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Improved Spectral Representations of Neutron-Star Equations of State
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Spectral representations have been shown to provide an efficient way to represent the poorly
understood high-density portion of the neutron-star equation of state. This paper shows how the
efficiency and accuracy of those representations can be improved by a very simple change.

PACS numbers: 26.60.Kp, 26.60.-c, 26.60.Dd, 97.60.Jd

I. INTRODUCTION

Spectral representations have been shown to be accu-
rate and efficient ways to parameterize the high-density
portions of the neutron-star equation of state [1, 2]. Con-
sequently these representations are being used by several
groups now to extract equation of state information from
data obtained by x-ray and gravitational-wave observa-
tions of neutron stars, see e.g. [3–5]. This paper shows
how a very simple change can increase the accuracy and
efficiency of these spectral representations.
Section II briefly reviews and then shows how to

improve the basic pressure-based representations con-
structed from spectral expansions of the adiabatic index
of the material, see [1]. Section III reviews and then
shows how to improve the pressure-based causal represen-
tations constructed from spectral expansions related to
the sound-speed of the material, see [2]. Finally, Sec. IV
shows how these improvements can be extended to the
enthalpy-based representations of the equations of state,
which are useful for some purposes [6]. The accuracy and
efficiency of the improved spectral representations in each
section are evaluated by computing and then testing best-
fit representations of 27 realistic theoretical neutron-star
equations of state.

II. BASIC SPECTRAL REPRESENTATIONS

Previous studies [1, 2] have shown that efficient and ac-
curate representations of neutron-star equations of state
can be constructed using spectral representations of key
thermodynamic quantities. The first of these were based
on spectral expansions of the adiabatic index Γ(p), de-
fined by

Γ(p) =
ǫ(p) + p

p

(

dǫ

dp

)−1

. (1)

These basic spectral expansions have the form

Γ(p) = exp

[

∑

k

γkΦk(p)

]

, (2)

where the Φk(p) are a suitable fixed set of spectral basis
functions, and the γk are the spectral coefficients that
determine a particular Γ(p) in this representation.

As shown in [1], any adiabatic index Γ(p) on the do-
main p ≥ p0 determines the equation of state ǫ(p) on that
domain:

ǫ(p) =
ǫ0

µ(p)
+

1

µ(p)

∫ p

p0

µ(p′)

Γ(p′)
dp′, (3)

where µ(p) is defined by

µ(p) = exp

[

−

∫ p

p0

dp′

p′Γ(p′)

]

. (4)

The spectral coefficients γk determine the adiabatic index
from Eq. (2), and then Eqs. (3) and (4) together with the
integration constants ǫ0 and p0 uniquely determine the
equation of state in these basic pressure-based spectral
representations.
The constants ǫ0 and p0 are the pressure and density

at the point where the spectral representation matches
onto a low-density equation of state: ǫ(p0) = ǫ0. These
constants, ǫ0 and p0, ensure that the match between the
low-density equation of state and the high-density spec-
tral expansion is continuous. However, they do not en-
sure that the derivative of the equation of state is con-
tinuous at this point. The presence of a discontinuity in
the derivative would indicate, implicitly, the presence of
a phase transition in the material. The matching point
is typically chosen at sufficiently low density that no
physical phase transition should be present there. Ad-
ditional constraints on the spectral representation would
be needed to ensure that no such unphysical discontinuity
occurs there.
The spectral basis functions used in the basic spectral

expansions introduced in [1] have the form,

Φk(p) =

[

log

(

p

p0

)]k

. (5)

In the basic spectral expansions Γ(p0) = exp(γ0) since
Φ0(p0) = 1 and Φk(p0) = 0 for k > 0. It follows that the
continuity at the matching point of Γ(p), and hence the
derivative of the equation of state, is determined com-
pletely by the lowest-order spectral coefficient γ0. This
continuity is assured if and only if γ0 is chosen to be
γ0 = log Γ0, where Γ0 is determined from the low-density
equation of state:

Γ0 =
ǫ0 + p0

p0

(

dǫ(p)

dp

∣

∣

∣

∣

p↑p0

)−1

. (6)
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FI G. 1: Di s c o nti n ui ti e s i n t h e sl o p e s of t h e b e s t- fi t b a si c
p r e s s u r e- b a s e d s p e c t r al r e p r e s e nt a ti o n s of t h e e q u a ti o n of
s t a t e a r e ill u s t r a t e d a t t h e p oi nt ( p 0 , ǫ0 ) ( bl a c k d o t ) w h e r e
t h e y m a t c h o nt o t h e l o w d e n si t y e q u a ti o n of s t a t e. T h e e x a c t
e q u a ti o n of s t a t e s h o w n h e r e a s t h e s oli d ( bl a c k ) c u r v e i s t h e
A P R 1 e q u a ti o n of s t a t e. T h e ( r e d ) d o t t e d c u r v e i s t h e b e s t- fi t
n = 1 p a r a m e t e r b a si c s p e c t r al e q u a ti o n of s t a t e, t h e ( g r e e n )
d a s h e d c u r v e i s t h e b e s t- fi t n = 2 c u r v e, a n d t h e ( bl u e ) d o t-
d a s h c u r v e i s t h e b e s t- fi t n = 3 c u r v e.

I n [ 1] t h e a c c ur a c y a n d e ffi ci e n c y of t h e s e s p e ctr al r e p-
r e s e nt a ti o n s w e r e t e st e d b y a dj u sti n g t h e n l o w e st s p e c-
tr al c o e ffi ci e nts { γ 0 , γ1 , ..., γn − 1 } t o pr o vi d e d t h e b e st- fit
r e pr e s e nt a ti o n s of r e ali sti c e q u a ti o n of st a t e m o d el s i n
t h e d e n sit y r a n g e r el e v a nt f o r n e utr o n st a r s. F o r fi nit e n
t h e s p e ctr al r e pr e s e nt a ti o n s d o n o t n e c e s s a ril y s a ti sf y t h e
d e ri v a ti v e c o nti n uit y c o n diti o n, Γ( p 0 ) = e x p( γ 0 ) = Γ 0 ,
e x a ctl y. ( Alt h o u g h i n t h e li mit of l a r g e n t hi s di s c o nti-
n uit y b e c o m e s a r bitr a ril y s m all i n t h e s e r e pr e s e nt a ti o n s.)
Fi g ur e 1 ill u str a t e s t h e sl o p e di s c o nti n uiti e s a t t h e m a t c h-
i n g p oi nt f o r t h e l o w e st- o r d e r b a si c s p e ctr al fits of t h e
A P R 1 e q u a ti o n of st a t e. 1

T h e u n p h y si c al di s c o nti n uiti e s i n t h e d e ri v a ti v e s of t h e
e q u a ti o n s of st a t e a t t h e p oi nt ( p 0 , ǫ0 ) c a n, h o w e v e r, b e
r e m o v e d si m pl y b y c h a n gi n g t h e w a y t h e b e st- fit s p e c-
tr al c o e ffi ci e nts a r e d et e r mi n e d. I n st e a d of a dj u sti n g t h e
s p e ctr al p a r a m et e r s { γ 0 , γ1 , ..., γn − 1 } i n a n n - p a r a m et e r
fit, si m pl y s et

γ 0 = l o g Γ 0 , ( 7 )

w h e r e Γ 0 i s d e fi n e d i n E q. ( 6 ), a n d t h e n a dj u st t h e n s p e c-
tr al c o e ffi ci e nts { γ 1 , γ2 , ..., γn } i n st e a d. Fi g ur e 2 ill u s-

1 T h e A P R 1 e q u a ti o n of s t a t e w a s c h o s e n a s a r e p r e s e nt a ti v e b e-
c a u s e i t s s p e c t r al fi t s h a v e e r r o r s t h a t a r e cl o s e t o t h e a v e r a g e s
of t h e e r r o r s f o r t h e m o d el e q u a ti o n s of s t a t e s t u di e d i n [ 1].
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FI G. 2:  C o nti n ui t y a n d di ff e r e nti a bili t y of t h e i m p r o v e d
p r e s s u r e- b a s e d b a si c s p e c t r al r e p r e s e nt a ti o n s a r e ill u s t r a t e d a t
t h e p oi nt ( p 0 , ǫ0 ) ( bl a c k d o t ) w h e r e t h e b e s t- fi t s p e c t r al e q u a-
ti o n s of s t a t e m a t c h o nt o t h e l o w- d e n si t y e q u a ti o n of s t a t e.
T h e e x a c t e q u a ti o n of s t a t e s h o w n h e r e a s t h e s oli d ( bl a c k )
c u r v e i s t h e A P R 1 e q u a ti o n of s t a t e. T h e ( r e d ) d o t t e d c u r v e i s
t h e b e s t- fi t n = 1 p a r a m e t e r i m p r o v e d b a si c s p e c t r al e q u a ti o n
of s t a t e, t h e ( g r e e n ) d a s h e d c u r v e i s t h e b e s t- fi t n = 2 c u r v e,
a n d t h e ( bl u e ) d o t- d a s h c u r v e i s t h e b e s t- fi t n = 3 c u r v e.

tr a t e s t h e r e s ulti n g b e st- fit r e pr e s e nt a ti o n s of t h e A P R 1
e q u a ti o n of st a t e i n t h e n ei g h b o r h o o d of t h e m a t c hi n g
p oi nt ( p 0 , ǫ0 ). C o m p a ri n g t h e i m pr o v e d r e pr e s e nt a ti o n s
i n Fi g. 2 wit h t h e b a si c r e pr e s e nt a ti o n s i n Fi g. 1 s h o w s
t h a t t hi s si m pl e c h a n g e i s e ff e cti v e i n r e m o vi n g t h e u n-
p h y si c al sl o p e di s c o nti n uiti e s a t t h e m a t c h p oi nt.

T h e a c c ur a c y a n d e ffi ci e n c y of t h e s e i m pr o v e d b a si c
s p e ctr al r e pr e s e nt a ti o n s h a v e b e e n t e st e d b y c o m p uti n g
b e st- fit m o d el s of t h e 2 7 ( c a u s al) t h e o r eti c al n e utr o n- st a r
e q u a ti o n s of st a t e d e s c ri b e d i n [ 2]. Fi g ur e 3 ill u str a t e s t h e
a v e r a g e s of t h e s e fitti n g e r r o r s o v e r t h e s et of t e st e q u a-
ti o n s of st a t e f o r t h e n = 1 , ..., 5 b a si c a n d i m pr o v e d b a-
si c s p e ctr al r e pr e s e nt a ti o n s. T h e s e r e s ults s h o w t h a t t h e
i m pr o v e d b a si c s p e ctr al r e pr e s e nt a ti o n s, i n a d diti o n t o
r e m o vi n g t h e u n p h y si c al p h a s e tr a n siti o n di s c o nti n uiti e s
a t t h e m a t c hi n g p oi nt, a r e al s o s o m e w h a t m o r e a c c ur a t e
o n a v e r a g e t h a n t h e b a si c s p e ctr al r e pr e s e nt a ti o n s wit h
t h e s a m e n u m b e r of a dj u st a bl e p a r a m et e r s.

I I I.  C A U S A L S P E C T R A L R E P R E S E N T A T I O N S

S p e ctr al r e pr e s e nt a ti o n s of t h e e q u a ti o n of st a t e h a v e
al s o b e e n d e v el o p e d t h a t e n s ur e c a u s alit y [ 2].  T h e s e
c a u s al r e pr e s e nt a ti o n s a r e f ait hf ul i n t h e s e n s e t h a t e v e r y
c a u s al e q u a ti o n of st a t e c a n b e r e pr e s e nt e d i n t hi s w a y,
a n d e v e r y c h oi c e of s p e ctr al c o e ffi ci e nts i n t h e s e r e pr e s e n-
t a ti o n s pr o d u c e s a c a u s al e q u a ti o n of st a t e. T h e s e c a u s al
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FIG. 3: Average errors of the n-parameter pressure-based
basic and improved basic spectral fits are illustrated for 27
realistic neutron-star equations of state.

representations are based on spectral expansions of the
sound-speed function Υ(p), defined by

Υ(p) =
c2 − v2(p)

v2(p)
, (8)

where v(p) is the sound speed of the material,

v2(p) =

(

dǫ(p)

dp

)−1

, (9)

and c is the speed of light. The sound speed must be less
than the speed of light, v(p) ≤ c, for any material that
satisfies causality, so Υ(p) ≥ 0 for these materials.
The equation of state, ǫ = ǫ(p), determines Υ(p) via

Eqs. (8) and (9). Conversely, any Υ(p) on the domain
p ≥ p0 determines the equation of state, ǫ(p), on that
domain:

ǫ(p) = ǫ(p0) +
p− p0
c2

+
1

c2

∫ p

p0

Υ(p′)dp′, (10)

see [2]. Therefore any Υ(p) ≥ 0 determines a causal
equation of state.
The causal spectral representations of the equation of

state introduced in [2] were based on the following spec-
tral expansions of Υ(p),

Υ(p) = exp

[

∑

k

λkΦk(p)

]

, (11)

where Φk(p) are fixed spectral basis functions and λk

are spectral coefficients. These spectral expansions de-
termine an Υ(p) that satisfies Υ(p) ≥ 0, and therefore a

causal equation of state. If the Φk(p) are a complete set
of basis functions on a particular domain, then any Υ(p)
can be represented in this way on that domain.
These causal representations were shown to be effi-

cient and accurate ways to represent realistic neutron-
star equations of state in [2]. In that study a collec-
tion of 27 different causal nuclear-theory based neutron-
star equations of state were used to test the accuracy of
these representations. Best-fit spectral expansions were
prepared by adjusting the lowest-order spectral coeffi-
cients, {λ0, λ1, ..., λn−1}, to minimize the differences be-
tween the exact and the spectral representation of each
equation of state. These spectral expansions were quite
accurate, with average errors of 2 − 3% for n = 2 repre-
sentations and progressively smaller errors as the number
of basis functions n is increased. The spectral represen-
tations had systematically smaller average errors than
other popular piecewise-analytical representations with
the same number of adjustable parameters. Therefore
the spectral-based representations were found to be both
accurate and efficient.
The spectral basis functions used in [2] for the causal

representations were the same as those used for the ba-
sic representations in Eq. (5). It follows that the causal
spectral representations have Υ(p0) = exp(λ0) at the
point (p0, ǫ0) where the high-density spectral represen-
tation matches onto the low-density equation of state.
Therefore the sound speed at this point in the causal
spectral representations is determined entirely by λ0:

v2(p0) =
c2

1 + exp(λ0)
. (12)

The sound speed at this matching point can also be de-
termined from the low-density equation of state in the
usual way:

v2
0
=

(

dǫ(p)

dp

∣

∣

∣

∣

p↑p0

)−1

. (13)

It follows that the sound speed (and hence the deriva-
tive of the equation of state) will be continuous at this
matching point if and only if v(p0) = v0. This agreement
is possible if and only if the spectral parameter λ0 has
the value,

λ0 = log

[

c2 − v2
0

v2
0

]

. (14)

The n-parameter spectral representations described
in [2] use the n lowest-order spectral parameters,
{λ0, λ1, ..., λn−1} to determine the equation of state. The
best possible match between the exact nuclear-theory
equations of state, and their spectral representations is
achieved by adjusting the values of these n spectral pa-
rameters to minimize the differences. Similar to the basic
spectral representations discussed in Sec. II, these opti-
mal parameter choices typically produce λ0 that do not
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satisfy Eq. (14) exactly. The graphs of the resulting best-
fit causal spectral representations in the neighborhood of
the matching point are similar to those shown in Fig. 1,
so those graphs are not reproduced here. All the graphs
show n-dependent discontinuities at the matching point
with the low-density equation of state. There is, however,
one qualitative difference between the causal graphs and
those for the basic spectral representations: In the causal
spectral representations the discontinuity in the slopes at
the matching point are significantly larger for the n = 1
representations than that shown in Fig. 1.

The causal spectral representations can easily be im-
proved, however, by setting λ0 using Eq. (14) to ensure
continuity of the sound speed at the matching point, and
then adjusting the n parameters {λ1, λ2, ..., λn} instead
of {λ0, λ1, ...λn−1}. The accuracy and efficiency of these
improved representations have been tested by comparing
the best-fit models for the 27 (causal) model neutron-
star equations of state described in [2]. Figure 4 illus-
trates the averages of these fitting errors over the set of
test equations of state for the n = 1, ..., 5 causal and im-
proved causal representations. These results show that
the improved causal spectral representations, in addition
to removing the unphysical phase transition discontinu-
ities at the matching point, are also more accurate on av-
erage than the causal spectral representations with the
same number of adjustable parameters. This improve-
ment in accuracy is most pronounced for representations
with small numbers of basis functions. The currently
available data from neutron-star observations is not ac-
curate enough or plentiful enough to allow very precise
measurements of the equation of state. So having very
accurate low-order representations should be particularly
useful at this time.
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FIG. 4: Figure illustrates the average errors of the n-
parameter pressure-based causal and the improved causal
spectral fits to 27 realistic neutron-star equations of state.

IV. ENTHALPY BASED REPRESENTATIONS

For some purposes it is more convenient to express
the equation of state, ǫ = ǫ(p), in terms of the en-
thalpy of the material, h(p) =

∫ p

0
dp′/ [ǫ(p′) + p′], see

e.g. [6]. The enthalpy version of the equation of state
is generally expressed as the pair of functions ǫ = ǫ(h)
and p = p(h). Basic spectral representations of these
enthalpy-based equations of state have been given in [1]
and causal representations in [2]. Like their pressure-
based counterparts, the basic enthalpy-based representa-
tions are based on spectral expansions of the adiabatic
index Γ(h), which then determines the equation of state
by quadratures (see [1]):

p(h) = p0 exp

[

∫ h

h0

eh
′

dh′

µ̃(h′)

]

, (15)

ǫ(h) = p(h)
eh − µ̃(h)

µ̃(h)
, (16)

where µ̃(h) is defined as,

µ̃(h) =
p0 e

h0

ǫ0 + p0
+

∫ h

h0

Γ(h′)− 1

Γ(h′)
eh

′

dh′. (17)

The constants p0 and ǫ0 are defined by p0 = p(h0) and
ǫ0 = ǫ(h0) respectively.
Similarly the enthalpy-based causal representations are

based on spectral expansions of the sound-speed func-
tion Υ(h), which also determines the equation of state
by quadratures (see [2]):

p(h) = p0 +
(

ǫ0 c
2 + p0

)

∫ h

h0

µ̂(h′) dh′, (18)

ǫ(h) = −p(h) c−2 +
(

ǫ0 + p0 c
−2

)

µ̂(h), (19)

where µ̂(h) is defined as,

µ̂(h) = exp

{

∫ h

h0

[2 + Υ(h′)] dh′

}

. (20)

As in the pressure-based cases discussed in Secs. II
and III, the continuity of the derivative of the equation
of state at the matching point where ǫ0 = ǫ(h0) and
p0 = p(ho) is determined by the continuity of Γ(h0) or
Υ(h0) at this point. The spectral basis functions Φk(h)
used in the accuracy and efficiency studies in [1] and [2]
are given by

Φk(h) =

[

log

(

h

h0

)]k

. (21)

This basis has the property that Φ0(h0) = 1 and
Φk(h0) = 0 for k > 0. Therefore the expressions for
Γ(h0) = exp(γ0) and Υ(h0) = exp(λ0) at the matching
point are identical to those for the pressure-based repre-
sentations. Consequently the conditions needed to ensure
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FIG. 5: Average errors of the n-parameter enthalpy-based
basic and improved basic spectral fits are illustrated for 27
realistic neutron-star equations of state.

the enthalpy-based spectral equations of state match the
low-density equation of state with continuous derivatives
are identical to those for the pressure-based representa-
tions: Eqs. (7) and (14) respectively.
The enthalpy-based spectral expansions can there-

fore be improved using the same method used for the
pressure-based representations in Secs. II and III. In-
stead of adjusting the parameters {γ0, γ1, ..., γn−1} or
{λ0, λ1, ..., λn−1} to obtain the optimal n-parameter rep-
resentations, the lowest-order parameters, γ0 or λ0, are
fixed using Eqs. (7) or (14), while the n parameters
{γ1, γ2, ..., γn} or {λ1, λ2, ..., λn} are adjusted for the best
fits. The average errors in the best fits to 27 realistic
neutron-star equations of state are illustrated in Fig. 5 for

the basic and the improved basic enthalpy-based repre-
sentations, and in Fig. 6 for the causal and the improved
causal representations. As in the pressure-based repre-
sentations, the accuracies of the improved enthalpy-based
representations for a given value of n are systematically
better than the original representations.
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FIG. 6: Average errors of the n-parameter enthalpy-based
causal and improved causal spectral fits are illustrated for 27
realistic neutron-star equations of state.
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