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Abstract—The combination of Internet of Things (IoT) and
artificial intelligence (AI) technology plays an important role in
many fields, especially in the field of psychology and medical
treatment. This work is mainly to study an affective robotics
that can serve humans emotionally based on the IoT and Al
technology. The design of affective robotics is important to under-
stand the underlying mechanisms of human behaviors in real
life. These mechanisms mainly include human nonverbal behav-
iors and affective states, which are important but difficult to
be precisely modeled. To address this challenge, we introduce a
human-robot interaction (HRI) architecture, including emotion
recognition, affective computing, emotion diagnosis, and emotion
control. First, we propose a system model based on HRI between
affective robotics and human, in order to enhance the emotional
service. Then, we develop a dynamical model with affective com-
puting and control, where we provide a mathematical formulation
method based on stochastic differential equations to quantify the
emofional state. Furthermore, we perform the dynamic behav-
ior analysis of the existence, boundedness, and stability of the
model solution comprehensively. Numerical results are provided
to demonstrate the validity and feasibility of the proposed design
techniques.

Index Terms—Affective computing, affective robotics, emotion
control, human-robot interaction (HRI), Internet of Things (IoT).
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I. INTRODUCTION

HE Internet of Things (IoT) is the transmission and
Tconl:ol of information between things and between
people and things, allowing mutual collection and exchange
of data [1], [2]. With the development of the IoT technology,
many smart devices play an important role in people’s pro-
duction and life. In medicine, the IoT devices can be used for
patient’s perception, capture, measurement and transmission,
analyze the patient’s health status, and establish a continuous
monitoring system [4]. In addition, artificial intelligence (AI)
can quickly analyze patient behavior and discover profound
insights while “learning” large amounts of IoT data. The IoT
provides a large amount of data needed for Al learning, and
Al transforms these data into meaningful real-time insights.
The joint collaboration of Al and the IoT creates new value
for organizations in a wide range of industries in health care
and other industries. Medical interdisciplinary science based
on Al plays an essential role in the development of human
health diagnosis and treatment [5], [6]. It is predicted that by
2025, the Al-based medical industry will occupy one fifth of
the market scale, reaching 127 billion dollars [7].

Compared with physiology, psychology is a more essen-
tial factor for human health and happiness in life. Affective
robotics based on the Al technology will have a very broad
application prospect in protecting human mental health and
assisting human psychotherapy. Marino ef al. [8] studied a
human-assisted social robot, which mainly intervenes and reg-
ulates the emotions of children with autism spectrum disorders.
Chen et al. [7] researched a wearable affective robotics for
a wide population, which can improve human health on a
spiritual level and give users a friendly emotional experi-
ence. Affective robotics are of great significance in providing
services to special groups (such as patient with depression,
and children with autism spectrum disorders). Based on the
estimates by the World Health Organization (WHO), there are
about 350 million patients with depression worldwide, which
is becoming the second largest killer of humans after can-
cer [9]. With the development of affective robotics and Al, it
is promising to let machines assist human beings in regulating
emotions.

Many researchers have studied the problem of incorporating
emotions into robots [10], where affective computing is the key
technology of affective robotics. Emotion recognition in robots
is a research field that uses affective computing to recognize,
understand, and simulate human emotions, so that robots can

2327-4662 © 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html! for more information.

Authonzed licensed use limited to: UNIVERSITY OF NEVADA RENO. Downloaded on October 25,2022 at 17:27:07 UTC from |EEE Xplore. Restrictions apply.



20816

recognize and synthesize human-like emotions and interact
with humans naturally. The introduction of affective comput-
ing technology gives robots the ability to simulate emotions
similar to humans, and can interact with people emotionally in
human-robot interaction (HRI), thereby making the commu-
nication between humans and robots more natural [11]. The
research of affective computing originated from [12], and then
it has achieved some successful applications in the fields of
HRI and affective robotics. However, current research results
are far from satisfaction. These robots still have not reached
the level of strong Al with perception and self-awareness. In
other words, an affective robot can have strong computational
and reasoning capabilities, but it is still unsatisfactory in terms
of emotion.

For example, although the eye-catching Alphago has strong
reasoning ability [13], it still feels like a cold machine, dull
and monotonous. The root cause is that these studies under-
stand emotions from a psychological level, do not understand
the philosophical nature of emotions, and have not established
mathematical models of emotion, nor does it know the change
laws of emotion. Obviously, in order to realize the digitaliza-
tion of emotions, a mathematical model of emotion must be
established first [14], [15]. Therefore, establishing a mathe-
matical model that can quantify emotions is a key technical
challenge for the development of affective robotics. Some
scholars have made preliminary explorations on the emotion
modeling. Ta ef al. [16] emphasized that the emotion modeling
is necessary and basic if we want to understand emotions as
natural as possible. They established an emotional contagion
model for an emotion (fear), and studied the influence of three
factors on the dynamics of this emotion.

Our work aims to study the essential laws of emotional evo-
lution, use mathematical models to quantitatively describe the
characteristics of the ups and downs of various emotions, and
induce individuals’ emotions to tend to a healthy and stable
state through external therapy. This will be the core function
of the affective robotics we designed, and also an important
breakthrough in realizing the service provided by the robot for
human emotions.

In this article, we propose an HRI architecture, including
emotion recognition, affective computing, emotion diagnosis,
and emotion control. Specially, we develop an affective com-
puting model with impulse control to model the dynamic
change between four emotions (i.e., happiness, anger, anxiety,
and fear). Furthermore, the mathematical model of affective
computing is endowed with affective robotics, so that it can
simulate and demonstrate the change of the human emotional
state, and then intervene and regulate human emotion, so as
to realize the concept of the machine serving human emotion.
Our main contributions are summarized as follows.

1) We proposed HRI emotional service architecture func-
tions include emotion recognition, affective computing,
emotion diagnosis, and emotion control, is given as
follows.

a) Emotion Recognition: Based on the emotion recog-
nition technology of A, affective robotics can
monitor the host through IoT devices or directly
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interact with the host, and then identify the current
host’s emotional state.

b) Affective Computing: After emotion recognition,
affective robotics obtain emotional information of
human. Then, the proposed an affective computing
model with stochastic perturbations will simulate
the law of human emotional changes. Using this
model, we can predict how the human emotion
changes and when the human emotion will reach
a stable state.

c) Emotion Diagnosis: Based on the emotion stable
state obtained in the step of affective computing,
emotion diagnosis could be used to judge whether
this emotion state is healthily, which would further
generate a health discrimination index to indicate
whether medical treatment is needed. Specifically,
each HRI is a psychological diagnosis, and the
affective computing plays the role of a psychol-
ogist, giving the tester’s emotional state good or
bad judgment. In the HRI service proposed in this
article, affective robotics can not only diagnose
emotions, but also adopt appropriate strategies to
control emotions.

d) Emotion Control: If the affective robotics predict
an unhealthy stable state that the host will achieve
in a short or long term, then they will perform
the control and adjustment of the predictive model,
unless achieving a healthy and satisfactory stable
state. Then the affective robotics converts the con-
trol strategy and intensity of the system into the
suggested strategy, which will feed back to human
for emotional adjustment. Ultimately, it can real-
ize the Al serve for human as well as the human
emotional essentially.

2) This model can achieve three goals. First of all, it can
dynamically describe the evolution of the emotional
state, and accurately calculate and predict the emotional
trend based on the current emotional state. We divide
the four emotions into positive emotion (happiness) and
negative emotions (anger, anxiety, and fear), and we
describe the transformation relationship between the four
emotions with four differential equations. Second, con-
sidering that the individual’s emotional fluctuations will
inevitably be interfered by random factors, it is of great
significance to use a quantitative calculation method to
evaluate these random disturbances to mood fluctuations.
We use stochastic differential equations to quantify this
phenomenon, which can ensure emotional stability under
random factors. Third, the model we built can perform
proactive control of the trend of emotional state. In other
words, different impulse controls are adopted to real-
ize the effect of regulating and controlling emotions for
positive emotions and negative emotions, respectively.

The remainder of this article is organized as follows.

Section II reviews previous works in the area of affective
robotics. Model development and dynamic analysis are given
in Sections III and IV, respectively. The numerical simulations
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are carried out in Section V. Finally, conclusions are given in
Section VI.

II. RELATED WORK

With the development of IoT, Al, and HRI technologies,
intelligent robots have achieved many successful applica-
tions in many fields, including healthcare, education, military,
etc. [17]-[19]. The current level of development of robots has
strong application value, with strong reasoning ability and the
ability to perform simple tasks. But robots are still in their
infancy in terms of emotions. The core Al technology of intel-
ligent robots is still at the level of weak AI [20]. The strong
Al view is that it is possible to create intelligent machines that
can truly reason and solve problems. Such machines are con-
sidered to be sentient and self-conscious [21]. Understanding
human social-emotional signals to enhance HRI is the core
of affective robotics research, which is a challenging research
topic [22], [23].

For special groups of people, the affective robotics plays the
role of emotional service and emotional intervention, reflect-
ing its value of serving human emotions. An affective robot,
iCat, a cat-like robot that plays chess with children on an
electronic chessboard, has shown a human-like emotion. They
care about winning and losing as much as a human does,
which is a typical example of human—computer interaction
(HCI) experience [24]. Recent research studies have shown
that robots with simple emotional expression capabilities are
more popular with customers, and can bring higher partic-
ipation and more pleasant HCI [25], [26]. Communication
between people is emotional, so in the process of interacting
with other human-like robots, people truly expect to achieve
natural and emotional interactions [27]. Churamani et al. [28]
emphasized that traditional machine learning cannot adapt well
to the dynamic nature of this real-world interaction, because
they need to obtain samples from a stable data distribution.
Human social activities and emotional states are a contin-
uous dynamic process, not static. The author proposes that
this problem can be solved through incremental learning, and
believes that continual learning is an effective way to create
an affective robot that can promote the development of affec-
tive robotics. Fang ef al. [29] proposed a model of personality
and emotion; however, the author did not further formulate the
evolution of the emotional state.

Emotion recognition and affective computing, as the key
technology of affective robotics, has caused extensive research
in academia in the past few years. Emotion recognition is
the process of studying the information interaction between
humans and machines. To achieve successful HRI, face recog-
nition is a very important part of it, and the hidden information
must be tapped. From the perspective of machines serving
humans, affective computing studies whether the information
technology can determine customer emotions, and embeds
emotional elements into the information technology to make
decisions from the customer’s perspective [30]. Provide corre-
sponding services according to different emotions of customers
to change the traditional information technology decision-
making method [12].
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Fig. 1. System-model of HRL

To break through the technical bottleneck of affective
robotics, it is necessary to establish a mathematical model
that can describe the changing laws between emotional states.
Since the qualitative analysis of psychology cannot meet the
needs of strong Al it is necessary to introduce a quantitative
emotional mathematical model. Human beings will be subcon-
sciously affected by the emotions of other individuals in social
activities, and ultimately affect their own emotional experi-
ence. The field of psychology calls this process emotional
infection [31]. Some scholars draw on the classic theories
of epidemic models [32] to establish the emotional contagion
model. Ta et al. [16] established an emotional contagion model
and studied the dynamic behavior of the affective model,
which provides a new idea for the mathematical modeling of
emotions. The author’s main concern is an emotion related
to fear and its dynamic behavior in several specific scenarios
under the influence of three external factors. Their conclusion
is based on the simulation platform experiment, not on the
result of theoretical analysis of the model.

Analyzing and understanding human nonverbal behaviors,
and making appropriate responses are the main goals of
affective robot research [28]. Existing works rarely involve
emotional control, due to the lack of mathematical models for
affective computing and control. In this article, we establish a
dynamic model of the evolution of the four emotions, includ-
ing happiness, anxiety, anger, and fear, in order to find a more
universally applicable theoretical method of affective comput-
ing and control, and then complete a new and complete HRI
process. The ultimate goal of affective robotics is to realize
the idea that machines serve human emotions. This work aims
to establish an affective computing of the evolution of a sin-
gle individual’s emotional state from a micro perspective, and
provide a formalized mathematically method for studying the
evolution of emotions. Give affective robotics the theoretical
calculation method of emotional changes and control to realize
the HRI in which the machine serves human emotions.

II1. PROBLEM DESCRIPTION AND AFFECTIVE
COMPUTING MODEL

To achieve a more natural HRI model and improve the
emotional service capabilities of affective robotics, a key chal-
lenge is to establish a quantifiable affective computing model,
and design a complete HRI process that can complete emo-
tional services. In this article, we propose a complete HRI
process, as shown in Fig. 1. In the process of HRI, affective
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10T devices

Fig. 2. Data collection based on IoT devices.

robotics first recognize the current emotional state of human
by emotion recognition. In order to accurately identify the
experiment subject’s current emotional state, some auxiliary
IoT devices need to be deployed for comprehensive data col-
lection, such as smart watches, smart treadmills, smart phones,
etc., which is show in Fig. 2. The affective robotics analyzes
and learns the experiment subject’s massive data from the IoT
device and obtains its current emotional state based on a spe-
cific Al algorithm. The current emotional state is input into
the affective computing module as an initial condition. This
module uses an affective computing model to calculate the
four emotional components and predict the emotional state
in a future period of time. Afterward, the emotional diagno-
sis module gives a comprehensive evaluation of the emotional
health status based on the results of the affective computing.
The emotional control module is an impulsive intervention
to the affective computing model to achieve the purpose of
controlling the trend of emotional changes. Without impulse
intervention, the affective computing model can calculate and
predict only the subject’s emotional change trend, but does
not have the function of changing the emotional change, even
if the subject’s emotion is developing in an unhealthy or
even dangerous state. Therefore, an important functionality of
the emotion control module is to correct the changing trend
of emotions to achieve a healthy and stable state through
appropriate impulse control.

Finally, the system inputs the control strategy into the
semantic conversion module. In fact, the control strategy
involved in the emotion control module is the mathematical
method of impulse control for the affective computing model.
In the transformation module, it is necessary to transform
this quantitative impulse control into an operable psychology-
based emotion control strategy. The semantic transformation
module is mainly to transform abstract impulse control strate-
gies into concrete operable emotion regulation suggestions.
For example, a positive pulse adjustment can be translated into
suggestions that the subject listen to a song and exercise for
half an hour, etc. The calculation results of the four modules
will be shown in the display interface in terms of data, graph,
and policy semantics. During this process, affective robotics
can be used to recognize, calculate, diagnose, control, and sug-
gest strategies for human emotions. In HRI, it plays the role
of psychological doctor, fulfilling the idea that robots serve
human emotions.
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Fig. 3. Transformation of the four basic human emotions.

Next, we will introduce the affective computing model
[Section III-A] and emotional control model [Section III-B]
established in this article, which are the most important design
in the HRI process.

A. Affective Computing Model

In detail, according to modern emotion theory [33], [34], the
human emotional state includes four basic emotions: 1) hap-
piness; 2) anger; 3) anxiety; and 4) fear, as other complex
emotional examinations are the result of the integration of the
four basic emotions. The four emotional states are caused by
the stimulus of an external event. The affective robot collects
data about facial expressions, posture expressions, intonation
expressions, behaviors, etc., and then uses a specific measure-
ment method to calculate the individual’s active energy for
each emotion at the moment. Suppose the affective robot mea-
sures the emotional state of individual at { through emotion
recognition as X(f) = (x (r),xg(r),xg(r),x4(r))7, where x1(1),
x2(1), x3(1), and x4(f) represent the evaluation of the emotional
state of the four basic emotions.

According to the famous theory of the 2-D Arousal-Valence
model, that affective states are not independent of one another,
but are related to each other in a highly systematic fash-
ion [35]. In order to establish an accurate model to describe the
evolution of these four emotions, we first analyze their inher-
ent attributes according to modern emotion theory. We classify
happiness as a positive emotional state, which is good for our
health. On the contrary, we define anger, anxiety, and fear as
negative emotional states, which are bad for our health. Among
them, happiness is antagonistic to the other three emotions
(similar to competition between species) and has a negative
effect on each other. Anger, anxiety, and fear are three emo-
tions that are increasingly harmful to the human body. The
transformation is from anger to anxiety, and from anxiety to
fear, as shown in Fig. 3.

These relationships above are analogous to the interactions
between different populations in the biological world. In the
population dynamics model, the differential equations are used
to describe the relationship between the multispecies (cooper-
ation, competition, and predation). Based on the mathematical
modeling principle of population ecology, and according to the
relationship between the generation and transformation of four
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basic affective states, we establish the emotional model of the
affective robot for describing the transformation mechanism
among the four basic affective states quantitatively.

Specifically, we establish the following model for the
emotional evolution of individual:

dxy () = x1(O[b1 — anx1(f) — anxa(0)
—a3x3(t) — apgxg ()] dt
dxz (1) = x2(0)[b2 — aznx1(f) — anxa(f) — azsxs(f)]dt
dx3 (1) = x3(f)[b3 — az1x1(f) + azx2(f)
—a33x3(f) — asaxa ()] dt
dxs(f) = x4(t)[bg — a1 x1 (1) + a43x3(f) — asax4 ()] dt

where b; represent the self-production coefficient of four basic
emotion valuation x;(f) (i = 1, 2, 3, 4), which means the self-
increasing intensity of the discrete emotions in the current
environment. a; (i,j = 1,2,3,4), and i # j), respectively
represent the interaction coefficient of emotion i to emotion j
as well as emotion j to emotion i. a2, a3, di4, as1, asi, and
a4y represent the antagonistic relationship between the posi-
tive emotion, and the three negative emotions. a; (1 <i <4)
represents the self-inhibition coefficient of emotion i, which
means the individual has self-inhibition to any emotion in
a certain range. as3, a3p, a4, and a43 denote the progres-
sive transfer coefficient of three negative emotions, which
are transferred in one direction from small to large accord-
ing to their harmfulness (hence, ax4 = a4 = 0). All the
coefficients in the model are positive and normalized. Based on
this model, we can calculate that there is a positive equilibrium
X* = (x],x3,x3,x;) of the model in (1), where

(D

Dy Dy Ds Dy
i=p: B=p» B=p H=p OO
(2)
and
D = —ay2a23G34a41 — A12021a34043 + A11022034a43
— aylazasay + azazas + axn(assag + asidss)]
+ @12G23G31G44 + G11G23G32044
— @12G21G33G44 + 11022033044
+ aizl—azianau + an(azan — asau)l
Dy = —[apsasnass + ajzazpagy + ap(azaass + assag)]

-by + anl—(ajsas3 + a13as)bs
+ asg(agsby + aizbg) + asz(agby — aygby)]
+ anlas(asub) — aisby) + ay2(asabs — azyby)]
Dy = —lais(azzaqr + az1as3) + a13(azaaq) — az1aas)
+ aj1(asaas3 + azaay)1bs
+ anl(ajgay — ay1a44)bs + azg(—aq by +ay1by)
+ azi(aaabr — aisbs)] + a2i[(a14a43 + a13as)b3
— azg(agsby + aizby) + azz(—aub; + aigby)]
D3 = —[asazan + a1azas + ajp(—azas — azias)l
- by + anl(—aisaq1 + ay1as4)bs + azg(an by — arby)
+ azi(—asuby — ayybs)] + azilaz(—aguby — ayaby)
+ a12(—aasbz + azyby)]
Dy = —ap1axnagsb) + ajzanay by + ayas agsb
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+ anasaaaby — annanasbs — apnazassbs
— aizazanby — apnanaszby
+ anl(aizas +anas)bs
— az3(aq1br + anby) — azi(aszby — a1aby)l
+ axlas(—as by + aiiby) + (—aa bz — az1by)). 3)

The individual’s emotion is inevitably affected by the
external stochastic environment, which includes elation, disap-
pointment, prosperity, and adversity. In this article, we use the
White Gaussian noise to quantify stochastic perturbations, and
assume that stochastic perturbations are mainly represented by
the self motivation coefficient b; of basic emotions, namely

bi = bi+0idBi(), i=1,2,3,4 (4)

where B;(f) are independent standard Brownian motions with
B;(0) = 0, o; indicates the intensity of the stochastic per-
turbation. Throughout this article, let (R, F, {Fi}>0, P) be
a complete probability space with a filtration {F;};>o satis-
fying the usual conditions (i.e., it is right continuous and
Jo contains all P-null sets). Therefore, the evolution rule
of affective robot’s emotion with stochastic perturbation can
be expressed as the following stochastic differential equation
model (SDE), i.e.,

dxy () = x1 (Db — anx; (f) — anx2(f) — ayzxs (1)
—ay4x4(D)] df + ox (1) dBy (1)

dxy(f) = xp (Db — ag X1 (f) — axpxy(f) — axnxz(f)] di
+a2x1 (1) dB2(1)

dx3(t) = x3(D[b3 — azx) (f) + asx2(f) — azzxs (1)
—azgx4(f)] df + o3x1 (t) dB3(t)

dxs(f) = x4(t)[bg — aq1x1(f) + a43x3(f) — asaxa(r)] dt
+oax4(f) dBa(?).

)

B. Emotional Control Model

Psychological research shows that: both positive emotion
and negative emotion can be controlled, not only can increase
a certain emotion, but also can reduce a certain emotion, as
well as maintain a certain emotion [36]. In order to maintain
the emotional stability of the individual, it is necessary to mon-
itor and control the emotional state of the system at any time as
well as control the overload when the individual is faced with
collapse. It includes active stimulation for positive emotion and
inhibition for negative emotion. By adding impulse control to
the emotion model, we get a controlled emotion model, which
can be expressed as model (6), shown at the bottom of the next
page. Among them, ay. B k. and Ay, respectively, represent
the regulation and control proportion of four basic emotions.
Each component of a vector ¥ = (ak, Bk, &, Ak) is a nonneg-
ative number, and Y = (o4, 0,0,0) means we only regulate
positive emotions x;(f). Obviously, for positive emotions we
use positive control of stimulation (music regulation and food
stimulation), for negative emotions we use negative control of
inhibition (exercise and distraction). Assign the model (6) to
emotional control module of the affective robot.

In the next, we will focus on the dynamic behavior of the
model (6) to describe the emotional evolution of individual,
as well as the effect of external stochastic perturbation and
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control on the emotional evolution of individual. In fact, if the
model (6) is not controlled, when ¥ = (0, 0, 0, 0), the stochas-
tic impulse model (6) will evolve into a stochastic model (5).
Furthermore, it is assumed that in an ideal environment, the
emotional state of the affective robot would not be affected by
any stochastic perturbation, i.e., o; = 0, and that the stochastic
impulse model (6) would evolve into a deterministic model (1).
Accordingly, the model (1) and (5) is only a special case of
the model (6). For the model (1), there must be a gradually
stable state. Based on the above analysis, we need only the
comprehensive analysis model (6). In the phase of numeri-
cal simulation, the dynamic behaviors of the three models are
compared comprehensively.

IV. MODEL ANALYSIS

In the previous section, we have established an HRI pro-
cess architecture and a core affective computing model. The
function of this model is to combine the current emotional
state of the tested individual to predict and calculate the sub-
sequent emotional trend. Before the affective robot completes
an emotional service, the following three problems need to be
discussed.

1) For a tested individual, given his/her initial emotional
state, is it possible to calculate the unique emotional
trend?

2) When we perform impulse control on the emotional
trend of the tester, can we ensure that the emotional
state has an upper bound and a lower bound?

3) Whether there is a stable trend in the fluctuation of
emotional state, showing regularity, and periodicity?

These three problems are important attributes of the affec-
tive computing model, which we will discuss in detail in the
following. Next, we will mainly analyze the dynamic behavior
of the model, including the existence and stochastic bounded-
ness [Section IV-A], strong persistence [Section I'V-B], and
global attractivity of solutions [Section I'V-C].

A. Global Positive Solutions and Stochastic Boundedness

Considering the practical significance of individual emo-
tion, before studying the dynamic behavior of the model (6),
we first consider the existence of the global positive solution
of the model in (6). Note that the model in (6) are system of
impulsive stochastic differential equations (ISDEs), for com-
pleteness, we refer to the literature [37] for the definition
of solution of ISDE, and we first give the definition of the
solution for the model in (6).

IEEE INTERNET OF THINGS JOURNAL, VOL. 9, NO. 21, 1| NOVEMBER 2022

Definition 1: A stochastic process  x(f) =
(x|(I),xg(t),X3(t),X4(I))T, t € [0,400) is said to be a
solution of ISDE (6) with the initial value x(0) = xp € R4 ik
x(t) satisfies the following.

1) x(t) is F; adapted and is continuous on (0,#;) and

each interval (fx,#%11) C Ry, k € N and F(t, x(1)) €
LY Ry, R"), G(t, x(1) € [2(Ry,R).

2) For each i, k € N, x(rf) = limrk_”: x(r) and x(f) =
limﬂ(_> i x(f) and x(fx = x(1;) as.

3) x(t) obeys the equivalent integral equation of (6) for
almost every t € R, /f and satisfies the impulsive
conditions at each t =i, k € N a.s.

The following theorem gives the existence and uniqueness

of global positive solutions for the model in (6).

Theorem 1: For any given initial value X(0) € R%, there
exists a unique positive solution X(f) to model (6) for all
>0 as.

Proof: See Appendix A. |

It is not easy to directly prove the existence and unique-
ness of its solution since the model in (6) are system of ISDE.
Through the relation in (15) we will get a nonimpulsive contin-
uous SDE and the corresponding relationship of the solutions
of the two models. In fact, through the relation in (15), we
establish the equivalence between a ISDE and a nonimpulse
SDE. It also provides an important method for studying the
solutions of ISDE. Through this proof process, we can also
draw the conclusion that the solution of the model in (6) is
continuous, and the explicit expression of the solution can be
obtained by the relation in (15) and (18).

From the Theorem 1, we obtain the existence and unique-
ness of solution of the model in (6). Furthermore, we want
to investigate whether the solution of the model is bounded,
even if there is an upper bound for the solution of the model as
time approaches infinity. We give the following definition by
referring to the definition of stochastically ultimately bounded
for the solution of the model [38].

Definition 2: The solution X (f) = (x1(f), x2(f), x3(f), x4(1))
of model (6) is said to be stochastically ultimately bounded
if for any &, there is a positive constant x. such that for any
initial value (x1(0), x2(0), x3(0), x4(0)) ]R“, the solution of
the model in (6) has the property that

limsup P{|X(D)| > x} < & @)
t—00

The impulse control proposed in this article is an active
emotional control method, so there must be a reasonable
control intensity. Based on this fact, we give the following
assumptions.

X ?{; = (1 +ap)x1(te)
X2 Iﬁr = (1 — Br)xa (1)
Ia(f;jr) = (1 — y)x3(tk)
x4(7) = (1 — M)xa(ty)

dx; () = x1(D[b1 — anxi(t) — appxz2(f) — aaxz(f) — araxa ()] dr + opx1 (1) dB1 (1)
dxa (1) = x2(0)[b2 — az1x1(t) — axxz(f) — azzxz ()] df + o2x1(f) dBa (1)
dxs(f) = x3(0)[b3 — az1x1(t) + azaxz2(f) — azsxz(f) — azaxa ()] df + o3x1(f) dB3 (1)
dx4(f) = x4(D)[bs — as1x1(t) + as3x3(f) — asaxa(£)] df + oax4(t) dB4(t)

t#£ I
(6)
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Assumption 1: For all f > 0
1) there exists positive constants m; and M; such that m; <

n0<rk<.r ka < M"';
2) there exists positive constants n; and N; such that

s sk
n < “,El,é}gf; Z InJy;
O<tp<t
1
<limsup— Y InJy <N (8)

t
i O<ty <t

wherei=1, 2, 3,4.

The later research in this article is always based on this
assumption. The essence of this hypothesis is to control the
intensity of impulse, that is to say, we take impulse control
to regulate emotion, and the intensity of control needs to be
within a certain range. This is also consistent with our physical
therapy and psychotherapy of the basic principles. We will give
the stochastic ultimately boundedness of the solution for the
model the following theorem.

Theorem 2: Under Assumption 1, then for any initial value
(x1(0), x2(0), x3(0), x4(0)) Rj—' the solution of the model
in (6) are stochastic ultimately bounded.

Proof: See Appendix B. |

Boundedness is very important for the model in (6), which
ensures that the solution of the model does not tend to infin-
ity. It means that there are four basic emotions: 1) happiness;
2) anger; 3) anxiety; and 4) fear. Each emotion x;(f) has an
upper bound, so that x;(f) always fluctuates within the max-
imum upper bound of M. Is also the most basic safeguard
of individual’s physical and mental health. Whichever emo-
tion, whether positive or negative, can not be allowed to go to
extremes.

B. Strong Persistence

In the previous section, we have obtained the existence and
uniqueness of the solution and stochastic boundedness of the
model. On the other hand, given that the model in (6) adds
impulse control, we also hope x;(f) to exist a lower bound
ensuring the individual emotion X(f) remains active and not
deactivated. More precisely, we want to get the magnitude
of each emotion on average. We calculate whether the limit
liminf;_, o (xi(5)); as well as limsup,_, o, (x(s)); exist and the
conditions for its existence. If both limits exist, denoted as k;
and K;, then they can be asserted that the emotion x(f) will
always fluctuate within [k;, K;]. The length of the interval is
the maximum fluctuation of the x;(f) of the emotion, we give
this conclusion in the following theorem.

Theorem 3: The solution of the model in (6) with initial
value (x1(0), x2(0), x3(0), x4(0)) € Ri satisfies

0 < ki < liminf(x;(s)); < limsup{x(s)}; < K; 9)
=00 t—00

where k; and K; (i = 1, 2, 3, 4) as follows:

hi +N hy + N
= i 1, Ky = 3 FiNg
apy az

h3 + N3 + anéz%‘\'z

K3 =
asj
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hy+N:
h3+N3+a32-%‘—2
hy + Ng + 6143—{13322—
Ky =
aqq
B h +ny —a2Kz — aizKz — a1aky
M= ai
. hy +ny — ax Ky — apks
an
5 h3 +n3 + ank; — a3 Ky —azky
as
hy +ng + agzks — an Ky
ki = , (10)
aq4
Proof: See Appendix C. |

From the conclusion of the theorem and the expressions of
k; and Kj;, we can also conclude that the intensity of stochas-
tic perturbation will directly affect the fluctuation of each
emotion. In particular, when the intensity of stochastic pertur-
bation exceeds a certain threshold, a certain emotion will tend
to be inactivated. Properly reducing the intensity of stochas-
tic perturbation is beneficial to emotional stability. However,
this is not easy to achieve in reality, because stochasticness
is inevitable. Of course, this theoretical result can inspire us
to consider more stochastic factors when studying individ-
ual emotions, making individual emotions more robust and
anti-perturbation ability. At the same time, it also reflects
the necessity, flexibility, and controllability of the impulse
we added. When an emotion reaches the boundary value, we
can intervene appropriately through the impulse to make it
fluctuate only within the expected range.

C. Global Attractivity

In the previous section, we have obtained the fluctuation
range [k;, Ki] of each emotion x;(f). The emotion x;(f) may
fluctuate stochasticly in the interval [k;, K;] , or it may be
attracted to a fixed normal state in the interval [&;, K;]. If there
is a fixed state, it will help to study the overall trend of senti-
ment and macroscopic forecast and control. In particular, we
expect that this fixed state can also be controlled by impulse.
The following theorem we will give the attractiveness of the
solution for the model in (6).

Definition 3: Let X(f) and X () be two arbitrary solutions of
the model in (6) with initial values X(0) € RY and X(0) € RY,
respectively. If

lim [X(1) —X(®)| =0 a.s (11)
—00
and then the model in (6) is globally attractive.

Before giving the global attractiveness theorem of
the model, we first prove the following lemma based
on Assumption 2 as following, which is necessary in
mathematics.

Assumption 2: Set oy = ayy —az1 —asz —as; > 0, ap =
ayp —az; —ax > 0, as = a3z —ajz —ax —agy > 0, and
a4 = aqq — a4 — azq > 0.

Lemma 1: Under Assumption 2, the solution of the model
in (6) has the property

1X(H) — X ()| € L'[0, 00) (12)
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where X(f) and X(f) be two arbitrary solutions of model (6)
with initial values X(0) € R% and X(0) € R%, respectively.

Proof: See Appendix D. |

We introduce the global attractiveness theorem of the model
in (6) as following.

Theorem 4: Model
Assumption 2 holds.

Proof: See Appendix E. |

Theorem 4 yields that the solution for the model in (6) tend
to a stable state in the end. This stable state is different from
the deterministic model, because model (6) receives the per-
turbation of stochastic factors, which will cause the solution of
this model to exhibit oscillating behavior, but the general trend
is certain converge the equilibrium of the deterministic model.
In addition, since the model in (6) adopts impulse control,
the long-term behavior of the model solution will also exhibit
periodic phenomena. These results will be demonstrated in the
numerical simulation section.

In view of the Theorem 4, the solution of the model in (6)
must be convergent. Therefore, we can discuss the computa-
tional cost of the method proposed in this article. Assuming
that the solution converges to a stable state for the first time
in time T, we use a numerical iterative method with a step
size of h, and a impulse period of Afg, then the following
conclusion is true.

Theorem 5: The computational cost of the solution of the
model in (6) converges to a steady state is O[4- (T — fo/Aty) -
(At/h)*).

Proof: Note that the model in (6) consists of four inter-
related equations, so the computational cost in each impulse
interval is O[4 - (Atk/h)4]. There are a total of (T — tp/Aty)
impulse controls in the interval (fp, T). Therefore, the conclu-
sion of the theorem is correct. |

In Theorem 5, the impulse termination time T is a key fac-
tor in the impulse control. First, we need to define an emotion
diagnostic function f(X(f)) to determine the impulse termina-
tion time. Impulse control can be stopped when the affective
state is diagnosed as healthy. An important basis for judging
the validity of the system-model of HRI proposed in this article
is the accuracy of the diagnostic function. There are two types
of diagnostic errors, the false acceptance rate (FAR) referred to
treatment a healthy state (Type I error), and the false rejection
rate (FRR) related to the incorrect rejection of a nonhealthy
state (Type II error). We will repeatedly adjust the accuracy
of the diagnostic function through a large number of experi-
mental sample tests, reduce FAR and FRR, and continuously
improve the effectiveness and practicability of the HRI system.

in (6) is globally attractive, if

V. NUMERICAL SIMULATION

In this section, we use numerical simulation to verify the
validity of the theoretical results. In view of the uncertainty of
emotion, we define that it can be measured according to the
probabilities of its appearance as follows:

xi(t)
x1(8) +x2(f) + x3(0) +x4(1)”

Obviously, the probabilities p;(f) € (0, 1). According to
definition (14), we calculate the entropy of emotions as

i=1,2;:3,4). (13)

pi(t) =

IEEE INTERNET OF THINGS JOURNAL, VOL. 9, NO. 21, 1| NOVEMBER 2022

follows:

4
H(X(1)) = — ) _ pi(t)logypi(1).

i=1

(14

The key step to verify the rationality of the model proposed
in this article is to set the initial state and parameters. The
tester interacts with the affective robot through a series of IoT
devices designed by the system, and then samples are taken
during the whole process of the system evaluation interaction,
and a stable average value is taken as the initial value con-
dition of the tester’s current emotional state. Since there will
be different initial values for different testers, given an initial
value arbitrarily will not affect the generality of the function
of our verification model.

Based on the Gross’s conceptual framework of emotion
regulation, the generation, and inhibition of one emotion is
stronger than its transformation into other emotions, i.e., the
self-motivation coefficient b; and self-inhibition coefficient
aj; should be greater than interaction coefficient a;; [40].
Therefore, we select the basic parameters of the model in (1)
as by = 04, bp = 03, bs = 0.2, by = 0.2, g;; = 0.35,
and a;; = 0.1. Each parameter does not represent a specific
physical scenario by itself, but only represents the ratio coef-
ficient of transforming from one emotion to another, it has
been made sure that the parameters follow the conditional
constraints, derived in this article. All the parameters together
determine the model in (1) as a basic mechanism of emotional
transformation. The affective computing model with impulse
control is the core design of the affective robotic in the HRI
process. In order to analyze the influence of impulse control
and random disturbance on the entropy of the affective com-
puting model, we use the controlled variable method. For two
variable factors, we divide the model in (6) to four cases.
Below we will discuss in detail in four cases.

Case 1: Model in (6) without stochastic perturbation and
impulse control.

First of all, we consider the self-growth law of the model
in (6) in an ideal environment, that is, when the stochastic
perturbation is zero, and impulse control is not added. As
an example, we set the initial value condition as P(fp) =
(p1(0), p2(0), p3(0), p4(0)) = (0.6,0.2,0.1, 0.1), where four
of the components represent the probabilities of occurrence
for the four emotions at time fp, respectively. The dynamic
behavior of the model in (6) is shown in Fig. 4. The four
emotions will converges to a stationary probability distribution
after long-term evolution [see in Fig. 4(a)], and the entropy of
emotions will tend to a fixed value [see in Fig. 4(b)]. However,
it is observed the probability p;(f) of positive emotion in the
stationary probability distribution has decreased, but the prob-
abilities of negative emotions (anger, anxiety, and fear) has
increased, especially the probability of anxiety will be close
to 0.3, which is not a healthy and satisfactory state. This is
the necessity of impulse control proposed in this article.

Different individuals have different abilities on the self-
production and self-inhibition of a certain emotion, espe-
cially in patients with mental illness. Clinical experiments
have shown that mental patients (such as psoriasis patients,
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Fig. 4. (a) Probability distribution of emotions. (b) Entropy of emotions.

depressed patients, etc.) are more likely to have negative emo-
tions and even show emotional dysregulation [41]. We set up
two types of comparative experiments to explore the effects
of different intensities of self-production and self-inhibition
on the entropy of emotions, and take the positive emotion
x1(f) and the negative emotion x2(f) as examples. Fig. 5(a)
and (c) show the changing law of the entropy of emotions
under different intensities of self-inhibition. Fig. 5(b) and (d)
show the changing law of the entropy of emotions under
different intensities of self-production. Fig. 5 have a com-
mon changing law, i.e., as a coefficient gradually increases,
whether it is ay1, az2, by, or by, the entropy of emotions
shows a trend of first increasing and then decreasing. This
law gives us enlightenment: Set other parameters unchanged,
adjust a certain parameter, there must be a threshold to make
the entropy of emotions reach the maximum. This will have
important guiding significance for the emotion regulation. For
example, we can increase the self-generation coefficient of
positive emotions, which has achieved the effect of positively
regulating emotions. However, there must be a threshold for
optimal adjustment and exceeding this threshold will cause
some opposite effects.

Case 2: Model in (6) with impulse control.

In this case, we consider the role of impulse control for
the model in (6). In particular, we assume that the stochastic
perturbation is 0, i.e,, oy = 02 = 03 = 01 = 0, and select
the impulse intensities as af = « = 0.6, fr = B = 0.6,
e =y = 0.6, A = A = 0.6. In Fig. 6(a), we choose to
perform impulse control every 200 time periods, in Fig. 6(b),
we choose to perform impulse control every 120 time periods,
and assume that the intensities of impulse is the same.

In Fig. 6(a), it is observed that the entropy of emotions
will drop instantaneously at each impulse moment, and then
return to the level of the entropy of emotions in determin-
istic model (1), until the next pulse control is executed. By
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Fig. 5. Affects for different intensities of self-production and self-inhibition
on the entropy of emotions. (a) Affects of a;; on the entropy. (b) Affects of
by on the entropy. (c) Affects of ayp on the entropy. (d) Affects of by on the
entropy.

contrast, when the impulse frequency is increased and adjusted
to be executed every 120 time periods, the entropy of emo-
tions will decrease, and then a stable periodic phenomenon
will be formed below the black line [the entropy of emotions
of deterministic model (1)], which is shown in Fig. 6(b).
The impulse control we proposed is the positive regulation
of positive emotions and the negative regulation of negative
emotions. Obviously, such control is beneficial to the indi-
vidual’s emotional health. Corresponding to reality, when an
individual is depressed, he can regularly listen to a piece of
music and watch a movie to adjust his mood to a good direc-
tion. In the long run, this adjustment method will also show
periodicity and regularity. In Fig. 6 reveals that impulse control
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Fig. 6. Affects for different frequencies of impulse control on the entropy
of emotions. Affects for impulse with every (a) 200 time periods on entropy
and (b) 120 time periods on entropy.

sl

a4l
4 —— sl

Lk

0 0 MO 300 400 SO0 E00 700 800 80 1000
Time

Fig. 7. Affects for different intensities of the stochastic perturbation on the
entropy of emotions.

reduces entropy of emotions, and it is related to the impulse
frequency. The conclusion in Fig. 6 enlightens us: even if it
is a good way of emotional regulation, avoid too frequent.

Case 3: Model in (6) with stochastic perturbation.

In this case, we mainly discuss the influence of stochas-
tic perturbation on the emotional changes. In particular, we
assume that the impulse control is 0, and two different sets of
stochastic perturbation are taken as o; = 0.1 and o1 = 0.2.
The entropy of emotions when the model has stochastic per-
turbation is shown in Fig. 7. When the model in (6) with
stochastic perturbation, the entropy of emotions will exhibit
oscillating behavior. It is observed that the amplitude of the
entropy of emotions is positively correlated with the intensities
of the stochastic perturbation received by the model in (6). As
the intensities of stochastic increases, the entropy of emotions
will move down, and it will stay below the black line most of
the time. In the actual environment, when people are disturbed
by the stochastic environment of the outside world, emotions
will inevitably have ups and downs. Therefore, appropriate
control of stochastic perturbation in real life, which will help
us achieve a stable emotional state.

Case 4: Model (6) with stochastic perturbation and impulse
control

IEEE INTERNET OF THINGS JOURNAL, VOL. 9, NO. 21, 1| NOVEMBER 2022
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Fig. 8. Affects for stochastic perturbation and impulse control on the entropy
of emotions.

TABLE I
FUNCTIONALITY FEATURES OF MODEL IN (6)

Parameters Functionality features

The coefficient indicates the ability on the
self-production of a certain emotion, which we
can appropriately increase (positive emotions)

or decrease (negative emotions) to achieve

the effect of regulating emotions

The coefficient indicates the ability on the
self-production of a certain emotion, which we
b; can appropriately increase (negative emotions)
or decrease (positive emotions) to achieve
the effect of regulating emotions

This coefficient represents the strength
of stochastic perturbation, and controlling

o this coefficient plays an important
role in emotional stability
These coefficients represent the external
a, B, , and A control strength of emotions, which have

important guiding significance for
the macro-control of emotions

With the conclusions of the previous three cases, in this
case, we will focus on entropy of emotions when the model
in (6) has both stochastic perturbation and impulse con-
trol. In fact, stochastic perturbation always exists in the real
environment. In the previous case, we have discussed the
necessity of adding impulse control. We select the intensities
o; = 0.1 of stochastic perturbation and impulse control inten-
sities ¢ = B = y = A = 0.6. Compared with Fig. 6, it can
be concluded that when the model has both stochastic pertur-
bation and impulse control, its dynamic behavior of entropy
is more complicated. In Fig. 8, the entropy of emotions will
show oscillating behavior due to the influence of stochastic
perturbation, and it will drop instantaneously at each impulse
moment. On the whole, under the periodic impulse control,
even if there is the influence of stochastic perturbation, the
trend of entropy will still show periodic regularity.

The affective computing and control model we propose
is an innovative method. The numerical simulation uses the
entropy of emotions as a research index, which verifies the
correctness of the mathematical theory of the model. Based
on the theoretical results and numerical experimental results
in this article, we summarize a table of functional character-
istics about the main parameters in the model (6), which is
show in Table 1. This table conveniently summarizes the main
meanings and functionality features of the key parameters. The
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work of [16] mainly focuses on fear-related emotions, and
the emotional contagion model is mainly implemented and
tested on the simulation platform. Our affective computing
model mainly studies the mutual evolution law of four emo-
tions, adds the active regulation method of impulse control,
and gives strict theoretical derivation. In future applications,
we will combine theory with experiment, carry out continuous
experimental debugging, add adaptive parameter tuning func-
tion, and improve the accuracy of affective robot in providing
emotional services to different individuals.

VI. CONCLUSION

In this article, we propose a mathematical model with
stochastic perturbation and impulse control to quantitatively
calculate the law of emotional evolution under the control
strategy. The model describes the dynamic transformation rela-
tionship between the four basic emotions of individuals. The
existence, boundedness, and stability of the solution for model
are mathematically proved. A meaningful conclusion is that
choosing an appropriate impulse control strategy can induce
individual negative emotions to positive emotions. That is to
say, the affective computing model can also achieve effective
emotional control. Furthermore, based on the emotion recog-
nition technology of Al and the emotion diagnosis method of
psychology, we propose an affective robot with emotion recog-
nition, affective computing, emotion control, and can propose
suggestion strategies. Our work is mainly to propose a mathe-
matical method of affective computing and emotional control,
and demonstrate the idea of robots serving human emotions.

APPENDIX A
PROOF OF THEOREM 1

Proof: First we introduce variable substitution as follows:

no= ] t+e"'x0

O<tp<t

=[] ad-8"x0

O<ty<t

O =[] a-w'uo

O<tp<t

u®= [T 0-20""x0.

O<tp<t

(15)

Then we consider the model without impulses [see
model (16), shown at the bottom of the page] with initial
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value Y(0) = (y1(0),y2(0),y3(0),ya(0)) = X(0), where
Ja = T+ ap), Jip = (1 — B, Ju = (1 — y), and
Jii = (1 — Ay). First, we prove that the model in (16) has
a unique global positive solution. Since the coefficient of
model (16) are locally Lipschitz continuous (see [42]), then
for any given initial value Y(0) € R%, there is a unique local
solution ¥ (f) on f € [0, t.), where 7. is t the explosion time
[43], which is represented by

[To<t<¢ Tkt €xplF1(t) + hit + o1 B1 (D]

yi(t) =
ﬁ[ﬁ +an fy [ To<t, <5 Jk1 €xplF1(5) + his + o1 By (5)]ds
1o® [To<t, <t Jk2 explFa(t) + hat + 02B2(1)]
»() =
_vz_iDT + a2 [y TTowy <s Jk2 xpIF2(s) + hys + o3Ba(s)]ds
50 o<, <¢Jk3 explF3(t) + hat + 03B3(1)]
y3(l) =
}‘3_101 +as3 fy [To<r,<s Jk3 exp[F3(s) + h3s + 03B3(s)]ds
(17)
val® [To<t; <t k4 explFa(t) + hat + 04B4(1)]
() =
570y + @44 Jo To<sy <5 Jka ©XPIF4(s) + has + 04Ba(s)]ds
(18)
where
7 | t
Fi(@) = —al?.f I1 szyg{s)ds—auf [T Jwys()ds
0 O<ty<t 0 O<tp<t
t
== a14f 1_[ Jkaya(s)ds
b O<tp <t
1 t
F@) = —azlf [T Jux (S}ds—ﬂzsf [1 Jwys()ds
0 O<tp<t O<ti<t
t
F3(t) = —as f [T Jayi(s)ds
0 O<tp<t
! 4 4
+an | [] JkZ)’Z(S)dS—aMf [T Jwys(e)ds
B O<tp<t o O<tp<t
t t
F4(t) = aq [ l_[ Jiay1 (S)ds+ﬂ43f 1_[ Jizys(s)ds
0 O<ty<t = O<ty<t
(19)

and h; = b; — 1{26,?' (1 <i < 4). Since the solutions of the
model in (16) are all in exponential form, it is easy to get
yi(f) >0 (1 <i <4) for all 1 €. To show the solutions are
global, consider the following comparison model (20), shown
at the bottom of the next page.

+o1y1(H)dB (1)

+o2y2(1)dB, (1)

+o3y3(1)dB3(1)

+04y4(1)dB4(1)

dys(f) = y3(p) [bz. —a31 [Jocyr a1 () + @32 [ Joogp < Ji2y2(8) — @33 [ [y s J3y3 (1) — @34 [ [oopy s Jk4y4(f)] dr

dy1 () =»n(@) [bl —aii [Joch<r 1) — @12 [Joch < Ji2y2(8) — @13 [ Jocp <o J3Y3(0) — @14 [ Jocp <1 Jk4y4(f)] dt

dy,(f) = ya (1) [bz — @ [Joch<r T 1(®) — 22 [Jocp, s Ti2y2 () — 23 [ [0y <1 Ji3Y3 (I)] dt

(16)

dys(t) = ya(t) [b4 —as1 [ ooy <o J1y1(0) +a43 [Tooy, o Ji3y3 (1) — ass ngc;kd-’ktty‘i(t)] dt
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By the same method as above we can get the explicit
solutions of the first equation of model (20)

l_[0<(,k<r Ji1 exp[fm + o1B1 ()]

<155 + a1t Jo [lo<s<s k1 explhus + 01Bi(s)lds
@1

yi() =

Then, it is easy to see the solution (21) will not explode in
any finite time. Similarly, we can conclude that solution y,(f),
¥3(f) and () also not explode in any finite time. By the com-
parison theorem of the stochastic differential equation [44], we
have y;(f) < ¥i(t) (1 <i < 4) for all t, a.s. Thus, the solutions
of model (16) will not also explode in finite time. That is,
T, = 00, we get the (16) has a unique global positive solution.

In the next, we prove that x;(f) (1 < i < 4) satisfying
relation (15) are the solutions of the model in (6). In view of
relation (15), it is easy to check that (x (1), x2(f), x3(f), x4(1))
is continuous on each interval (fy, o) C Ry, k € N, then
for all t #£ 1

dx; (1) = x1(D[b1 — anxi(t) — appxa(f) — aysxs(n)

— apxa(H]dt + o (Hx1(H AB (). (22)
On the other hand, for k € N and t; € [0, c0)
Y i +
xi(g) = llr!}r 1_[ Juy1 () = H Jan (67)
%k O<tp <t O<ti<t
=(+a) [] Jayi@) =1 +ax@) (23)
O<ti<t
at the same time
xi(fy) = lim 1_[ Jayi1(t) = 1_[ Jayi(57)
= O<tp <t O<tj<tp
= [] Jay@ =x@w). (24)

O<ti<tk

Similarly, we can verify that the solutions x»(f), x3(f), and
x4(f) satisfie model (6). In view of Definition 1, we can get that
x;(f) (1 <i < 4) satisfying relation in (15) are the solutions of
the model in (6), which implies that if (y1(f), y2(f), y3(f), y4(1))
is a solution of model (16), then (x1(f), x2(f), x3(f), x4(1)) is a
solution of model (6) on [0, 4-c0), and satisfy relation (15).

Next, we will prove the uniqueness of solution of
model (6). For f € (0,f;] and for any give initial value
(x1(0), x2(0), x3(0), x4(0)) € R? . since the coefficients of
model (6) satisfy the Lipschitz condition, then the solution
of model (6) is unique on (0, #;]. For f € (1, f2], we consider
the initial value (y(/1), y(55), ¥(5). ¥(t] ) € R%, by the same
discussion we can get there is a unique solution on (fy, f2].
Consequently, the solution of model (6) is unique. The proof
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APPENDIX B
PROOF OF THEOREM 2

Proof: First we proof the follows inequality about the
solutions of the model in (6) is truth:

EMO] <Ki@. [EM;0]| <K@

EA0]| < K3(), [E[YO]| <Ka(p),  te€ (0, +oc]

(25)

where K;(p) (1 <i < 4) is about the p positive constant and

1 < p. Applying It6's formula (see [42, Th. 6.4]) for the model

in (16), we can get (26), shown at the bottom of the next page.
For the first equation of (26), we can obtained that

1
(1) < pf® [zn — ayymy; (1) + Epaﬁ] dt

+ po1y; (1)dB (1)

Taking the exception of both sides on the above inequality
we get

dE[y] (1]
dt

(27)

1 1
< PE[Y 0] [bl + 1po}—a ,m(E[yf;m])p]_
(28)
The comparison equation is constructed as follows:

dw(r)
dt

From the basic formula of the Bernoulli equation we can

get
. 4 l. i
W] r = (f air exp“ib] - EP‘TI]SI ds
0

1
+ W(0)) -exp[[—b| = Epcrlz]t]. (30)

Applying L'Hospital’s rule yields that
by + 1pe2\?
lim W) = (‘_?pl) ;
1—00

ap
By virtue of the comparison theorem of the stochastic
differential equation [44], we get

1 1
=pW(1) [bl + Epof == anm[W(t)];']- (29)

(3D

Loo2\"
limsup E[Y ()] < lim W(5) = (b'zﬁ) =K1 (p).
1—00 T 11
(32)

According to the definition of sublimit, for any given £ > 0,
there is a constant T > O such that for all t > T

is completed. ] E[Y(n] < Ki(p) +=. (33)
dyi(f) = y1(0) [bt — a1 [ocy < T (I)] dt + o1 (H)y1 (t)dBy (1)
dya2 (D) = 32(1) [bz — a1 [Towy<e T131(®) — a22 [Tocy < Ji2¥2 (f)] di + 02 (1)92(H)dB; (1) i)

dys(f) = y3(0) [b3 — @31 [Joeh <t T I1 () + @32 [ Tooy < T2V2(O) — @33 [ [y ¢ Jk35’3(f):| dt + o3(H)y3(t)dBs (1)

d94(0) = 30| b4 — a1 Toy <, Ji191 ) + a3 Tozy, < S350 — asa Tlocyy< Ia94(0) | &t + 03(034()1aBa 1)
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On the other hand, from the continuity of E[x;(#)”], there
exists Kj(p) > 0 such that ]E[y’]’(t)] < Kj(p) fort <T. Set

K1(p) = max{K1(p), K1 (p)} (34)
then, for all t € R, E[y,(1)”] < K;(p). In the same method,
we can get similarly ]E[yf.’(r)] < Ki(p) (i = 2,3,4) for all
t € R,. Substituting (15) and into E[y; ()] we can get

P

EX01=E|| [] Jan®

O<tp<t

< MPE[Y{()] = N1 (p).

(35)

Similarly, we can get

E[xX(0] < Mp@), E[X®]<Ni@p), E[x®] <Nsp)

(36)

where Na(p), N3(p), and Nu(p) are three constant rel;ated to p.
Define the norm of X(f) as |X(r)| = (x2,x3,x2,x2,)7, then
E[X('] < 4% [INi@)F + IN2p)P + IN3(@) P + INa@)P] = N(p).

(37)

Furthermore, in view of Chebyshev's inequality, it is easy to

get the required assertion that the solution of the model in (6)
is stochastic ultimately bounded. This completes the proof. l

APPENDIX C
PROOF OF THEOREM 3

Proof: Applying Itd's formula for the first equation of the
model in (16)

1
diny (1) = |:b| = 5012—611 l_[ Jryi (0

O<tgp<t

—an [] Jey2() —ais [] Jisys®

20827

O<itg <t

—au ]_[ Jk4y4(f)] dt + o1dBi(1). (38)

Integrating both sides of the above equation from 0 to ¢

Inyi(f) = =1Iny1(0) + kit — a1 t(x1(8)); — a2t(x2(s));
— a3t{x3(s))r — a1at(x4(s))s + o1 B1(2). (39)

In view of relation (15) we have

Inx () =In ]_[ Jay1(®) | =Inyi () + Z InJir  (40)

O<tp<t O<tp<t

substituting (40) into (39)

Inx; () = Iny; (0)+ Y InJg + it —aytlxi(s))

O<t<t
— apt(x2(s)); — a13t{x3(s))r — ayat(x4(s)); + o1 By ().
(41)

Similarly, we can get

Inx() =Iny(0) + Y InJiz + byt — an t{xi (s));
O<ty<t
— ant{x2(8)): — a3t(x3(s)); + o2B2(1)

Inx3(f) = Iny3(0) + Y InJis + kst — asit(x1(s))s

O<ty<t
+ ast{x2(8)); — asst(x3(s)); — asat{xs(s)): + o3B3(7)
Inxs() = Inys(0) + Y InJeg+ hat — agit(xi (s));

O<ty=<t

+ ag3t(x3(8))r — asat(xy(s)); + ouBa(l). (42)
Obviously, from (41) we get

Inxi(f) <Iny;(0)+ Y InJiy + it — ant(xi(s)); + o1B1 (1)

O=ip <t

O<t<t O<ty<t (43)
dy[ () =pyY] | b1 —an l_[ Jiay1() — a2 1_[ Jiay2(t) — ars 1_[ Jia3ys(f) — as 1_[ Jiaya(t) | dt
i O<tp<t O<ty <t O<ty <t O<ty <t
1
+ PP - D)ol df + po1y;dBi (1)
&0 =ph|br—an [[ Jun®—an [] Jeyp®—axn [] Jay® |d
" O<tp<t O<ty <t O<tp <t
1 2
+ 5P — Doy di+ po2y,dBa (1)
dyi(0) = py3 | b3 — a3 1_[ Jiays3(t) +axn 1_[ Jiaya(t) — as H Jiays(t) —az 1_[ Jraya(t) | dt
= O<tp<t O<ty <t O<ty <t O<ty <t
1
+ EP(P — 1)o7 dt + po3y3dB;(f)
a0 =pyi|ba—an [] Jun®—an [ Jeys® —au [ Juys@® |d
1l O<tp<t O<tg <t O<ty <t
1 2
+ Ep(p — 1)oy dr + posy,dBa(t) (26)
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and dividing both sides by f on above inequation, and then
making use of the strong law of large numbers for martin-
gale, we get lim; .o 01B1(f)/t = 0. Then from lemma in
Liu et al. [39], we can obtain

. h1 + Ny
lim sup(x1 (5)); < =K. (44)
f—00 apy
Similarly, we obtain
hy + N
lim sup(x2(s)); < — TN g, (45)
t—00 a

Then follows from the definition of superior limit, for arbi-
trary ¢ > 0, there exists a positive T(¢) > 0 such that for
all t = T, we have (x3(5)); < (hp + M>)/a» + . Then, for
sufficiently large f to (42)

hy + N,
Inx3(f) = Inys(0) + Z InJi3 —Hlszf( e +8)

O<tp<t

+ hat — as3t(x3(s)); + 03B3(1). (46)

Hence, by Lemma in Liu ef al. [39] again
hs + N3 + a3 (—h;NZ - 8)

as
According to the arbitrariness of £, we get

h3 + N3 + azp 20
= = Kj.

lim sup(x3(s)); <
1—00

(47)

lim sup{x3(s)); <
t—00

(48)
as3

In the same method, it can be calculate

h34+Na+az 202
B e T
] hy + Ng +as3 = =
lim sup(x4(s)); < = K4.
t—00 aqq

On the other hand, from (41), (45), (48), and (49), for
sufficiently large f, one can get

Inxi () > Iny1(0) + Y InJiy +hit —antixi(s)

O<tp<t
= ﬂlzf(Kz + %) - 013F(K3 + %) —ﬂl4f(K4 + %)
(50)

(49)

In view of Lemma in Liu ef al. [39], and the arbitrariness
of

hi +m — anKy — a13K3 — a1aKy

liminf(x; (5)); > ky.
1—00 ar
(51)
Similarly, we obtain that
h —an Ky —ank
Bk {m)iys T2 R GIRTORN L
t—00

az

From the definition of inferior limit for arbitrary £ > 0,
there exists a positive T(¢) > 0 such that for all > T, we
have (x3(s)); = kp +¢/3. Then, for sufficiently large t we get

£
Inx3() > Inys©) + Y Indis +hst —ant(Ki + 3)

O<tp <t
£ £
+ aszt(kz + 5) — at(x1(s)); — 034I(K4 + 3)-
(53)
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Using lemma in Liu et al. [39] again, we have

hs +n3 + anky —an Ky —aKy

lim inf(x3(s)); = k3.
t—00 a3z
(54)
Similarly, we get
ks —ankK
liminfirs(s), > T4t mtank —anki _ o
—00 a44
The proof is completed. |
APPENDIX D

PROOF OF LEMMA 2
Proof: Define a positive definite Lyapunov function as
follows:
i=4
V() =) |Iny(t) —Iny;(0], >0
i=1

(36)

where Y(f) and Y(1) be two arbitrary solutions of model (16)
with initial values Y(0) € ]Ri and Y(0) € R%, respectively.
A direct calculation of the right differential dVT(r) of dV(1)
along the model in (16), we have
i=4
dvt(n) =sgn)_(y1 —¥;)d[lny;(t) — Iny;(®)|.-

i=1

57
By It6's formula, we compute

s
diny; = |:b| g0 =l [T Jeoy —ae [ Jeex

O<tp<t O<tp <t

—an 1_[ Ji3ys —aia l_[ Jk4y4] dt + o1dB1(1).

D=t <t O<tp =<t

Oy <t O<fyp<t

- 1 s s
diny, = |:bl = 562 —an [ Juv —an [] Jew

—ai3 [] Jovs—aus [] Jk4?4:|d1‘+61d31- (38)

O<tp<t O<tp<t

Therefore

d[Iny; —In¥y,|

=|-an [] Ju0i—% —an [] J62-7)

O<tp <t O<tp<t

—ais [ a3 —73) —aws [] JraGa —7a) | dt.

O<typ<t D=ty <t

(39
And similarly, we can calculate that d|Iny; — InYy;| (i =
2,3,4). Substituting d|Iny; —In¥;| (1 <i < 4) into (57), we
have (60), shown at the bottom of the next page.
In view of the fact sgn(y; —¥;) - (i —¥;) = |vi —¥;| and
—sgn(yi —¥) - 05 —¥) =< Iy — I, (G #J), we get

AVt < —(an —an —as —agn) [ Jaly —ldt

O<tp <t
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— (@n—an —an) [] Jely: —ld

O<tp<t
— (@3 —apn—an—agp) [[ Julys —ysldt
O<ty <t
— (ass—ays—aw) [] Jalys —yald.  (61)
D=ty <t

Integrating above inequality both sides from 0 to f leads to

t
V() — V() < fo {—e1milyr — 1| — aamaly2 — |

— a3malys — V3| — aamglys — Yyl Jdr.
(62)

Therefore

4
V(f)+£ {armilyr — 31| + camaly2 — 7,

+ apmalys — 3| + azmylys — Yyl } dt < V(0) < oo.
(63)

Set 8 = min{am;, aymy, azms, aamy} and let f — oo, we
have

o0 o0 4
- _ V(0)

fo Y () — Y(r)|drsf0 §|y4—y4|drs — K.
(64)
Noting that &; > 0 and 6 > 0, we obtain that [y;(f) —
7;(f)| € L'[0, 00). Therefore, we get [Y(f) — Y (1| € L'[0, 00).
Moreover, in view of |x;(f)—X;(f)| = l_[{)<fk<f Jiyi()—y;(D] <

M;|yi(t) — y;(¢)|, we have that

IX() —X(0)| € I [0, 00). (65)

This completes the proof of Lemma 1. |
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fu(®)

Fig. 9. Stopping time.

APPENDIX E
PROOF OF THEOREM 4

Proof: Set z(t) = Y;(f) — Y;(t). Because both Y;(f) and
Y;() are continuous functions, z(f) is also a continuous func-
tion. It easy to see from (64) that liminf, ., [2(f)] = 0 as.
Now, we only need to show

lim sup |z(f)| = 0 a.s. (66)
t—00
If this statement is false, then
]P[lim sup |z(f)] > 0] | ) (67)
1—00

This means that for any given a real number £ > 0, there
exists a set 1 = {limsup,_, o, |2(f)| > 2¢} such that P(2) >
2¢. Define a sequence stopping times as follows, which is
shown in Fig. 9:

7 = inf{t > 0 : |z(t)] > 2¢)
T =inf{t > 7y : |z2(1)] < &}

T = inf{t > 1y_yy : [2(t)] > 2¢}
ok = inf{f > 1 : [2()] < £},

k=cN*. (68)

In the light of liminf; , |2(f)] = O and the definition of
€21, we get that 74 < oo for any k € N* and @ € 1. In view

dv* (1) = sgn(y1 —¥)

x | —an Jii(y1 —¥1) —an Jo(y2 —¥,) — a3 Jia(ys —¥3) —aus Jea(va —y) | dt
I1

O<tp<t O<tp<t

+ sgn(y2 —¥2)

O<tp<t O<tp<t

x | —an H Je(y1 — %) —an l_[ Jo(y2 —¥,) — ax 1_[ Jia(ys —¥s) | dt

O<ty <t O<tp<t

+ sgn(ys —¥3)

D<tp<t

x | —a3 Jii(y1 — %) +axn Jo(y2 —¥,) — a3 Jia(ys —¥3) —az Jea(ya —Vg) | dt
I1

O<ty <t O<tp<t

+ sgn(ys —¥s)

x | —asn 1_[ Ji1(y1 — 1) + a3 l_[ Jia(y3 —¥3) —au 1_[ Jia(ya —34) | dt

O<ty <t O<tp<t

D<tp<t O<tp <t

(60)

D<tp<t

Authonzed licensed use limited to: UNIVERSITY OF NEVADA RENO. Downloaded on October 25,2022 at 17:27:07 UTC from |EEE Xplore. Restrictions apply.



20830

of (64) and Lemma 1, we obtain that

%) 00 T2k
co>E [ |z(t)| dt > ZEI:I[W_|<00} f Iz(r)ldr]
0 =1 T

2k—1

> &Y Eljry_;<o0)(tak—1 — 20 |. (69)

k=1

where [, is the indicator function of set A. We rewrite the
model in (16) to the integral form as follows:

t t
yi() = yi(0) + fo Ji(s, Y(5))ds + fn 07yi(s)dB(s) (70)

where fi(f, x(f)) represents the terms included in df on the
right side of each equation of model (16). Applying the con-
clusion ]E[yf(r)] < Ki(p) i = 2,3,4) of Theorem 2, we
have

E(lf, Y)P) < 12, YO)
E(jom®) < Gi2, Y(0)

where F;(2,Y(0)) and G;(2,Y(0)) are positive constants
related to the initial value ¥Y(0) e ]Rir and p. Using the
Burkholder—Davis—Gundy inequality [42, Th. 7.2, p. 40], we
obtain that

(71)

E| ljzy_ <00} Sup |yi(tak—1 +1) — yiltu—_1)*
05151"

< 2T[TF;(2, Y(0)) + 4Gi(2, Y(0))]. (72)
Moreover
E|:I{m_1<oo} sup |Y(rok—1 +1) — Y(Tzk—l)|2]
0<t<T
4
<2T Z[TF;'(Z, Y(0)) +4G;(2, Y(0))]. (73)
i=1
Similarly, we get
E|:I{m_1<oo} sup |Y(zy_1+1) — ?(Tzk—i)lz]
0<t<T
4
< 2T ) [TFi(2,Y(0)) +4Gi(2, Y (0))]. (74)

For the above given ¢, choose a sufficiently small T such
that
4
16T ) "[TFi(2, Y(0)) + 4G;(2, Y(0))] < &’

i=1

(75)
Set

£
Qé = |: sup |Y(zok—1 + 1 — Y(tok—1)| = —]
0<t<T -

o — e
QE = |: sup |Y(top—1 + 1) — Y(r2k—1)| > —] (76)
0<t<T 2

then follows from (73) and (74) that:
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]P({'rzk_l <ooln Qé)

- 2T Y1 [TFi2, Y (0) +4Gi(2, Y(0)] o
- £2/4 i)
]P({TZk—l < OO} n QE)
4 : 2

< 2T 3 i [TFi(2, YEO)) +4Gi(2, Y(0))] - a7

e2/4 2

Combining the above two inequalities can be obtain
]P({m_, <oo}n (@l u sz,%) <e. (78)

From the definition of €2;, we compute
]P’({tzk—l <oo}jn (Q_éﬂﬂ_ﬁ)
= P({z_1 < 00)) — P({m_l <oo}n(Qlu Q,E) > e
(79

Therefore
P({rak—1 <o0}) N I sup |u(toe—1 +1) — u(ra—1)| < S]
0<t<T

> ]P({m_, <oln@INQ2) > e (80)

Noting that tox(@) — 2k—1(w) = T for w € {1341 < oo} N
Qi, we get

0
S SZE[!{rzk—lcoo](Tzk_1 — tzk)]
k=1

o0 o0
> sTkZ]P(m_l <o0}N Qi) > sTst —o0 (81)
—1 =1

this is a contraction. Therefore, (66) must hold. In view
of (66) and liminf;_, g |2(f)| = 0, we have lim,_, o |2(f)| = 0.
Moreover

Jim [xi() %)) = lim [T Julyi®) =50

O<tp=t

< lim Milyi(®) —yi()| = 0. (82)
—00
This completes the proof. |
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