n ot n e c ess aril y s uf fi ci e nt t o b e a bl e t o
d esi g n a n a c c ur at e d et e ct or of t h e e v e nt E O L n

.  T h er ef or e, at t his
p oi nt  w e a g ai n i n v o k e  G a ussi a nit y, a n d ass u m e t h at { x n } is a
G a ussi a n pr o c ess  wit h a n a ut o c orr el ati o n f u n cti o n R x [ ].  U n d er
t his ass u m pti o n,  w e h a v e t h e f oll o wi n g r es ult,  w h os e pr o of is
gi v e n i n  A p p e n di x  B.

Pr o p ositi o n 1:  Ass u m e mi n n { α n } = α 0 .  U n d er n o o v er-

l o a ds, i. e., E
( n )

O L n
, i n t h e a bs e n c e of esti m ati o n err ors i n σ p, n ,

a n d  wit h a n i n fi nit e r es ol uti o n st e p siz e δ α → 1 , d e fi n e

li m
n → ∞

α n α ∞ , v ∞
n

v n + 1
2

α ∞
, E ( v ∞

n ) 2 σ 2
v̄ , ( 2 6)

as t h e as y m pt oti c r es ol uti o n p ar a m et er, t h e i d e al st e a d y st at e
pr o c ess a n d its v ari a n c e, r es p e cti v el y. T h e n, if t h e “ d e c a yi n g ”

c o n diti o n R x [ ] · l o g ( )
→ ∞

−− −→ 0 h ol ds, if f oll o ws t h at

Pr v ∞
n ∞

N
> 2 σ 2

v̄ l o g (N )
N → ∞
− − − → 0 . ( 2 7)

T his  m e a ns t h at, as y m pt oti c all y, k n o wi n g o nl y t h e v ari a n c e of
t h e pr o c ess v n , a n d o bs er vi n g its  m a g nit u d es, is s uf fi ci e nt i n
or d er t o d et e ct al m ost s ur el y a n a b n or m alit y i n t h e f or m of a
l ar g e, i m pr o b a bl e d e vi ati o n e x c e e di n g t h e t hr es h ol d i n ( 2 7).

N o w, o bs er v e t h at a n o v erl o a d e v e nt E O L n
i n fli cts a pr e di cti o n

err or i n v n , a n d i n t ur n i n v n , of t h e or d er of Δ .  Cl e arl y, t his

cr e at es a l ar g e “ dis c o nti n uit y ” 8 ,  w hi c h is e x a ctl y t h e a b n or m alit y
f or m  w e c a n i d e ntif y  w. h. p. a c c or di n g t o ( 2 7). I n li g ht of all t h e
a b o v e,  w e pr o p os e

1 E O L n

1 , |v n | > 2 σ 2
v̄, n l o g (n )

0 , ot h er wis e
, ∀ n ≥ N s , ( 2 8)

as t h e d et e ct or of a n err or e v e nt d u e t o E O L n
,  w h er e

σ 2
v̄, n

1

n − 1

n − 1

k = 1

v
2

k , ∀ n ≥ 2 , ( 2 9)

a n d N s ∈ N + i s a fi x e d st a bili z ati o n ti m e-i nt er v al,  w h er ei n
( 2 8) is still n ot s uf fi ci e ntl y a c c ur at e, a n d  w e e nf or c e a si m pl e,
m or e c o ns er v ati v e c o n diti o n f or t h e tr a nsiti o n p h as e n ≤ N s .
F or e x a m pl e, o n e r e as o n a bl e c h oi c e c o ul d b e

1 E O L n

1 , |v n | > β · σ v̄, n

0 , ot h er wis e
, ∀ n < N s ,

w h er e β ∈ R + i s s o m e pr e d e fi n e d n u m b er ( e. g., β = 5 ). Fr o m
pr a cti c al c o nsi d er ati o ns, si n c e t h e t hr es h ol d v al u e i n ( 2 8) i n-
cr e as e l o g arit h mi c all y  wit h n , a pl a usi bl e s ol uti o n  w o ul d b e t o
r es et t h e ti m e-i n d e x i n t his t hr es h ol d e v er y err or e v e nt E O L n

.

O n c e  w e o bs er v e 1 E O L n
= 1 , w e s et α n + 1 = α 0 , a n d r es et

t h e pr o c ess as d es cri b e d i n t h e b e gi n ni n g of t his s u bs e cti o n.  T h e
pr o p os e d d ef e ns e  m e c h a nis m is s u m m ari z e d as f oll o ws:

We n ot e t h at, c o n diti o n e d o n t h e n o o v erl o a d e v e nt E O L n
,

a n d ass u mi n g ( 2 6) h ol ds, ( 2 9) is c o nsist e nt, i. e., σ 2
v̄, n

P
− → σ 2

v̄ ,

w h er e
P

− → d e n ot es c o n v er g e n c e i n pr o b a bilit y as n → ∞ .  T h us,

t h e d e cisi o n r ul e i n ( 2 8) b e c o m es i n cr e asi n gl y a c c ur at e as  w e
a p pr o a c h st e a d y st at e, i n d e e d, a d esir a bl e o ut c o m e.

D.  K e y S yst e m  P ar a m et ers a n d  C orr es p o n di n g Tr a d e- Offs

First a n d f or e m ost, c o n v er g e n c e of t h e a d a pti v e pr o c ess d e-
s cri b e d a b o v e is c o n diti o n e d o n t h e n o o v erl o a d e v e nt.  T h er ef or e,
t h e p ar a m et er κ , s etti n g t h e pr o b a bilit y t h at t h e pr e di cti o n err ors
e p

n ar e k e pt i nsi d e (− Δ
2 , Δ

2 ) ,  m ust b e s uf fi ci e ntl y l ar g e, s o as t o
e ns ur e t h at ( 2 1) is s uf fi ci e ntl y l o w. F or e x a m pl e, c h o osi n g κ = 7

alr e a d y gi v es P r( E O L n
| E

( p )

O L n
) ∝ 1 0 − 1 2 . Yet, as κ i n cr e as es, t h e

as y m pt oti c r es ol uti o n α ∞ ( 2 6) d e cr e as es, as alr e a d y all u d e d
fr o m ( 2 3).  A f or m al c h ar a ct eri z ati o n of t his as y m pt oti c tr a d e- off
is pr o vi d e d i n t h e n e xt s u bs e cti o n.

Gi v e n t h at κ w as c h os e n pr o p erl y,  w e c o nti n u e  wit h t h e c o n-
v er g e n c e a n d as y m pt oti c a n al ysis, c o n diti o n e d o n n o o v erl o a d.
S p e ci fi c all y,  w e n o w f o c us o n t h e l e ar ni n g r at e μ .  Ass u mi n g
m o m e nt aril y t h at α n i s fi x e d, b as e d o n t h e  w ell- est a blis h e d

8 T his, of c o urs e, is n ot a dis c o nti n uit y i n t h e f or m al s e ns e as d e fi n e d f or
d et er mi nisti c f u n cti o ns.  R at h er,  w e us e t his t er m h er e i nf or m all y t o r ef er t o a n
i m pr o b a bl e tr a nsiti o n fr o m o n e v al u e t o a n ot h er, i n a  m a n n er t h at is i n c o nsist e nt
wit h R x [ ], g o v er ni n g t h e st atisti c al n at ur e of { v n } .
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t h e or y of t h e  L M S al g orit h m [ 1 9], if  w e c h o os e μ s u c h t h at

0 < μ < Tr E v n v T
n

− 1
= p · (σ 2

x + 1
1 2 α 2

n
)

− 1

, ( 3 0)

t h e n t h e FI R filt er h n w o ul d c o n v er g e i n t h e s e ns e ( 1 8), n a m el y
it  will r a n d o ml y fl u ct u at e a b o ut h o pt , c orr es p o n di n g t o t h e
L M M S E pr e di ct or.  R e c all t h at c o n diti o n e d o n n o o v erl o a d,

v n = v n , a n d  w h e n α n i s fi x e d, v n i s st ati o n ar y i n t h e r es p e cti v e
ti m e i nt er v al, h e n c e t h e di a g o n al el e m e nts of E [v n v T

n ] ∈ R p × p

ar e all e q u al t o t h e v ari a n c e ( 1 3), a n d t h e ri g ht h a n d si d e of ( 3 0)
f oll o ws.  N o w, si n c e α n i s i n f a ct ti m e- v ar yi n g,  w e  w o ul d li k e t o
c h o os e μ s u c h t h at

0 < μ <
1

p · (σ 2
x + 1

1 2  mi n n { α 2
n } )

=
1

p · (σ 2
x + 1

1 2 α 2
0
)
. ( 3 1)

H o w e v er, t h e u p p er b o u n d ( 3 1) is u n k n o w n, si n c e σ 2
x i s u n-

k n o w n.  T h er ef or e,  w e pr o p os e t o c h o os e μ = μ / (p · σ 2
v̄, p + 1 ) ,

w h er e μ ∈ R + i s s o m e s m all c o nst a nt ( e. g., 1 0 − 2 ), a n d σ 2
v̄, p + 1

( 2 9) c a n b e c o m p ut e d d uri n g t h e i niti ali z ati o n p h as e. Si n c e α − 2
0

i s t y pi c all y s m all, a n d t h us σ 2
v̄, p + 1 i s d o mi n at e d b y σ 2

x , o ur
e m piri c al e x p eri e n c e i n di c at es t h at c h o osi n g μ a p pr o pri at el y,
s o as t o e ns ur e t h e d esir e d st a bilit y, is r at h er e as y. F urt h er m or e,
a l o n g er i niti ali z ati o n p h as e c o ul d b e p erf or m e d t o yi el d a  m or e
a c c ur at e esti m at e of t h e v ari a n c e of v n .  L astl y, a n d alt h o u g h
n ot n e c ess ar y, μ c o ul d b e e asil y a d a pt e d t hr o u g h o ut t h e pr o c ess
b as e d o n t h e o nli n e esti m at e ( 2 9).

A n ot h er s yst e m p ar a m et er is L s , t h e  mi ni m al dis cr et e-ti m e
i nt er v al i n  w hi c h t h e r es ol uti o n α n i s h el d fi x e d b ef or e a n ot h er
r es ol uti o n u p d at e is all o w e d. I n t h e e xtr e m e c as e L s → ∞ , w e

h a v e t h e hi g h est st a bilit y ( α n i s fi x e d, h n c o n v er g es) b ut t h e
sl o w est ( z er o) pr o gr ess t o w ar ds hi g h r es ol uti o n. I n t h e ot h er
e xtr e m e c as e L s = 1 , α n c a n b e u p d at e d at all ti m es, b ut t h e es-
ti m at e ( 2 2), a n d t h er ef or e t h e d et e ct or ( 2 3), b e c o m es e xtr e m el y
i n a c c ur at e.  T h er ef or e, L s s h o ul d b e s et s o as t o a p pr o pri at el y
h a n dl e t his tr a d e- off. Si n c e  Al g orit h m 2 ass u m es t h at t h e pr e-
vi o us p s a m pl es of v n ar e a v ail a bl e ( vi a v n ), it is r e as o n a bl e t o
c h o os e L s pr o p orti o n al t o p ( e. g., r o u n d( p / 2) ).

T h e r es ol uti o n st e p si z e p ar a m et er δ α ∈ ( 0, 1) als o b al a n c es
a si mil ar tr a d e- off.  As δ α d e cr e as es, t h e c o n v er g e n c e t o w ar ds
α ∞ i s f ast er.  H o w e v er, t h e  L M S  w o ul d b e r e q uir e d t o c o p e  wit h
m or e a br u pt c h a n g es i n t h e v ari a n c e of v n , h ar mi n g t h e pr e di ct or
v p

n , a n d t h us l o c all y i n fli cti n g l ar g er pr e di cti o n err ors e p
n ,  w hi c h

i n t ur n pr o m ot e o v erl o a d e v e nts.  O n t h e ot h er h a n d, as δ α → 1 −

a p pr o a c h es 1 (fr o m b el o w), t h e tr a nsiti o n b e c o m es s m o ot h er,
all o wi n g t h e  L M S t o a dj ust c o n v e ni e ntl y, a n d as e x pl ai n e d
a b o v e, d e cr e as e t h e pr o b a bilit y of o v erl o a d e v e nts.  N at ur all y,
t his c o m es at t h e c ost of sl o w er c o n v er g e n c e t o α ∞ .

T o c o n cl u d e t his s e cti o n,  w e r ef er t o t h e p ar a m et er p , t h e
l e n gt h of t h e FI R filt er of t h e li n e ar pr e di ct or v p

n . Pr ef er a bl y, p
s h o ul d b e c h os e n b as e d o n s o m e pri or k n o wl e d g e r el at e d t o
t h e s p e ci fi c a p pli c ati o n t h e  m o d- A D C is us e d. I n p arti c ul ar,
if t h e eff e cti v e s u p p ort9 L x of t h e u n k n o w n a ut o c orr el ati o n
f u n cti o n R x [ ] is k n o w n e v e n a p pr o xi m at el y, t h e n a n e d u c at e d
c h oi c e  w o ul d b e p = L x . I n d e e d, if t h e ( o n e-si d e d) s u p p ort of
R x [ ] is pr e cis el y L x + 1 , t h e n t h e c a us al  Wi e n er filt er [ 2 5],
i. e., t h e o pti m al ( g e n er all y n ot FI R) filt er of t h e c a us al  L M M S E
pr e di ct or, f or pr e di cti n g t h e pr o c ess { v n } b as e d o n { v k } k < n i s
a n FI R filt er of l e n gt h p = L x .  N ot e i n p assi n g t h at L x c a n b e
esti m at e d d uri n g i niti ali z ati o n, si n c e y n = v n ( w. h. p.).

9 F or s o m e > 0 , t h e - eff e cti v e s u p p ort of R x [ ] is t h e n u m b er L x ∈ N +

f or  w hi c h ∀| | > L x : |R x [ ]| < .  L o os el y s p e a ki n g,  w e s a y t h at L x i s t h e
eff e cti v e s u p p ort of R x [ ] w h e n ∀| | > L x : |R x [ ]| ≈ 0 .

E. T h e  As y m pt oti c  Perf or m a n c e of a  Bli n d  M o d- A D C

L et us ass u m e t h at all t h e p ar a m et ers h a v e b e e n c h os e n s u c h
t h at a n o v erl o a d d o es n ot o c c ur. I n t his i d e al ( m er el y t h e or eti c al)
c as e, if  w e ass u m e f urt h er t h at σ 2

p, n = σ 2
p, n a n d t h at a n i n fi nit el y

fi n e st e p si z e δ α → 1 is us e d, t h e r es ol uti o n of t h e bli n d  m o d-
A D C c o n v er g es t o α ∞ ( 2 6). I n t his as y m pt oti c st at e,  w e h a v e
t h e f oll o wi n g e q uili bri u m pr o p ositi o n,  w h os e pr o of a p p e ars i n
A p p e n di x  C.

Pr o p ositi o n 2:  Ass u m e t h at a n o v erl o a d d o es n ot o c c ur,
σ 2

p, n = σ 2
p, n a n d δ α → 1 . T h e n, as n → ∞ ,  w e h a v e

σ p, ∞ =
1

2 κ
·

Δ

α ∞

M ∞

2 κ
, ( 3 2)

w h er e

σ 2
p, n E v n − v

p

n

2

E
( n )

O L n + 1
⇒ σ 2

p, ∞ li m
n → ∞

σ 2
p, n ,

( 3 3)

a n d t h e li n e ar pr e di ct or of t h e “ α n - st a n d ar diz e d ” pr o c ess v n ,
w hi c h a p p e ars i n ( 3 3), is d e fi n e d as ,

v
p

n

v p
n + 1

2

α n
, ∀ n ≥ p + 1 . ( 3 4)

Of c o urs e, i n pr a cti c e, b ot h σ 2
p, n = σ 2

p, n a n d t h e o c c urr e n c e
of a n o v erl o a d e v e nt at s o m e p oi nt ar e  wit h pr o b a bilit y 1, a n d
i n a n y c as e δ α i s o b vi o usl y fi nit e.  N e v ert h el ess, Pr o p ositi o n 2
i m pli es t h at e v e n u n d er t h e b est t h e or eti c al c o n diti o ns, f or a
p arti c ul ar s et of s yst e m p ar a m et ers, t h e hi g h est r es ol uti o n is
li mit e d.  T his  m oti v at es us t o i d e ntif y t h e p oi nt i n ti m e at  w hi c h
t h e s yst e m h as r e a c h e d its li miti n g c a p a bilit y, a n d st o p t h e
r es ol uti o n a d a pt ati o n — w hi c h yi el ds st ati o n arit y h e n c ef ort h —
f a v ori n g st a bilit y a n d r e d u ci n g t h e c o m p ut ati o n al l o a d.  Cl e arl y,
t h e o pti m al s c e n ari o is  w h e n t h e a d a pt ati o n-fr e e  m o d- A D C is
w or ki n g c o nst a ntl y at t h e hi g h est att ai n a bl e r es ol uti o n α ∞ .

I n vi e w of ( 3 2) of Pr o p ositi o n 2,  w e pr o p os e t h e f oll o wi n g

w h er e

σ
2

p, n

1

n

n

k = 1

v k − v
p

k

2

, ∀ n ∈ N + . ( 3 6)

I n  w or ds,  w h e n t h e esti m at e d  R M S E of t h e li n e ar pr e di ct or v
p

n
i s κ ti m es gr e at er t h a n h alf t h e eff e cti v e  m o d ul o r a n g e,  w e i nf er
t h at t h e  m o d- A D C h as r e a c h e d t h e li mit of its c a p a bilit y, i n t er ms
of t h e hi g h est att ai n a bl e r es ol uti o n f or t h e gi v e n s et of s yst e m
p ar a m et ers.  N ot e t h e diff er e n c e b et w e e n ( 2 3) a n d ( 3 5),  w h er e
t h e f or m er us es σ p, n a n d t h e l att er us es σ p, n , r es p e cti v el y.  As
s e e n fr o m its d e fi niti o n ( 2 2), σ p, n i s a “s h ort-t er m ”  m e m or y
esti m at e of t h e “l o c al ” st a n d ar d d e vi ati o n of v n . I n c o ntr ast, as
s e e n fr o m ( 3 6), σ p, n i s a “l o n g-t er m ”  m e m or y esti m at e of t h e
a v er a g e st a n d ar d d e vi ati o n of v n ,  w hi c h c o n v er g es t o σ p, ∞ i n
t h e a bs e n c e of a n o v erl o a d,

E σ
2

p, n E
( n )

O L n + 1

n → ∞
− − − → σ 2

p, ∞ ,

a s s h o w n i n  A p p e n di x  D,  wit h f urt h er dis c ussi o n o n ( 3 6).
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Hence, as the adaptive process unfolds, the condition σ̂p,n >
Mn

2κ , which is a practical proxy for the ideal (merely theoret-
ical) condition σ̂p,n = Mn

2κ , and is essentially a decision rule
for detecting the limit resolution α∞, becomes increasingly
accurate. Although the ideal conditions hold only approximately
in practice, as we show in Section V via simulations, the steady
state detector (35) works quite well and is fairly accurate.
It is also instructive to express the asymptotic resolution α∞,

via (32) and ∆ = 2R, as,

α∞ =
1

κ
·
(
1

2
2R
)
· 1

σp,∞
, (37)

which provides several insightful observations. First, and
most obviously, increasing the number of bits R increases
the asymptotic resolution. Second, the trade-off in choosing
the confidence level parameter κ is now apparent. Indeed,
increasing κ leads to an exponential decrease in overload
probability (21), but at the same time decreases the asymptotic
resolution (37). Third, the inverse RMSE 1/σp,∞ reflects the
unknown causal and linear predictability accuracy. That is, how
accurately the current sample of vn can be predicted, using a
linear causal predictor, based on the previous p samples vn.
The lower σp,∞, the higher the predictability, and accordingly,
the higher the asymptotic resolution α∞.
Interestingly, (37) also provides a fresh look at the result [3,

Eq. 6]. Indeed, if we assume that the filter learned by the LMS
asymptotically converged exactly to the optimal one, implying
that σLMMSE,p = α∞ · σp,∞, then combined with (37) written as
M∞ = 2κσp,∞, the bound [3, Eq. 6] reads,

Pr
(E∗

OLn

) ≤ 2 exp

{
−3

2
22(R− 1

2 log2(12σ
2
LMMSE,p))

}
= 2 exp

{
−3

2
2
2 log2

(
M∞√

12σ̄p,∞

)}
= 2 exp

{
−3

2
2
2 log2

(
κ√
3

)}
=2 exp

{
−κ2

2

}
.

(38)

That is, for this ideal case, the blind mod-ADC coincides with
the oracle mod-ADC, and the overload probability decreases
exponentially with κ2. This is in perfect agreement with (21).
Yet another way to see the consistency of the blind mod-ADC

asymptotic performancewith the that of the informedmod-ADC
is via the asymptotic rate. By isolating R in (37), and using
σ2

LMMSE,p = α2
∞ · σ2

p,∞ as above, we have

R =
1

2
log2

(
σ2
p,∞
1

12α2∞

)
+ log2

(
κ√
3

)
� 1

2
log2

(
12σ2

LMMSE,p

)
+ δκ, (39)

which, again, is in perfect compliance with [3], (12) therein,
such that κ controls the overload probability, and inevitably the
excess rate δκ with respect to Shannon’s lower bound [18].
Having described in detail all the individual components, the

complete algorithm of the blindmod-ADC is given inAlgorithm
3. An important observation is that our algorithm can work
without incorporating the steady state detector. Thus, (35) is not
a necessary component in order to ensure proper operation of the
blind mod-ADC. Moreover, when working in highly dynamic
environments, we might intentionally disable this detector,
allowing the LMS to constantly adapt the filter ĥn according to
the input, which can possibly be only “quasi-stationary” with

SOSs that change sufficiently slow (relative to the sampling
period Ts) over time.

V. SIMULATION RESULTS

In this section, we present empirical results of two simulation
experiments that demonstrate the successful operation of the
proposed algorithm. These results corroborate our analytical
derivations, and to the best of our knowledge, serve as the
first empirical evidence for the implementation feasibility of a
blind mod-ADC for scalar time series input signals. Additional
illustrations for these simulations are given in Appendix E.

A. A Gaussian Input Signal

We consider the case where the input signal xn is Gaussian.
This is quite a common assumption; for example, digital com-
munication signals are commonly modeled as Gaussian, see,
e.g., [26]. Specifically, we generate the input as

xn =
1√
Lx

Lx−1∑
�=0

ξn−�,

where {ξn} is a zero-mean unit-variance Gaussian i.i.d. process.
Accordingly, the autocorrelation function of xn, assumed to be
unknown, is given by Rx[�] = (1− |�|

Lx
) · 1|�|<Lx

.
We simulate a quantizer with R = 10 bits, and generate the

signal vn according to (8). We then apply the 2R-modulo opera-
tor to vn, which yields the simulated mod-ADC output process
yn, as in (7). The chosen set of required system parameters, pre-
scribed in the input to Algorithm 3, is given in Table II. Further,
we set Lx = 15, and emphasize that we intentionally choose
p 	= Lx, and specifically p > Lx. This simulates the more prob-
able scenario, in which the support of Rx[�] is unknown, hence
the length of the FIR filter ĥn will not be matched to the
length of the optimal LMMSE causal filter, which is of length
Lx − 1 in this case. We also choose Ls = p to demonstrate that
calibration of the system parameters could be simple, and rather
straightforward. Note also that we choose κ = 4.5, which gives
Pr(|epn| > 1

22
R|E(p)

OLn
) = 2Q(4.5) ≈ 6.7953× 10−6.

Fig. 4 presents the effective modulo range Mn (10) vs.
discrete-time for an input of length N = 104 samples. Starting
fromM0 = 10.24, more than 10 times the standard deviation of
xn, effectively guarantees that vn = ỹn, i.e., no folding during
the initialization phase. This enables the LMS algorithm to learn
the optimal filter.WhenCα > Ls, a resolution update is allowed,
andαn is increased, as can be seen conveniently in superimposed
“close-up” of the convergence interval.
The adaptive process continues with updates of multiplicative

step-sizes δα, and whenever required, is also decreased. Further-
more, it is seen that at somepoint, the steady state detector 1̂M∞,n

is turned on, indicating that the asymptotic resolution has been
approximately attained. Indeed, the convergence is not exactly
toM∞ (equivalently to α∞), since in practice σ̂2

p,n 	= σ2
p,n with

probability 1 and the adaptations of αn are of finite resolution.
Nonetheless, as evident from Fig. 4, our asymptotic analysis,
carried out under ideal theoretical conditions, provides a con-
siderably accurate forecast.
We repeat the experiment in exactly the same setting, only now

with κ = 3.5. Hence, we expect to observe an increased asymp-
totic resolution, at the cost of more frequent overload events.
Fig. 5, presenting the corresponding plot as in Fig. 4, reflects
exactly this trend. Nevertheless, in the case of an overload event,
our error propagation defense mechanism comes into play, and
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T A B L E II
C H O S E N S Y S T E M P A R A M E T E R S F O R S I M U L A TI O N E X P E RI M E N T 1

m ai nt ai ns pr o p er c o nti n u o us o p er ati o n, as o bs er v e d fr o m Fi g. 5.
T h us, t h e bli n d  m o d- A D C a ut o m ati c all y b al a n c es t h e tr a d e- off
b et w e e n eff e cti v e q u a nti z ati o n a n d c o nti n u o us o p er ati o n,  w hi c h
is hi g hl y i m p ort a nt i n pr a cti c e.  T h es e r es ults c orr o b or at e o ur
a n al ysis l e a di n g t o t h e d et e ct or ( 2 8).

B.  A  B a n dli mit e d I n p ut  Wit h  N arr o w b a n d I nt erf er ers

I n t his e x p eri m e nt  w e c o nsi d er a n o n- G a ussi a n si g n al of
i nt er est ( S OI), a n d t h e pr es e n c e of n arr o w b a n d i nt erf er e n c es.
S p e ci fi c all y, h er e t h e S OI x n i s g e n er at e d b y a p pl yi n g a
n o n-i d e al,  mi ni m u m- or d er filt er  wit h a st o p b a n d att e n u ati o n
of 6 0 d B, t o t h e dri vi n g n ois e { ξ n } ,  w hi c h is dr a w n fr o m
t h e  R a d e m a c h er distri b uti o n, n a m el y P r( ξ n = 1) = P r( ξ n =
− 1)  = 1

2 .  We t h e n n or m ali z e t h e o ut p ut, s u c h t h at x n i s a
z er o- m e a n u nit- v ari a n c e pr o c ess. I n a d diti o n,  w e c o nsi d er t h e
pr es e n c e of n arr o w b a n d i nt erf er e n c e si g n als, a p arti c ul arl y r el-
e v a nt s c e n ari o i n t h e c o nt e xt of c o m m u ni c ati o n s yst e ms.

T h us, t h e i n p ut t o t h e bli n d  m o d- A D C i n t his e x p eri m e nt,
w hi c h is of l e n gt h N = 1 0 5 s a m pl es, is gi v e n b y

x n = x n +
3

i = 1

g i · si n( φ i + ω i n ) · 1 n > τ i

ζ i
n

= x n +
3

i = 1

ζ i
n ,

( 4 0)

Fi g. 4.  E x p eri m e nt 1:  T h e eff e cti v e  m o d ul o r a n g e M n v s. dis cr et e-ti m e,  wit h
κ = 4 .5 . Si n c e o n t his ti m e i nt er v al a n o v erl o a d di d n ot o c c ur, t h e r es ol uti o n
α n a p pr o xi m at el y c o n v er g e d t o t h e as y m pt oti c r es ol uti o n α ∞ , as pr e di ct e d b y
o ur a n al yti c al as y m pt oti c a n al ysis.  U p o n c o n v er g e n c e, st a bilit y is als o e vi d e nt,
a n d t his is d u e t o t h e s u c c essf ul o p er ati o n of t h e st e a d y st at e d et e ct or ( 3 5).

w h er e x n si m ul at es t h e S OI, a n d { ζ i
n } 3

i = 1 si m ul at e t hr e e n ar-
r o w b a n d i nt erf er e n c e si g n als.  H er e, f or t h e i nt erf er e n c e ζ i , t h e
p ar a m et ers g i , φi , ωi a n d τ i ar e t h e u n k n o w n g ai n, p h as e, c arri er
( a n g ul ar) fr e q u e n c y a n d tr a ns missi o n st art ti m e, r es p e cti v el y.
We dr a w φ i ∼ U nif (( 0 , 2 π ]) i n d e p e n d e ntl y, a n d s et t h e r est of

t h e p ar a m et ers as r e p ort e d i n  Ta bl e III.1 0 We als o fi x 1 M ∞ , n t o
z er o, t o d e m o nstr at e t h e u n n e c essit y of t h e st e a d y st at e d et e ct or
f or a s u c c essf ul o p er ati o n.

1 0 N ot e t h at ω 3 i s n ot a r ati o n al  m ulti pli c ati o n of π , h e n c e ζ 3
n i s n ot a p eri o di c

si g n al.
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Fi g. 5.  E x p eri m e nt 1: M n v s. dis cr et e-ti m e, b ut  wit h κ = 3 .5 (i nst e a d of κ =
4 .5 ). F or a l o w er v al u e of κ , o v erl o a d e v e nts ar e  m or e fr e q u e nt.  N o n et h el ess,
o ur al g orit h m s u c c essf ull y d et e cts t h es e e v e nts, a n d a ut o m ati c all y d e cr e as es t h e
r es ol uti o n t o  m ai nt ai n pr o p er c o nti n u o us o p er ati o n of t h e bli n d  m o d- A D C.

T A B L E III
C H O S E N IN T E R F E R E N C E P A R A M E T E R S F O R S I M U L A TI O N E X P E RI M E N T 2

T h e s p e ctr o gr a m of t h e i n p ut x n i s pr es e nt e d i n Fi g. 2( a).
D uri n g t h e st arti n g p eri o d ( n < 2 × 1 0 4 ), t h e bli n d  m o d- A D C
o p er at es i n t h e pr es e n c e of t h e S OI x n o nl y.  O n c e n > τ 1 , t h e
first i nt erf er e n c e is a d d e d, a n d t h e s c e n ari o b e c o m es h ar d er aft er
τ 2 a n d τ 3 ,  w h er e t h e S OI is i m p air e d b y t h e i nt erf er es.

Fi g. 6 pr es e nts t h e e v ol uti o n of t h e eff e cti v e  m o d ul o r a n g e M n

i n ( dis cr et e) ti m e.  W h e n e v er a n i nt erf er e n c e st arts tr a ns mitti n g,
t h e S O Ss of t h e i n p ut si g n al a br u ptl y c h a n g es, a n d as a r es ult
t h e pr e di cti o n err or e p

n i n cr e as es dr a m ati c all y, t h us c a usi n g a n
o v erl o a d e v e nt.  We r e c all t h at a n o v erl o a d, b y d e fi niti o n (s e e
( 1 9)), d o es n ot m e a n t h at t h e a m plit u d e of t h e i n p ut si g n al
e x c e e ds t h e  m o d ul o r a n g e Δ = 2 R , as i n a st a n d ar d  A D C.
R at h er, a n o v erl o a d e v e nt o c c urs  w h e n t h e  m a g nit u d e of t h e
pr e di cti o n err or e p

n e x c e e ds h alf t h e  m o d ul o r a n g e. I n t h es e
c as es, o ur o v erl o a d d et e ct or d et e cts t h es e l ar g e pr e di cti o n err ors,
a n d t h e eff e cti v e r a n g e is r e- o p e n e d.  T his  w a y, a str e a m of
l o w-r es ol uti o n, t h o u g h u nf ol d e d s a m pl es ar e pr o d u c e d, all o wi n g
t h e  L M S al g orit h m t o r e-l e ar n t h e n e w ( a n d diff er e nt) o pti m al
filt er.  T his pr o c ess h a p p e ns ri g ht aft er τ 1 , τ2 a n d τ 3 , b ut o p er ati o n
i n hi g h-r es ol uti o n is g ai n e d a n e w.

We als o r e p ort t h e a v er a g e n u m b er of f ail ur es i n p erf e ctl y

r e c o v eri n g v n , P r( v n = v n ) 1
N

N
= 1 1 v n = ˆv n

= 7 .8 · 1 0 − 4 .
E vi d e ntl y, t h e bli n d  m o d- A D C pr o vi d es hi g hl y r eli a bl e r e c o v er y
of t h e u nf ol d e d si g n al, a n d i n t ur n, all o ws f or hi g hl y a c c ur at e
esti m ati o n of t h e i n p ut x n vi a ( 9). I n t his s p e ci fi c s c e n ari o, si n c e
t h e i n p ut ( 4 0) is p erf e ctl y r e c o v er e d ( al m ost e v er y w h er e), t h e
n arr o w b a n d i nt erf er ers c a n b e e asil y d et e ct e d a n d filt er e d o ut
( e. g., usi n g n ot c h filt ers).  T his di git al s ol uti o n,  w hi c h is n o w
si m pl e t h a n ks t o t h e  m o d ul o- A D C, c o ul d n ot h a v e b e e n a c hi e v e d
b y a st a n d ar d, pr o b a bl y s at ur at e d  A D C.

T h e r es ults r e p ort e d i n t his S e cti o n  w er e v eri fi e d b y  m ulti pl e
r u ns, a n d  w er e c o nsist e ntl y o bs er v e d f or diff er e nt r e ali z ati o ns.

Fi g. 6.  T h e eff e cti v e  m o d ul o r a n g e M n v s. dis cr et e-ti m e.  O ur a d a pti v e al g o-
rit h m q ui c kl y r e c o v ers fr o m t h e a br u pt c h a n g es d u e t o t h e i nt erf er e n c es, r e-l e ar ns
t h e s uit a bl e filt er, a n d r et ur ns t o a hi g h-r es ol uti o n o p er ati o n al  m o d e.

VI.  C O N C L U DI N G R E M A R K S

I n t h e c o nt e xt of a n al o g-t o- di git al c o n v ersi o n,  w e pr es e nt a n
al g orit h mi c fr a m e w or k, all o wi n g f or a st a bl e a n d r eli a bl e o p er-
ati o n of a  m o d- A D C  wit h o ut a c c ess t o pri or k n o wl e d g e of t h e
i n p ut si g n al’s S O Ss.  We p ut f ort h t h e k e y d esi g n p ar a m et ers, a n d
dis c uss t h e c orr es p o n di n g tr a d e- offs. I n a d diti o n,  w e d eri v e t h e
as y m pt oti c r es ol uti o n of t h e pr o p os e d bli n d  m o d- A D C, a n d li n k
o ur c urr e nt r es ults  wit h t h e p erf or m a n c e of t h e or a cl e  m o d- A D C
pr es e nt e d i n [ 3].  We d e m o nstr at e b y si m ul ati o ns t h e s u c c essf ul
o p er ati o n of t h e pr o p os e d s ol uti o n,  w hi c h c orr o b or at es its u n-
d erl yi n g t h e or eti c al i nfr astr u ct ur e. F urt h er m or e,  w e d e m o nstr at e
t h e a d v a nt a g e i n usi n g a  m o d- A D C i n a n e n vir o n m e nt of  m ulti pl e
i nt erf er e n c e si g n als.

As  A D Cs ar e b ei n g us e d i n a h ost of a p pli c ati o ns,  m or e
oft e n t h a n n ot  w h e n p erf e ct k n o wl e d g e o n t h e i n p ut si g n al
is n ot a v ail a bl e (if at all), t h e r o b ust n ess of s u c h d e vi c es is
i m p er ati v e, a n d al m ost cr u ci al.  T h e a bilit y of o p er ati n g bli n dl y
u n d er d y n a mi c c o n diti o ns is ess e nti al f or pr a cti c al p ur p os es,
a n d c o nstit ut es a k e y a d v a nt a g e i n eff e cti v e s e nsi n g.  T h er ef or e,
t his  w or k is y et a n ot h er i m p ort a nt st e p t o w ar ds r e ali z ati o n of
m o d- A D Cs, s hri n ki n g t h e g a p b et w e e n s e nsi n g p erf or m a n c e i n
pr a cti c e a n d t h e r es p e cti v e t h e or eti c al li mits.

B as e d o n t h e pri n ci pl es pr es e nt e d i n t his  w or k, i n [ 2 7] o ur
r es ults ar e e xt e n d e d t o t h e s p ati ot e m p or al c as e,  w h er e bli n d
m o d- A D Cs f or v e ct or pr o c ess es ar e d e v el o p e d a n d a n al y z e d.
T h e r es ults i n [ 2 7] c a n s er v e as a st arti n g p oi nt f or d e v el o pi n g
a d diti o n al  m o d- A D C- b as e d ar c hit e ct ur es  wit h a c c o m p a n yi n g
al g orit h ms f or v ari o us a p pli c ati o ns i n arr a y pr o c essi n g.

T h er e ar e a n u m b er of i m p ort a nt r es e ar c h dir e cti o ns ass o ci-
at e d  wit h t his  w or k t h at r e m ai n t o b e e x pl or e d.  O n e t h at is c e ntr al
r el at es t o t h e h ar d w ar e i m pl e m e nt ati o n of t h e b asi c  m o d ul o  A D C
u nit.  B as e d o n a gi v e n i m pl e m e nt ati o n d esi g n, a d dr essi n g t h e
n o ni d e aliti es a n d i n h er e nt p h ysi c al li mit ati o ns/i m p air m e nts vi a
ef fi ci e nt ( di git al) al g orit h mi c s ol uti o ns is k e y t o t h e s u c c ess of
usi n g t h e  m o d ul o c o n c e pt i n s e nsi n g.

A n ot h er i m p ort a nt iss u e p ert ai ns t o t h e bli n d  m o d- A D C’s
r e a cti o n u p o n d et e cti o n of a n o v erl o a d e v e nt.  As o bs er v e d fr o m
Fi g. 2( b), i n t h es e c as es t h e i nst a nt a n e o us s q u ar e d err or i n-
cr e as es si g ni fi c a ntl y.  W hil e st a n d ar d  A D Cs  wit h a ( c a us al)  A G C
g e n er all y als o s uff er fr o m s u c h s pi k es i n t h eir r e c o nstr u cti o n
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error process, it is possible that this phenomenon can be further
mitigated (for example, with additional resources).
Other, more theoretical avenues related to the proposed algo-

rithm are a non-asymptotic performance analysis of the over-
load detector (28), and of the typical convergence time to the
asymptotic resolution (37). Such analyses could yield valuable
characterization of the resolution adaptation evolution process
in terms of key system parameters, which is instructive for a
comprehensive evaluation of the mod-ADC architecture.

APPENDIX A
SOSS OF THE PROCESSES vn AND vn

As explained in Subsection IV-A, when αn increases, the
SOSs of {vn} gradually become less affected by αn, which
is not true for {vn}. To see this more clearly, observe that the
autocorrelation function of {vn} is given by

Rv̄[�] � E [vnvn−�] = Rx[�] + 1�=0 · 1

12α2
n

,

wherewehave used (i) the definition (12); (ii) the fact thatxn and
zn are statistically independent; and (iii) zn is an i.i.d. process.
In contrast, the autocovariance of {vn} is given by

Rv[�] � E

[(
vn − 1

2

)(
vn−� − 1

2

)]
= αnαn−�Rx[�] + 1�=0 · 1

12
,

and we examine the autocovariance (rather than the
autocorrelation) since E[vn] =

1
2 . Evidently, for any non-zero

lag � 	= 0,Rv̄[�] = Rx[�], and in particularRv̄[�] is independent
of αn for � ∈ {1, . . . , p}. Clearly, this is not the case for Rv[�].
Moreover, the variance Rv̄[0], also given in (13), approaches
σ2
x as αn increases. Since Rv̄[�] is less sensitive than Rv[�]

to adaptations in αn, by using the recovered values of {vn}
rather than {vn} as the observations in (14) (as opposed to
(3)), we alleviate the estimation (/learning) of the optimal filter
coefficients, which depend on the SOSs of the observations,
throughout the adaptive process.

APPENDIX B
PROOF OF PROPOSITION 1

Proof: It is known that [28], if

Rx[�] · log(�) �→∞−−−→ 0,

then

Pr
(
‖xn‖�∞N ≤

√
2σ2

x log(N)
)

N→∞−−−→ 1.

Since {zn ∈ (−1, 0]} is a process with bounded support, assum-
ing that minn{αn} = α0, we also have

Pr

(
‖vn‖�∞N ≤

√
2

(
σ2
x +

1

12α2
0

)
log(N)

)
N→∞−−−→ 1.

Recall, however, that {αn} is typically an increasing sequence
on average, and conditioned on no overload events E(n)

OLn+1
,

converges (up to small fluctuations) to the value for which
κ · σp,n = ∆

2 , as explained in Subsection IV-B. Thus, under⋂n
k=1{1EOLk

= 0}, in the absence of estimation errors in σ̂p,n

and with an infinite resolution step size δα → 1,

lim
n→∞αn = α∞ ⇒ lim

n→∞E
[
v2n
]
= σ2

x +
1

12α2∞
= σ2

v̄ .

Hence, for the ideal steady state process v∞n , we have

Pr

(
‖v∞n ‖�∞N ≤

√
2σ2

v̄ log(N)

)
N→∞−−−→ 1,

or, equivalently,

Pr

(
‖v∞n ‖�∞N >

√
2σ2

v̄ log(N)

)
N→∞−−−→ 0.

�
APPENDIX C

PROOF OF PROPOSITION 2

Proof: In the asymptotic state under the assumptions stated
in the proposition, we have the equilibrium

κ · σ̃p,∞ =
∆

2
, (41)

where

σ̃2
p,∞ � lim

n→∞ σ̃2
p,n, σ̃2

p,n � E

[
(epn)

2
∣∣∣ E(n)

OLn+1

]
, (42)

and notice the difference between σ̃2
p,n in (42) and σ2

p,n in (20).
Now, recall that v̂pn is a function of vn (14), which, asymptot-
ically, is a function of α∞. Hence σ̃2

p,∞ is also a function of
α∞. Thus, under the ideal (only theoretical) conditions stated in
the proposition, the highest resolution attainable for a particular
fixed set of system parameters (e.g., κ, p,∆ = 2R) is governed
by the equilibrium (41).
Now, observe that the linear predictor of the “αn-

standardized” process vn, defined in (34), has the following
conditional MSE,

σ2
p,n = E

[(
vn − v̂

p

n

)2∣∣∣∣ E(n)

OLn+1

]
=

σ̃2
p,n

α2
n

.

Therefore, under the ideal (theoretical) conditions stated in the
proposition, asymptotically,

σ2
p,∞ � lim

n→∞σ2
p,n = lim

n→∞
σ̃2
p,n

α2
n

=
σ̃2
p,∞
α2∞

=⇒ σ̃p,∞ = α∞ · σp,∞. (43)

Substituting (43) into (41) gives the equivalent equilibrium

σp,∞ =
1

2κ
· ∆

α∞
� M∞

2κ
.

�
APPENDIX D

THE ASYMPTOTIC RMSE ESTIMATOR

Further analytical justification of (35) is gained by

E

[
σ̂
2

p,n

∣∣∣ E(n)

OLn+1

]
=
©1

1

n

n∑
k=1

E

[(
v̂k − v̂

p

k

)2∣∣∣∣ E(n)

OLn+1

]

=
©2

1

n

n∑
k=1

E

[(
vk − v̂

p

k

)2∣∣∣∣ E(n)

OLn+1

]

=
©3

1

n

n∑
k=1

1

α2
k

· E
[
(epk)

2
∣∣∣ E(n)

OLn+1

]
n→∞−−−→

©4
σ̃2
p,∞
α2∞

= σ2
p,∞,

where we have used:
1© Linearity of the expectation;
2© Under EOLk

, v̂k = vk =⇒ v̂k = vk;
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Fi g. 7.  E x p eri m e nt 1  wit h κ = 4 .5 :  T h e esti m at e d err or pr o c ess e p
n v s.

dis cr et e-ti m e. It is s e e n t h at |e p
n | < 1

2 2 R f or t h e e ntir e ti m e i nt er v al. Si n c e

h er e e p
n = e p

n , a n o v erl o a d e v e nt E O L n di d n ot o c c ur, a n d p erf e ct r e c o v er y of
v n i s att ai n e d.

3 B y d e fi niti o n ( 1 2), ( 3 4), ( 1 7), v k − v
p

k = e p
k / α k ; a n d

4 U n d er t h e s a m e i d e al c o n diti o ns d es cri b e d at t h e o uts et of
Pr o p psiti o n 2, ∃ N α ∞

∈ N + : α n = α ∞ , ∀ n > N α ∞
; S e e

t h e dis c ussi o n b el o w r e g ar di n g t his a n al ysis.

Alt h o u g h σ
2

p, n , d e fi n e d i n ( 3 6), is p er h a ps t h e  m ost i nt uiti v e

esti m at or of σ 2
p, n , a n e x a ct a n al ysis of its as y m pt oti c pr o p erti es

is f ar fr o m tri vi al. I n d e e d, si n c e it is a r a n d o m pr o c ess  w h os e
st atisti c al pr o p erti es ar e i m pli citl y d et er mi n e d b y t h e r es ol uti o n
u p d at e, err or pr o p a g ati o n pr e v e nti o n a n d st e a d y st at e d et e cti o n
r ul es (st e ps 1 4, 7 a n d 1 6 i n  Al g orit h m 3, r es p e cti v el y), it is e v e n
n o n-st ati o n ar y t o b e gi n  wit h.

H o w e v er, t o f urt h er j ustif y o ur pr o p os e d st e a d y st at e d et e ct or

( 3 5),  w hi c h is b as e d o n σ
2

p, n ( 3 6), it s uf fi c es t o c o nsi d er a
si m pli fi e d s c e n ari o, i n  w hi c h a n o v erl o a d e v e nt n e v er o c c urs.
Of c o urs e, t his h a p p e ns  wit h pr o b a bilit y z er o  w h e n c o nsi d eri n g
a n i n fi nit el y l o n g o bs er v ati o n of t h e err or pr o c ess { e p

n } , si n c e  w e

ass u m e e p
n | E

( p )

O L n
∼ N ( 0 , σ2p, n ) .  N e v ert h el ess, s u c h a n a n al ysis

is i nf or m ati v e f or fi nit e, b ut s uf fi ci e ntl y l o n g r e ali z ati o ns, i n
w hi c h o ur pr o p os e d a d a pti v e  m e c h a nis m f or t h e bli n d  m o d- A D C

c o n v er g es t o st e a d y st at e, i. e., 1 M ∞ , n = 1 ,  w hi c h o c c urs  w. h. p.
wit h pr o p er s el e cti o n of t h e s yst e m p ar a m et ers.

T h e si m ul ati o n r es ults pr es e nt e d i n S e cti o n  V c orr o b or at e t his
ar g u m e nt, a n d f urt h er j usti fi es t his a p pr o a c h f or a si m pli fi e d,
y et i nf or m ati v e a n al ysis, r es ulti n g i n ( 3 7),  w hi c h is c o nsist e nt
wit h t h e a n al ysis of t h e i nf or m e d  m o d- A D C pr es e nt e d i n [ 3], as
e vi d e nt fr o m ( 3 8) a n d ( 3 9).

A P P E N DI X E
S I M U L A TI O N R E S U L T S : AD DI TI O N A L IL L U S T R A TI O N S

We pr o vi d e a d diti o n al ill ustr ati o ns of t h e r es ults of t h e t w o
si m ul ati o n e x p eri m e nts pr es e nt e d i n S e cti o n  V.  T h e esti m at e d
pr e di cti o n err ors e p

n of t h e li n e ar pr e di ct or v p
n ar e pr es e nt e d

i n Fi g. 7.  R e c all t h at i n or d er t o u nf ol d y n , t h es e pr e di cti o n
err ors ( 1 5) ar e n e c ess ar y, a n d e p

n = e p
n h ol ds o nl y  w h e n t h er e is

n o o v erl o a d.  As r e fl e ct e d fr o m Fi g. 7, t his is e x a ctl y t h e c as e,
si n c e E O L n

= {| e p
n | < 1

2 2 R } = { e p
n = e p

n } .  A c c or di n gl y, i n t his

e x p eri m e nt t h e a v er a g e d s q u ar e d err or is 1
N

N
n = 1 ( v n − v n ) 2 ≈

Fi g. 8.  R es ults of si m ul ati o n e x p eri m e nt 1, b ut  wit h κ = 3 .5 i nst e a d of κ =
4 .5 :  T h e esti m at e d err or pr o c ess e p

n v s. dis cr et e-ti m e. F or a l o w er v al u e of
κ , o v erl o a d e v e nts ar e  m or e fr e q u e nt.  N o n et h el ess, o ur al g orit h m s u c c essf ull y
d et e cts t h es e e v e nts, a n d a ut o m ati c all y l o w ers t h e r es ol uti o n i n or d er t o  m ai nt ai n
pr o p er c o nti n u o us o p er ati o n of t h e bli n d  m o d- A D C.

5 .0 6 7 × 1 0 − 2 7 ,  w hi c h is cl e arl y d u e t o  m a c hi n e a c c ur a c y li m-
it ati o ns, t h us i m pl yi n g p erf e ct r e c o v er y of t h e si g n al v n , fr o m
w hi c h x n c a n b e r e a dil y esti m at e d.

F or t h e r e p e at e d e x p eri m e nt  wit h a s m all er v al u e of κ = 3 .5 ,
it is s e e n i n Fi g. 7, pr es e nti n g t h e c orr es p o n di n g pl ot t o Fi g. 8
t h at t hr e e o v erl o a d e v e nt h a v e o c c urr e d, s u c c essf ull y d et e ct e d,
a n d  miti g at e d.

A C K N O W L E D G M E N T

T his  m at eri al is b as e d u p o n  w or k s u p p ort e d b y t h e  U nit e d
St at es ( U S)  Air F or c e u n d er  Air F or c e  C o ntr a ct  N o. F A 8 7 0 2-
1 5- D- 0 0 0 1.  A n y o pi ni o ns, fi n di n gs, c o n cl usi o ns or r e c o m m e n-
d ati o ns e x pr ess e d i n t his  m at eri al ar e t h os e of t h e a ut h or(s) a n d
d o n ot n e c ess aril y r e fl e ct t h e vi e ws of t h e  U S  Air F or c e.
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