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Linear response theory of open systems with
exceptional points
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Understanding the linear response of any system is the first step towards analyzing its linear
and nonlinear dynamics, stability properties, as well as its behavior in the presence of noise.
In non-Hermitian Hamiltonian systems, calculating the linear response is complicated due to
the non-orthogonality of their eigenmodes, and the presence of exceptional points (EPs).
Here, we derive a closed form series expansion of the resolvent associated with an arbitrary
non-Hermitian system in terms of the ordinary and generalized eigenfunctions of the
underlying Hamiltonian. This in turn reveals an interesting and previously overlooked feature
of non-Hermitian systems, namely that their lineshape scaling is dictated by how the input
(excitation) and output (collection) profiles are chosen. In particular, we demonstrate that a
configuration with an EP of order M can exhibit a Lorentzian response or a super-Lorentzian
response of order M, with M;=2,3, ..., M, depending on the choice of input and output
channels.
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place in a large variety of systems across a wide range of

spatial and time scales. In optics, the rapid progress in
modeling and fabrication has enabled the realization of several
photonic resonator structures that can trap light for very long
times (high-quality factors)! or confine it in smaller domains
compared with the free-space wavelength (nano-scale mode
volumes)?. These devices have become indispensable components
in almost every field of optical science and engineering including
but not limited to lasers, nonlinear optics, optical communica-
tion, quantum optics, and biophotonics. While the notion of a
completely closed resonator is sometimes used as an idealization
to simplify the analysis and to gain intuition, it is neither realistic
nor desirable. Quite the opposite, it is necessary to have open
channels between the interior of the resonator and its sur-
rounding in order to facilitate the input/output coupling of light.
Thus, even in the absence of material loss, optical resonators are
fundamentally non-Hermitian—a fact that is often overlooked
despite some early works that considered non-Hermitian effects
in optical systems»* These studies demonstrated how non-
Hermitian effects in lasers leave their fingerprint on emission
linewidth. Those early works, however, focused on situations
where the system does not exhibit spectral singularities known as
exceptional points (EPs) since this scenario was not relevant to
the experimental setups under study at that time.

In recent years, the interest in non-Hermitian optical structures
has acquired a new dimension following a number of theoretical
studies of parity-time (PT) symmetry in optics®~/ and its first
experimental demonstrations®?. This in turn has initiated intense
theoretical'93%, and experimental*0->8 investigations of non-
Hermitian effects in photonic platforms. In contrast to earlier
studies, the notion of EPs is at the heart of these recent works.
This in turn has initiated feverish efforts seeking to explore the
exotic features of wave dynamics in waveguide and resonator
geometries that exhibit EPs. For recent reviews, see refs. 2904,
Despite these intense activities on the one hand, and the fact that
the mathematics of non-self-adjoint operators is well developed
on the other, some of the basic features of complex photonic
structures that are pertinent to their non-Hermitian nature are
either underestimated or misunderstood. Particularly, on one side
of the spectrum, the prevailing traditional point of view treats
openness only as a source of energy loss or gain, and hence relies
completely on Hermitian intuition to analyze the system. On the
other side, some works that deal with non-Hermitian systems
exhibiting EPs tend to assume that the linear response associated
with a defective Hamiltonian (i.e., a Hamiltonian whose spectrum
has one or more EPs) can be studied only within the context of
perturbation theory which is conceptually misleading even when
the final results are mathematically correct.

Beyond this fundamental issue, the perturbative analysis can be
cumbersome and complex for non-Hermitian arrangements with
large number of resonant elements, particularly when the spec-
trum contains several EPs, some of which exhibit higher orders.
This situation becomes relevant for example when studying non-
Hermitian topological arrangements®>~%8, non-Hermitian dis-
ordered media®-71, as well as non-Hermitian spin systems where
the number of EPs scale exponentially with the system’s size”2. In
addition, the recent discovery of non-Hermitian systems that
exhibit exceptional surfaces (ESs) rather than EPs introduces
another hurdle for applying perturbation expansions. Figure 1b
illustrates this point. The perturbation analysis used to study a
defective Hamiltonian H pp typically starts by introducing a per-
turbation Hamiltonian eH,, that removes the non-Hermitian
degeneracy. The resolvent of the resultant non-defective Hamil-

tonian H,,, = Hyp + €H,,, defined as G(w;e) = (wf - ’}:{mt)_l

Resonance is a universal physical phenomenon that takes

pt

where w is the frequency and I is the unit operator/matrix, can
be then obtained using the left and right eigenstates. The resol-
vent of the defective Hamiltonian is obtained by evaluating
Ggp(w) = lim,_, ; G(w; €). Thus, in systems exhibiting exceptional
surfaces, one first has to identify the hypersurface of all EPs and
carefully identify perturbation Hamiltonians that force the system
out of this hypersurface, otherwise the perturbation analysis will
fail since H,, will be also defective (see Fig. 1b). This task is
highly non-trivial since, for systems with large degrees of free-
dom, the exceptional surface is embedded in a space of high
dimensionality. Importantly, taking the above limit involves
cancellations of several infinite terms. As a result, any finitely
small approximation in applying the perturbation analysis can
lead to inconsistent results.

In addition to the above mathematical difficulties in using
perturbative expansions to analyze defective Hamiltonians,
the outcome of this analysis does not provide much insight into
the role of non-Hermiticity in shaping the linear response of the
system, specially when the latter exhibits many degrees of free-
dom and several input and output channels. In order to illustrate
some of the subtleties arising in such systems in an intuitive way,
and in doing so motivates our work, we consider the example
shown in Fig. 2. It consists of three microring resonators that are
coupled sequentially via horizontal waveguides. An additional
vertical waveguide provides access to selectively excite the second
resonator. We neglect the cross talk between the horizontal and
vertical waveguides since it can be minimized using various
design strategies’>~7°. A similar system was considered in?° and
shown to exhibit a third-order EP in the subspace spanned by the
clockwise (CW) and counterclockwise (CCW) modes of the
resonators R; , ;. When the input/output channels are selected as
shown in Fig. 2a, light will cross only cavity R; and hence the
response features a Lorentzian function. On the other hand, for
the channels depicted in Fig. 2b, input light will interact with both
cavities R, 5 in a series fashion before it exists. One thus expects a
super-Lorentzian response of order two. Finally, for the input/
output choice shown in Fig. 2¢, light will traverse all three cavities
in series which results in a super-Lorentzian response of order
three (see Supplementary Note 1 for detailed analysis of this
example). This rather intuitive example reveals that a system with
EP of order three can exhibit very different response lineshapes
depending on the choice of the input/output channel configura-
tion—a feature that to the best of our knowledge has not been
identified in non-Hermitian systems. Needless to say that in more
complex structures, identifying the response corresponding to a
given input/output channel configuration is not a trivial task.

The lesson learned from the above simple example is of
extreme importance since many of the exotic and useful features
of non-Hermitian systems with EPs arise due to the modified
spectral lineshape. For instance, the recent work on EP-based
optical amplifiers shows that the gain-bandwidth product of a
resonant optical amplifier can be enhanced by operating at an EP,
provided that the response lineshape features a super-Lorentzian
response, with better results obtained for higher-order super-
Lorentzians?’. In other settings, super-Lorentzian response could
lead to narrower lineshapes, and eventually resulting in a stronger
light-matter coupling, which can be utilized to enhance sponta-
neous emission??3177 and energy harvesting’® among other
potential applications. At the fundamental level, probing the
quantum noise in non-Hermitian systems requires a proper
characterization of the lineshape response at various output ports
due to vacuum fluctuations-induced noise at the input channels,
including loss and gain ones’®. Thus, in light of the above
observation, it will be useful to develop a systematic, generic
approach that establishes a universal relation between the
response function and the input/output channel configuration.
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Fig. 1 Perturbation analysis of defective Hamiltonians (I:IEP) and its subtleties at exceptional surfaces. a Two crucial steps are involved: (1) finding a
perturbation (H,,,) that removes the degeneracy, and (2) obtaining the limit when the perturbation vanishes. G(e) is the Green operator. The first step can
be straightforward in simple systems. b In systems that exhibit exceptional hypersurfaces in the parameter space?3 1041257127 finding such a perturbation
can be a very complex task since any perturbation that shifts the system along the surface will fail. In addition, taking the limit when ¢ — O involves the
cancellation of several singular terms with opposite signs. For complex geometries with a large number of degrees of freedom, this can be a daunting task.
In general, it is not possible a priori to confirm if this approach gives exact answer or approximate response function.

Fig. 2 Subtleties of linear response of non-Hermitian systems having EPs: an illustrative example. a An excitation (P3) and collection (Q,) scheme that
leads to linear responses featuring Lorentzian lineshape. b, ¢ Excitation (P,;) and collection (Q;) schemes featuring super-Lorentzian responses of order
two and three, respectively. Intuitively the order of the super-Lorentzian response depends on how many cavities the wave has traversed between the input
and output ports. a;,3 are cavity modes for ring resonators Ry, 3, respectively.

by now understood that most of the novel behaviors of non-

: b Hermitian systems arise when the system is at or near these EP
singularities. In addition, in the absence of EPs, the system’s

: response can be easily obtained in terms of the left and right

No EP eigenvectors of the Hamiltonian. However, when EPs are present,

the dimensionality of the eigenspace collapses and the analysis

5 becomes complicated, thus prompting several authors to use

perturbation methods as we described earlier. The main results of

i this work can be summarized as follows: (1) The linear response

of resonator geometries that exhibit EPs can be obtained exactly

without the need for perturbative expansions; (2) The Green’s
function expansion can be used to tailor the response of the
system by carefully selecting the input/output channels; (3) The
excitation channels can be classified based on their interference
properties; (4) The most efficient drive of the signal does not
necessarily correspond to mode matching between the input
signal and resonant modes. Importantly, we emphasize that even
though we focus here on optical setups, due to the well-
established mathematical analogy between this latter and other
physical systems our results will be useful in analyzing and
understanding other non-Hermitian platforms such as
electronic®0-84, acoustic®>~8%, mechanical®®-?2, and thermal’®
systems.

Fig. 3 Non-Hermitian resonant systems and their responses. a A
schematic of a resonant open system, where non-Hermiticity arises due to
coupling to external channels and the presence of optical loss or gain. As
summarized in (b), the linear response of this system, as described by its
resolvent operator G(w) can be readily obtained in terms of the right/left
eigenvectors of the associated non-Hermitian Hamiltonian when the
spectrum of the latter does not contain any EPs. On the contrary, to date, a
general expression for GEP(w) in the presence of EPs has not been yet
developed.

In this work, we bridge this gap and present a clear and general
analysis of the linear response of any non-Hermitian resonant
system. Figure 3a presents a schematic of one such a generic
system, which consists of large number of coupled non- Results
Hermitian resonators subject to an arbitrary specific choice of High-Q resonators can be strongly non-Hermitian. Before we
input/output channels. It is important to reiterate here that we proceed to the main topic of this work, it is instructive to first
focus on situations where the eigenvalue spectrum of the system  emphasize an important point that is sometimes overlooked in
exhibits EPs. While this situation represents a subset of the more the literature, namely that non-Hermitian effects can be sig-
general non-Hermitian family of Hamiltonians (see Fig. 3b), it is  nificant even in optical resonators with high-quality (Q) factors
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Fig. 4 A schematic of an open resonant structure with an EP and multiple
input/output channels. As indicated by the structure of the eigenvectors
{‘wr,)}, the spectrum of this resonant system is assumed to be of dimension
N and having an EP of order M that arises due to gain/absorption or
coupling to L input/output ports. ‘b,»> is the input signal from ith input port,
and }v,-> is the output signal from ith output port.

(see, for instance, refs. 41:93). In general, the degree of non-
Hermiticity can be assessed only by comparing the spatial scale of
any non-Hermitian perturbation and its strength to the wavelengths
of the resonant modes and their spectral separation, respectively.
More specifically, if the non-Hermitian perturbation is spatially
inhomogeneous and varies at a length scale comparable or smaller
than the resonant wavelength, it can result in a measurable dis-
crepancy between the lifetimes associated with different modes. In
addition, the perturbation can also introduce hybridization between
the bare modes. If such a modal mixing is induced by a coupling
strength that is comparable to the frequency difference between the
otherwise unperturbed modes, it could bring the system close to an
EP. In that case, two or more of the eigenvectors of the system
become very close (almost parallel). Obviously, in such a case, non-
Hermitian effects beyond linewidth broadening cannot be neglected.
A simple example that illustrates this point is the archetypal dimer
configuration composed of two resonators having identical resonant
frequency w, and two different loss factors y;,. This system is
described by a 2 x2 Hamiltonian H with Hi;,, = w, — iy;, and
Hy, = H,; =k (we assume real coupling). If x=Ay/2 with Ay=
(2 — y1), the dimer will exhibit an EP. The quality factor associated
with this degenerate mode is Q = Zw—71"77 where y = (y, + y,)/2. The
above formulas do not impose any restrictions on Q, which can be
engineered to be very large. Yet the system is highly non-Hermitian.
The key observation here is that the perturbation Ay, which
introduces additional loss, is spatially inhomogeneous (affects only
one site) and is comparable to the energy splitting of the unper-
turbed system 2x. Examining the limit Ay=0 reveals that the
eigenstates are orthogonal and the system does not exhibit any
drastic non-Hermitian effect even if Q is designed to have a very
low value. Thus, the important message here is that the degree of
openness alone is insufficient to quantify if the system is highly non-
Hermitian or not. This in turn highlights the need to exercise
extreme caution when dealing with non-Hermitian systems.

Model and preparatory comments. Within the context of tem-
poral coupled-mode formalism®*, a complex resonant photonic
structure (see Fig. 4) under linear conditions can be modeled by
the following set of equations:

dja(t)) - -
i {th >=Hya(t)>+zryb(t)> W
(1)) = ¥|b(o)) — ' |a(®)),
where the kets |a(t)> = [a,(1), ay(1), ... 7czN(l‘)]T,

[b(H)) = [by(£), by(B), ... ,by(D]", and |v(t)) = [v,(1), v,(t), ... ,

v, (t)]" represent the modal amplitudes of the resonant modes

and the input and the output channels, respectively. The N x N
time-independent non-Hermitian matrix Hamiltonian H char-
acterizes coupling between the different resonant states, whereas
the LxL matrix Y quantifies the direct scattering between
incoming and outgoing channels. Finally, the Nx L matrix T
describes the coupling between the N resonant modes and the L
input/output channels. To simplify the notations, we also define
| f(t)> = if’b(t)>. The general solution to Eq. (1) that takes into
account the transient response can be obtained by using Laplace
transform. Here, however, we are interested in the steady-state
response !A(w)), which can be expressed in terms of the fre-
quency domain resolvent (sometimes also called Green’s operator

or function) G(w) = (wl — 7:[)71 (i.e., I is the unit operator) as:
|A(w)) = G(w)|F(w)), (2)
where |A(w)> = ]—"T(}a(t)>) and {F(w)) = fT(’f(t)>) with

FT () denoting the Fourier transform. Before we proceed, we
emphasize that the existence of a finite response (i.e., non-
diverging resolvent) is not always guaranteed as we will discuss in
more detail later.

To keep the discussion focused, we will only consider an
excitation vector ‘ f(t)> with separable time dependence and
f (t)> = s(t)|u) where s(t) is a scalar function
of time and |u) =[u,,u,,... ,uN]T is a time-independent
excitation profile vector. In the frequency domain, the excitation
vector thus takes the form |F(w)> = S(w)|u). The eigenvectors of
the non-Hermitian 7 defined by the set {|1//;> : 7:{|1//:1> =
Q, |1//;>, (yhly") = 1} have the following two important proper-
ties: (1) The eigenvalues (), are in general complex; and (2) The
eigenvectors ’u/;> do not need to be orthogonal. In the absence of
EPs, the eigenvectors form a complete basis, hence we can

spatial profile, i.e.,

represent any input profile using the expansion
lu) = Zﬁ’zl Cn"/’n>’ which in turn reduces Eq. (2) to:
[AW) _ X ¢
— n r X 3
S((l)) ngl w — Qn |V/n> ( )

Note, however, that the expansion coefficients ¢, cannot be
calculated using the usual projection (y/|u). Instead, one
has to employ the left eigenvectors of 7, defined by
(vl = (walH = Q. (v|. (wlvi) = 8,,), to obtain ¢, =
<1//£1|u> (see Supplementary Note 2 for more details). This is
known as bi-orthogonal projection. The alerted reader will notice
that we dropped the normalization condition <1//Zn|1//£1> =1 from
the definition of <1//H In fact, it can be shown that, for non-
normal matrices, the conditions <1//lm|1//;> =08, <1//;>l 174 ) =1
cannot be satisfied simultaneously* (see Supzplementary Note 3).

By using cn}y/f) = <1//Zn|u>|u/;> = !1//;><1//n|u>, and by assum-
ing that the non-orthogonal basis are complete, we can express
the resolvent as?0%1:

r 1
LAY @

n=1 a)—Qn

Even without considering the effect of EPs, the above results
already lead to counterintuitive results. For instance, energy transfer
from an excitation signal to a particular eigenmode of the system
can still take place even when their Hermitian overlap vanishes. In

lv2)
(valvi)
|ly") with (y" |y )#0 (due to non-Hermiticity). Clearly, (v |u) =
0 yet the signal |u) will excite the state |1//:,> The converse is also

order to illustrate this, consider an input signal |u) =
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true. An input given by |u) = {w;) will excite only the state |1//:n>
even though it may have a finite overlap with other states.

Defective spectrum does not mean defective response. We now
consider the case when the spectrum of the Hamiltonian M con-
tains an EP. For generality, we assume that the EP is of order M, i.e.,
formed by the coalescence of M eigenstates. Such a Hamiltonian
operator is said to be defective (i.e., the eigenstates of the Hamil-
tonian do not form a complete basis). In the literature of non-
Hermitian optics, the response of a system described by a defective
H is sometimes studied using perturbative approaches® (see, for
instance, ref. 20). While these perturbative expansions eventually
lead to correct conclusions, they complicate the analysis and give
the impression that the resultant formulas are only approximations.
As we describe below, this is actually not the case. On the contrary,
one can use exact, non-perturbative expansions to arrive at the
same final results in a straightforward fashion. In this section, we
focus on the case when the system exhibits only one EP we discuss
the more general case in the Supplementary Material.

To proceed, let us denote the eigenvalue and eigenvector
corresponding to an EP by Qgp = QF, +iQf, and |y,),
respectively. In order to avoid any confusion, we will also refer
to the Hamiltonian and its corresponding resolvent in this case by
Hgp and Ggp(w). Note that, since the Hamiltonian Hyp is
defective, Ggp(w) cannot be expressed using a simple expansion
similar to that of Eq. (4). Perturbative methods such as Newton-
Puiseux series” have been used in the literature to mitigate this
problem and obtain an expansion for Ggp(w). What is often
overlooked, however, is that even for a defective Hpyp, the operator
(wl — Hgp) can still be invertible. This key observation can
tremendously simplify the analysis in many situations. Particu-
larly, when an optical resonator system operates in the passive
mode (i.e, no optical gain) or even in active mode below the
lasing threshold (i.e., as in amplifiers), the complex eigenvalue lies
in the lower half of the complex plane, i.e., QL, <0. On the other
hand, probing the response of such a system is done by using
external excitation that has a real frequency, i.e., along the real
axes. In this case, the corresponding eigenvalue of Ggp(w), which
is given by ppp = [w — (Qfp +iQfp)|
resonance when w = QF,. As a result, one can evaluate Ggp(w) by
direct matrix inversion for any value of the real frequency w. In
principle, this information is sufficient for characterizing the
linear response of the resonator, but it does not provide much
insight into the interplay between the excitation profile and the
response. In addition, one may wonder about the fate of the
expansion in (4). As we mentioned earlier, Newton-Puiseux series
is often used to generalize this expression. We now show that this
generalization is in fact exact and does not employ any
perturbation analysis. To do so, we first note that the non-
degenerate eigenvectors of an N x N matrix Ggp that has an EP of
order M span only a reduced N — M dimensional space, call it D.
We will denote the missing domain by Dgp. In order to form a
complete basis, we follow the standard Jordan chain procedure?®,
defined by the set of vectors that satisfy the following recursive
equations:

1 .
, does not diverge even at

(HEP - QEPDU;> =0
(HEP - QEPD}]£> = X2|]q>

(5)
(HEP - QEPD’];\/I> = XM|];VI—1>'

In the above, we used the notation | J {> = ‘II/;EP> for clarity. The
constants y’s are introduced to ensure the consistency of the
physical dimensions, and their values are chosen to achieve
normalization, ie., <];|];> =1 for any integer n=1,2,...,M.
The vectors | J;,) are generalized right eigenvectors of the operator
Hpp, ie, they satisfy the eigenvalue  problem
(Hgp — QEPj)n|];> = 0 which implies that <1//’m|];> =0 for any
n and <V’£n‘¢<‘/’{zp} (see Supplementary Note 2). Since the vectors
| J;,) are linearly independent by construction (see Supplementary
Note 2 for a brief proof), it follows that they span the domain
Dgp, and thus complete the basis. Note, however, that while } D)
is unique (up to a constant), there is a freedom in choosing the set
of other vectors | J ;) for n > 1. Intuitively, this situation is similar
to fixing the z axis in three dimensions and rotating the x and y
axes in the x-y plane around the origin. Thus, in general extra
normalization conditions are required in order to fix the choice of
the vectors | ];> Here, we will not be concerned with the exact
orientation of |J”,). Another important observation is that some
of the ‘ ];> vectors are self-orthogonal (see Supplementary
Note 2). Thus, while any arbitrary input can be decomposed
according to |u) = ,Mcn|1//;> +3M d,,|I%,) with the con-
stants ¢, = (y/,|u) evaluated using biorthogonality as before, the
coefficients d,, cannot be obtained directly using the same
strategy. However, as we show in Supplementary Note 2, one can
use the vectors of ({J' lm |) to define another set of vectors ((71m|) that
satisfy the relation (jlm| J,) = 6,,, and hence d,, = (]in|u).

Next, given the above input signal |u), we seek a similar
expansion of the output, ie, in the form:
Gplu) = X0 M e Jyr) + XM d,|Jr), or equivalently (wl —
Hep (55" v + Xy dnllf)) = 2350 6, 190) + 550 d |
J'.). By applying the operator wl — Hyp to each term inside the
summation and rearranging, we obtain a sum of the form

M Cn|1//;> + Zﬁle D, |],’ﬂ> = 0. By noting that all the vectors
}1//;> and | Ji,) are linearly independent, we find that the above
relation can be satisfied if and only if all the coefficients

C,=D,,=0 for every n and m. This finally leads to the
expansion (see Supplementary Note 4 for details):

o\ 5l
o sl AT

w=Q (@ — Qpp) "

where the coefficients «’s are defined by the recursive relations
a =1, " =ay, for m<k<M (see
Note 4).

We now pause to make several comments on the above
expression. First, the expansion series is finite and hence no
convergence analysis is needed. Second, due to the same reason
(finite terms in the series), its completeness is guaranteed.
Importantly, the above expression is exact and non-perturbative
despite the fact that the spectrum of H contains an EP. Another
important observation is that the expansion in Eq. (6) is not
unique: a different choice of the vectors ’ ] ;n> with m > 1 will lead
to a different series (though more complicated one). Third, unlike
previous works that considered small systems®’, expressions for
the resolvent that applies only in the vicinity of EPs?® or
expansions of the resolvent as a power series of the Hamiltonian
itself*?, the above expansion is valid everywhere in the frequency
domain for any system with arbitrary size and is expressed in
terms of the eigenvector and canonical vectors. Finally, we
emphasize a crucial point: expression (6) for the resolvent is

£3 5 a

n= 1 n m=1 k=m

Supplementary
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evaluated for a system “with” an EP not “at” an EP. This semantic
difference has caused confusion in the literature, mainly
conveying an impression that these systems can be studied only
within the context of perturbation analysis. An EP is a
characteristic of the system itself, not the probe. The former
can contain an EP in its spectrum that lies in the complex plane
away from the real axes and still be probed with a signal that has a
real frequency to obtain finite response without any singularities
or divergences. On the other hand, probing the system at an EP
entails either using a probe with complex frequency!09-102 or
supplying enough gain to bring the complex exceptional
eigenvalue to the real axis. In both cases, the resolvent will
diverge, which corresponds to the fact that the amplitude of the
oscillations will grow indefinitely. In reality, however, this does
not happen because nonlinear effects regulate the dynamics
(think of gain saturation in laser systems for instance).

Super-Lorentzian frequency response. In realistic configura-
tions, a resonant structure interacts with its environment via
certain scattering or coupling channels defined by the geometry.
One can either probe the system via individual channels or by
excitation profiles that are superpositions of several channels. At
the abstract level, the concepts of channel and excitation profile
are the same since they are just related by unitary transforma-
tions. In this section, we will focus on channels that directly excite
the vectors ’w;) and ’ Ji,) and analyze their scattering/coupling
characteristics. We begin by rewriting the expression in Eq. (6)
after unfolding the double summation:

ASRLANAN o DGl | u o) (i

G p(0)= _1 w—Q, Zl(w_ EP) k=2 (w — Ep)k1
|/M><IM|
o w_QEP

)

Clearly, an input signal with a profile |u) = ’Wn ) will only
excite the mode |y",) with a Lorentzian response centered at 0,
as expected. Similarly, an input that matches the exceptional
vector |u) = ’ J §> will excite only the mode | ] §>, also with a
Lorentzian response. A more interesting situation arises when the
excitation profile coincides with a higher-order Jordan vector, say

= | Ji). In that case, according to Eq. (7), the exceptional
eigenvector will be excited with a frequency response that features
an kth order super-Lorentzian lineshape (i.e., a Lorentzian
function raised to the power k). In addition, each of the states
‘ Ji) with 1 <m <k (which are not eigenstates of Hyyp) will be also
excited with a frequency response that corresponds to a super-
Lorentzian of order k — m + 1. At this point, it is important to
reiterate our previous comment on the freedom of choosing the
set {];) While ’]Z) is unique, the vectors |],’n> 1 <m < M are not.
The consequences of this observation are not trivial. For instance,
in order to excite the exceptional vector with a certain super-
Lorentzian response, one can choose from a continuous manifold
of excitation profiles. To illustrate this, we consider the excitation
of ‘ ]§> with a second-order super-Lorentzian response. This can
be done by using the input |u) = ’];> + x|]§>, where x is a free
parameter. We anticipate that these general results, which are
illustrated schematically in Fig. 5b, will be instrumental in
developing a more comprehensive understanding of the quantum
limits of several non-Hermitian optical devices (such as lasers,
amplifiers, and sensors) operating at EPs. Equally important, the
above analysis provides a complete picture of how the frequency
response of non-Hermitian systems with EPs scales as a function

of the input profile, which can be of great utility in engineering
devices that rely on this feature, such as optical amplifiers with
relaxed gain-bandwidth restrictions?>193. In addition, our
analysis can be also used to classify the input channel according
to their interference effects inside the resonant system as we
explain in detail in Supplementary Notes 5 and 6. Finally, we note
that, so far we have focused on situations where the system has
only one EP. Supplementary Note 7 discusses the case when the
spectrum of the relevant Hamiltonian has multiple EPs.

Connection with experiments. Here we present illustrative rea-
listic examples that demonstrate some of the results discussed in
this work as well as the power and insight provided by our
formalism which expresses the resolvent operator as an exact
expansion series of the right/left canonical vectors.

Our first example is depicted in Fig. 6a. It consists of a
microring resonator evanescently coupled to two identical
waveguides, with one port of, say, W; terminated by a mirror.
This geometry was introduced in ref. 23 and shown to exhibit an
exceptional surface with potential applications for sensing and
controlling spontaneous emission®!. In addition, it has been
recently implemented using an on-chip microsphere resonator
with the feedback realized using a fiber loop mirror!%4 Tt is
described by the following set of equations:

. a(t) w, — 2iy 0 a,(t) . by (1)

ar {azm} { ko w, —zfy} {az(r)} +’@{bz(t>} .
Q== \/2—)/’12 ®
Q =P - \/5“27

where, w, is the resonant frequency, y is the decay rate of the
resonant mode into each waveguide. In addition, x = — 2iy|r|e®,
where |r| is the absolute value of the mirror amplitude reflection
coefficient, and ¢ =25L + ¢, is a phase factor that quantifies the
phase of the mirror reflectivity, ¢,, and its distance from
the resonator, L, where § is the propagation constant in the
waveguide.

The resolvent in this case, which we will denote by G, can be
evaluated in closed form and is given by:

1
Aw+2iy
G, (w) = K 1 ) )
(Aw+2iy)’  Bwt2iy

where Aw = w — w,. It is straightforward to show that |y},) =
[11) =10,1]" and |J5) =%[1,0]". Note that (J;|J;) =1, while
< T3l £>¢1, i.e., the latter is not normalized. If we now consider the
two normalized inputs |b172> = 0c132’]{‘2>e_ with a; =1

and a, = T owe find that the normalized stored energies are

iwt

. 2 r 2
given by (E,) = Aw2+4y2 and (E,) = Aw2+4y [1 + A?u};uyz}' Thus,

n= § g 1+ A‘%ﬂyz >1. At resonance when Aw =0, we find

that 7 =2 when a completely reflecting mirror, r =1, is used.
To confirm these predictions, we consider a realistic photonic
implementation of the structure of Fig. 6a as explained in detail in
Supplementary Note 8. It is straightforward to show that
excitations from ports P;, are mode-matched with |J7,),
respectively. Figure 6b plots the value of # as a function of the
frequency detuning as obtained from the full-wave simulations
(black dots) as well as by direct substitution in the closed-form
expression for # described above (red line). On the other hand,
Fig. 6¢, d depicts the steady-state field distribution as obtained by
full-wave analysis (see Supplementary Note 8 for the details of the
optical parameters of the structure used in the simulations) inside
the system under the two different excitations at resonance. In
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Fig. 5 Structure of the eigenspace and its fingerprint on the linear response. a The underlying vector space associated with the non-Hermitian
Hamiltonian H can be divided into ton subspaces: Dy = {W;} n=12,...,N—M} and Dg = {\J,;> :m=12,...,M}. The former is spanned by the
non-degenerate right eigenvectors of H, while the latter is spanned by the right generalized eigenvectors. Note that in this classification, the degenerate (or
exceptional) vector belongs to Dgp. The dual spaces va and DEdp are defined in a similar fashion for the left ordinary and generalized eigenvectors.

b Pictorial representation of the linear response associated with a non-Hermitian system having an EP. Typical Lorentzian response arises due to coupling
between an input and an output channel that belong to the same modal class. On the other hand, super-Lorentzian responses emerge when the input signal
matches a particular generalized eigenmodes of certain order while the output signal matches a lower order generalized eigenvector (including the
exceptional vector) according to Eq. (6). The arrows, together with the legends, illustrate a few possible responses explicitly. The symbol L™ indicates a

super-Lorentzian response of order m, i.e., a Lorentzian raised to the power m.
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Fig. 6 Optical energy inside a photonic resonator with a second-order EP. a A schematic of a photonic structure that exhibits a second-order EP: it

consists of a microring resonator evanescently coupled to two identical waveguides, one of which is terminated with a mirror at port W;. The exceptional
eigenstate |J{> = |wg,,> can be excited through port P;, while the generalized eigenstate ‘JE} can be excited via port P,. b Plot of 7 (enhancement factor of
stored energy in the microring) when the system is excited by an input that matches |J£> compared to an excitation matching |1//Ep> as a function of

frequency detuning near resonance as obtained by full-wave simulations (black dots) and the closed-form expression (red line). ¢, d Distributions of the
electric field amplitudes under excitation either from ports P; or P, are plotted. As expected from the analysis, the case when \u1> = |1//E’P> leads to energy
storage in both the CW and CCW modes as evidenced by the standing wave pattern in (d). All simulations were performed by using the finite element
method available from the COMSOL software package. The optical parameters of the structure and the simulations details are discussed in Supplementary

Note 8.
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Fig. 7 lllustration of the Lorentzian and square-Lorentzian responses of the system. a An input signal is launched form port P; (see Fig. 6a) and the

normalized output power \%Iz

normalized output power |% 12

order to study the spectral response of this configuration, we plot
the scattering coefficients |% |2 and |% |* in Fig. 7a, b, where the
1 2

black dots represent data obtained from full-wave simulations
and red line indicates theoretical results. As predicted by our

analysis [see Eq. (8)], |% |* which corresponds to an excitation
1

and collection from the exceptional vector features a Lorentzian

response, while |§—: |> which corresponds to an excitation

matching |/3) and collection matching |y%,) follows a super-
Lorentzian of order two. This simple but intuitive example
demonstrates a subtle property of open systems, namely that their
response lineshape is not unique but rather depends on the input/
output channel configuration. Not only this feature arises
naturally from our analysis, but the exact expansion series for
resolvent operator [see Eq. (6)] allows us to tailor this response at
will by selecting the appropriate coupling channels. Importantly,
we stress that this scenario is different from the previous works in
which a control parameter, such as coupling strength, frequency
detuning, or loss imbalance between resonance modes, is tuned to
feature a Fano, EIT, or an ATS lineshape!9>-198, In contrast, for
the system studied here, there is no such control parameter: one
can obtain a Lorentzian or a squared-Lorentzian lineshape by
choosing the appropriate input and output channel pairs.

Our analysis extends beyond the simple input/output evanes-
cently coupled channels and can be useful also in understanding
light-matter interaction at EPs. As an example, consider the
geometry depicted in Fig. 8a which consists of a quantum dot
embedded inside a microring-waveguide-mirror system imple-
menting an exceptional surface. This system was investigated
recently and it was shown that it can be used to control the rate of
spontaneous emission and Purcell factor3!3%77, Let us now
assume that two single-photon detectors, D;, are located as
shown in the figure. What would be the spectrum of the detected
photon as measured by each detector after repeating the
experiment a large number of times? This question can be
answered only by calculating the Green’s operator matrix
elements. While this task can be done easily by a matrix
inversion in this simple case (see ref. 3! for more details), this
approach does not give any insight into the physics of the system.
On the other hand, by applying our formalism, it is straightfor-
ward to see, based on the photon trajectories, that detector D; will
report a Lorentzian response while D, will report a superposition
of Lorentzian and super-Lorentzian of order two. More
rigorously, the system here is described by equations similar to
that presented in Eq. (8) (see ref. 3! for details), where here |b, ,)
represent the emission from the quantum dot and are given by:

[bl(t),bz(t)f —% [e_i¢ﬂ,ei¢E]T, where w, is the transition

i

with Lorentzian distribution is observed at port Q;. b For an input signal from port P, a square-Lorentzian response for the

is collected at port Q.. Red solid line shows the theoretical results while black dots show results obtained through simulations.

frequency of the QE, the phase ¢ = f3d, and 8 is the propagation
constant of the modes (see ref. 3! for a detailed derivation). By
using the resolvent in Eq. (9), the response of the system is

—i i 1T i i
Gyl@)lJ e, Jete] = gl e, et

¢ %5]". The above expression indicates that the power

calculated as:

K
Aw+2iy

spectrum of CW mode associated with the microring structure in
Fig. 8a is Lorentzian while that of the CCW mode features a
superposition of Lorentzian and square-Lorentzian terms. In
addition, by recalling that « is a function of the mirror reflectivity
and location, it is straightforward to see that the interference
effects associated with the mixed term will vary as a function of
the optical path between the mirror and the emitter A¢ =2¢x —
¢ =2pB(d— L)+ ¢,. Figure 8b depicts the ratio of the stored

energy in the CCW mode to that in the CW mode 7, = g?g =

|1 _ 2iy|r|e”A¢ |2
Aw+2iy

which clearly highlights how the response of the intra-cavity
modes depends on the relative position of the mirror with respect
to the emitter. For completeness, we also plot the normalized

as a function of the mirror reflectivity |r| and A¢,

2
output power spectra Pp, p, = |@ |* detected by D, as a

function of the normalized frequency detuning A—;’ as shown in

. . 4. .
Fig. 8¢, d, respectively. As expected, Pj,, = a7y is Lorentzian,
: 4 _ 2iylr|e™? 2 .
while Pp, = yy |1 Awi2iy |© features an interference

between a Lorentzian and square-Lorentzian terms. While the
above example considers realistic scenarios of a quantum dot
having a small size compared to the wavelength of light, the
notion of controlling spontaneous emission using exceptional
points could be also relevant to other setups involving artificial
atoms with larger size where the dipole approximation fails!%%, as
well as systems consisting of multiple quantum emitters! 10,
Having demonstrated the utility of our approach and the
insight it provides using a simple system with one resonant
element, we now consider a more complex system that consists of
a PT-symmetric arrangement and an asymmetric delayed feed-
back as shown in Fig. 9a. In the absence of the mirror, this
structure exhibits two independent EPs, each of which of order
two. The introduction of the mirror causes these two EPs to
coalesce, forming an EP of order four3. Despite the fact that this
system consists of only two ring resonators, the presence of
inhomogeneous gain and loss distribution makes it difficult to
trust intuition in this case. On the other hand, brute-force
analysis by evaluating the scattering coefficients one at a time
does not provide much insight into the scattering profile. To
analyze this system using our formalism, we first consider the
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Fig. 8 Spontaneous emission at exceptional surfaces. a A photonic system consisting of a quantum dot embedded in a microring resonator evanescently
coupled to a waveguide with an end mirror that induces a unidirectional coupling between these modes. The emission from the quantum dot couples to the
CW and CCW modes (a; ) of the ring and eventually detected by the detectors D; ,. b The ratio 7. of the stored energy in the CCW mode to the stored
energy in the CW wave is plotted for the resonant frequency @ = w,. ¢ The normalized power detected by D; has a Lorentzian distribution. d The
normalized power detected by D, for A¢p =0 (red curve) and A¢ = r (blue curve) are shown for |r| =1. As explained in the text, the detected power
spectrum at D, features an interference between a Lorentzian and a square-Lorentzian terms, with the final outcome strongly depending on the relative
position between the mirror and the quantum dot as quantified by the parameter A¢g.
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Fig. 9 A PT-symmetric system with unidirectional coupling between the CW/CCW modes. a A schematic of the studied system, which was introduced in
ref. 30 and shown to exhibit an EP of order 4. J is the gain/loss factor. P, » 3 are input signals and Q3 are output signals. acw.ccw and bew,ccw are CW
and CCW modes of the cavities. b Pictorial depiction of the systematic approach to obtain the system’s linear response using the formalism presented in
this work. |b1> is the excitation profile expanded with respect to the right eigenvectors {{J;>}. {<j’n|} are the corresponding left bi-orthogonal vectors. G is
the resolvent and P, is the projection operator assigned to the output channel. Y quantifies the direct scattering between incoming and outgoing channels
and T describes the coupling between the resonant modes and the input/output channels.

Hamiltonian matrix describing this system as written in the
natural basis of the individual, isolated ring resonators

T,
[acw: bocws accws bew] '

w, — iy —if J 0 0
b ] w, — iy +iJ 0 0
L K 0 w, — iy —if J ’
0 0 J w, — iy +iJ

(10)
Here, w, is the resonant frequency, y is the decay rate of the
resonant mode into each waveguide, J is the coupling rate
between the two rings and also the gain/loss factors in the yellow/
green rings, respectively, i.e., the system respects PT symmetry. In

addition, x = — 2iy|r|e’, where |r| is the absolute value of the
mirror reflection coefficient, and the phase factor ¢ quantified the
phase of the mirror reflection coefficient and its distance from the
adjacent resonator. The right (canonical) eigenvectors associated
with  this Hamiltonian are given ’ ]{} =[0,0,—i,1]7,
73) =10,0,1,00", |5) =[1,4,0,0]", and |J;) =[0,1,0,0]".
These vectors are calculated based on the following choice for
constant coefficients y's [see Eq. (5)]: ya=yxa=J,x3=x. The
corresponding left bi-orthogonal vectors, which satisfy the
relation <ij|]fn> =0, are then given by: <711| =[—-i,1,0,0],

(Jo| =11,0,0,0], (Ji| =[1,i,0,0], and (J3| =[0,0,0,1]. The
scattering profile and spectral response of the system can be
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then evaluated by using Eq. (6) and using the following systematic
steps: (1) Write down the excitation profile in the basis of the bare
eigenmodes acw, dccws bew, and beews (2) Express this vector in
the basis of the right (canonical) eigenvectors; (3) Obtain the
response using Eq. (6); (4) Assign a projection operator to each
output channel. For instance, a unit input signal from port P; will
directly couple only to the field amplitude bcocyw (see Fig. 9a), and
hence we have the input vector ’b1> =1[0,1,0,0]" = |]£>.
Similarly, the vectors |b2> =1[0,0,0,1]" = ’];) + i‘]£> and
|b3> =[1,0,0,0]" = |]§> — i’]2> correspond to unit input signals
from ports P, and P;, respectively. By using Eq. (6), we can now
obtain the Green’s operator, and hence the linear response for
each different excitation. For instance, in the case of P;, we obtain

A 2

Gu@)|fy) = Gu(@it[b,) = iy2y [ I17) + o 1)+

m 73) +m|}2>], where |f,) =il|b;) and /2y corre-
sponds to the element of the coupling matrix I' between the input
channels and the interior of the resonator system. Note that this
expression describes the field amplitude inside the resonators. To
calculate the output, one must project this field amplitude on the
output channel. For illustration purpose, let us consider the
output channel Q;, which is directly coupled to the bcw, i.e., it
corresponds to the vector [0,0,0, 11" = }]Q + i|]£>. Thus one

can assign the projection operator P, = m><711| + 1|];><7ZZ| to
the output channel Q;. Similarly, the projection operators P, =

‘ ]£><7i’ and P, = | ]£><712| describe output channels Q, and Q;,
respectively. ~ Finally, the output signal is given by:

P, {f/|bj> — fTGVj>}, where the matrix ¥ quantifies the direct
coupling between the input and output channels whereas the

matrix I describes the coupling between the interior of the
resonators and the output channels. By applying the above-
sketched recipe for an input/output from ports P; and Qs, we

. o 2yJk
find: Q; = | Gari

response features a super-Lorentzian of order three, despite the
fact that the system exhibits an EP of order four. This is, however,
fully consistent with our theoretical analysis since P; corresponds
to ‘ J;) and Qs corresponds to | J5) as demonstrated by
mathematical structure of Eq. (6), and also pictorially in Fig. 5b.
Figure 9b summarizes the steps descried in this section.

In other words, counter-intuitively the

Discussion

In this work, we have presented a detailed analysis of the linear
response associated with non-Hermitian systems having EPs and
showed that a non-diverging resolvent associated with the sys-
tem’s Hamiltonian can be expressed as an exact series expansion
of the ordinary and generalized eigenfunctions of the Hamilto-
nian, ie., without resorting to any perturbation approximation.
Importantly, our formalism revealed a feature that escaped
attention in previous studies, namely that the response lineshape
scaling can be engineered by a judicious choice of the input and
output channels. This observation is crucial for tailoring light-
matter interactions at EPs. In order to emphasize this point and
also clarify the application of our formalism, we have considered
and analyzed several realistic photonic examples and we found
excellent agreement between results obtained from full-wave
simulations and our formulas. In doing so, we have also
demonstrated an interesting effect analogous to adjoint coupling
but rather in microring cavity setups. In other words, we have
shown that more optical energy can be stored in a microring
cavity system having an EP when the channel associated with the
input signal matches the generalized eigenmode rather than the

actual ordinary eigenmode of the structure. We emphasize that
although the examples in this manuscript are chosen from the
optical domain, our results are general and applicable to other
physical systems that can be described by similar coupled-mode
formalism. These include electronic, acoustic, mechanical, and
thermal systems. In addition, our framework provides a powerful
tool for understanding the complex interplay between non-
Hermiticity and other physical effects such as topological
invariants!2-28°%6511L112 " gptomechanical coupling!4>4113-115
as well as quantum statistics! 2472103116117 {5 just mention a
few examples. This in turn may enable the engineering of more
elaborate schemes for controlling energy and information flow in
complex non-Hermitian systems. Finally, we remark that
understanding the linear response of non-Hermitian systems is a
very crucial step toward studying their noise. In this regard, we
expect our formalism to provide more insight into the noise
behavior in non-Hermitian systems and play a positive role in the
active debate on signal-to-noise ratio of EP-based sensors!18-124,
We plan to explore some of these interesting directions in
future works.

Data availability
The data that support the findings of this study are available from the corresponding
authors upon reasonable request.
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