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Abstract We present an ensemble of unified neutron star
crust and core equations of state, constructed using an
extended Skyrme energy density functional through the crust
and outer core, and appended by two piecewise polytropes
at higher densities. The equations of state are parameterized
by the first three coefficients in the density expansion of the
symmetry energy J, L and Ksym, the moment of inertia of
a 1.338 M� star I1.338 and the maximum neutron star mass
Mmax. We construct an ensemble with uniform priors on all
five parameters, and then apply data filters to the ensemble to
explore the effect of combining neutron skin data from PREX
with astrophysical measurements of radii and tidal deforma-
bilities from NICER and LIGO/VIRGO. Neutron skins are
calculated directly using the EDFs. We demonstrate that both
the nuclear data and astrophysical data play a role in con-
straining crust properties such as the mass, thickness and
moment of inertia of the crust and the nuclear pasta layers
therein, and that astrophysical data better constrains Ksym

than PREX data.

1 Introduction

The systematic exploration of the space of neutron star
equations-of-state (EOSs) by generating large ensembles of
EOSs which can be constrained by data using statistical infer-
ence began in earnest a decade ago [1–3]. It has matured with
the advent of gravitational wave measurements of the neu-
tron star tidal deformability [4,5] from LIGO/VIRGO and
new measurements of the neutron star radius from timing of
X-ray pulsars from the NICER telescope [6–11]

Many different ways of generating EOS ensembles have
been explored. One can characterize the EOS model with
a set of physical parameters and explore the parameter
space, using polytropic EOSs [1–3,12–14], line segments,
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speed-of-sound models [15–17], and spectral models [18].
Alternatively, non-parametric EOSs can be employed. These
can be generated from Gaussian processes (GPs) [19–22] or
using machine learning techniques [23]. It should be noted
that when non-parametric EOSs are used, connections to the
physics of the EOS requires an extra modeling step [17].

At the same time, there have been significant develop-
ments on the nuclear experimental and theoretical side: for
example, measurements of the parity violating asymmetry in
electron scattering off 208Pb in the PREX and CREX exper-
iments [24–27], measurements of the dipole polarizability
of 48Ca and 208Pb [28–31], and modeling the pure neutron
matter EOS using chiral effective field theory (χEFT) with
well quantified theoretical uncertainty [32–36].

Including nuclear data in EOS inference typically involves
use of a nuclear EOS up to around 1.5n0 (n0=0.16 fm−3)
that is a direct parameterization of the nuclear matter EOS
expanded about nuclear saturation density, and are often fit
to nuclear theory calculations of neutron matter [37–39] and,
more recently, heavy ion collision constraints on elliptic flow
[40,41].

It is convenient to parameterize EOS models using the
coefficients in the density expansion of the nuclear symmetry
energy about nuclear saturation density ρ0: defining χ =
(ρ − ρ0)/3ρ0,

S(ρ) = J + χL + 1

2
χ2Ksym + 1

3
χ3Qsym + . . . (1)

where, given the energy of nuclear matter as a func-
tion of density and proton fraction E(ρ, x), S(ρ) =
d2E(ρ, x)/dδ2|δ=0 and δ = 1 − 2x . The symmetry energy
parameters are known to correlate with a number of neutron
star properties including the proton fraction in neutron stars
and the neutron star radius [42–45].

The full range of density dependences of nucleonic equa-
tions of state for which the predictions of EDFs form a sub-
set can be explored in meta-models, using the parameters
of the symmetric nuclear matter EOS and symmetry energy
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expanded to sufficiently high order [46–50]. Meta-models
of this kind are inherently grounded in nucleonic physics,
and assume a smooth EOS and so discount phase transitions
and implicitly assume the EOS at saturation density com-
pletely determines the EOS at high densities, which might
not hold [51]. As well as incorporating nuclear data into EOS
inference, these approaches allow inference of the symme-
try energy parameters from astrophysical data [52], com-
plementing the significant experimental effort that has been
devoted to measuring the symmetry energy over the past two
decades [53–58].

These models have started to incorporate neutron skin
data using the correlation between the slope of the symme-
try energy L and the neutron skin thickness of 208Pb [59]
to associate a neutron skin thickness with the nuclear matter
EOS used to construct the neutron star EOS [17,60]. There is
a fundamental inconsistency in this approach, since the cor-
relation is obtained from set of energy density functionals
(EDFs) which cover a region of symmetry energy parame-
ter space restricted by strong correlations between L and the
other symmetry energy parameters from the model and the
data used to fit the EDFs. Such a restriction is not enforced in
the construction of the neutron star EOS, with priors that can
allow independent variation of J , L , and often higher-order
parameters.

Using a full energy density functional (EDF) in a Bayesian
inference would allow consistent combination of finite
nuclear data such as neutron skins into the multimessenger
framework. Large sets of Skyrme [61,62], Gogny [63,64]
and RMF models [65,66] have been used to construct sets
of neutron star EOSs, although they do not systematically
explore the space of symmetry energy parameterizations, and
they are usually extended to the highest densities, implicitly
assuming a nucleonic star with no phase transitions. Spe-
cific parameterizations of the Skyrme EDF have been used
in conjunction with polytropic and speed-of-sound param-
eterizations of the high density EOS [61,67–69]. Only a
small number of studies have generated large ensembles of
EDF models of the EOS, and additionally decoupled the
high density EOS from the EDF through the use of poly-
tropic extensions starting at 1.5–2n0 [66]. All ensembles
of neutron star EOSs constructed with EDFs have allowed,
at most, J and L to vary independently. However, there is
significant uncertainty in the higher order parameters such
as Ksym [70–73]. There has been some limited exploration
of J, L , Ksym space using a Skyrme EDF [62], but a not
a large systematic generation of ensembles of such mod-
els.

Explorations of the space of neutron star crust EOSs
are not as developed as those of the core EOS. There
exists only two attempts to systematically generate of crust
model ensembles, using meta-models [48,74,75] and using
an extended Skyrme EDF [76,77].

Failure to use unified crust-core EOSs incurs an error in
modeling radii and tidal deformabilities around 3% [78],
well below the current precision of observations but may
be important for observations from next generation tele-
scopes. It also decreases the accuracy of universal relations
[79]. However, consistent crust and core models—unified
EOSs [64,80–82]— gives access to a rich variety of cur-
rently observed or potential astrophysical data which mea-
sure observables including crustal oscillation modes [83–
85], crust cooling [86–88], crust shattering [89,90], persis-
tent gravitational waves from mountains [84], magnetic field
evolution [91] and damping of core modes [92,93]. They
allow consistent propagation of measurements of bulk neu-
tron star properties such as radii, moments of inertia and tidal
deformabilities through to crust observables.

In order to close the gaps in EOS modeling highlighted
above, here we present a large ensemble of EOSs which
uniquely combine the following features:

1. A large number of extended Skyrme EDFs [76,94] with
three degrees of freedom J , L , Ksym are generated, from
which neutron skin predictions are calculated.

2. Crust models are calculated with each EDF [76,77], uni-
fying the crust and outer core EOS.

3. Two polytropes are appended to explore a wider range of
possible core EOSs.

The polytropic parameters can be adjusted to reproduce
desired values of the moment of inertia I1.338 of a 1.338 M�
star—which may be measured accurately in the next few
years [95]—and the maximum neutron star mass Mmax. We
construct an ensemble of EOSs with uniform priors on J , L ,
Ksym, I1.338, Mmax which match the uniform prior distribu-
tion of crust models presented in [76]. We conduct a simple
initial demonstration that this set of EOSs can be used to
constrain crust and core properties, including the extent of
nuclear pasta in the neutron star crust, by consistently incor-
porating the neutron skin measurements of PREX, the neu-
tron star tidal deformability measurements from LIGO, and
the neutron star mass and radius measurements from NICER.
These EOSs can in future be used directly in Bayesian infer-
ences from combined nuclear and astrophysical datasets or,
for example, as training sets for machine learning or Gaus-
sian process generation of non-parametric EOSs.

2 Equation of state construction

We have already constructed large ensembles of extended
Skyrme EDF crust models, parameterized by J , L and Ksym,
using a compressible liquid drop model (CLDM) discussed
throroughly in [76,96]. We have explored a number of prior
distributions of crust models and performed a Bayesian infer-
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ence of crust properties from neutron skin and neutron matter
data [76].

Here we use these models, with the best fit value of the
nuclear surface parameters in the CLDM obtained by fits to
3D Hartree-Fock calculations of nuclei in the crust [76].

To systematically explore the high density equation of
state in a way that is independent of the saturation-density
nucleonic EOS, we employ the piecewise polytrope method
[1–3]. We will attach two polytropes to our Skyrme EOSs.
We are essentially replacing one of the three polytropes com-
monly used with our extended Skyrme EOS for the outer
core without losing degrees of freedom. This is compara-
ble to recent works where the outer core EOS is described
by a parameterization of the pure neutron matter EOS, usu-
ally with two degrees of freedom (equivalent of J and L)
[48,97,98]. Our model has the advantage of being derived
from a full EDF that can be additionally used to calcu-
late directly nuclear observables. The transition between the
nuclear matter EOS and the first polytrope, and between the
first and second polytropes, is generally found to be between
1–2n0 and 2.5–4n0 respectively [1,3,52]. As our baseline
family of models, we fit the first polytrope at a density of
n1=1.5n0 and the second at n2=2.7n0. We then have three
regions of the star: the crust and outer core, in which the
pressure and energy density are given by the Skyrme EOS,
and the two polytropic regions in which the pressures are
given by

P1 = K1n
Γ1 n1 < n < n2

P2 = K2n
Γ2 n2 < n, (2)

where continuity of pressure determines the constants K1

and K2. The energy density in the three density regions is
obtained by integrating the first law of thermodynamics:

εi = (1 + ai )n + KinΓi

Γ1 − 1
ai = εi−1(ni )

ni
− KinΓi−1

Γi − 1
− 1

where ai are constants of integration, i={1,2} and the sub-
script 0 labels the Skyrme EOS.

The speed of sound is

cs,i(n)

c
=

(
Γi P

P + ε

)1/2

(3)

In the eventuality that the EOS becomes acausal at a given
density nacausal, we transition to a causal EOS:

Pcausal = ε = bn1/3 nacausal < n (4)

where ε is the energy density and b is a constant given by

b = 1 + a

nacausal
+ K

nΓ −2
acausal

Γ − 1
(5)

and a is either a1 or a2 depending on which region the EOS
becomes acausal in.

Each equation of state generated is characterized by five
parameters: the three symmetry energy coefficients J , L and
Ksym for the Skyrme-EOS, and the polytropic parameters Γ1

and Γ2. Γ2, which controls the high density part of the EOS,
can be tuned to give a desired maximum mass; Γ1, which
controls the EOS at intermediate densities in the core can be
tuned to give a particular moment of inertia of a 1.4M� star
I1.338 while keeping the other parameters fixed. We can thus
parameterize each EOS by J , L and Ksym, I1.338, Mmax. The
moment of inertia is not independent of tidal polarizability; a
set of universal relationships between neutron star moments
exists [99–101]. Parameterizing the polytropes in terms of
bulk properties of a neutron star allow us to incorporate other
astrophysical information naturally. We know the maximum
mass must be above 2 M� from measurements of the heaviest
pulsars [9,11,102,103]. Additionally, although we do not use
this constraint here, modeling of GW170817 is suggestive of
a maximum mass around 2.2 M� [104–107].

We have already employed our ensemble to show how the
multi-messenger detection of a gamma-ray flare coincident
with the gravitational waves from the inspiral of a two neutron
stars prior to merger allows a measurement of crust properties
such as the average shear speed in the crust, from which
symmetry energy constraints can be obtained [90].

3 Results

We construct a set of crust and outer core EOSs parameter-
ized by J ,L and Ksym uniformly distributed on a 203 grid
over the ranges 25 < J < 42 MeV, 5 < L < 140 MeV and
−450 < Ksym < 150 MeV (The “uniform” prior set from
[76]). These ranges are chosen to comfortably encompass all
current experimental and theoretical constraints (which point
to values of J and L in the range 26–34 MeV and 20–80
MeV respectively [55]), and also to allow for the possibility
of a particularly stiff EOS hinted at by the PREX-II results
which suggest a J of 42 MeV and an L of 140 MeV may
be consistent with neutron skin data. Not all combinations of
parameters produce viable crust models due to instabilities in
the PNM EOS at low crust densities, so the symmetry energy
space naturally gets filtered by this physical requirement. See
[76,77] and Fig. 2 for the resulting parameter space for our
priors. We then append two polytropes, with the parame-
ters adjusted to give uniform priors on our maximum mass
in the range 2.0M� < Mmax < 3.0M�, since the NICER
measurement of PSR J0740+6620 and radio observations of
pulsars [9,11,102,103] show neutron stars above two solar
masses are possible. The upper bound of 3.0M� is below the
limit set by causality, and while we could find higher masses
allowed by causality in certain regions of parameter space,
we choose for this exploratory work to set this limit. Our pri-
ors on the moment of inertia of a 1.338M� star are uniform
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between the smallest and largest physically possible for a
given J, L , Ksym and Mmax. This results in an ensemble of
about 60,000 EOSs.

Although the ensembles of EOSs are designed for a
full Bayesian inference combining nuclear and astrophysi-
cal data, the results of which are in preparation, the purpose
of this paper is to demonstrate in a simple way the fruitful-
ness of the approach. We do this by applying some nuclear
and astrophysical constraints as a filter on a prior ensemble
of EOSs. We apply the following filters to the EOSs. For each
filter, we simply remove the EOSs that do not fulfill the con-
straint. Although it will sometimes be convenient to present
the results as a median and credible interval, keep in mind
these do not come from a full statistical inference.

The filters are:

1. The PREX 68% confidence limits 0.21 < r208
np < 0.35

fm [27].
2. The LIGO 68% confidence limits on the mass-weighted

tidal deformability 70 < Λ̃ < 580 [108].
3. Since the above constraint tends to favor softer EOSs,

we also include the constraints from combining the GW
data with EM information about the amount of ejecta
from GW170817 [109], resulting in a lower bound on
the tidal deformability 300 < Λ̃ < 800. This gives us
an example of an astrophysical dataset that favors stiffer
EOSs, to compare to the PREX dataset.

4. The 68% confidence regions of the masses and radii of
two X-ray pulsars from NICER X-ray timing. We filter
our EOSs through both the combined the 68% confidence
limits for the radius of pulsar J0030+0451 [6,8] and PSR
J0740+6620 [9,10].

We label the PREX filter as PREX, the astrophysical filter
combining NICER and LIGO/VIRGO data (datasets 2 and 4
above) as NICER+ LV, the astrophysical datasets including
the extra information from EM observations of the kilonova
(datasets 3 and 4 above) as NICER+ LV/EM, and the com-
bination of the astrophysical and neutron skin datasets as
PREX+ NICER+ LV and PREX+ NICER+ LV/EM.

The 68% confidence limits from LIGO and VIRGO are
obtained from a Bayesian analysis which marginalizes over a
number of other variables—for example, distances to the sys-
tems, orbital inclination in the case of LIGO, the parameters
characterizing the geometry of the hot spot on the neutron
stars observed by NICER. Despite this, we should keep in
mind that there may be additional uncertainty—particularly
systematic—that has yet to be characterized. For example,
the constraint on the neutron skin of lead from PREX was
obtained by an analysis using a small number of relativistic
mean field models.

In Fig. 1, we show the EOS space covered by our priors
and for the filtered sets of EOSs. In Fig. 1a we compare

the priors (grey) with the PREX filter alone (yellow), the
NICER+LV filters without PREX (red), and the NICER+
LV/EM filters without PREX (blue hatched). In Fig. 1b we
show again the Prior and PREX filters for reference, this time
with the NICER+LV and NICER+ LV/EM filters combined
with the PREX filter. The resulting mass-radius relations are
shown in Fig. 2a and b for the same combinations of filters.
In both figures, the shaded areas bound all our EOSs for a
given filter, and their mass-radius curves.

The PREX data eliminates the softest EOSs, and has its
most pronounced effect on low mass neutron stars where the
EOS at nuclear saturation density is most influential. Indeed,
it eliminates the softest crust EOSs, below 0.5n0. The pri-
ors give radii ranging from just below 9 km up to just over
14 km, with the PREX data predicting lower limits of radii
between 10 and 11 km above one solar mass, increasing to
above 12 km for neutron stars significantly below 1 M�.

The NICER+LV data allows for soft EOSs close to n0, but
then eliminates EOSs that are soft at high densities so that
stars above 2M� are common in our ensemble. It therefore
provides complementary information to PREX. Finally, the
NICER+ LV/EM data further eliminates soft EOSs, partic-
ularly at high densities, due to the lower bound on the tidal
deformability. One can see that this stiff-EOS favoring astro-
physical dataset retains many soft EOSs at lower density, but
eliminates many of them around saturation density (though
not as many as PREX) and above, where the PREX data
allows softer EOSs. This again reveals the complementarity
of PREX and GW data; we are in a stronger position when
we can combine both consistently.

When NICER+LV data is combined with PREX data
(Figs. 1b and 2b), the complementary nature of the nuclear
and astrophysical constraints are clearly seen, with soft EOSs
at both low densities and high densities being eliminated by
different components of the dataset, and correspondingly,
larger radii predicted for lower and higher mass neutron stars.

In Fig. 2a and b, we plot regions in symmetry energy
space where 90% of our models lie after filters are applied. In
Table 1 the numerical predictions for all quantities discussed
in this paper are given, as medians and 68% limits about the
median after the filters are applied. J is constrained most by
the PREX data, to large values 39.4+2.7

−3.6 MeV. Compared to

the prior value of 53+32
−32 MeV, L is constrained by PREX to

much stiffer values 93+24
−24 MeV and The NICER+LV data

alone predicts a much softer value 29+32
−16 MeV. Additionally,

the NICER+LV data has the largest effect on Ksym shift-
ing the prior prediction of −2+111

−148 MeV to lower values of

−113+111
−111 MeV. The extra EM data has little effect on the

symmetry energy inference, emphasizing that its stiffening
effects occurs at high densities.

Note that these confidence limits are obtained marginal-
izing over all other parameters. The 68% ranges about the
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(a) (b)

(d) (c)

Fig. 1 Equation of state ensembles use (a, b) and corresponding mass-radius curves (c, d) shown for our prior distribution (grey), with the inclusion
of PREX data (yellow), NICER+LV data (red) and NICER+LV/EM data (blue hatched). The astrophysical data is combined with PREX in (b, d)
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Fig. 2 Marginalized distributions of our model predictions for the sym-
metry energy parameters J ,L and Ksym, together with the radius of a
1.4 M� star. Both plots give the results for the prior (Yellow) and PREX

data (Red), with the NICER + LV and NICER + LV/EM data in blue
and grey with (b) and without (a) the inclusion of PREX data
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Table 1 Medians and 68% ranges about the median for all quantities plotted in Figs. 2 and 3, for each data set combination

Quantity Prior PREX NICER+ LIGO NICER+LV/EM PREX+NICER+LV PREX+NICER +LV/EM

J (MeV) 36.7+4.5
−6.3 39.4+2.7

−3.6 34.9+5.4
−5.4 35.8+4.5

−6.3 39.4+2.6
−4.5 39.4+1.8

−4.5

L(MeV) 53+32
−32 93+24

−24 29+32
−16 45+32

−24 79+16
−16 85+16

−16

Ksym (MeV) −2+111
−148 −39+148

−111 −113+111
−111 −39+148

−111 −150+74
−74 −76+74

−74

R (km) 12.7+0.9
−1.3 13.3+0.6

−1.2 12.2+0.5
−0.7 12.9+0.5

−0.6 12.5+0.5
−0.7 13.2+0.3

−0.6

ΔRc/R 0.088+0.019
−0.019 0.103+0.017

−0.018 0.100+0.018
−0.022 0.105+0.019

−0.023 0.105+0.017
−0.023 0.109+0.016

−0.020

ΔRp/R 0.013+0.005
−0.006 0.015+0.006

−0.011 0.015+0.006
−0.007 0.015+0.006

−0.007 0.018+0.006
−0.007 0.017+0.006

−0.012

ΔRc/ΔRp 0.141+0.032
−0.044 0.141+0.036

−0.101 0.150+0.030
−0.043 0.141+0.030

−0.042 0.172+0.025
−0.124 0.155+0.027

−0.097

BE/M 0.133+0.018
−0.012 0.122+0.010

−0.006 0.140+0.014
−0.011 0.131+0.011

−0.009 0.130+0.008
−0.005 0.124+0.006

−0.006

ΔMc/Ṁedd (Myr) 3.7+2.2
−1.6 5.6+2.1

−2.1 3.8+1.8
−1.5 4.5+2.1

−1.8 5.9+2.0
−2.0 7.0+1.9

−2.2

ΔMp/Ṁedd (Myr) 2.0+1.3
−1.0 2.5+1.5

−1.9 2.2+1.2
−1.0 2.5+1.3

−1.3 3.1+1.3
−2.6 3.4+1.2

−2.6

ΔMc/ΔMp 0.58+0.05
−0.12 0.47+0.09

−0.34 0.59+0.04
−0.09 0.57+0.05

−0.11 0.51+0.08
−0.36 0.48+0.09

−0.31

I (1045g cm)2 1.56+0.19
−0.28 1.65+0.15

−0.31 1.48+0.10
−0.14 1.63+0.09

−0.12 1.47+0.10
−0.16 1.67+0.06

−0.011

ΔIc/I 0.032+0.018
−0.014 0.050+0.014

−0.017 0.031+0.015
−0.012 0.037+0.018

−0.015 0.050+0.014
−0.016 0.058+0.013

−0.017

ΔIp/I 0.017+0.010
−0.008 0.022+0.010

−0.016 0.017+0.009
−0.008 0.020+0.010

−0.010 0.026+0.009
−0.021 0.028+0.090

−0.022

ΔIc/ΔIp 0.57+0.04
−0.12 0.46+0.09

−0.33 0.58+0.04
−0.09 0.56+0.04

−0.11 0.50+0.08
−0.35 0.46+0.08

−0.32

median obtained from certain data may be outside the 68%
ranges for the priors, as the data doesn’t constrain each
parameter separately, rather the five dimensional parameter
space where they live.

When the PREX data is combined with the astrophysical
data, there is little difference in the resulting medians and
ranges of J , L , with the PREX having the dominant effect;
there is a difference between the predicted ranges of Ksym,
with NICER+ LV+ PREX data shifting the median from –
113 to – 150 MeV compared to the median from PREX of
– 39 MeV. Adding PREX to the NICER+LV data also shrinks
the 68% range of Ksym from 220 MeV down to around 150
MeV. NICER+LV data is more effective at constraining Ksym

than the PREX data at the current level of precision.
In Fig. 3 we show the 90% regions for our model pre-

dictions of the nuclear pasta layer (Fig. 3a, b), their mass
(Fig. 3c, d) and their moment of inertia (Fig. 3e, f) compared
with the radius, binding energy and moment of inertia of
the star respectively, all for a canonical 1.4 M� star except
the moment of inertia which is given for a 1.338 M� star. In
Fig. 3a, c, e we show the results from the priors and PREX
filters compared to the astrophysical data NICER+LV and
NICER+LV/EM. In Fig. 3b, d, f we show the results from
the priors and PREX filters compared with the combined
PREX and astrophysical data. The crust and pasta masses
are expressed in astrophysical relevant units in terms of the
Eddington mass accretion rate Ṁedd; they are thus expressed
as crust replacement timescale assuming accretion at Edding-
ton rates.

For the bulk properties, for R and I , the constraining
power of the astrophysical data is much greater than that of
the PREX data, and vice-versa for binding energy BE/M .
When PREX and NICER+LV data are applied, the distribu-
tions for BE/M shift to closely match the PREX distribution
alone. For R and I , adding the PREX data does not signifi-
cantly affect the distributions. For R and I , the astrophysical
data (expectedly) narrows the uncertainty to a much greater
degree than the PREX data. The NICER+LV/EM and PREX
data give similar median values for R and I , with the astro-
physical data narrowing the uncertainty significantly and the
nuclear data having little effect on the uncertainty. PREX
predicts relatively large radii 13.3+0.6

−1.2km, and adding the

NICER+LV data brings the prediction back down to 12.5+0.5
−0.7

km data alone. A similar behavior is seen for the moment of
inertia.

The PREX and NICER+LV data lower and raise the
median binding energy by comparable amounts ≈ 8%. The
PREX data decreases the 68% width by about half, while the
NICER+LV data shrinks it by about 25%.

Moving on to the crustal properties, note the astrophysical
data and PREX data give similar information on the crust and
pasta thickness. Adding the PREX, NICER+ LV and EM
data sequentially systematically increases the median crust
and pasta thicknesses by 20–25%. The most significant data
effect on the relative thickness of pasta and crust layers is
for the combination of the PREX+NICER+ LV data, which
increases the median relative pasta thickness by around 20%
compared to the prior; the other data have a much smaller
effect.
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Fig. 3 Marginalized distributions of our model predictions for radii
and crust and pasta thicknesses (a, b), binding energy and crust and
pasta masses (c, d) and moment of inertia of a 1.338 M� data and of the
crust and pasta (e, f). The crust and pasta masses are given as a crust
replacement timescale in Myr by dividing by the Eddington accretion

rate. All quantities are for a 1.4 M� star unless otherwise specified. All
plots give the results for the prior (Yellow) and PREX data (Red), with
the NICER+LV and NICER+ LV/EM data in blue and grey with (b, d,
f) and without (a,c,e) the inclusion of PREX data
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Compared to the priors, the PREX data increases the
median crust mass and moment of inertia by about 50%,
with a smaller 20% increase for the pasta mass and moment of
inertia. PREX data decreases the median pasta fraction of the
crust by almost 20% compared to the prior; the astrophysical
datasets alone do not affect the median values significantly.
However, combining all the datasets we get the biggest effect,
with the medians shifting by over 50% to large masses and
moments of inertia of the crust.

In [76,77] we used an approximation to find the relative
mass of pasta in the crust.

ΔMp

ΔMc
≈ Pp

Pcc

ΔRp

ΔRc
≈ μcc − μp

μcc − μ0
. (6)

where Pc,p, μc,p are the crust-core and pasta transition pres-
sures and chemical potentials respectively, and μ0 is the
chemical potential at the surface of the star. In a future work
we will conduct a more thorough comparison of the exact
values obtained here with these approximate relations. Here
we note that, taking into account the difference in analysis
(full Bayesian versus a simple filter here), the results for the
thickness and mass of the pasta layers relative to the crust are
consistent with the approximation.

Neither astrophysical data nor PREX data narrow the
uncertainty in the crust and pasta thicknesses, mass or
moments of inertia; indeed, the uncertainty appears to
increase significantly with the PREX data, an artifact of the
increased likelihood of no pasta causing a second peak in the
distribution [77]. Thus currently data is giving information
about the most likely value, but not increasing the precision
of the prediction.

4 Discussion

Let us discuss our results in the context of similar studies that
have attempted to combine PREX data with astrophysical
measurements, or build unified crust-core EOS ensembles.

A number of studies have incorporated neutron skin data
using the universal relation with L [59]. In [17], Gaussian
processes (GPs) are used to construct the EOS, trained on
EDFs but with large uncertainties on the GP hyperparameters
so that a very wide range of EOS space is explored. Although
we do not explore a comparable parameter space at high den-
sities —a simple two-polytrope model does not find multiple
stable branches, for example— we do end up covering a simi-
lar region of parameter space in (J, L , Ksym) space (compare
Fig. 2 here with Fig. 3 from [17]). We obtain similar corre-
lations when comparing L to R; our median values for the
symmetry energy parameters are somewhat different for the
astrophysical data and the astrophysical data combined with
PREX, apart from the prediction of L for which both studies
obtain a median of 80 MeV. These differences could be due

to our simplified filtering of models by data, the simplified
treatment of the neutron skin thickness of lead in [17], or the
different ranges for the prior distribution of symmetry energy
parameters; this will be examined in future work.

The nuclear matter EOS + 3 piecewise polytrope method
used by [60], obtain 12.21< R < 13.17−km to 1σ confi-
dence (compare with our result 12.1< R < 13.9−km from
PREX data alone), together with symmetry energy ranges
of 49.53< L <89.47 MeV and −330.62< Ksym <−0.57
MeV. These compare with our ranges of 69< L <117MeV
and – 224< Ksym < −76 MeV. Using a similar method, [52]
obtain 52< L <91 MeV and – 260< Ksym <13 MeV.

Constraints on R1.4 from NICER and PREX measure-
ments were obtained for a limited set of RMF models of
13.33 < R < 14.26−km [110]. Using a range of Skyrme
extended EDFs, [62] obtain 13.07 < R < 14.37km from
PREX data. It is notable that relatively high radii are obtained
by these studies, which extrapolate the nuclear EOS to high
densities. When we decouple the high-density EOS, allow-
ing for EOSs that soften appreciably above 1.5n0, one obtains
lower radii when the PREX data is accounted for: from the
PREX data alone we obtain 12.1 < R < 13.9−km, and
combining that data with the NICER+LV data we obtain
11.8 < R < 13.0−km. This matches better the results of
[52] 11.6 < R < 13−km who use 3 piece-wise polytropes,
or a speed-of-sound, approach at high densities.

[49] pointed out that the NICER data rule out a super-
soft symmetry energy in the range 1–3n0. This is born out in
our work by the fact that the NICER+LV data significantly
eliminates soft EOSs in that density range.

Moment of inertia predictions have been made in antic-
ipation of a 10% level measurement of the moment of
inertia of pulsar B of the double pulsar J0737-7049 [13,
111], whose mass is 1.338M�. From the NICER dataset,
[112] obtain 1.68+0.53

−0.48×1045g cm−2 and 1.64+0.52
−0.37×1045g

cm−2 compared with our 1.48+0.1
−0.14×1045g cm−2 with the

NICER+LV dataset. [68] obtain 1.27+0.18
−0.14×1045g cm−2 or

1.29+0.25
−0.15×1045g cm−2 depending on the EDF used. Our

result is squarely in the range 1.3−1.6 ×1045g cm−2 from the
study of nuclear equations of state from [113]. The maximum
value of I1.338 predicted is 1.9×1045g cm−2 compared to the
current 90% upper limit from recent double pulsar timing
measurements of [95] of 3×1045g cm2.

Our inferences of crust properties are the first to extract
constraints from PREX from direct EDF calculations of the
neutron skin of lead and combine them with astrophysi-
cal data using unified EOSs with high density polytropes.
Our results are consistent with our previous work focus-
ing solely on the crust EOS [76,77] and the similar cal-
culations of [47,74,75]. Our results for the ratio of the
thickness and mass of pasta to that of the crust incorporat-
ing PREX with NICER+LV is ΔRc/ΔRp = 0.172+0.025

−0.124
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and ΔMc/ΔMp = 0.51+0.08
−0.36, compared with ΔRc/ΔRp =

0.19+0.05
−0.07 and ΔMc/ΔMp = 0.57+0.10

−0.17 from PREX data

alone [77], and ΔRc/ΔRp = 0.128+0.047
−0.047 and ΔMc/ΔMp =

0.49+0.14
−0.14 from an analysis without PREX data, but incorpo-

rating information on the pure neutron matter EOS [75].
For a 1.4M� star, the relative moment of inertia fraction

of the crust has a 68% range from around 0.03 to 0.06 for the
PREX data alone, 0.02–0.05 for the NICER+LV data alone,
and and 0.04 to 0.07 for all the data combined. Previous sys-
tematic analyses of the moment of inertia fraction of the crust
relative to the star obtained 95% ranges of 0.02−0.06 (using
PPs at high density) [114] and 0.13−0.76 using meta-models.
The constraint on ΔIc/I from the Vela pulsar is ΔIc/I >

0.016 [115] without taking into account entrainment of the
crustal superfluid neutrons, and ΔIc/I � 0.08 with entrain-
ment [116,117]. Our median values are all greater the lower
limit of 0.016; indeed, the median values of the moment of
inertia of the pasta phases are all greater than 0.016, high-
lighting the importance of understanding the effect of nuclear
pasta on glitch mechanisms.

It is difficult to directly compare our results because we
add a number of features that most studies do not: consistent
crust EOSs—which add an additional physical requirement
of a stable crust which filters a certain region of symme-
try energy parameter space—and a large range of symmetry
energy parameter space explored. We also, uniquely, parame-
terize our high density EOS by Mmax and I1.338 and our priors
are uniform in those quantities rather than in the polytrope
parameters. The choice of priors is know to be important,
and a comparison with the more standard polytrope priors is
underway. A thorough analysis of the difference between the
various model inferences should be conducted.

5 Conclusions

Let us summarize our main findings:

1. NICER+LV and PREX data are complementary—PREX
data eliminates EOSs that are soft at low density, while
NICER+LV data eliminate EOSs that are soft at higher
densities.

2. NICER+LV and PREX data are consistent with each
other when it comes to bulk neutron star properties. While
PREX predicts a high value of L and NICER+LV predict
lower values, they are compensated by the behavior of the
high-density EOS. As pointed out in previous works, the
PREX data requires softening of the EOS in the vicinity
of saturation density.

3. Astrophysical data provides more information about
Ksym than neutron skin data. Both astrophysical and
nuclear data provide information on L .

4. Astrophysical data provides more information about the
radius and moment of inertia of the star, while the PREX
data provides more information about the gravitational
binding energy of the star.

5. Both astrophysical data and nuclear data provide infor-
mation on the thickness, mass and moment of inertia of
the crust and the pasta layers therein. The most powerful
constraints are obtained by combining astrophysical and
nuclear data.

Our results are consistent with similar studies, although no
previous study includes all of the features in the construction
of EOS ensembles that we do here, and the origin of the
differences in our predictions should be clarified.

We remind the reader that the results presented are not
a statistically rigorous inference of neutron star properties.
The data is applied as only a filter to the EOS distributions
we have prepared, and a full Bayesian analysis is in progress.
A full Bayesian approach would tend to increase the credible
intervals, since it would now include the models in the tails
of the distributions that have been cut-off here. Our intention
here is to demonstrate the power of preparing ensembles of
unified crust and core equations of state constructed with a
full energy-density functional and appended by a sequence
of high-density EOSs that allow us to get closer to exploring
the full space of neutron star models. It is clear that powerful
constraints on crust properties can be placed if we combine
nuclear and astrophysical data in the way presented here.
We do obtain for the first time ranges on the crust and pasta
thickness, mass and moment of inertia incorporating electro-
magnetic probes of the neutron star radius, gravitational wave
probes of the neutron star deformability and weak probes of
the neutron skin of 208Pb, connected via a strong force model
of the nuclear physics of nuclei and neutron stars.
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