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Abstract

In this paper we study supervised learning tasks on the space of probability mea-
sures. We approach this problem by embedding the space of probability measures into
L? spaces using the optimal transport framework. In the embedding spaces, regular
machine learning techniques are used to achieve linear separability. This idea has
proved successful in applications and when the classes to be separated are generated
by shifts and scalings of a fixed measure. This paper extends the class of elementary
transformations suitable for the framework to families of shearings, describing condi-
tions under which two classes of sheared distributions can be linearly separated. We
furthermore give necessary bounds on the transformations to achieve a pre-specified
separation level, and show how multiple embeddings can be used to allow for larger
families of transformations. We demonstrate our results on image classification tasks.
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1 Introduction

We consider the problem of classifying probability measures w; on R” based on a
finite set of pre-classified training data {(u;, y,-)}lN: 1> Where y; denote the labels. The
aim is to use the given training data to build a function f that assigns a probability
measure to its correct label, i.e. we study supervised learning techniques on the space
of probability measures.

The problem of classifying probability measures rather than points in R” has a
number of applications, a few examples being classification of population groups [11],
and classification of flow cytometry and other measurements of cell or gene populations
per person [9, 10, 32]. Note that for application purposes, we need to consider samples
of probability measures u;, hence the task requires one to meaningfully compare and
classify point clouds.

The largest issue associated with this classification problem is the generation of
features of w; that can be used to build a classifier f. Many methods use an embedding
idea to transform the set of probability measures into a Hilbert space in which regular
machine learning techniques can be applied for the classification task, e.g. embeddings
through moments or kernels [21, 22].

In this paper we are interested in such embeddings based on the optimal trans-
port framework [29]. Optimal transport gives rise to a natural distance on the space
of probability measures via the Wasserstein distance, which quantifies the minimal
work necessary to move one distribution into another using an optimal transport plan.
Optimal transport has gained high interest in the machine learning community in
recent years, for example for generative models, semi-supervised learning or imaging
applications [35, 25, 26].

We use the optimal transport plan or map to build an embedding of probability
measures into an L2-space known as “Linear Optimal Transportation” (LOT) [1, 14,
20, 24, 31] or “Monge embedding” [19]. LOT is a set of transformations based on
optimal transport maps, which map a distribution p to the optimal transport map that
takes a fixed reference distribution o to u:

p TL, where 7' := arg min, f IT() - x|3do @), (1)

where TT, denotes the set of measure preserving maps from o to . Through the
embedding (1), the optimal transport map to a fixed reference o is used as a feature
of u.

Note that LOT takes the manifold of probability measures into a Hilbert space of
L? functions. This makes LOT particularly interesting as a feature space. Indeed, it
has been demonstrated in various applications that within the LOT embedding space,
classes of probability measures can be well separated with linear machine learning
tools. The main applications concern signal and image classification tasks [17, 20, 24],
such as distinguishing facial expressions, separating healthy from cancerous tissue
classes [30], and visualizing phenotypic differences between types of cells [6].

While the LOT embedding space is well studied in 1-dimension [24], since LOT can
be thought of as a generalized CDF, many questions remain open in higher dimensions.
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This has to do with the fact that in higher dimensions, there is a large family of potential
group actions that can be applied to a distribution u; (e.g., shifts, scalings, shearings,
rotations), and IT), contains a large number of measure preserving maps.

It has been shown that shifts and scalings behave well with respect to the LOT
embedding [1, 20, 24], meaning that two classes of probability measures obtained
from scaling or shifting of a fixed measure can be linearly separated in the LOT
embedding space. The reason lies in a property we refer to as the “compatibility
condition”, which is satisfied by shifts and scalings [1, 20]. This property describes
an interplay between LOT and the pushforward operator, or in terms of Riemannian
geometry, the invertability of the exponential map [14]. Similarly, small perturbations
of the distributions in these classes can still be linearly separated under certain minimal
separation conditions [20].

The contributions of this paper are threefold. We first describe conditions under
which families of shearings satisfy the compatibility condition, enlarging the space
of functions for which linear classification results hold in the LOT embedding space
(Sect. 3). The second contribution concerns binary classification results with pre-
specified level of separation (Sect. 4). We give necessary bounds on the classes of
probability measures to achieve linear separation in the embedding space with given
separation level. The bounds are in terms of the parameters associated with the set
of elementary transformations that are used to create the two classes. In the third
part (Sect. 5), we study embeddings using multiple references. Based on the set of
elementary transformations, we quantify the number references needed to achieve a
desired separation level in the embedding space. The paper closes with classification
experiments on sheared distributions.

2 Tools from optimal transport

This paper deals with probability measures on R”, i.e. with elements of the space
P(R™). We mostly deal with probability measures that have bounded second moment,
and denote the respective space by P>(R"). The Lebesgue measure is denoted by .

To any probability measure o, we assign the function space L>(R", o), which is
equipped with the L?-norm with respect to o':

112 = f 1 )113 do ().

If a measure ¢ is absolutely continuous with respect to A, written as o < A, then
there exists a density f, : R” — R such that

U(A)=/AfU(X)d?»(X),

with A € R" measurable. For the most part, the probability measures we consider are
absolutely continuous with respect to A.
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A function S : R" — R" gives rise to the pushforward measure of o'
S:0(A) = o (S7'(A)). @)

where A C R” measurable. Throughout this paper, we denote the Jacobian of a
function S by Js.

Given two measures, o and w there may exist many maps S such that S0 = w. In
order to find a unique map that pushes o into u, the theory of optimal transport [29]
imposes an “optimality condition” on the map S. It has to minimize the overall cost
of pushing ¢ into w, where cost is measured by a metric in the underlying space (here
we use the Euclidean distance in R"):

/ I1S(x) — x[3da (x). 3)

If such a cost minimizing function exists, then
Wa(o, u)* = _min / 1S(x) — x[|3do (x). )
S:Sgo=pn

is called the Wasserstein-2 distance between o and . Note that the Wasserstein prob-
lem can also be considered for different norms (like p-norm) and on Riemannian
manifolds [2, 8, 18, 29].

Brenier’s theorem [8] states that under the assumption of o < A, a unique map
exists that pushes o into x and minimizes (3). We call this map “the optimal transport
from o to u” and denote it by T

We furthermore make use of the following result:

Theorem 1 (Brenier’s theorem [8]) Ifo < A, the optimal transport map Ty' is uniquely
defined as the gradient of a convex function @, i.e. TY (x) = Vo(x), where ¢ is the
unique convex function that satisfies (V)zo = . Uniqueness of ¢ is up to an additive
constant.

2.1 Linear optimal transport embeddings

In this section, we introduce linear optimal transport embeddings, as proposed by
[14, 24, 31]. A fixed reference measure o gives rise to an embedding of P, (R") into
L*(R", o) via the map

W T, 5)

We denote this map by Fy, and call it “LOT” or “LOT embedding” (sometimes Fy is
called a Monge map as well [19]). The LOT embedding can be very useful as a feature
space to use linear machine learning techniques to classify subsets of P> (R") [20, 24].
Other fields of application include the approximation of the Wasserstein distance with
a linear L2-distance [19, 20], and fast barycenter computation and clustering [19].
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From a theoretical point of view, the regularity of (5) has been studied in [14, 19].
Indeed, the Holder regularity of (5) is not better than 1/2. We also mention the results
of [7], where a map related to LOT is analyzed, namely o > T}'.

A central property in the study of LOT is the so-called compatibility condition [1,
20]. It describes an interplay between LOT and the pushforward operator (2).

Definition 2 Fix o, u € P>(R") with 0 <« A. The LOT embedding F, is called
compatible with the p-pushforward of a function S € L2(R", ) if

FG(SI:L/’L) = So Fy(1).

Note that the compatibility condition of Definition 2 can also be written as
N
T, = SoTh

Considering the manifold (P> (R"), W>) with exponential map (the pushforward oper-
ator: exp,, () = Szo) [14], LOT can be viewed as the exponential map’s right-inverse
(i.e. exp, oFy = id).

For o = ., the compatibility condition forces LOT to be a left-inverse as well (i.e.
Fy oexp, = id).

Under the assumption of the compatibility condition, a series of interesting results
can be derived. First, the Wasserstein-2 distance can be computed from the linear
L?-distance,

Wi (i, w2) = 1 Fo (1) — Fo(u2) o (6)

if i1, o have been obtained from a fixed femplate p via pushforwards of two functions
S1, 87 for which the compatibility condition holds [20], i.e. in this case

Wa(Siam, S2em) = WaST(Sipu, Saz). (7

This is of particular interest when trying to compute the pairwise distance between
many measures {{t;};=1,....n, Wwhen each y; is obtained from a fixed template p via the
process (1; = S;yju with compatible functions {S;};—1,...n ([1] calls such a process an
“algebraic generative model”). In this setting, one can compute the N transport maps
T}, and then compute (g’) linear distances via (6), which is computationally much
cheaper (especially for large N), than computing (1;/ ) transport maps (Wasserstein-2
distances). These results also generalize to when the compatibility condition is only
satisfied up to an error ¢ > 0 [20]. Then the linear distance (6) approximates W> up to
an error of order £!/2. Other approximation results (that do not need the compatibility
condition) can be found in [19].

Second, under the assumption of the compatibility condition, convexity is preserved
under LOT [1, 20]. In particular, if H C Lz(R", o) is a set of convex and compatible
functions with respect to ¢ and u, then F;(H*w) is also convex, where Hxu =
{hzpe : h € H} (a similar results holds for almost convex sets [20]). The preservation
of convexity is crucial to deduce linear separability results in the embedding space
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through the Hahn—Banach theorem (e.g. to apply LOT in supervised learning). Indeed
it has been shown that under the assumption of the compatibility condition, binary
classification of sets of probability measures can be achieved in the LOT embedding
space with linear methods, i.e. in the embedding space, a separating hyperplane can
be found [20, 24].

Yet the compatibility condition (Definition 2) is very restrictive, and cannot be
expected to hold for all S. As of now, it is known that shifts and scalings, i.e. functions
of the form S(x) = cx + b with ¢ > 0 and b € R", satisfy Definition 2 for all choices
of o, u [1, 20, 24]. For fixed o, [1] also shows that for the compatibility condition to
hold for all w, S has to be a shift/scaling.

It is our aim to extend the set of compatible functions S beyond shifts and scalings
to make LOT applicable to a broader range of applications. In particular we study
(generalized) affine transformations. Note that because of the result in [1], to increase
the set of compatible functions, the reference o and the template © can no longer be
chosen independently. In the next section we establish necessary relationships between
o, i and S for Definition 2 to hold.

3 Compatibility condition for affine transformations

In this section we study the conditions under which affine transformations S(x) =
Ax + b (and generalizations of such transformations) satisfy the compatibility con-
dition (Definition 2). Our results show that fixing the reference o and template u
generates necessary conditions for maps S to satisfy the compatibility conditions with
respect to o and . Conversely, fixing the template ;¢ and the transformations S gener-
ates necessary conditions that references o must satisfy in order for the compatibility
condition to hold. These results strongly depend on the following theorem.

Theorem 3 (Informal Statement of Theorem 24) Let o, ;© € Pr(R™) and let o < A.
Let S € C'(R", R") such that S = V¢ for some twice differentiable function .
We also assume that S satisfies the compatibility condition (Definition 2). Then the
Jacobian of S, Js, is symmetric positive definite and shares the same eigenspaces as

the Jacobians of TY and TUS il
Proof The proof can be found in Appendix A. O
We get the following corollary.

Corollary 4 Let o, u € Po(R") and let o < 1. If S € CH(R", R") such that S = Vg
for some twice differentiable ¢ and S satisfies the compatibility condition for o and
W, then S is an optimal transport map.

Proof In particular, note that Theorem 3 states that if § = V¢ for some ¢; and if
the compatibility condition holds, then V2¢ is positive definite. Thus, ¢ must have
been convex. In light of Brenier’s theorem Theorem 1, S must be an optimal transport
map. Informally, Theorem 3 above states that this optimal transport map S must be
transporting mass in the same directions (eigenspaces) as T,". O

W Birkhauser
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We use Theorem 3 above to extend a form of LOT isometry to the case when S
is an affine transformation. The only caveat for our extension is that the orthonormal
basis on which we shear must be constant. The relevant function class for this setting
is given in the following definition.

Definition 5 Given an orthogonal matrix P € R"*", define the constant orthonormal
basis shears as the class of maps

fi((Po))
~ S2((Px)2) fi:R—R is monotonically
F(P) = {x — P' i : inéreasing and differentiable} s
: and beR"
Jn((Px)n))

where P is a row-permutation of the orthogonal matrix P.

Note that affine transformations S(x) = Ax +b with A = PTDP andd; > 0,i =
1, ..., n (i.e. symmetric positive definite matrices diagonalizable by P), are elements
of F(P). Indeed, choose fi(y) =diy,i =1,...,n.

Given a fixed template distribution 1, we show that demanding that the compatibil-
ity condition holds (under suitable conditions), if we fix either the reference distribution
o or the set of transformations, then the other (either the reference or transformations)
can be fully characterized.

Fixed Reference and Template: Assume we fix the template distribution y and ref-
erence distribution o. If the Jacobian of T} (x) has spectral decomposition P T D (x) P
for a constant orthogonal matrix P, then the set of compatible transformations can be
fully characterized:

Theorem 6 (Conditions on transformations) Let o, u € P>(R") with o < A. If the
Jacobian of T} has a constant orthonormal basis given by an orthogonal matrix P
(i.e. Jpn(x) = PTD(x)P), then F(P) is the set of transformations for which the
compatibility condition (Definition 2) holds.

Proof The proof of the theorem can be found in Appendix A. O

Example 7 (Gaussians). To illustrate Theorem 6, we provide a simple example with
Gaussians. If both o and p are Gaussian distributions, for example N (m, I) and
N (ma, ¥), then

TE() = ma + 5y (c — my),

and Jpn(x) = Eé/ 2 0f ¥, is positive definite, then it can be decomposed as PT D P.
Therefore, Theorem 6 allows all generalized shears in Definition 5 that point in the
same direction as .

Fixed Shear and Template: Now we fix the transformation to be a type of gen-
eralized shear and the template distribution w, and characterize the set of reference
distributions such that compatibility condition holds.

) Birkhauser



1 Page8of51 V.Khurana et al.

Theorem 8 (Conditions on reference distribution) Let P be an orthogonal matrix, let
S(x) = PTg(Px)—i—bforg(z) = [gl(zl) gn(z,,)] :R" - R"whereg;j : R — R
is differentiable and b € R", and let ;v € P>(R™) be a fixed template distribution with
LA Then X = {feu : f € F(P)} is the set of reference distributions such that
the compatibility condition (Definition 2) holds.

Proof The proof can be found in Appendix A. O

In Theorem 8, note that the reference distributions in X end up being absolutely con-
tinuous since they are the smooth pushforward of an absolutely continuous measure.
Additionally, we get the following corollary.

Corollary 9 Given the family of transformations of the form S(x) from Theorem 8
above, i.e. for S in the set

{S(x) =P g(Px)+b:beR", gi:R—-R dlﬁerentiable},

the set of reference distributions such that the compatibility condition holds for all of
the transformations simultaneously is ¥ = {fy : f € F(P)}.

Proof Inspecting the proof of Theorem 8, we see that the set of reference distributions
% does not depend on the choice of functions g; : R — R but rather only on P. O

Remark 1 In Theorem 8, if we let g;(z;) = d;z; for fixed d;, then S(x) = Ax + b,
where A = PTDP. Thus, for a template distribution u € P>(R") with u < 2,
¥ = {f:n : f € F(P)} is again the set of reference distributions such that the
compatibility condition holds for constant shears such as Ax + b.

A corollary of the theorems above is when the transformations used are constant
shears.

Corollary 10 Consider an affine transformation S(x) = Ax +b, where A is symmetric
positive definite with orthonormal basis given by an orthogonal matrix P. For a
template distribution u € Po(R") with u < A, ¥ = {fy : f € F(P)} is the set of
reference distributions such that the compatibility condition holds.

Example 11 (Gaussians with fixed shear). To illustrate Theorem 8, we provide a simple
example again with Gaussians. Let © = N (my, I,). Consider a symmetric positive
definite matrix A with spectral decomposition A = PTAP and a corresponding
fixed shear S(x) = Ax + b for some b € R", which yields the pushforward Siu =
N(Amy +b, AAT). For simplicity, we will check that the subset of compatible affine
transformations

Fattine(P) = {f(x) =Cx+d: f e F(P)}
={P'DPx+d:D;j=0 V i#j Dy >0,deR"

W Birkhauser
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yields reference distributions o € {fiit : f € Fasfine(P)} so that the compatibility
condition hold. In particular note that for f(x) = Cx +d = PT"DPx +d, our
reference distributions have the form

o =N(Cm;+d,CC")y=N(Cm; +d, PTD*P).

Since the optimal transport map between two general Gaussians N (i, 1) —
N Gz, 2,) is given by

_1 1 1 1 5
iy + 2] (D5, T, 2(x —m1>,

see [27], we know that

1

T =mi +(CCTH 2ccTyi(ccT) 2 (x —Cmy — d)
(CcT)—1/2:(C2)—l/2zc—l
=m+C'x—Cm —d)=C""(x —d).

So we have that
SoTH(x)=AC ' (x —d) +b.

On the other hand because C = PTDP = C" and A = PTAP = A (so that
AC = CA), we have that

T2 = Amy + b+ M(x — (Cmy + d))
M = (CTY 12((ccTY2AAT (ccTH2 2 (c Ty~ 112
— C—I(CAZC)I/Zc—l — C_I(C2A2)1/2C_l — Ac—l
= T (x) = Amy — Ami +b+ AC ' (x —d) = S o T (x).
0

So we actually get compatibility here and in Appendix F we present a numerical
validation of this fact.

Shears are Not Compatible in General: Another consequence of Theorem 3 is
that non-trivial orthogonal transformations cannot be transformations that satisfy the
compatibility condition.

Theorem12 Let 0 K A, u € Po(R"), and let S(x) = Ax + b be a compatible

transformation (i.e S o T} = TUS:M) such that b € R" is a shift and A € R"™" is an
orthogonal matrix. Then A must be the identity.

Proof The proof can be found in Appendix A. O

) Birkhauser
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4 Binary classification with pre-specified separation

The main application of LOT isometries is to embed a subset of 7> (R") into a linear
space where binary classification is easily accomplished via linear separability. We
show that data generated from a suitably bounded set of transformations still allows
one to have LOT linear separability in a suitable supervised learning paradigm. We
focus on classifying two classes. For the multi-class classification problem, one can
use these results to build an ensemble of one-v-one classifiers.

Consider the following data-generating process:

Definition 13 (Elementary Transformation Generated Process) Consider a class of
functions H C {h : R* — R"}. Let u; or uy be two probability measures. Then we
call Hxpuy = {hgu1 : h € H} and Hxpp = {hypuo : h € H} the measures generated
from elementary transformation 7 and p1 and H and w», respectively. Moreover,
assume that Hx | have label y = 1 and H*u; have label y = —1.

Given a reference o and a set of measures Q, let F,; (Q) be the embedding of Q
into the LOT space L2(R", o). Given the data generating process above, our goal is to
show that the linear separability of F,; (H*pu1) and Fy (Hxu2) is well characterizable
with respect to H and the distance between w1 and p2. We summarize the main result
in the theorem below with proof given in Appendix B.

Theorem 14 Consider distributions w1, 2,0 € Pr(R™), where w and uy have
bounded support, Wasserstein-2 distance W (11, u2) > 0, and o < M. Pick a sep-
aration level § such that Wa(u1, u2) > 6 > 0 and an error level € > 0. Define
L < Wz(uléﬂz)—cS — ¢ Let

HC{h:R" - R"|h = V¢ for convex ¢, ||h — I||,;, <L,i€{l,2}}

be some convex set of transformations such that H is compatible for o and 1 as well
as o and . Furthermore, define the €-tube of this set of transformations

He=1{h:R" - R ||h—hl|, <eief{l,2),heH).

Then, the sets Fy (Hex1) and Fy (Hexo) are linearly separable with separation at
least 6.

Remark 2 In Theorem 14, it should be emphasized that either o needs to be chosen to
be compatible with H and (1 and p; or H needs to be chosen so that o is compatible
with w1 as well as wo with respect to H. This can occur, for example, if we choose 0 =
N (0, I) tobe anisotropic Gaussianandlet 1 = N (0, ¥1) and up = N (0, ¥7) be such
that 1%, = ¥, (i.e. their covariances have the same orthonormal eigenbasis, say
P), then H = F(P) from Definition 5 works for compatibility according to Theorem
6. Another scenario would be to consider absolutely continuous target measures (i
and 1 with a constant speed geodesic (i4)s¢[o0,1], then Lemma 7.2.1 of [4] implies
that

W Birkhauser
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(Tismo
nr — Ho — TMI [20]
TI =T, =T/ o T/,

which is essentially the compatibility condition with § = T,ﬁ)l. In light of the proof
for Theorem 24, we note that the Jacobian JT,fO (x) must have the same eigenspaces

as Jou (T,ﬁ”(x)). Now, let J ni (x) = P(x)" diag(d(x))P(x) for some orthogonal
o o

matrix-valued and vector-valued function defined by P(x) and D(x), respectively,
with d(x) > 0. If there exists a map S such that

Js(x) = P(x)" diag(d(x)) P (x)

for some other vector-valued function d(x) > 0, then S should also be compatible.
To see this, notice that (S o T,’ft")ﬁ,u, = Szpo = (T,ff“o)ﬁ,ut, and since Jg_ pro is
I

. L. . . Sz .
symmetric positive-definite by construction, we know that S o T,ﬁo =T, "0 In this
case,

{§:R" - R"|Js(x) = P(x)" diag(d(x))P(x), d(x) > 0}

is a candidate for H.

Remark 3 The bounds on the function class H ensure that H x| and Hx . are disjoint.
Howeyver, note that there can still exist function classes H without a bound on it, where
H*pq and Hxpo are still disjoint. For example, one can consider the case when H is
the set of all shifts and when (1 and u; are a uniform distribution on the unit square
and an isotropic Gaussian. In this case, the sets Hxu1 and Hxuo are disjoint.

Remark 4 Notice that the functions F(P) from Definition 5 satisfy the conditions of
'H being the gradient of a convex function in Theorem 14 above. In particular, every
S = 13Tf(Px) € F(P) can be written as § = V¢ for some convex ¢. To see this,
let p;; denote the (i, j)th entry of ﬁT, then we have that

P = fR (s, )dx; = /R > v (Y prani )dx;
k=1 i=1
=ijk/ fk(ZPkixi>dxj-
k=1 RN

Note that Js(x)(s) = P J¢(py)(x) and

n

Jrpo(x)ij = f,f(z PiZXE>Pij = Jypx)(x) = diag(f'(Px))P
=1

using the chain rule, where (f'(Px)); = fjf((Px)j). This tells us that Js)(x) =

P T diag(f’(Px))P so Jg is symmetric. Since the fj’s are increasing and differen-
tiable, it is immediate that Jg is positive definite. This implies that ¢ is convex.

) Birkhauser
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When we assume that H is compatible with respect to 111 and p, and use either of
these templates as the reference distribution, we actually gain better results than the
general separation theorem above. The proof for the theorem below is in Appendix B.

Theorem 15 Fix jt1, o € Pr(R"™) with finite support and i1, o < A. Let H be a
convex set of transformations that are compatible with (11 and |17 (this includes shifts
and scalings). Let He = {he @ [|h — hell,; <€, j=1,2}.

1. (Linear separability) If Hxu and Hxuy are disjoint, then F,, (Hxu1) and
Fu, (Hxu2) are linearly separable.

2. (Linear separability of e-tube functions) If the minimal separation between Hx i1
and Hxuy is greater than 2e, then F, (Hexpy) and Fy, (Hexwp) are linearly
separable.

3. (Sufficient conditions for separation) If we assume:

(a) Forevery h € H and every x € R" that |h(x)|l2 > ~/2||x — xol|2 where xq is
the mean of the normalized measure |jt1 — 2|

o |
xo = —————— | zd|p — p2l(2),
lur — 2| (R") Jge

(b) sup,, jep b — Al < Walur, p2) — 8 — 2€ for 8 > 0,
then Fy, (Hexp1) and Fy (Hexpo) are separated by at least § > 0.

Remark 5 Notice that if we choose H to be shifts and scalings, the first statement
of Theorem 15 is the direct generalization of corollary 4.3 of [20] since shifts and
scalings are compatible with every probability measure.

Remark 6 Notice that in Theorem 15, the condition W5 (i1, pup) — 68 > SUpy, jieH ||f~z —
h|l, in the third statement is essentially the same condition the one in Theorem
14 because by rewriting the condition in Theorem 14, we get sup, 3 |1h — I, <

M. This comes from the fact that

2sup lh =1l = sup [lh—hlly, = sup b= 1|l — inf [lh— 1],
he'H hheH heH heH

If the problem setting allows I € 'H, then the right hand side is just sup, ¢y |7 — 1], -

Thus, in this case, Theorem 15 is stronger than Theorem 14 since our function class

has the larger bound sup;, gy 1A — Iy < Wa(per, p2) — 6.

Theorem 14 above acts as a blueprint for controlling the degree of separation in
the LOT embedding via the bounds of the function class H. For the specific setting of
shears,

_ . A is symmetric positive definite with
oy, = A b s oz | ®)

we can choose y, M, and M, in a way that guarantees that F; (Hy a p,*p1) and
Fs(Hy, m,m,*12) are §-separated.
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Corollary 16 Consider two distributions | and [y with Wasserstein-2 distance
Wa(ut, u2). Let us denote Ry = maXyesupp(uy) 1x 12 and Ry = maxyegupp(ur) 1% 2.
For the function class of shears H,, p .0 and o <K A, we can ensure that Fs (M, p1,0%/41)
and F5(Hy am,0%12) are §-separated if

Case 1: assuming that W (i1, 2) > (R1 + R2) + 6, then M is chosen such that

W ) R R
1M < 2(1, m2) + (R1 + R2)
Ri+ Ry

’

and
Case 2: assuming that § < Wa(uu1, u2) < (R1 + Ry + 6), then either M is chosen
such that

Wa(u1, n2) — 6 + (Ry + Ro)

<M<
Ri+R;

or y is chosen such that

> § — Wa(ur, u2) + R+ R
- Ri+ Ry '

Proof This comes straight from Corollary 32 provided that M} = 0 and € = 0. O

5 Binary classification with multiple references

It is possible to achieve better separation with a larger function class than the class of
bounded shears described in Sect. 4. The cost of this better separation, however, is to
use multiple LOT spaces. Note that once a set of two measures Hxu1 and Hxpuy are
separable in LOT space with respect to one reference (from Theorem 14), then H*i1
and Hx*u, must be separable in LOT space with respect to multiple references.

First we must provide a couple of definitions to extend our framework to multiple
references.

Definition 17 Given a family of functions H and a family of N reference measures
o1, ...,on, the multiple reference LOT embedding of w, denoted Fy (u), is defined
as

Fy () = Foy (Hxp) X -+ X Foy (H*p).
Definition 18 Given §* > O and (7' 4, ..., Tn,,) € Fy(u) and (S1,,...,Sy,y) €

Fyn(y), the families are called §*-separable if the product metric on Fy (P2) X - -+ X
Fgy (P2) satisfies

> 8%,
2

H <d01 (Tl,[l.9 Tl,)/)s LN} dUN (TN,;,h TN,)/))
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where d; is the metric corresponding to Fy;(P2) and || - [|2 is the regular £>-norm
that we are applying to the Euclidean point

(dor (T T1p ) oy (T s T ).
Lemma 19 Let u, y € P, with bounded support, € > 0, and
H={h:R" = R"h = V¢ for convex p, |h — I, < L,|h—1|, <L},

where 2(L + €) < Wa(u, y). Consider a desired separation level §*. If we have
absolutely continuous (with respect to the Lebesgue measure) reference measures

o1, ...,onsuch that H is compatible for o; and ju as well as o; and y for K of
. 2
the reference measures, where K > (m) , then Fy (1) and Fy(y) are

8*-separable with respect to H¢ and the given family of reference measures.

Notice that the Lemma 19 allows one to pick a larger function class H and a small
separation level §* than with just one reference measure; however, the number of LOT
spaces that you must embed into is the cost of this better performance.

A basic (well-known) exercise in linear algebra shows that in any finite dimensional
vector space V, forany 0 < r < p, and for x € V, we have

1_1
Ixllp < llxllr <n 7llx|lp.

Even though Fy;, (P2) x - -+ X Fg, (P2) is an infinite-dimensional space, the product
metric on this product space is actually acting on R~ x --- x R.¢. This means that
the £, and £, norm inequalities above hold for our product space when endowed with
the product metric. This essentially signals “stronger” linear separability.

To see this with two spaces, assume that Fy,, (H*u) and Fy, (Hxy ) are 61-separated
in Fy, (P2) and that Fy, (H*u) and Fy, (Hy) are §;-separated in Fy, (P2), then in the
product space, we have

_ || (do1 (Foy (Hx), Fo (Hxy))
max(dy, 82) = H (daz (Fy, (Hxp), Fy, (H*y))) HOO

- H (dgl (Foy (Ha10), Fo, (H*y>)>
= | \doy (Foy (Hx), o (1sy) ) |,

Ao, (Foy (H*p), Foy (Hxy))
= ﬁH (ddz(Fﬂz (Hxw), Fs, (H*V))> Hoo

= +/2max (81, 82).

We are more interested, however, in providing lower bounds for the product £;-norm.
To investigate this, let’s assume that H is fixed and that we have N templates distri-
butions o1, ..., oy. Now if u is a generic distribution, let

Fn(u) = Foy (Hxpu) X Foy (Hxp) X -+ X Foy (Hxp)

W Birkhauser
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gFal(P2)X XFUN(P2)

denote the embedding of H*u into the product LOT space defined by o1, ..., on. We
will now prove the result.

Proof of Lemma 19 From Theorem 14, we know that for every j, ng (Hxu) and

Fo; (H*p) can be §;-separated for some §; < Wa(u,y) — 2(L + €). Now notice
that the degree of separation in the product space is

|

N
< | Y W y) = 2L +€)> = VN(Wa(u, y) = 2(L +€)).

j=1

Thus, if we want to be at least §*-separated in the product space, then we must have

d1
sc< | : < VN(Wa(uu,y) = 2(L +¢€))
8 2
N
§* 2
—t >
(Wz(u, y) —2(L + 6))
So we’re done. O

Example 20 To show the tradeoff of Lemma 19, let’s try a multiple LOT embed-
ding example with Gaussians. Using the previous examples, assume that we have
two template distributions u; = N (0 )31) and uo = N(0, X5). We know that

Wap, n2)? = Tr(Zy + T — 2(TE XX} )1/2) Recalling that the optimal trans-
port map from w1 to po is given by
—1 2sli25 1 2
P22 E P = Ao,

we consider the set of shears

H={Ax:A=AT e R"™™ AA, > = Ay A, MI, = A > ml, > 0}

as our set of transformations, where the commuting property of A with A, _, ;,, ensures

that 7 compatible with 11 and p;. To ensure separation, we use L < M,

which is shown in Appendix C to imply that

Walpr, p2) — 34
2,
2maxj=12 1%, lF

max (|M — 1], [1 —m|) <

) Birkhauser
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Now let us define our reference distributions to be of the form o1 = (h1)zp1 and
02 = (ha)guo for h1(x) = A1x and hy(x) = Aox, where Ay, Ay are chosen so that
hi, hy € H, and so

o1 = (h)zp1 = N O, A1Z1A]), 02 = (h)sir = N (0, Ax4,).

Notice that the bounds on M and m imply that there are infinite choices of reference
distributions to choose from. Moreover, we show in Appendix C that

M? h h
7W2(M1’ MZ) = ”deul“ - Tﬂ_juluzlldj >

o

W, o)
A R 2

for our choices of reference distributions and any 4, h € H.Now choosing N reference
distributions, our multiple LOT embedding has minimal separation bounded below by

N

N 4 2

(h1) (h2) m m
P VARG sl PR Y :mwzwl, 12)? = VN—-Wa(ui, p2).
j=1 j=1

These choices of o1 and o> ensure that each reference is compatible with ©; and
‘H as well as wo and H. Notice that as § becomes closer to Wh (w1, w2), we find
that both m and M become closer to 1, which means that our set of shears become
closer to the identity. Using multiple LOT embeddings; however, we can actually

use the maximal function class of shears H when M = 1 + Wz("—"“l)/z and
2max ;=12 1%l

Wo (1. 12) »— . To get the same separation with the largest possible function

2maxj=12 1%l

class as when we have § > 0, we need

m=1-—

Wa (1,02  Waluu)—s )2

2
et g (1
ﬁ<< 2max;—1.2 12} ) - ( 2max;_12 %}
1+ S\ 14+

Wa(pi,p2) . Wa(pr,p2)=48
T
2max ;=12 IZ;""IIF 2max;=12 1%,

Rearranging the inequality and squaring both sides, we get the following bound for N

. ( 2max ;=i ||Z}/2I|F + Walut, n2) )2
~ \2max;j_i» IIEJI-/zllF + Wa(ur, p2) — 6
2max;—j IIEJI-/ZIIF — Wa(ui, po) +8\*
( 2max;—i ||Ejl~/2||F — Wa(ur, 12) ) '

Thus, if needed, we can allow § to stay small (or even become zero), which would
allow us to use the maximal function class of shears H; however, the cost of this larger
function class and separation level is increasing the number of reference distributions.
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6 Numerical experiments
6.1 Binary classification of MNIST Images

In this section we present pairwise binary classification results on sheared MNIST
images which are motivated by the linear separability result presented in Corollary 16
and also illustrate the benefit of using multiple references as indicated by lemma 19.

The LOT embedding pipeline for an image

. Obtain the image represented as a n x n matrix of pixel values.!

. Assuming that the image is supported on a n x n grid on the unit square, obtain
the point cloud which forms the support of the pixel values corresponding to the
image.

3. Obtain the discrete measure px induced by the image on the unit square. Each point
in the support of the image has a pixel value which (after normalization) will be
the mass associated with w .

4. Leto denote a discrete reference measure.> Compute the discrete transport coupling
matrix P43 For each point x in the support of the reference o, choose T (x)
as the point in the support of x such that 75" (x) = argmax, ¢, Pe (X, ).
Here P(x, y) denotes the amount of mass transported from x € supp(c) toy €
supp(w). This is done to extract an approximate Monge map from the coupling
matrix [20].

5. The LOT embedding of the image corresponding to the reference o is chosen to

be T7. Note that 77 € R>", where m denotes the size of the size of the support

o,i.e.m = |supp(o)|. Henceforth this R¥" vector will be referred to as the LOT
feature corresponding to the particular image that is being embedded.

N =

6.2 Experimental settings

The MNIST images are sheared using the transformation described in Appendix D
and the values for each of the parameters A1, A2, 6, b are drawn randomly from a
pre-fixed range for each image. We perform classification experiments for the MNIST
images under two different shearing conditions (see Fig. 2). For one set of shearing
conditions, termed as mild shearing , the parameters of shearing for each image,
M1, Ao are randomly chosen in the interval [0.5, 1.5], 6 is randomly chosen in the
interval [0, 360] degrees and the shifts b are randomly chosen in the interval [—5, 5].
For the other set of shearing conditions termed as severe shearing, the parameters of
shearing for each image, A1, A, are randomly chosen in the interval [0.5, 2.5], 0 is

1 Code for our LOT classification experiments on MNIST images can be found at https://github.com/stjr-
hkannan/LOTpython

2 In case the desired reference is an absolutely continuous measure on the unit square, then we work with
the discrete measure it induces on the n x n grid on the unit square (see Fig. 1).

3 https://pythonot.github.io/ [13].
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(b) Five Gaussian references

(a) One Gaussian reference
Fig. 1 a A Gaussian reference distribution approximated on a 28 x 28 grid. b Five different Gaussian distributions approximated on a 28 x 28 grid to be used as multiple

reference for LOT embedding
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(a) Test errors in classifying mildly sheared MNIST 1 and 2

(a1) (a2) (a3)
010 Gaussian reference 010 Sheared MNIST images as references 0.10 Unsheared MNIST images as references
’ -8~ 1 references (652) ’ -8~ 2 references (616) ’ -8~ 2 references (622)
0.09 q ~®- 5 references (1742) 0.09 ~®- 4 references (1072) 0.09 ~®- 4 references (1124)
» ~ ~@- SemiDiscrete OT uniform ref (1568) =@~ 6 references (2186) ~@~ 6 references (1494)
o ©0.08 Y 0.08 -®- 8 references (2806) 0.08 @« =@~ 8 references (2262)
- ~@- 10 references (3676) N\ ~@- 10 references (2888)
w007 0.07 ~8~ SemiDiscrete OT uniform ref (1568) 0.07 -~ SemiDiscrete OT uniform ref (1568)
% 006 0.06 0.06
]
= 005 0.05 0.05
c N
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= 003 0.03 0.03
0.02 0.02 0.02
20 40 60 80 100 20 40 60 80 100 20 40 60 80 100
Number of training images (for each label) Number of training images (for each label) Number of training images (for each label)
(b) Test errors in classifying severely sheared MNIST 1 and 2
(b1) (b2) (b3)
014 Gaussian reference 0.14 Sheared MNIST images as references 0.14 Unsheared MNIST images as references
’ -8 1 references (668) ' -8~ 2 references (884) ' -8~ 2 references (626)
8- 5 references (1728) -8~ 4 references (2222) -8~ 4 references (1040)
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= AR 8- SemiDiscrete OT uniform ref (1568) ~@- SemiDiscrete OT uniform ref (1568)
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7] < S
[} So \s”!~ .
NS WO Ny -
L 0.08 T 0.08 o INNIe-— -~
c N U —— h Yuy
5 S Inl e Ty,
[} = R “"t;e
= o006 0.06 0.06 * ===
20 40 60 80 100 20 40 60 80 100 20 40 60 80 100
Number of training images (for each label) Number of training images (for each label) Number of training images (for each label)

Fig. 3 a Test errors for binary classification of mildly sheared MNIST 1s and 2s using (al) Gaussian
references (a2) sheared MNIST 1s and 2s as references (a3) unsheared MNIST 1s and 2s as references. b
Test errors for binary classification of severely sheared MNIST 1s and 2s using (b1) Gaussian references (b2)
sheared MNIST 1s and 2s as references (b3) unsheared MNIST 1s and 2s as references. In the cases where
MNIST images are used as references, the results are reported for the cases where the number of references
used is 2/ fori = 1,...5 wherein i images from each class are randomly drawn to be used as references
from a pool of images that do not correspond to any of the training and testing images. For each fixed number
of training images per class, N¢,qin, the mean test classification error averaged across 20 random choices
of Nyrqin training images (per class) and 1000 test images (per class) is reported. The number inside the
parenthesis in the legends of the images denote the length of the LOT feature vector corresponding to the
particular choice of references. In all figures, for comparison, the results for classification using the semi
discrete linear optimal transport framework [19] which uses the uniform measure as the reference is also
reported. Standard deviations for each of the corresponding classification tests are reported in the Appendix
Fig. 8

randomly chosen in the interval [0, 360] degrees and the shifts b are randomly chosen
in the interval [—5, 5]. Then the LOT feature corresponding to each of the sheared
images are computed using the embedding pipeline described in Sect. 6.1 and then
classification experiments are performed using Linear Discriminant Analysis (LDA)
[15].4

To test the performance of LDA (Linear Discriminant Analysis) classification of
two distinct classes of MNIST [12] digits using LOT features (see Fig.7), we study
the test error of the LDA classifier as a function of the number of training images
chosen for each digit. For each fixed number, N;,4i,, of training images, we train the
LDA classifier using a randomly chosen set of N;,4;, images from each digit class and
test the classification results on a randomly chosen set of 1000 test images from each
digit class. We then repeat this experiment for each fixed Ny.q4i, using 20 different

4 https://scikit-learn.org/.
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(a) Test errors in classifying mildly sheared MNIST 7 and 9

(a1) (a2) (a3)
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(b) Test errors in classifying severely sheared MNIST 7 and 9
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Fig. 4 a Test errors for binary classification of mildly sheared MNIST 7s and 9s using (al) Gaussian
references (a2) sheared MNIST 7s and 9s as references (a3) unsheared MNIST 7s and 9s as references. b
Test errors for binary classification of severely sheared MNIST 7s and 9s using (b1) Gaussian references (b2)
sheared MNIST 7s and 9s as references (b3) unsheared MNIST 7s and 9s as references. In the cases where
MNIST images are used as references, the results are reported for the cases where the number of references
used is 2/ fori = 1,...5 wherein i images from each class are randomly drawn to be used as references
from a pool of images that do not correspond to any of the training and testing images. For each fixed number
of training images per class, N;4in, the mean test classification error averaged across 20 random choices
of Nypqin training images (per class) and 1000 test images (per class) is reported. The number inside the
parenthesis in the legends of the images denote the length of the LOT feature vector corresponding to the
particular choice of references. In all figures, for comparison, the results for classification using the semi
discrete linear optimal transport framework [19] which uses the uniform measure as the reference is also
reported. Standard deviations for each of the corresponding classification tests are reported in the Appendix
Fig. 9
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Table 1 Range of mean value and standard deviations of test errors for pairwise classification of sheared
MNIST images across all pairs of digits for various reference choices

Reference choice Range of mean test errors Range of std. deviation in test errors

Mild shearing Severe shearing Mild shearing Severe shearing

1 Gaussian reference  [0.0083,0.1298]  [0.0198,0.2132]  [0.0064, 0.0291]  [0.0108, 0.0382]
2 unsheared MNIST  [0.0078,0.0880]  [0.0220, 0.1585]  [0.0056, 0.0244]  [0.0111, 0.0328]

references

The reported values are across 20 experiments involving different choices of 50 randomly drawn training
images per class and 500 randomly drawn test images per class for each experiment

randomly chosen set of training images (N¢rqin images from each digit class) and
1000 test images from each digit class.

6.3 Observations

In Fig. 3 we report the mean test error for classification of MNIST ones and twos and
in Fig. 4 we report the mean test error for classification of MNIST sevens and nines
for various choices of reference distributions and under different shearing conditions.
Therein for comparison, we also report the results obtained using the semi-discrete
optimal transport [19] framework which uses a uniform reference measure. The cor-
responding standard deviations are reported in Appendix Figs. 8 and 9. We observe
that the LOT framework is able to achieve low test errors with a relatively low number
of training images. Moreover we see that using multiple references does indeed lead
to a decrease in the classification error. Interestingly, we observe that using multiple
references also helps reduce over-fitting (see Fig. 5). The trade-off observed is that
using multiple references increases the length of the feature vector while on the other
hand it leads to a decrease in the test error.

In Fig. 6 we illustrate as a heat-map, the mean test errors for binary classification
of all pairs of MNIST digits using 50 training images per class and for different
choices of references. Also, in Table 1 we report the range of test errors and standard
deviations observed across all the classification experiments corresponding to Fig. 6.
Further in Appendix Fig. 11, for comparison, we report the classification results for
sheared MNIST 7s and 9s using convolutional neural networks with 1586 training
parameters (labelled small CNN) and 3650 training parameters (labelled large CNN)
under identical training and testing conditions as that of the discrete LOT classifier
(Fig. 7).
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A Compatibility condition proofs

Lemma 21 Suppose V is a finite-dimensional vector space, ¢ : V — V is a diag-
onalizable linear map, and U C 'V is a ¢-invariant subspace. Then the restriction
¢lu : U — U is diagonalizable.

Proof Let Aq, ..., Ax be distinct eigenvalues of ¢. We will denote by E (A, ¢) the
eigenspace of ¢ corresponding to eigenvalue A;. Since ¢ is diagonalizable over V, we
can represent V as a direct sum

V=ERX,$) @ & EGn, ¢).
This means exactly that any vector v is given by
V=wp A Wy

where w; € E(Xi, ¢). As U is a finite dimensional vector space, we know that there
exists a basis for U given by {u1, ..., ui}. Let us consider the linear map

o =[] 01 —glou

Note that this linear map is commutative in its order of composition. We now will take
every basis vector u; and represent it in terms of eigenvector. Note that because u;
is a vector in V, we find that there exists eigenvectors wi,1 € E(A1, @), ..., Wi m €
E (M, @) such that

U =wi1t+wi2+..., Wim-
Now let us create a set Wl ={wi1, ..., wi2}. Note that

D;(uy1) = 1_[ (Aj —ApDwy,; = wy; €U,
j=1,...m
J#i

since U is ¢-invariant. Because this happens for arbitrary i, we know that w ; € U for
all i. Note, that this set is linearly independent since each wy,; comes from a different
elgenspace We repeat this for u; to obtain W], and note that W C U. Now, let us
define U =1 WJ = W. Note that this is a spanning set of eigenvectors for U, and
we can make this into a linearly independent set that still spans U by throwing away
the linearly dependent vectors. Note that because of finite dimensionality, this process
will stop, and will yield a linearly independent, spanning set of U, let’s call it W,
consisting of eigenvectors. So this means that ¢ |y is diagonalizable since we found
an eigenbasis for U. So we’re done. O
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The following theorem is a fundamental result from matrix analysis (see [16, The-
orem 1.3.12]), but we provide a proof for convenience of the reader.

Theorem 22 Let A and B be two n x n diagonalizable matrices that commute (i.e.
AB = BA). Then there exists a basis of R" consisting of simultaneous eigenvectors
of A and B.

Proof We break this proof up into two parts. First we will show that given an eigen-
vector A the eigenspace of A corresponding to A (we denote this with E(X, A) is
B-invariant. Consider v € E (), A), then notice that

ABv = BAv = B(Av) = ABv.

This means that Bv is an eigenvector for A with eigenvalue A, which means that
E(A, A) is B-invariant since B maps elements of E (X, A) back into E(A, A). Now
we show that there exists a basis for R” consisting of simultaneous eigenvectors of A
and B.

Note that because A is diagonalizable, we know that R” can be represented as a
direct sum given by

k
R" = P E(i. A).
i=1

where Ap, ..., A; are distinct eigenvalues of A. Now to show that there exists a basis
of R" consisting of simultaneous eigenvectors of A and B, we only need to find a
basis for each subspace E (A, A) because the concatenation of all these bases will
yield a basis for R”. Now note that since E (X, A) is a B-invariant space by above and
because B is diagonalizable, we know from Lemma 21 that the restriction of B to this
eigenspace, B|g(,¢), 1s diagonalizable, which means that there exists an eigenbasis
of E(A, A) for the map B. Let us call this this eigenbasis S) 4 = {w1, ..., w;}, where
Jj is the dimension of E (A, A). Now, note that S 4 consists of eigenvectors of both B
and A. To see this, note that S, 4 € E(X, A); thus, every w; is an eigenvector of A.
Moreover, Sy 4 is an eigenbasis for B|g(;, 4) by construction (from Lemma 21). This
means that

k
S=JSna
i=1

forms a basis for R" consisting of simultaneous eigenvectors of A and B. O

Lemma 23 If two symmetric matrices A and B commute, then there exists spectral
decompositions A = QT AQ and B = P D P such that the rows of Q are the same
as the rows of P up to a permutation.

Proof We already know that if two diagonalizable matrices commute, then they share
the same eigenvectors; thus, there exist an eigendecomposition for A and B with the
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same eigenvectors. By extension, this holds for symmetric matrices. If we assume
that these eigendecompositions are given by A = QTAQ and B = PTDP, the
eigenvectors of A are exactly the columns of Q ", and similarly, the eigenvectors of B
are exactly the columns of P ". This implies that the columns of QT and P T should
be the same. The order of the columns can be permuted without loss of generality and
still provide the same transformation A and B. Thus, we can assume that Q has the
same rows as P. O

Theorem24 Let S : R" — R” be a differentiable map such that S = V¢ for some
@. Let o, u € Pr(R™) with o absolutely continuous with respect to the Lebesgue
measure. Assume that the compatibility condition S o T} = T[;g “ holds. Then Js(x)
is a symmetric positive definite matrix for all x. Moreover, Js(T (x)), Jru(x), and
JT:” «(x) share the same eigenspaces. Furthermore, the eigenvalues of Js(TH (x)) are

Ao
}"U, Sﬁ %

of the form
of JTStM (x).

where Lo,y is an eigenvalue of Jrn(x) and Aq. s, is an eigenvalue

Proof of Theorem 24 Recall that the main equation for us to study is
SoTH =T,

By Theorem I, there exist convex functions ¥ and ¢ such that 7} = V¢ and

TUS L Vy. By Clairaut’s theorem (or the Schwarz theorem), V2y(x) and V2¢(x)
are symmetric. Using the multivariate chain rule and the symmetry of V2y (x), we get
that

V2y (x) = Js(V (x)) Ve (x)
Vi) = (V) T Is(Vo(x) "
= V2P (x)Js(Vo(x)) .

Since Js = V2¢ for some ¢, then J;— (x) = Js(x)forallx € R?. Since J5(V¢(x)) and
V2¢ (x) are symmetric matrices that commute, according to Lemma 23, there exists
some orthogonal matrix P such that we can write the eigendecompositions of V¢ (x)
and Js (Vo (x)) as V2p(x) = PTAy(x) P and Js(Vo(x)) = PT As(V¢g(x)) P where
the matrices Ay and Ay are diagonal matrices with the eigenvalues of V24 (x) and
Js(V¢(x)), respectively. Moreover, if A, denotes the diagonal matrix in the eigen-
decomposition for y, then our matrix equations above can be written as

V2 (x) = Js(Vp (x) V2 (x)
PTA,(x)P = PTAs(Vo(x)PPT Ag(x)P
Ay (x) = As(Vo(x)) Ay (x).

This immediately shows that every eigenvalue g of Js(V¢(x)) can be written as
i—;, where 1, is an eigenvalue of V2y(x) and Ag 1s an eigenvalue of V2¢(x). Since
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V2¢(x) and V2y (x) are Hessians of a convex function, they must be positive definite.
This implies that all the eigenvalues of Jg(V¢(x)) are positive. Since Js(V (x))
is symmetric, we immediately get that Jg(Ve(x)) = VZp(V¢(x)) is a symmetric
positive definite matrix, which means that ¢ must have been convex. This implies that
S = Vg is a transport map. O

Lemma 25 Let an optimal transport map be given by V¢ (x) for some convex function
¢. If the Hessian V*¢(x) has a spectral decomposition that does not depend on x
(i.e. PTD(x) P for a positive diagonal matrix D(x)), then the map PV ¢ (PTx) hasa
diagonal Jacobian and each component of PN ¢ (P ' x) is a function of only a single
variable.

Proof of Lemma 25 If we compute the Jacobian of PV¢ (P " x) by using the chain rule
twice, we get that the Jacobian of PV¢ (P T x) is given by

TpvgpTx)(X) = Py pto(x) = PV2¢(PTx)PT
=PP"'DPTx)PPT =D(PTx).

This means that if we write the transport map V¢ in the basis given by the columns
of PT and the output is written in terms of the basis given by the columns of P, our
transport map V¢ can be written as n single variable functions. To see this, notice that
we can write the jth coordinate output of PV (P " x) as some function f j to give us

Jfi(x1, ..., xpn)

—I— fz(-xlv"'v-xn)
PVG(PTx) = :

fn(-xlv :"ﬂx}’l)

Recall thatthe (j, k)thentry of the Jacobian Jpy g p Ty (x) is % .Because the Jacobian

is diagonal, we see that % = 0 for j # k. This implies that we can actually write

fixy)
Sa(x2)

PV¢(PTx) =
fn (xn)
So we’re done. O

Now we can prove the main LOT isometry theorems for shears.

Proof of Theorem 6 Assume that the Jacobian of T} has constant orthonormal basis
given by an orthogonal matrix P, then Theorem 24 tells us that a compatible trans-
formation S must have positive symmetric definite Jacobian Jg and has the same
eigenspaces as Jru. First, note that the corollaries of Theorem 24 implies that S is an
optimal transport map. Second, note that since Jg commutes with J7«, we know that
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Js = PTD(x)P, where P is a row-permutation of P from Lemma 23. Because S
satisfies the assumptions of Lemma 25, we get that

Sf1(x1)

BS(FTx) = fz(.xz)

S (xn)

A (Px)1)

s BT f((Px)2)
x = .

Fu((Px)y)

for f; increasing and differentiable. Note that f; differentiable because Jy is assumed
to exist, and f; is increasing because Jg is positive definite. The form of S, however,
is exactly the form of an element of F(P) in Definition 5 (the constant vector b is a
constant of integration). This proves Theorem 6. O

Proof of Theorem 8 Let us assume that our elementary transformation is S(x) =
P Tg(Px), then note that the Jacobian of S can be given as Jg(x) = PTJg(Px)P,
where Jy(z) = diag((g;. (zj));le) (i.e. Jy is a diagonal matrix). Now given our
template p, let’s assume that there exists a reference o such that the compatibility
SoTH = TUS “ holds, then we will try to get some necessary conditions that o must
satisfy. In particular, from Theorem 1 we can write Tt = V¢ for some convex ¢;
moreover, we know that the Hessian can be written as VZ¢ (x) = QT (x) D(x) Q(x) for
some orthogonal matrix-valued function Q(x) and diagonal matrix-valued function

D(x). Now, using Theorem 24, we know that if S o Y = T(f :M, then

Js(Ve () V2 (x) = V2 (x)Js(V(x))
P, (Px)POx)"D(x)Q(x) = Q(x)" D(x)Q(x)P " Jo(Px)P.

Since Js(V¢(x)) and V¢ (x) are two symmetric matrices that commute, we can
assume without loss of generality that Q(x) is a row-permutation of P for all x by
invoking Lemma 23. We can call this matrix P.In particular, we can write V¢ (x) =
PTD(x)P,where D(x) = diag(d(x)) for a vector-valued function d(x) with d; (x) >
0 (the positivity comes from the fact that the Hessian must have positive eigenvalues).

We see that since V2¢(x) has a constant eigendecomposition, we know from
Lemma 25 that

Sfi(x1)

. . f2(x2)
PVp(P x) = .

fn (xn)
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Sf1(x1)

= VP 'x)=P" fZ(_XZ)

Jn (xn)

From Lemma 25, we also note that a choice of the diagonals d; (x;) > 0 gives a unique
(up to a constant) anti-derivative f; = [ d;(x;)dx;. Thus, without loss of generality,
we can consider f;’s to be completely determined by the d;’s.

If we assumed that our inputs x are actually written in the basis given by PT and
the outputs are written in basis given by P, then our map transport map decomposes
into n single-variable functions as shown above. Moreover, note that f;(x;) must be

. . Lo afj S .
an increasing function since Ff’ > 0 everywhere. Thus, in principle, this map must

be invertible, and we can actually compute the inverse of this map by computing

- fl((f:’x)l)
pT p ~ P
y= y} =Vo((x)=Vep(P Px)=P" fz((.x)z)
B fn((f;x)n)
_fl((lfx)l)
D fz((P.X)z)
Py = .
_fn((ﬁx)n)

Py [Py
L@ || (P

= Px

LN Py L(Px)n
NPy

(02
v | ((: )2)

LN (Py))

Note that because the inverse of an increasing function is also increase, we have that
ng’] € F(P). In practice, we will be given S and p; thus, we would want to find
o such that T} is compatible with S. Note that this will be exactly given by the map
V¢~ (y) because o = Vo, ! . This proves Theorem 8. m|

Proof of Theorem 12 Given our elementary transformation S(x) = Ax + b, we have
that Jg = A. Theorem 24, however, shows us that A must be positive symmetric
definite. We will show that the only matrix A that is both positive symmetric definite
and orthogonal is the identity. To see this note that since A is symmetric, we know that
AT = A.Since A is assumed to be orthogonal, we know that ATA=A%2=1.Letvbe
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an eigenvector of A with eigenvalue A, then v = A%v = A?v. This means that A% = 1.
Since A is symmetric, we know that all the eigenvalues must be real; thus, A = +1.
Moreover, because A is positive symmetric definite, the only eigenvalue it could be are
+1. This implies that A is the identity. In particular, this means that constant rotations
are not valid elementary transformations for which the compatibility condition holds.

]

B Proofs of separability results

For a set of measures 1¢1 and 17 and a set of elementary transformations 7, the general
method of showing that F, (H*u1) and Fy (Hxt2) are linearly separable is to

1. Show that H is convex,

2. Show that H*p1 and Hxuo are compact (or at least have their closures as being
compact),

3. Show that Wy (Hxt1, Hxuo) > § for some § > 0.

We show this now for shears, but for another class of elementary transformations, we
must show that H is convex.

Lemma26 The set of shears Hy m, m, described in Eq. 9 is convex.
Proof Leth,h' € Hy am m, ands € [0, 1], then we want to show that sh + (1 —s)h’ €
‘Hy m,m,- We find that

S(Ax +b)+ (1 —s)(A'x +b)
=G6A+ 1 =5A)x + (sb+ (1 —s5)b).

sh(x) + (1 —s)h'(x)

Notice first that sA + (1 — s)A’ is symmetric. Moreover, note that
Amin(SA + (1 —s)A") = H11”1in1 (x, (sA+ (1 —5)A)x)
X|2=

= min s{x, Ax) + (1 —s)(x, A'x)

llxl2=1
>s min (x, Ax)4+(1 —s) min (X, A'X)
[lx[l2=1 I%)2=1
~— —
Z)Lmin(A) Z)\min(A/)

> SAmin(A) + (1 — S))"min(A/) > sy + (1- S)V =V,
and similarly,
Amax(SA + (1 —5)A") = Hnll‘ax1 (x, SA+ (1 =s5)A)x)
xl|2=

= max s{x, Ax) + (1 —s)(x, A'x)

llxl2=1
<s max (x, Ax)+(1 —s) max (x, A'X)
llxll2=1 |Xl2=1
— S~——
SAmax(A) <Amax(A”)

) Birkhauser



1 Page32o0f51 V.Khurana et al.

< sAmax(A) + (1 — $)Amax(A) < sM + (1 —s)M = M.

This means that sA + (1 — s)A’ is symmetric positive definite and actually has the
correct bounds on its eigenvalues. We now show that sb + (1 — s)b’ satisfies the proper
bounds too. Notice that

lsb+ (1 —$)b'[l2 <slblla+ (L =)' [l2 < sMp + (1 — s)Mp = M.

This implies that sh + (1 — s)h’ € H. So we’re done. O

Next, given a base measure p and set of elementary transformations H, we ideally
want to show that the set Hxu = {hyu : h € H} is compact, but the weaker condi-
tion of H*u being precompact should be good enough for our purposes. To address
compactness, we need a definition.

Definition 27 (Tightness). Let (X, 7)) be a Hausdorff space and let S be a o -algebra
such that 7 € S. Let M be a collection of probability measures defined on S. The
collection M is called tight if, for any € > 0, there exists a compact subset K. C X
such that for all measures u € M, we have u(K¢) > 1 — €.

A natural theorem that relates tightness of measures to compactness is Prokhorov’s
theorem.

Theorem 28 (Prokhorov). Let (X, d) be a a separable metric space. Let P(X) be
the collection of all probability measures defined on X with respect to the Borel o -
algebra. Then a collection K C P(X) of probability measures is tight if and only if
the closure of KC is sequentially compact in P> (X) equipped with the topology of weak
convergence.

According to [23, pp. 37-42], we can upgrade Prokhorov’s theorem to be sequen-
tially compact with the Wasserstein 2-metric if

R— 0
sup / Ix15d(x) —= 0.
pnelkl Jxillxll2>R

This is easily true if sup, cc{l|lxl2 : x € supp(n)} < R < oo.

Corollary 29 Let H be a set of transformations such that for every R > 0, there exists
R such that supy e {|lh(x)2 : lIxll2 < R} < R. Also assume that . € P2(R") has
bounded support R, then Hxu is a precompact set of measures.

Proof For us, if u has bounded support with bound R,,, we should have that all
measures belonging to H*u must also have support bounded for some R > 0. To see
this, note that for ft € H*u, we have supp(it) is bounded by R for some R > 0. So
we’re done. O

For shears, we can see that every measure from H,, s, p, %01 and Hy, pr p,x 12 has
bounded support since SUPLe,, y Mb{||h(x)|| :x €supp(u), u € K} < MR+M,. 1t’s
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easy to see that 1,y a,xu is tight for abig enough ball Bg(0) = {x : [lx]2 < R}ifo
has bounded support. This means that 1,y a, * 1t is precompact with the Wasserstein
2-metric for any u with bounded support.

By [29] Corollary 5.23, the stability of optimal transport maps implies that F; is
continuous; thus, we find that F, (H*u) is precompact if H*u is precompact. Note
also that Theorem 1 above gives us a corollary.

Corollary30 Let h : R" — R”" be a transformations that can be represented as the
gradient of a convex function, then for o, an absolutely continuous measure with

hy
respect to the Lebesgue measure, we get that h = Ty .

Now we must show that F, (H*u) is convex, which will ensure that our LOT
embedding is convex and precompact.

Lemma 31 Let o and p be absolutely continuous (with respect to the Lebesgue mea-
sure) probability measures and let H C {h : R" — R"|h = V¢, ¢ is convex} be
a convex set of transformations that is compatible with o and 1, then Fy(Hx*u) is
convex.

Proof Leth,h € Hand s € [0, 1] so that T Tt ¢ B (Hx). Then we want to
show that sTé1 ey (1 - s)T: e Fy (Hxw). First notice that by Brenier’s theorem,

. . A h A h
there exists convex functions ¢ and ¢ such that V¢ = T,*" and V¢ = T, Note
now that

sV + (1 —5)Vd = V(s + (1 — 5)¢)

h hep . . .
so that s T, ey (1—5)T, s actually the gradient of a convex function. Moreover, by
the uniqueness of optimal transport maps as gradients of convex functions, we know

that ST: Tra- s)Tf “is the unique optimal transport map that transports o to its
target distribution. If this target distribution is of the form /;u for some i € H, then
our proof is done. Indeed, using the compatibility of of 4 and h:

(ﬂfnﬂ +(1 - S)Tf”")ﬁa = ((sh +(1 - s)iz) ° Tf) o
ft

= (sh + (1 - s)l;)tu.

Since sh+ (1 — s)fz € 'H, we know that sTfﬁuj— (1— s)TfW is the unique optimal
transport map that transports o to (sh 4+ (1 — s)h)z . This means that

STY 4 (1 — )T € Fy (Hp).
Thus, F, (Hx*u) is convex. O
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Using the lemma above, we get that F; (1) and Fi; (H* o) are both convex and
have compact closures. For our linear separability result, we now only need to make

h/
sure that infy, pren ||T;WL1 — T(,jmn(, > § for some § > 0. Ideally, given Wo (111, o)

and the level of separation § > 0 we want, we should be able to find bounds on the
function class H that we are considering. This leads us to Theorem 14:

Proof of Theorem 14 Assume that we have fz, = ‘He, then using the triangle inequal-
ity, we have

Walhypr, hipa) = [Wa(ur, hipa) — Walhspr, )l

> || Walir, wa) — Walpa, hipa)| — Wa(hspr, 1|,

provided that the quantity in the left-hand side is positive. Now, we know from [20]
that Wh (i, v) < || Fy () — F5 (V) |l5; thus, we have that

|Wa(e1, 2) — Waua, hiua)| = Walhspr, p1)| < | Fo (hgper) — Fo (R p2)llo -

So if we lower bound the left-hand side by 6 > 0, then || Fy (ljln/.,l/]) — Fy (fzguz)ng >
6 > 0. This would imply that Fy (He*p1) and Fy (Hexpp) is linearly separable by
the Hahn—Banach theorem.

To get this bound, let us find a generic bound for Wz(ﬁﬁ w, ) when i € He. In
particular, there exists 4 € H such that ||h — Rl s thus, we get

Walhgie, j1) < Walhgpe, hap) + Wa(hgpe, 10).

First, since & is the gradient of convex function and Corollary 30, we know that

T,ﬁl # = h. This means that the compatibility condition holds, which further implies
that

Wa(hyp, p) = b — 11, < L.
Moreover, equation 2.1 of [3] says that

Walhspe, ) < |h = hll, < e.
Because of our bounds, our results implies that
- Wa(ur, u2) — 6 .
- 2
< Wa(ur, o) — 8 — €

= Walu1. pu2) — Waua. hipo)
> Walur, p2) — Wa(hiua, hiua) — Wa(hipa, 1)

L
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> Wo(ui, u2) — L —€>8>0.

Essentially, we were able to remove the absolute values because the quantity in the
absolute value was positive. This positivity of the absolute value implies that we can
replace

‘|W2(M1, 12) — Waua, o) — Wa(hapr, )
with

‘Wz(m, 12) — Wa(pa, hipa) — Walhgpr, )

But note that

W (1, w2) — Wapa, iipa) — Walhzpr, 1) > Wa(py, pa) — 2L — 2€ > 8

1% , -4
L < 2(p1 2#2) iy

This implies that

Wai1. n2) — Waua. hipa) — Walhspr, p1)| = 8 > 0.
So we see that if L < WZ(“'TW — €, then we must have that || Fy (hzp1) —
Fo(h,p12) s = 6. o
Proof of Theorem 15 For the first statement, the linear separability result is immediate
because the compatibility criteria ensures that the LOT distance and Wasserstein-2

distance are the same. To see this, we note that / o Tlﬁz is compatible with respect to
the optimal transport between w1 and (4 o Tﬁ )21 because

(hoT Bzt g 12 K2 i
Ty, =Ty, _hoTM—honon.

This means that from [20], for /, i € H we have that
i h h (hoT}2)sp1
1T = T ey = I = T g
= Walhspr, (ho T[2)gur)
= Walhspr, hipo).

This proves the first statement.
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For the second statement, let ke, he € H, such that |2 — Al u < € and
lh _ﬁe”m for h,h € H. We know that || Fy, ((he)rp1) — Fu, ((he)pp2)lly, =
Wa((he)gpr, (he)gpnz). Now we know that

Wa((h)zper, (he)spna)

=

‘Wz(flnm, hypa) — Walhzpar, (he)zpn)| — Walhspio, (he)zin)|.

From equation 2.1 of [2], we have that

Wz(/:lﬁul, (};g)]jl'l‘l) =< ||ﬁ - ﬁe”m <€
Walhepa, (he)gpa) < I1h — helly, < €.

Note that Wa(hsje1, hepa) > inf, j gy Wa(hzpr, hspz) > 2€. This means that

Wa((he)spr, (he)zpen) > = 0.

‘ inf Wahar, hapo) — € ‘ —€
h,heH

>0

>0

So we have that || F),, ((ﬁg)ﬁ,ul) — Fu, ((he)gp2) ey > 0. )
For the third statement, we extend the lower bounds from above. Because i, h € H

are compatible, we have that Wz(fzﬁ,u],htp,g) = ||T£f”l - T:f’u”m. Using the
triangle inequality, we get

h % hy ~ hzp
IT™ = Tt My = 1= T g

~ h
= lh—h — (T, = )l

hyp hyp ~
> ”Tp,ln - Tuf ”;Ll - ”h - h”u] .
Because i € H is chosen to be compatible with respect to w1 and 7, note that

h h
Wahgr, hapa) = 1T = Ty My = 1h — ho TV,
=lhold —Ti)luw = Al —p)

12
_ (/ V) 13d1ar — MzI(X)>

1/2
> ﬁ([ llxo — xl3d 111 — le(x))

where the last equality came from a change of variable and the inequality comes from
our assumption that ||2(x)|j2 > V2|lx = xo||2. Now we refer to Theorem 6.15 of [29],
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which says that for any xo € R”, we have

1/2
Wa(ut, o) < fz(/ llxo — x[13d |1 — m|<x>> = f(x0).

We want to minimize the right hand side; thus, taking the derivative dixo f(xo0) =0,
this reduces to

0= 2[()60 —x)d|puy — p2|(x)
1

- [ xdpu - :
o [ = el

- X0

Essentially x is the mean of the measure |u — u2| after normalization. So we have
that Wa(u1, o) = Walhgur, hypo). Since Wa(ur, n2) — supy jqy lh — kil =

8 + 2¢ > § + €, these computations imply that
Wa(haper, hapa) — Walhspr, (he)spn)| — Walhsp, (he)spn2)

> Walhzpiy, hzpa) — 2e.
is greater than

Wa(ui, p2) = sup [lh = hll, —2€ > 0.
hheH

This implies that

Wa((he)gir, (he)gpa) = (Wa(ur, p2) — sup [|h =Rl —2¢| =8
h,heH

This implies that || Fj,, (he)zt1) — Fuy (h)gpa) = Wal(he)zir, (he)apa) > 8.
So we are done. O

Notice that Theorem 14 above acts as a blueprint to controlling the degree of
separation in the LOT embedding via the bounds on the function class H. For the
specific setting of the set of shears above, given a desired degree of separation 0 < § <
Wa (w1, u2), we canchoose M, My, and y in the definition of H,, 3 that guarantees that
Fo(Hy, m,my,*i01) and F (Hy a1, %i42) are §-separated. This leads us to Corollary
32.

Corollary 32 Consider probability distributions (11 and ) with Wasserstein distance
Wa(ui, o), and let § > 0. Let us denote Ry = maXyeupp(uy) X112 and Ry =
maxyesupp(uo) I1X |12. Moreover, for € > 0, define

Hy momye =1h:|h—hly <eiefl,2),heH,mm
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as the e-tube around H, ym m,. Assume o K L € Pr(R") is chosen such that 'H is
compatible with o and 11 as well as o and . We consider the following 2 cases:
Case 1: Assume that W (L1, £2) > (R1 4+ R2) + 6§ 4 2¢€. If My, is chosen such that

- Wa(u1, u2) — 6 —2€ — (R + Ry)

0< M, >

then choosing M such that

Wa(u1, m2) — 6 — 2e —2Mp + (Ry + R»)

2<M<
Ri+R;

ensures that Fo (Hy p my,,exii1) and Fo (Hy p,pm,,,e*1402) are 8-separated.
Case 2: Assume that § +2€ < Wa(u1, n2) < (R + R2) + 8 + 2¢. If My, is chosen
such that

Wa(u1, m2) —2€ =8 — (Ry + Rp)
max ’O, 5

W , —2e—3$§
}SMb< 2(p1, po) — 2 ’
2
then either choosing M such that

Wa(u1, n2) — 8 — 2e —2Mjp + (R1 + R2)
Ri+R;

1<M<

or choosing y such that

y > 2Mp +2€ + 8 — Wa(py, n2) + R+ R
- R+ Ry

ensures that Fo (Hy p my,,expi1) and Fo (Hy pr,m,,,e*02) are §-separated.

Proof of Corollary 32 From the lemma above, we need to only bound |4 — I ||, appro-
priately and invert the bounds. First, note that because & € H, y p, can be written as
the gradient of a convex function and H, u um, is a convex set, we do satisfy the set-
ting of the lemma. Moreover, we know that the compatibility condition holds, which
implies that

1

2
Wa(hep, ) = |lh — Il = (/ (A —=1D)x +b||§dM(X)>

< 1A= Dxllp+11bllu -
—_——

Iy I

Let us bound 77 and I, separately. For the bound of 71, we have

3
I = ( / (A — 1)x||%du<x>)
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1
< ( / Jomax (A — 1>2||x||%du<x>>2

1
2

s( f Amax(A — 1)*  max ||x||%du(x))
xesupp(p)

1
(A= 1) _maxxll ( / du(x)>2

xesupp(p
—_—
1

=max{|M — 1|, [1 —y|} max x].
xesupp(p)

For the bound of I, we have

% :
L= |bllu = (f IIbII%du(x)) < </M§du(x)> =M,

Thus, if h € Hy, um pm,, we have

Wahgu, p) < max{|M — 1], |1 —y|} max |[x|2+ Mp.
xesupp(u)

Using this for our specific choice of @1 and u;, we find that for fz, h* e Hy m,mpe
we have

Walr. p2) = Walhspr, m1) — Wa(hipa, po)

is lower bounded (via equation 2.1 of [3]) by

Wa(u1, pa) = Walhgpr, py) = Walhgper, hgpy) =Wa(hing, ma) — Wa(hhpa, hua)
— —
<Nh—hll,., <€ <llh*i* |1y <e

> Wau1, wo) — Walhgpr, i) — Wa(hZpg, 12) — 2e,

which in turn is lower bounded by

Wa(u1, u2) = 2Mp —max(IM = 1, 1=y} _max fxla+ _max xl2 ) —2e.
xesupp(je1) xesupp(u2)

pp(p

Ri+R

Now we just need to find sufficient conditions M, M, and y such that
Wapr, m2) —2Mp — max{IM — 1|, [l = y[}(R1 + R2) —2¢ 25 > 0. (%)

Notice that when |[M — 1| > |1 — y|, then M > 1 since M is the bound on the largest
eigenvalue. Moreover, note that we cannot have y — 1 > M — 1 since y < M thus,
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the only cases we need to considerare when M —1 > 1 —yand M —1 < 1 —y. We
handle these cases separately.
Case 1 (M — 1 > 1 — y): Note that in this case we can rewrite (%) as

M(R1 + Ry) < Wa(ur, u2) —2Mp —2€ — 6 + (Ry + Ro)
M < Wa(ut, n2) —2Mp — 2e — 8 + (Ry +R2).
Ri+R;

Case 2 (1 — y > M — 1): In this case, we can rewrite (%) as

Y(Ri + Ry) > 8 +2Mp + 2¢ + (Ry + Ry) — Wa(uy, u2)
L= 8 +2Mp +2e + (R + Rp) — Wa(uy, u2)
= Ri+ R> ’

Now we will investigate conditions in which case 1 and case 2 are active.
First note that if

Wa(u1, u2) —2Mp — 2€ — 5 + (R1 + Rp) -

2
Ri+R;
1% , —2¢—-6—(R R
2115 42) 62 (R + Rp) - My >0

< Wa(ur, u2) > 8 +2¢ + (R + Ra),

we know that the first case is ensured since we can pick M > 2. In thiscase, M — 1 >
|1 —y|. To see this, we see thatif 0 < y < I, then M —1 >2—-1=1>1—-y > 0.
If 1 <y < 2, we again have that M > y implies that M — 1 > y — 1. Thus, in this
regime, the choice of M dominates.

Now if we want 1 < M < 2, we find that

Wa(ur, u2) —2Mp — 2€ — 6 + (R1 + Ro)
< <2

M
Ri+ R
Wa(u1, n2) —2e€ =8 — (R1 + Rp)
3 < My.

Notice that since M > 0, if Wao(uq, n2) < 2€ + 8 + (R1 4+ R»), then we definitely
have the above inequality. On the other hand,

Wa(u1, m2) —2Mp — 2e — 8 + (R + Rp) o1

Ri+ Ry
W , —2€—34
2(11 M22) € - My >0

= Wao(ui, n2) > 2€ + 6.
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So we can pick appropriate M}, such that

Wa(pr, o) —2€ — 8 — (R + Ra) Wa(pr, uo) —2€ =4
max{ ,0] <M, < )
2 2
and in this case, we pick an appropriate M such that
% , —2¢ —2Mp — 5+ (R + R
| < 2(r, wo) — 2€ b —d+ (R + 2)§M<2.
Ri+ R
In the case when |1 — y| > |M — 1| case, notice that
2 2M, R Ry) — —§5—2
842 +2Mp + (R + Ry) — Wau1. 12) _ — M, < Walpt, u2) =8 €
R+ Ry 2

thus, we can pick y such that

8 +2Mp + 2€ + (Ry + Ry) — Wa(u1, p2) 0}

1>y2max{
R+ Ry

So we still can satisfy the conditions for linear separability in these cases. O

C Multiple references example

Example 33 Recall the setup of Example 20, where we have two template distributions
w1 =N, 1) and o = N(0, ), a set of shears

H={Ax:A=A" e R"" MI, » A > ml, > 0}
as our set of transformations, and reference distributions defined to be of the form
o1 = (h)gp1 and 0o = (h2)gpo for hi(x) = Ajx and ho(x) = Aox for hy, hy € H
so that

o1 = (h)zp1 = N O, A1Z1A]), 02 = (h)sir = N (0, Ax4,).

Using exercise 6.3.1 of [28], the bounds on our function class H is given by

N 1
sup [[(A = Dllu; = sup (IE,L,-[n(A—l)xuzD = sup (A= DT} lIF
AeH AeH AeH

1/2 1/2
< sup A — T2}l p < max (1M — 1], |1 = m|) max |2/
AeH ’ J ’

=L.
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To ensure separation, we use L < M, which implies that

1 1
Tr(Z) + T — 2ATIT,=H)/H2 5
max (|M — 1], [1 — m]) < (21 + 22 — 205 211) ) .
/2
2max;=1.2 1%, I F

Wa(u ]’“21)/2 < 1. This shows the bounds on M and m of

2max;j=12 [Z;""IF
Example 20. Now notice that

It is easy to see that

hy i — —
T = (A2 A P(AZ A P (AS AT ANV (A; 2 4) 7 2x;

thus, for i, h € H where h(x) = Ax and h(x) = Ax, we get ||Tghj’wI - Tszmugj is
equal to

—1/2, . ¢1/2 1/2 1/2 1/2 ~1/2
B[S} (5] (armiaDs 12 - (512 (aam2aD)8)D) )57 P .
where S; = A;¥;A; and the expectation is with respect to o;. Because Sj_l/ 2 =

(AjEjAj)_l/zx ~ N0, I) and exercise 6.3.1 of [28], we find that the expectation
above is equal to

—1/2

1571282 (A m AT ST — (512400 AT) S V)

Using the Courant-Fischer min-max theorem as explained in [16] and our bounds on
the eigenvalues of & € H, we can see that

I 12 2o L
n_/lzj Z(AjEjAj) EMEJ- .

Since M2%; = (A;Z;A;) = €23;, we have

(A ;A2 Ars1A] A 24 )Y H)12
N— ———’
>m?%)
— (A2 AN (A2 A] (A A Y2
—————
=m?%,

1/2 1/2 1/2 1/2
- (m4):j/ 212}_/ )1/2—(’"42/ 222/ )1/2

- mz[(zl./zzlzl./z)l/z - (21./22221./2)1/2],
J J J J
and similarly,
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(A; ;AN (A1 21A] (A 341212
N—— ——
<M?%;
— (AJZjAN? (4220 A0 ) (AT ;A D2
N e’
<M?%,

- (M421./22121./2)1/2

_ s / < 21/2)1/2 MZ[(Z;QZIE}/Z)I/Z N (E}/2222}/2)1/2i|_
hgpei hypa o .
This means that |75, — 15, " [I5 o has the following bounds

2 -
—l 2 1/2 1/2 1/2 1/2 h h
H / (EI/ 212// )1/2 _ (21/ 2221/ )1/2] ‘ > ”Tojﬁﬂl _T ﬁl"2”2
. . F

oj oj

hypi huﬂz 2
175" — l

>
o, oj =

2
1/2[(21/22 21/2)1/2 (E;/zzzzj/z)l/z:l
F

M

Moreover, notice that since ¥; = X; or ¥; = X, we can assume without loss of
generality that X¥; = X; so that

1/2[(21/22 21/2)1/2 (25/222211/2)1/2] — 211/2 _ 21_1/2(211/222211/2)1/2.

We can show, however, that the Frobenius norm of the right-hand side is actually

Wa (w1, u2). To see this, first notice that because X 172 PPN 172
cyclic property of traces, we have

is symmetric, using the

1/2 —1/2

1/2 1/2 1/2 1/2 —-1/2 1/2 1/2
(E]/ 222]/ )1/2”F TI'((Z / 222 / )1/2 / E (El/ 2221/ )1/2)

=Tr(Z] ' 2,25 %,%) = Tr(Sy).

P>y

Applying this result, we have that || 21/2 ;1/2(211/222211/2)1/2”% is equal to

1/2 —-1/2 2 1/2 12«—-1/2 ,1/2 1/2
[ T DO S B RS R OHES I OHES P T

Tr(Z2)
1/2 1/2
= Tr(S1 + 52 — 2(£,75:5)%) = Wa(ur, o).
So we get that

M2
—Wz(m, wn2) = |7Ts;

0o

hepr Thu/tz m

lo; > sz(lil, ©2)
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for our choices of reference distributions, of which there are infinite choices because
our choices of € and M are constrained by

Wa(ut, pn2) em<M<14 Wa(ut, p2)

12 V2
2man:1,2 ||E]/ ”F Zmaszl,Z ”Ej/ ||F

D The shearing transformation

Algorithm 1 Procedure to produce shears of an image

1: Inputs : 28 x 28 matrix of pixel values corresponding to the image, matrix A and shift b.

2: Output : A 28 x 28 matrix of pixel values corresponding to the transformation A(x — center) + b.
(Center of the image is assumed to be (14, 14)). Here x = (i, j) where i, j € {1,2,---28}.

3: ShearedImage < Anempty 28 x 28 array

4: fori=1,---28 do

5: forj=1,---28do

y <« (i, j) — center

X <« A_l(y — b) + center

if x; >28o0rx; <=0orx; >28o0rxy <=0 then
ShearedImage (i, j) <0

0: else

1 ShearedImage (i, j) < Interpolation of the pixel values (of the original image) of the

four grid points corresponding to the grid box which x belongs to.

R

—_—

12: end if
13: end for
14: end for

15: return ShearedImage

Following notation introduced in Sect. 4 of the main text, the function class H with
respect to which we perform numerical experiments on MNIST images to study linear
separability is,

H= [Ax + b : A is symmetric positive definite, b € Rzl, &)

Specifically we choose A to be,

A — cosf —sin6 T X O cosf —sinf (10)
“ \sinf® cosé 0 A/ \sinf cosé

where, A1, A2 > 0 so that A is positive definite. In the subsequent sections, we
present the classification results for two different choices for the range of parame-
ter (A1, A2, 0, b) values, one representing a mild shearing of the images and the other
representing a severe shearing of the images.

W Birkhauser



Supervised learning of sheared distributions... Page 45 of 51 1

E Standard deviation in test error of MNIST classification experiments

See Figs. 8 and 9.

(@) Classifying mildly sheared MNIST 1 and 2

(a1) (a2) (a3)
n
ian referen heared MNIST im: referen nsheared MNIST im: referen
2 0.035 Gaussian reference 0.035 Sheared S’ ages as references 0.035 Unsheared S’ ages as references
H] ~®- 1 references (652) @~ 2 references (616) -~ 2 references (622)
= 0030 -8~ 5 references (1742) 0.030 -8 4 references (1072) 0030 ¢ ~®- 4 references (1124)
3 : ~@- SemiDiscrete OT uniform ref (1568) : ~®@- 6 references (2186) : \ ~@- 6 references (1494)
=@~ 8 references (2806) \ @ 8 references (2262)
-
c 0.025 0.025 -8~ 10 references (3676) 0.025 Y & loreferences (2888)
= —8— SemiDiscrete OT uniform ref (1568) \ =@ SemiDiscrete OT uniform ref (1568)
e 0.020 0.020 0.020
2
= 0.015 0.015 0.015
5 0.010 0.010 0.010
© R i :—t' Sasre
E 0.005 0.005 -~ 0.005
H ~
T 0.000 0.000 0.000
5 20 40 60 80 100 20 40 60 80 100 20 40 60 80 100
P Number of training images (for each label) Number of training images (for each label) Number of training images (for each label)
(b) Classifying severely sheared MNIST 1 and 2
(b1) (b2) (b3)
Gaussian reference Sheared MNIST images as references Unsheared MNIST images as references
0.035 0.035 9 0.035 9
~®- 1 references (668) ~®- 2 references (884) ~®- 2 references (626)
0030 @ -0~ 5 references (1728) 0.030 -0 4 references (2222) 0.030 4 references (1040)
) \ ~@- SemiDiscrete OT uniform ref (1568) ) =@~ 6 references (2868) ) 6 references (1606)

=@ 8 references (4406)
=@~ 10 references (5646)
S ~@- SemiDiscrete OT uniform ref (1568)

0.025 0.025

0.020 &

0.025 10 references (2214)

-

-

=@ 8 references (2280)

e

@~ SemiDiscrete OT uniform ref (1568)

0.020 0.020

Standard deviation in test error

0.015 0.015 0.015
0.010 0.010 0.010
0.005 0.005 0.005 ’:!
0.000 0.000 0.000
20 40 60 80 100 20 40 60 80 100 20 40 60 80 100
Number of training images (for each label) Number of training images (for each label) Number of training images (for each label)

Fig.8 a Standard deviation in test errors for binary classification of mildly sheared MNIST 1s and 2s using
(al) Gaussian references (a2) sheared MNIST 1s and 2s as references (a3) unsheared MNIST 1s and 2s as
references. b Standard deviation in test errors for binary classification of severely sheared MNIST 1s and
2s using (b1) Gaussian references (b2) sheared MNIST 1s and 2s as references (b3) unsheared MNIST 1s
and 2s as references. In the cases where MNIST images are used as references, the results are reported for
the cases where the number of references used is 2i fori = 1, - - - 5 wherein i images from each class are
randomly drawn to be used as references from a pool of images that do not correspond to any of the training
and testing images. For each fixed number of training images per class, Ny,-4in, the mean test classification
error averaged across 20 random choices of Ny, training images (per class) and 1000 test images (per
class) is reported. The number inside the parenthesis in the legends of the images denote the length of the
LOT feature vector corresponding to the particular choice of references. In all figures, for comparison, the
results for classification using the semi discrete linear optimal transport framework [19] which uses the
uniform measure as the reference is also reported
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(a) Classifying mildly sheared MNIST 7 and 9

(a1) (a2) (a3)

=
Gaussian reference Sheared MNIST images as references Unsheared MNIST images as references

2 o040 0.040 o 0.040 9
o =@~ 1 references (656) =@~ 2 references (864) Q =@~ 2 references (650)
- 0.035 ~@- 5 references (1726) 0.035 \\ ~@- 4 references (1590) 0.035 N ~@- 4 references (1348)
7] ~@- SemiDiscrete OT uniform ref (1568) \ ~@- 6 references (2670) \\\ ~@- 6 references (1682)
3 o030 0.030 \ -@ 8 references (2636) 0.030 W' -8 8 references (1968)
c \ @ 10 references (3448) M\ -8 10 references (2776)
= 0.025 0.025 ~@- SemiDiscrete OT uniform ref (1568) ~ 0.025 | [~ SemiDiscrete OT uniform ref (1568)
3
S 002 0.020 0020 *
=}
.g 0.015 0.015 0.015
Q =< ~
S 0010 0.010 "—_-;\l =3 0.010
B o005 0.005 0.005
o
T 0.000 0.000 0.000
g 20 40 60 80 100 20 40 60 80 100 20 40 60 80 100
& Number of training images (for each label) Number of training images (for each label) Number of training images (for each label)

(b) Classifying severely sheared MNIST 7 and 9

(b1) (b2) (b3)
0.05 Gaussian reference 0.05 Sheared MNIST images as references | Unsheared MNIST images as references
’ -8~ 1 references (630) ’ -8~ 2 references (1686) ’ -8~ 2 references (628)
-0~ 5 references (1718) -0~ 4 references (3012) -0 4 references (1216)
0.04 @~ SemiDiscrete OT uniform ref (1568) 0.04 -~ 6 references (4584) 0.04 -~ 6 references (1710)
~@- 8 references (4626) ~@- 8 references (2316)

=@~ 10 references (6082) =@~ 10 references (3120)
~@- SemiDiscrete OT uniform ref (1568) 0.03 =@~ SemiDiscrete OT uniform ref (1568)

0.00 0.00 0.00
20 40 60 80 100 20 40 60 80 100 20 40 60 80 100
Number of training images (for each label) Number of training images (for each label) Number of training images (for each label)

Standard deviation in test error

Fig.9 a Standard deviation in test errors for binary classification of mildly sheared MNIST 7s and 9s using
(al) Gaussian references (a2) sheared MNIST 7s and 9s as references (a3) unsheared MNIST 7s and 9s as
references. b Standard deviation in test errors for binary classification of severely sheared MNIST 7s and
9s using (b1) Gaussian references (b2) sheared MNIST 7s and 9s as references (b3) unsheared MNIST 7s
and 9s as references. In the cases where MNIST images are used as references, the results are reported for
the cases where the number of references used is 2i fori = 1, - - -5 wherein i images from each class are
randomly drawn to be used as references from a pool of images that do not correspond to any of the training
and testing images. For each fixed number of training images per class, Ny,4in, the mean test classification
error averaged across 20 random choices of Ny.4i, training images (per class) and 1000 test images (per
class) is reported. The number inside the parenthesis in the legends of the images denote the length of the
LOT feature vector corresponding to the particular choice of references. In all figures, for comparison, the
results for classification using the semi discrete linear optimal transport framework [19] which uses the
uniform measure as the reference is also reported

F Numerical validation of example 11

To illustrate Theorem 8, we had provided a simple example with Gaussians (see
Example 11 of main text) (Fig. 10). Let u = N'(m, I,). Consider asymmetric positive
definite matrix A with spectral decomposition A = P T A P and a corresponding fixed
shear S(x) = Ax + b for some b € R", which yields the pushforward S;u =
N (Ami+b, AAT). For simplicity, we will check that the subset of compatible affine
transformations

Fattine(P) = {f(x) = Cx +d : f € F(P)}

1D
={P'DPx+d:D;j=0 V i#j Dy >0,deR")

yields reference distributions o € {fyu : f € Faffine(P)} so that the compatibility
condition hold. In particular note that for f(x) = Cx +d = PTDPx + d, our
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al) Samples from a template Gaussian distribution a2) Template samples snapped to a 28 x 28 grid
b1) Samples from sheared Gaussian distribution b2) Sheared samples snapped to a 28 x 28 grid
Pil
o @ ot
1T oo
L e
c2)

1
) Samples from candidate reference Gaussian distribution

Reference samples snapped to a 28 x 28 grid

Fig. 10 al Samples from a Gaussian distribution that serves as the template . a2 Approximation of the

template distribution as a discrete distribution on a grid. b1 Samples from sheared distribution Sy . b2

Approximation of the sheared distribution as a discrete distribution on a grid. ¢1 Samples from a candidate

reference distribution fi € Futfine(P) (Eq. 11). €2 Approximation of the reference distribution as a

discrete distribution on a grid. d Numerical validation of the equivalence of LOT distance WZL JOCﬁT (1, Sgpe)
Nem

and the Wasserstein distance Wy (i, Sz 1) under compatibility as in example 11 using the LOT framework

N}
4
=

(=Y

-

Wasserstein distance
P
N T
0 o W o w o

o
o

for different choices of shear §

10 15 20

LOT distance
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reference distributions have the form

o =N(Cm;+d,CC")y=N(Cm +d, PTD*P).

G Comparison with convolutional neural networks (CNNs)

See Fig. 11.
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