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In this paper, we are concerned with a modified complex short pulse (mCSP) equation of defocusing type.

Firstly, we show that the mCSP equation is linked to a complex coupled dispersionless equation of defocusing

type via a hodograph transformation, thus, its Lax pair can be deduced. Then the bilinearization of the defocus-

ing mCSP equation is formulated via dependent variable and hodograph transformations. One- and two-dark

soliton solutions are found by Hirota’s bilinear method and their properties are analyzed. It is shown that,

depending on the parameters, the dark soliton solution can be either smoothed, cusponed or looped one. More

specifically, the dark soliton tends to be evolved into a singular (cusponed or looped) one due to the increase

of the spatial wave number in background plane waves and the increase of the depth of the trough. In the last

part of the paper, we derive the defocusing mCSP equation from the single-component extended KP hierar-

chy by the reduction method. As a by-product, the N-dark soliton solution in the form of determinants for the

defocusing mCSP is provided.

Keywords: Short pulse equation; hodograph transformation; dark soliton; Hirota’s bilinear method.
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1. Introduction

The so-called short pulse (SP) equation

uxt = u+
1

6

(
u3
)

xx , (1.1)

was proposed by Schäfer and Wayne to describe the propagation of ultra-short optical pulses in

nonlinear media [4, 30]. Here, u = u(x, t) is a real-valued function, representing the magnitude of

the electric field, the subscripts t and x denote partial differentiation. Apart from the context of non-

linear optics, the SP equation has also been derived as an integrable differential equation associated

with pseudospherical surfaces [1,25]. The SP equation has been shown to be completely integrable
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possessing a Lax pair representation and bi-Hamiltonian structure [2,3,26]. The connection between

the SP equation and the sine-Gordon equation through the reciprocal transformation was firstly dis-

covered in [26], then was further clarified and used by to find two-loop and breather solutions in [27]

by the same authors. The general N-soliton solutions including multi-loop and multi-breather ones

were given in [19] by using Hirota’s bilinear method [14, 18]. The integrable discretization and the

geometric interpretation of the SP equation were given in [6, 7].

Recently, a modified short pulse (mSP) equation

uxt = u+uu2
x +u2uxx , (1.2)

was studied by Sakovich [28], in which the Lax pair and the soliton solutions were provided. The

mSP equation is a direct reduction (u = v) of a coupled short pulse equation [8] proposed by one of

the authors

uxt = u+
1

6
(u3)xx +

1

2
v2uxx , vxt = v+

1

6
(v3)xx +

1

2
u2vxx. (1.3)

Besides the above coupled short pulse equation (1.3), there is another coupled pulse equation pro-

posed by Müller-Hoissen and Matsuno independently [5, 20]

uxt = u+
1

2
(uvux)x , vxt = v+

1

2
(uvvx)x. (1.4)

When v∗ = u, which means u is the complex conjugate of v, this leads to a complex short pulse

equation

uxt = u+
1

2
(|u|2ux)x , (1.5)

which can be derived from the Maxwell equations for the propagation of ultra-short pulses [10,16].

The geometric interpretation via the motion of space curves was given in [31]. Its various solutions

including the multi-bright soliton, multi-breather and multi-rogue wave solutions were investigated

by the Darboux transformation [17].

Quite recently, Matsuno presents a multi-component generalization of the mSP equation [21],

of which the two-component mSP equation takes the form

uxt = u+ v(uux)x , vxt = v+u(vvx)x . (1.6)

Especially, imposing v∗ = u(≡ q), the two-component mSP equation reduces to a single equation

of complex version

qxt = q+q∗(qqx)x , (1.7)

which can be called the modified complex short pulse (mCSP) equation. Similar to the complex

short pulse equation which admits both the focusing and defocusing type [11, 12], it is natural to

consider a modified complex short pulse equation of defocusing type

qxt = q−q∗(qqx)x . (1.8)

Note that the equation (1.8) is invariant under the following transformation

q → cq, ∂x → 1

c
∂x, ∂t → c∂t ,

therefore, without loss of generality, the amplitude of q can be fixed as x →±∞.
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The rest of the paper is organized as follows. In Section 2, the bilinearization of the defocusing

mCSP equation (1.8) is formulated via an appropriate hodograph transformation, and the Lax pair is

given based on its connection with the complex dispersionless equation of defocusing type. Then the

one- and two-dark soliton solutions are found and illustrated, their properties are analysed in details.

In Section 3, starting from a single-component extended KP hierarchy, along with its tau functions,

the defocusing mCSP equation is derived and its multi-dark soliton solution in determinant form is

provided. The paper is concluded by Section 4.

2. Integrability of the defocusing mCSP equation

2.1. Bilinearization

The defocusing mCSP equation (1.8) can be deduced by the following bilinear equations

(DyDs + iκDs + iγDy)g · f = 0 , (2.1)

(
D2

s −
1

2

)
f · f =−1

2
gg∗ , (2.2)

by means of the dependent variable transformation

q =
1

2

g
f

ei(κy+γs) , (2.3)

and the hodograph transformation

x =−κγy+
1

4
s− (ln f )s , t = s , (2.4)

where D is the Hirota D-operator defined by

Dn
s Dm

y f ·g =

(
∂
∂ s

− ∂
∂ s′

)n( ∂
∂y

− ∂
∂y′

)m

f (y,s)g(y′,s′)|y=y′,s=s′ .

The proof is given as follows. Dividing f 2 on both sides of (2.1) and (2.2), and referring to a bilinear

identity

DyDsg · f
f 2

=

(
g
f

)
ys
+2(ln f )ys

g
f
,

we have (
g
f

)
ys
+2(ln f )ys

g
f
+ iκ

(
g
f

)
s
+ iγ

(
g
f

)
y
= 0 , (2.5)

(ln f )ss =
1

4

(
1− gg∗

f 2

)
. (2.6)

From the hodograph transformation (2.4) and Eq. (2.6), we have

∂x
∂y

=−κγ − (ln f )ys,
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∂x
∂ s

=
1

4
− (ln f )ss =

1

4

gg∗

f 2
= |q|2 ,

which implies

∂y = ρ∂x, ∂s = ∂t + |q|2∂x , (2.7)

by defining ρ =−κγ − (ln f )ys. Next, we note that Eq. (2.5) can be rearranged as(
g
f

ei(κy+γs)
)

ys
= (−κγ −2(ln f )ys)

g
f

ei(κy+γs). (2.8)

which simply becomes

qys = (2ρ +κγ)q . (2.9)

Differentiating Eq. (2.6) with respect to y, one obtains

ρs =
(|q|2)y . (2.10)

From Eqs. (2.9) and (2.10), one has

(qyq∗y)s = (2ρ +κγ)(qq∗)y

= (2ρ +κγ)ρs =
1

4

(
(2ρ +κγ)2

)
s , (2.11)

which implies a conserved quantity

1

4
(2ρ +κγ)2 −|qy|2 ,

for the defocusing mCSP equation (1.8). By setting boundary conditions

|qy| → 0, ρ →−κγ (2.12)

as y →±∞, this conserved quantity is simply κ2γ2/4. Then we have

ρ2 +κγρ = |qy|2, (2.13)

namely,

1+κγρ−1 = |qx|2. (2.14)

Note that Eq. (2.9) can be rewritten into

ρ−1qys = q+
(
1+κγρ−1

)
q,

which can be converted into by the conversion relations (2.7).

∂x
(
∂t + |q|2∂x

)
q = q+

(
1+κγρ−1

)
q . (2.15)

Finally, we have

qxt = q− (|q|2qx
)

x +
(
1+κγρ−1

)
q

= q− (|q|2qx
)

x + |qx|2q , (2.16)

which is exactly the defocusing mCSP equation (1.8).
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2.2. Lax pair

By scaling transformations

q → 1

2
q, 2ρ +κγ → ρ ,

Eqs. (2.9)–(2.10) become a complex coupled dispersionless equation of defocusing type discussed

in [11]. Therefore, we can give the Lax pair for Eqs. (2.9)–(2.10) as follows

Ψy =UΨ, Ψs =V Ψ , (2.17)

with

U = iλ
(

2ρ +κγ 2qy

−2q∗y −2ρ −κγ

)
, (2.18)

V =

(
i

4λ −q
−q∗ − i

4λ

)
. (2.19)

Based on the hodograph transformation, the Lax pair for the defocusing mCSP equation (1.8) is

deduced as

Ψx = PΨ, Ψt = QΨ , (2.20)

P = ρ−1U = iλ
(

1+ |qx|2 2qx

−2q∗x −1−|qx|2
)
, (2.21)

Q =−|q|2P+V =

(
i

4λ − iλ |q|2(1+ |qx|2) −2iλ |q|2qx −q
2iλ |q|2q∗x −q∗ − i

4λ + iλ |q|2(1+ |qx|2)
)
, (2.22)

whose compatibility condition gives Eq. (1.8).

2.3. One- and two-dark soliton solutions by Hirota’s bilinear method

Let us find the one-dark soliton solution satisfying the bilinear equations (2.1)–(2.2). To this end,

we assume

f = 1+ e2η , g = 1+αe2η , g∗ = 1+α∗e2η (2.23)

where 2η = βy+ωs, |α| = 1. A direct substitution of Eq. (2.23) into the bilinear equation (2.2)

yields

2ω2 =
1

2
(2−α −α∗) .

Letting α = e−2iφ , then we may choose ω =−sinϕ .
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Substituting Eq. (2.23) into the bilinear equation (2.2), one obtains

ωβ (α +1)+ iωκ(α −1)+ iγβ (α −1) = 0 ,

thus

β =
−iωκ(α −1)

ω(α +1)+ iγ(α −1)
=

−κ sinϕ
cosϕ − γ

.

In summary, we have

f = 1+ e2η , g = 1+ e2(η−iϕ) , (2.24)

where

2η =−sinϕ
(

s+
κy

cosϕ − γ

)
.

Thus, the single dark soliton can be expressed by

q =
1

4

(
(1+ e−2iϕ)+(e−2iϕ −1) tanhη

)
ei(κy+γs), (2.25)

x =−κγy+
1

4
s+

sinϕe2η

1+ e2η , t = s . (2.26)

The non-singularity condition for the single dark soliton is ρ �= 0 for all (x, t) ∈ R
2. To analyze the

property of the one-soliton solution, we calculate out

ρ =
∂x
∂y

=−κ
γe4η +

(
2γ + sin2 ϕ

cosϕ−γ

)
e2η + γ

(1+ e2η)2
, (2.27)

the non-singularity condition is determined by(
2γ +

sin2 ϕ
cosϕ − γ

)2

−4γ2 =
sin2 ϕ(sin2 ϕ +4γ(cosϕ − γ))

(cosϕ − γ)2
.

Therefore, we can define Δ = sin2 ϕ + 4γ(cosϕ − γ) and classify this one-dark soliton solution as

follows:

• smooth soliton: when Δ < 0, the single dark soliton solution is smooth.

• cuspon soliton: when Δ = 0, then ρ attains zero at only one point, which leads to a

cusponed dark soliton.

• loop soliton: when Δ > 0, then ρ attains two zeros, which leads to a looped dark soliton.

The velocity can be found with the following relation and the hodograph transformation

2η =
sinϕ

γ(cosϕ − γ)

(
x− γ(cosϕ − γ)t − 1

4
t
)
+ c1 .

So the velocity of the dark soliton is

vsp,1 = γ(cosϕ − γ)+
1

4
,

and the depth of the trough is 1
2
(1−|cosϕ)|). It should be emphasised here that the one-dark soliton

can be a right-moving, left-moving or a stationary one.
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−5 0 5−0.5

0

0.5

x

Fig. 1. A smooth dark soliton with parameters κ = 1.0, γ = 0.5, ϕ = 2π/3: solid line: ±|q|; dashed line: Re(q).

−5 0 5
−0.5

0

0.5

x

Fig. 2. A cusponed dark soliton with parameters κ = 1.0, γ = 0.25, ϕ = 2π/3: solid line: ±|q|; dashed line: Re(q).

−5 0 5
−0.5

0

0.5

x

Fig. 3. A cusponed dark soliton with parameters κ = 1.0, γ = 0.5, ϕ = π/2: solid line: ±|q|; dashed line: Re(q).

It is worthy to give further analysis of one-dark soliton solution. Let us first consider how the

spatial wave number of background plane waves influences the dark soliton. For the sake of conve-

nience, let us fix the values of κ = 1.0, ϕ = 2π/3, then it can be easily verified that the one-dark

soliton solution is a smoothed one for γ > 0.25, a cusponed one for γ = 0.25 and a looped one as

0 < γ < 0.25. In other words, the localized dark solution has more tendency to become singular

(cusponed or looped one) as the spatial wave number of background plane wave increases.

Next, let us look at the influence for the depth of the dark soliton, which is determined by
1
2
(1− |cosϕ|). To this end, we fix the value of κ = 1.0, γ = 0.25. When ϕ = 2π/3, or the depth

of 0.25, the one-dark soliton is a smoothed one. However, when ϕ = π/2, or the depth into the

maximum value of 0.5, the dark soliton becomes a cusponed one. So we may conclude that the

larger for the depth of the dark soliton, the easier for the formation of the singularity. To illustrate

all these fact, we display the profiles of single dark soliton for three set of parameters as in Figs.

1-3, respectively.

To find two-dark soliton solution, we assume

f = 1+ e2η1 + e2η2 +a12e(2η1+2η2)

g = 1+ e2(η1−iϕ1) + e2(η2−iϕ) +a12e2(η1+η2−iϕ1−iϕ2) ,
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−10 −5 0 5 10
0

0.1

0.2

0.3

0.4

0.5

x

|q
|

Fig. 4. Smooth-cuspon dark soliton interaction at t =−20.
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0.5

x

|q
|

Fig. 5. Smooth-cuspon dark soliton interaction at t = 0.
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0.1

0.2
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0.5

x

|q
|

Fig. 6. Smooth-cuspon dark soliton interaction at t = 20.

where

2ηi =−sinϕi

(
s+

κy
cosϕi − γ

)
. (2.28)

By substituting into the bilinear equation (2.2) and collecting the terms of e2(η1+η2), we obtain

a12 =
sin2

(ϕ2−ϕ1

2

)
sin2

(ϕ2+ϕ1

2

) .
The collision processes between smooth-cuspon dark solitons are illustrated in Figs. 4–6 at t =

−20,0,20, respectively. The parameters are taken as κ = 1.0, γ = 0.5, ϕ1 = π/2, ϕ2 = 2π/3,thus,

one is a stationary cusponed soliton, the other is a smoothed soliton with velocity −0.25. It is seen

that the interactions between dark solitons are elastic, which is the same as the collision between

dark solitons in defocusing complex short pulse equation and the nonlinear Schrödinger (NLS)

equation. Moreover, it seems that if the parameters guarantees the smooth property of each dark

soliton, then two dark soliton remains smooth all the time.
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3. Reductions from the extended KP hierarchy

The KP-hierarchy reduction method was firstly developed by the Kyoto school [15, 29], and later

was used to obtain soliton solutions in the NLS equation, the modified KdV equation, the Davey-

Stewartson equation and the coupled higher order NLS equations [13, 23]. Recently, this method

has been applied to derive dark-dark soliton solution in two-coupled NLS equation of the mixed

type [24]. In compared to the Hirota’s bilinear method [14], the KP-hierarchy reduction method

starts with the general KP hierarchy including the two-dimensional Toda-hierarchy [22] and derives

the general soliton solution in either determinant or pfaffian form reduced directly from the tau

functions of the KP hierarchy. By applying this method, general dark-dark soliton solution was

derived in a two-component NLS equation with the focusing–defocusing coupling [24]. Recently,

one of the authors [9] has constructed general bright-dark N-soliton solution to the vector NLS

equation of all possible combinations of nonlinearities including all focusing, all-defocusing and

mixed types.

3.1. Bilinear equations for the extended KP hierarchy

Let us start with a concrete form of the Gram determinant expression of the tau functions for

extended KP hierarchy with negative flows

τnkl =
∣∣mnkl

i j

∣∣
1≤i, j≤N , (3.1)

where

mnkl
i j = δi j +

1

pi + p̄ j
ϕnkl

i ψnkl
j ,

ϕnkl
i = pn

i (pi −a)k(pi −b)leξi , ψnkl
j =

(
− 1

p̄ j

)n

(− 1

p̄ j +a
)k(− 1

p̄ j +b
)leξ̄ j ,

with

ξi =
1

pi
x−1 + pix1 +

1

pi −a
ta +

1

pi −b
tb +ξi0,

ξ̄ j =
1

p̄ j
x−1 + p̄ jx1 +

1

p̄ j +a
ta +

1

p̄ j +b
tb + ξ̄ j0.

Here pi, p̄ j, ξi0, ξ̄ j0, a, b are constants. Based on the Sato theory for the KP hierarchy [15, 29], the

above tau functions satisfy a set of bilinear equations(
1

2
Dx1

Dx−1
−1

)
τnkl · τnkl =−τn+1,klτn−1,kl , (3.2)

(aDta −1)τn+1,kl · τnkl =−τn+1,k−1,lτn,k+1,l , (3.3)

(Dx1
(aDta −1)−2a)τn+1,kl · τnkl = (Dx1

−2a)τn+1,k−1,l · τn,k+1,l , (3.4)

(Dx1
(bDtb −1)−2b)τn+1,kl · τnkl = (Dx1

−2b)τn+1,k,l−1 · τnk,l+1 . (3.5)
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The proof is given below by referring to the Grammian technique [14, 22]. It is easily shown that

mnkl
i j , ϕnkl

i , ψnkl
j satisfy

∂x1
mnkl

i j = ϕnkl
i ψnkl

j , ∂x−1
mnkl

i j =−ϕn−1,kl
i ψn+1,kl

j ,

∂tamnkl
i j =−ϕn,k−1,l

i ψn,k+1,l
j ,

mn+1,kl
i j = mnkl

i j +ϕnkl
i ψn+1,kl

j , mn,k+1,l
i j = mnkl

i j +ϕnkl
i ψn,k+1,l

j .

Therefore the following differential and difference formulae hold for τnkl ,

∂x1
τnkl =

∣∣∣∣ mnkl
i j ϕnkl

i
−ψnkl

j 0

∣∣∣∣ , ∂x−1
τnkl =

∣∣∣∣∣ mnkl
i j ϕn−1,kl

i

ψn+1,kl
j 0

∣∣∣∣∣ , (3.6)

a∂taτnkl =

∣∣∣∣∣ mnkl
i j aϕn,k−1,l

i

ψn,k+1,l
j 0

∣∣∣∣∣ , τn+1,kl =

∣∣∣∣∣ mnkl
i j ϕnkl

i

−ψn+1,kl
j 1

∣∣∣∣∣ , (3.7)

τn−1,kl =

∣∣∣∣∣m
nkl
i j ϕn−1,kl

i
ψnkl

j 1

∣∣∣∣∣ , τn,k+1,l =

∣∣∣∣∣ mnkl
i j ϕnkl

i

−ψn,k+1,l
j 1

∣∣∣∣∣ , (3.8)

τn+1,k−1,l =

∣∣∣∣∣ mnkl
i j aϕn,k−1,l

i

ψn+1,kl
j 1

∣∣∣∣∣ , ∂x1
τn+1,kl =

∣∣∣∣∣ mnkl
i j ϕn+1,kl

i

−ψn+1,kl
j 0

∣∣∣∣∣ , (3.9)

(∂x1
+a)τn,k+1,l =

∣∣∣∣∣ mnkl
i j ϕn+1,kl

i

−ψn,k+1,l
j a

∣∣∣∣∣ , (3.10)

(∂x1
∂x−1

−1)τnkl =

∣∣∣∣∣∣∣
mnkl

i j ϕn−1,kl
i ϕnkl

i

ψn+1,kl
j 0 −1

−ψnkl
j −1 0

∣∣∣∣∣∣∣ , (3.11)

(a∂ta −1)τn+1,kl =

∣∣∣∣∣∣∣
mnkl

i j ϕnkl
i aϕn,k−1,l

i

−ψn+1,kl
j 1 −1

ψn,k+1,l
j −1 0

∣∣∣∣∣∣∣ , (3.12)

(∂x1
(a∂ta −1)−a)τn+1,kl =

∣∣∣∣∣∣∣
mnkl

i j ϕn+1,kl
i aϕn,k−1,l

i

−ψn+1,kl
j 0 −1

ψn,k+1,l
j −a 0

∣∣∣∣∣∣∣ . (3.13)

Applying the Jacobi identity of determinants to the bordered determinants (3.11)–(3.13), the three

bilinear equations (3.2)–(3.4) are satisfied. The bilinear equation (3.5) is proved in exactly the same

way.
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3.2. Reductions to the defocusing mCSP equation

In what follows, we briefly show the reduction processes of reducing bilinear equations of extended

KP hierarchy (3.2)–(3.5) to the bilinear equation (2.1)–(2.2). Firstly, we start with dimension reduc-

tion by noting that the determinant expression of τnkl ,

τnkl =

∣∣∣∣δi j +
1

pi + p̄ j
ϕnkl

i ψnkl
j

∣∣∣∣
1≤i, j≤N

,

can be alternatively expressed by

τnkl =

∣∣∣∣δi j +
1

pi + p̄ j
ϕnkl

i ψnkl
i

∣∣∣∣
1≤i, j≤N

,

by dividing j-th column by ψnkl
j and multiplying i-th row by ψnkl

i for 1 ≤ i, j ≤ N. By taking

p̄ j =
1

p j
, b =−1

a
, (3.14)

we can easily check that for 1 ≤ i ≤ N

pi + p̄i =
1

pi
+

1

p̄i
,

−a2

(
1

pi −a
+

1

p̄i +a

)
=

(
1

pi −b
+

1

p̄i +b

)
,

and

− p̄i

pi

(
− pi −a

p̄i +a

)(
− pi −b

p̄i +b

)
= 1 ,

which implies that τnkl satisfies the reduction conditions

∂x1
τnkl = ∂x−1

τnkl , (3.15)

−a2∂taτnkl = ∂tbτnkl , (3.16)

τn−1,k+1,l+1 = τnkl . (3.17)

Therefore the bilinear equation (3.2) is reduced to(
1

2
D2

x1
−1

)
τnkl · τnkl =−τn+1,klτn−1,kl. (3.18)

Moreover, by referring to the bilinear equation (3.5) and the reduction conditions (3.16)–(3.17), we

have (
Dx1

(aDta −1)+2
1

a

)
τn+1,kl · τnkl =

(
Dx1

+2
1

a

)
τn,k+1,l · τn+1,k−1,l . (3.19)
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Adding to (3.4), we have

(
Dx1

(aDta −1)−a+
1

a

)
τn+1,kl · τnkl =

(
−a+

1

a

)
τn+1,k−1,lτn,k+1,l (3.20)

By using (3.3), one obtains

(
Dx1

(aDta −1)−a+
1

a

)
τn+1,kl · τnkl =

(
a− 1

a

)
(aDta −1)τn+1,kl · τnkl , (3.21)

or

(Dx1
(aDta −1)− (a2 −1)Dta)τn+1,kl · τnkl = 0 . (3.22)

Next, we proceed to the reduction of complex conjugate, which turns out to be very simple. Specif-

ically, by taking a pure imaginary, |pi| = 1 and ξ̄ j0 = ξ ∗
j0, where ∗ means complex conjugate, we

have p̄i = p∗i and

τ∗
n00 = τ−n,00 .

Due to the relation (3.15) and (3.16), x−1 = 0 and tb = 0 become dummy variables. Therefore, we

have

τn00 =

∣∣∣∣∣δi j +
1

pi + p∗j

(
− pi

p∗j

)n

eξi+ξ ∗
j

∣∣∣∣∣
1≤i, j≤N

,

with

ξi = pix1 +
1

pi −a
ta +ξi0 .

In summary, by defining

f = τ000, g = τ100,

we arrive at (
Dx1

Dta −
1

a
Dx1

−
(

a− 1

a

)
Dta

)
g · f = 0 , (3.23)

(
1

2
D2

x1
−1

)
f · f =−gg∗ . (3.24)

Finally, by setting a = ic, ta = κcy, x1 = s/2 and (c2 + 1) = −2γc, the above bilinear equations

coincide with the bilinear equations (2.1)–(2.2). Therefore, the reduction process is complete. In

summary, we provide the determinant solution to the defocusing mCSP equation (1.8) by the fol-

lowing theorem.
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Theorem 3.1. The defocusing mCSP equation (1.8) admits the following determinant solution

q =
1

2

g
f

ei(κy+γs), x =−γy+
1

4
s− (log f )s t = s, (3.25)

where

f =

∣∣∣∣∣δi j +
1

pi + p∗j
eξi+ξ ∗

j

∣∣∣∣∣
1≤i, j≤N

,

g =

∣∣∣∣∣δi j +

(
− pi

p∗j

)
1

pi + p∗j
eξi+ξ ∗

j

∣∣∣∣∣
1≤i, j≤N

, (3.26)

with

|pi|= 1, ξi =
κc

pi − ic
y+

1

2
pis+ξi0 , (3.27)

under a constraint

γ =−c2 +1

2c
. (3.28)

By taking pi = −ie−iϕi , one can easily obtain the one- and two-dark soliton solutions to the

defocusing mCSP equation (1.8), which coincide the soliton solutions obtained in previous section

by Hirota’s perturbation method.

4. Comments and concluding remarks

In [11], a defocusing CSP equation was derived from physical context in nonlinear optics as an

analogue of the NLS equation in ultra-short pulse regime. Its geometric property and multi-dark

soliton solution via Hirota’s bilinear method was further studied in [12]. In the present paper, we

study a modified CSP equation of defocusing type via Hirota’s bilinear method. Firstly, we give its

bilinear form and found the one- and two-dark soliton solutions, whose properties are investigated

in details. Secondly, starting from a set of bilinear equations, along with their tau functions, of a

single-component extended KP hierarchy, we derive the defocusing mCSP equation based on the

KP-hierarchy reduction method. Meanwhile, its multi-soliton solutions is provided in determinant

form. We should comment here that, even if the dark soliton solutions look similar for the CSP and

the modified CSP equations, there are actually some fundamental differences between them. For

example, keeping all other parameters the same, a cusponed soliton (singularity) is developed for

the CSP equation with a background plane wave of amplitude 1.22, whereas, a background plane

wave of amplitude 0.5 leads to a cusponed solution. In other words, a singularity is easier to be

developed for the modified CSP equation than the CSP equation.

Even though various solutions to the focusing and defocusing mCSP equation have been con-

structed including the dark soliton solutions in the present paper [21], we should consider a coupled
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modified complex short pulse equation of mixed focusing and defocusing nonlinearity

q1,xt = q1 +q∗1(σ1q1q1,x +σ2q2q2,x)x , (4.1)

q2,xt = q2 +q∗2(σ1q1q1,x +σ2q2q2,x)x , (4.2)

where σi = ±1 with 1 represents focusing case and −1 stands for defocusing case. To find all

kinds of solutions including the multi-bright, multi-dark soliton and multi-rogue wave solutions

and to compare with the results with the ones to the coupled complex short pulse equation will be

interesting.
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